Group Theory in Quantum Mechanics
Lecture 18 ;3115

Hexagonal DsC Desn and octahedral-tetrahedral O~T4 symmetry

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 5 Ch. 15 )
(PSDS - Ch. 4)

Review: Symmetry reduction and splitting: Subduced irep D*(D3) | C> =d"@®d"*&.. correlation
Symmetry induction and clustering: Induced rep d*(C2)1 D3 =D*®DP®.. correlation
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Symmetry induction and clustering: Induced rep d°(C3)1 D3 =D*®DP®.. correlation

D3-C> Coset structure of d"(C3)1 D3 induced representation basis

Ds-Projection of d":(C3)1Ds induced representation basis
Derivation of Frobenius reciprocity

DsDD,DC, =D3; XC,symmetry and outer product geometry

[rreducible characters
Irreducible representations
Correlations with Ds characters.
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Dg symmetry and induced representation band structure
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Applied symmetry reduction and splitting: Subduced irep D*(D3)|C> =d">®d">®.. correlation

D;oC, |0,
A, 1
E, 1

Deriva;';lg D3 ~ Cs, products - By group definition |g)=g|1) of position ket |g)

(0),

l)A1 (D3) N\ C2 -~ doz
D (D3)\/ C2 ~d
D" (D)L C,~d"®d
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Applied symmetry reduction and splitting: Subduced irep D*(D3)|C> =d">®d">®.. correlation
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A P'=P'P"=P
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E, P =P"P" +P"P"
=P’ +P"
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C,|1 1,
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Applied symmetry reduction and splitting: Subduced irep D*(D3)|C> =d">®d">®.. correlation

D, > C, P%relabel/split D relabel/reduce @* relabel/split D,oC, |0,
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Applied symmetry reduction and splitting: Subduced irep D*(D3)| C3 =d"*®d3®.. correlation
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Applied symmetry reduction and splitting: Subduced irep D*(D3)| C3 =d"*®d3®.. correlation

D, > C, P%relabel/split D relabel/reduce @ relabel/ split D,oC, |0, 1, 2,
A P'=P'P"=P" =D'NC,~d" =o0"->o" A 1 - .| D*Dylc,~d”
P'=P'P=P, =DIC-~d" =0 ->o" 1 - | D D)lC,~d"
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*D 3-C> Coset structure of d™(C2)1 D3 induced representation basis *

Ds-Projection of d":(C3)1 D3 induced representation basis
Derivation of Frobenius reciprocity
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Ds3-C> Coset structure of d™(C2)1D’ induced representation basis
Left cosets [1C, = (1,1,), rlC2 = (rl,i2 ), 1‘2C2 =(r’ ,i )] relate to sets of r —trapsfornlled kets
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Left cosets [1C, = (1:,i3), (r ,12) 2C
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D;-C> Coset Structure of d":(C2)1 D’ induced representation basis
Left cosets [1C, = (1,1,), (r ,12) 2C (r ,i )] relate to sets of r —transformled kets
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D;-C> Coset Stmcture of d™(Cy) 1D’ induced representation basis
Left cosets [1C, = (1:,i3), (r ,12) 2C
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D;-C> Coset Structure of d™(Cy) 1D’ induced representation basis
Left cosets [1C, = (1:,i3), (r ,12) 2C

LY=L, PN =(r i),
Right cosets [6’2:(1 i3) C’Qr —( is), Cor=(r,i1)| relate to sets of bras
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D;-C> Coset Structure Of d™(Cy) TD3 induced representation basis

Left cosets [1C, = (1,1,),

101)13)= ()15,
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D3-C> Coset structure of d">(C3)1Dsinduced representation basis

*Dg—Projection of d™(C3)1 D3 induced representation basis
Derivation of Frobenius reciprocity
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D;-C> Coset Stmcture Of dm(Cy) 1D’ induced representation basis
Left cosets [1C, = (1:,i3), (r ,12) 2C

LY=L, PN =(r i),
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Ds3-C> Coset structure of d™(C2)1D’ induced representation basis
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Ds3-C> Coset structure of d™(C2)1D’ induced representation basis

Left cosets [1C, = (1,1,),
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Ds3-C> Coset structure of d™(C2)1D’ induced representation basis

Left cosets [1C, = (1,1,), rlcz = (r~1,i2~), erz = r2 1, )] relate to sets of r —transfonrlled kets
,":' -: ‘\“. | ‘,“ . 0\2:\1\\ . '*~.~\\ ".~.___:::::: .......... .
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D;-C> Coset Stmcture Of d":(C2)1 D’ induced representation basis
Left cosets [1C, = (1,1,), (r ,12) 2 C r’ ,i )] relate to sets of r —transformled kets
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D3-C> Coset structure of d">(C3)1Dsinduced representation basis

Ds-Projection of d":(C3)1 D3 induced representation basis
Derivation of Frobenius reciprocity

<
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Ds-Projection of d™(C2)1D? induced representation basis

° Al E E E El e ° my
D,oC, projectors By, P ¢ B LB PG P must reduce induced representation d™ (C, YD,

20,2

("G—bond" ket

e ]
y of induced rep.
d"*TD,

. J

Y =100 )
X
=(|r")Hi, )2
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Ds3-C> Coset structure of d™(C2)1D’ induced representation basis

° Al E E E El e ° my
D,oC, projectors By, P ¢ B LB PG P must reduce induced representation d™ (C, YD,

But,which D, projector P!, will work on base ‘1',22> =p™|1) of induced representation d”* (C,)TD,

("G—bond" ket

e ]
y of induced rep.
d">TD,

. J

Y =100 )
g

=(|r")Hi, )2
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Ds3-C> Coset structure of d™(C2)1D’ induced representation basis

° Al E E E El e ° my
D,oC, projectors By, P ¢ B LB PG P must reduce induced representation d™ (C, YD,

But,which D, projector P!, will work on base ‘1',22> =p™|1) of induced representation d”* (C,)TD,

P!

