Group Theory in Quantum Mechanics
Lecture 16-DR

(Review of Lectures 15-17 with more detailed and rigorous derivations)

Projector algebra and Hamiltonian local-symmetry eigensolution

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 5 Ch. 15 )
(PSDS - Ch. 4)

Review: Spectral resolution of D3 Center (Class algebra) and its subgroup splitting

Review: General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj
P!y transforms right-and-left
P -expansion in g-operators
Dti(g) orthogonality relations Details omitted from Lecture 15-17
Class projector character formulae

P"in terms of wg and v in terms of P"

Review: Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis

Review: Hamiltonian and D3 group matrices in global and local |PW)-basis
Hamiltonian local-symmetry eigensolution
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* Review: Spectral resolution of D3 Center (Class algebra) and its subgroup splitting ‘
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Review:Spectral resolution of D3 Center (Class algebra)

1ie’ rli i, i (D Alg@bra

r 1 r2 i3 il i2 K‘lzl Kr:r-l—l'z Ki:il+i2+i3
r’ir 1, i, i K K K K. (o Z=l D C A
LK) K : | A =0 D Center

Another
Maximal Set

of Commutin
i, L, 1 r o K, | K, 2K, + K, 2K, DA (All-comsnuting Operators
i fi i.irr 1 r K, | K, 2K, 3k, + 3K, T OQeretors) r E
2 1 3 PE7/ P
i, i, i ir — S 11
. S e e e 22
Class-sum wi commutes with all g r B
Class-sum K, invariance: gK, =K, 8 12
°G = order of group: (°D,=06) |32I1E
°k, =orderof classk,:  (°x, =1, °k, =2, °k, =3)
gl
S J

See Lect. 14 p. 2-23
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Review:Spectral resolution of D3 Center (Class algebra)

1ie’ rli i, i (D Alg@bra

r 1 r2 i3 il i2 K‘lzl Kr:r-l—l'z Ki:il+i2+i3
r’ir 1, i, i K K K K. (o Z=l D C A
LK) K : | A =0 D Center

Another
Maximal Set

of Commutin
i i, i, 1 r r K, | K, 2k, +K, 2K, D (All-cornenutirig Operators
i, i, i, r* 1 r K, | K, 2K, 3K, + 3Kk, o operators) r PE
. _PEI 11
i, i1, 1, ir s pE
. r 22
Class-sum wi commutes with all g =
Class-sum K, invariance: gK, =K, 8 12
°G = order of group: (°D,=06) |32I1E
°k, =orderof classk,:  (°x, =1, °k, =2, °k, =3)
y .
K, = 1-P1+ 1 + 1-P'=1 (Class completeness) ']
- J

See Lect. 14 p. 2-23
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Review:Spectral resolution of D3 Center (Class algebra)

(D, Al gebra

Class-sum K, invariance: gK, =K, 8 PE
°G = order of group: (°D,=06) |32I1E
°k, =orderof classk,:  (°x, =1, °k, =2, °k, =3) _
K, = 1P+ 1 + 1-PP= (Class completeness) ']

A
k. =2-P1+2:-P 7~ I-P" L ,
K, =3P1-3p" 4 0P’

Class-sum wix commutes with all g

2 o L3 L3
ro 1 i 0 k,=1ik =r+r’ K, =i +i, +i,
2 .
rir 1ii, i, 1 . -
2 3 12 s K, K, K, K, _PA1

i (i, L,il1l r r K, | K, 2K, +K, 2K, Py
/I \z

12 il 13 1‘2 1 r Kl Kz 2Kl 3K'l + 3Kr - l[;E
1

| D; Center

(All-corrirnutinig
Operators)

Another
Maximal Set
of Commutin

Operators

r PE
11

2 E
r P22

See Lect. 14 p. 2-23
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Review:Spectral resolution of D3 Center (Class algebra)

1ie’ rli i, i (D Alg@bra

r 1 r2 i3 il i2 K‘lzl Kr:r-l—l'z Ki:il+i2+i3
2 0 . . ( ] e — \
r I' 1 12 13 11 % Kl K] Kr Ki _PA1 ‘I\‘J_' J D3 Center

Another
Maximal Set

of Commutin
i i, i, 1 r r K, | K, 2k, +K, 2K, D (All-cornenutirig Operators
i, i, i, r* 1 r K| K 2K, 3K, + 3K, O operators) " pe
. _T)Eﬂ 11
i, i, 1T
r2 PE
) 22
Class-sum wi commutes with all g =
Class-sum K, invariance: gK, =K, 8 12
°G = order of group: (°D,=06) P2I1E
°k, =orderof classk,:  (°x, =1, °k, =2, °k, =3)
y :
K, =1-P I+ 1 + 1-PP= (Class completeness) ']
4 E
K. =2-P1+2- - 1-P
r \ j

K, =3P1-3p" 4 0P’

CIACZSS projectors:

Pl =(x, +%, +%,)6=1+r+r" +i +i, +i;)/6
= (K, +X, —K)6=(1+r+r"—i —i,—i,)/6

P" =(2x,—-x, +0)3=(21-r-r)/3

See Lect. 14 p. 2-23
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Review:Spectral resolution of D3 Center (Class algebra)

(D, Al gebra

2 o L3 L3
ro 1 i 0 k,=1ik =r+r’ K, =i +i, +i,
2
rir 1:i, i; I K | K K, K;
. 2 %
i (i, L,il1l r r K, | K, 2K, tK, 2K,
i,irr 1 r K. | K 2K, 3Kk, + 3K,

°G = order of group:

°k, = order of classx:

K, =1-P 1+ 1
K =2-P 142

K, =3P -3
Class projectors:

Class-sum wix commutes with all g
Class-sum K, invariance:

(°D; =6)

_ 1-P£

+ 0-PF

gth — Kkgt

°x,=1,°k =2, °k, =3)

+ 1'PE=1 (Class completeness)

P =(k, +K, +K,)/6=1+r+r>+i, +i, +i,)/6

= (K, +X, —K)6=(1+r+r"—i —i,—i,)/6

P" =(2x,—-x, +0)3=(21-r-r)/3

Class characters:

X\ XX X
a=A |1 1 1
o = _
oa=F 2 =1 0

See Lect. 14 p. 2-23
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Review: Spectral resolution of D3 Center (Class algebra) an; z!s‘subgmup splitting k
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Review:Spectral resolution of D3 Center (Class algebra) and its subgroup splitting

D

Algebra

Another

°G = order of group:
°k, = order of classx:
K, =1-P 1+ 1

Class-sum wix commutes with all g

Class-sum K, invariance: g.X,=X,8,

(°D;=06)
Cxk, =1 °x, =2,

Kk =2-P142.p" - 1.pF
K, =3P1-3p" 4 0P’
Class projectors:

PAl—(K1+K +K,)/6= (1+r+r +i,+i, +i3)/6 > p4,—=p4,

=(K1+Kr—Ki)/6=(l+r+r —i,—i, —1,)/6

P =K, -k, +0)3=(21-r-1")/3

Class characters:

X\ XX X
a=A |1 1 1
o = _
oa=F 2 =1 0

ri 1 r’ii, i i _ Coai o _
3 il K,=1ik =r+r" | kK, =i, +1, +1, - . Maximal Set
2 .
rir 1:i, 1, 1 . - -~ —
b L) K| K K, K DA i = I D 3 Center ofOCOmmutm
i i, Lbil r r’ K, | K, 2K, +K 2K, U (All-cornenuting )perators
r\z )
i, (i, 1, 1 r K, K, 2k 3k, + 3K, r_ 00Erztors) r PE
' E1 11

°K, =3)
+ 1'PE=1 (Class completeness)

2 PE
r Pzz

Subgroup C>={1,i3} relabels
irreducible class projectors:

0202

See Lect. 14 p. 36-54
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Review:Spectral resolution of D3 Center (Class algebra) and its subgroup splitting

1ie’ rli i, i (D Algebra

ril i i i k,=1 k. =r+r’ Kk, =i +i,+i,
r’ir 1, i, i K| K K K, (- K= N
2 3 1 1 1 r i _PA1 = J D3 Center

Another

Maximal Set
of Commutin

%
i i, Lbil r r’ K. | K, 2K, +K, 2K, DA, (Allcornemnutine Operators
i, i i,ir 1 r K | K 2K, 3K, + 3k, - OPErEtors) r PE
.l DEq >
i, i, i, ir .
r’ PE
. 22
Class-sum wix commutes with all g
Class-sum K, invariance: gK, =K, 8
°G = order of group: (°D,=06)
°k, =orderof classk,:  (°x, =1, °k, =2, °k, =3) _
y
K, =1-P L+ 1 + 1-PE=1 (Class completeness) ]
y E
_y.pho.ph_ 1.
K, =2-P 142 1P L
A [d
K, =3P1-3P "+ 0-P~ Subgroup C>={1,13} relabels
CIACZSS projectors: irreducible class projectors:
Pl=(x,+x +x,)6= (1+r+r’ +i +i, +13)/6 > pa,—p4,

0202
=(K1+Kr—Ki)/6=(l+r+r —i,—i, —1,)/6

B B ..and splits reducible projector PX=P 4P~
=%, -x, +0)3=Cl-r-r)3 P/ =P'p” =P l(1+i,)=;21-r -1’ —ilz—zi2 +2i,)

Class characters: +PL =P =P 1+ i) =21 -1 — 1 +i, +i, - 2i,)
Xo | X% X X 11 —r)
a=A |1 1 1
o = _
a=F | 2 -1 0

See Lect. 14 p. 36-54
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Review:Spectral resolution of D3 Center (Class algebra) and its subgroup splitting

D

Algebra

Another

r 1 r L, I 1 K =1 x = r+r’ K, =1, +1, +1, Maximal Set
r’ir 100, i, i LKA K K, K, 4 DA -'}:/='J D3 Centel"\ of Commutin
i i1 r K ” 2. L1 2. T - (All-commuting Operators
1 L r . 1 TK, i DAz Allcormmuting
i, i, i,ir’ 1 r K | K, 2K, 3K, + 3K, o Operators) r PE
.. PE1 >
i, (i, i ir > pE
. r 22
Class-sum wix commutes with all g PE
Class-sum K, invariance: gK, =K, 8 12
°G = order of group: (°D, = 6) P2|15
°k, =orderof classk,:  (°x, =1, °k, =2, °k, =3) _
A
K, =1-P L+ 1 + 1-PE=1 (Class completeness) ]
E PE
A E P
—2.p“l . — 1 Xy o yx
K, =2-P1+2 1-P S y
A [d
K, =3P 1 ~3-P2+ 0-PF Subgroup C>={1,i3} relabels Subgroup C3={1,r',r’}
CIACZSS projectors. ) irreducible class projectors: does similarly:
Pl=(x+x +x)6=A+r+r" +i +i, +i;)/6 > p4,—p4, PA4=P4
0202 0303
_ B _ 2 .. . B
=(K,+¥x, -k )6=A+r+r"—i, —i, —i;)/6 =P

P" =(2x,—-x, +0)3=(21-r-r)/3

Class characters:

X\ XX X
a=A |1 1 1
o= —
oa=F 2 =1 0

..and splits reducible projector PX=P 4P~
> P =P =P l+i) =211 —r' —i,—i, +2i,)

+PL=P'p =P L1 i) =l21 -1 = +i, +i, —2i,)

=:21-r'-1")

See Lect. 14 p. 36-54
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Review:Spectral resolution of D3 Center (Class algebra) and its subgroup splitting

1ie’ rli i, i (D Algebra
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Class-sum wix commutes with all g

Class-sum K, invariance: gK, =K, 8
°G = order of group: (°D,=06)
°k, =orderof classk,:  (°x, =1, °k, =2, °k, =3) _
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K, =1-P L+ 1 + 1-PE=1 (Class completeness) ]
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A E P
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K, =2-P 142 1P L ,
4 :

K, =3P1-3P "+ 0-P~ Subgroup C>={1,i3} relabels Subgroup C3={1,r! ,r’}
CIACISS projectors: irreducible class projectors: does similarly:
Pl=(x,+x +x,)6= (1+r+r +i,+i, +i3)/6 > p4,—=p4, PA=PA4,

0202 0303
=(K1+Kr—Ki)/6=(l+r+r —i,—i, —1,)/6 =P
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a=A 1 1 1 i ) ...and splits P*=P:+P>1

o= - P/ =P'p" =P l(l4e 't 4er’) =i+ e Tver’)  differently
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* General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj;
Pty transforms right-and-left
Pk -expansion in g-operators
Dti(g) orthogonality relations
Class projector character formulae

P"in terms of wg and v in terms of P"
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Weyl expansion of g in irep D! j(g)PHk

“o-equals-1-g-1-trick”

[rreducible idempotent completeness 1= PIl+P "+ P)fcl +P completely expands group by g=1-g-1

g=1gl=3 3 TDY (g)Ph =D ()P +D ()P + D ()P + D ()P,
L m n

For z.rre.duczbl class i potents N DEl(g)PEl N DEl(g)P
sub-indices xx or ,"are optional * *

£y

£

(" Previous notation: )

P=P4

202

PE=PE

0202 ~xx

S%ZZPE)‘CI PE 1 :PE 1

E—PE
2" Px]

J
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Weyl expansion of g in irep D! j(g)PHk

“o-equals-1-g-1-trick”

[rreducible idempotent completeness 1= PIl+P "+ P)fcl +P completely expands group by g=1-g-1

A y E E E
gzl-g-1=2 2 ZDZn(g)Pn‘Latn:Dxxl(g)P '+D (g)P +Dxx1(g)Pxx1+Dx1(g)Px
u m n
For z.rre.duczbl class i potents N DE;}(g)Pil N DEl(g)P
where: sub-indices xx or ;" are optional
A A A A E E_~E E
Pxxl'g.Pxxl :Dxxl(g)Pxxl ’ P .g.P =D (g)P ? Pxxl'g.Pxxl :Dxxl(g)Pxxl ’
For split idempotents

sub-indices «; or  are essential

£y

£

(" Previous notation: )

P=P4

202

PE=PE

0202 ~xx

1‘)%2:]‘)% PE]:PEJ

E—PE
2" Px]

J

PEl.g.PEl ZDEl(g)P

£
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Weyl expansion of g in irep D! (g)PHk “gequals-1g 1-rick”

[rreducible idempotent completeness 1= PIl+P "+ P)fcl +P completely expands group by g=1-g-1
(" Previous notation: )

g=1gl=3 3 3D (g)PL =D.\(g)P" +D *(g)P " +D.)(g)P. + D ()P |pi—pi
U m n

X. X 202

Fo; z.m;duczbl class i tpote;zts N DE;}(g)Pil N DEl(g)PEl
where: sub-indices xx or " are optional 1)020,2:1;? %:le;’
A A _ A A E E|_nE E P=P> PLi=P
Pxng.Pxxl :Dxxl(g)Pxxl’ P .g.P =D (g)P ? Pxxl'g.Pxxl :Dxxl(g)Pxxl’ - ’ _/
For split idempotents Ey

