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Octahedral-tetrahedral O~Td representations and spectra
(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , QTCA Unit 5 Ch. 15 )
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Introduction to octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T

Octahedral group O operations

Octahedral-cubic O symmetry
Order °O=6 hexahedron squares · 4 pts =24
               =8 octahedron triangles · 3 pts =24
               =12 lines · 2 pts =24 positions 

Tetrahedral symmetry becomes Icosahedral
 
Rx,y,z =R3

1,2,3 =R−1
1,2,3

ik = ik

Rx,y,z =R1,2,3

 rk = r
2
k = r−1k

ρx,y,z =R2
1,2,3

Class of 6: 
180° rotations 

on [110] diagonals

Class of 6: 
±90° rotations 
on[100] axes

Class of 3: 
180° rotations 
on [100] axes

Class of 8: 
±120° rotations 
on [111] axes

(If rectangles have
Golden Ratio 1±√5

2

Class of 1: 1
rk = rk
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Introduction to octahedral tetrahedral symmetry Oh⊃O~Td⊃T
Octahedral groups Oh⊃O~Td and Oh⊃Th⊃T

 

rk = r
rk = r2k = r−1k

 
Rx,y,z =R3

1,2,3 =R−1
1,2,3

ρx,y,z =R2
1,2,3

σ x,y,z = IR2
1,2,3

I = I σ k = Iik

 
Sx,y,z = IR3

1,2,3

Sx,y,z = IR1,2,3

ik = ik

Rx,y,z =R1,2,3

 

sk = Ir
sk = Ir2k = Ir−1k

Fig. 4.1.5 from Principles of Symmetry, Dynamics and Spectroscopy

1

24
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.
B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.
B2(D4)↓C4 = 1,   -1,     1,      -1.
E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4

=(1)4⊕(3)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

O↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

O↓C4 subduction

C4 :
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E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
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A1 1 ⋅ ⋅ ⋅
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O↓C4 subduction

O⊃D4⊃C4 subgroup and
level-splitting/relabeling

correlations

O levels     ↓    D4 levels     ↓    C4 levels       

A1   ____              A1               04

A2  ____              B1               24

E    ____              
A1

B1

              
04

24

T1   ____              A2

E
            

04

14

14

T2   ____              B2

E
            

24

14

14

C4 :
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D4 1 ρz Rz ρx,y i3,4
A1 1 1 1 1 1
B1 1 1 -1 1 -1
A2 1 1 1 -1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0

A2

A1

E

T1

T2

                                   -14 =

D4↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

C4  {  1, Rz
1, Rz

2, Rz
3 }

     { 1, R3
2, R3

2, R3
3 }

04 1 1 1 1
14 1 i -1 -i
24 1 -1 1 -1
34 1 -i -1 i

 

              r, ri   ρxyz  R, Rxyz          

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1

O⊃D4⊃C4 level splitting

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

                                  

O↓C4 04 14 24 34=14

A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1
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A2

A1

E

T1

T2

D4 1 ρz Rz ρx,y i3,4
A1 1 1 1 1 1
B1 1 1 -1 1 -1
A2 1 1 1 -1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0

A2

A1

E

T1

T2

                                   -14 =

D4↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

D2
Nm{ 1, Rz

2, Rx
2, Ry

2 }

A1 1 1 1 1
B1 1 -1 1 -1
A2 1 1 -1 -1
B2 1 -1 -1 1

 

              r, ri   ρxyz  R, Rxyz          

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1

NOrmal

O⊃D4⊃D2 level splitting

NOrmal D2= {1,R3
2,R1

2,R2
2}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

O⊃D4⊃C4 level splitting

NOrmal D2 = {1,R3
2,R1

2,R2
2}

O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 1 ⋅ ⋅ ⋅
E 2 ⋅ ⋅ ⋅
T1 ⋅ 1 1 1
T2 ⋅ 1 1 1

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

                                  

O↓C4 04 14 24 34=14

A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1
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A2

A1

E

T1

T2

D4 1 ρz Rz ρx,y i3,4
A1 1 1 1 1 1
B1 1 1 -1 1 -1
A2 1 1 1 -1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0

A2

A1

E

T1

T2

                                   -14 =

D4↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

D2
Nm{ 1, Rz

2, Rx
2, Ry

2 }

D2
Un{ 1, Rz

2, i3, i4 }

A1 1 1 1 1
B1 1 -1 1 -1
A2 1 1 -1 -1
B2 1 -1 -1 1

 

              r, ri   ρxyz  R, Rxyz          

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1

UnOrmal D2= {1,R3
2, i3, i4}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 ⋅ ⋅ 1 ⋅
B2 1 ⋅ ⋅ ⋅
E ⋅ 1 ⋅ 1

NOrmal

Oh⊃O⊃D4⊃D2 subgroup splitting

NOrmal D2= {1,R3
2,R1

2,R2
2}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

NOrmal D2 = {1,R3
2,R1

2,R2
2}

O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 1 ⋅ ⋅ ⋅
E 2 ⋅ ⋅ ⋅
T1 ⋅ 1 1 1
T2 ⋅ 1 1 1

two kinds of D2 subgroup

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

                                  

O↓C4 04 14 24 34=14

A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1
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D4 1 ρz Rz ρx,y i3,4
A1 1 1 1 1 1
B1 1 1 -1 1 -1
A2 1 1 1 -1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0

A2

A1

E

T1

T2
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T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

UnOrmal D2= {1,R3
2, i3, i4}

O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 ⋅ 1 1 1
T2 1 1 ⋅ 1

D2
Nm{ 1, Rz

2, Rx
2, Ry

2 }

D2
Un{ 1, Rz

2, i3, i4 }

A1 1 1 1 1
B1 1 -1 1 -1
A2 1 1 -1 -1
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2,R1

2,R2
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O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 1 ⋅ ⋅ ⋅
E 2 ⋅ ⋅ ⋅
T1 ⋅ 1 1 1
T2 ⋅ 1 1 1

 

              r, ri   ρxyz  R, Rxyz          

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1

UnOrmal D2= {1,R3
2, i3, i4}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 ⋅ ⋅ 1 ⋅
B2 1 ⋅ ⋅ ⋅
E ⋅ 1 ⋅ 1A1

A2

A2

Oh⊃O⊃D4⊃D2 subgroup splitting

NOrmal D2= {1,R3
2,R1

2,R2
2}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

A2

A1

E

T1

T2

NOrmal UnOrmal
    D2

A1

A1

A2

B1
B2

B1
B2

two kinds of D2 subgroup splitting

degeneracy
ambiguity
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Oh⊃D4h⊃C4v⊃C4 subgroup splitting
Fig. 3.1.1 PSDS

  

Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1g↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1
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Oh⊃D4h⊃C4v⊃C2v subgroup splitting
Fig. 3.1.1 PSDS

  

Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1g↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1

  

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1g↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

  

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1g↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

has degeneracy
ambiguity

has no degeneracy
ambiguity
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Review Octahedral Oh⊃O group operator structure
Review Octahedral Oh⊃O⊃D4⊃C4 subgroup chain correlations

Comparison of O⊃D4⊃C4 and O⊃D4⊃D2 correlations and level/projector splitting
        O⊃D4⊃C4 subgroup chain splitting
        O⊃D4⊃D2  subgroup chain splitting (nOrmal D2 vs. unOrmal D2)
        Oh⊃O⊃D4⊃C4v  and Oh⊃O⊃D4⊃C4v⊃C2v subgroup splitting
 
Splitting O class projectors Pµ into irreducible projectors Pµm4m4 for O⊃C4

        Development of irreducible projectors Pµm4m4 and representations Dµm4m4

        Calculating PE0404 ,  PE2424 ,  PT10404 ,  PT11414 ,  PT22424 , PT21414 ,  

O⊃C4 induced representation 04(C4)↑O ~A1⊕T1⊕E and spectral analysis examples
        Elementary induced representation 04(C4)↑O
        Projection reduction of induced representation 04(C4)↑O
        Introduction to ortho-complete eigenvalue-parameter relations
                    Examples in SF6 spectroscopy
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O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C4 Correlation table shows which Pµ splittings are allowed: 

 
1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz

Rx
Ry

Rz i1 i2 i3 i4 i5 i6

1 r1 r2 r3 r4 r21 r22 r23 r24 R2
1 R2

2 R2
3 R1 R2 R3 R3

1 R3
2 R3

3 i1 i2 i3 i4 i5 i6
O operators (Two notations: Older Princ.of Symm.Dynamics and Spectra. and Newer Int.J.Mol.Sci)
PSDS:
IJMS:

Splitting O class projectors Pµ into irreducible projectors Pµm4m4 for O⊃C4

P A1=P0404

A1

  and  
P A2=P2424

A2

cannot  
split

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

C4:d
R p
m4 g=1 R z

1 ρz=R z
2 R z=R z

3

m4=04 1 1 1 1

14 1 -i -1 i

24 1 -1 1 -1

34 1 -i -1 -i

C4  characters

O  characters
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1 ⋅Pµ = (p04
+p14

+p24
+p34

) ⋅Pµ

1 ⋅P A1 = P0404

A1 +0 +0 +0

1 ⋅P A2 = 0 +0 +P2424

A2 +0

1 ⋅PE = P0404

E +0 +P2424

E +0

1 ⋅PT1 = P0404

T1 +P1414

T1 +0 +P3434

T1

1 ⋅PT2 = 0 +P1414

T2 +P2424

T2 +P3434

T2

 
1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz

Rx
Ry

Rz i1 i2 i3 i4 i5 i6

1 r1 r2 r3 r4 r21 r22 r23 r24 R2
1 R2

2 R2
3 R1 R2 R3 R3

1 R3
2 R3

3 i1 i2 i3 i4 i5 i6
O operators (Two notations: Older Princ.of Symm.Dynamics and Spectra. and Newer Int.J.Mol.Sci)
PSDS:
IJMS:

  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

P A1=P0404

A1

  and  
P A2=P2424

A2

cannot  
split

O⊃C4 Correlation table shows which Pµ splittings are allowed: 

Splitting O class projectors Pµ into irreducible projectors Pµm4m4 for O⊃C4

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

C4:d
R p
m4 g=1 R z

1 ρz=R z
2 R z=R z

3

m4=04 1 1 1 1

14 1 -i -1 i

24 1 -1 1 -1

34 1 -i -1 -i

C4  characters

O  characters
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1 ⋅Pµ = (p04
+p14