J2ky

r >—P’." p™(1)=2

my o Jaky

("G—bond" ket

e ]
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Ds3-C> Coset structure of d™(C2)1D’ induced representation basis

D,>C, projectors By P Py P ,Pf PP must reduce induced representation d" (C,)TD,

2 2

But,which D, projector P!, will work on base ‘1',22> =p™|1) of induced representation d”* (C,)TD,

P.U

Joky

r, )=P.p"[1)= 8P, [1)

J21y

Local symmetry k, of P, must match that of ‘r,22>

("G—bond" ket

e ]
y of induced rep.
d">TD,

. J

e )=10,0 )
g
=(|r")Hi, )2
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Ds3-C> Coset structure of d™(C2)1D’ induced representation basis

D,>C, projectors By P Py P ,Pf PP must reduce induced representation d" (C,)TD,

2 2

But,which D, projector P!, will work on base ‘1',22> =p™|1) of induced representation d”* (C,)TD,

P.U

Joky

r, )=P.p"[1)=8"P,,[1)

J2My

Local symmetry k, of P, must match that m,of ‘rn22>

For example, base ‘rO H r,, >—p02| 1)of d(C,)TD, gives zero for all P! except B P ,and P |

D, projectors: Py’ PE‘O % | >@1<
/ 2 2 2 2 2 2

{0, ,1,}Notation
C2 { 2512

("G—bond" ket

e ]
y of induced rep.
d">TD,

. J

e )=10,0 )
g
=(|r")Hi, )2
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Ds3-C> Coset structure of d™(C2)1D’ induced representation basis

° Al E E E El e ° my
D,oC, projectors By, P ¢ B LB PG P must reduce induced representation d™ (C, YD,

But,which D; projector P, will work on base ‘r}ﬁ) =p™|1) of induced representation d™ (C, yT'D,

B 1 )=, ™ )= 37P2, |1)
Local symmetry k, of P, must match that m,of ‘rn(;>

For example, base ‘rf H r,, >=p02| 1)of d°(C,)TD, gives zero for all P*

Jaky
1 . P E L E 1
D, prOJectors./P()zoz : % | %, s )}i
{0,,1,}Notation p4, E, | E, 4
C2 {{x ,v }Notation _!) xx 2 %’ Pxx ’ );i ’ Pyx ’ K

( \ o €¢ »
"G -bond" ket These give the “x-band

e ]
y of induced rep.
d"*TD,

Al El El
except By, B, ,and P ,

20,2

\_ J

Y =100 )
g

=(|r")Hi, )2

anti-symmetry

o > 1
13 glObaZ 3
(x) symmetry
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Ds3-C> Coset structure of d™(C2)1D’ induced representation basis

D,oC, projectors Py P P

2

P’ P P must reduce induced representation d"(C,)TD,

2

But,which D; projector P, will work on base ‘r,g) =p™|1) of induced representation d™ (C, yT'D,

P.U

Joky

r, )= P p"[1)= 8P, [1)

J2My

Local symmetry k, of P* must match that m,of ‘r22>

Joky

For example, base ‘ro H r,, >—p02| 1)of d°(C,)TD, gives zero for all P*

E E

D, projectors: P>< P, K P, \l}ﬁ( P
{0, ,1,}Notation E E
C {{x2 v }Notation _b< yy 2 ><’ l)xy1 ’ % Pyyl

( N These give
"m-bond" ket the ¢ y “band’’ ‘ E

Jri) ]

of induced rep.

d"TD,

Al El El
except By, B, ,and P ,

2k2

2

i, global (y)
anti-symmetry

\ J

D )=(1,'9)

Ir
Q"
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Frobenius Reciprocity Theorem for G DK

Number of D® in d*(K) 1 G = Number of d* in DY(G) | K

Tuesday, March 31, 2015
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Frobenius Reciprocity Theorem for G DK

Number of D% in d*(K) 1+ G = Number of d* in D*(G) | K

..applies to regular representation

D;oC,|0,=1,
A 1
1
E, 2

Tuesday, March 31, 2015



Frobenius Reciprocity Theorem for

GOoOK

Number of D% in d*(K) 1+ G = Number of d* in D*(G) | K

..applies to regular representation
..and other induced representations

D;oC,|0,=1,
A 1
1
E, 2

D,oC, |0,
A, 1

1

E, 1 1

D,>C,|0, 1, 2,
A 1
1

E 1 1
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*D(;DDZD C, =D; XC, symmetry and outer product geometry
Irreducible characters
Irreducible representations
Correlations with Ds characters:
...and Cx(i3) characters......and Cs(1,h' h°,...) characters
Dy symmetry and induced representation band structure

<
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Fig. 3.1.1 PSDS

vorh

Bilateral subgroup Ce

Chain DsDOD3D(C> i @ m
A

Order of Symmetry Group .
I, SR 6 8 12 16 24 48

Figure 3.1.1 Cirystal point symmetry groups. Models are sketched in circles for the
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Fig. 3.1.1 PSDS

vorh

Bilateral subgroup G
Chain DsnD>DsDD3DC> Cai

(1o be studied later) % % m

Order of Symmetry Group .
2 3 4 6 8 12 16 24 48

Figure 3.1.1 Cirystal point symmetry groups. Models are sketched in circles for the
Tuesday, March 31, 2015 43




DsDOD>DCHy =D3 XC,symmetry and outer product geometry

Dy 1s the outer product (X ) product D; xC, of D; and C,. (Requires C, to commute with all of Dj.)
D6 :D3 XCZ — {19 r, r29 i]) iZ: }X{l, RZ}

. Z h o D
5 h2 (60°)
6

R, ., =h3(180°) «—
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DsDOD>DCHy =D3 XC,symmetry and outer product geometry

Dy 1s the outer product (X ) product D; xC, of D; and C,. (Requires C, to commute with all of Dj.)
D6 :D3 XCZ — {19 r, r29 i]) iZ: }X{l, RZ}

x product and Dy operators. Define hexagonal generator hsoey of subgroup Cs ={1, h, h*, h’, h* h’}

