Group Theory in Quantum Mechanics
Lecture 1G@si91s)
Local-symmetry eigensolutions and wave modes

(Int.J.Mol.Scj14, 714(2013) p.755-774 , QTCA Unit 5 Ch. 15)
(PSDS - Ch. 4)

Review Stage X5roup Center: Class-sung , characterd *(g), and All-Commuting Projectors®

Review Stage Z5roup operatorgy and Mutually-Commuting projectoR'«
Review Stage 3Meylg-expansion in irreps Ex(g) and Non-Commuting projectoPsik
Simple matrix algebiPiap PVca= "1 hcPHad

PHik transforms right-and-left 1ir? vy i, g
Py -expansion img-operators S S S P P
Example ofs@ransformation by matrix Ex(r?) oL iy
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N
[
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Details of Mock-Mach relativity-duality for {Qroups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Locad#basis and Global vs LocaPW)#basis\DBGmup I
Oslide-ruleQys

r
T T A
i
i

- 2
s i, 1pir o ro 1

Hamiltonian and @group matrices iglobal and local'PW#basis
Global vs. Local block rearrangement
Hamiltonion eigen-matrix calculation
Hamiltonian local-symmetry eigensolution
(Vibrations treatedn following Lecture 17)
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

i! g ”g !u#u*l
I : I A — : n |
" g ;IZ !IJ pJ pJ classes! g iG ® 0
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glJ

I nl,l
~ 99 . Mo Ul N=1H[y)= 1 H #1 _ o g
[ g ;Z pH J Chaacters ! /' TrD (g)—! (g)—! (hgh ) ( = oaeel TGO
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

- | n U

|- .

| = 9 ¢ - JH TrDH(g)= 1 H :IN( #1) - " —#M
[ ' g # i pH J Chaacters. Iy TD (g) . (g) I'*{hgh [ G

---------------------------------

 See Lect.15 p. 20 '
1 =1Ph+ 1P+ 1 E
i1 =2 pMN42plu B
1, =3P 304 0 F
' UseT)(Al*zl 4oy :

g
to find P coefficients

---------------------------------

D3z examples
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

OKg%g #1 - y*
_y_ 97d | Mo Hig)=1H(g)=1H - " —#r
Kg—% ” P+ Chaacters: / 1" TrD (g) ! (g) . (hgh ) = assst 1G9 9
's'éé'LEét'ié'[o"2'6"""""""""'""""", """ .. ,.|Seelectl5p.23-24 7 ,
_15[3'°§L+ 18>"2 + 14 E - ':kAl 11 1 1 PAl—(K1+K +K; )/6—(1+r+r2+i1+i2+i3)/6§
—26PA1+20 " 9 E " 4 =(k;+K, —K;)6= (1+r+r2 I, —1,—13)/6:
' ) . “E=(2¢,-x, +0)/3= (21-r -r?%)/3 '
_Bg)Al " 30 + OEF)/E =E 2 #1 0 T 1
1 Use ! (" =1(")
Use’pi_'pi 1 to finclzl#lcoe‘ficients
. (o) flnd P"L coefficients ) (102
LS P P = | e

------------------------------------------------------------------------------------------------------------------------------

D3 examples
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

I nl,l
~ 99 . Mo Ul N=1H[y)= 1 H #1 _om g
[ g ;Z . pH J Chaacters ! /' TrD (g) ! (g) ! (hgh ) ( = oaeel TGO

Review Stage Z5roup operatorgy and Mutually-Commuting projectof
PH= PR+ PHoo+ PHywe (Mutually-commuting Projecto®mm

PM splits into a numbetH of irreduciblePjj where! H=dimension of irreOH
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

i! ~ ) .
[ !rﬁ%ﬂ Chazdters: 14 =TD*(0) = 2" (0) = * (hoh”) ( = gasmt | 1670 J

Review Stage Z5roup operatorgy and Mutually-Commuting projectof
PH= PR+ PHoo+ PHywe (Mutually-commuting Projecto®mm

PH splits into a numberH of irreduciblePj; where! H=dimension of ire"  and sum of! H

N o , is RANKOf Ds
PH splittingNOT unique if | H >1E.