L s pE1=pti
sub-indices x or ,, are essential PP =D (g)P

. . . A E E
Besides four idempotent projectors P LP P 1 and P!
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Weyl expansion of g in irep D! (g)PHk “gequals-1g 1-rick”

Irreducible idempotent completeness 1= P TPy Pxx1 +P completely expands group by g=1-g-1

e=lgl=3 3 S0k, (¢) B, = DI(c)P" 4D (g)p "+ DL(e)pl + Dl(e)Pl [ i g i e
u m n 2 X

0202

PE=PE PE=PE;

For z.rre.duczbl class i potents N DE;}(g)Pil N DEl(g)PEl
where: sub-indices xx or 7 are optional
A A ~A A E E,_~E E E E
Pxxl'g'Pxxl :Dxxl(g)Pxxl , P gP =D (g)P ’ Pxxl'gP '=D l(g)Pxxl ’ P 3 P =D, 1<g)Px :
For split idempotents Ei{ YoE @ o E, E,
sub-indices xx or ,, are essentzal . ’ P 8 P D x(g )Px i P lg-P =D (g )P
Besides four idempotent projectors PP P!, and P
there arise two nilpotent projectors Pil , and Pfl
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Weyl expansion of g in irep D! (g)PHk “gequals-1g 1-rick”

Irreducible idempotent completeness 1= P TPy Pxx1 +P completely expands group by g=1-g-1

e=lgl=3 3 S0k, (¢) B, = DI(c)P" 4D (g)p "+ DL(e)pl + Dl(e)Pl [ i g i e
u m n 2 X

0202

PE=PE PE=PE;

For z.rre.duczbl class i potents N DE;}(g)Pil N DEl(g)PEl
where: sub-indices xx or ;" are optional
A A A A E E,_~E E E E
P lgP 1=D(g)P]l, P “gP =D ’(g)P~, Pxxl-g-P =D \(g)Pl, P! gP =D (g )P,

For split idempotents
sub-indices xx or , are essentzal

. . E
Besides four idempotent projectors PP P 1 and P!

there arise two nilpotent projectors Pil ;and P

Idempotent projector orthogonality...@i P=5,P, =P, PD

Generalizes...
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Weyl expansion of g in irep D! (g)PHk “gequals-1g 1-rick”

[rreducible idempotent completeness 1= PIl+P "+ P)fcl +P completely expands group by g=1-g-1

X. X PEI:PE] ]gZEIZPxEI

0202 ~xx

PE=PE PE=PE;

g = 1g1= Y D ZD"IZ’? (g) Pn‘Latn — D;:il(g)PAl +D (g)P +D£C1(g)P€1 +Dfl(g)PE1 Previous notation:
U m n

For z.rre.duczbl class i potents N DE;}(g)Pil L phi (g)PEl
where: sub-indices xx or 7 are optional
Ay A~ A A Ey  oE_nE E E\  oE_E E
Pxxl.g.Pxxl :Dxxl(g)Pxxlﬂ | 'g'P =D (g)P ? Pxxl'gOPxxl :Dxxl(g)Pxxl’ Pxng'P 1:Dx l(g)PX :

For split idempotents
sub-indices xx or , are essential

. ) . A E E
Besides four idempotent projectors P LP P land P!

’ PEl.g.PjCl: x(g)EPxﬂg PEl.g.PEIZDEl(g)PEl

Idempotent projector orthogonality...@i P=5,P, =P, PD

Generalizes to idempotent/nilpotent orthogonality
known as Simple Matrix Algebra: LpV _ SUV U
ijPmn =0 5ka .
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Weyl expansion of g in irep D! (g)PHk “gequals-1g 1-rick”

[rreducible idempotent completeness 1= PIl+P "+ P)fcl +P" completely expands group by g=1-g-1

4 4 E E E E Previous notation:
g=1gl=% 3 3D (¢) P}, =D./(¢)P" +D (g)P " +D.[(g)P,! + D }(e)P.! | prpr prpe
u m n 202 “xx 2 X
. . . PEIZZPE);] PE]:PE]
For z.rre.duczbl class i potents N DE;}(g)Pil N DEl(g)PEl 0
where: sub-indices xx or 7 are optional
A A A A B E E, ~E E E E, ~E E
Pxxl.g.Pxxl _Dxxl(g)Pxxl ? P .g.P =D (g)P ? Pxxl'g.Pxxl _Dxxl(g)Pxxl ? Pxng'P 1_Dx l(g)Px :

For split idempotents
sub-indices xx or , are essential

. ) . A E E
Besides four idempotent projectors P LP P land P!

SRR SRRTETERELCCTIRIREPERY : to Simplepl”OjeCtOV matrix Cllgebl"a

E

, PEl-g-P)fCl -D xl(g)EP : , PEl.g.PEl :DEl(g)PEl

Group product table boils down

i / ' £y £y
there arise two nilpotent projectors Px ; and P_ pi | p L ph ph L ph phi
Pl ph
Idempotent projector orthogonality...@i P,=5;P,=P, PD . -
Generalizes to idempotent/nilpotent orthogonality Pl . . PO ph
known as Simple Matrix Algebra: UpV _ SUV U B .
ijPmn =0 5kajn Pl P! pl
P P ph
P’ P’ pl
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Weyl expansion of g in irep D! (g)PHk “gequals-1g 1-rick”

[rreducible idempotent completeness 1= PIl+P "+ P)fcl +P" completely expands group by g=1-g-1

Previous notation:
_ _ U U _ A 4 E E E E
8= l-g-l— % % %Dmn (g) Pmn o Dxxl(g)P +D (g)P T Dxxl(g)Pxxl * Dx l(g)Px : ]?0552:P)C§] ]nglszl
E,—PE, PE—_PE
Forirreduciblelass i otents E E E g WPy B=PY
e P +D [(g)Pl+ DY (g)P!
where: sub-indices xx or ;" are optional
A A ~A A B E E,_~E E E E,_~E E
Pxxl.g.Pxxl _Dxxl(g)Pxxl’ P .g.P =D (g)P ? Pxxl'g.Pxxl _Dxxl(g)Pxxl’ Pxng'P 1_Dx l(g)Px :
For split idempotents E E El v E. - E E E E
L. P =D 1 o yP" : L. Pil=phi 1
sub-indices xx or ,, are esiential . » P Eg P x(g)Px, P gP =D | (g)P
Besides four idempotent projectors P LP “,P_l and P! - Group product table boils down
. . . SRR S " to simple projector matrix algebra
there arise two nilpotent projectors Px, and P_ pd | ph L pE ph | ph ph
I
Idempotent projector orthogonality...@ P = 51_], P, =P, PD Pxx xx -
Generalizes to idempotent/nilpotent orthogonality POl . . ph Pl
known as Simple Matrix Algebra: (Pﬁc P;;/m _ SHV 5kml)@ pfi pi pfi
Pl P’ pl
Coefficients D¥ ( g)] are irreducible representations (ireps) of g pi pi phi
g= 1 r r i i, i ' ' ' ' X

) 1 1 1 1
Dl(g)= ! 1 | 1 = !

) 5 -1
oo | () ? | ()

| —

N — NI&I

N'&I )
Nl&l l\)||>—l

NI —
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General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj;
Pty transforms right-and-left ‘
Pk -expansion in g-operators
Dti(g) orthogonality relations
Class projector character formulae

P"in terms of wg and v in terms of P"
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

f# g# , , u .
Use P7” -orth lit
an‘jn=[2 ) zDg,n,(g)P;;,n,Jpgn {Se mn ™ Onm‘malﬂ

weom'on pPL pH — gHHS , PH

mn mn nm mn
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

2 , , U u ‘
se P” -orthonormalit
an‘L’lLI’l = zj 2, Z‘Dl‘l;qt’n’(g) Pn‘LqL’n’ Pn'l;n ) mn , 4
poomon S ) PH, PH =SHHS , PH
: m'n’" mn nm m'n
o pH , : , :
=y ¥ Y DX ,(g)ggu us-  ph
v m’'n nm-m'n--

g=|2
"

HH

S 3D () Pty

’
m n
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

M u :
uo_ w W m Use P” -orthonormality
ngn_ 2; z; Z‘Dm'n'(g)]‘)m'n’ Pmn , mn ,
m n k .': P‘u/ /P'u :5‘u‘u5 ’ P‘u/
mn mn nm mn
g.u gli , :
=Y X XD (g)6* s, PL
’ ’ ’ mn nm mn
g/i
_ [ u
=Y D! (g)P,

g=|2
"

HH

S 3D () Pty

’
m n
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

M u :
uo_ w W m Use P” -orthonormality
ngn_ 2; z; Z‘Dm'n'(g)]‘)m'n’ Pmn , mn ,
m n k .': P‘u/ /P'u :5‘u‘u5 ’ P‘u/
mn mn nm mn
g.u gli , :
=Y X XD (g)6* s, PL
’ ’ ’ mn nm mn
g/i
_ [ u
=Y D! (g)P,

u >:%\l>
mn

norm.

Left-action transforms irep-ket g

b= & Dl (1) )
mn " mm mn

Y

g=|2
"

HH

S 3D () Pty

’
m n
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

ot u :
uo_ w W m Use P” -orthonormality
ngn_ 2; z; Z‘Dm'n'(g)]‘)m'n’ Pmn , mn ,
m n k .': P‘u/ /P'u :5‘u‘u5 ’ P‘u/
mn mn nm mn
g.u gli , :
=Y X XD (g)6* s, PL
’ ’ ’ mn nm mn
g/i
_ [ u
=Y D! (g)P,

u >:%\l>
mn

norm.

Left-action transforms irep-ket g

oM
gm>: %Dg’m (g) ‘lnla'n>
A simple irep expression...
u uo\_ pu
<m’n 5 mn>_ Dm'm (g)

Y

g=|2
"

HH

S 3D () Pty

’
m n
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

Rt , , U u .
se P” -orthonormalit
men S ) P PH =6HH5 , PH
] mn mn nm mn
S T

£ Hu u
- zj Dm’m (g) Pm’n
m
Left-action transforms irep-ket g
w \_5% pu u
mn>: nz;‘,Dm’m (g) m’n>

A simple irep expression...
<'11111'n 8 in>: Diial’m(g)

...requires proper normalization. <£‘m

u >:%\l>
mn

norm.

Y

u >: <1|P#m P£n|1>
mn norm. norm*.

i,

— 5H'H5m,m < 1>

2
| norm. |

—SHHES S,

mm nn
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M, ‘oht-and- . ,
Pt transforms right-and-left o5 5 Sor (o)
u mn

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

2 , , u .
uo_ I I m Use P” -orthonormality
gPl =3 % gDm,n,( g)PH . |PH mn
e PH PpH —§gHUS  PH
mn mn nm mn
T
=3 5 5DV (g)5H4s,, P
< = = m'n g nW'm m'n
u m n

oM
- Zj Dllnl'm (g) P;;al'n
m

u >:%\l>
mn

norm.

Left-action transforms irep-ket g

oM
gm>: %Dg’m (g) ‘lnla'n>
A simple irep expression...
u uo\_ pu
<m’n 5 mn>_ Dm'm (g)

...requires proper normalization. <£‘m

Y

u >: <1|P#m P£n|1>
mn norm. norm*.

(1[Py,

1)

2
| norm. |

_ S
=0""0 .,

—SHHES S,

mm nn

norm.|*= <1 P 1>
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Pty transforms right-and-left o=l g“ g“ DX () PH
- m'n

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

ot , U : e /
Use P, -orthonormalit
gPH = z > zD“,,( )P P Y P o=PH z D Z,D“ (g) P4,
PH pH —§HH5  pH
mn mn nm mn
s Mt
— _ w W
=% 3 xD,(2)8""5,,Ph, =2 3 3D, (g) 8445, Pl
u m n uwoom’
" u S ph -
:z; Dm’m(g) Pm’n :§,‘ Dnn’(g) Pmn’
m
Ponl1)

Left-action transforms irep-ket g|",

mn>:Wm_
oM
)= Z D (2) )
A simple irep expression...

(4 le] )= Dl (2)

...requires proper normalization. <;‘m

Y

u >: <1|P#m Pnﬁatn|1>
mn

norm. norm¥*.

u1>

— 5H'H6m,m <1‘ Pn n

2
| norm. |

—SHHES S,

mm nn

norm.|*= <1 P 1>
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Ptk transforms right-and-left oo ,

g=|X X D, (g)Ph,
u m n
Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..
o , "o - o :
Pl =3 3 S D,lqﬁ'n'(g) pY, [ph Use P/’ -orthonormality PLo=P! |5 ¥ Dn’lin( g) P
et PH PL = KIS, PH et
mn mn nm mn
f'u ﬂﬂu , , . - - g,u K,U , ,
=2 X X Dﬁ’n’ (g ) 6" M6n'mPn‘L1L’n ( Projector C?njugafw” ) =2 2 2 D#’l’l’l, (g ) 6" #5n m’Pnljn’
oo ()l =) Wt
/- u y u T 1 e M M
= Zj Dm’m (g) Pm'n \_ (Pmn = an ) - 2,’ Dni’l' (g) Pmi’l'
m n

Left-action transforms irep-ket g

oM
gm>: %Dg’m (g) ‘lnla'n>
A simple irep expression...
u uo\_ pu
<m’n 5 mn>_ Dm'm (g)

...requires proper normalization. <£‘m

u >:%\l>
mn

norm.

. : : U
Right-action transforms irep-bra <mn

8 = *

norm

Y

u >: <1|P#m P£n|1>
mn norm. norm*.

i,

— 5H'H5m,m < 1>

2
| norm. |

—SHHES S,

mm nn

norm.|*= <1 P 1>
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Ptk transforms right-and-left o

g=|X X D, (g)Ph,
u m n
Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..
o , "o - o :
Pl =3 3 S D#{n,(g) pY, [ph Use P/’ -orthonormality PLo=P! |5 ¥ Dn’lin( g) P
et PH PL = KIS, PH et
mn mn nm mn
f'u ﬂﬂu , , . - - g,u K,U , ,
=2 X X Dﬁ’n’ (g ) 6" M6n'mPn‘L1L’n ( Projector C?njugafw” ) =2 2 2 D#’l’l’l, (g ) 6" .U5n m’Pnljn’
oo ()l =) Wt
/- u y u T 1 e M M
= Zj Dm’m (g) Pm'n \_ (Pmn = an ) - 2,’ Dnn' (g) Pmi’l'
m n

Left-action transforms irep-ket g

oM
gm>: %Dg’m (g)‘ ‘lnla’n>
A simple irep expression...
u uo\_ pu
<m’n 5 mn>_ Dm'm (g)

...requires proper normalization. <;‘m

u >:%\l>
mn

norm.