D6 — D3 XCZ — {19 r, r29 i]: i29 > 1'R29 r'R29 r2'R29 i]'Rb 12 79 13 Z} \
h7(600) = R;(180°)

. Z h o D
5 h2 (60°)
6

R, ., =h3(180°) «—
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DsDOD>DCHy =D3 XC,symmetry and outer product geometry
Dy 1s the outer product (X ) product D; xC, of D; and C,. (Requires C, to commute with all of Dj.)
D6 :D3 XCZ - {19 r, r29 i]) iZ: }X{l, RZ}

x product and Dy operators. Define hexagonal generator hsoey of subgroup Cs ={1, h, h*, h’, h* h’}

L L D e o 2 o
D6 — D3 XCZ — {19 r,r,l1,l, 5 1'R29 r'R29 r 'RZ> l]'Rb 12 79 13 Z} \

. . . . . h7(60°) = R(130°
D6 — D3 XCZ :{19 h29 h49 17, 1, ) h39 h59 h ’ Ji 12 J3 } ( )

. Z h o D
5 h2 (60°)
6

R, ., =h3(180°) «—
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DsDOD>DCHy =D3 XC,symmetry and outer product geometry
Dy 1s the outer product (X ) product D; xC, of D; and C,. (Requires C, to commute with all of Dj.)
D6 :D3 XCZ - {19 r, r29 i]) iZ: }X{l, RZ}

x product and Dy operators. Define hexagonal generator hsoey of subgroup Cs ={1, h, h*, h’, h* h’}

D6 — D3 XC2 = {1, I, r2, i]: i2’ , 1'R29 r,Rz, rZ.RZ, i]'Rz, i,.R y 13 Z} \
h3 oy — RZ o
Ds =D;xCy ={1,h%, h?, i, i 1., b, b°, h, j, j» i } (609 = Ry(180°)

Note: h? = ra20°) and h’ = R,(150-) and hY =r’ and h’ = r.R,

| Z h o D
5 h2 (60°)
6

R, ., =h3(180°) «—

I3

| iy
i3 D
if I
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DsDOD>DCHy =D3 XC,symmetry and outer product geometry
Dy 1s the outer product (X ) product D; xC, of D; and C,. (Requires C, to commute with all of Dj.)
Ds =D3XC, = {1,r,r°, i}, i1, }x{1, R}
x product and Dy operators. Define hexagonal generator heoe) of subgroup Cs={1, h, h’, h’, h? h’}
Ds =D;xC, = {1,r,r’,is,i5, 1., 1.R,, r-R,, "R, i;-R,, i»R,, i;R,} \
Ds =D;xC, ={1,h’, h’ i, is i, b°, W, h, j, j» i3 } Wi Resr
Note: h? = r(20°) and h’ = R,(150°) and h =r* and h’ = r.R,

. Z h o
6

R, ., =h3(180°) «—
i, h4

J3

j3
NOTE:
The i, and j, do not flip over the potential plot.

i I I = - B,
I3

Electrostatic potential V(¢) doesn't care which way is "up." Wells remain wells, and barriers remain barriers under all Dg operations.
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DsDD>,DC, =D3; XC, symmetry and outer product geometry
Irreducible characters
Irreducible representations
Correlations with Ds characters:
...and Cx(i3) characters......and Cs(1,h' h°,...) characters
Dy symmetry and induced representation band structure

>

Tuesday, March 31, 2015
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DsOD>DC, =D3; XC5, Irreducible characters

pyxcf | 1 ferh fivii b 1R {ne?bRe {inii) R,
D, |1 {r,rz} {ijdy, 1} A-(4) |11 11 1-1 1-1 1-1 1-1
e | C; |1 R, A4 |11 11 11 11 11 -1-1
. X |1 1= Ea) |21 -1 0-1 2.1 101 0-1
x g1 1 -1

(B)|1 -1 A-(B) [ 111 11 1-1 1-(-1)  1-(-1) 1-(-1)

E
x (g2 -1 0 A4-(B) |11 11 J1 [ 1) 1(=D (=1

E(B) [2:1 -1 0-1 |2:(=1) -1-(=1) 0-(=1)
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DsOD>DC, =D3; XC5, Irreducible characters

2 . .« s s
D; ><C22 1 {r,r } {11,12, } 1-R_ {r,rz}-RZ {11,12,13}-RZ
Dy |1 {r,rz} {ipiyi ] A-(4) |11 11 11 B 11 B
e | |1 R, A,-(4) [ 11 1 11 1-1 1-1 141
X A1 1= B4 |21 11 01 | 21 141 01
4 I
g1 1 -1 B)|1 -1 . 11 . a i e
A-(B) |11 11 11| 1(=) 1= 1-(-1)
E 1
x (g2 -1 0 A4-(B) |11 11 J1 [ 1) 1(=D (=1
E<(B) [2:1 11 01 |2:(=1) -1-(=1) 0-(-1)

R 2 2 heo) D 5
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DsOD>DC, =D3; XC5, Irreducible characters

