
Group Theory in Quantum Mechanics
Lecture 17 (3.20.15) 

Vibrational modes and symmetry reciprocity: Induced reps
(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , QTCA Unit 5 Ch. 15 )

(PSDS - Ch. 4 )

Review: Hamiltonian local-symmetry eigensolution in global and local ⏐P(µ)〉-basis 
               
Molecular vibrational modes vs. Hamiltonian eigenmodes
        Molecular K-matrix construction
        D3⊃C2(i3) local-symmetry K-matrix eigensolutions
        D3-direct-connection K-matrix eigensolutions
        D3⊃C3(r±1) local symmetry K-matrix eigensolutions
                   
Applied symmetry reduction and splitting
        Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation     
        Subduced irep Dα(D3)↓C3 =d03⊕d13⊕.. correlation
                                    

Spontaneous symmetry breaking and clustering: Frobenius Reciprocity , band structure 
        Induced rep da(C2)↑D3 =Dα⊕Dβ⊕.. correlation     
        Induced rep da(C3)↑D3 =Dα⊕Dβ⊕.. correlation     
                                    

D6 symmetry and Hexagonal Bands
        Cross product of the C2 and D3 characters gives all D6 =D3 ×C2 characters and ireps
        Induced rep da(C2)↑D6 =Dα⊕Dβ⊕.. correlation     
        Induced rep da(C6)↑D6 =Dα⊕Dβ⊕.. correlation     
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DD33 llooccaall
ggrroouupp
ttaabbllee

PP(m)PP(n)== δmnδ PP(m)ab cd bc ad

DD33 gglloobbaall
ggrroouupp
pprroodduucctt
ttaabbllee

CChhaannggee GGlloobbaall ttoo LLooccaall bbyy sswwiittcchhiinngg
......ccoolluummnn--PP wwiitthh ccoolluummnn--PP†

........aanndd rrooww--PP wwiitthh rrooww--PP†

JJuusstt sswwiittcchh r wwiitthh r =r2..

DD33 gglloobbaall
pprroojjeeccttoorr
pprroodduucctt
ttaabbllee

((JJuusstt sswwiittcchh wwiitthh = ..))PPyxE PPyxE
†

†

PP yx
E

DD33 llooccaall
pprroojjeeccttoorr
pprroodduucctt
ttaabbllee

(all others are
self-conjugate)

Compare Global vs Local ⏐g〉-basis vs. Global vs Local ⏐P(µ)〉-basis
Review excerpts of Lecture 16
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D3 local-   group matrices in ⏐P(µ)〉-basis  g
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   m !n
µ g mn

µ = Dn !n
µ (g" 1) = D !n n

µ* (g)

Local    -matrix component g

  !m n
µ g mn

µ = D !m m
µ g( )

Global g-matrix component

D3 global-g group matrices in ⏐P(µ)〉-basis 

⏐P(µ)〉-base
ordering to
concentrate

global-g 
D-matrices

⏐P(µ)〉-base
ordering to
concentrate

local-
D-matrices

and
H-matrices

 g
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α
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H matrix in
⏐g〉-basis:

H matrix in
⏐P(µ)〉-basis:

D3 Hamiltonian local- H matrices in ⏐P(µ)〉-basis 

Choosing local C2={1,i3} symmetry with
local constraints r1=r 1*=r 2 and i1=i 2  

C2={1,i3} 
Local symmetry
determines all levels
and eigenvectors with
just 4 real parameters

(norm)2 (norm)2 (norm)2

Review excerpts of Lecture 16
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PE =( 2 -1 -1 -1 -1 +2)/6
PE =( 0 1 -1 -1 +1 0)/! 3/2
x,x

y,x

PA1= ( 1 1 1 1 1 1)/6x,x
PA2= ( 1 1 1 -1 -1 -1)/6y,y

1 r 1 r 2 i1 i2 i3

PE =( 0 -1 1 -1 +1 0)/! 3/2
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SSppeeccttrraall EEffffiicciieennccyy:: SSaammeeDD((aa))mmnn pprroojjeeccttoorrss ggiivveeaa lloott!!

¥¥EEiiggeennssttaatteess ((sshhoowwnn bbeeffoorree))
¥¥CCoommpplleetteeHHaammiillttoonniiaann

¥¥LLooccaall ssyymmmmeetteerryy eeiiggeennvvaalluuee ffoorrmmuullaaee
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r1= r2= r1*= r, i1= i2= i1*= i
+ + +r i i2 2 3HA1-level:
+ ! !r i i2 2 3HA1-level:
! ! +r i i3HEx-level:
! + !r iHEy-level: i

gives:

mn (g)(µ)

¡G mnPP(µ)= %gD
(µ)* g

C2={1,i3} 
Local symmetry
determines all levels
and eigenvectors with
just 4 real parameters

Review excerpts of Lecture 16
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Classical equations of coupled harmonic motion are Newtonian F=M áa rela-
tions of n-dimensional force vector F , acceleration vector a, and mass operator
M =M á1 for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K áx matrix expression.

−M∂2
t x

a =
∂V

∂xa =
�

b

Kabx
b

Molecular vibrational modes vs. Hamiltonian eigenmodes
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Classical equations of coupled harmonic motion are Newtonian F=M áa rela-
tions of n-dimensional force vector F , acceleration vector a, and mass operator
M =M á1 for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K áx matrix expression.