+p24
+p34

) ⋅Pµ

1 ⋅P A1 = P0404

A1 +0 +0 +0

1 ⋅P A2 = 0 +0 +P2424

A2 +0

1 ⋅PE = P0404

E +0 +P2424

E +0

1 ⋅PT1 = P0404

T1 +P1414

T1 +0 +P3434

T1

1 ⋅PT2 = 0 +P1414

T2 +P2424

T2 +P3434

T2

O⊃C4  splitting done by C4  projectors 
applied to O class projectors

 PT2 =  3
8
1+ 0

8
cr −

1
8
cρ −

1
8
cR +

1
8
ci

 PT1 =  3
8
1+ 0

8
cr −

1
8
cρ +

1
8
cR −

1
8
ci

 P E =  2
8
1− 1

8
cr +

2
8
cρ +

0
8
cR −

0
8
ci

 
1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz

Rx
Ry

Rz i1 i2 i3 i4 i5 i6

1 r1 r2 r3 r4 r21 r22 r23 r24 R2
1 R2

2 R2
3 R1 R2 R3 R3

1 R3
2 R3

3 i1 i2 i3 i4 i5 i6
O operators (Two notations: Older Princ.of Symm.Dynamics and Spectra. and Newer Int.J.Mol.Sci)
PSDS:
IJMS:

  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

P A1=P0404

A1

  and  
P A2=P2424

A2

cannot  
split

O⊃C4 Correlation table shows which Pµ splittings are allowed: 

Splitting O class projectors Pµ into irreducible projectors Pµm4m4 for O⊃C4

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

C4:d
R p
m4 g=1 R z

1 ρz=R z
2 R z=R z

3

m4=04 1 1 1 1

14 1 -i -1 i

24 1 -1 1 -1

34 1 -i -1 -i

C4  characters

O  characters
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1 ⋅Pµ = (p04
+p14

+p24
+p34

) ⋅Pµ

1 ⋅P A1 = P0404

A1 +0 +0 +0

1 ⋅P A2 = 0 +0 +P2424

A2 +0

1 ⋅PE = P0404

E +0 +P2424

E +0

1 ⋅PT1 = P0404

T1 +P1414

T1 +0 +P3434

T1

1 ⋅PT2 = 0 +P1414

T2 +P2424

T2 +P3434

T2

O⊃C4  splitting done by C4  projectors 
applied to O class projectors

 PT2 =  3
8
1+ 0

8
cr −

1
8
cρ −

1
8
cR +

1
8
ci

 PT1 =  3
8
1+ 0

8
cr −

1
8
cρ +

1
8
cR −

1
8
ci

 P E =  2
8
1− 1

8
cr +

2
8
cρ +

0
8
cR −

0
8
ci     

pm4
= 1

4
e

2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪C4  characters

  
d

R p
m4 = e

2π i m4⋅p
4

 
1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz

Rx
Ry

Rz i1 i2 i3 i4 i5 i6

1 r1 r2 r3 r4 r21 r22 r23 r24 R2
1 R2

2 R2
3 R1 R2 R3 R3

1 R3
2 R3

3 i1 i2 i3 i4 i5 i6
O operators (Two notations: Older Princ.of Symm.Dynamics and Spectra. and Newer Int.J.Mol.Sci)
PSDS:
IJMS:

  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

P A1=P0404

A1

  and  
P A2=P2424

A2

cannot  
split

O⊃C4 Correlation table shows which Pµ splittings are allowed: 

Splitting O class projectors Pµ into irreducible projectors Pµm4m4 for O⊃C4

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

C4:d
R p
m4 g=1 R z

1 ρz=R z
2 R z=R z

3

m4=04 1 1 1 1

14 1 -i -1 i

24 1 -1 1 -1

34 1 -i -1 -i

C4  characters

O  characters
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1 ⋅Pµ = (p04
+p14

+p24
+p34

) ⋅Pµ

1 ⋅P A1 = P0404

A1 +0 +0 +0

1 ⋅P A2 = 0 +0 +P2424

A2 +0

1 ⋅PE = P0404

E +0 +P2424

E +0

1 ⋅PT1 = P0404

T1 +P1414

T1 +0 +P3434

T1

1 ⋅PT2 = 0 +P1414

T2 +P2424

T2 +P3434

T2

O⊃C4  splitting done by C4  projectors 
applied to O class projectors

 PT2 =  3
8
1+ 0

8
cr −

1
8
cρ −

1
8
cR +

1
8
ci

 PT1 =  3
8
1+ 0

8
cr −

1
8
cρ +

1
8
cR −

1
8
ci

 P E =  2
8
1− 1

8
cr +

2
8
cρ +

0
8
cR −

0
8
ci

Pm4m4
µ ≡ pm4P

µ = P µpm4

    

pm4
= 1

4
e

2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪C4  characters

  
d

R p
m4 = e

2π i m4⋅p
4

 
1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz

Rx
Ry

Rz i1 i2 i3 i4 i5 i6

1 r1 r2 r3 r4 r21 r22 r23 r24 R2
1 R2

2 R2
3 R1 R2 R3 R3

1 R3
2 R3

3 i1 i2 i3 i4 i5 i6
O operators (Two notations: Older Princ.of Symm.Dynamics and Spectra. and Newer Int.J.Mol.Sci)
PSDS:
IJMS:

Following development of irreducible projectors: 

  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

P A1=P0404

A1

  and  
P A2=P2424

A2

cannot  
split

O⊃C4 Correlation table shows which Pµ splittings are allowed: 

Splitting O class projectors Pµ into irreducible projectors Pµm4m4 for O⊃C4

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

C4:d
R p
m4 g=1 R z

1 ρz=R z
2 R z=R z

3

m4=04 1 1 1 1

14 1 -i -1 i

24 1 -1 1 -1

34 1 -i -1 -i

C4  characters

O  characters
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1 ⋅Pµ = (p04
+p14

+p24
+p34

) ⋅Pµ

1 ⋅P A1 = P0404

A1 +0 +0 +0

1 ⋅P A2 = 0 +0 +P2424

A2 +0

1 ⋅PE = P0404

E +0 +P2424

E +0

1 ⋅PT1 = P0404

T1 +P1414

T1 +0 +P3434

T1

1 ⋅PT2 = 0 +P1414

T2 +P2424

T2 +P3434

T2

O⊃C4  splitting done by C4  projectors 
applied to O class projectors

 PT2 =  3
8
1+ 0

8
cr −

1
8
cρ −

1
8
cR +

1
8
ci

 PT1 =  3
8
1+ 0

8
cr −

1
8
cρ +

1
8
cR −

1
8
ci

 P E =  2
8
1− 1

8
cr +

2
8
cρ +

0
8
cR −

0
8
ci

Pm4m4
µ ≡ pm4P

µ = P µpm4

    

pm4
= 1

4
e

2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪C4  characters

  
d

R p
m4 = e

2π i m4⋅p
4

 
1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz

Rx
Ry

Rz i1 i2 i3 i4 i5 i6

1 r1 r2 r3 r4 r21 r22 r23 r24 R2
1 R2

2 R2
3 R1 R2 R3 R3

1 R3
2 R3

3 i1 i2 i3 i4 i5 i6
O operators (Two notations: Older Princ.of Symm.Dynamics and Spectra. and Newer Int.J.Mol.Sci)
PSDS:
IJMS:

Following development of irreducible projectors: 
P0404

T1 ≡ p04
PT1 = PT1p04

P1414

T1 ≡ p14
PT1 = PT1p14

           etc.
...with examples:

  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

P A1=P0404

A1

  and  
P A2=P2424

A2

cannot  
split

O⊃C4 Correlation table shows which Pµ splittings are allowed: 

Splitting O class projectors Pµ into irreducible projectors Pµm4m4 for O⊃C4

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

C4:d
R p
m4 g=1 R z

1 ρz=R z
2 R z=R z

3

m4=04 1 1 1 1

14 1 -i -1 i

24 1 -1 1 -1

34 1 -i -1 -i

C4  characters

O  characters
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1 ⋅Pµ = (p04
+p14

+p24
+p34

) ⋅Pµ

1 ⋅P A1 = P0404

A1 +0 +0 +0

1 ⋅P A2 = 0 +0 +P2424

A2 +0

1 ⋅PE = P0404

E +0 +P2424

E +0

1 ⋅PT1 = P0404

T1 +P1414

T1 +0 +P3434

T1

1 ⋅PT2 = 0 +P1414

T2 +P2424

T2 +P3434

T2

O⊃C4  splitting done by C4  projectors 
applied to O class projectors

 PT2 =  3
8
1+ 0

8
cr −

1
8
cρ −

1
8
cR +

1
8
ci

 PT1 =  3
8
1+ 0

8
cr −

1
8
cρ +

1
8
cR −

1
8
ci

 P E =  2
8
1− 1

8
cr +

2
8
cρ +

0
8
cR −

0
8
ci

Following development of irreducible projectors: 
P0404

T1 ≡ p04
PT1 = PT1p04

P1414

T1 ≡ p14
PT1 = PT1p14

           etc.Pm4m4
µ ≡ pm4P

µ = P µpm4
...with examples:

    

pm4
= 1

4
e

2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪C4  characters

  
d

R p
m4 = e

2π i m4⋅p
4

 
1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz

Rx
Ry

Rz i1 i2 i3 i4 i5 i6

1 r1 r2 r3 r4 r21 r22 r23 r24 R2
1 R2

2 R2
3 R1 R2 R3 R3

1 R3
2 R3

3 i1 i2 i3 i4 i5 i6
O operators (Two notations: Older Princ.of Symm.Dynamics and Spectra. and Newer Int.J.Mol.Sci)
PSDS:
IJMS:

      …uses left-coset combinations…                                            …and projector “factoring”...  
 
1C4 = 1 1,ρz ,Rz , Rz{ }  ,  ρxC4 = ρx ,ρy , i4 , i3{ }  ,  r1C4 = r1,r4 , i1,Ry{ }  ,  r2C4 = r2,r3, i2, Ry{ }  ,  r1C4 = r1, r3, Rx , i6{ }  ,  r2C4 = r2, r4 ,Rx , i5{ }  .  

  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

P A1=P0404

A1

  and  
P A2=P2424

A2

cannot  
split

O⊃C4 Correlation table shows which Pµ splittings are allowed: 

Splitting O class projectors Pµ into irreducible projectors Pµm4m4 for O⊃C4

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

C4:d
R p
m4 g=1 R z

1 ρz=R z
2 R z=R z

3

m4=04 1 1 1 1

14 1 -i -1 i

24 1 -1 1 -1

34 1 -i -1 -i

C4  characters

O  characters
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Following development of irreducible projectors: 
Pm4m4

µ ≡ pm4P
µ = P µpm4      …uses left-coset combinations…                                            …and projector “factoring”...  