pyxcy | 1 {ee?}t {ini,i}| tR. {er?bR {inhi) R
D, |1 {r,rz} {ijdy, 1} A-(4) |11 11 11 11 1-1 1-1
e | Cy |1 R, A-(A) | 11 11 -1-1 1-1 1-1 141
XA 1T B4 |21 -1 0-1 2.1 141 0-1
x| 1 -1
(B)|1 -1 A-(B) [ 111 11 1-1 1-(-1)  1-(-1) 1-(-1)
Ey
x (g2 -1 0 A4-(B) |11 11 J1 [ 1) 1(=D (=1
E«(B) |21 -l1-1 0-1 |2:(=1) -1-(=1) 0-(-1)
R. Z h(0°
o h2 N(60°) 6
Recall C,xCr,=D, :{1, ,Rz,Ry}
characters
(Lect.12 p.50-60)
Dghas D, ={1,i:,h’,j3} subgroup
R_(180°) D
211 R, Ry
Ry 1 Ry R,
R, Ry 1
Ry R. 1
C,xCy |11 R 1|1R, R,
C, |1 ¢ |1 R, A=A |1l 1
— X 42=411 1 IF +=4, | | -1 -1
= —=B|1 -1 —=B | 11 11 [ =1 =1
—=B, | 11 11| (=1) —=1)
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DsOD>DC, =D3; XC5, Irreducible characters
pyxcy | 1 {ee?}t {ini,i}| tR. {er?bR {inhi) R
D, |1 {r,rz} {ijdy, 1} A-(4) |11 11 1-1 1.1 1-1 1-1
e | Cy |1 R, A, -(4) [ 11 1 -1-1 1-1 1-1 141
. X A1 1= E4) |21 -1 0-1 21 11 0-1
x g1 1 -1 B - - -
(B)|1 -1 A-(B) | 111 11 1-1 1-(-1)  1-(-1) 1-(-1)
Ey
x (g2 -1 0 A4-(B) |11 11 J1 [ 1) 1(=D (=1
E-(B) |21 -1 0-1 |2:(=) -1-(=1) 0-(~1)
pyxcs |t el fiviyi b0 Dot {iy.i)
4 1 1 1 1 1 1
Recall C, xC,=D,={1, R,,R.,R,} a(r 4o Lot -l
characters A ( 6) I A 0 2 - 0
(Lect.12 p.50-60) : : : R -
_ 3 B 1 1 -1 1 - 1
Dgshas D, ={1,i:,h",j3} subgroup -
R_(180°) D E |2 - 0 2 1 0
211 R, Ry
R, 1 R, R;
R, Ry 1
Ry R. 1
C,xCy |11 R 1|1R, R,
C, |1 ¢ |1 R, +=4 |11 11| 1 1
= X 4=411 1 F +:A2 -1 | -1 |
=> —=B|1 -l =B | 11 L1 | H=1) =1
—=B, | I1 1| (=1 (=1)
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DsOD>DC, =D3; XC5, Irreducible characters
pyxcy | 1 {ee?}t {ini,i}| tR. {er?bR {inhi) R
D, |1 {r,rz} {ijdy, 1} A-(4) |11 11 1-1 1.1 1-1 1-1
I | c/ |1 R, A4 |11 11 141 1-1 1-1 141
. X1 1| T E-4) |21 -1 0-1 21 141 0-1
x g1 1 -1 B
(B)|1 -1 A-(B) | 111 11 1-1 1-(-1)  1-(-1) 1-(-1)
Ey
x (g2 -1 0 A4-(B) |11 11 J1 [ 1) 1(=D (=1
E«(B) |21 -1-1 0-1 |2:(=1) -1-(=1) 0-(-1)
DyxC; [ 1 (b0t finigi} 0 {nwh {ini0)
4, 1 1 1 1 1 1
Recall C, xC,=D,={1, R,,R.,R,} a(r 4o ! -l
characters Zg( 6) k£, 2 -1 3 2 -1 0
(Lect.12 p.50-60) : : : R -
_ 2% B 1 1 1 g -1 1
Dg has D, ={1,i3,h’,j3} subgroup :
R.(150°) D E |2 - 0 |2 |1 0
211 R, Ry Let X-rotation Let|unit translation
1 IR, R or or
R, Yy Z 180°| X-/lip i3 60° hex-Z rotation h
R; Ry 1 determine dilte’” mé”e
R 1 A]orB] VSA20rB2 p VS Dp
Yy oz (+1) vs (-1)
(+1) vs (-1) S0 also d
C,xCy |11 R 1| IR, R, 0 ;ZSSO o hgTS.
c, |1 ¢ |1 R, +=A4, | 1|1 1
= X 4=411 1 F +=A2 -1 -1 -1 -1
= —=B|1 -1 =B |11 11| K=1) =)
—=B, | Il 1| (=) (=1
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DsDD>,DC, =D3; XC, symmetry and outer product geometry
Irreducible characters

* Irreducible representations
Correlations with Ds characters:
...and Cx(i3) characters......and Cs(1,h' h°,...) characters
Dy symmetry and induced representation band structure

<«
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D

o

o

i

(q\|

he
o
o0

. ~—"

xS ‘&

DsDD>DC, =Dj3; XC; Irreducible representations

3

3.
h i

h 12=j2 ,

r’=h*

r:

S 7~ N\

- — S — - S
— o - o

= S~ ~
7~ N\ \Iﬂ/
—

I = - a
— O — O
~— N~

G =l Tl =l
TS| iSRS
o o
a ~
_J_i —_ _J_TA —la
— —
o
pi Tl S e
1
Gl 7 Dla 7l
— i — —
(e8] o
1__2_472 1_._2_472
o
_J;Z e ﬁ72 Tl
— — — — '
1__26_2 1_‘_2@_2
\|9/ }

—_— — S — — S —
— O — O
N——— ~

Il I Il T [l I

—_—~ ~ ~ ~

G 2 N 29

- < =) S Wy

SENS Q QA QA Q

56
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DsDD,DC, =Dj3; XC, Irreducible representations % 2