−M∂2
t x

a =
∂V

∂xa =
�

b

Kabx
b

Compare classical equation to Schrodinger’s equation for quantum motion.

i�! t " a =
�

b

Hab" b

Molecular vibrational modes vs. Hamiltonian eigenmodes

† Recall U(2) vs R(3) Schrodinger vs Classical analogs in Lectures 6-7

†
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Classical equations of coupled harmonic motion are Newtonian F=M áa rela-
tions of n-dimensional force vector F , acceleration vector a, and mass operator
M =M á1 for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K áx matrix expression.

−M∂2
t x

a =
∂V

∂xa =
�

b

Kabx
b

Compare classical equation to Schrodinger’s equation for quantum motion.

i�! t " a =
�

b

Hab" b

Squared time generator (i! ∂t=H)2 has classical form withK=H
2 andM= ! 2.

−�2! 2
t " a =

!

b

K ab" b where: K = H 2

Molecular vibrational modes vs. Hamiltonian eigenmodes

† Recall U(2) vs R(3) Schrodinger vs Classical analogs in Lectures 6-7

†
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(H/ �)-eigenvalues are quantum angular frequencies !m/ �=" m.

Classical equations of coupled harmonic motion are Newtonian F=M áa rela-
tions of n-dimensional force vector F , acceleration vector a, and mass operator
M =M á1 for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K áx matrix expression.

−M∂2
t x

a =
∂V

∂xa =
�

b

Kabx
b

Compare classical equation to Schrodinger’s equation for quantum motion.

i�! t " a =
�

b

Hab" b

Squared time generator (i! ∂t=H)2 has classical form withK=H
2 andM= ! 2.

−�2! 2
t " a =

!

b

K ab" b where: K = H 2

(Like Planck axiom: !=! " .)

Molecular vibrational modes vs. Hamiltonian eigenmodes

† Recall U(2) vs R(3) Schrodinger vs Classical analogs in Lectures 6-7

†
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(H/ �)-eigenvalues are quantum angular frequencies !m/ �=" m.

(K /M )-eigenvalues are classical squared frequencies km/M =! 2
m.

Classical equations of coupled harmonic motion are Newtonian F=M áa rela-
tions of n-dimensional force vector F , acceleration vector a, and mass operator
M =M á1 for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K áx matrix expression.

−M∂2
t x

a =
∂V

∂xa =
�

b

Kabx
b

Compare classical equation to Schrodinger’s equation for quantum motion.

i�! t " a =
�

b

Hab" b

Squared time generator (i! ∂t=H)2 has classical form withK=H
2 andM= ! 2.

−�2! 2
t " a =

!

b

K ab" b where: K = H 2

(Like Planck axiom: !=! " .)

(Like HookeÕs law:k/M = ! 2.)

Molecular vibrational modes vs. Hamiltonian eigenmodes

† Recall U(2) vs R(3) Schrodinger vs Classical analogs in Lectures 6-7

†
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(H/ �)-eigenvalues are quantum angular frequencies !m/ �=" m.

(K /M )-eigenvalues are classical squared frequencies km/M =! 2
m.

Classical equations of coupled harmonic motion are Newtonian F=M áa rela-
tions of n-dimensional force vector F , acceleration vector a, and mass operator
M =M á1 for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K áx matrix expression.

−M∂2
t x

a =
∂V

∂xa =
�

b

Kabx
b

Compare classical equation to Schrodinger’s equation for quantum motion.

i�! t " a =
�

b

Hab" b

Squared time generator (i! ∂t=H)2 has classical form withK=H
2 andM= ! 2.

−�2! 2
t " a =

!

b

K ab" b where: K = H 2

(Like Planck axiom: !=! " .)

(Like HookeÕs law:k/M = ! 2.)

Apart from normalization, eigenvectors of H and K are the same.

Molecular vibrational modes vs. Hamiltonian eigenmodes

† Recall U(2) vs R(3) Schrodinger vs Classical analogs in Lectures 6-7

†
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(H/ �)-eigenvalues are quantum angular frequencies !m/ �=" m.

(K /M )-eigenvalues are classical squared frequencies km/M =! 2
m.

Classical equations of coupled harmonic motion are Newtonian F=M áa rela-
tions of n-dimensional force vector F , acceleration vector a, and mass operator
M =M á1 for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K áx matrix expression.

−M∂2
t x

a =
∂V

∂xa =
�

b

Kabx
b

Compare classical equation to Schrodinger’s equation for quantum motion.

i�! t " a =
�

b

Hab" b

Squared time generator (i! ∂t=H)2 has classical form withK=H
2 andM= ! 2.

−�2! 2
t " a =

!

b

K ab" b where: K = H 2

(Like Planck axiom: !=! " .)

(Like HookeÕs law:k/M = ! 2.)

And, each eigenvalue set corresponds to its respective energy spectrum.

Apart from normalization, eigenvectors of H and K are the same.

