Group Theory in Quantum Mechanics
Lecture 1 (2015
Vibrational modes and symmetry reciprocity: Induced reps

(Int.J.Mol.Scj14, 714(2013) p.755-774 , QTCA Unit 5 Ch. 15)
(PSDS - Ch. 4)

Review:Hamiltonian local-symmetry eigensolutionglobal and locallP™)-basis

Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

DO Cx(i3) local-symmetry K-matrix eigensolutions
»-direct-connection K-matrix eigensolutions
DO C3(r+?) local symmetry K-matrix eigensolutions

Applied symmetry reduction and splitting
Subduced irep*(D3) | Co =d%2ad¥d.. correlation
Subduced irep*(D3) | Cs =d%pdb@.. correlation

Spontaneous symmetry breaking and clustering: Frobenius Reciprocity , band structure
Induced repld(C2) 1Dz =D*pD .. correlation

Induced red?(Cz) D3 =D*®DPd.. correlation

Dg symmetry and Hexagonal Bands
Cross product of the {&and D; characters gives all p=D3; xC, characters and ireps
Induced red?(C2)TDs =D*®DPd.. correlation
Induced repd?(Ce) T Ds =D*®DPd.. correlation
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*Review:Hamiltonian local-symmetry eigensolutionglobal and localP)-basis ‘
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Compare Global vs Locag)-basis vs. Global vs Loc@W)-basis
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Dz global¢ group matrices inP®)-basis D3 local-g group matrices inP®)-basis

RY(g) =R (e = R"(0)=7r ()7’ =
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Dz Hamiltonianlocal- H matrices in|P)-basis
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(L
=", 5w
Review excerpts of Lecture 16 Pi= =%D00
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Review excerpts of Lecture 16

Global (LAB) symmetry D) ,>C, i, projector states

Local (BOD) symmetry
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Review excerpts of Lecture 16

Global (LAB) symmetry ) ,>C, i, projector states

L = LI 1 =P

=1 |

i; global ()
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Local (BOD) Symmetry
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Review excerpts of Lecture 16

When there is no there, there...

Nobody Home
where LOCAL

and GLOBAL

—
N
U

i, global ()
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o > 1
1; global "3
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* Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

O Co(iz) local-symmetry K-matrix eigensolutions
»-direct-connection K-matrix eigensolutions
DO Cs(r+) local symmetry K-matrix eigensolutions

Sunday, March 29, 2015
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M & rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator

M =M & for Djs-symmetry. Force F is a (-)derivative of potential V (X) that
becomes a F=-K & matrix expression.

_Maz a= 8:Ca ZKabCE

Sunday, March 29, 2015
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M & rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M =M & for Djs-symmetry. Force F is a (-)derivative of potential V (X) that
becomes a F=-K & matrix expression.

_Maz a= 8:Ca ZKabCE

Compare classical equation to Schrodinger’s equation for quantum motion. T

A" = Hgp"P
b

i Recall U(2) vR(3) Schrodinger v€lassical analogs in Lectures 6-7
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M & rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M =M & for Djs-symmetry. Force F is a (-)derivative of potential V (X) that
becomes a F=-K & matrix expression.

8:133 Z Kapz®

Compare classical equation to Schrodinger’s equation for quantum motion. T
A" = Hgp"P
b

Squared time generator ¢! 9,= H)? has classical form withK= H? and M= 2.

_MaZ a_

—RA = Ky whererK = H?

i Recall U(2) vR(3) Schrodinger v€lassical analogs in Lectures 6-7
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M & rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M =M & for Djs-symmetry. Force F is a (-)derivative of potential V (X) that
becomes a F=-K & matrix expression.

8:1:3 Z Kapz®

Compare classical equation to Schrodinger’s equation for quantum motion. T
A" = Hgp"P
b

Squared time generator ¢! 9,= H)? has classical form withK= H? and M= 2.

_MaZ a_

—RA = Ky whererK = H?
b

(H/ h)-eigenvalues are quantum angular frequencies !,,/ h=",. (Like Planck axiom: !=!")

i Recall U(2) vR(3) Schrodinger v€lassical analogs in Lectures 6-7
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M & rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M =M & for Djs-symmetry. Force F is a (-)derivative of potential V (X) that
becomes a F=-K & matrix expression.

_Maz a= 8:Ca ZKabCE

Compare classical equation to Schrodinger’s equation for quantum motion. T
A" = Hgp"P
b

Squared time generator ¢! 9,= H)? has classical form withK= H? and M= 2.

—RA = Ky whererK = H?
b

(H/ h)-eigenvalues are quantum angular frequencies !,,/ h=",. (Like Planck axiom: !=!")

(K/M )-eigenvalues are classical squared frequencies k,,,/M =! 2 (Like HookeOs lawk/M =1 2.

i Recall U(2) vR(3) Schrodinger v€lassical analogs in Lectures 6-7
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M & rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M =M & for Djs-symmetry. Force F is a (-)derivative of potential V (X) that
becomes a F=-K & matrix expression.