i i h’
D(g)= 1, 1 , 1 1 1 1 1 1 1 1 1 1
D™ (g)= 1, 1 , 1 1 , -1 1 1 1 1 1 1 1
I T I S T S W E T A V) L T A S T S W E T A V)
DEz(g)z(loj 2 2 2 2 2 2 2 2 (10) 10] 2 2 2 2 2 2 2 2 (10)
T T I T O e s T S N /A A O S S N T I AR B A IV B A
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
D' (g)= 1, 1 , 1 1 1 1 1 1 1 1 1 1
D" (g)= 1, 1 : 1 1 1 1 1, | 1 1 1 1
e I W e T A WVE L T A T O S S T A ]
DE‘(g)z[l O) 2 2 2 2 2 2 2 2 [1 O]( 1 0] 2 2 2 2 2 2 2 2 [—1 0
L | O e T O T O R e N e I S | O S | T W E R B AN
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
Let X-rotation
or
180°| X-flip i3
determines
A] orB] VS A20rB2
(+1)vs (-1)
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g= 1, r=h? r’=h* i i iy h3 _
D(g)= 1, 1 , 1 1 1 1 1 1 1 1 1 |
D™ (g)= 1, 1 , 1 1 , -1 1 1|, 1 1 , 1 | o
I S SNBSS C T S BVE e e S S S B C S BVE
DE2(g)=(IO] 2 2 2 2 2 2 2 2 (10)_10] 2 2 2 2 2 2 2 2 (10)
N O e T I e s S O T R A B ) e T T I A R S VE R I AN
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
DI (g)= 1, 1 , 1 1 1 1|, 1 -1 1 1 1 1
D" (g)= 1, 1 , 1 1 1 1 |, | . 1 1 1
e I W e T A WVE S T I T O S U T A ]
DEl(g)z[l O) 2 2 2 2 2 2 2 2 [1 OJ(—I O] 2 2 2 2 2 2 2 2 [—1 0
L e O s O O T S AN VA N A B s | I S G | IE R O | VR B AU
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
Let X-rotation Let unititranslation
or or
180°| X-1ip i3 60° hex-Z rotation h
determines dzter méne
A] orB] A AZorBZ +1p Vs [1
(+1) vs (-1) (FDvs (1)
So also does:
180° h7|
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= 1 r=h’ r’=h* i i i h’
D(g)= 1, 1 , 1 1 1 1 1 1 1 1 1 1
D™ (g)= 1, 1 , 1 1 , -1 1 1|, 1 1 , 1 | 1
I S SNBSS C T S BVE e e S S S B C S BVE
DEz(g)z(lO] 2 2 2 2 2 2 2 2 (10}10] 2 2 2 2 2 2 2 2 (10)
N O e T I e s S O T R A B ) e T T I A R S VE R I AN
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
DI (g)= 1, 1 , 1 1 1 1 5| 1 1 1 | |
D" (g)= 1, 1 , 1 , 1 1 1 S | . : 1 1 1
e I W e T A WVE S T I T O S U T A ]
DEl(g)z[l O) 2 2 2 2 2 2 2 2 [1 OJ(—I O] 2 2 2 2 2 2 2 2 [—1 0
N T e T T I e T T T T AN A N 0 e S S I S RS (O B T O B E B B AN
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
Let X-rotation Let unititranslation .
or Y-rotation
180°| X-1ip i3 60° hex-Z rotatzonlj Or
: 1809 flip j
determines determine JUp )3
A] orB] VS AZorBZ Ap Vs Bp Z.Sp;/OdI/é?t
(_|_1) Vs (_1) (+1) Vs ('1) 13h =h 13
So also does:
180° h3|
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DsDD>,DC, =D3; XC, symmetry and outer product geometry
Irreducible characters
Irreducible representations
Correlations with Ds characters:
...and Cx(i3) characters......and Cs(1,h' h°,...) characters
Dy symmetry and induced representation band structure

<
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Correlations by Ds characters. x;|Ds |=

...and C>(i3) characters:

1

0, [1 1
L1 -

D, oG, (iy) | 0,
4, ]
4,
E, 1
]
BZ
E 1

z 2 14 ¢ v » 3 5 e o e
Dy XG5 |1 {h h } {‘1>‘2>‘3} h {h’h } {J1’J23J3}
A1 1 1 1 1 1 1
A2 1 1 -1 1 1 -1
E, |2 1 0 2| |1 0
1 1 1 -1 -1 -1
B, |1 1 A |l 1
E |2 - o |2 |1 0
Let X-rotation
or
180°| X-/lip i3
determine
A] orB] VS A2OI‘BZ
(+1) vs (-1)
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Correlations by Ds characters. x;|Ds |=

DyxC; (1 {nnth {ipii} | w0 {nn'l {inili}
...and C>(i3) characters: 4, |1 1 5 1 1 1
A 1 1 -1 1 1 -1
G |1, 2
N E, |2 A o |2 1 0
Cl Bl 1 TS 1
B, |1 1 ST S 1
E |2 - o |k |1 0
...and Cs(1,h',h’,...) characters: . .
Csp=0 1 2 3 4 5 clin w oW on?n Let X-rotation Let|unit translation Y-rotation
Os Y VI I R or 5 or . or
LOOQOHGE |1 ¢ 2 a1 e 180°| X~11ip i3 60° hex-Z rotation h 180977 3
2,060 [ 2 & 1 o determine dife’” méne i< r?j;c )
5, 000000 x| o 0 1 | AdiaBrvs AzeB: (+1p)fg(li) 153 —hdi
R NENE N 2 |1 2 et 1 e g (+1) vs (-1) B s —Ii3
o 2063 ;o 2 g 4 So also does:
' ' 180° h3|
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Correlations by Ds characters. x;|Ds |=