. : : U
Right-action transforms irep-bra <mn

T _
<‘:1Lm g = <‘1L1L¢’n

8 = s

norm

H .
g Z,Diﬁ’m (gT)
m

u >: <1|P#m Pnﬁatn|1>
mn norm. norm*.

i,

_ 5H'H5m,m < 1>

2
| norm. |

—SHHES S,

mm nn

norm.|*= <1 P 1>
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Ptk transforms right-and-left oo ,

g=|X X D, (g)Ph,
u m n
Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..
o , "o - o :
Pl =3 3 S D,lqﬁ'n'(g) pY, [ph Use P/’ -orthonormality PLo=P! |5 ¥ Dn’lin( g) P
et PH PL = KIS, PH et
mn mn nm mn
f'u ﬂﬂu , , . - - g,u K,U , ,
=2 X X Dﬁ’n’ (g ) 6" M6n'mPn‘L1L’n ( Projector C?njugafw” ) =2 2 2 D#’l’l’l, (g ) 6" #5n m’Pnljn’
oo ()l =) Wt
/- u y u T 1 e M M
= Zj Dm’m (g) Pm'n \_ (Pmn = an ) - 2,’ Dni’l' (g) Pmi’l'
m n

Left-action transforms irep-ket g|", >=%‘1> Right-action transforms irep-bra ( * r _{(1Phe
P mn/  nporm. g P mn| S _norm*
g [T P £ u T
g gm>: Z,Dg'm(g) ‘lnla'n> <mn 8 :<m’n %Dm,m(g )
m
A simple irep expression... A less-simple irep expression...

Y

e
mn

...requires proper normalization. <£‘m

in>: Diial’m(g) <%n

u >: <1|P#m P£n|1>
mn norm. norm*.

fle \_ pH T
8 ‘m’n>_Dm’m(g)

1Py,

— 5H'H5m,m < 1>

2
| norm. |

—SHHES S,

mm nn

norm. = <1 P 1>
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Ptk transforms right-and-left oo ,

g=|X X D, (g)Ph,
u m n
Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..
o , "o - o :
Pl =3 3 S D,lqﬁ'n'(g) pY, [ph Use P/’ -orthonormality PLo=P! |5 ¥ Dn’lin( g) P
et PH PL = KIS, PH et
mn mn nm mn
f'u ﬂﬂu , , . - - g,u K,U , ,
=2 X X Dﬁ’n’ (g ) 6" M6n'mPn‘L1L’n ( Projector C?njugafw” ) =2 2 2 D#’l’l’l, (g ) 6" #5n m’Pnljn’
oo ()l =) Wt
/- u y u T 1 e M M
= Zj Dm’m (g) Pm'n \_ (Pmn = an ) - 2,’ Dni’l' (g) Pmi’l'
m n

Left-action transforms irep-ket g|", >=%‘1> Right-action transforms irep-bra ( * r _{(1Phe
P mn/  nporm. g P mn| S _norm*
g bt —(u £ u T
g gm>: Z,Dg'm(g) ‘lnla'n> <mn 8 :<m’n %Dm,m(g )
m
A simple irep expression... A less-simple irep expression...
Holgle \= pH olgtle A\ pit (of
<m'n 8 mn>_ Dm’m(g) <mn 8 ‘mn>_ Dm’m(g )
, 1|P¥ , P 1 :
...requires proper normalization: <£‘m §n>=< Pl Poul1) :D;ﬁm'(g )
norm. norm*. i D is unit
’ l LS uniia
—SKHs <1‘P#n|1> N
o m’'m 2
| norm. |
_ SHH
=6""6 6 .

norm. = <1 P 1>
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General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj;
Pty transforms right-and-left

* Pl -expansion in g-operators ‘

Dti(g) orthogonality relations
Class projector character formulae

P"in terms of wg and v in terms of P"

Sunday, March 29, 2015
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g=

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

’

)
7

HH , ’
Z; Z:‘ D réat’n' (g ) Pn‘lj’n’
m n
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:

°G
f'P;l;szn =2 p#m(g) f-g
g

Y
v

oy
>
ml

u
)
nl

DH .

mn

(g ) Pn‘lj',n'
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g=

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 p#m(g) f-g= %p#m(f_lh) h , where: h="f-g, or: g =f'h,
g

Y
v

oy
>
ml

u
)
nl

DH .

mn

(g ) Pn‘lj"n’
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. . | o ,
Pt -expansion in 8-operators Need inverse of Weyl form: g=|3 % 3Dk (g)Ph,

u

°G

Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘;n(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

Regular representation of D ,~C, —
RG] = RO (1) = RG(r2)= RG(i]): RG(i2)= RG(i3>= 1\r r 17 D @

. A TN TSR € S I [ U (PO P
R T e e P N e £ T 6] r2r1i2®i1
11111@ i]@igll‘l'Z
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] . . e :
Ptk -expansion in g-operators Need inverse of Weyl form:  g= 22 % Dy (2) B

mn

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:

; °G':
Trace R(f-P,f;,;) = %pfm (f_lh raceR (h)

Regular representation of D ,~C, ,
RG(1) = RO(r) = RG() = RG(i]): RG(iZ): RG(13)= 1r” rli i2 (3

RS W AU U SEPEREE Y A I (Y ri1 iy i i
R T e e P N e £ T 6] r2r1i2®i1

1111111@ i]@igll‘l'Z
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Pl -expansion in g-operators Need inverse of Weyl form: g
°G

Derive coefficients p,ﬁfm( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁtm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:

; °G:
Trace R(f-Pn‘j];) = %p}‘fm (f_lh)TmceR (h) = p}ﬁfm (f_ll)TmceR (1)

Regular representation of D ,~C,

RG(1) = RO(r) = RG (1) = RO )= RO ) = RO ) -
1. Co 1. A U A A W2 O
1. 1. . | 1. | (D).
1. C] . 1 .. s o1 A T B R G D
1. . 1. . 11 . . 1 @@
A | | T I VR T 1 . . @
1 1 . o o1 o1 @

Y
v

i
> X
m  n

DH .

mn

(g ) Pn‘lf"n’

iy i (i3

iy iy 1

i, (iy iy

iz
i

1 rr
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°G
Derive coefficients p,ﬁfm( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁtm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:

Regular representation of D ,~C,
RO(D) = RO () =

%0

RO(r) = RG (i]): RY(1 2) - RO (i 3) =
1 - . o N o1 N1 NSNS NS
1 1 T e B I T B | ()
R T I I I S (RS (N S S B AR

1 ’ 1 Co1 1 (1)

1 1 1 .. 1 1

1 1 C1 1 1 ).

] . . e :
Ptk -expansion in g-operators Need inverse of Weyl form:  g= 22 % Dy (2) B

mn

iy i (i3

iy i; I
i, (iy iy

i]@iz
ip iy (i3

1 rr
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. . | o ,
Pt -expansion in g-operators Need inverse of Weyl form: g=| X % XDk, (g)Ph,

’

u
°G

Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g
Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

°G
Trace R(f-Pn‘;n): %pfm (f_lh mceR(h):pfm (f_ll)TmceR (l)zp#m (f_l)OG

Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

4, i A, i E pb E o Eop- E PE
] g = DyeP +Q/y(g)P + Do@Pxx * Q(y(g)ny * Dy Pyx t D @Fyy

Q{X(g) 1'42 ’ II e e T PO
: Qy DE . 1 e

: xxny' o 0 0 T N I R ol N S I R ES S P U R I - IO PR IS I DN I IR I

) Dnyyy E . _Q(X N I +ny R S +Q{X A P +Q(y A N +l%'X N +Q'y ol 1

. D ny A N I A o 1 e ] A

...... : 1
DYXD}’Y !
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. . | o ,
Pt -expansion in g-operators Need inverse of Weyl form: g=| X % XDk, (g)Ph,

’

u
°G

Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g
Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

°G
Trace R(f-Pn‘;n): %pfm (f_lh mceR(h):pfm (f_ll)TmceR (l)zp,/;fm (f_l)OG

Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

4, A, 4, A, £ E PE

] g = DyeP +0 P + D@ Pxx + D @Pxy + D@ Pyx + 0@ Pyy
Q{X(g) 1'42 II S S O N (O

’ Qy DE . v

XX ny B A / A2 S . E |- 1 E 1 ) E E
Dnyyy 7 _Q‘X +Q’Y : +Q{X . +Q§y . +Q’x 1 +l%ry |
. DXX DXY ...... . . 1 1
...... . 1
DyxDyy !
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g=

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:

g

’

=

°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

' Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

Solving forp#m(g) : Ep“ (f) =—Trace R

1

©)

(f‘1 P )
mn

E
E
*n Py + O @Pyx
+Q(y . .. +l%'X o - +l%’y .
) |1
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g=

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:

g

’

=

°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

' Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

Solving forp#m(g) : Ep“ (f) =—Trace R

1

©)

(f‘1 P )
mn

E
E E
+ D @Pxy + D@ Pyx
E |- 1. . E A I
g2 A
. 1 . R
) 1
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g=

’

=

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g
Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

' Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

M
.M
S ™M

-

SR
3\
.y
%
3

_ Fomne ety 1 B : . _ T _ :
Solving forp,’;‘m(g): pffm (f)=%Tmce R(f 1-P]ﬁn): Use left-action: f l-P,f;n: Z,D#Q,m(f I)Pn‘;,n
TGN ml
(w)
_ 1 Hogd u
=55 3 Dk, (7| Trace R(PY, |
A A E E E E
g = feP ' 0P’ cBePx thePy  c0ePyx 0Py
Dy®- - - i L o PR N O DA Y O PR
R I e I e I e I T I O
. 'DXXny' ‘_A]""" AZ...... E]+E 1+E+E
i Dnyyy E . _QX R I .+l%/y N .+Q(X R N Qy R S l%'X T Q’Y. T
_ Dxxny A N N A | T R I
DVXDVV ...... .. 1 1
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g=

g
M
. M

-

Sy
s\
—
oQ
~—
%
=\

’

=

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

' Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

, T 1 B : . _ T _ :
Solving forp,’;‘m(g) : pffm (f) = %Tmce R(f : -P}ﬁn ): Use left-action: f l-P,f;n = an D#Q,m(f 1) |
1 g(ﬂ) |
== Dk, (7| Trace R(PY, | Use: Trace RPH y=5 (¥
m
A A E E E E
| g = feP ' P’ cdePx tdePy  cQwPyx 0Py
Du®, - - il L S OO D N OO PR
) [P N P PP PO P Y A
: 'Dfxny' A B B B L EL
) Dnyyy E . _Q(X N I +Q'y R S +L§(X A P +Q(y A N +l%'X N +Q'y ol 1
-Dxxny A A N Co . 1 T A
Dnyyy ...... . 1 1
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. . | o ,
PVji -expansion in g-operators  Need inverse of Weyl form:  g=| % % IDli.(g) By,

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

' Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

Solving for P;l;lm(g) : p"fm(f) - %Tmce R(f_l P ) Use left-action: f~ P = iZj D#Q,m(f_l) PH
] 4
= e ’% D#i ' (f )T race R(Pn/'f,n) Use: Trace R(P! =0 ()
f(‘u)

_L pu (f‘l)
OG nm

Sunday, March 29, 2015 49



. . | o ,
PVji -expansion in g-operators  Need inverse of Weyl form:  g=| % % IDli.(g) By,

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

' Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

Solving for P;l;lm(g) : p"fm(f) - %Tmce R(f_l P ) Use left-action: f~ P = iZj D#Q,m(f_l) PH
] 4
= e ’% D#i ' (f )T race R(Pn/'f,n) Use: Trace R(P! =0 ()
f(‘u)

_L pu (f‘l)
OG nm

u Z(“) °G u .
Pmn:oGanm(g )g
g
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. . | o ,
PVji -expansion in g-operators  Need inverse of Weyl form:  g=| % % IDli.(g) By,

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

iRegular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pnffm or 0 for off-diagonal P,f;n

Trace R(P! )=5mn€(“ )

CI ; o 5
Solving for p,ﬁﬁn(g) : p#m (f) = %Tmce R(f_1 -Pn‘;n ): Use left-action: f_l-P,fq‘n =X D#Q,m(f_l) |
1 Z(M)
= o ’% Dn‘i,m (f _1) Trace R(Pn‘f,n) Use: Trace R(P! )=5mn€(“)

Z(“) u . 8(“) * . u
= Dnm(f ) :OG Dmn(f) for unitary D,

u f(“) °G u . u Z(“) °G ‘u* . u
P" = > D (g )g P = e §Dmn (g)g for unitary D,
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General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj;
Pty transforms right-and-left
Pk -expansion in g-operators

Dti(g) orthogonality relations ‘
Class projector character formulae

P"in terms of wg and v in terms of P"
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D#i-orthogonality relations

e ,
g=X X XD, (g)P~, isa valid expansion of any combination of g including P.
u m n
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D#i-orthogonality relations

e ,
g=X X XD, (g)P~, isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

Ht , ,

n_ W (pk ) pu

PL=3 5 3D (P |PY,
w m n
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D#i-orthogonality relations

e ,
g=X X XD, (g)P~, isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

R , , , ]
Pnﬁtn: Ej 2; 2; D;ﬁ’n’ (P;':qln) P,‘qut’n' = D#a’n’ (Pn'lfn) =615, &, Useful identity for later
m  n

mm nn
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D#i-orthogonality relations

e ,
g=X X XD, (g)P~, isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

e : , ,
PL=3 5 SDY (PLIPY, = (DY (PL)=6"5,,8,,  Useidenisy for laer
m n
3 . . u f(u) °G u 1
Then put in g-expansion of P, = B % D ( g ) g
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D#i-orthogonality relations

e ,
g=X X XD, (g)P~, isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

oo , , ,
Ph=X I XD}, (pa, )R, = (D, (P )=6"45,,8,,  Usefu identity for later j
m n
. . f(.u) °G _1 E(‘u) °G %
Then put in g-expansion of P? = o > DY ( g ) g PH = e > D ( g) o
g g

(for unitary D" )
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D#i-orthogonality relations

oo ,
g=X X XD, (g)P~, isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

ot , , ,
Ph=X I XD}, (pa, )R, = (D, (P )=6"45,,8,,  Usefu identity for later j
) . ‘u f(.u) OG ‘LL 1 E(‘u) oG *
Then put in g-expansion of P’."n = ) % D ( g ) g Pn‘jn: By % Dzn ( g) g
‘u/ ,U ‘u/‘u ‘L[, ?(‘u) OG Dluc _1 < f . D‘LL
Dy (Pmn) =0""%0,, 0., =D, ve % Dy ( g )g ( or unitary 0J), )
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D#i-orthogonality relations

oo ,
g=X X XD, (g)P~, isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

LA , , ,
Ph=X I XD}, (pa, )R, = (D, (P )=6"45,,8,,  Usefu identity for later j
_ . u ((u) °G i 1 E(u) e *
Then put in g-expansion of P, = ) > D ( g ) g Pn‘jn: ye > Dzn ( g) g
| L < 5
o (pu W wo [ 8 (- for unitary D*
Dm’n' (Pmn) =0 6m’m6n'n = Dm'n' o % Dnm (g ) d ort Ly nm
W A no~Hpi
6 6m'm5n'n = % % Dnm (g )Dm/n/( g)
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D#i-orthogonality relations