_Maz a= 8:Ca ZKabCE

Compare classical equation to Schrodinger’s equation for quantum motion. T
A" = Hgp"P
b

Squared time generator ¢! 9,= H)? has classical form withK= H? and M= 2.

—RA = Ky whererK = H?
b

(H/ h)-eigenvalues are quantum angular frequencies !,,/ h=",. (Like Planck axiom: !=!")

(K/M )-eigenvalues are classical squared frequencies k,,,/M =! 2 (Like HookeOs lawk/M =1 2.

Apart from normalization, eigenvectors of H and K are the same

i Recall U(2) vR(3) Schrodinger v€lassical analogs in Lectures 6-7
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M & rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M =M & for Djs-symmetry. Force F is a (-)derivative of potential V (X) that
becomes a F=-K & matrix expression.

8:1:3 Z Kapz®

Compare classical equation to Schrodinger’s equation for quantum motion. T
A" = Hgp"P
b

Squared time generator ¢! 9,= H)? has classical form withK= H? and M= 2.

_MaZ a_

—RA = Ky whererK = H?
b

(H/ h)-eigenvalues are quantum angular frequencies !,,/ h=",. (Like Planck axiom: !=!")

(K/M )-eigenvalues are classical squared frequencies k,,,/M =! 2 (Like HookeOs lawk/M =1 2.

Apart from normalization, eigenvectors of H and K are the same
And, each eigenalue set corresponds to its respective energy spectrui

i Recall U(2) vR(3) Schrodinger v€lassical analogs in Lectures 6-7
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Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

O Co(iz) local-symmetry K-matrix eigensolutions
»-direct-connection K-matrix eigensolutions
DO Cs(r+) local symmetry K-matrix eigensolutions

Sunday, March 29, 2015
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Molecular K-matrix construction
Classical modes are eigenvectors of force-Peld matriX or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates X, based on
six D 3-labeled axes x® or |a!.

1
V('CU) — Z 5 'le |aj" where: |z" = Zwa |CL" 9 (CL, b) — (1,T1,T2,i1,i2,i3)
(k) a

Sunday, March 29, 2015
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Molecular K-matrix construction
Classical modes are eigenvectors of force-Peld matriX or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates X, based on
six D 3-labeled axes x® or |a!.

1
V('/’U) — Z 5 'le |Q?" where: |z" = Zwa |CL" 9 (CL, b) — (1,T1,T2,i1,i2,i3)

(k)
Each K Component Kap=(a|K |b) is a sum over spring k-constants that con-

nect axis-x2 to axis-x® multiplied by factor (R, e ©2)(R, e ®°) for projecting
spring-k’s end vectors Qa and Qb onto ¥2 and ®P at respective connections.

Sunday, March 29, 2015
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Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matriX or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates X, based on
six D 3-labeled axes x® or |a!.

1
Viz) = %): 5 lz|K |[z" where: |z" = Zaza la", (a,b) = (1,71, 7%, i1, 49,143)
Each K Component Kap=(a|K |b) is a sum over spring k-constants that con-
nect axis-x2 to axis-x® multiplied by factor (R, e ©2)(R, e ®°) for projecting

spring-k’s end vectors Qa and Qb onto ¥2 and ®P at respective connections.

Coupling Kan=(a|Klb)
Sum k(f(&)(f(bﬁb) for each spring-k
connecting coordinate linesio % !

—~_
kig/)%
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21



Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matriX or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates X, based on
six D 3-labeled axes x® or |a!.

1
Viz) = %): 5 lz|K |[z" where: |z" = Zaza la", (a,b) = (1,71, 7%, i1, 49,143)
Each K Component Kap=(a|K |b) is a sum over spring k-constants that con-
nect axis-x2 to axis-x® multiplied by factor (R, e ©2)(R, e ®°) for projecting

spring-k’s end vectors Qa and Qb onto ¥2 and ®P at respective connections.

Coupling K= (a/Klb) Diagonal kea=(a/Kla) |
Sum k{k ix*)(k,ix")  for each spring,-é:l}a Sum—;k{k,&*)* for each sprin
connecting coordinate lines 10 % x4 S Xa connected to coordinate ling x

4
&
RbA—

X N
\—’Qf

Ly
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Directioncogne

Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matriX or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates X, based on
six D 3-labeled axes x® or |a!.

1
Viz) = %): 5 lz|K |[z" where: |z" = Zaza la", (a,b) = (1,71, 7%, i1, 49,143)
Each K Component Kap=(a|K |b) is a sum over spring k-constants that con-
nect axis-x2 to axis-x® multiplied by factor (R, e ©2)(R, e ®°) for projecting

spring-k’s end vectors Qa and Qb onto ¥2 and ®P at respective connections.