2 1.4 « o o 3 5 e o |e
DyxC; (1 {nnth {ipii} | w0 {nn'l {inili}
...and C>(i3) characters: 4, |1 1 1 1 1 1
A 1 1 -1 1 1 -1
G 1, ’
T E, |2 - o |2 1 0
Lol 1 | 1 -1 -1 -1
B, |1 1 ST S 1
E |2 - o |2 | 0
...and Cs(1,h',h’,...) characters: . .
Csp=0 1 2 3 4 5 clin w oW on?n Let X-rotation Let|unit translation Y-rotation
0s OO 0 1 1 1 1 1 1 or or or
~~~~~~~ YD o o .
LODOHCS e e e e 180°| X-11ip i3 60° hex-Z rotation h 180 /770 §s
LODBOIG | o o oo detormine e is product
5, 00000 | 1 1 1 Ajor B vs A2or B2 N lp v pl : 111?3 —hJ;
m ﬂﬂ@ﬂo{m /o2 |1 e et a1 &t € (+1) Vs (' 1) ( ) ” (_ ) Y iy
oS Vow So also does:
‘ﬁ@ @(y\ /o1 et g2 e gt e .
A TR, @) 6 © 3
. 180° h°|
(8287[1/3)
X
D, oG ()0, |1, D, oC,(h) |0, 1, 2, 3. 4. 5
A 1 4 1
4, 1 4, 1
E, 1)1 E, ! 1
1 1
B, 1 B, 1
E, 1)1 E, 1 - 1
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DsDD>,DC, =D3; XC, symmetry and outer product geometry
Irreducible characters
Irreducible representations
Correlations with Ds characters:
...and Cx(i3) characters......and Cs(1,h' h°,...) characters
* Dy symmetry and induced representation band structure

<
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D¢ symmetry and induced representation band structure

Dgs Band structure
and related
induced
representations

For low energy
deep in potential
local C> symmetry
dominates and the

bands A1E1E>B; and

BoE>E 1As that
become tight
clusters

D; ©5Cy(Jj5) |0, ] 1,

For high energy

above
loca

I

otential barriers
C> symmetry is

replaced by global Cs
angular momentum doublets
such as Exm, A1A2, and B B>

O

I 26 36 46
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D¢ symmetry and induced representation band structure

&/

l
-

z
I'l'\-\.

(2) 1

10

L R ] R R R R R T R
-

—
= =
e

o T
.—=-_'_'_'_"J_._._F!_._T=I- -I-I
7|0

=
=
e

k“

-

l“\“

lllll

— -

For high energy
above potential barriers
locaf C> symmetry is
replaced by global Cs
angular momentum doublets
such as E+m, A1A42, and B B>

D, oC(h) |0, 1, 2, 3, 4,
A, 1
4, 1
E, 1 1
1
B, 1
E, 1

D, oC,(j3) |0, | 1,

For low energy
deep in potential 4 L
local C> symmetry 4, 1
dominates and the
bands A|E1E2B 1 and £ b

BoE>E 1A then 1
become tight 5 |
clusters 1
E, 1)1
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*[ntroduction to octahedral/tetrahedral symmetryOp,DO~TaDT

<
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0:20DDsDC1DCoy subgroup chain
...(one of very many) » Fig. 3.1.1 PSDS

> A
@ d
C
vorh
Ce
Caj
3 &y Al
A Al
Can %
Order of Symmetry Group | ‘
2 3 4 6 8 12 |6 24 48

Tuesday, March 31, 2015 68



OrD>0DD4DCy subgroup chain

...(one of my favorites) Fig. 3.1.1 PSDS

> A
@ d
C
vorh
Ce
Caj
3 &y Al
A Al
Can %
Order of Symmetry Group | ‘
2 3 4 6 8 12 |6 24 48
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Three groups: O, D4, and D3 let you “do™
all the other 32 crystal point groups




Introduction to octahedral/ tetrahedral symmetry O, >0~TyDT

Octahedral-cubic O t
clanedid s CUOICIS Y IIIIC LY, Order °O=6 hexahedron squares - 4 pts =24

/A\ =8 octahedron triangles - 3 pts =24
4-7 =12 lines - 2 pts =24 positions
W
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Introduction to octahedral/ tetrahedral symmetry O, >0~TyDT

Octahedral-cubic O t
clanedid s CUOICIS Y IIIIC LY, Order °O=6 hexahedron squares - 4 pts =24

/A\ =8 octahedron triangles - 3 pts =24
4-7 =12 lines - 2 pts =24 positions
W

Octahedral group O operations
Class of 1: 1
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Introduction to octahedral/ tetrahedral symmetry O, >0~TyDT

Octahedral-cubic O t
clanedid s CUOICIS Y IIIIC LY, Order °O=6 hexahedron squares - 4 pts =24

/A\ =8 octahedron triangles - 3 pts =24
4-7 =12 lines - 2 pts =24 positions
W

Octahedral group O operations

Class of 1: 1
r,=r,

Class of 8.
120° rotations
on [111] axes

rq
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Introduction to octahedral/ tetrahedral symmetry O, >0~TyDT
Octahedral-cubic O symmetry

Octahedral group O operations

Class of 1: 1
frk =, R?.,_
Class of 8.

120° rotations
on [111] axes
rq

R|

Class of 3
! 180° rotations
'3 on [100] axes

& 2
2 px,y,z e R1,2,3

Order °O=6 hexahedron squares - 4 pts =24
=8 octahedron triangles - 3 pts =24
=12 lines - 2 pts =24 positions

e