HH

g=x 2 2 DY (2) PX . isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

ot ’ , , /
Ph=X I XD}, (pa, )R, = (D, (P )=6"45,,8,,  Usefu identity for later j
m n
Th i ion of P¥ £ s pi (o7 w8
en put in g-expansion of P’ = e E e ( g ) Y PH = e % D* ( g) o
I u 5“'“5 5 W ?(u) °G D: 1 - - N
D, (PL,)= , 8, =DV Dk, (¢7!) .
m'n’ \ " mn m'm-~n'n m'n'| oc; § nm \ & 5 (fOI' unitary D}/;lm )
W A uo L\t Wi A n w
\ Famous D" orthogonality relation )
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D#i-orthogonality relations

HH

g=x 2 2 DY (2) PX . isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

’gu K‘LL ’ ’ ’ ’
no_ W (ph ) pi Wo(pr Yo s
PL=3 5 SDY (PLIPY, = (DY (BL)=6""5,,5,

Useful identity for later

)

mno oS S m mm- n'n
u m n
Th i onof P4 =L 5 pr (o w P e
en put in g-expansion of P, = e E - ( g ) g PH = e % D* ( g) o
u u 6“,“6 5 W ?(u) °G D; 1 - - N
DY (BE,)=6"48,,8,, =Dl | — S D8, (a7)e .
W A uo L\t Wi A n w
M gH \ Famous D" orthogonality ifelation )
Put g’-expansion of P into P-expansion of g=¥3 ¥ D! ( g) P (Begin search for
— AL ~ wmn much less famous
u AR i ,— , D" completeness
Pmn ~ % G z:‘ Dnm (g )g relation)
_ —E U
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D#i-orthogonality relations

oo ,
g=X X XD, (g)P~, isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

LA , ; ,
Ph=X I XD}, (pa, )R, = (D, (P )=6"45,,8,,  Usefu identity for later j
m n
Th i onof P =L p (ol w Mo
en put in g-expansion ot P = % D ( g ) g PH = e > D¥ ( g) o
| = < 5
, , , g(u) °G B
DY (BE,)=6"48,,8,, =Dl | — S D8, (a7)e 4 N
o . U
W A uo L\t Wi A n w
oH o \_ Famous D" orthogonality ifelation y
Put g’-expansion of P into P-expansion of g=3%> > Dzn ( g) P}ﬁn (Begin search for
— AL ~ wmn ~— much less famous
pH — AR OGDH ,— , PH pH P °G | DV completeness
mn °G z:‘ nm(g )g g:ZZZDﬁn(g) . ZD#m(g’_ )g’ relation)
— \gf /) umn G g’
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D#ir-orthogonality relations
oo ,
g=X X XD, (g)P~, isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:
gk

Ph=X I ID}, (pa, )R, = (D, (P )=6"45,,8,,  Usefu identity for later )
m n
Th i onof Pt =L pr (! w S e
en put in g-expansion o n = e E . (g )g PH = e % D* (g) o
¢ e Vegs s o (208 b (1), - \
DY (BE,)=6"48,,8,, =Dl | — S D8, (a7)e .
W A uo L\t Wi A n w
M gH \ Famous D" orthogonality relation )
Put g’-expansion of P into P-expansion of g=¥3 ¥ D! ( g) P (Begin search for
— A —~ umn ~— much less famous
u ARNE U 1\ , PH gt P oG DY completeness
Pmn ~ % z:‘l)nm (g )g g:ZZZDzn(g) . ZD#m(g'_l)g’ relation)
- ~ T . pom C
......................... g T
g= 22—
o 1 G omon
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D#i-orthogonality relations

oo ,
g=X X XD, (g)P~, isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

e i ’ , , ,
Ph=X I ID}, (pa, )R, = (D, (P )=6"45,,8,,  Usefu identity for later ]
m n
Th ' onof PL =05 pr (4 w8
en put in g-expansion of P! = o E . (g )g PH = e % D* (g) o
w u wu w ?(“) < D/JC 1 -
DY (BE,)=6"48,,8,, =Dl | — S D8, (a7)e r . A
mn mn mm-nn mn G o nm (fOI' umtary Dnm )
W A uo L\t Wi A n w
ol o \ Famous D" orthogonality relation )
Put g’-expansion of P into P-expansion of g=¥3 ¥ D! ( g) P (Begin search for
— AL —~ umn ~o— much less famous
u P °G u 1\ DV completeness
Pmn ~ 5 z:‘ Dnm (g ) g relation)
- —E U
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D#i-orthogonality relations

oo ,
g=X X XD, (g)P~, isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

e i ’ , , ,
Ph=X I ID}, (pa, )R, = (D, (P )=6"45,,8,,  Usefu identity for later ]
m n
Th ' onof PL =05 pr (4 w8
en put in g-expansion of P! = o E . (g )g PH = e % D* (g) o
w u wu w ?(“) < D/JC 1 -
DY (BE,)=6"48,,8,, =Dl | — S D8, (a7)e r . A
mn mn mm-nn mn G o nm (fOI' umtary Dnm )
W A uo L\t Wi A n w
ol o \ Famous D" orthogonality relation )
Put g’-expansion of P into P-expansion of g=¥3 ¥ D! ( g) P (Begin search for
— AL —~ umn ~o— much less famous
u P °G u 1\ DV completeness
Pmn ~ 5 z:‘ Dnm (g ) g relation)
- —E U
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D#i-orthogonality relations

MM

g=x 2 2 DY (2) PX . s a valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

P~ izu iﬁDﬂﬁﬁn,(Pnﬁn)Pnﬁfn, = | DL (P)=6"45,,,8,,  Usefu identity for later )
. . ((u) °G 1 E(u) e *
Then put in g-expansion of Eé‘i: G E D}fm ( g ) g Pn‘fn: y= % Dzn ( g) g
DY ;Jf =M, 6,0, = D [W s D (o
m’n'( mn) m'm-n'n m'n’ °G - nm (g )g (fOI' unitary D;’;lm )

g(u) °G

58,18, = 3 DL, (<7Dt ((2)

mm- n'n

Put g’-expansion of P into P-expansion of g=¥3 ¥ D!

umn

—~

—

u K(“) °G u 1
Pmn ~ % z:‘ Dnm (g )g
- —E U

g(u) °G

518 1,8, = 3 DIt ()DL, 2)
g

mm-n'n_ °G

Famous D" orthogonality relation

\
(¢) P,

,—1) , A

(Begin search for
much less famous
DV completeness

relation)

D' |gg'™ )g' (" Interesting character )

sum-rule
-1
,—1
x" (gg )=5§f

g = | 23
u °G

\_
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D#i-orthogonality relations

oo ,
g=X X XD, (g)P~, isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

e i ’ , , ,
Ph=X I ID}, (pa, )R, = (D, (P )=6"45,,8,,  Usefu identity for later ]
m n
Th ' onof PL =05 pr (4 w8
en put in g-expansion of P! = o E . (g )g PH = e % D* (g) o
w u wu w ?(“) < D/JC 1 -
DY (BE,)=6"48,,8,, =Dl | — S D8, (a7)e r . A
mn mn mm-nn mn G o nm (fOI' umtary Dnm )
W A uo L\t Wi A n w
ol o \ Famous D" orthogonality relation )
Put g’-expansion of P into P-expansion of g=¥3 ¥ D! ( g) P (Begin search for
— —~ umn ~o— much less famous
u P °G u 1\ DV completeness
Pmn ~ 5 z:‘ Dnm (g ) g relation)
- —E U

.................................................................................................................................................. D) | XX
U=A, h= 1 1
‘L[ = = —
u==Fr, =2 -1 0

°G g(u) oM B
g= 2 - e 2 D,ﬁm (gg' )g' g Interesting character A
& H " " ” sum-rule
°G € u L , g u . —1
g= 22— )(”(gg l)g = | X7 )(”(gg 1):55
o u G u G )
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D#i-orthogonality relations

HH

g=x 2 2 DY (2) PX . isa valid expansion of any combination of g including P.
u m n

Simply substitute P for g:

H R

Pn‘Linz PN D;iat:n’ (Pn‘L;n) Pn‘lf:n, = Dilqla:n’ (Pn‘lin) = 5‘u,'u6m’m6n’n Useful identity for later ]
h . .n . - pu P G u _1 y P °G H*
en put in g-expansion o P’."n =G E D (g ) g P = e % D (g) g
I u 6“,“6 5 W ?(u) °G D; 1 - - N
DY (BE,)=6"48,,8,, =Dl | — S D8, (a7)e .
mn mn mm- nn mn G o nm (fOI' umtary Dnm )
W A uo L\t Wi A n w
ol o \ Famous D" orthogonality relation )
P /_ ' fPi P- ' f o= DH PX (Begin search for
ut g’'-expansion of P ito P-expansion ot g=¥>%> D, (g])P,
— AL —~ umn ~o— much less famous
AR D" completeness
) relation)
)| m e X
u=A | =1 1 1
1= _ _
~N OG g('u) E‘LL H= El €E1:2 —1 0
Character sum-rule becomes g=2 X— C > ,ﬁm (gg . ) g’ g Interesting character A
Diophantine relation if g'=g™ & H m sum-rule
(f(,u))z °G g(.u) u 1 , f(‘u) u 1 g_l
Y=l g= 227X (gg )g = | 20X (gg )=5g»
\ U ) g Hu \.U )
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General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj;
Pty transforms right-and-left
Pk -expansion in g-operators
Dti(g) orthogonality relations
Class projector character formulae‘ And review of all-commuting class sums

P"in terms of wg and v in terms of P"
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Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation nechgh of g repeats its class-sum kg an integer number °ng ="5/o, of times.

o

°G
> hgh™'="°n K, » Where: °n, = = order of g-self-symmetry group {n such that ngn™'=g}

(©)
= K
h=1 g

°G
Suppose all-commuting operator C=% C,g commutes with all h in group G so hC=Ch or hCh-=C.
o=]
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Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation nechgh of g repeats its class-sum kg an integer number °ng ="5/o, of times.

o

= order of g-self -symmetry group {n such that ngn_1=g}

°G

—1_ o . O —
>, hgh = nx, where: n, =3
h=1 K,

°G
Suppose all-commuting operator C=% C,g commutes with all h in group G so hC=Ch or hCh-’=C.
o=]

Then C must be the following linear combination of class-sums K.

ofc ! ofh@h‘1 < C 1 of@ (Trivial tion )
— = < = — rivid assump Lon
c =1 *© 575G "G h=
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Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation nechgh of g repeats its class-sum kg an integer number °ng ="5/o, of times.

o

= order of g-self -symmetry group {n such that ngn_1=g}

°G

—1_ o . O —
>, hgh = nx, where: n, =3
h=1 K,

°G
Suppose all-commuting operator C=% C,g commutes with all h in group & so hC=Ch or hCh-’=C.
o=1

Then C must be the following linear combination of class-sums K.

°G 1 © —1 . . 1 & - :
C= gél ng = oG héth h < C = %IEIC (Trivial assumption )
1 °¢ (-G .
= e hélh[gél ngjh
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Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation nechgh of g repeats its class-sum kg an integer number °ng ="5/o, of times.

o

°G
)y hgh_1= °n Ky where: °ng = —— = order of g-self -symmetry group {m such that ngn_1=g}
K

h=1 g

°G
Suppose all-commuting operator C=% C,g commutes with all h in group & so hC=Ch or hCh-’=C.
o=1

Then C must be the following linear combination of class-sums K.

C = L > C (Trivial assumption )

gc lofhh‘1
= O_ g
o=1 % °C n=1
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Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation nechgh of g repeats its class-sum kg an integer number °ng ="5/o, of times.

oG o
—1_ o . O —
hél hgh = nx, where: n, = ™

= order of g-self -symmetry group {n such that ngn_1=g}

g

°G
Suppose all-commuting operator C=% C,g commutes with all h in group & so hC=Ch or hCh-’=C.
o=1

Then C must be the following linear combination of class-sums K.

C = OZ C o= OZ hC h_1 < C = %hle (Trivial assumption )

OG 1 OG _1
- ¥ C,— Y hgh
o=1 © °C p=l

(@)

°G n,
=>C K
om] goG &
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Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation nechgh of g repeats its class-sum kg an integer number °ng ="5/o, of times.

G _ °G _
2. hgh = oy Ky where: °ng = —— = order of g-self -symmetry group {m such that ngn 1=g}
h=1 K

g

°G
Suppose all-commuting operator C=% C,g commutes with all h in group & so hC=Ch or hCh-’=C.
o=1

Then C must be the following linear combination of class-sums K.

ofc 1 ofh@h‘1 . C 1 of@ (Trivial tion )
— — = = rivid assump on
1 th ofc h™!
= N g
Gh=t \g=1 ©
OG 1 OG _1
=Y C,— Y hgh
o=1 % °C n=l
°G °n
=Y C —=x
oo £°G 8

Precise combination of class-sums K.

°G °G Kg
C= 2Ceg=2C,3
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Class projector and character formulae

Review of all-commuting class sums (Recall Lagrange coset relations in Lect.14 p.14)

Total-G-transformation nechgh of g repeats its class-sum kg an integer number °ng ="5/o, of times.

o

°G

—1_ o . O —
>, hgh = nx, where: n, =3
h=1 K,

= order of g-self -symmetry group {n such that ngn_1=g}

°G
Suppose all-commuting operator C=% C,g commutes with all h in group & so hC=Ch or hCh-’=C.
o=1

Then C must be the following linear combination of class-sums K.