Molecular vibrational modes vs. Hamiltonian eigenmodes

† Recall U(2) vs R(3) Schrodinger vs Classical analogs in Lectures 6-7

†

17Sunday, March 29, 2015



Review: Hamiltonian local-symmetry eigensolution in global and local ⏐P(µ)〉-basis 
               
Molecular vibrational modes vs. Hamiltonian eigenmodes
        Molecular K-matrix construction
        D3⊃C2(i3) local-symmetry K-matrix eigensolutions
        D3-direct-connection K-matrix eigensolutions
        D3⊃C3(r±1) local symmetry K-matrix eigensolutions
                   
Applied symmetry reduction and splitting
        Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation     
        Subduced irep Dα(D3)↓C3 =d03⊕d13⊕.. correlation
                                                     
Spontaneous symmetry breaking and clustering: Frobenius Reciprocity , band structure 
        Induced rep da(C2)↑D3 =Dα⊕Dβ⊕.. correlation     
        Induced rep da(C3)↑D3 =Dα⊕Dβ⊕.. correlation     
                                    
D6 symmetry and Hexagonal Bands
        Cross product of the C2 and D3 characters gives all D6 =D3 ×C2 characters and ireps        
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Classical modes are eigenvectors of force-Þeld matrixK or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates xa based on

six D3-labeled axes x̂a
or |a! .

V (x) =
�

(k)

1

2
!x|K |x" where: |x" =

�

a

xa |a" , (a, b) = (1, r1, r2, i1, i2, i3)

Molecular K-matrix construction
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Classical modes are eigenvectors of force-Þeld matrixK or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates xa based on

six D3-labeled axes x̂a
or |a! .

Each K component Kab=�a|K |b� is a sum over spring k-constants that con-
nect axis-xa to axis-xb multiplied by factor (öka • öx a)(ökb • öx b) for projecting
spring-k’s end vectors öka and ökb onto öx a and öx b at respective connections.

V (x) =
�

(k)

1

2
!x|K |x" where: |x" =

�

a

xa |a" , (a, b) = (1, r1, r2, i1, i2, i3)

Molecular K-matrix construction
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Classical modes are eigenvectors of force-Þeld matrixK or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates xa based on

six D3-labeled axes x̂a
or |a! .

Each K component Kab=�a|K |b� is a sum over spring k-constants that con-
nect axis-xa to axis-xb multiplied by factor (öka • öx a)(ökb • öx b) for projecting
spring-k’s end vectors öka and ökb onto öx a and öx b at respective connections.

V (x) =
�

(k)

1

2
!x|K |x" where: |x" =

�

a

xa |a" , (a, b) = (1, r1, r2, i1, i2, i3)

k

ka
xa!

xc!

xd!kb!

!

xb!

Coupling Kab=〈a|K⎢b〉
Sum                           for each spring-k
connecting coordinate lines xa to xb 

 
k· k̂aix̂

a( ) k̂bix̂b( )

  x̂b
k̂b

Molecular K-matrix construction
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Classical modes are eigenvectors of force-Þeld matrixK or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates xa based on

six D3-labeled axes x̂a
or |a! .

Each K component Kab=�a|K |b� is a sum over spring k-constants that con-
nect axis-xa to axis-xb multiplied by factor (öka • öx a)(ökb • öx b) for projecting
spring-k’s end vectors öka and ökb onto öx a and öx b at respective connections.

V (x) =
�

(k)

1

2
!x|K |x" where: |x" =

�

a

xa |a" , (a, b) = (1, r1, r2, i1, i2, i3)

k

ka
xa!

xc!

xd!kb!

!

xb!

Coupling Kab=〈a|K⎢b〉
Sum                           for each spring-k
connecting coordinate lines xa to xb 

 
k· k̂ai x̂

a( ) k̂bi x̂b( )

  öxb
ökb

  x̂a
k̂a

Diagonal Kaa=〈a|K⎢a〉
Sum                     for each spring-k
connected to coordinate line xa 

 
−2
1 k· k̂aix̂

a( ) 2
xa

Molecular K-matrix construction
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Classical modes are eigenvectors of force-Þeld matrixK or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates xa based on

six D3-labeled axes x̂a
or |a! .

Each K component Kab=�a|K |b� is a sum over spring k-constants that con-
nect axis-xa to axis-xb multiplied by factor (öka • öx a)(ökb • öx b) for projecting
spring-k’s end vectors öka and ökb onto öx a and öx b at respective connections.

V (x) =
�

(k)

1

2
!x|K |x" where: |x" =

�

a

xa |a" , (a, b) = (1, r1, r2, i1, i2, i3)

k

ka
xa!

xc!

xd!kb!

!

xb!

Coupling Kab=〈a|K⎢b〉
Sum                           for each spring-k
connecting coordinate lines xa to xb 

 
káökaiöxa( ) ökbiöxb( )

 

Directioncosine

ökbi öxb( )= cos !
öxb

ökb( )
atb-end of k - spring

  x̂b
k̂b

 
!

öxa
öka

Diagonal Kaa=〈a|K⎢a〉
Sum                     for each spring-k
connected to coordinate line xa 

 
−2
1 k· k̂aix̂

a( ) 2
xa

Molecular K-matrix construction
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Each K component Kab=�a|K |b� is a sum over spring k-constants that con-
nect axis-xa to axis-xb multiplied by factor (öka • öx a)(ökb • öx b) for projecting
spring-k’s end vectors öka and ökb onto öx a and öx b at respective connections.