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Introduction to octahedral/ tetrahedral symmetry O, >0~TyDT

Octahedral-cubic O symmetry

J ®

Octahedral group O operations
Class of 1: 1 o
r, =T Rs R o= R,
Class of 8.

120° rotations

Class of 6

+90° rotations

on[111] axes 2
[r4 | 2 Ry on[100] axes
° 2 Re RZ
r 3 2
Class of 3 % 3
180° rotations R
'3 on [100] axes R|
r 2
s 2 Peys = R1,2,3 3 R3
£ o=ri=rshe . : )
Rx,y,z =R;,;=R;;

Order °O=6 hexahedron squares - 4 pts =24
=8 octahedron triangles - 3 pts =24
=12 lines - 2 pts =24 positions
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Introduction to octahedral/ tetrahedral symmetry O, >0~TyDT
Octahedral-cubic O symmetry

Order °O=6 hexahedron squares - 4 pts =24
/A\ =8 octahedron triangles - 3 pts =24
4-7 =12 lines - 2 pts =24 positions
W

Octahedral group O operations
Class of 1: 1 o
r, =T Rs R o= R,
Class of 8.

120° rotations

Class of 6

+90° rotations

on [111] axes <
[ LL | i Ry on[100] axes ‘
2 . R 5 Class of 6
: C?ass of 3 Rg 180° rotations
; . on [110] diagonals
180° rotations R PR
'3 on [100] axes Ri o
r 2
2 2 px,y,z . R1,2,3 3 Rg
Sy r2 - r—l 7Y ~ 3 i
k k k l{x,y,Z = R1,2,3 = I:‘1,2,3
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Introduction to octahedral/ tetrahedral symmetry O, >0~TyDT

Octahedral-cubic O symmetry

J %

Octahedral group O operations
Class of 1: 1

>
rk = rk Ra Rx,y’z — Rl’2’3
Class of 8:
+120° rotations iQC()ZgSS of 6
on [111] axes Rz rotations
o 2 I on[100] axes
2 Re Rz I5Class of 6:
2 3 3 . :
: Class of 3: R3 ](Si(io’”gmenS ;
d on iagonals
! 180°rotations R | .] i 4
'3 on [100] axes R| L=k
r 2
2 2 Pry. = Ri.; 3 R?a_
f' = r2 = r_l r4 2 A g
e Rx,y,z = R1,2,3 = Rl,z,g

Order °O=6 hexahedron squares - 4 pts =24
=8 octahedron triangles - 3 pts =24
=12 lines - 2 pts =24 positions
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Introduction to octahedral/ tetrahedral symmetry O, >0~TyDT

Octahedral-cubic O symmetry

Order °O=6 hexahedron squares - 4 pts =24
=8 octahedron triangles - 3 pts =24
=12 lines - 2 pts =24 positions

J %

Octahedral group O operations

Class of 1: 1 B
rk = rk Rz Rx,y’z — Rl’2’3
Class of 8:
+120° rotations iQC()ZgSS of 6
on [111] axes R2 rotations
4 2 I on[100] axes .
2 2 Re Rz I5Class of 6:
: ; R3 180° rotations
’ E
le . Of-3. d on [110] diagonals
! 180°rotations R i
'3 on [100] axes R| L=k
fo 3 R2
2 px, z T3 3 R3
f=rzr = ' 2

Rx,y,z = Rizs = R1_,12,3
letrahedral symmetry becomes Icosahedral

T symmetry Th symmetry I, symmetry
(]}1 rectangles have
Vﬁ rL Golden Ratio 1 j?/5
s o e IR TR ‘ E

L2
(N
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Introduction to octahedral tetrahedral symmetryO,DO~TaDT
Octahedral groups Oy D>0~TsDOT

333
Ry Ry Ry Ry Ry Ry

NW RN N N
o A
~N
) 0 o

-

»

/

T SYMMETRY

O SYMMETRY

3 3
IRq IRy IRg m,amz IRg

N

£TNW NN N

T SYMMETRY

T4 SYMMETRY

ANATOMY
of Oh

SYMMETRY

Figure 4.1.5 The full octahedral group (O,) and four non-Abelian subgroups 7, T},
T,, and O. The Abelian D, subgroup of T is indicated also.
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Introduction to octahedral tetrahedral symmetryO,DO~TaDT
Octahedral groups Oy D>0~TsDOT

333
Ry Ry Ry Ry Ry Ry

N

- -

BTNW NN N

=

T SYMMETRY

O SYMMETRY

3
IRq IRy IRg m,amz m;

N

TN N

=
& NW

T SYMMETRY

T4 SYMMETRY

ANATOMY
of Oh

SYMMETRY

Figure 4.1.5 The full octahedral group (O,) and four non-Abelian subgroups 7, T},
T,, and O. The Abelian D, subgroup of T is indicated also.
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Introduction to octahedral tetrahedral symmetry OyDO0~T4DT
Octahedral groups OrD>0~Tq and OrDTWDT

L=l
3
R1 RZ R3 R1 R; Rg

D _ D3 D!
Rx,y,z ~r R1,2,3 B R1,2,3

N

- -

BTNW NN N

9 ’3
O SYMMETRY

.35 % Ck=|lk

IRq IRy IR3 IRy IR IRg

o T 3 i
S Z_IR1,2,3 i

Xy,

Na N

NN

.

&N

T, SYMMETRY S)C e = IR1 NA

T4 SYMMETRY

ANATOMY
of Oh

SYMMETRY

Figure 4.1.5 The full octahedral group (O,) and four non-Abelian subgroups 7, T},
T,, and O. The Abelian D, subgroup of T is indicated also.
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{fE 180°CLASS

213y i5lg

PN

il
,-

I
S

P
oo

2
o

+120° [111] -120° +180° XYZ +90° XYZ -90° XYZ

(1T TT][TrT] 11| LT o1 ]t 0,0 [0 Loffog1][t 0 0][o10][oo 1] [t0,0f010f[o0l]f : ; . _ :