Coupling K= (a/Klb) Diagonal kea=(a/Kla) |
Sum kgl - |(,-9')  for each springk K, Sum—;k{k,&*)* for each sprin
connecting coordinate lines 10 % connected to coordinate ling x

Qo
&

k,
\
RbA— I

b
L

x> A

(K%)= cos(! iﬁ)

atb-end of k - spring
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Molecular K-matrix construction
Classical modes are eigenvectors of force-Peld matriX or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates X, based on
six D 3-labeled axes x® or |a!.

1
Viz) = Z 5 lz|K |[z"  where: |z" = Zaza la", (a,b) = (1,71, 7%, i1, 49,143)
(k)

Each K component Kap=(a|K |b) is a sum over spring k-constants that con-
nect axis-x2 to axis-x® multiplied by factor (R, e ©2)(R, e ¥°) for projecting

spring-k’s end vectors R, and Ry, onto 82 and ®B° at respective connections.

1 > 5 (R, 0 %%)? if ra=b
1 ) W ..
V(:Ij) — 5 ZKabCCaZEa where: Kab o Z k(Qa ° Qa)(‘ab ° mb) Zf ‘a # b

(k)
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Molecular K-matrix construction
Classical modes are eigenvectors of force-Peld matriX or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates X, based on
six D 3-labeled axes x® or |a!.

1
V(z) =) 5'a[K|z" where: x"zZazala", (a,b) = (1, 7%, 7% iy, g, i3)

(k)
Each K component Kap=(a|K |b) is a sum over spring k-constants that con-

nect axis-x2 to axis-x® multiplied by factor (R, e ©2)(R, e ¥°) for projecting
spring-k’s end vectors R, and Ry, onto 82 and ®B° at respective connections.

1 %%(Qa.ma) if ta=">
— B ZKabeaxa where: Kap = _ Z k(Qa oﬁa)(Qb ° )'K')b) if ta#b
(k)
V0 =3P = 3T (R ¥t Ry ¥
(O (k) —ab,
= 3 (R, ¥12)%x2 | K (R, ¥0)(Ry, ¥8°)XaXy
k) © a (k) azb
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Molecular K-matrix construction
Classical modes are eigenvectors of force-Peld matriX or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinates X, based on
six D 3-labeled axes x® or |a!.

1
V(z) =) 5'a[K|z" where: x"zZazala", (a,b) = (1, 7%, 7% iy, g, i3)
(k)

Each K component Kap=(a|K |b) is a sum over spring k-constants that con-
nect axis-x2 to axis-x® multiplied by factor (R, e ©2)(R, e ¥°) for projecting

spring-k’s end vectors R, and Ry, onto 82 and ®B° at respective connections.

1 (%5(961-&"") ifra="b
= 52Kabxaxa where: Kab =3 5 (R, 0 82)(R, 0 8°) if a £

(k)

V(x)zz Z Z (k, ¥x2! k, ¥xP)?

(K) ! (k) ab
= 5 (R, ¥12)%x2 | K (R, ¥12) (R, ¥B°)XaxXy
(k) a (k) a%b
LocalD C D(i3) model Direct connection D; model

1>

NP
r+1>

10000000
Kan

-~
[

)
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Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

* DO Cx(i3) local-symmetry K-matrix eigensolutions
»-direct-connection K-matrix eigensolutions
DO Cs(r+t) local symmetry K-matrix eigensolutions

Sunday, March 29, 2015
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D3O Cx(iz) local-symmetry vibrational K-matrix

15t-row parameters g,=!1|K]|g,"=K 13 of the force matrix K ,:

constants between masses and lab frame.

Local D, C,(i;) model

D3O Co(iz) local-symmetry vibrational K-matrix eigensolutions )
. . . 3 . W
GenericK-matrix (Top row) N k5|'2> N
) % :
<1|K‘gb>=[ 7 T SR AR A A } ki k,,] ]
N\ Z =k;
R\ k. // k =5
[ i I \
= (T
7 1 \\\ =
k; !

28
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D3O Cx(i3) local-symmetry vibrational K-matrix eigensolutions Local Dy C,Xi3) model

. . . 3 k 3
GenericK-matrix (Top row) N ‘k‘o|l2> J® \
R IR P -
<1|K‘gb>=[ T L L } K Y
W =k,
) [ ki ki, \ \>
— ‘?'?'9'3'3" b
k,/] /m k@/
. . . . 7 ’//// k g |i3>
D32 Cx(i3) local-symmetry vibrational K-matrix kA \ 12 N = ki,
3

v
=
|

15t-row parameters g,=!1|K]|g,"=K 13 of the force matrix K ,: ‘i1>\

constants between masses and lab frame.

[¢

1!

r)

r?)

li)!