V (x) =
�

(k)

1

2
!x|K |x" where: |x" =

�

a

xa |a" , (a, b) = (1, r1, r2, i1, i2, i3)

V (x) =
1

2

�

a,b

Kabxaxa where: Kab =






�
(k)

k
2 (

öka • öx a)2 if : a = b

−
�
(k)

k(öka • öx a)(ökb • öx b) if : a �= b

Classical modes are eigenvectors of force-Þeld matrixK or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates xa based on

six D3-labeled axes x̂a
or |a! .

Molecular K-matrix construction
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Each K component Kab=�a|K |b� is a sum over spring k-constants that con-
nect axis-xa to axis-xb multiplied by factor (öka • öx a)(ökb • öx b) for projecting
spring-k’s end vectors öka and ökb onto öx a and öx b at respective connections.

V (x) =
�

(k)

1

2
!x|K |x" where: |x" =

�

a

xa |a" , (a, b) = (1, r1, r2, i1, i2, i3)

V (x) =
1

2

�

a,b

Kabxaxa where: Kab =






�
(k)

k
2 (

öka • öx a)2 if : a = b

−
�
(k)

k(öka • öx a)(ökb • öx b) if : a �= b

V (x) =
�

(k)

k
2
(∆! k )

2 =
�

(k)

k
2

�

a,b

(k̂a ¥xa ! k̂b ¥xb)2

=
!

(k)

k
2

!

a

(öka ¥ öx a)2x2
a !

!

(k)

k
!

a �=b

(öka ¥ öx a)(ökb ¥ öx b)xaxb

Classical modes are eigenvectors of force-Þeld matrixK or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates xa based on

six D3-labeled axes x̂a
or |a! .

Molecular K-matrix construction

25Sunday, March 29, 2015



Each K component Kab=�a|K |b� is a sum over spring k-constants that con-
nect axis-xa to axis-xb multiplied by factor (öka • öx a)(ökb • öx b) for projecting
spring-k’s end vectors öka and ökb onto öx a and öx b at respective connections.

V (x) =
�

(k)

1

2
!x|K |x" where: |x" =

�

a

xa |a" , (a, b) = (1, r1, r2, i1, i2, i3)

V (x) =
1

2

�

a,b

Kabxaxa where: Kab =






�
(k)

k
2 (

öka • öx a)2 if : a = b

−
�
(k)

k(öka • öx a)(ökb • öx b) if : a �= b

ki3

kr1

ki12

k0kr1

kr1

ki12

ki12 ki3

k0

k0

ki3

ki3

ki3

ki3

Local D3 C2 (i3) model Direct connection D3 model

k1

i3|1>

|1>
r1|1>

r2|1>

i2|1>

i1|1>
k1

k1

V (x) =
�

(k)

k
2
(∆! k )

2 =
�

(k)

k
2

�

a,b

(k̂a ¥xa ! k̂b ¥xb)2

=
!

(k)

k
2

!

a

(öka ¥ öx a)2x2
a !

!

(k)

k
!

a �=b

(öka ¥ öx a)(ökb ¥ öx b)xaxb

Classical modes are eigenvectors of force-Þeld matrixK or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates xa based on

six D3-labeled axes x̂a
or |a! .

Molecular K-matrix construction

1

i 3

i 2
r1

i1
r2
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Review: Hamiltonian local-symmetry eigensolution in global and local ⏐P(µ)〉-basis 
               
Molecular vibrational modes vs. Hamiltonian eigenmodes
        Molecular K-matrix construction
        D3⊃C2(i3) local-symmetry K-matrix eigensolutions
        D3-direct-connection K-matrix eigensolutions
        D3⊃C3(r±1) local symmetry K-matrix eigensolutions
                   
Applied symmetry reduction and splitting
        Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation     
        Subduced irep Dα(D3)↓C3 =d03⊕d13⊕.. correlation
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1st-row parameters gb=!1|K|gb"=K 1b of the force matrix K ab:

D3⊃C2(i3) model has internal [kr (angular),ki (radial)] and external [k3(angular),k0(radial)]
constants between masses and lab frame.

ki3

kr1

ki12

k0kr1

kr1

ki12

ki12 ki3

k0

k0

ki3

ki3

ki3

ki3

Local D3 C2 (i3) modelD3⊃C2(i3) local-symmetry vibrational K-matrix eigensolutions

D3⊃C2(i3) local-symmetry vibrational K-matrix

1 K gb = r0 r1 r2 i1 i2 i3⎡
⎣

⎤
⎦

Generic K-matrix (Top row)

1

i3

i2
r1

i1
r 2
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1st-row parameters gb=!1|K|gb"=K 1b of the force matrix K ab:

D3⊃C2(i3) model has internal [kr (angular),ki (radial)] and external [k3(angular),k0(radial)]
constants between masses and lab frame.
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Local D3 C2 (i3) modelD3⊃C2(i3) local-symmetry vibrational K-matrix eigensolutions

D3⊃C2(i3) local-symmetry vibrational K-matrix

1 K gb = r0 r1 r2 i1 i2 i3⎡
⎣

⎤
⎦

Generic K-matrix (Top row)

1

i3

i2
r1

i1
r2
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1st-row parameters gb=!1|K|gb"=K 1b of the force matrix K ab:

D3⊃C2(i3) model has internal [kr (angular),ki (radial)] and external [k3(angular),k0(radial)]
constants between masses and lab frame.

|gb! |1!
��r 1

� ��r 2
�

|i1! | i2! | i3!