 
1C4 = 1 1,ρz ,Rz , Rz{ }  ,  ρxC4 = ρx ,ρy , i4 , i3{ }  ,  r1C4 = r1,r4 , i1,Ry{ }  ,  r2C4 = r2,r3, i2, Ry{ }  ,  r1C4 = r1, r3, Rx , i6{ }  ,  r2C4 = r2, r4 ,Rx , i5{ }  .  
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⎠⎟
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m4 Rz( )
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
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m4Rz + d Rz

m4 Rz( ) 1
4
=
µχRz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅Rz + dρz

m4 Rz + dRz
m4ρz + d Rz

m41( ) = µχRz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
d Rz

m41+ dRz
m4ρz +1⋅Rz + dρz

m4 Rz( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χ Rz

µ*( ) ⋅ Rz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ Rz

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ 1⋅ Rz + dρz

m4Rz + dRz
m41+ d Rz

m4ρz( ) = µχ Rz

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ dRz

m41+ d Rz
m4ρz + dρz

m4Rz +1⋅ Rz( )
ρxC4 = ρx 1,ρz ,Rz , Rz{ } = ρx ,ρy , i4 , i3{ }Coset
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χρx

µ*( ) ⋅ρx 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρx

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρx + dρz

m4ρy + dRz
m4 i4 + d Rz

m4 i3( ) = µχρx
µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρx + dρz

m4ρy + dRz
m4 i4 + d Rz

m4 i3( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χρy

µ*( ) ⋅ρy 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρy

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ 1⋅ρy + dρz

m4ρx + dRz
m4 Rz + d Rz

m4 i4( ) = µχρy
µ*

96
⎛

⎝
⎜

⎞

⎠
⎟  dρz

m4ρx +1⋅ρy + d Rz
m4 i4 + dRz

m4 i3( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χ i4

µ*( ) ⋅ i4 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ i4

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ i4 + dρz

m4 i3 + dRz
m4ρy + d Rz

m4ρx( ) = µχ i4
µ*

96
⎛

⎝⎜
⎞

⎠⎟
d Rz

m4ρx + dRz
m4ρy +1⋅ i4 + dρz

m4 i3( )
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χ i3

µ*( ) ⋅ i3 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ i3

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ i3 + dρz

m4 i4 + dRz
m41+ d Rz

m4ρy( ) = µχ i3
µ*

96
⎛

⎝⎜
⎞

⎠⎟
dRz

m4ρx + d Rz
m4ρy + dρz

m4 i4 +1⋅ i3( )
r1C4 = r1 1,ρz ,Rz , Rz{ } = r1,r4 , i1,Ry{ }Coset

General development of irep projectors  
 
Pm4m4

µ = µ

°O
Dm4m4

µ* (g) g
g

°O

∑
(Deriving diagonal irreducible O-representation (“irep”) components  Dm4m4

µ* (g)

for subgroup chain O⊃D4⊃C4

    

pm4
= 1

4
e

2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪C4  characters

  
d

R p
m4 = e

2π i m4⋅p
4

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

O  characters
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Pm4m4

µ = pm4Pµ = Pµpm4

= µ

°O
(χg

µ*) ·g pm4( )
g

°O

∑

= µ

24
⎛
⎝⎜

⎞
⎠⎟
χ1

µ*( ) ⋅1 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4

  = µχ1
µ*

96
⎛
⎝⎜

⎞
⎠⎟

1⋅1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) = µχ1
µ*

96
⎛
⎝⎜

⎞
⎠⎟

  1⋅1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( )
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χρz

µ*( ) ⋅ρz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρz + dρz

m41+ dRz
m4 Rz + d Rz

m4Rz( ) = µχρz
µ*

96
⎛

⎝⎜
⎞

⎠⎟
 dρz

m41+1⋅ρz + d Rz
m4Rz + dRz

m4 Rz( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χRz

µ*( ) ⋅Rz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχRz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅Rz + dρz

m4 Rz + dRz
m4ρz + d Rz

m41( ) = µχRz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
d Rz

m41+ dRz
m4ρz +1⋅Rz + dρz

m4 Rz( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χ Rz

µ*( ) ⋅ Rz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ Rz

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ 1⋅ Rz + dρz

m4Rz + dRz
m41+ d Rz

m4ρz( ) = µχ Rz

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ dRz

m41+ d Rz
m4ρz + dρz

m4Rz +1⋅ Rz( )
ρxC4 = ρx 1,ρz ,Rz , Rz{ } = ρx ,ρy , i4 , i3{ }Coset
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χρx

µ*( ) ⋅ρx 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρx

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρx + dρz

m4ρy + dRz
m4 i4 + d Rz

m4 i3( ) = µχρx
µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρx + dρz

m4ρy + dRz
m4 i4 + d Rz

m4 i3( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χρy

µ*( ) ⋅ρy 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρy

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ 1⋅ρy + dρz

m4ρx + dRz
m4 i3 + d Rz

m4 i4( ) = µχρy
µ*

96
⎛

⎝
⎜

⎞

⎠
⎟  dρz

m4ρx +1⋅ρy + d Rz
m4 i4 + dRz

m4 i3( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χ i4

µ*( ) ⋅ i4 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ i4

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ i4 + dρz

m4 i3 + dRz
m4ρy + d Rz

m4ρx( ) = µχ i4
µ*

96
⎛

⎝⎜
⎞

⎠⎟
d Rz

m4ρx + dRz
m4ρy +1⋅ i4 + dρz

m4 i3( )
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χ i3

µ*( ) ⋅ i3 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ i3

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ i3 + dρz

m4 i4 + dRz
m41+ d Rz

m4ρy( ) = µχ i3
µ*

96
⎛

⎝⎜
⎞

⎠⎟
dRz

m4ρx + d Rz
m4ρy + dρz

m4 i4 +1⋅ i3( )
r1C4 = r1 1,ρz ,Rz , Rz{ } = r1,r4 , i1,Ry{ }Coset

General development of irep projectors  
 
Pm4m4

µ = µ

°O
Dm4m4

µ* (g) g
g

°O

∑
(Deriving diagonal irreducible O-representation (“irep”) components  Dm4m4

µ* (g)

for subgroup chain O⊃D4⊃C4

    

pm4
= 1

4
e

2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪C4  characters

  
d

R p
m4 = e

2π i m4⋅p
4
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Pm4m4

µ = pm4Pµ = Pµpm4

= µ

°O
(χg

µ*) ·g pm4( )
g

°O

∑

= µ

24
⎛
⎝⎜

⎞
⎠⎟
χ1

µ*( ) ⋅1 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4

  = µχ1
µ*

96
⎛
⎝⎜

⎞
⎠⎟

1⋅1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) = µχ1
µ*

96
⎛
⎝⎜

⎞
⎠⎟

  1⋅1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( )
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χρz

µ*( ) ⋅ρz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρz + dρz

m41+ dRz
m4 Rz + d Rz

m4Rz( ) = µχρz
µ*

96
⎛

⎝⎜
⎞

⎠⎟
 dρz

m41+1⋅ρz + d Rz
m4Rz + dRz

m4 Rz( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χRz

µ*( ) ⋅Rz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχRz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅Rz + dρz

m4 Rz + dRz
m4ρz + d Rz

m41( ) = µχRz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
d Rz

m41+ dRz
m4ρz +1⋅Rz + dρz

m4 Rz( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χ Rz

µ*( ) ⋅ Rz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ Rz

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ 1⋅ Rz + dρz

m4Rz + dRz
m41+ d Rz

m4ρz( ) = µχ Rz

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ dRz

m41+ d Rz
m4ρz + dρz

m4Rz +1⋅ Rz( )
ρxC4 = ρx 1,ρz ,Rz , Rz{ } = ρx ,ρy , i4 , i3{ }Coset
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χρx

µ*( ) ⋅ρx 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρx

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρx + dρz

m4ρy + dRz
m4 i4 + d Rz

m4 i3( ) = µχρx
µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρx + dρz

m4ρy + dRz
m4 i4 + d Rz

m4 i3( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χρy

µ*( ) ⋅ρy 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρy

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ 1⋅ρy + dρz

m4ρx + dRz
m4 i3 + d Rz

m4 i4( ) = µχρy
µ*

96
⎛

⎝
⎜

⎞

⎠
⎟  dρz

m4ρx +1⋅ρy + d Rz
m4 i4 + dRz

m4 i3( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χ i4

µ*( ) ⋅ i4 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ i4

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ i4 + dρz

m4 i3 + dRz
m4ρy + d Rz

m4ρx( ) = µχ i4
µ*

96
⎛

⎝⎜
⎞

⎠⎟
d Rz

m4ρx + dRz
m4ρy +1⋅ i4 + dρz

m4 i3( )
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χ i3

µ*( ) ⋅ i3 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ i3

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ i3 + dρz

m4 i4 + dRz
m41+ d Rz

m4ρy( ) = µχ i3
µ*

96
⎛

⎝⎜
⎞

⎠⎟
dRz

m4ρx + d Rz
m4ρy + dρz

m4 i4 +1⋅ i3( )
r1C4 = r1 1,ρz ,Rz , Rz{ } = r1,r4 , i1,Ry{ }Coset

General development of irep projectors  
 
Pm4m4

µ = µ

°O
Dm4m4

µ* (g) g
g

°O

∑
(Deriving diagonal irreducible O-representation (“irep”) components  Dm4m4

µ* (g)

for subgroup chain O⊃D4⊃C4
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Pm4m4

µ = pm4Pµ = Pµpm4

= µ

°O
(χg

µ*) ·g pm4( )
g

°O

∑

= µ

24
⎛
⎝⎜

⎞
⎠⎟
χ1

µ*( ) ⋅1 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4

  = µχ1
µ*

96
⎛
⎝⎜

⎞
⎠⎟

1⋅1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) = µχ1
µ*

96
⎛
⎝⎜

⎞
⎠⎟

  1⋅1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( )
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χρz