OGC 1 OGhCh_l ) C 1 Of@ (Trivial tion )
_ _ < = rivial assumption
= g§1 SIYE él b=l
Lsnl scgln
= 8
“Ghp=t \g=1 °
3¢ 5 hgn!
— o— g
o=1 © °C p=l
oG on
=Y C —£x
ool £°G 8
Precise combination of class-sums K. (Simple Ds example )
°G G K C=8r/+8r’
- gél <& gél £ oK, =8(r'4r )/ 248(r'+r)/2
=8(kr)/2+8(kr)/2
:8|Qr
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General formulae for spectral decomposition (D3 examples)
Weyl g-expansion in irep DV j(g) and projectors PFj;
Pty transforms right-and-left
Pk -expansion in g-operators
Dti(g) orthogonality relations
Class projector character formulae

* P"in terms of wg and v in terms of P" ‘
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LL.
P¥in terms of kg

kg in terms of PV
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P"in terms of kg .
/
(Wt irep characters " (g) given by trace definition: X" (g) = Trace D" (g) =X D,ﬁm(g)

m=1

kg in terms of PV
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P"in terms of kg
/
(Wt irep characters " (g) given by trace definition: X" (g) = Trace D" (g) =X D,ﬁm(g)

m=1
. ( . . \
(W all-commuting class projector given by sum P"=P + P +...+ PZ‘ p of| irep projectors vs. g
f(u) °G *
T u
Pmn_ °; 2 Dmn (g) 5
g
. A
for unitary D
* -1
| Dh(g)= (<) )
\_ Y,

kg in terms of PV
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u.
P¥in terms of kg

/
(Wt irep characters " (g) given by trace definition: X" (g) = Trace D" (g) =Y D! (g)

(W™ all-commuting class projector given by sum P*=P}{ + P, +...+ PZ‘ p
o pHec R Mo,
P'= 3 P, =<=3 3 D(e)e=--3 1" ()
m=1 g m=1 g

of

m=1
2 ] )
irep projectors vS. g
U f(u) °G ,LL*
)
for unitary D,
i 1
| Dh(g)= (<) )
- J

kg in terms of PV
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u.
P¥in terms of kg

/
(Wt irep characters " (g) given by trace definition: X" (g) = Trace D" (g) =Y D! (g)

(W all-commuting class projector given by sum P"=P + P +...+ Pg‘; p of
o g G
P'=2 P, =<2 5 Dy (e)e="-%2"(g)e
m=1 g m=I g

[P“: ) Wx“*“gj’ where: = 1" (¢) = 1" (neh”')

classes Kg °G &

m=1

-

~N

irep projectors vS. g

\

f(u) °G *

P= g 2 D(e)e

. )
for unitary D

Dk, (2)=Dk, (')
9

kg in terms of PV
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P"in terms of kg
/
(Wt irep characters " (g) given by trace definition: X" (g) = Trace D" (g) =X D,ﬁm(g)

m=1
. ( . o \
(W all-commuting class projector given by sum P"=P + P +...+ P; p of| irep projectors vs. g
f(u) °G *
Pr==—2Dp,(2)e
. M y B oG ! u*() oM oG u*() G g
Pr=xP,,=—22D,[2g)e=-22 (g)¢g \
m=1 "G gt M G g for unitary D
o Mo H(hoh™! i Hofol
pt= X —x, K , where: y" =y (g)z)( (hgh ) Dmn(g)anm g
classesKg G788 8 s \\ /)

Find all-commuting class kg in terms of P" given g vs. irep projectors P}ﬁn leg=x X X D}fn‘n ( g) P}ﬁ

U m n

kg in terms of P" [ ra J
g "
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P"in terms of kg
/
(Wt irep characters " (g) given by trace definition: X" (g) = Trace D" (g) =X D,ﬁm(g)

m=1
. ( . o \
(W all-commuting class projector given by sum P"=P + P +...+ P; p of| irep projectors vs. g
f(#) °G *
Pr==—2Dp,(2)e
. M y B oG ! u*() oM oG u*() G g
Pr=xP,,=—22D,[2g)e=-22 (g)¢g \
m=1 "G gt M G g for unitary D
o Mo H(hoh™! i Hofol
pt= X - X, Ko |> where: Xo =X (g)z)( (hgh ) Dmn(g)anm g
classesKg G \\ ))

Find all-commuting class kg in terms of P" given g vs. irep projectors P}ﬁn leg=x X X D}fn‘n ( g) P}ﬁ

U m n

kg in terms of P" [ ra J
g "

mn mp = nr

D" (K g) commutes with D" (P]‘jr ) =6 6 forall pandr :
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P"in terms of kg
/
(Wt irep characters " (g) given by trace definition: X" (g) = Trace D" (g) =X D,ﬁm(g)

m=1
. ( . o \
(W all-commuting class projector given by sum P"=P + P +...+ P; p of| irep projectors vs. g
f(#) °G *
Pr==—2Dp,(2)e
. M y B oG ! u*() oM oG u*() G g
Pr=xP,,=—22D,[2g)e=-22 (g)¢g \
m=1 "G gt M G g for unitary D
o Mo H(hoh™! i Hofol
pt= X —x, K , where: y" =y (g)z)( (hgh ) Dmn(g)anm g
classesKg G788 8 s \\ ))

Find all-commuting class kg in terms of P" given g vs. irep projectors P}ﬁn leg=x X X D,fn‘n ( g) P}ﬁ

U m n

kg in terms of P" [ ra J
g "

mp = nr

D" (K g) commutes with D" (P]‘jr ) =6 6 forall pandr :

i i
H HIpH | — H(pH H
ZEI Dab (Kg ) Dbc (Ppr ) N dél Dad (Ppr ) Ddc (Kg)

Sunday, March 29, 2015 85



P"in terms of kg
/
(Wt irep characters " (g) given by trace definition: X" (g) = Trace D" (g) =X D,ﬁm(g)

m=1
. ( . o \
(W all-commuting class projector given by sum P"=P + P +...+ P; p of| irep projectors vs. g
f(#) °G *
Pr==—2Dp,(2)e
. M y B oG ! u*() oM oG u*() G g
Pr=xP,,=—22D,[2g)e=-22 (g)¢g \
m=1 "G gt M G g for unitary D
o Mo H(hoh™! i Hofol
pt= X —x, K , where: y" =y (g)z)( (hgh ) Dmn(g)anm g
classesKg G788 8 s \\ ))

Find all-commuting class kg in terms of P" given g vs. irep projectors P}ﬁn leg=x X X D,fnln ( g) P}ﬁ

U m n

kg in terms of P" [ ra J
g "

D" (K g) commutes with D" (P]‘jr ) =6 6 forall pandr :

mp"~ nr
s s

H HIpH )= H H H
ZEI Dab (Kg ) Dbc (Ppr ) N dél Dad (Ppr ) Ddc (Kg )
s s

H — H
bél Dab (Kg ) 5bp5cr a dél 6ap5dr Ddc (Kg )
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P"in terms of kg
/
(Wt irep characters " (g) given by trace definition: X" (g) = Trace D" (g) =X D,ﬁm(g)

m=1
. ( . o \
(W all-commuting class projector given by sum P"=P + P +...+ P; p of| irep projectors vs. g
f(#) °G *
Pr==—2Dp,(2)e
. M y B oG ! u*() oM oG u*() G g
Pr=xP,,=—22D,[2g)e=-22 (g)¢g \
m=1 "G gt M G g for unitary D
o Mo H(hoh™! i Hofol
pt= X —x, K , where: y" =y (g)z)( (hgh ) Dmn(g)anm g
classesKg G788 8 s \\ ))

Find all-commuting class kg in terms of P" given g vs. irep projectors P}ﬁn leg=x X X D,fnln ( g) P}ﬁ

U m n

kg in terms of P" [ ra J
g "

D" (K g) commutes with D" (P]‘jr ) =6 6 forall pandr :

mp - nr
u u
g (s Jotlre)- £ a2 o)
ol ab\ “g ) “bc\" pr i1 ad\ " pr | 7dc\ g
o *
— u

bz‘chIjb(Kg) 5bp5cr _dél 6ap5dr Ddc (Kg)

DZ)(Kg) 5. = 6, D,fé(lcg)
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P"in terms of kg
/
(Wt irep characters " (g) given by trace definition: X" (g) = Trace D" (g) =X D,ﬁm(g)

m=1
4 N
(WP all-commuting class projector given by sum P"=P{ + Py +...+P* of| irep projectors vs. g
CReH oG
Pr==—2Dp,(2)e
M L C oM oG u* G g
PY=3 P =% 5 D (c)g=—%x"(g)e . )
m=1 G g m=l G g for unitary D
TR * _
Pl X "k, |, where: x¥ = 1" (2)= x“(hgh‘l) Dy, (8)= D/;Lm(g 1)
classesKg G788 8 s \ \ ))
kg in terms of P" ra
Find all-commuting class kg in terms of P" given g vs. irep projectors P}ﬁn : [g =2 X X Dfnl , ( g) P}f%
u m n
D" (K g) commutes with D" (P]‘jr ) =3,,,0,, forall pandr :
oH s
u tpt |_ u(ph |\ pu
ZEI Dab (Kg)Dbc (Ppr) o dz_‘l Dad (Ppr)Ddc (Kg)
% o
u _ u
bél Dab (Kg) 5bp5cr a dél 6ap5dr Ddc (Kg)
D! (Kg) 5, = O D,fé(lcg) So: D! (Kg) is multiple of /*-by-¢/* unit matrix:

Db, ()= 5, %uf(f ) S22
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P"in terms of kg
/
(Wt irep characters " (g) given by trace definition: X" (g) = Trace D" (g) =X D,ﬁm(g)

m=1
4 N
(WP all-commuting class projector given by sum P"=P{ + Py +...+P* of| irep projectors vs. g
CReH oG
Pr==—2Dp,(2)e
M L C oM oG u* G g
PY=3 P =% 5 D (c)g=—%x"(g)e . )
m=1 G g m=l G g for unitary D
TR * _
Pl X "k, |, where: x¥ = 1" (2)= x“(hgh‘l) Dy, (8)= D/;Lm(g 1)
classesKg G788 8 s \ \ ))
kg in terms of P" ra
Find all-commuting class kg in terms of P" given g vs. irep projectors P}ﬁn : [g =2 X X Dfnl , ( g) P}f%
u m n
D" (K g) commutes with D" (P]‘jr ) =3,,,0,, forall pandr :
oH s
u tpt |_ u(ph |\ pu
ZEI Dab (Kg)Dbc (Ppr) o dz_‘l Dad (Ppr)Ddc (Kg)
% o
u _ u
bél Dab (Kg) 5bp5cr a dél 6ap5dr Ddc (Kg)
D! (Kg) 5, = O D,fé(lcg) So: D! (Kg) is multiple of /#-by-¢* unit matrix:

%,Lt K °x x.u
[ Kg:ZMPM ] Dllfllm(Kg):6mn g(/.l g)zémn%
u
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*Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis

<
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Details of Mock-Mach relativity-duality for D3 groups and representations

“Give me a place to stand...
and I will move the Earth”
Archimedes 287-212 B.C.E

IdeaS Of dualltY/ I‘elathlty gO Way baCk (...VanVleck, Casimir..., Mach, Newton, Archimedes...)

Lab-fixed (Extrinsic-Global)R.S.,..vs. Body-fixed (Intrinsic-Local)R.S.,.

Lab Based Operations i z-Crank docs Body Based Operations
operations R S
R(000) or R(00y) all I\,)9, ..

commiute with y-Crank docs

P “: . operation
‘ o “Mock-Mach™
N i f relativity principles

| (g —
.y BN
A ¥-Counk ot S 1>:=§'1 1)

Z-Crank does
operations

R(-000) or R(00-y)

S R(0B0)

...for one state |1) only!

...But how do you actually make the R and R operations?
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D 3—deﬁned

local-wave ;
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed
y [ . ° ]
i, | 1)=[i5) N

wave packet moyes

with lab axes fixed

1)
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D 3—deﬁned

local-wave ;
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed
y [ . ° ] e o
i, | 1)=li,) N 11

1)=r

2 : 1)
(After iy ) wave packet moyes |l‘>\ PR

1)=|r)

wave packet moyes
with lab axes fixed

1)

(After 113 )

with lab axes fixed

2
P

N
1 )
1

\
4

[
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local -wave i
3
bases

Lab-fixed (Extrinsw Global) operations&axes fixed

i, blD)=liy) i,

12 Wave packet moyes
with lab axes fixed

1)

i1,

D=r

wave packet moyes

with lab axes fi

1>—Il‘>

ed

2 . .
1 r< r |]@|3
r |1 r i 1; 1)
2 . .
r r 1 PRENY
PIIENE r2
Gip]is 1, @
iy iy iz|r2 1| r
iy |iy i (r 2|1
(After i1l )
I1i2=l‘

Sunday, March 29, 2015




local -wave i
3
bases

Lab-fixed (Extrinsw Global) operations&axes fixed

ib|D=li,) &,

12 Wave packet moyes
with lab axes fixed

1)

i1,

=r

wave packet moyes

with lab axes fi

1>—Il‘>

ed

1 |2 rli

r?|r 1

iz i,
iy ;13
i3 1) Iy

Sunday, March 29, 2015




local -wave i
3
bases

Lab-fixed (Extrinsw Global) operations&axes fixed

ib|D=li,) &,

12 Wave packet moyes
with lab axes fixed

1)

i i
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

oy (AfierT) )

i[1)=i))

wave packet fixed ¥
while lab axes moVve

i1,

D=r

wave packet moyes

with lab axes fixed

1>—Il‘>

1 |2 rli

r?|r 1

iz i,
iy ;13
i3 1) Iy
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local -wave i
3
bases

Lab-fixed (Extrinsw-Global) operations&axes fixed

ib|D=li,) &, ii,

12 Wave packet mo es
with lab axes fixed

1)

D=r

2 (After iy ) wave packet moyes

with lab axes fixed

i i
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

oy (AfierT) )

i[1)=i))

wave packet fixed ¥
while lab axes moVve

After Tz
(veiwed in /

lab frame)

1>—Il‘>

1 |l r

r?|r 1

iz i,
iy ;13
i3 1) Iy

i1i2=l‘
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local -wave i
3
bases

Lab-fixed (Extrinsw-Global) operations&axes fixed

1>_ 1 > i1,

12 Wave packet mo es
with lab axes fixed

1)

=r

2 (After iy ) wave packet moyes

1>—Il‘>

with lab axes fixed

i i
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

oy (AfierT) )

i[1)=i))

wave packet fixed ¥
while lab axes moVve

ii i))
wave packet fixed ]3
X while lab axes move :

After Tﬁz

(veiwed in /

lab frame)

1 |l r

r?|r 1

iz i,
iy ;13
i3 1) Iy

i1i2=r
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1 (2 r il@ij,

r |1 r i 1; 1)

r r 1 PRENY

i 1, [1()r?

iy iy iz|r2 1| r

local -wave i
3
bases

@

iy |iy i (r 2|1

Lab-fixed (Extrinsw Global) operations&axes fixed

1>_ 1 > i1,

12 Wave packet mo es
with lab axes fixed

1)

=r

2 (After iy ) wave packet moyes 4 (After i1ip)

1>—Il‘>

with lab axes fixed

i i i
Body-fixed (Intrinsic-Local) operations appear ..but, THEY OBEY THE
to move their rotation axes (relative to lab) SAME GROUP TABLE. ii,=r
implies:

i[1)=i))

wave packet fixed ¥
while lab axes moVve

)
i)

wave packet fixed ]3
X while lab axes move :

After Tﬁz

(veiwed in /

lab frame)
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D 3—deﬁned

local-wave ;
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed
y [ . ° ] e o
i, 1W2a\1>—‘12> N 11

ve packet moyes
with lab axes fixed

1)

1)=r

wave packet moyes

1)=|r)

with lab axes fixed

i i
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

i2 1>:

wave packet fixed
while lab axes moVve

i)

“°

1>:i1

I

ot o]

N T e
| 1)=i, [i)
wave packet fixed ]3
X while lab axes move :

After Tﬁz

(veiwed in /

lab frame)

LGl

..but, THEY OBEY THE
SAME GROUP TABLE.