"1| K |gb! =

ki/ 2
+kr

+k3

+k0/ 2

ki/ 2
# kr/ 2
+0
+0

ki/ 2
# kr/ 2
+0
+0

ki/ 2
+kr/ 2
+0
+0

ki/ 2
+kr/ 2
+0
+0

ki/ 2
# kr

# k3

+k0/ 2

Kxx
A1 = r0  + r1  + r1

*  + i1  + i2  + i3        = k0 + 3ki

Kyy
A2     = r0  + r1  + r1

*  - i1  - i2  - i3         = 3k3

Kxx
E1 Kxy

E1

Kyx
E1 Kyy

E1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1

2
2r0  - r1  - r1

*  - i1  - i2  + 2i3 3( - r1  + r1
*  - i1  + i2 )

3(−r1
*  + r1  - i1  + i2 ) 2r0  - r1  - r1
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⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

k0 0
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⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ki3
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ki12

k0kr1
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ki12 ki3
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ki3

ki3

ki3
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Local D3 C2 (i3) model

D3⊃C2(i3) local-symmetry vibrational K-matrix eigenvalues Km/M=ωm2 

D3⊃C2(i3) local-symmetry vibrational K-matrix eigensolutions

D3⊃C2(i3) local-symmetry vibrational K-matrix

1

i3

i 2
r1

i1

r2

1 K gb = r0 r1 r2 i1 i2 i3
!
"

#
$

Generic K-matrix (Top row)
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Local D3 C2 (i3) model
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D3-direct-connection K-matrix eigensolutions

1 K gb = r0 r1 r2 i1 i2 i3⎡
⎣

⎤
⎦

Generic K-matrix (Top row)

D3-direct-connection vibrational K-matrix
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D3-direct-connection K-matrix eigensolutions

Kxx
A1 = r0 +r1+r1

*+i1+i2 +i3        
Kyy

A2     = r0 +r1+r1
*-i1-i2 -i3         

Kxx
E1 Kxy

E1

Kyx
E1 Kyy

E1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1

2
2r0 -r1-r1

*-i1-i2 +2i3 3(-r1+r1
*-i1+i2 )

3(−r1
*+r1-i1+i2 ) 2r0 -r1-r1

*+i1+i2 -2i3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Generic K-matrix (Top row)

Generic K-matrix D3 projections 

1 K gb = r0 r1 r2 i1 i2 i3⎡
⎣

⎤
⎦
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|gb� |1�
!
!r 1

" !
!r 2

"
|i 1� |i 2� |i 3�

�1|K |gb� =
k1(cos

2 75◦

+cos2 15◦)

= k1

k1 cos 75
◦

· cos 15◦

=
k1

4

k1 cos 15
◦

· cos 75◦

=
k1

4

k1 cos 15
◦

· cos 15◦

=
k1(2−

√
3)

4

k1 cos 75
◦

· cos 75◦

=
k1(2 +

√
3)

4

k1(cos
2 75◦

− cos2 15◦)

=
k1

2

D3-direct-connection K-matrix eigensolutions

D3-direct-connection vibrational K-matrix

Kxx
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Kyy

A2     = r0+r1+r1
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E1 Kyy
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⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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2
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* +r1-i1+i2) 2r0-r1-r1
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⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 K gb = r0 r1 r2 i1 i2 i3!
"

#
$

Generic K-matrix (Top row)

Generic K-matrix D3 projections 
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√
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⎛
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⎜
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D3-direct-connection vibrational K-matrix eigenvalues Km/M=ωm2 

D3-direct-connection K-matrix eigensolutions

D3-direct-connection vibrational K-matrix
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Kxx
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⎛

⎝
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⎜
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⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 K gb = r0 r1 r2 i1 i2 i3!
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#
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Generic K-matrix (Top row)

Generic K-matrix D3 projections 
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D3-direct-connection vibrational K-matrix eigenvalues Km/M=ωm2 

D3-direct-connection K-matrix eigensolutions

E1 Eigenvectors in terms of D3⊃C2(i3) E1-vectors

D3-direct-connection vibrational K-matrix

Kxx
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Generic K-matrix (Top row)

Generic K-matrix D3 projections 
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D3⊃C3(r±1) local symmetry K-matrix eigensolutions

Set:    r1 = r = −r2
*  ,   and:   i1 = i2 = i3 = 0
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D3⊃C3(r±1) 
local 

symmetry
model

Kxx
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⎛
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⎛
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⎜
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⎠
⎟
⎟
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⎠
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D3⊃C3(r±1) local symmetry vibrational K-matrix

1 K gb = r0 r1 r2 i1 i2 i3⎡
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Generic K-matrix (Top row)
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⎣
⎤
⎦
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Applied symmetry reduction and splitting: Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation
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D3 ! C2 P" relabel split D" relabel reduce # " relabel split

A1 PA1=PA1P02 = P0202
A1 $ DA1%C2 ! d 02 $ # A1 & # 02

A2 PA2=PA2P12= P1212
A2 $ DA2%C2 ! d12 $ # A2 & # 12

E1 PE1=PE1P02 +PE1P12 $ DE1 %C2 ! $ # E1 & # 02

= P0202
E1 + P1212

E1 d 02 ' d12 " # 12

Applied symmetry reduction and splitting: Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation
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D3 ⊃C2 Pα relabel split Dα relabel reduce ωα relabel split