µ*( ) ⋅ρz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρz + dρz

m41+ dRz
m4 Rz + d Rz

m4Rz( ) = µχρz
µ*

96
⎛

⎝⎜
⎞

⎠⎟
 dρz

m41+1⋅ρz + d Rz
m4Rz + dRz

m4 Rz( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χRz

µ*( ) ⋅Rz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχRz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅Rz + dρz

m4 Rz + dRz
m4ρz + d Rz

m41( ) = µχRz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
d Rz

m41+ dRz
m4ρz +1⋅Rz + dρz

m4 Rz( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χ Rz

µ*( ) ⋅ Rz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ Rz

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ 1⋅ Rz + dρz

m4Rz + dRz
m41+ d Rz

m4ρz( ) = µχ Rz

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ dRz

m41+ d Rz
m4ρz + dρz

m4Rz +1⋅ Rz( )
ρxC4 = ρx 1,ρz ,Rz , Rz{ } = ρx ,ρy , i4 , i3{ }Coset
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χρx

µ*( ) ⋅ρx 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρx

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρx + dρz

m4ρy + dRz
m4 i4 + d Rz

m4 i3( ) = µχρx
µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρx + dρz

m4ρy + dRz
m4 i4 + d Rz

m4 i3( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χρy

µ*( ) ⋅ρy 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρy

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ 1⋅ρy + dρz

m4ρx + dRz
m4 i3 + d Rz

m4 i4( ) = µχρy
µ*

96
⎛

⎝
⎜

⎞

⎠
⎟  dρz

m4ρx +1⋅ρy + d Rz
m4 i4 + dRz

m4 i3( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χ i4

µ*( ) ⋅ i4 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ i4

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ i4 + dρz

m4 i3 + dRz
m4ρy + d Rz

m4ρx( ) = µχ i4
µ*

96
⎛

⎝⎜
⎞

⎠⎟
d Rz

m4ρx + dRz
m4ρy +1⋅ i4 + dρz

m4 i3( )
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χ i3

µ*( ) ⋅ i3 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ i3

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ i3 + dρz

m4 i4 + dRz
m41+ d Rz

m4ρy( ) = µχ i3
µ*

96
⎛

⎝⎜
⎞

⎠⎟
dRz

m4ρx + d Rz
m4ρy + dρz

m4 i4 +1⋅ i3( )
r1C4 = r1 1,ρz ,Rz , Rz{ } = r1,r4 , i1,Ry{ }Coset

General development of irep projectors  
 
Pm4m4

µ = µ

°O
Dm4m4

µ* (g) g
g

°O

∑
(Deriving diagonal irreducible O-representation (“irep”) components  Dm4m4

µ* (g)

for subgroup chain O⊃D4⊃C4
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Pm4m4

µ = pm4Pµ = Pµpm4

= µ

°O
(χg

µ*) ·g pm4( )
g

°O

∑

= µ

24
⎛
⎝⎜

⎞
⎠⎟
χ1

µ*( ) ⋅1 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4

  = µχ1
µ*

96
⎛
⎝⎜

⎞
⎠⎟

1⋅1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) = µχ1
µ*

96
⎛
⎝⎜

⎞
⎠⎟

  1⋅1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( )
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χρz

µ*( ) ⋅ρz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρz + dρz

m41+ dRz
m4 Rz + d Rz

m4Rz( ) = µχρz
µ*

96
⎛

⎝⎜
⎞

⎠⎟
 dρz

m41+1⋅ρz + d Rz
m4Rz + dRz

m4 Rz( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χRz

µ*( ) ⋅Rz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχRz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅Rz + dρz

m4 Rz + dRz
m4ρz + d Rz

m41( ) = µχRz

µ*

96
⎛

⎝⎜
⎞

⎠⎟
d Rz

m41+ dRz
m4ρz +1⋅Rz + dρz

m4 Rz( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χ Rz

µ*( ) ⋅ Rz 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ Rz

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ 1⋅ Rz + dρz

m4Rz + dRz
m41+ d Rz

m4ρz( ) = µχ Rz

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ dRz

m41+ d Rz
m4ρz + dρz

m4Rz +1⋅ Rz( )
ρxC4 = ρx 1,ρz ,Rz , Rz{ } = ρx ,ρy , i4 , i3{ }Coset
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χρx

µ*( ) ⋅ρx 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρx

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρx + dρz

m4ρy + dRz
m4 i4 + d Rz

m4 i3( ) = µχρx
µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ρx + dρz

m4ρy + dRz
m4 i4 + d Rz

m4 i3( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χρy

µ*( ) ⋅ρy 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχρy

µ*

96
⎛

⎝
⎜

⎞

⎠
⎟ 1⋅ρy + dρz

m4ρx + dRz
m4 i3 + d Rz

m4 i4( ) = µχρy
µ*

96
⎛

⎝
⎜

⎞

⎠
⎟  dρz

m4ρx +1⋅ρy + d Rz
m4 i4 + dRz

m4 i3( )

+ 
µ

24
⎛
⎝⎜

⎞
⎠⎟
χ i4

µ*( ) ⋅ i4 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ i4

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ i4 + dρz

m4 i3 + dRz
m4ρy + d Rz

m4ρx( ) = µχ i4
µ*

96
⎛

⎝⎜
⎞

⎠⎟
d Rz

m4ρx + dRz
m4ρy +1⋅ i4 + dρz

m4 i3( )
+ 

µ

24
⎛
⎝⎜

⎞
⎠⎟
χ i3

µ*( ) ⋅ i3 1+ dρz

m4ρz + dRz
m4Rz + d Rz

m4 Rz( ) 1
4
=
µχ i3

µ*

96
⎛

⎝⎜
⎞

⎠⎟
1⋅ i3 + dρz

m4 i4 + dRz
m41+ d Rz

m4ρy( ) = µχ i3
µ*

96
⎛

⎝⎜
⎞

⎠⎟
dRz

m4ρx + d Rz
m4ρy + dρz

m4 i4 +1⋅ i3( )
r1C4 = r1 1,ρz ,Rz , Rz{ } = r1,r4 , i1,Ry{ }Coset etc. etc.

General development of irep projectors  
 
Pm4m4

µ = µ

°O
Dm4m4

µ* (g) g
g

°O

∑
(Deriving diagonal irreducible O-representation (“irep”) components  Dm4m4

µ* (g)

for subgroup chain O⊃D4⊃C4

43Tuesday, April 7, 2015



 
1,ρz ,Rz , Rz{ }       ρx ,ρy , i4 , i3{ }       r1,r4 , i1,Ry{ }       r2,r3, i2, Ry{ }       r1, r3, Rx , i6{ }       r2, r4 ,Rx , i5{ }

  96
1 (  1+   ρz+   Rz+   Rz  +   ρx +   ρy+   i4+   i3   +   r1 +   r4+   i1+   Ry     +   r2 +   r3+   i2+   Ry   +   r1 +   r3+   Rx+   i6    +   r2 +   r4+   Rx+   i5 )

 

Pm4m4
µ = pm4P

µ = Pµpm4

= µ

°O
(χg

µ*) ·g · pm4( ) = µ

4°O
(χg

µ*) ·g · d1
m41+ dρz

m4ρz + dRz

m4Rz + d Rz

m4 Rz( )
g

°O

∑
g

°O

∑

 

  ρxC4 = ρx ,ρy , i4 , i3{ }
+96
µχρx

µ*(1, dρz

m4 ,dRz
m4 ,d Rz

m4 )

+96
µχρy

µ*(dρz

m4 ,1 ,d Rz
m4 ,dRz

m4 )

+96
µχ i4

µ*(d Rz
m4 ,dRz

m4 ,1 ,dρz

m4 )

+96
µχ i3

µ*(dRz
m4 ,d Rz

m4 ,dρz

m4 ,1)
 

  1C4 = 1 1,ρz ,Rz , Rz{ }
=96
µχ1

µ*(1, dρz

m4 ,dRz
m4 ,d Rz

m4 )

+96
µχρz

µ*(dρz

m4 ,1 ,d Rz
m4 ,dRz

m4 )

+96
µχRz

µ*(d Rz
m4 ,dRz

m4 ,1 ,dρz

m4 )

+96
µχ Rz

µ*(dRz
m4 ,d Rz

m4 ,dρz

m4 ,1)
 

  r1C4 = r1,r4 , i1,Ry{ }
+96
µχr1

µ*(1, dρz

m4 ,dRz
m4 ,d Rz

m4 )

+96
µχr4

µ*(dρz

m4 ,1 ,d Rz
m4 ,dRz

m4 )

+96
µχ i1

µ*(d Rz
m4 ,dRz

m4 ,1 ,dρz

m4 )

+96
µχRy

µ*(dRz
m4 ,d Rz

m4 ,dρz

m4 ,1)
 

  r2C4 = r2,r3, i2, Ry{ }
+96
µχr2

µ*(1, dρz

m4 ,dRz
m4 ,d Rz

m4 )

+96
µχr3

µ*(dρz

m4 ,1 ,d Rz
m4 ,dRz

m4 )

+96
µχ i2

µ*(d Rz
m4 ,dRz

m4 ,1 ,dρz

m4 )

+96
µχ Ry

µ*(dRz
m4 ,d Rz

m4 ,dρz

m4 ,1)  

  r1C4 = r1, r3, Rx , i6{ }
+96
µχ r1

µ*(1, dρz

m4 ,dRz
m4 ,d Rz

m4 )

+96
µχ r3

µ*(dρz

m4 ,1 ,d Rz
m4 ,dRz

m4 )

+96
µχ Rx

µ*(d Rz
m4 ,dRz

m4 ,1 ,dρz

m4 )

+96
µχ i6

µ*(dRz
m4 ,d Rz

m4 ,dρz

m4 ,1)
 

  r2C4 = r2, r4 ,Rx , i5{ }
+96
µχ r2

µ*(1, dρz

m4 ,dRz
m4 ,d Rz

m4 )

+96
µχ r4

µ*(dρz

m4 ,1 ,d Rz
m4 ,dRz

m4 )

+96
µχRx

µ*(d Rz
m4 ,dRz

m4 ,1 ,dρz

m4 )

+96
µχ i5

µ*(dRz
m4 ,d Rz

m4 ,dρz

m4 ,1)

General development of irep projectors  
 
Pm4m4

µ = µ

°O
Dm4m4

µ* (g) g
g

°O

∑
(Deriving diagonal irreducible O-representation (“irep”) components  Dm4m4

µ* (g)

for subgroup chain O⊃D4⊃C4

    

pm4
= 1

4
e

2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪C4  characters

  
d

R p
m4 = e

2π i m4⋅p
4

? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?