1 r ry ra ra ri r; r3 ri R7 R3 Rj R, R, Ry Rj R> R3 i iy i3 i4 is ig
r r¢ —-r} -r3 -r} -1 —-R} —-R} —-R}|-r, -r; -n, is e iy, —R; —R, -R,| .R} is R3: iy ~ig R}
r, | —r} r3 —-r} -r} R% -1 R? —R} ry r. —r3 R, -R} Is iy —is R3 PR Y R, -—i R3 iy
ry | —r? —r? r3 . —~r3 R} -—-R} -1 R3| —r4 r r, | —i, Ry R BE: is i is 1 +R3 ' R, —i, R,
re | —r3 -r} —r} r2 RY R} =R2 -1 Po i mrs oty 1 =RE - i R, —i, o ' T Il b - SR
ri | -1 Ric. (RY i R} ey rs rs rs ré i v%ng r$l R} IR} R i =—iy =ig | =Ry =iy =Ry is =i, | -R,
r3 | —R} -1 R} —Rj A r ry | —r}  —rf £; iy iy =R, R, —-R} —is is, —Ry —R} —ig R3 —i
r$ | -R3 —-R} -1 R i wy rs - =rs r r3 —r} -r}|-R, -i, —ig iy R; -R}| —-i; -—R} is R, -i, -R3
r?| -R3 R} -R} -1 rs r ro, —ra|\-r} r3 -r3|-iy -R; -is -R3 -—i, R, | —R3 e R} R, -i,
R?| —r, ry  —rp r r3  —rf r2 —-r3 | -1 R} -R}| R} i, —iy —R, i, =—i; | -R, —-R3 R3 R; —ig is
R3| —r, 2 Ty —r3 ré- i -r: —n} r3 | -R3 -1 R?| —is R3 iy —ig —R, —i, | —i, i, —R, R} R, R3
R3| ~rs -ry 1y ry r2 r3 -r3 —r} R3 —-R? -1 i iy R} —is —i, —Ry R3 -R, iy, —is R} —R,
Ril i -—-R3 -—is R, | . R3.miy +=Rs iy R} 3¢ is R? rn —r? =1 —r, r3 | —-r, s r2  —-r} —R3} R}
R, | i, R; —R} i R} is —ig —R;| —i, R dy P2 R3 Fi r3 -1 -r R? R} —-r, -ry -—r? ri
Ryl ids is R, -R} R3 —-R, -—-i, —i i3 i Rl ry Sk R} -r, r? -1 r? r3 R} —-R? —-r, -r4
R}| -R, —i, R3 iy, —iy —R3} iy Ry | —R, is —ig | -1 —r4 r3 —R?} r, —-r¥|-n rs r3 —r?} -—-R} —Rj}
R3| —R; iy iy Ry —ig R, " —R3 is | —i;, —-R, —i, r2 =1 -r, —=r —R3 ry | —R3 R} -ry, -r, -—r? r3
R}3| -R, R} ig is —iy —ip R, -R3 i, —iy =—R;| —r4 rz —1 ro, —-rf -—R3 ri r3 —-R} —-RY} -r, -r
i R} —-i, is Ry -R, -ig —is —R} B3 cindane oolot o R} -r, r?2 —-R} -r, |-1 —-R} -r, rs r3 r3
iy ia R3 Ry, —iy —is R} Ry, =i R, -i R3| -r3 —-R? -ry -r? —-R} -n, R} -1 ra  —r r] ré
is R} R, —is isc —R, —-R3 -—i iy | —-Ry R} —i, | —nry r: R? -r, r3 —R3 i R (R ry o=y
is| —is i —R} —-R, -—i, iy, =R} —-R,|-R} -Ry iy| r, ri RZ r, r3 R} | —r? r? ARY -1 ry —rs
is i, —-R, iy —-R3 iy =Ry iy =R is —R3 =Rl R% rs r3 7 A r?2 | -rs -r, -r3 -r} -1 —R}
Vg R} 4« Ry i, —Ry —iy —-R} —iy | —-is —-R, R}| R} -r; rf —-R¥ -r, r3 | —r, -—r, r r3 R} -1
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THE 180°CLASS
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Example: G=0 Centrum: x(0)=%,, (1*)° =10+10+20+30+30=5

A .
f | I Cubic-Octahedral Rank: D(Q)ZZ (f[:t); =11+11+21+3131=]p
2= Group O (@)
7= 3 Order:  %0)=Zy, (£7)! =17+124+224+37437=24
=3 ”‘
O group , T Ry
— TYz ~ 11—
Xﬁg g 'Fl—-i Py R:{:yz oo
s-orbital r* >C‘£ — .ﬁq 1 1 1 1 1
d-orbiials Ao 1 1 1 —1 —1
(x?+y7-222 x2S B 9 —1 2 0 0
p-orbitalsix, v, 20T 3 0 —1 1 —1
X2,yz, Xy 1> 3 0 I | 1

d-orbitals

.
o::q,“_]u (1) (2), (3)4=(-1), 2(0)3 (1)3 (2)3=(-1)3 e
AT o At
Ale o 1 e Ayl o e
El1 - 1 E e 1 1
T, |1 1 « 1 T, (1 1 1
Tole 1 1 T, 1 1 1
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(a) SF, ¥, Rotational Structure FT IR and Laser Diode Spectra
K.C. Kim,W. B. Person, D. Seitz, and B.J. Krohn

J.Mol. Spectrosc. T6, 322(1979).

Ri20) I Primary AET species mixing
| | e T Tad T e L 7] f e fp
il . koo e it ,:fagr;t.’;.xr.;.x Tujih distagce from
620cm'  6lsem 6l _— % sepegalrix .
(b) ABB) Fine Struct 1 1S ) . P(BB)
- SF6 v, PES)~16m ] LA TS <]
A" --'-wm*-‘wv'-wkuw AT o *‘::'.:,f - ul
Four foid axis ,.--",,':'.’--_:--M more. £ 4 fmixing “‘-"4'.3“ .ﬁ: ~~ x‘%ﬁ\:\.ﬁ
____...__:-__,_..-"‘"__':_...-':'j_...--"“" species mixing ,ff f;"r / . - Rt :"' i ot '
e .I'KE— a1 52 83 84 g5 86 87 &8
{c}Supurflnn Structure [Rotahmul axis funneling) i - : '

— /s

83 87 86 85 51 83 82 81 80 79 78 ?? 76 75 74 73 /2 71..FL

rol : > a— 1500%Hz OT2H: 7 KHz '_H_ 12 Mz

L B A " 210" Hz zl 03skHz LT -

:_.....:mﬂu | 90 Hz 2TH [EFA L1 62 kHz %‘ﬂ i

70 Hz m E a0 ] R E 4H: | & || T kHz [T T L1 B.2MHz | T2

Eﬂ i [AF [ L ARE/LLL W
_- BFR R ==

e

Observed repeating sequence(s)...A T E T?IT1 ET,A, T,T,

--+.

|

: . , AI | . M . Al l " .

Local correlations explain clustering... aly . .
.. but what about spacing and ordering?... Asls = 1 » dt

EjJl I - E |- | |

...and physical conseguences? T, (1 1 - 1 T (1 11

4] = | | | '['3 | | |
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Deriving D3 ~ C3y products - By group definition |g)=g|1) of position ket |g)

Tuesday, March 31, 2015

86