A1 PA1=PA1P02= P0202

A1 ⇒ DA1↓C2  d02 ⇒ω A1 →ω 02

A2 PA2=PA2P12= P1212

A2 ⇒ DA2↓C2  d12 ⇒ω A2 →ω 12

E1 PE1=PE1P02 +PE1P12 ⇒ DE1 ↓C2  ⇒ω E1 →ω 02

= P0202

E1 + P1212

E1 d02 ⊕d12 ω 12

Applied symmetry reduction and splitting: Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation

D3 ⊃C2 02 12
A1 1 ⋅
A2 ⋅ 1
E1 1 1

48Sunday, March 29, 2015



 

D3 ⊃C2 Pα relabel split Dα relabel reduce ωα relabel split

A1 PA1=PA1P02= P0202

A1 ⇒ DA1↓C2  d
02 ⇒ω A1 →ω 02

A2 PA2=PA2P12= P1212

A2 ⇒ DA2↓C2  d
12 ⇒ω A2 →ω 12

E1 PE1=PE1P02 +PE1P12 ⇒ DE1 ↓C2  ⇒ω E1 →ω 02

= P0202

E1 + P1212

E1 d02 ⊕ d12 ω 12

Applied symmetry reduction and splitting: Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation

D3 ! C2 02 12
A1 1 "

A2 " 1
E1 1 1

Applied symmetry reduction and splitting: Subduced irep Dα(D3)↓C3 =d03⊕d13⊕.. correlation
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D3 ⊃C2 Pα relabel split Dα relabel reduce ωα relabel split

A1 PA1=PA1P02 = P0202
A1 ⇒ DA1↓C2  d02 ⇒ω A1 →ω 02

A2 PA2=PA2P12= P1212
A2 ⇒ DA2↓C2  d12 ⇒ω A2 →ω 12

E1 PE1=PE1P02 +PE1P12 ⇒ DE1 ↓C2  ⇒ω E1 →ω 02

= P0202
E1 + P1212

E1 d02 ⊕d12 ω 12

Applied symmetry reduction and splitting: Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation

D3 ⊃C2 02 12

A1 1 ⋅
A2 ⋅ 1

E1 1 1

 

D3 ⊃C3 Pα relabel split Dα relabel reduce ωα relabel split

A1 PA1=PA1P03= P0303
A1 ⇒ DA1↓C3  d

03 ⇒ω A1 →ω 03

A2 PA2=PA2P03= P0303
A2 ⇒ DA2↓C3  d

03 ⇒ω A2 →ω 03

E1 PE1=PE1P13 +PE1P23 ⇒ DE1 ↓C3  ⇒ω E1 →ω 13

= P1313
E1 + P2323

E1 d13 ⊕ d 23 ω 23

Applied symmetry reduction and splitting: Subduced irep Dα(D3)↓C3 =d03⊕d13⊕.. correlation
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D3 ! C2 P" relabel split D" relabel reduce # " relabel split

A1 PA1=PA1P02 = P0202

A1 $ DA1%C2 ! d02 $ # A1 & # 02

A2 PA2=PA2P12= P1212

A2 $ DA2%C2 ! d12 $ # A2 & # 12

E1 PE1=PE1P02 +PE1P12 $ DE1 %C2 ! $ # E1 & # 02

= P0202

E1 + P1212

E1 d02 ' d12 " # 12

Applied symmetry reduction and splitting: Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation

D3 ! C2 02 12
A1 1 "

A2 " 1
E1 1 1

D3 ⊃C3 03 13 23

A1 1 ⋅ ⋅
A2 1 ⋅ ⋅
E1 ⋅ 1 1

 

D3 ! C3 P" relabel split D" relabel reduce # " relabel split

A1 PA1=PA1P03 = P0303
A1 $ DA1%C3 ! d 03 $ # A1 & # 03

A2 PA2=PA2P03= P0303
A2 $ DA2%C3 ! d 03 $ # A2 & # 03

E1 PE1=PE1P13 +PE1P23 $ DE1 %C3 ! $ # E1 & # 13

= P1313
E1 + P2323

E1 d13 ' d 23 " # 23

Applied symmetry reduction and splitting: Subduced irep Dα(D3)↓C3 =d03⊕d13⊕.. correlation
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D3 ! C2 P" relabel split D" relabel reduce # " relabel split

A1 PA1=PA1P02 = P0202

A1 $ DA1%C2  d
02 $ # A1 & # 02

A2 PA2=PA2P12= P1212

A2 $ DA2%C2  d
12 $ # A2 & # 12

E1 PE1=PE1P02 +PE1P12 $ DE1 %C2  $ # E1 & # 02

= P0202

E1 + P1212

E1 d02 ' d12 # 12

D3 ⊃C2 02 12
A1 1 ⋅
A2 ⋅ 1
E1 1 1

D3 ⊃C3 03 13 23

A1 1 ⋅ ⋅
A2 1 ⋅ ⋅
E1 ⋅ 1 1

 