...and Mock-Mach principle g|1)=g|1)

1 (P r il@ij,
ro |1 i ;i
2| r 1|, iz i
. . . 2
(ID iz i, 1@r
iy iy iz|r2 1| r
iy |iy i (r 2|1
r
(After i1 )
L
i1i2=r
implies:

ip)=T [1)=12[1)

After?ﬁz
(veiwed in

lab frame)
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Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local) ‘
Compare Global vs Local |g)-basis and Global vs Local |PW)-basis
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Compare Global vs Local |g)-basis vs. Global vs Local |P\W)-basis

D, global | ,[.2 .3, 1@

r
group ri1 r? @ iy b
product  |Xo{r 1lb (i i
i) |1 r r?
table ol el

i (3(r° 1 r
ili, ij|r r? 1

Change Global to Local by switching

...column-g with column-g

....and row-g with row-g T

Just switch r with I‘T=l’2. (all others are
~ = self-conjugate)

WYY hww

1 |r rli; i i

D5 local <r2 1 r|i 4y §
group rr? 1iy i i

table <3 | (3|1 r r?

i, i) i, [ 1 r
iyli, i, |r r? 1
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Compare Global vs Local |g)-basis vs. Global vs Local |PW)-basis

Dy BCA)%PfszgC Pfy ng P;]/Ey
D, global pliph o ]
Dyglobal 14 ]+? v i i 3° P - P
group r|1 ey i i projector S Pfy '
product e 1k 0 g product Pﬁx S P)é?x Pfy L
i |y 2|1 r r? table
table Pfy R Pfy
e B PP
® i2 il - 1‘2 1 Y o Y

PP)= gmnﬁb P

Change Global to Local by switching "« « c ud
...column-P with column-PT

.’.

. ' E withpE=pE
....and row-P with row-pT  |(Justewiich By, withp/7E, )
- - 'f‘= 2 (all others are

Just switch £w1th/r r, ol eonuaate) ;{ﬁ% Pfyz pL Pyb; Pij Pfy
T AT N IO IO

X1 |r i i, (4 D, local A A,
D, local 5 ; : 3 By - Py - -
3 ('_r Lo @ projector r Eoo pE o
group rr? 100y i i P)g B E By E
table  <3i; |1, @ 1 r 2 pl'OdllCt <ny ' ' OE P ([)Z P
i, (i) i, (12 1 r table Pfx o P 0 By O
iy li, i, |r r? 1 Pfy'i'iol’fxiol’fy

F R =8, By

Sunday, March 29, 2015 103



Compare Global vs Local |g)-basis
Example of RELATIVITY-DUALITY for D ~C,

To represent external {..T,U,V,... }switch g :;_\gT on top of group table

R(D) =

RO(r) =

RO() =

G ) _
R (1])_

N

-1

RG(i2):

-1

RG(i3):

G
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Compare Global vs Local |g)-basis

Example of RELATIVITY-DUALITY for D ~C, &2& Y
— v 1|r" r|i; i (iy
To represent external {..T,U,V,... }switch g :;\gT on top of group table el 1) i i
RO(1) = RO(r) = RO(?) = RO )= RO ) = RO(i ) = r/lr 1] (0 i
1. 1. 1. S R A B W 2 ) i1@§i21rr2
o1 1 . | 1 . | .. 1 1
A 1 . 1 . o1 R
o1 . 1. : 1[1 . 1 1
. N | 1 1 . 1 .
A . o1 - |
RESULT: J
Any R(T)

commute (Evenif T and U do not...)

with any R(U).
...and T-U=V if & only if T-U=V.

To represent internal {..T,U,V,... } switch g\:“ng on side of group table

glg-table

rr

RG(D)=

RO(r) =

RG(fZ) —

RG(i]) RG(f2): RG(ij): C#l

|
Joo o

2li; b

rZ 1

iZ@ i]
@ iI i2

i (3
iy i

i, 1

1 r r?
r°1 r
r r? 1
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Compare Global |PW)-basis vs Local |PW)-basis

Matrix “Placeholders”

A
:Qiﬁ(g)l’l

'_1----
._Q(x..

+A2PA
Dyy(g)
S . N R
e 2 % I

P for GLOBAL ¢ operators in D

Q( (g)PXX
El- |1
K2

. 1

"Dy (g)ny + Dyx(g) PyX * Q,y(g) Pyy
. +Q(y . S +l%'x L T +l%’y o .o
. . o1

Sunday, March 29, 2015

106



Compare Global |PW)-basis vs Local |PW)-basis

Matrix “Placeholders”

A Al
P g = D!eP
1
g(x% o I
: y : : . . . . . .
E
) - D XX ny 4,
D . ) _Q(x .
yXVY _E
. D XX ny '
D YXDYY
A
— 4, D
g = D/eP
jie)
Q(x l?,;lz II .
* y : * . . .
E
. . D, . ny L Q’jl _
y ])XX e ny x| .
Dy . Dy, .
- Dy . D,

+A2PA
Dyy(g)
S . N R
e 2 % I

P for GLOBAL ¢ operators in D

Q( (g)PXX
El- -1 -] .
K2
. 1

P, for LOCAL

E
By P Dyy(g)l’w
.+Q(y. .+Q'X R .+l%’}’. - .o
. . |1

E -l
E D E
D.( g)PXX * Q(y(g)ny * Dy(© Pyx
N El- - 1 .. . E - 1 . El- -« - ..
.o +Q(X N +Q{y . -1 +Z%IX ......
...... C1).

g operators in D,

r &=L
* D, (8 Pyy
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Compare Global |PW >—baSlS vs Local |PW)-basis
Matrix “Placeholders

{1 s

ngz;lz ’

o

o pE
D

y g
2

' Q'y 'E

.. D, .

D

DyX .

. Dy

XX ny )

XYY g
. . D

E XX
D

— Ql(g)P

XX ny
D
Yy

¥X

E
Dyy | 4

Yy -

: Dyy

ny ZQ(X .o

.

Q%g}P

Dyz(g)P

P for GLOBAL g operators in D

--+A2~----
1By |

+A2
Byl ]

+ Qx(g)PXX I, (g)ny + 0@ Pyx + 0@ Pyy
.+Q(X..... +Q&y. .+l%'X..1...+1%’Y...
.1
m o TV
P.,..for LOCAL g operators in D,
E _E _E
b E
+ zfx(g)PXX Py oePx - B ePy
. E |- - 1 .. . E |- 1 . El- - - -1 - FE |- D ..
2 U T B o S B[ L] L
- . . R
...... 1.

Note how any global g-matrix commutes with any local g-matrix

a b A - i B A -i B - a b
c d |l A - B - At - B||lc d :
a b||C D C D a b
c d C D C D c d
aA bA i aB bB Aa Ab i Ba Bb
cA dAi cB dB Ac Adi Bc Bd
aC bC i aD bD Ca Cbi Da Db
cC dCicD dD Cc Cdi Dc Dd
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*Hamiltanian and D; group matrices in global and local |PW)-basis ‘
Hamiltonian local-symmetry eigensolution
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Hamiltonian and D; global-g and local-€ group matrices in |PW)-basis

For unitary DW: (p.33)
K(“) °G

[PW)-basis are projected by P~ = ) % D" ( g) g = P}fnj acting on original ket |1)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
OG sk
[PW)-basis are projected by P~ = i—G > D ( g) g = P}fnj acting on original ket |1) to give:

Y
1
L
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)

(1) °; *
PW)-basis are projected by P* = - > D* = pHT acting on original ket |1) to give:
no\_ p _ H
‘mn>_ Pmn‘1> o zDmn(g)‘g>

norm OG -norm g
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)

(1) oy
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(ﬂ) *
‘ in>: Pn‘,fn‘1> = Z DH ( )‘g> subject to normalization:

norm . °(;-norm g
u >:< P#m’Pn'Latn‘ >
mn

norm

s
mn
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)

(1) oy
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(ﬂ) *
‘ in>: Plﬁn‘l> = 2 DH ( )‘g> subject to normalization:

norm . °(;-norm g
U >:< P#m’Pifatn‘ > wu <1‘Pi‘;ln
mn

’

1)
mm

2
I’ZOVWZ norm

s
mn
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)

[PW)-basis are projected by P! = %Z D“ ( )g = P}fnj acting on original ket |1) to give:
" AN A Ny g . o
‘ mn>= Pmn‘1>n0rm = z, ( )‘g> subject to normalization.
<Z,'n' ‘lnlm>: < ‘P#m’Pnljn‘ > m,m <1‘P#n‘21> _ 5‘u"uém,m5n,n where: norm = \/<1‘P’§;‘1> _ 6(2
norm* norm
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)

[PW)-basis are projected by P! = %Z D“ ( )g = P}fnj acting on original ket |1) to give:
" AN A Ny g . o
‘ mn>= Pmn‘1>n0rm = z, ( )‘g> subject to normalization.
<Z,'n' ‘lnlm>: < ‘P#m’Pnﬁtn‘ > m,m <1‘P#n‘21> _ 5‘u"uém,m5n,n where: norm = \/<1‘P’51‘1> _ 6(2
norm* norm

i
mn

Left-action of global g on irep-ket

b= & Dl (1) )
mn " mm mn

Y
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)

[PW)-basis are projected by P! = %Z D“ ( )g = P}fnj acting on original ket |1) to give:
" AN A Ny g . o
‘ mn>= P ‘1>n0rm = z, ( )‘g> subject to normalization.
<gm 2‘1”>: < ‘P#mPnljn‘ > m,m <1‘P#n‘21> _ 5H'H5m,m5n,n where- norm:\/<1‘P’/;;‘1> _ {Z(NG)
norm? e

i
mn

Left-action of global g on irep-ket
t V=5 Db ()4, )

Matrix is same as given on p.23-28

<i’n in>: Dll;ti'm (g)

Y

Y
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:

u u 1 AN u* g . S
‘ mn>= P ‘1>n0rm = z, ( )‘g> subject to normalization:
<,LL', |u >:< P#m’Pn‘L/an‘ > , <1‘P#n‘1> _SHES S where: norm:\/<1‘l)l~l ‘1> _ A
m’'n’ | mn norm m m norm2 mm-nn i °G
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
u
gk, )= %Dﬁfm(g)\ L) ‘ > “19) e
" ¢ Use
Matrix is same as given on p.23-28 _ P“ g‘ > / , Cj\;[;f;‘u%‘;lco};
AN and

e
mn

4 =Dk (2)

Y
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:

1 g(ﬂ) °G * : . . |
‘ i n>= P]ﬁ ‘1>n0rm = B R— z, D" ( )‘g> subject to normalization:
<u’, |u >:< Pile'm’Pn‘L;n‘ > , <1‘P#”‘1> =§HHS , 5, where: normz\/<1‘P“ ‘1> = £
mn | mn norm m m normz mm nn nn OG
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
u
e[ )=3 Db ()]%,) ol )= 2w 1) =
! ¢ Use
Matrix is same as given on p.23-28 _p* 1 g‘ > \/: : Cf\;f;ju%c;coi}lq
1
<i’n Y in>: D;Iqj’m(g) . P‘u _1‘ > °G < iniZIie

g(/«l)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33)

(1) oy
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(ﬂ) °G *
H\_ pl _ DX : e
‘ mn>— P ‘1>n0rm = % ( )‘g> subject to normalization.
, 1|P4 |1 , AR
<“, > < ‘ n'nt’ m”" > , < ‘ ””‘ >:5““5 , O, Where: normz\/<1‘P“‘l>:
m’'n’ | mn m m 2 mm nn nn OG
norm* norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g )= gp 1) [
" ¢ Use
Matrix is same as given on p.23-28 _ °G Mock-Mach
s P o compute g right action-------------------.___ — P,f,f,,,g 1> ) ___commulation
<i’n g in>: DII;?L’m (g) u E o u pl u ol T ‘u | °G < inc\Z/ZIie
Ple =3 X PP DL (27) =P o7'|1) | =~
m'=1n'=1 o)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
‘LL O
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:

g
1 g(.u) °G *

‘“ >= P~ ‘1> = Yy D* ( )‘g> subject to normalization:

e W fnorm ©( - porm o

: 1|p¥ PH |1 1|P5 |1 : T
(4] >:< i mn‘ ) _gung WP _guns 5 where norm = (1| P 1) =

mmn | mn mm 2 mm- - nn nn °G

norm* norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
H\_S pH u
)= 208 e ) o ) 2B,
m K('u Use
Matrix is same as given on p.23-28 Dl = °G Mock-Mach
-~ compute g right action------------------.__ _Pmng 1> P commu;atzon
<i’n 8 in>: D#i'm(g) Pu | _ G Pu P‘u Du o T ‘u | °G < inc\Z/ere
2 2 mn- m'n’ "(g ) :Pmng ‘1> PN
m=ln'=1 - PCH)
_ VTR
- ’Zl Pmn’ Dnn'(g )
n=
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
‘LL O
[PW)-basis are projected by P* = % > D“ ( )g = P}fnj acting on original ket |1) to give:

g
1 g(.u) °G *
‘“ >= P~ ‘1> = Yy D* ( )‘g> subject to normalization:
e W fnorm ©( - porm o
: 1|p¥ PH |1 1|P5 |1 : T
(4] >:< i mn‘ ) _gung WP _guns 5 where norm = (1| P 1) =
mmn | mn mm 2 mm- - nn nn °G
norm* norm
Left-action of global g on irep-ket ffm> Left-action of local & on irep-ket ffm> is quite different
oM
H\_S pH u
ft=5 Dl ()] ) el )= Pl 1)
m K('u Use
Matrix is same as given on p.23-28 Dl = °G Mock-Mach
-~ compute g right action------------------.__ _Pmng 1> P commu;atzon
<l::lti,l’l g in>: D:"L’l,m(g) P'LL | . zz‘u gz‘u P'LL P‘u D ( —1) ...:....ﬁ." —1 1 °G < inil/ere
mn- m'n’ m'w \E _Pmng ‘> )
m=ln'=1 - ot !
g‘u .:. u | . °G
_ YR N TR Z D ) —
B ,21 Pmn" Dnn'(g ) n'= (g . > ()
=l ] LR
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
‘u O
[PW)-basis are projected by PH = % D D“ ( )g = P}fnj acting on original ket |1) to give:
g
g(ﬂ) °G *
H >= P* 11 L - > D “ subject to normalization:
: 1|P¥ PH |1 1|P~ |1 : A
<“, s >:< nm m”" > ) < ‘ ””‘ >:5““5 , 0., Where: normz\/<1‘P“‘l>:
mn | mn m m 2 mm- - nn nn °G
norm* norm
Left-action of global g on irep-ket ffm> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g, )-gps 1) [
" ¢ Use
Matrix is same as given on p.23-28 _ °G Mock-Mach
s P -~ compute g™l right action----------------e. = P;‘qultng 1> P commutation
<i’n & in>: D#i’m (g) u o U pU b T ‘u | °G inil/ZIci‘e
P g = Z > PmannD (&) =P* o ‘1> °G <
m=1n'=1 " : p ()
i I _ U, —I\pl : °G
. _1 —_ D ’ P ,n 1 -
L T
—1 e m e é ‘u __________________________
—1
n=
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
‘LL O
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
u u 1 g(ﬂ) °G ‘u*
=P~ |1 = > D subject to normalization:
‘m > ‘ >n0rm OG norm o ( )‘g> J
: 1|p¥ PH |1 1|P5 |1 : T
<“, s >:< nm m”" > ) < ‘ ””‘ >:5““5 , 0., Where: normz\/<1‘P“‘l>:
mn | mn m m 2 mm nn nn OG
norm* norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g )= gp 1) [
" ¢ Use
Matrix is same as given on p.23-28 _ °G Mock-Mach
s P o compute g right action-------------------.___ :P,'an 1> ) < Commutation
<i’n g in>: DII;?L’m (g) u E o u pl u ol T ‘u | °G < inc\Z/ZIie
P2 =3 X PmannD , (g7 =P o7'|1) | =~
m=1n'=1 " : p ()
i I _ U, —I\pl : °G
—1 — D ’ P ”n 1 -
- Emoen | -imeef
—1 e m e é ‘u __________________________
-1
= n§1 Dilf;tn'(g )‘ Zn’>