I

|13

K;/ 2 K;l 2 K;/ 2 K;/ 2 K;l 2 K;/ 2
"1IK [gy! ke | |#k 12 |#KI2] |k I2] [+k2] | #kK,
| +Ks +0 +0 +0 10 # K

+kol 2 +0 +0 +0 +0 +kol 2
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Local D, C,(i;) model

% |1 >ki y
k‘| 2/ 3
I \
|r1>’%0 N
k

D3O Co(iz) local-symmetry vibrational K-matrix eigensolutions
GenericK-matrix (Top row)

=

_ l . . .
<1|K‘gb> LT (R CU PR R P F g ki o /// i
W <, =k; >
N k 774 k = 3
[ 2 12 N\
— /m \ TS
k, ky”
/ W ] k- = |i3>
D3O Cx(i3) local-symmetry vibrational K-matrix Py \ 12 N = ki,
3
15t-row parameters g,=!1|K]|g,"=K 13 of the force matrix K ,: |'1>\1 \’//////, ky )
S AU VS
r 3

constants between masses and lab frame.

r?)

I

li5)

1oy 1! rt) lig!
K/ 2 K/ 2 K/ 2 K/ 2 K/ 2 K/ 2
1K ! — +ke | [#kS2] [#KkA2] k2] k2| | #K,
P = ks +0 +0 +0 +0 # ks
1Kol 2 +0 +0 +0 +0 +kol 2
D3DCy(i3) local-symmetry vibrational K-matrix eigenvalues/M=wn?
KA = [+ +n +i+i, +i, = k,+3k
K = ro+r+r i -, -, = 3k,
( A L . Lo
Ko Ko 1(2r0-r1-r1-|1-|2+2|3 J3C-1 +1 -0 +1) ) k, 0
\ K> KH ) 2\ 3=+ -0 +0,) 2r - - i+, - 2, ) 0 K+2k
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Scalar mode
1‘4 /

XX

Psuedo-scalar mode

Yy

Local D, C,(i;) model
i)k

J=
'
\/
\\ R
;W
Y
\
=
o
=
//
A
1

3 =
W\ =
\ Z =k,
R % k ‘:— 3 |1>
[ 2 2 N
— m IMQY’Y%!'
k,? Ky’
g N = |iy)
Uy, \ i ki12 = /.
kl 4 ‘ = &
i NN
ll> \ \\\\\ W// 7 ’ k -

1S /,
» - ﬂ r2 >kl3 "
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Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

O Co(iz) local-symmetry K-matrix eigensolutions
»-direct-connection K-matrix eigensolutions
DO Cs(r+) local symmetry K-matrix eigensolutions
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Ds-direct-connection K-matrix eigensolutions
GenericK-matrix (Top row)

(1\K\gb>:[ roororoi i, i3} rl|1

- \i,)| 1> cos15°=v[(1+cos 30°)/2]
\ = =(1/2)V(2+V3)=sin75°

N

sinl 5°=\[(1-cos 30°)/2]

D3-d|reCt-COnneCthﬂ Vlbl’atlona| K-matI'IX - r2| > =(1/2)\j(2-\/3)=COS750
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Ds-direct-connection K-matrix eigensolutions
GenericK-matrix (Top row)

<1|K‘gb>=|: h hohoL i3}

GenericK-matrix Dz projections

KA = [+E A+ H L+,
K = [+ 4+ i i i
( E1 El 1o I i .
K, K, 21, -1, -1, -1, -1, 421, \/5(-r1+r1 -1, +,)

1
\KEXI KE | 2 B(=r"+r-i,4,)  2r-r-r,"+ +,-2i,

,\\i7| 1> cosiso=v[(1+cos 30°)/2]

/“ =(1/2)V(2+Y3)=sin75°

N

sinl 5°=V[(1-cos 30°)/2]
A2 > =(123@3)=cos75°
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Ds-direct-connection K-matrix eigensolutions
GenericK-matrix (Top row)

i [1>  cos5o=V[(1+cos 30°)2]
\ = =(1/2)N(2+V3)=sin75°

<1|K‘gb>:'!' T PR P PR i3§ l‘l‘k

GenericK-matrix Ds projections
K™ = 1 +r1+r1 +i,+i, +i, P —
K = ry+r e, -ip-i,-i, ! %
( . C L
K K 1 211, -iy-i, 420, A 3(-r i +i,)
E E * . . * . . . 2
N K K7 2 \/\T’)(—rl +r-i+i,)  2ry-r-n itL-2i, l1 |1

sinl 5°=\[(1-cos 30°)/2]
Ds-direct-connection vibrationdk-matrix

_ r~| > =(1/2N(2-V3)=cos75°
|9b) 1) 'rt 'r? li1) liz2) i3)
ker (cos? 75° k1cos759 |kycos15°| |k1cos1d” k1 cos 75° k1 (cos® 75°
(11K |gp) = 1 cog? 15°) . cos 15° - cos 75° . cos 15° - cos 75H° — cog2 15°)
e _ M _k k@2 =V3) | k@+VE) |k
4 4 B 4 - 4 2
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\

KA 3k,
K 0
koK
Ka Kol | 4 4
Ko KE 3k, 3k
. 4 4 )
Sunday, March 29, 2015
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Ds-direct-connection K-matrix eigensolutions

GenericK-matrix (Top row)