D3 ⊃C3 Pα relabel split Dα relabel reduce ωα relabel split

A1 PA1=PA1P03= P0303
A1 ⇒ DA1↓C3 ! d 03 ⇒ω A1 →ω 03

A2 PA2=PA2P03= P0303
A2 ⇒ DA2↓C3 ! d 03 ⇒ω A2 →ω 03

E1 PE1=PE1P13 +PE1P23 ⇒ DE1 ↓C3 ! ⇒ω E1 →ω 13

= P1313
E1 + P2323

E1 d13 ⊕ d 23 " ω 23

Spontaneous symmetry breaking 
and clustering: Induced rep da(C2)↑D3 =Dα⊕Dβ⊕.. correlation

Spontaneous symmetry breaking 
and clustering: Induced rep da(C3)↑D3 =Dα⊕Dβ⊕.. correlation

 

DA1 (D3) ! C2 ! d 02

DA2 (D3) ! C2 ! d12

DE1 (D3) ! C2 ! d 02 " d12

 

d02 (C2)↑D3

! DA1⊕ DE1

 

d12 (C2)! D3

DA2 " DE1

 

DA1 (D3) ! C3  d
03

DA2 (D3) ! C3  d
03

DE1 (D3) ! C3  d
13 " d 23

 

d 03 (C3)! D3

DA1 " DA2

 

d13 (C3)↑D3

DE1

 

d 23 (C3)↑D3

DE1

Applied symmetry reduction and splitting: Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation

Applied symmetry reduction and splitting: Subduced irep Dα(D3)↓C3 =d03⊕d13⊕.. correlation
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Number of Dα in dk(K) ↑ G = Number of dk in Dα(G) ↓ K

Frobenius Reciprocity Theorem
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Number of Dα in dk(K) ↑ G = Number of dk in Dα(G) ↓ K

Frobenius Reciprocity Theorem

D3 ⊃C1 01 = 11
A1 1
A2 1
E1 2

..and regular representation
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Number of Dα in dk(K) ↑ G = Number of dk in Dα(G) ↓ K

Frobenius Reciprocity Theorem

D3 ⊃C1 01 = 11
A1 1
A2 1
E1 2

..and regular representation

D3 ! C2 02 12

A1 1 "

A2 " 1

E1 1 1

D3 ! C3 03 13 23
A1 1 " "

A2 1 " "

E1 " 1 1
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Applied symmetry reduction and splitting
        Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation     
        Subduced irep Dα(D3)↓C3 =d03⊕d13⊕.. correlation
                                                     
Spontaneous symmetry breaking and clustering: Frobenius Reciprocity , band structure 
        Induced rep da(C2)↑D3 =Dα⊕Dβ⊕.. correlation     
        Induced rep da(C3)↑D3 =Dα⊕Dβ⊕.. correlation     
                                    
D6 symmetry and Hexagonal Bands
        Cross product of the C2 and D3 characters gives all D6 =D3 ×C2 characters and ireps        
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D6 symmetry and Hexagonal Bands

D6  is the outer product (×) product D3 ×C2 of D3 and C2. (Requires C2 to commute with all of D3.)       
D6  = D3 ×C2  = {1, r, r2, i1, i2, i3 }×{1, Rz}

× product and D6 operators.

D6  = D3 ×C2  = {1, r, r2, i1, i2, i3 , 1.Rz, r.Rz, r2.Rz, i1.Rz, i2.Rz,  i3.Rz}  

D6  = D3 ×C2  ={1, h2, h4, i1, i2, i3 ,  h3,    h5,     h ,      j1,      j2,      j3    } 

Define hexagonal generator h of subgroup C6 ={1, h, h2, h3, h4  h5}

Note: h2 = r          and h3 = Rz and h4 = r2 and h5 = r.Rz

i1

h(60¡)

i3i2

D6

j1 i2

j3 j2

j1
i3

i1 j3j2
j3

h2

h3

h4
h5

h(60¡) x

y

z

 Electrostatic potential V(φ) doesn't care which way is "up." Wells remain wells, and barriers remain barriers under all D6 operations.

NOTE:
The ia  and jb do not flip over the potential plot.

i3

h

r=h2

i3

i1

j3

j3

j2

j2

j1

i1

i2

i2
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Cross product of the C2 and D3 characters gives all D6 =D3 ×C2 characters. 

   

D3 1 r ,r 2{ } i1, i2, i3{ }
χ A1 g( ) 1 1 1

χ A2 g( ) 1 1 −1

χ E1 g( ) 2 −1 0

  ×   
C2

z 1 Rz

( A) 1 1
(B) 1 −1

  =  

D3 ×C2
z 1 r ,r 2{ } i1, i2, i3{ } 1⋅Rz r ,r 2{ } ⋅Rz i1, i2, i3{ } ⋅Rz

A1 ⋅( A) 1⋅1 1⋅1 1⋅1 1⋅1 1⋅1 1⋅1

A2 ⋅( A) 1⋅1 1⋅1 -1⋅1 1⋅1 1⋅1 -1⋅1

E2 ⋅( A) 2 ⋅1 -1⋅1 0 ⋅1 2 ⋅1 -1⋅1 0 ⋅1

A1 ⋅(B) 1⋅1 1⋅1 1⋅1 1⋅(−1) 1⋅(−1) 1⋅(−1)

A2 ⋅(B) 1⋅1 1⋅1 -1⋅1 1⋅(−1) 1⋅(−1) -1⋅(−1)