Local g-matrix component

_ _1 *
<in’ g‘ 5n>: Dzl;tn’(g ): Diﬁfn(g)

124
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.33) »
[PW)-basis are projected by PH = % D D“ ( )g = P}fnj acting on original ket |1) to give:
g
g(ﬂ) °G *
H >= P* 11 L - > D “ subject to normalization:
: 1|P¥ P |1 1|P4 |1 , I
<“, s >:< nm m”" > ) < ‘ ””‘ >:5““5 , 0., Where: normz\/<1‘P“‘l>:
mn | mn m m 2 mm nn nn OG
norm* norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g, )-gps 1) [
" ¢ Use
Matrix is same as given on p.23-28 / Mock-Mach
s P -~ compute gl right action----------------o. = P;‘qultng‘ > P commutaiion
<i’n g in>: Dll;t?’m(g) u E o u pl u ol T ‘u | °G < iniZIie
P —Z ZPmannD,,(g ) =P* o ‘1> °G <
m'=ln'=1 " 7. p ()
i I _ U, —lI\pl °G
_1 —_ D ’ P ”n 1 -
B
o e é ‘ZL __________________________
—1
n=
Global g-matrix component Local g-matrix component
ool \_ pu _ 1 *
<m’n g‘ mn>_ Dm'm(g) <‘7L?tm’ g‘in>: D;‘flln’(g ):D#n(g)
125
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Ds global-g group matrices in |PW)-basis

R (e)=TRC ()7 -

[PW)Y-base
ordering to

< concentrate

) ) ) ) )
pli(g)|
p2g)) - -
p.(8) D,
D, (g) D,
b, (g) D,
D, (g) D,

Global g-matrix component

Y

(
mn

4= Dl (2)

global-g
D-matrices

D3 local-g group matrices in |PW)-basis

Local g-matrix component

(e
mn

o[t )= Dl (a7 = D (2)
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Ds global-g group matrices in |PW)-basis

R (e)=TRC ()7 -

) b))
pli(g)|
D™ (g)
b, (g) D,
D, (g) D,

D3 local-g group matrices in |PW)-basis

R (2) =18 (2) " =

Global g-matrix component

<gfz’n 5 gm>: Dll;le'm (g)

RA) R e )[R
D™ (g)
A %k
[PW)-base _|P= () — —
ordering to - - D, (g) - nyl (¢)
concentrate E* Ep*
< ) . ) D . D
global—g El* XX (g) El* Xy
D-matrices ' ' D, (g) ‘ D, (2)
E* E*
Dyx (g) Yy

here
Local g-matrix
Is not concentrated

Local g-matrix component

— —1 %
(4|24, )= Db (7= Dl ()
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Ds global-g group matrices in |PW)-basis

R (e)=TRC ()7 -

D3 local-g group matrices in |PW)-basis

R (2) =18 (2) " =

Rl [eR) [eR) [eD) [e) [RD)
Dig)|
D™ (g)
b, (g) D,
D, (g) D,
b, (g) D,
D,.(g) D,
R"(g)=TRO(g)T" =
P§1> ‘nyf P)§1> P§1> Pf)}> Pfy1>
D4 (g)
D™ (g)
D& - |,
Dxil Dxl;l
(&) - |D,(e)
D, D,

Global g-matrix component

<gfz’n 5 gm>: Dll;le'm (g)

) ) ) e
DAI*(g) .
‘P(M)>_ba58 DA2 (g) E* E*
ordering to ° - D, (g) - nyl (¢)
concentrate Ep* Ep*
< ) . ) D . D
glObdl-g E* = (g) B - (g)
D-matrices ' ' D, (g) ‘ D, (2)
E* E*
D, (g  (8)
here
Local g-matrix
is not concentrated
here

global g-matrix

<«——Is not concentrated

Local g-matrix component

_ -1 *
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Ds global-g group matrices in |PW)-basis D3 local-g group matrices in |PW)-basis

R () =T ()7 = R ()-8 (g)1" -
P;’C1> ny;2> P)§1> Pf;l> P)§1> Pfy1> P)f}> ‘Py‘i2> P)§1> PyExl> P§1> ‘val>
A R P (e

o - | RIS |
8 [PW)Y-base . —
E E
D (g) D, | - - ordering to - -~ |p. (8 - |D, (2
Ey Ey concentrate Ef* Ef*
D D . ‘ < . ) ) D
> (g) » global—g i xx (g) i Xy (g)
£y £y ) £ £y
p. (g) D, | D-matrices - - | b, (g) - | D, (g
E E E* E.
Dyxl (g) Dyyl Dyxl (g) Dyyl (g)
R (0)= T (27" - R (e)= TR ()7 -
RA) ) [e) [e) [e) [l I L B L I L) B O I )
D" (g) DY (g)| -
(W) _ ;
DL (2) ‘P g >.base : D™ (g) : :
i o ordering to o o
D.(g) - |D,(g) - concentrate ' ' D, (g) D, (g
E E P E* E*
D, , nyl local.—g . . Dyxl (g) Dyyl (g) .
3 3 D-matrices o P
Dyx (g) ' Dyy (g) ' Clnd ' ' ' ' D,, (g) ny (g)
DyEl : DyEyl H-matrices . : . : DEI*(g) DEl*(g)
X yx Yy
Global g-matrix component Local g-matrix component
i no\_ nu _ - *
<m’n 8 mn>_ Dm’m(g) <‘1L?Lm’ g‘ffm>: D,‘itn’(g ):D#n(g)
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Hamiltonian and D3 group matrices in global and local |PW)-basis

*Hamiltonian local-symmetry eigensolution ‘
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D3 Hamiltonian local- H matrices in |PW)-basis

H matrixin (. . . & i) H matrix in
, 0 2 h hoh 0w ,
|g)-basis. S, [PW)-basis:
T B ohoh
(0]
G r. r; 7 l l l
_ > Ty b B
H) = y o=
( G 2—‘1 gg l l l 7 r r
&= i3 2 fo 1 2
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D3 Hamiltonian local- H matrices in |PW)-basis

Py) [Py) [PO)RD) [PD)PD)
H matrix in  ( ) H matrix in W )
. o 4 b R W ,
|g)-basis. ) [PW)-basis: | H H.El H.El
°G o1 T, I i i _ 3 ' ' oy
H) =Yrg= H),=T(H).T'= BB
( )G g=1% i, iy L, r, 1o (H), (H), ' - | H, H
L, I i ry, F x; xyl
B L b h Ty \ ; HyEy' )
H,, =(P. |H|P})
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D3 Hamiltonian local- H matrices in |PW)-basis

P) |Py) [PO)RY) [P
H matrix in  ( ) H matrix in W )
. o 4 b R W ,
|g)-basis: ) [IPW)-basis. .| H : H.El
°G o1 T, I i i _ 3 ' ' oy
H) =Yrg= H),=T(H).T'= BB
(1) z DL n o o (H), =T (H), | |BD H.
L h B I Ty 7 xb; jyl
B L b h Ty \ ; HyEy' )
H:b:<Pn‘l1la PIZ?>
mn mn mnl~ [ norm
(u) °G
po\_ Lt u
mn> ‘ >n0rm o °G - norm % D ( )‘g>

subject to normalization (from p. 116-122):

,/ (thch will cancel out)
°G  So, fuggettabout it!
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D3 Hamiltonian local- H matrices in |PW)-basis

P:) [Py) [Po)[Ry) PR

el L -
N P e s
I I BN R B D

b h B T Iy 7 - jyl

S I B \ ;HyEy']

H,, =(P"

P’ H

1)

P! )=
(norm)2
¢r0]ector con]ugatzon p. 3D

(m)nl)" =[]

)= Pl 1) = ED’“‘( g)|e)

subject to normalization (from p. 116-122):

,/ (thch will cancel out)
°G  So, fuggettabout it!
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D3 Hamiltonian local- H matrices in |PW)-basis

Pr) [Py) [PO)[PY) [PO)PY)
H matrixin - ( . . . i & i ) H matrix in (g )
)-basis: o 2 h h kb h POON_yrsis.
g)-basis. N A IPW)-basis. . | H : H.El
°G o1 T, I i i _ 3 ' ' oy
H) =Yrg= H),=T(H).T'= BB
(H) z DL n o o (H), =T (H), | |BD H.
L h B I Ty 7 xb; jyl
B oR2oh 2 Ty \ ; HyEy] )
H,, = (PL.[H|P})= (1P} HP |1) = (1] HE, B[
Mock-Mach
commutation
rr=rr
(p.89)
u 1 Z(“) °G .U
) =S D (o))

subject to normalization (from p. 116-122):

,/ (Which will cancel out)
°G  So, fuggettabout it!
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D3 Hamiltonian local- H matrices in |PW)-basis

Py) |y [PL)EL) [PL)RD)
H matrixin - ( . . . i & i ) H matrix in (ga | . . . )
@) -basis: 0o H h 4 L L PO
g)-basis. N A IPW)-basis. | H H.El H.El
°G o1 T, I i i _ 3 ' ' oy
H) =Yrg= H),=T(H).T'= BB
( )G g=1 g il' l'3 l'2 ro 7"] ’/,2 ( ) P ( )G . . H - H yy
L h B T n x; xyl
. L L L Koo ) e : : : H; HyEy' )
H,, = (P, [H|B) = (1P, HE) |1)= (1| HE, P 1) =5, (1| HE; |1

Use P¥ -orthonormality
P4 PH =§HHs , pH

mn mn nm mn

(p.18)
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D3 Hamiltonian local- H matrices in |PW)-basis

P:) [P,) [P)RD) [RI)PD)
H matrixin - ( . . . i & i ) H matrix in (g )
, o 2 h h b h .
|g)-basis: L PO -hasis: .| H
T T B hob CR—
°G By 1y ¥y by Iy xx xy
_ 2 " T b B — —
H) =Yrg= H),=T(H).T'= BB
(H) z DL n o o (H), =T (H), | |BD H.
L, 1, I o, 1, 7 N xy‘
. B oL L hnT ) e : : : H; HyEy' )
°G
= (PL[H[PL) = (1P HPY 1) = (1| HPL P 1) =5, (I1H P4 1) = 3 (1|H[)D), (¢)
(norm)? (norm)? (norm)?  g=|
U 1 : A u
subject to normalization (from p. 116-122).
norm = \/ (ajp* (whzch will cancel out)
So, fuggettabout it!
Coefficients D ( g)l are zrreduczble representatzons (zreps) of g
g= 1 r L 1 13
) 1 1 1 1
D" (g)= ! 1 1 1 | 1
p(e)= | [ R R R R B
1 - 2 2 2 2 2 2 2 2 1 0
D (g)= ( - 1] B SN B NER [0 —1j
’ 2 2 2 2 2 2 2 2
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D3 Hamiltonian local- H matrices in |PW)-basis

Py) [Py) [PO)RL) PP
-basis: : T P -hasis:
e ot T B h b P H . .
(k) CORE I A o o H
— — H) =T(H).T'= non
G g:1rg ; A (H), =T (H), w Hy,
L L ko o xb; jyl
. Lo L R ) \ ; H yEy' )
0G§ . # .......... - .; u*
< P# > _jll_l)'u H > — < |HPchmPr‘let? 1> 5mn<1 HPc‘lLlL? 1> — 2<1| H| g>pab (g) — ngDab (g)
(norm)? (norm)? (norm)? o=yt g=1
1 g(u) °G
gm>: P’ﬁitn‘1>n0rm - °(7 - norm z’ Du ( )‘g>

subject to normalization (from p. 116-122):

norm = \/ 1‘

e

(which will cancel out)
So, fuggettabout it!