(1K|g,) =
KAl

I<XX

K: K2
KE K&

Ds-direct-connection vibrationdK-matrix

r.0 rl r2 il i2 i3 g
GenericK-matrix Dz projections

I +r1+r1*+_|1'!"2_+|3
oL Pl P P

\/é('r1+r1 '|1+|2)
J3(= - H,) 2 -r-r H - 20,

1| 2r,-r-r, -i-i,+2i,

2

cos15°=V[(1+cos 30°)/2]
=(1/2)N(2+V3)=sin75°

sinl 5°=V[(1-cos 30°)/2]

_ r~| > =(1/2N(2-V3)=cos75°

90) ) r r2 ia) i2) ia)
ey (cos? 75° k1cos759 |kycos15°| |k1cos1d” k1 cos 75" 1 (cos2 75°
(1K |gp) = +cos?15°) | cos 15° - cos 75° - cos 15° . cos 75° — cos215°)
= k1 :ﬁ :@ :]‘31(2—\/3) :k1(2—|—\/§) :ﬁ
4 4 4 A 9

Ds-direct-connection vibrational K-matrix eigenvalues/M=wn?
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K =
K =
! KEI KEI $

H

&=Ly

v+ +r1 +i,+1,+i,
ry+1 1 -, -1 -,

21, -1, -1, -i,-i, +2i,

Ds-direct-connection vibrationdK-matrix

11

Ds-direct-connection K-matrix eigensolutions
GenericK-matrix (Top row)

AK|g)=| o n r i i i |

GenericK-matrix Ds projections

V3(-r4r - )
# K KD & 2% 30 i) 2nn-n -0 &

$
&

cos15°=V[(1+cos 30°)/2]
=(1/2)N(2+V3)=sin75°

S

sinl 5°=V[(1-cos 30°)/2]
_ r~| > =(1/2N(2-V3)=cos75°

9) B i i) i) i)
ey (cos? 75° k1cos759 |kycos15°| |k1cos1d” k1 cos 75° 1 (cos2 75°
(1K |gp) = +cos?15°) | cos 15° - cos 75° - cos 15° . cos 75° — cos215°)
— ky _ M _f k2= V3)| | kv |k
4 4 4 A 9

K™ = 3k,
K = 0
|
' 3k, 3k 9
! E E $ 1 1
K>+ K=™ # &
# XX X &:# 4 4 &
# K. K & # 3k 3k &
4 4 &

Ds-direct-connection vibrational K-matrix eigenvalues/M=wn?

E1 Eigenvectorsn terms of D Cy(i3) Ei1-vectors

K

El _ K El
g(+) gx
El — K El
g(-) gx

E, 3k| E
g \/_ 2] g+
E, RS — 0 k,
g [ N2 g(=)
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Mixed local symmetry D ; model
cosl 5= \f[(1+cos 30°)/2]
\ =(1/2)V(2+V3)=sin75°

1|§/ k; ’/\1150

5 sinl 5°=\[(1-cos 30°)/2]
r‘| > =(172)V(2-\3)=cos75°

Vector x-bend

El
KA = 3k, o
A, _

K: = 0

. [ 3k 3k
Ka Ka ]l 4 4
K, K& 3k 3k

. 4 4 mli’fiyl:,

Vector y-translation
E,
y(+)

Vector x-translation
E /
x(+)
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Mixed local symmetry D ; model

| >

cos!5°=V[(1+cos 30°)/2]

=(1/2)V(2+V3)=sin75°
/N 15°
k] ’// } [ 0)
/tf>’ g

v 75°

L | A |
SIS

(S

sinl 5°=\[(1-cos 30°)/2]
=(1/2)\(2-V3)=cos75°

Vector x-bend

o x(-)
K = 3k, |
K = 0
(3, 3, )
E E
Ko K21 | 4 4
K" K" 3k, 3k
.44
E: Eigenvalues: 3% 0 ‘ |
2 /) Vector x-translation Vector }"'Z‘””/"”"”
E1Eigenvectors., _ $ o1 S | . Y4
# 5 & # 5 &Mixed modes
# V2 & # V2 & > :
# 1 & # "1 & N terms Of |Oca| B Psuedo-scc;lcu' rotation
o & ¥ o & E1(low) andEx(high 3 "
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Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

O Co(iz) local-symmetry K-matrix eigensolutions
»-direct-connection K-matrix eigensolutions
DO Cs(r+h) local symmetry K-matrix eigensolutions‘
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s

D3DC3(r+?) local symmetry K-matrix eigensolutions |
OTr) local symmetry K-mairix elgensol DsoCa(r) [~
GenericK-matrix (Top row) local
... 1
<1‘K‘gb>:[ rooror i i |3} symmetry /”
> W

model . |
9b>=[ r, ir -ir 0 0 O} : \%&/ i)

D3O Cs(r*!) local symmetry vibrational K-matrixSet: r=r=-r, , and: i, =i,=i,=0

AKe,

Al — * . . . .
K, . tntn T+t = To
K = Ihtrn+tn-1 -1, - I, =
( )
El El * . . . * . . _o \/_§
K. K. L1 2 -n-n -ip-ip + 2, J3(-r +r -i +1i,) B " ir 3
E E |9 . Co, L, : - . V3
K! K J3(=r i +i) 2 -n-n i i, - 2, ! +irY, 1, )