E1 ⋅(B) 2 ⋅1 -1⋅1 0 ⋅1 2 ⋅(−1) -1⋅(−1) 0 ⋅(−1)

   

                                                      ! g
µ D6( ) =   

D3 " C2
z 1 h2,h4{ } i1,i2,i3{ } h3 h,h5{ } j1, j2, j3{ }

A1 1 1 1 1 1 1

A2 1 1 -1 1 1 -1

E2 2 -1 0 2 -1 0

B2 1 1 1 -1 -1 -1

B1 1 1 -1 -1 -1 1

E1 2 -1 0 #2 1 0

Unit translation
or

60° hex rotation h
determines 

Ap vs Bp
(+1) vs (-1)

Y-rotation
or

180° flip j3 
determines 
X1 vs X2

(+1) vs (-1)

(Recall C2 ×C2 = D2  characters 
made of two C2 groups)

ÒAlways-the-same vs Back-and-forthÓ

Odd vs Even
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g =                    1     ,            r=h2       ,        r2=h4      ,           i1            ,           i2          ,        i3       ,       h3      ,         h3r=h5      ,     h3r2=h1     ,       h3i1=j1      ,      h3i2=j2     ,     h3i3=j3 

D A1(g) =          1     ,            1             ,          1            ,            1            ,           1           ,       1         ,        1       ,            1            ,         1              ,           1            ,          1           ,         1 

D A2 (g) =          1     ,            1             ,          1            ,           -1            ,          -1           ,      -1         ,       1       ,             1           ,         1              ,           -1            ,         -1           ,       -1    

DE2 (g) = 1 0
0 1
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DB2 (g) =          1     ,            1             ,          1            ,            1            ,           1           ,       1         ,        -1       ,            -1          ,       -1              ,         - 1           ,            -1            ,      -1 

DB1(g) =          1     ,            1             ,          1            ,           -1            ,           -1           ,      -1        ,        -1       ,            -1          ,       -1              ,           1           ,             1            ,       1 
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Unit translation
or

60° hex rotation h
determines 

Ap vs Bp
(+1) vs (-1)

Y-rotation
or

180° flip j3 
determines 
X1 vs X2

(+1) vs (-1)

Cross product of the C2 and D3 ireps gives all D6 =D3 ×C2 ireps. 

ÒAlways-the-same vs Back-and-forthÓ

Odd vs Even
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g =                    1     ,            r=h2       ,        r2=h4      ,           i1            ,           i2          ,        i3       ,       h3      ,         h3r=h5      ,     h3r2=h1     ,       h3i1=j1      ,      h3i2=j2     ,     h3i3=j3 

D A1(g) =          1     ,            1             ,          1            ,            1            ,           1           ,       1         ,        1       ,            1            ,         1              ,           1            ,          1           ,         1 
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DB2 (g) =          1     ,            1             ,          1            ,            1            ,           1           ,       1         ,        -1       ,            -1          ,       -1              ,         - 1           ,            -1            ,      -1 
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Unit translation
or

60° hex rotation h
determines 

Ap vs Bp
(+1) vs (-1)

Y-rotation
or

180° flip j3 
determines 
X1 vs X2

(+1) vs (-1)

  

 

D6 ⊃C2( j3) 02 12

A1 1 ⋅

A2 ⋅ 1

E2 1 1

B2 ⋅ 1

B1 1 ⋅

E1 1 1
  

D6 ⊃C3(h) 06 16 26 36 46 56

A1 1 ⋅ ⋅ ⋅ ⋅ ⋅

A2 1 ⋅ ⋅ ⋅ ⋅ ⋅

E2 ⋅ ⋅ 1 ⋅ 1 ⋅

B2 ⋅ ⋅ ⋅ 1 ⋅ ⋅

B1 ⋅ ⋅ ⋅ 1 ⋅ ⋅

E1 ⋅ 1 ⋅ ⋅ ⋅ 1

 

Cross product of the C2 and D3 ireps gives all D6 =D3 ×C2 ireps. 
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1±E1(x)

2±E2(a)

3-B1

1±E1(y)

2±E2(b)

5±E1(x)

4±E2(a)

3+B2

6-A2

0+A1

5±E1(y)

4±E2(b)

-y -x

y

x y -y x y -x -y

  

 

D3 ⊃C2( j3) 02 12

A1 1 ⋅

A2 ⋅ 1

E2 1 1

B2 ⋅ 1

B1 1 ⋅

E1 1 1

  

D6 ⊃C3(h) 06 16 26 36 46 56

A1 1 ⋅ ⋅ ⋅ ⋅ ⋅

A2 1 ⋅ ⋅ ⋅ ⋅ ⋅

E2 ⋅ ⋅ 1 ⋅ 1 ⋅

B2 ⋅ ⋅ ⋅ 1 ⋅ ⋅

B1 ⋅ ⋅ ⋅ 1 ⋅ ⋅

E1 ⋅ 1 ⋅ ⋅ ⋅ 1

 

D6 Band structure
and related 

induced 
representations 

  

12↑D3 ~ A2⊕E2⊕E1⊕B2  

Odd  Band or Cluster

02↑D3 ~ A1⊕E1⊕E2⊕B1  

Even Band or Cluster
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