O  characters

   

O : χg
µ g=1 r1−4

p ρxyz Rxyz
p i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

 
χg
µ

Each of 24 columns is a sum of 4 products            that gives coefficient ?=                    of  96
µχg

µ*dρp

m4

 

µ

°O
Dm4m4

µ* (g) Pm4m4
µ

This           -sum is in order of left cosets g·C4 of C4 in O. (Examples follow.)Pm4m4
µ
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O⊃C4 induced representation 04(C4)↑O ~A1⊕T1⊕E and spectral analysis examples
        Elementary induced representation 04(C4)↑O
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O : χg
µ g=1 r1−4

p ρxyz Rxyz
p i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

pm4
= 1

4
e

2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

C4  characters  
d

R p
m4 = e

2π i m4⋅p
4

O  characters

 

  ρxC4 = ρx ,ρy , i4 , i3{ }
+48

1 χρx
E (1, dρz

14 ,dRz
14 ,d Rz

14 )

+48
1χρy

E (dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+48
1χ i4

E(d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+48
1 χ i3

E(dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  1C4 = 1 1,ρz ,Rz , Rz{ }
 =48

1χ1
E(1, dρz

14 ,dRz
14 ,d Rz

14 )

 +48
1χρz

E (dρz

14 ,1 ,d Rz
14 ,dRz

14 )

 +48
1χRz

E (d Rz
14 ,dRz

14 ,1 ,dρz

14 )

 +48
1χ Rz

E (dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  r1C4 = r1,r4 , i1,Ry{ }
+48

1χr1
E(1, dρz

14 ,dRz
14 ,d Rz

14 )

+48
1χr4

E(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+48
1χ i1

E(d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+48
1χRy

E (dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  r2C4 = r2,r3, i2, Ry{ }
+48

1χr2
E(1, dρz

14 ,dRz
14 ,d Rz

14 )

+48
1χr3

E(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+48
1χ i2

E(d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+48
1χ Ry

E (dRz
14 ,d Rz

14 ,dρz

14 ,1)

 
 12

1 (11+1ρz+1Rz+ 1 Rz +1ρx+1ρy+1i4+1 Rz             -2
1r1 -2

1r4 -2
1i1 -2

1Ry             -2
1r2 -2

1r3 -2
1i2 -2

1 Ry            -2
1 r1 -2

1 r3 -2
1 Rx -2

1i6            -2
1 r2 -2

1 r4 -2
1Rx -2

1i5 )

 

P0404

E = p04
PE = PEp04

= E

°O
(χg

E ) ·g · p04( ) = 2
96

(χg
E ) ·g ·  1⋅1+1⋅ρz +1⋅Rz +1⋅ Rz( )

g

°O

∑
g

°O

∑

 

  r1C4 = r1, r3, Rx , i6{ }
+48

1χ r1
E(1, dρz

14 ,dRz
14 ,d Rz

14 )

+48
1χ r3

E(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+48
1χ Rx

E (d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+48
1χ i6

E(dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  r2C4 = r2, r4 ,Rx , i5{ }
+48

1χ r2
E(1, dρz

14 ,dRz
14 ,d Rz

14 )

+48
1χ r4

E(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+48
1χRx

E (d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+48
1χ i5

E(dRz
14 ,d Rz

14 ,dρz

14 ,1)

  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

 =48
1(+2)( 1, +1,+1,+1)

 +48
1(+2)(+1,  1 ,+1,+1)

 +48
1( 0)(+1,+1,  1 ,+1)

 +48
1( 0)(+1,+1,+1,  1 )

 +48
1(+2)( 1, +1,+1,+1)

 +48
1(+2)(+1,  1 ,+1,+1)

 +48
1( 0)(+1,+1,  1 ,+1)

 +48
1( 0)(+1,+1,+1,  1 )

  +48
1(−1)( 1, +1,+1,+1)

 +48
1(−1)(+1,  1 ,+1,+1)

 +48
1( 0)(+1,+1,  1 ,+1)

 +48
1( 0)(+1,+1,+1,  1 )

 4, 4, 4, 4,

Calculating PE0404

  +48
1(−1)( 1, +1,+1,+1)

 +48
1(−1)(+1,  1 ,+1,+1)

 +48
1( 0)(+1,+1,  1 ,+1)

 +48
1( 0)(+1,+1,+1,  1 )

  +48
1(−1)( 1, +1,+1,+1)

 +48
1(−1)(+1,  1 ,+1,+1)

 +48
1( 0)(+1,+1,  1 ,+1)

 +48
1( 0)(+1,+1,+1,  1 )

  +48
1(−1)( 1, +1,+1,+1)

 +48
1(−1)(+1,  1 ,+1,+1)

 +48
1( 0)(+1,+1,  1 ,+1)

 +48
1( 0)(+1,+1,+1,  1 )

 4, 4, 4, 4, -2,-2,-2,-2, -2,-2,-2,-2, -2,-2,-2,-2, -2,-2,-2,-2,
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24 )

+48
1χr3

E(dρz

24 ,1 ,d Rz
24 ,dRz

24 )

+48
1χ i2

E(d Rz
24 ,dRz

24 ,1 ,dρz

24 )

+48
1χ Ry

E (dRz
24 ,d Rz

24 ,dρz

24 ,1)

 
 12

1 (11+1ρz−1Rz− 1 Rz +1ρx+1ρy−1i4−1i3              -2
1r1 -2

1r4 +2
1i1+2

1Ry             -2
1r2 -2

1r3+2
1i2 +2

1 Ry            -2
1 r1 -2

1 r3+2
1 Rx+2

1i6       -2
1 r2 -2

1 r4 +2
1Rx+2

1i5 )

 

P2424

E = p24
PE = PEp24

= E

°O
(χg

E ) ·g · p24( ) = 2
96

(χg
E ) ·g ·  1⋅1+1⋅ρz−1⋅Rz−1⋅ Rz( )

g

°O

∑
g

°O

∑

 

  r1C4 = r1, r3, Rx , i6{ }
+48

1χ r1
E(1, dρz

24 ,dRz
24 ,d Rz

24 )

+48
1χ r3

E(dρz

24 ,1 ,d Rz
24 ,dRz

24 )

+48
1χ Rx

E (d Rz
24 ,dRz

24 ,1 ,dρz

24 )

+48
1χ i6

E(dRz
24 ,d Rz

24 ,dρz
24,1)

 

  r2C4 = r2, r4 ,Rx , i5{ }
+48

1χ r2
E(1, dρz

24 ,dRz
24 ,d Rz

24 )

+48
1χ r4

E(dρz

24 ,1 ,d Rz
24 ,dRz

24 )

+48
1χRx

E (d Rz
24,dRz

24 ,1 ,dρz

24 )

+48
1χ i5

E(dRz
24 ,d Rz

24 ,dρz

24 ,1)

  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

 =48
1(+2)( 1,+1,−1,−1)

 +48
1(+2)(+1,  1,−1,−1)

 +48
1( 0)(−1, −1,   1,+1)

 +48
1( 0)(−1, −1, +1,  1)

  +48
1(−1)( 1,+1,−1,−1)

 +48
1(−1)(+1,  1,−1,−1)

 +48
1( 0)(−1, −1,   1,+1)

 +48
1( 0)(−1, −1, +1,  1)

 4, 4,-4,-4,

Calculating PE2424

 4, 4,-4,-4, -2,-2, 2, 2,

 =48
1(+2)( 1,+1,−1,−1)

 +48
1(+2)(+1,  1,−1,−1)

 +48
1( 0)(−1, −1,   1,+1)

 +48
1( 0)(−1, −1, +1,  1)

  +48
1(−1)( 1,+1,−1,−1)

 +48
1(−1)(+1,  1,−1,−1)

 +48
1( 0)(−1, −1,   1,+1)

 +48
1( 0)(−1, −1, +1,  1)

  +48
1(−1)( 1,+1,−1,−1)

 +48
1(−1)(+1,  1,−1,−1)

 +48
1( 0)(−1, −1,   1,+1)

 +48
1( 0)(−1, −1, +1,  1)

  +48
1(−1)( 1,+1,−1,−1)

 +48
1(−1)(+1,  1,−1,−1)

 +48
1( 0)(−1, −1,   1,+1)

 +48
1( 0)(−1, −1, +1,  1)

-2,-2, 2, 2, -2,-2, 2, 2, -2,-2, 2, 2,

  P2424

E =12
1 (1⋅1  -2

1r1-2
1r2  -2

1r3-2
1r4  -2

1 r1-2
1 r2   -2

1 r3-2
1 r4  +1ρx+1ρy +1ρz   +2

1Rx+2
1Ry −1Rz  +2

1 Rx+2
1 Ry −1 Rz    +2

1i1+2
1i2   −1i3 −1i4   +2

1i5 +2
1i6 )

Coset-factored sum:

Broken-class-ordered sum:
  P2424

E =12
1 [(1)⋅1p 24

      + (1)⋅ρxp 24
    + (-2

1 )⋅r 1p 24
       + (-2

1 )⋅r 2p 24
      + (-2

1 )⋅ r 1p 24
       + (-2

1 )⋅ r 2p 24
]

   

O : χg
µ g=1 r1−4

p ρxyz Rxyz
p i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

pm4
= 1

4
e

2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

C4  characters  
d

R p
m4 = e

2π i m4⋅p
4

O  characters
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O : χg
µ g=1 r1−4

p ρxyz Rxyz
p i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

pm4
= 1

4
e

2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

C4  characters  
d

R p
m4 = e

2π i m4⋅p
4

O  characters

 

  ρxC4 = ρx ,ρy , i4 , i3{ }
+32

1χρx
T1(1, dρz

04 ,dRz
04 ,d Rz

04 )

+32
1χρy

T1(dρz

04 ,1 ,d Rz
04 ,dRz

04 )

+32
1χ i4

T1(d Rz
04 ,dRz

04 ,1 ,dρz

04 )

+32
1χ i3

T1(dRz
04 ,d Rz

04 ,dρz

04 ,1)
 

  1C4 = 1 1,ρz ,Rz , Rz{ }
 =32

1χ1
T1(1, dρz

04 ,dRz
04 ,d Rz

04 )

 +32
1χρz

T1(dρz

04 ,1 ,d Rz
04 ,dRz

04 )

 +32
1χRz

T1 (d Rz
04 ,dRz

04 ,1 ,dρz

04 )

 +32
1χ Rz

T1 (dRz
04 ,d Rz

04 ,dρz

04 ,1)
 

  r1C4 = r1,r4 , i1,Ry{ }
+32

1χr1
T1(1, dρz

04 ,dRz
04 ,d Rz

04 )

+32
1χr4

T1(dρz

04 ,1 ,d Rz
04 ,dRz

04 )

+32
1χ i1

T1(d Rz
04 ,dRz

04 ,1 ,dρz

04 )