X
i1=i2 =i3=O
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D3O C3(r+?) local symmetry K-matrix eigensolutions

DsOCa(r?) |1’ >W\J
local
<1‘K‘gb>:[ oo 11, i3} symmetry

model
(UK |g,)=| % i -r 0 0 0|

D3DCs(r*!) local symmetry vibrational K-matrixSet: r=r=!r, , ad: i,=i, =i, = O

A _ * . . . _
K = rhy+n+n +1+1, +1, = I
K = N S I S A M A =r,
( )
E E Lo : £ VK
K' K 1| 2 -7 -1 -0 -y + 2, \/5(—1’1 +7 - +1,) B ) s
E, E | Lo .. : - . 3
KB K 2 \/5(—1"1 +rn-h+h) 2 -n-n GG =20 ) \ +ir A )
i1:i2:i320

D3O C3(r#) local symmetry vibrational K-matrix eigenvalues/M=wn?

KN = r,

K = I
GG B AR T C R T L GO R
# Kxx Kx &:# 0 N &( # 0 2 &

E, E, 3 v V3
#KS KD & #air 08/‘0# 0 rorgo&A
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D3O C3(r+?) local symmetry K-matrix eigensolutions -

D3DCs(r*?) ’rlﬁ\u
o _ local )
<1‘K‘gb>:[ L, L rn 1 0, } symmetry v
model > J
i)
_| . i |
gb>—.. r, ir -ir 0 0 Og i \/&/

D3DCs(r*!) local symmetry vibrational K-matrixset: n=r=!r, , ad: ii=i,=i,=0

(K

G

K = o ¥+ i i, +ig =1y
K = AR R AR AR A A = 7,
£y E; . . . x . ( . 3 )
K. K, 1 2 -n-r i -0, +2i,  N3(-n +r -i i) h TS
K} K 20 3= +n-i i) 2n-r-r i i, - 20 ! +iré§ (O
iy=iy=iz=0
D3O Cs(r+) local symmetry vibrational K-matrix eigenvalues/M=wn?
o E1 Eigenvectorsn terms of B> Cy(i3) Ei1-vectors
xxl = rO
K = 1 |
( 0 ) \ K b kg T ﬁi:w[ h
2 )
Ko K" no—ir? a0 gD o || 2 |82 gD
= —
K K" +ir? 0 r—r ¥ E\_ YE\ |E 51 _. @ &
X . 2 0 ) 0 2 K =K i &—=="r"%
2(2), ax 2 &2 g(2),
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D3O C3(r+?) local symmetry K-matrix eigensolutions

D3> Ca(r+?)
local
symmetr
model

g(1),

E,
9(2);

Strong
C; coupling

limit

Scalar mode

Right circular-translation
=y
L(+)

~
\ ~-——

N =" Left circular-translation

. E,

R(+)
Psuedo- rotation
4,

Yy
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* Applied symmetry reduction and splitting
Subduced irep*(D3) | C2 =d%2@pd4.. correlation
Subduced irep*(D?3%) | Cz =d%®dbd.. correlation
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Applied symmetry reduction and splitting: Subduced egD3) | C; =d>@d>@.. correlation

Sunday, March 29, 2015
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Applied symmetry reduction and splitting: Subduced DefD?3) | C; =d>@dd.. correlation
D,! C, P relabel/split D relabel/reduce # relabel/split

A P'=P"P"=P;  $ D"%C,!d> $ #"& #"
P =P P =P $ DwC,'d" $# &#

E, P =P"P" +P"P: $ D" %C, ! $ #& #"
=P, +P d”' d " #

Sunday, March 29, 2015
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Applied symmetry reduction and splitting: Subduced DefD?3) | C; =d>@dd.. correlation

D,o>C, P”relabd/split D?relabd/reduce w“relabd/split D,oC, |0,
A P=P"P*=P ~ =D"C,~-d* =o0"->o0* A 1
P =P "P"=P =D"lC,~d S0 > S|
E, P"=P"P* +P"P> =D".|C,~ S>0" - o” E, 1 1
=P, +P° d” @d N
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Applied symmetry reduction and splitting: Subduced DefD?3) | C; =d>@dd.. correlation

D,>C, P%relabel/split D relabel/reduce ®“ relabel/split D,!' C,|0,
A, P'=P"P"=P), =D"lC,~d” =o0"->0" A, "
P'=P"P"'=P =D1C,~d" =o0"->o S|
E, P =P"P* +P"P> =D"1C,~ =0" - o” E, 1 1
=Py, +P° d”> ®d N

Applied symmetry reduction and splitting: Subduced efD?3) | Cs =d%@db@.. correlation
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Applied symmetry reduction and splitting: Subduced DefD?3) | C; =d>@dd.. correlation