Coefficients D ( g)l are zrreduczble representatzons (zreps) of g

g= 1 r 1 1 i

) 1 1 1 1
D'l(g)= 1 I I -1 -1 1
p"(e)= | R b R RI: B

1 . 2 2 2 2 2 2 2 2 1 0

D! (g)= ( 1 ] B | I B [ 0 -1 J
Y 2 2 2 2 2 2 2 2
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D3 Hamiltonian local- H matrices in |PW)-basis

P) |y [PL)Py) [PL)RD)
H matrix in / r0r27-1111213 \ H matrix in ( A . )
~ 3 : L (W) _ . .
|g)-basis. Womon s h b [PW)-basis. .| H -
Il I R I b
= vV g = = T T = E E
G =18 L L I, Fy 1o i ¢ ' - | Hy Hy,
L h B Ty 1 x; xyl
B oR2oh 2 Ty L ' ' ’ H; HyEy] )
OG: a* .......... G )
H:b = <P1¢1La H Piflt)> :jll_l)mePrflL) 1> = <1| HPcfthrf;? 1> — 6mn<1| HPcf;) 1> = 2<1| H| g>'Dab (g) — ngDab (g)
(norm)? (norm)? (norm)? g=1. ............ P

H" =1, D" D)+ rD" (r'"r, D (r*)+i, D" (i,)+ i,D" (i,)+ ;D" (i,)=r, +1,+7; +i, +i, +i,

X,y
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D3 Hamiltonian local- H matrices in |PW)-basis

P:) [Py) [PPy) PP
H matrz:x o R s \ H(nfiatrix m (g ] )
|g)-basis: .’”1 oo k0 [PW)-basis. | H -
(H) _Yege| 025 H) =7(H) T <
_g:rg_ L L i, Fyo1 ( ) =T(H), T = ' ' Hy; Hyyl
boh Bk Ty - jyl
B b oh o Ty \ : : : : Hyb; HyEy] )
°G o,
H,, = (P [B[P5 ) = (112 HPS 1) = (1 HPE P =5, (1 HPE|T) = 21|H|g>Dab §)=2.r.D,, ()
(norm) (norm) (MOTM)? oy o

H" =7, D" ()+ D" (r')+ rl*DA‘ (r*y+i D" (i y+i,D""(i,)+i,D" (i) —ro 7+ i L
H" =5, D" (D)+r,D""(r')r, D" (r)+iD " (i)+i,D " (i,)+i,D " (iy) =1, +1,+r, -i,-i,-i,

X,y
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D3 Hamiltonian local- H matrices in |PW)-basis

PY) IBy) [R)EY) [P)RY)
H matriv in / rr ..... rl ..... l ..... l...z\ H matrix in ( g4
-basis: v b e PO -hasis: H
8 | oty B o hoh | A El
(1) ZG _ | L . .t = o
- = H) =T(H).T'= a e
G g:1rg ; A (H), =T (H), w Hy,
hoh B n T - jyl
S I B \ ; HyEy]
°G o,
H,, = (P, |H[B} )= (1P} HP}|1) = ([HF;, P [1) =3, (1 HP,[1)= 21|H|g>Dab g)=2.1.D, (2)

(norm)? (norm)?

norm

H" = rODA1 (D)+ rlDA1 (r'+ rl*DA1 (r )+ leA‘ i)+ 12D (12)—|— 13D (13) =1, +1, +r1 +i,+i,+i,

H

=D (\)+rD " (rY+r D" (r*)+i,D (i )+i,D (i, +i,D Q) =r, 41+ i -1

H. =1r,De ()+ D (") + 1 Do () +i, D, (i) + iy Do (i) + 5D, i) =Qry 11 -1, -1, 4212

g(ioeﬁ"lcierlzts fom ( g)rl are irrediicible representations (ireps) of g

r 11 12

D\, (2)=

NI&I
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D3 Hamiltonian local- H matrices in |PW)-basis

Py) [By) [RO)[PS) [PD)P)
Hmatrz:x o R s \ H(nfiatrix m (g | )
|g)-basis: .’”1 P k0 [PW)-basis. | H -
(H) _Yege| 025 H) =7(H) T <
_g:rg_ L L i, Fyo1 ( ) =T(H), T = ' ' Hy; Hyyl
boh Bk Ty - jyl
B b oh o Ty \ : : : : Hyb; HyEy] )
°G o,
H,, = (P [B[P5 ) = (112 HPS 1) = (1 HPE P =5, (1 HPE|T) = 21|H|g>Dab §)=2.r.D,, ()
(norm) (norm) (MOTM)? oy o

H" =r, D" D)+ rD"(r')+r, D" (r*)+i, D" (i )+ i,D"(i,)+ i,D""(i,) =r,+r,+r, +i,+i,+i,

H" =r,D"D)+rD " (r')+r, D" (r*)+iD " (i)+i,D " (i,)+i,D " (i,) =t +F,+7, -i,-i,-,

H' =D (W)+rD. (M+r' D (r)+iD. (i) +i,D.. (i,)+i,D.. (i) = -5 -r =i -i, +2i,)/2
H =rD. ()+nrD. (") +r D, (D) +iD,, (i))+i,D., (iy)+ D, (i) =31+ iy +i, 2 =H

g(ioeﬁ”zcierlzts D! ( g)r1 are irreducible repre

r’

itations (ireps) of g

D\ (g)=
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D3 Hamiltonian local- H matrices in |PW)-basis

A E
P:) [By) [Pa)Ry) [RL)R)
Hmal_rl-x ln ( rr ..... rl ..... l ..... l\ Hmal‘rix l-n ( HAI \
, To i b L ,
|g)-basis. [PW)-hasis: H
n " 7 13 h b B
°G vy 1y Ty Iy Iy 1 xx xy
_ > Ty b B g — —
H) =Yrg= H),=T(H).T'= BB
( )G oo) & i i, or,or T ( )p ( )G w H,
L h B I Ty T o xyl
B oR2oh 2 Ty \ ; HyEy' )
............... - .
H,, = (P, |H|P,) —ﬂLP“ »|1) = (1 HP, ILJJ 1|Hlﬂ_> 2 1|H|g>Dab =2 1.D, ()
(norm)? (norm)? (norm)? g g=1
H" =r, D" D)+ r D" (r')+r, D" (r*)+i, D" (i )+ i,D" (i,)+ i,D""(i,) =+ +r, +i,+i,+i,
H' =5, D" (D)+r,D "(r')+r, D" (r)+i D" (i)+i,D " (i,)+i,D " (i) =1, +1,+r, -i,-i,-i,
H —rOD (1)+rD (r )+r D (r )+zD (z)+12D (12)+z Dxx (1) =Qry-r, r -1,-1,+21,)/2
H_=rD, (1)+rD (r1)+r*D (r2)+iD (i1)+i2D i)+, ny (i) =N3(r+r -i+i,)2 =HE
H = rOD (1)+r1D (r )+r D (r )+, D (zl)+12D (12)+z Dyy (i) @1’0—1’1—1’1*+i1+i2 1,)/2
Coefficients D', ( g) are zrreduczble represent S (ireps) of g
g= 1 r i iy 3
) 1 1
Dl (g)= -1 -1 11
D" (g)- 4 | [ 7 ( L o
D, (g)= £ () 5 o £
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D3 Hamiltonian local- H matrices in |PW)-basis

A] E| E] El El
Pxx > ‘Pyy Pxx > ny > ‘Pyx > Pyy >
Hmatrix ln ( rr ..... rl ..... l ..... l Hmatrix l-n ( HAI \
, Yo 20011 2 3 :
|g)-basis. L [PW)-hasis: H
n o 7 43 h b B -
°c r, oty b iy _ _ H. H,
(H)G: 2 rgg: . . . (H)P:T(H)GTTI Ej HEl
g=l1 L 3 L, Iy I n )X Y
hoh B n T o Hy
I I I, 1 1y T g B
.3 2 1 T 2 0 \ w H, )
a - .......... ;(.;..é )
Hab = <Prfzta H Pr‘:lL9> :(ly_}?cflmHP:lLa 1> = <1| HP;tml)Trﬂ_l? = 5mn<1| Hl?aﬂl} = 2<1| H| g>pab (g) = EFgDab (g)
norm norm)? norm)? gl =1
H" =r, D" D)+ r D" (r')+r, D" (r*)+i, D" (i )+ i,D" (i,)+ i,D""(i,) =+ +r, +i,+i,+i,
H' =5, D" (D)+r,D "(r')+r, D" (r)+i D" (i)+i,D " (i,)+i,D " (i) =1, +1,+r, -i,-i,-i,
H_ =r,D_()+rD._(r"Y+rD_r)+iD.(i)+i,D. (i,)+i,D. (i) =2r-r-r -i-i,+2i,)/2
ny‘ =r,D,,(D+n1D, (r+ rl*ny (r*)+ i,D,, (i)+i,D, (i,)+iD,, (i) =3 (-1, +7, -1, +i,)/2 =Hy§*
H, =rD, ()+nD, (r)+r D, (r")+iD, (i)+i,D,, (i,)+i,D, (i) =2r,-1-1, +i+i,-2i;)/2
H )2 H fyl 1| 2511 -i,-i,+2i, J3 (-1 41, -1, +iy)
yL; I_IyLy1 2 \/5(_’3* +1-i+,)  20-h _rl* +i,+1,-21,
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D3 Hamiltonian local- H matrices in |PW)-basis

) [Py) [PO)PY) |PL)[EL)
Hmal_rl-x ln ( rr ..... rl ..... l ..... l\ Hmal‘rix l-n ( HAI . \
, Yo 20011 2 4 .
|g)-basis: | S PO -hasis: .| H . .
n T T B 4 b 5 5
T L T I o L0 N I
= vV g = . . . H = T H T = E E
G g:1 J li l3 12 1”0 7"] 7"2 P G ) ) ny Hyy
L 4 K R Ty n x; xyl
B oR2oh 2 Ty e : : : H; HyEy' )
e G .......... 55'5 )
Hab = <P15a H Plflt)> :( 1 chthPrflL) 1> = <1|HP;LmI)(n/.Z|1)> = 5mn<1|Hl:c¢;)|1)> = 2<1|H|g>'Dab (g) = zrgDab (g)
norm norm)? norm)? gl =1
H" =r, D" D)+ r D" (r')+r, D" (r*)+i, D" (i)+i,D" " (i,)+i,D" (i,) =r,+r,+r, +i,+i,+i, =1, +2r,+2i,,+1,
H" =5, D" (D)+rD "(r')yr, D" (r)+iD""(i)+i,D " (i,)+i,D " (iy) =1, +1,+F, -i,-i,-i, =1, +2r, -2i,, -i,
' =rD_)+rD._(H+r'D._(r)+iD._ (i)+i,D. (i,)+i,D. (iy) =Qr,-r-r -i -, 4202 |=r, -5, i, +i,

H, =D, ()+nD, (r")+1 D, (") +iD,, (i) +i,D,, (i) +i,D,, (i) =\3(-r+1 i+, )2 =H =0
H, =rD, (D+nrD, (rY+r D, (r)+iD, (i)+i,D, (,)+i,D, () =Qry-r-r +i+i,-2i,Y2  |=r, -1, +i, -i,

Hﬁl Hh‘l x . . . \/— * oo .
o wo | 1| 26-n-n - 42, 3(-r,+r, -1, +1,)

E E * . . * . . .
Hy; Hyyl 2 \/g(—l”l +1-l 4, ) 201 -r L -2

local constraints ri=ri*=r> and i;=i>

* . .
For:ry=r and:i, =i,

_[ 1<l i, 0 ] Choosing local C>={1,i3} symmetry with

0 Fo-h=lp-1
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D3 Hamiltonian local- H matrices in |PW)-basis

Py) [Py [PL)RD) [PL)PY)
Hmatrlx ln ( rr ..... rl ..... l ..... l\ Hmal‘rlx ln ( HAI \
|g)-basis: 0 s [PW)-basis: Ir
| nory oo . : .El H.El
I B TS A T _ _ ' ' oo
H) =3XYrg= . (H),=T(H).T = CI——
( )G ol Vgg ii i3 i2 o ( )p ( )G : : ny Hyy
boh B Ty y jyl
B b oh o Ty - : : : Hyb; HyEy] )
; S . *
Hab = <P15a H‘ Pr‘:lt)> :( §1| chthPrflL) 1> = <1| HP;Lml)(r/;;? 1)> = 6mn<1| Hl?cflt) 1)> = 2<1| H| g>'Dab (g) = ngDab (g)
norm norm)? norm)? g=1 " g=1
H" =, D" (D)+ 1D (r)+ 1 DY (r))+ i, D i)+ , D (1,)+ isD" " (i3) =1y +5+1; +i, +i, +i, =1, 421 +2i , +i,

H" =5, D" (D)+rD "(r')yr, D" (r)+iD""(i)+i,D " (i,)+i,D " (iy) =1, +1,+F, -i,-i,-i, =1, +2r, -2i,, -i,
Y kDL () rD. ()4 E DL )+ i D (i) +i,D. )+ i,D. (i) =(2r s i -, 4202 |=r iy, +,

H! =D, ()+nrD. (") +r D, (X)+iD,, (i) +i,D., (iy)+ i, D, (i) =31+ iy +i, 2 =H | =0

H =D, (1)+ 5D, (*)+1 DL () +i,D., i)+ iy D, (i) + isDs, (i) =(2ry-riry +i\ 41,20 )2 |=ry -1+, -,

(CZZ{I,E}

&

Local symmetry
determines all levels
and eigenvectors with
just 4 real parameters

~

J

Ey
XX
Ey

yx

Ey

* . . .
H, 1 21,1 -1 -1, +21,

H 2

\/§ (-r, +r1*—i1 +1,)

\/g(—l”l +1-l 4, ) 201 -r L -2

yy
. rO_rl_112+l3 0
0 Fo-h=lp-1

Choosing local C,={1,i3} symmetry with
local constraints ri=r;*=ry and i;=i>

* . .
For:ry=r and:i, =i,

Sunday, March 29, 2015

146




R="25, DV
Spectral Efficiency: Same D(a),  projectors give a lot!

1 r r i i i
BY=(1 1 1 1 1 Dk 1 i i, i 1 v i i i
By=(1 1 1-1-1 -D)s |1pe=3 1 1 1 1+2005 |BE=(0 -1 1 -1+1 0N
RL=(0 1 -1 -1+1 A3z |Bh=(2 T -I+1+1 -2)/s

*Eigenstates (shaown before)
cCompnlete Hamiltonia
iy )
A]-block H+ ]i'+ ]ﬁ_ l'l_'b_

- 1. 1 1> 17 .7 N . .
Ayblock N2h 7 mhth yZ AU MURUADY
,\/3 - . [ _l _l l. 1. .
A L L B N AL L

A
\ J
°Local symmetery eigenvalue formulae (1.s=> of-diagonal zero.)

FEr,=r =1 T L=

A-level: H +2r +2i+i3
giV@S.' A -level: H +2r _21'_%
E-level: H - 1 - i+i3
E-level: H - ¥ + i—i3
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Global (LAB) symmetry ) ,>C, i, projector states — Local (BOD) symmetry

5[0 =1;PGVI) ‘(m)> :P(bm)‘ 1> L) =73122’”)| 1= Ry 1)
=(-1)¢ |(m)> eb € _ lzl()m)i37”| 1>:(_])b |(m)>

i; global ()
anti-symmetry

anti-symmetry /@

i 3 local

i; global (v)

XX
o > 1
1; global 3

(x) symmetry
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When there is no there, there...

Nobody Home
where LOCAL

and GLOBAL

—
Ny
U

i, global ()
anti-symmetry

o > 1
1; global "3
(x) symmetry
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(a) Local D DCZ(Z ) model  (b) Mixed local symmetry D ; model
Il > 1 cos!5°=V[(1+cos 30°)/2]
,’% N \ , ,’\ / ‘ > —(1/;)V(2+v3) =sin75°
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Psuedo-scalar mode

Scalar mode

XX

-y
A, V6P

Vector mode
E,
)}J)

Vector mode
L /
yx

(a) Local D oC 2(1 ;) model

0 N
1 / )\\\> -
r > , Sk, /// ks

R\

L

//‘ =
/ ///////
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