+32
1χRy

T1 (dRz
04 ,d Rz

04 ,dρz

04 ,1)
 

  r2C4 = r2,r3, i2, Ry{ }
+32

1 χr2
T1(1, dρz

04 ,dRz
04 ,d Rz

04 )

+32
1χr3

T1(dρz

04 ,1 ,d Rz
04 ,dRz

04 )

+32
1χ i2

T1(d Rz
04 ,dRz

04 ,1 ,dρz

04 )

+32
1χ Ry

T1 (dRz
04 ,d Rz

04 ,dρz

04 ,1)

 
 8

1 (11+1ρz+1Rz+1 Rz  -1ρx -1ρy -1i4 -1i3           +0r1+0r4+0 i1+0Ry     + 0r2+0r3+0 i2+0 Ry   +0 r1+0 r3+0 Rx+0 i6    +0 r2+0 r4+0Rx+0 i5 )

 

P0404

T1 = p04
PT1 = PT1p04

= T1

°O
(χg

T1 ) ·g · p04( ) = 3
96

(χg
T1 ) ·g ·  1⋅1+1⋅ρz +1⋅Rz +1⋅ Rz( )

g

°O

∑
g

°O

∑

 

  r1C4 = r1, r3, Rx , i6{ }
+32

1χ r1
T1(1, dρz

04 ,dRz
04 ,d Rz

04 )

+32
1χ r3

T1(dρz

04 ,1 ,d Rz
04 ,dRz

04 )

+32
1χ Rx

T1 (d Rz
04 ,dRz

04 ,1 ,dρz

04 )

+32
1χ i6

T1(dRz
04 ,d Rz

04 ,dρz

04 ,1)
 

  r2C4 = r2, r4 ,Rx , i5{ }
+32

1χ r2
T1(1, dρz

04 ,dRz
04 ,d Rz

04 )

+32
1χ r4

T1(dρz

04 ,1 ,d Rz
04 ,dRz

04 )

+32
1χRx

T1 (d Rz
04 ,dRz

04 ,1 ,dρz

04 )

+32
1χ i5

T1(dRz
04 ,d Rz

04 ,dρz

04 ,1)

  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

 =32
1(+3)( 1, +1,+1,+1)

 +32
1(−1)(+1,  1 ,+1,+1)

 +32
1(+1)(+1,+1,  1 ,+1)

 +32
1(+1)(+1,+1,+1,  1 )

 +32
1(−1)( 1, +1,+1,+1)

 +32
1(−1)(+1,  1 ,+1,+1)

 +32
1(−1)(+1,+1,  1 ,+1)

 +32
1(−1)(+1,+1,+1,  1 )

 +32
1(0)( 1, +1,+1,+1)

 +32
1(0)(+1,  1 ,+1,+1)

 +32
1(−1)(+1,+1,  1 ,+1)

 +32
1(+1)(+1,+1,+1,  1 )

 4, 4, 0, 0,  -4,-4,-4,-4, 0, 0, 0, 0,

Calculating PT10404

 +32
1(0)( 1, +1,+1,+1)

 +32
1(0)(+1,  1 ,+1,+1)

 +32
1(−1)(+1,+1,  1 ,+1)

 +32
1(+1)(+1,+1,+1,  1 )

 +32
1(0)( 1, +1,+1,+1)

 +32
1(0)(+1,  1 ,+1,+1)

 +32
1(+1)(+1,+1,  1 ,+1)

 +32
1(−1)(+1,+1,+1,  1 )

 +32
1(0)( 1, +1,+1,+1)

 +32
1(0)(+1,  1 ,+1,+1)

 +32
1(+1)(+1,+1,  1 ,+1)

 +32
1(−1)(+1,+1,+1,  1 )

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,

  P0404

T1 =8
1 (1⋅1     + 0+ 0+ 0 + 0 + 0 + 0+ 0+ 0    +1ρz  -1ρx -1ρy    + 0+ 0+1Rz   + 0+ 0 +1 Rz      + 0 + 0+ 0+ 0   -1i4 -1i3  )

Coset-factored sum:

Broken-class-ordered sum:
  P0404

T1 =8
1 [(1)⋅1p 04

       + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

     + (0)⋅r 2p 04
     + (0)⋅ r 1p 04

       + (0)⋅ r 2p 04
]
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  ρxC4 = ρx ,ρy , i4 , i3{ }
+32

1χρx
T1(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χρy

T1(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χ i4

T1(d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χ i3

T1(dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  1C4 = 1 1,ρz ,Rz , Rz{ }
 =32

1χ1
T1(1, dρz

14 ,dRz
14 ,d Rz

14 )

 +32
1χρz

T1(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

 +32
1χRz

T1 (d Rz
14 ,dRz

14 ,1 ,dρz

14 )

 +32
1χ Rz

T1 (dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  r1C4 = r1,r4 , i1,Ry{ }
+32

1χr1
T1(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χr4

T1(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χ i1

T1(d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χRy

T1 (dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  r2C4 = r2,r3, i2, Ry{ }
+32

1 χr2
T1(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χr3

T1(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χ i2

T1(d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χ Ry

T1 (dRz
14 ,d Rz

14 ,dρz

14 ,1)

 
 8

1 (11-1ρz+ iRz -i Rz    + 0ρx+ 0ρy+ 0 i4+ 0 i3    + 2
ir1-2

ir4 -2
1i1+2

1Ry          + 2
ir2 -2

ir3-2
1i2+2

1 Ry           -2
i r1+2

i r3+ 2
1 Rx -2

1i6           -2
i r2+2

i r4+ 2
1Rx -2

1i5 )

 

P1414

T1 = p14
PT1 = PT1p14

= T1

°O
(χg

T1 ) ·g · p14( ) = 3
96

(χg
T1 ) ·g ·  1⋅1−1⋅ρz +i⋅Rz −i⋅ Rz( )

g

°O

∑
g

°O

∑

 

  r1C4 = r1, r3, Rx , i6{ }
+32

1χ r1
T1(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χ r3

T1(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χ Rx

T1 (d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χ i6

T1(dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  r2C4 = r2, r4 ,Rx , i5{ }
+32

1χ r2
T1(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χ r4

T1(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χRx

T1 (d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χ i5

T1(dRz
14 ,d Rz

14 ,dρz

14 ,1)

  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

 =32
1(+3)(1 , −1,+i,−i)

 +32
1(−1)(−1,  1 ,−i,+i)

 +32
1(+1)(−i,+i,  1 ,−1)

 +32
1(+1)(+i,−i,−1,  1 )

 +32
1(−1)(1 , −1,+i,−i)

 +32
1(−1)(−1,  1 ,−i,+i)

 +32
1(−1)(−i,+i,  1 ,−1)

 +32
1(−1)(+i,−i,−1,  1 )

 +32
1(0)( 1, −1,+i,−i)

 +32
1(0)(−1,  1 ,−i,+i)

 +32
1(−1)(−i,+i,  1 ,−1)

 +32
1(+1)(+i,−i,−1,  1 )

 +32
1(0)( 1, −1,+i,−i)

 +32
1(0)(−1,  1 ,−i,+i)

 +32
1(−1)(−i,+i,  1 ,−1)

 +32
1(+1)(+i,−i,−1,  1 )

 +32
1(0)( 1, −1,+i,−i)

 +32
1(0)(−1,  1 ,−i,+i)

 +32
1(+1)(−i,+i,  1 ,−1)

 +32
1(−1)(+i,−i,−1,  1 )

 +32
1(0)( 1, −1,+i,−i)

 +32
1(0)(−1,  1 ,−i,+i)

 +32
1(+1)(−i,+i,  1 ,−1)

 +32
1(−1)(+i,−i,−1,  1 )

+4,-4, 4i,-4i,  0,    0,   0,   0, +2i, -2i,-2, +2, +2i, -2i,-2, +2, -2i,+2i,+2, -2 -2i,+2i,+2, -2.

Calculating PT11414

  P1414

T1 =  8
1 (1⋅1  +2

i r1 +2
i r2   -2

ir3-2
ir4    -2

i r1-2
i r2   +2

i r3+2
i r4   + 0ρx+ 0ρy-1ρz   +2

1Rx +2
1Ry + iRz +2

1 Rx +2
1 Ry-i Rz     -2

i i1-2
i i2 + 0 i3+ 0 i4  -2

i i5  -2
i i6 )

Coset-factored sum:

Broken-class-ordered sum:
  P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
    + (2

i )⋅r 1p 14
       + (2

i )⋅r 2p 14
      + (-2

i )⋅ r 1p 14
       + (-2

i )⋅ r 2p 14
]

   

O : χg
µ g=1 r1−4

p ρxyz Rxyz
p i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

pm4
= 1

4
e

2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

C4  characters  
d

R p
m4 = e

2π i m4⋅p
4

O  characters
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O⊃C4 induced representation 04↑O~A1⊕T1⊕E and spectral analysis examples 

Solve XY6 radial vibration K=a-matrix Solve SF6 J-tunneling Hamiltonian H

Fig. 4.3.1 PSDS
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2-axis
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Fig. 4.3.1 PSDS

Assuming C4-local symmetry conditions for ⏐1〉 state
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Fig. 4.3.1 PSDS

Assuming C4-local symmetry conditions for ⏐1〉 state

Using C4-local symmetry projector equations

 
1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz

Rx
Ry

Rz i1 i2 i3 i4 i5 i6

1 r1 r2 r3 r4 r21 r22 r23 r24 R2
1 R2

2 R2
3 R1 R2 R3 R3

1 R3
2 R3

3 i1 i2 i3 i4 i5 i6
O operators (Two notations: Older Princ.of Symm.Dynamics and Spectra. and Newer Int.J.Mol.Sci)
PSDS:
IJMS:

O⊃C4 induced representation 04↑O~A1⊕T1⊕E and spectral analysis examples 

z-axis
or 

3-axis

x-axis
or 

1-axis

y-axis
or 

2-axis

63Tuesday, April 7, 2015



Fig. 4.3.1 PSDS

Assuming C4-local symmetry conditions for ⏐1〉 state

Using C4-local symmetry projector equations

These apply to all six ⏐g〉=g⏐1〉-base states.
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O⊃C4 induced representation 04(C4)↑O ~A1⊕T1⊕E and spectral analysis examples
        Elementary induced representation 04(C4)↑O
        Projection reduction of induced representation 04(C4)↑O
        Introduction to ortho-complete eigenvalue-parameter relations
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z-axis
or 

3-axis

Fig. 4.3.1 PSDS
Thus we label states by
left cosets rC4 of Local C4

1C4 =

1C4 =

This “coset-basis” spans a scalar 04(C4) induced representation 04(C4)↑O 

Elementary induced representation 04(C4)↑O

z-axis
or 

3-axis

x-axis
or 

1-axis

y-axis
or 

2-axis

i4 axis

i4 1 =i4 1 ,    i4 2 =i4R1
2 1 ,    i4 3 =i4r1 1 ,    i4 4 =i4r2 1 ,    i4 5 =i4r1

2 1 ,    i4 6 =i4r2
2 1 .