D,>C, P’relabd/split D”relabd/reduce  ” relabd/split D,>C, |0,

A P'=P"P"=P}  =D"IC,~d" =0"->0" A 1
P =P"P'=P =D"lC,~d S0 >0

E, P"=P“P" +P"P: =D"IlC,~ = 0" - 0" E, 1
=P, +P d” @d N

Applied symmetry reduction and splitting: Subduced efD?3) | Cs =d%@db@.. correlation
D, > C, P%relabel/split D% relabel/reduce ®“ relabel/ split

A P'=P"P =P = D'l C,~d" =w'"->o”
P=P'P"=P, =D"IlC,~d" =0 ->o”"

E, P =P"P" +P"P* =D"1C,~ PN CIRINPANE
=P +P) Y N o>
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Applied symmetry reduction and splitting: Subduced DefD?3) | C; =d>@dd.. correlation

D,! C, P relabel/split D relabel/reduce # relabel/split D,! C, |0,
A Pi=P“P2=P  $ D"%C,! d*> $ #"& #" A 1
P'=P'P"=P"  $ D'%C,! d° $ #"& # "
E, P"=P“P% +P"P% $ D" %C, ! $ #1& #” E, 1 1
=P, +P" d”' d "

Applied symmetry reduction and splitting: Subduced efD?3) | Cs =d%@db@.. correlation

D,! C, P relabel/split D’ relabel/reduce #  relabel/split
D.oC,| 0, 1, 2,
A, PY=p"P"=P" $ D"%C,! 4" $ #"& #"
3V3 Al 1
P'=P'P"=P), $ D'%C,!d" $# &#" .
E PA=P P" +P P $ D %C, | $ #8& #"
1 3 El . l 1
=Py, * P, d=' d= "
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Applied symmetry reduction and splitting
Subduced irep*(D3) | C2 =d%2@pd4.. correlation
Subduced irep*(D?3%) | Cz =d%®dbd.. correlation

* Spontaneous symmetry breaking and clustering: Frobenius Reciprocity , band structure
Induced repl®(C2)1D3 =D*@DA®.. correlation

Induced repd®(Cs3) D3 =D*@DP®.. correlation
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Applied symmetry reduction and splitting: Subduced DefD?3) | C; =d>@dd.. correlation

D,! C, P relabel/split D relabel/reduce # relabel/split

A PL=P“P%=R%  $ D"WC,~d> $ #"& #"
P'=P"P"=P $ D'UC,~d” $ #" & #

E P“=P"P% +P"P2 $§ D" %C, ~ $ #08& #°
=P, +P" d™' d N #

Spontaneous symmetry breaking

and clustering: Induced reg(C2) D3 =D*®D°®.. correlation

D,oC, |0,
A 1 D" (D,)! C,! d”
1| D"(D)! C,'d

E, 1 1| D"(D)! C,'d"" d
d*(C,)TD,
| D@ D"

d*(C,)! D,

~D n DEl

Applied symmetry reduction and splitting: Subduced efD?3) | Cs =d%@db@.. correlation

D, > C, P%relabel/split D% relabel/reduce ®“ relabel/ split

A P'=P'"P"=R"  =D"lC,! d"
P'=P'P"=P, =D"lC,!d"

E, P“=P"P"+P"P> =D"]C,!
=P + P, d"®d*

Spontaneous symmetry breaking

and clustering: Induced reg(C3) D3 =D*pD .. correlation

0" > o”
S0 >0
0" > "

1 w23

D,oC;|0;, 1, 2,

A |1
1
El

1

1

d"(C,) D,
~DA1 n D

d"(C,)TD,
~DH

D"(D,))! C,~d"
D" (D,)! C,~d"
D"(D,)! C,~d"" d*

d>(C,)TD,
~D5
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Frobenius Reciprocity Theorem

Number of D® in d*(K) 1 G = Number of d* in DY(G) | K
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Frobenius Reciprocity Theorem

Number of D® in d*(K) 1 G = Number of d* in DY(G) | K

..and regular representation

D;oC,|0,=1,
A 1
1
E, 2
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Frobenius Reciprocity Theorem

Number of D% in d*(K) 1+ G = Number of d* in D*(G) | K

..and regular representation

D,oC | 0 =1
A 1
1
E 2

D,! C, |0,
A |1
E |1
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| structure

&ZDg XC, characters and ireps

* D symmetry and Hexagonal Bands
Cross product of the {f&and D; characters gives
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D¢ symmetry and Hexagonal Bands

Dg 1s the outer product x) productD; xC, of D3 and C,. (Requires C, to commute with all of D3.)
Ds =D3xC; = {1, 1, r% iy, Ip, i3 }x{1, R;}

x product and Dgoperators. Define hexagonal generatds of subgroup Cs={1, h, h%, h® h* h>}
D =D3xCy = {1, 1, r% iy, ip, i3, 1.R,, 1R, r*RZ iRy, iR, i3Ry}
Ds =D3xC, ={1,h% h% iy, ip, i3, h° h° h, ji, j» js }

Note: h*=r and h®>=R, and h*=r?and h>=r.R,

h2 h(60j)

3

I3
NOTE:
Thei, andj, donotflip over the potential plot.

. = . = i3 i2

Electrostatic potentiaf(¢) doesn't care which way is "up." Wells remain wells, and barriers remain barriers uiiizopdirations.
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Cross product of the {&and D; characters gives all Pp=D3; xC, characters.

(Recall C, XC, =D, characters
made of two C, groups)

1 1
1 1
2 -1

Dyxcs | 1 Are?h {iniis}| 1R, {nr?bR, {iniyig)R,
A-(4) [ 11 11 1-1 1-1 1-1 1-1
C: |1 R, A-(4) [ 111 11 141 1-1 1-1 -1-1
A1 1| E-(4)|21 -1 0-1 2-1 11 0-1
(B)| 1 -1 4-(B) |11 11 1-1 1-(<1)  1-(=]) 1-(-1)
4,-(B) | 11 111 11 | 1= 1= 1-(-1)
E(B) |21 -1 0-1 |2:(=1) -1-(=1) 0-(=1)
py" |1 {n2n} {iniyig | h® {nb8} {inisis)
4111 1 1 1 1
4, |1 1 1 |1 -1
’Q(De): E, |2 4 o |2 | 0
11 1 1 M 1
B, |1 1 1 |1k 1
E |2 0 |# |1 0
Unit translation
or
60° hex rotationh
determines OddvsEve
A VSB, Y-rotation
(+1) vs (-1) or
) ) 180° flip j3
OAlways-the-samesBack-and-forthO  determines
X1 VS X2
(+1) vs (-1)
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D3 xCs Ireps.

Cross product of the £and D; ireps gives all @

h 13=j3

3¢ _ o .
h i,=j, h i,=j,

h3r2=h!

hr=h’

L

r2=h4

r:

| oS
o — i
— | — O 1 4|_. 0
—. I — Ik
& o o oI B ) 3B P IR
Sl —ia| e e
RS E 1_2_%72
—. T
SI533% ¢ - GIIE
o —ie Dl e
— 4|_. — —
Tl —latgfal =
— | —
SINETe  wSIENR|E
- —_
Do 7o G —e] @
c
TS RN EE
—.
e BN R ki AP
- — f 1 1
1__2@_2 I_Z_JQ_J*Z
_ #$# ow% it - #$#9W/o##
- - o= il
— O - o
_. 1 TS
& 0B & o3~
e — o
— 4 — 1
—_— O — O
— _. 1
& o3 o3 & IR & o3 o o3 B
B 6_2 — | N _ 6_2 — | N
— 1 — 1
Tl Tl
—. 33 3 3 T e
& o3 o3 & BE & o3 o3 53 BB
Sl min| i
Tl e
R g
& o3 o3 5 R 6 o3 o3 53 IR
6;2 Tl 6;2 T
— — — —
1__2_J2_;2 1__2@7
— IR —. 3T T
& o3 o3 & BE & o3 o3 53 B
— — — —
4_2ﬁ_2 1_26_2
_ #$#ow%## _ ##ow%##
7y
—_— — S — — S
— O —_— O
— 1 .
] I I I ] I
58 3 |83 o
< ~ ~ - O N/
< & 0 o U
lalilla) a) allla) la)

s =
t u —
8 5+
SEIRS
> X
.mS
S 9
c <
© .S
52 5
<3
R
e
o
-
\O

A, vsB,

(+1) vs (-1)

determine

X7 VS X

(+1) vs (-1)

yd

N

OAlways-the-sames Back-and-forthO

OddvsEven

60
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D3 xCs Ireps.

Cross product of the £and D; ireps gives all @

h 13=j3

3¢ _ o .
h i,=j, h i,=),

h’r=h’

h4

r2

r:

| : ol
() — — — < =
— ! — 4|_. =
— th — =

& o o 3 b O oF o oF BA

e e — ey
<o 7o Eihlall
eSS e — e e
PR & 330

- ##mwwo## — HHH R

& o @ BN
—_ — S — — — S

— 3= — I
] I I I ] I
5% ©° |23 o
NN ~ ~ O N/
< w3 Ny T
a Qo @] O Ao (@]

Unit translation

Y-rotation

or
60° hex rotationh

or

180°

determines

flip ja

determine

A, VS B,

(+1) vs (-1)

X7 VS Xo

(+1) vs (-1)

Dy oCy(h) | 05 1, 2, 3, 4, 5

L

D, ©C,(j5) | 0,

61
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D¢ Band structure |

and related
induced
representations

D; 2C,(j3) | 0, | L
4, 1

4, 1

E, 1)1

1
B, 1

E, 1)1

IIIII&:&JIII&H‘IFIII

I'nL‘_I T

|‘.F'|III

LTD, ~ A,®F,®FE,®
Odd Band or Cluger

0,TD; ~ A@E®E,®B,
Even Band or Cluder
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