      =R1
2 1 ,          =R3

3 1 ,             =i5 1 ,              =i6 1 ,             =i2 1 ,              =i1 1 .
      = 2 ,             = 1 ,                = 6 ,                = 5 ,              = 4 ,               = 3 .
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z-axis
or 

3-axis

Fig. 4.3.1 PSDS
Thus we label states by
left cosets rC4 of Local C4

1C4 =

1C4 =

For example here is 04(C4) induced representation 04(C4)↑O(i4)

Elementary induced representation 04(C4)↑O

i4 axis

This “coset-basis” spans a scalar 04(C4) induced representation 04(C4)↑O 

z-axis
or 

3-axis

x-axis
or 

1-axis

y-axis
or 

2-axis

  

I 04↑O i4( )=

1i4 1 1i4 2  1i4 6
2 i4 1 2 i4 2 

 

6 i4 1 6 i4 2 1i4 6

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

=

⋅ 1 ⋅ ⋅ ⋅ ⋅
1 ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ 1
⋅ ⋅ ⋅ ⋅ 1 ⋅
⋅ ⋅ ⋅ 1 ⋅ ⋅
⋅ ⋅ 1 ⋅ ⋅ ⋅

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

i4 1 =i4 1 ,    i4 2 =i4R1
2 1 ,    i4 3 =i4r1 1 ,    i4 4 =i4r2 1 ,    i4 5 =i4r1

2 1 ,    i4 6 =i4r2
2 1 .

      =R1
2 1 ,          =R3

3 1 ,             =i5 1 ,              =i6 1 ,             =i2 1 ,              =i1 1 .
      = 2 ,             = 1 ,                = 6 ,                = 5 ,              = 4 ,               = 3 .

⏐1〉  ⏐2〉  ⏐3〉 ⏐4〉  ⏐5〉  ⏐6〉
〈1⏐
〈2⏐
〈3⏐
〈4⏐
〈5⏐
〈6⏐
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z-axis
or 

3-axis

Fig. 4.3.1 PSDS
Thus we label states by
left cosets rC4 of Local C4

1C4 =

1C4 =

Elementary induced representation 04(C4)↑O

i4 axis

z-axis
or 

3-axis

x-axis
or 

1-axis

y-axis
or 

2-axis i3 ax
is

  

I 04↑O i4( )=

1i4 1 1i4 2  1i4 6
2 i4 1 2 i4 2 

 

6 i4 1 6 i4 2 1i4 6

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

=

⋅ 1 ⋅ ⋅ ⋅ ⋅
1 ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ 1
⋅ ⋅ ⋅ ⋅ 1 ⋅
⋅ ⋅ ⋅ 1 ⋅ ⋅
⋅ ⋅ 1 ⋅ ⋅ ⋅

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

⏐1〉  ⏐2〉  ⏐3〉 ⏐4〉  ⏐5〉  ⏐6〉
〈1⏐
〈2⏐
〈3⏐
〈4⏐
〈5⏐
〈6⏐  

I 04↑O i3( )=

⋅ 1 ⋅ ⋅ ⋅ ⋅
1 ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ 1 ⋅
⋅ ⋅ ⋅ ⋅ ⋅ 1
⋅ ⋅ 1 ⋅ ⋅ ⋅
⋅ ⋅ ⋅ 1 ⋅ ⋅

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

For example here is 04(C4) induced representation 04(C4)↑O(i4) and 04(C4)↑O(i3) 

This “coset-basis” spans a scalar 04(C4) induced representation 04(C4)↑O 
i4 1 =i4 1 ,    i4 2 =i4R1

2 1 ,    i4 3 =i4r1 1 ,    i4 4 =i4r2 1 ,    i4 5 =i4r1
2 1 ,    i4 6 =i4r2

2 1 .
      =R1

2 1 ,          =R3
3 1 ,             =i5 1 ,              =i6 1 ,             =i2 1 ,              =i1 1 .

      = 2 ,             = 1 ,                = 6 ,                = 5 ,              = 4 ,               = 3 .
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z-axis
or 

3-axis

Fig. 4.3.1 PSDS
Thus we label states by
left cosets rC4 of Local C4

1C4 =

1C4 =

Here is 04(C4) induced representation I  04↑O(Ii) of a linear combination of i-class rotations

Elementary induced representation 04(C4)↑O

i4 axis

z-axis
or 

3-axis

x-axis
or 

1-axis

y-axis
or 

2-axis

Ii = i1i1+ i2i2+ i3i3+ i4i4+ i5i5+ i6i6

1 2 3 4 5 6
1 1 i3+i4 i1 i2 i6 i5
2 i3+i4 1 i2 i1 i5 i6
3 i1 i2 1 i5+i6 i3 i4
4 i2 i1 i5+i6 1 i4 i3
5 i6 i5 i3 i4 1 i1+i2
6 i5 i6 i4 i3 i1+i2 1

I  04↑O(Ii) =

 

I 04↑O i3( )=

⋅ 1 ⋅ ⋅ ⋅ ⋅
1 ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ 1 ⋅
⋅ ⋅ ⋅ ⋅ ⋅ 1
⋅ ⋅ 1 ⋅ ⋅ ⋅
⋅ ⋅ ⋅ 1 ⋅ ⋅

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

i3 ax
is
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Review Octahedral Oh⊃O group operator structure
Review Octahedral Oh⊃O⊃D4⊃C4 subgroup chain correlations

Comparison of O⊃D4⊃C4 and O⊃D4⊃D2 correlations and level/projector splitting
        O⊃D4⊃C4 subgroup chain splitting
        O⊃D4⊃D2  subgroup chain splitting (nOrmal D2 vs. unOrmal D2)
        Oh⊃O⊃D4⊃C4v  and Oh⊃O⊃D4⊃C4v⊃C2v subgroup splitting
 
Splitting O class projectors Pµ into irreducible projectors Pµm4m4 for O⊃C4

        Development of irreducible projectors Pµm4m4 and representations Dµm4m4

        Calculating PE0404 ,  PE2424 ,  PT10404 ,  PT11414 ,  PT22424 , PT21414 ,  

O⊃C4 induced representation 04(C4)↑O ~A1⊕T1⊕E and spectral analysis examples
        Elementary induced representation 04(C4)↑O
        Projection reduction of induced representation 04(C4)↑O
        Introduction to ortho-complete eigenvalue-parameter relations
                    Examples in SF6 spectroscopy
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Projection reduction of induced representation 04(C4)↑O
Scalar A1 eigenket

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

e0404

A1 = P0404

A1 1 / NA1

    = 1
24

D0404

A1* (gp ) g p
p=1

24

∑ 1 / NA1

    = 1 + 2 + 3 + 4 + 5 + 6( )/ 6

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6
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Scalar A1 eigenket 0404 Tensor E-eigenket 0404

e0404
E =

2
2
-1
-1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2 3

e0404

A1 = P0404

A1 1 / NA1

    = 1
24

D0404

A1* (gp ) g p
p=1

24

∑ 1 / NA1

    = 1 + 2 + 3 + 4 + 5 + 6( )/ 6

e0404

E = P0404

E 1 / NE

    = 2
24

D0404

E* (gp ) g p
p=1

24

∑ 1 / NE

    = 1 + 2 −2
1 3 −2

1 4 −2
1 5 −2

1 6( )/ 3

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

e0404
E =

2
2
-1
-1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2 3

   P0404

E =12
1 [(1)⋅1p 04

+ (1)⋅ρxp 04
+ (-2

1 )⋅r 1p 04
+ (-2

1 )⋅r 2p 04
+ (-2

1 )⋅ r 1p 04
+ (-2

1 )⋅ r 2p 04
]

From p.49-50:

 
1,ρz ,Rz , Rz{ }  ρx ,ρy , i3, i4{ }  r1,r4 , i1,Ry{ }  r2,r3, i2, Ry{ }  r1, r3, Rx , i6{ }  r2, r4 ,Rx , i5{ }

Projection reduction of induced representation 04(C4)↑O

Diagonal
(idempotent)
Projector Pµjj
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Scalar A1 eigenket 0404 Tensor E-eigenket 2404

e2404
E =

0
0
1
1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

e0404

A1 = P0404

A1 1 / NA1

    = 1
24

D0404

A1* (gp ) g p
p=1

24

∑ 1 / NA1

    = 1 + 2 + 3 + 4 + 5 + 6( )/ 6

e2404

E = P2404

E 1 / NE

    = 2
24

D2404

E* (gp ) g p
p=1

24

∑ 1 / NE

    = 3 + 4 − 5 − 6( )/2

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

Projection reduction of induced representation 04(C4)↑O

e0404
E =

2
2
-1
-1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2 3

Off-Diagonal
(nilpotent)
Projector Pµjk

Derived next lectures

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

E

A1
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Scalar A1 eigenket 0404 Vector T1-eigenket 0404

0404
T1 =

1
−1
0
0
0
0

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

e0404

A1 = P0404

A1 1 / NA1

    = 1
24

D0404

A1* (gp ) g p
p=1

24

∑ 1 / NA1

    = 1 + 2 + 3 + 4 + 5 + 6( )/ 6

Projection reduction of induced representation 04(C4)↑O

  P0404

T1 =8
1 [(1)⋅1p 04

+ (-1)⋅ρxp 04
+ (0)⋅r 1p 04

+ (0)⋅r 2p 04
+ (0)⋅ r 1p 04

 + (0)⋅ r 2p 04
]

 
1,ρz ,Rz , Rz{ }  ρx ,ρy , i3, i4{ }  r1,r4 , i1,Ry{ }  r2,r3, i2, Ry{ }  r1, r3, Rx , i6{ }  r2, r4 ,Rx , i5{ }

e2404
E =

0
0
1
1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2e0404

E =

2
2
-1
-1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2 3

e0404

T1 = P0404

T1 1 / NT1

    = 1
24

D0404

T1* (gp ) g p
p=1

24

∑ 1 / NT1

    = 1 − 2 + 0 + 0 + 0 + 0( )/ 2

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

From p.53:

Diagonal
(idempotent)
Projector Pµjj

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

E

T1

A1

T1
standing

wave
04=z
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Scalar A1 eigenket 0404 Vector T1-eigenket ±1404 and 0404

Projection reduction of induced representation 04(C4)↑O

e±1404

T1 = P1404

T1 1 / NT1

    = 1
24

D±1404

T1* (gp ) g p
p=1

24

∑ 1 / NT1

    = 0 + 0 + 3 + 4 ± i 5 ± i 6( )/2

e0404

A1 = P0404

A1 1 / NA1

    = 1
24

D0404

A1* (gp ) g p
p=1

24

∑ 1 / NA1

    = 1 + 2 + 3 + 4 + 5 + 6( )/ 6

0404
T1 =

1
−1
0
0
0
0

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

e2404
E =

0
0
1
1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2e0404

E =

2
2
-1
-1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2 3

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

Off-Diagonal
(nilpotent)
Projector Pµjk

Derived next lectures

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

E

T1

A1

1404
T1 =

0
0
-1
1
-i
i

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

+i
-i

+1

-1

 -i
+i

+1

-1

T1
moving
waves

±14=x±iy

T1
standing

wave
04=z
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0404
T1 =

1
-1
0
0
0
0

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

0404
E =

2
2
-1
-1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2 3

1404
T1 =

0
0
-1
1
-i
i

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

2404
E =

0
0
1
1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

Projection reduction of induced representation 04(C4)↑O

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

Eg

T1u

A1g

T1
standing

waves
 x  and  y

T1
standing

wave
04=z
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0404
T1 =

1
-1
0
0
0
0

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

0404
E =

2
2
-1
-1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2 3

1404
T1 =

0
0
-1
1
-i
i

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

2404
E =

0
0
1
1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

Projection reduction of induced representation 04(C4)↑O

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

e0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

Eg

T1u

A1g

T1
standing

waves
 x  and  y

T1
standing

wave
04=z

  

Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1g↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1

Oh⊃D4h⊃C4v⊃C2v subgroup splitting

Labels
correct
u or g
parity!
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Review Octahedral Oh⊃O group operator structure
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O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1
   

1 ⋅Pα = ( p04
  +  p14

 +   p24
 +   p34

) ⋅Pα

1 ⋅P A1 = P0404

A1  +  0    +    0     +   0

1 ⋅P A2 =    0   +  0    +   P2424

A2  +  0

1 ⋅PE = P0404

E +   0    +   P2424

E  +  0

1 ⋅PT1 = P0404

T1  +  P1414

T1 +    0     + P3434

T1

1 ⋅PT2 =  0    +  P1414

T2  +  P2424

T2  + P3434

T2
    

pm4
=

p04
= (1+ R z + ρz + R z ) / 4

p14
= (1+ iR z − ρz − i R z ) / 4

p24
= (1− R z + ρz − R z ) / 4

p34
= (1− iR z − ρz + i R z ) / 4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

    

Pn4n4

(α ) (O ⊃C4 ) 1 r1r2 r3r4 r1r2r3r4 ρxρ y ρz Rx
Rx Ry

Ry Rz
Rz i1i2i5i6 i3i4

24 ⋅P0404

A1 1 1 1 1 1 1 1 1 1 1

24 ⋅P2424

A2 1 1 1 1 1 −1 −1 −1 −1 −1

12 ⋅P0404

E 1 −2
1 −2

1 1 1 −2
1 1 1 −2

1 1

12 ⋅P2424

E 1 −2
1 −2

1 1 1 +2
1 −1 −1 +2

1 −1

8 ⋅P1414

T1 1 −2
i +2

i 0 −1 +2
1 −i +i −2

1 0

8 ⋅P3434

T1 1 +2
i −2

i 0 −1 +2
1 +i −i −2

1 0

8 ⋅P0404

T1 1 0 0 −1 1 0 1 1 0 −1

8 ⋅P1414

T2 1 +2
i −2

i 0 −1 −2
1 −i +i +2

1 0

8 ⋅P3434

T2 1 −2
i +2

i 0 −1 −2
1 +i −i +2

1 0

8 ⋅P2424

T2 1 0 0 −1 1 0 −1 −1 0 1

   
where : pm4

= 1
4

eim⋅p/4R z
p

p=0

3
∑

Summary of
O⊃C4

diagonal
(idempotent)

projectors
Pµjj
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O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1
   

1 ⋅Pα = ( p04
  +  p14

 +   p24
 +   p34

) ⋅Pα

1 ⋅P A1 = P0404

A1  +  0    +    0     +   0

1 ⋅P A2 =    0   +  0    +   P2424

A2  +  0

1 ⋅PE = P0404

E +   0    +   P2424

E  +  0

1 ⋅PT1 = P0404

T1  +  P1414

T1 +    0     + P3434

T1

1 ⋅PT2 =  0    +  P1414

T2  +  P2424

T2  + P3434

T2
    

pm4
=

p04
= (1+ R z + ρz + R z ) / 4

p14
= (1+ iR z − ρz − i R z ) / 4

p24
= (1− R z + ρz − R z ) / 4

p34
= (1− iR z − ρz + i R z ) / 4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

    

Pn4n4

(α ) (O ⊃C4 ) 1 r1r2 r3r4 r1r2r3r4 ρxρ y ρz Rx
Rx Ry

Ry Rz
Rz i1i2i5i6 i3i4

24 ⋅P0404

A1 1 1 1 1 1 1 1 1 +1 1

24 ⋅P2424

A2 1 1 1 1 1 −1 −1 −1 −1 −1

12 ⋅P0404

E 1 −2
1 −2

1 1 1 −2
1 1 1 −2

1 1

12 ⋅P2424

E 1 −2
1 −2

1 1 1 +2
1 −1 −1 +2

1 −1

8 ⋅P1414

T1 1 −2
i +2

i 0 −1 +2
1 −i +i −2

1 0

8 ⋅P3434

T1 1 +2
i −2

i 0 −1 +2
1 +i −i −2

1 0

8 ⋅P0404

T1 1 0 0 −1 1 0 1 1 0 −1

8 ⋅P1414

T2 1 +2
i −2

i 0 −1 −2
1 −i +i +2

1 0

8 ⋅P3434

T2 1 −2
i +2

i 0 −1 −2
1 +i −i +2

1 0

8 ⋅P2424

T2 1 0 0 −1 1 0 −1 −1 0 1

   
where : pm4

= 1
4

eim⋅p/4R z
p

p=0

3
∑

Summary of
O⊃C4

diagonal
(idempotent)

projectors
Pµjj

The 04↑cluster
i16

split
i34

split

   

P0404

A1 +1

P0404

T1   0

P0404

E −1/2
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O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1
   

1 ⋅Pα = ( p04
  +  p14

 +   p24
 +   p34

) ⋅Pα

1 ⋅P A1 = P0404

A1  +  0    +    0     +   0

1 ⋅P A2 =    0   +  0    +   P2424

A2  +  0

1 ⋅PE = P0404

E +   0    +   P2424

E  +  0

1 ⋅PT1 = P0404

T1  +  P1414

T1 +    0     + P3434

T1

1 ⋅PT2 =  0    +  P1414

T2  +  P2424

T2  + P3434

T2
    

pm4
=

p04
= (1+ R z + ρz + R z ) / 4

p14
= (1+ iR z − ρz − i R z ) / 4

p24
= (1− R z + ρz − R z ) / 4

p34
= (1− iR z − ρz + i R z ) / 4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

    

Pn4n4

(α ) (O ⊃C4 ) 1 r1r2 r3r4 r1r2r3r4 ρxρ y ρz Rx
Rx Ry

Ry Rz
Rz i1i2i5i6 i3i4

24 ⋅P0404

A1 1 1 1 1 1 1 1 1 +1 +1

24 ⋅P2424

A2 1 1 1 1 1 −1 −1 −1 −1 −1

12 ⋅P0404

E 1 −2
1 −2

1 1 1 −2
1 1 1 −2

1 +1

12 ⋅P2424

E 1 −2
1 −2

1 1 1 +2
1 −1 −1 +2

1 −1

8 ⋅P1414

T1 1 −2
i +2

i 0 −1 +2
1 −i +i −2

1 0

8 ⋅P3434

T1 1 +2
i −2

i 0 −1 +2
1 +i −i −2

1 0

8 ⋅P0404

T1 1 0 0 −1 1 0 1 1 0 −1

8 ⋅P1414

T2 1 +2
i −2

i 0 −1 −2
1 −i +i +2

1 0

8 ⋅P3434

T2 1 −2
i +2

i 0 −1 −2
1 +i −i +2

1 0

8 ⋅P2424

T2 1 0 0 −1 1 0 −1 −1 0 1

   
where : pm4

= 1
4

eim⋅p/4R z
p

p=0

3
∑

Summary of
O⊃C4

diagonal
(idempotent)

projectors
Pµjj

The 04↑cluster
i16

split
i34

split

   

P0404

A1 +1

P0404

T1   0

P0404

E −1/2

   

+1P0404

A1 P0404

E +1

  −1 P0404

T1
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z-axis
or 

3-axis

Fig. 4.3.1 PSDS
Thus we label states by
left cosets rC4 of Local C4

1C4 =

1C4 =

Here is 04(C4) induced representation I  04↑O(Ii) of a linear combination of i-class rotations

Elementary induced representation 04(C4)↑O

i4 axis

z-axis
or 

3-axis

x-axis
or 

1-axis

y-axis
or 

2-axis

Ii = i1i1+ i2i2+ i3i3+ i4i4+ i5i5+ i6i6

1 2 3 4 5 6
1 1 i3+i4 i1 i2 i6 i5
2 i3+i4 1 i2 i1 i5 i6
3 i1 i2 1 i5+i6 i3 i4
4 i2 i1 i5+i6 1 i4 i3
5 i6 i5 i3 i4 1 i1+i2
6 i5 i6 i4 i3 i1+i2 1

I  04↑O(Ii) =

i3 ax
is

Ii = i34(i3+ i4)+ i16 (i1+ i2+ i5+ i6)

1 2 3 4 5 6
1 1 2i34 i16 i16 i16 i16
2 2i34 1 i16 i16 i16 i16
3 i16 i16 1 2i16 i34 i34
4 i16 i16 2i16 1 i34 i34
5 i16 i16 i34 i34 1 2i16
6 i16 i16 i34 i34 2i16 1

Let:
i3= i34 =i4

and/or:
i16=i1=i2=i5=i6
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