Example:
The splittable all-commuting projector insD
CE=(2," 1 +0)/3=(21" r " r?)/3
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

| 4

MIJ
i/ _ «
9 g pH T He TDH(g) = 1 4 (o) = 1 #[ heh™ = ;
[ _# J Chaacters; !g TrD (g)—! (g)—! (hgh ) ( —dagm oG%g KgJ

! U

Review Stage Z5roup operatorgy and Mutually-Commuting projectof
PH= PR+ PHoo+ PHywe (Mutually-commuting Projecto®mm

PH splits into a numberH of irreduciblePj; where! H=dimension of ire"  and sum of! H
N - , is RANKof Ds
PH splittingNOT unique if | H >1E. ..OR...
Splitting by G={1,i3} (See Lect.15 p. §0

POE o =PC = i)

X, X

" =PC = ig)e

) 2

Example:
The splittable all-commuting projector insD
CE=(2," 1 +0)/3=(21" r " r?)/3
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

Review Stage Z5roup operatorgy and Mutually-Commuting projectof
PH= PR+ PHoo+ PHywe (Mutually-commuting Projecto®mm

PH splits into a numberH of irreduciblePj; where! H=dimension of ire"  and sum of! H

. . . . Is RANKof D3
P splitting NOT unique if 1H >1E. ...OR...
Splitting by G={1,i3} (See Lect.15 p. 0
PE, =PF = H1+i,)2 o

X, X

P° =P" = i)

Product algebra on group table:

(1 +13)/2
IR N s R +21, |
(g)-r -r i,
12| -r? L, 1
"""""""""""""""" “o9
Example:

The splittable all-commuting projector insD
CE=@ 1 +0)3=(21" 1" r?)/3
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

- | n U
|- _ .
— # . U n H — M — M #1 n #l,l !
[ !g #u o J Characters: !g rD (g) ! (g) ! (hgh ) [ —da ! _i o gJ

! U

Review Stage Z5roup operatorgy and Mutually-Commuting projectof
PH= PR+ PHoo+ PHywe (Mutually-commuting Projecto®mm

PH splits into a numberH of irreduciblePj; where! H=dimension of ire"  and sum of! H

- - , is RANKof D
P splitting NOT unique if 1H >1E. ...OR...

Splitting by G={Z1,is} ~ (SeeLect15p. §0
P, =PXE,X=PE(1+i 2= (21-r'—r—j —i,+2i,)/6
PE. =PF = H1-i,)2= (21-r'—r%+i +i,~2i,)/6

Product algebra on group table:

(1 +i3)/
21 +2i,
B
_r2 r° by i1
""""""""""" ‘o4
Example:

The splittable all-commuting projector insD
CE=(2," 1 +0)/3=(21" r " r?)/3
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

| MIJ |[l

|- ! *

| —xl 99 o H TDH (o) = 1 H =,u( #1) _ 3 e
[ ' g ;:#l i ! J Characters: '3 TrD (g) . (g) I'"lhgh [ e oG%g g

Review Stage Z5roup operatorgy and Mutually-Commuting projectof
PH= PR+ PHoo+ PHywe (Mutually-commuting Projecto®mm

PH splits into a numberH of irreduciblePj; where! H=dimension of ire"  and sum of! H

) IS RANKof D3
P splitting NOT unique if 1H >1E. ...OR...
Splitting by G={1,i3} (See Lect.15 p. §0 Splitting by G={1,r1r2} (See Lect.15p. 84
PE =P = Ha+i)2= (21 ri r2i L i +2i,)/6 PEL=P5 L= S+ r+r2)3
PE. =PE = Hali,)2= (220 r't r2+i +i,! 2i,)/6 PE, =PS = Ha+/'r+! r?y3
Product algebra on group table:
(1 +13)/ H2-1-1 12! -1-1)r H2! -1 -D)r2 3%
P et R BN i2'3 16212 201 21
g | T i, #5&"‘ -1 -l
r2| 2 i, 1 -r2lor2ioar -1 #1&
""""""""""" #63 33(
Example:

The splittable all-commuting projector insD
CE=(2," 1 +0)/3=(21" r " r?)/3
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

o U .
[ Ky = Z% pH J Chaacters: x* =TrD*(g)=x*(9)= x“(hgh_l) ( = " l—G#g Ly J
T

Review Stage Z5roup operatorgy and Mutually-Commuting projectof
PH= PR+ PHoo+ PHywe (Mutually-commuting Projecto®mm

PH splits into a numberH of irreduciblePj; where! H=dimension of ire"  and sum of! H

" . . . IS RANKof D3
PH splittingNOT unique if | H >1E. ..OR...
Splitting by G={1,i3} (See Lect.15 p. §0 Splitting by G={1,r1r2} (See Lect.15p. 84
PE =P = Ha+i)2= (21 ri r2i L i +2i,)/6 PE,=PL L = H@+! r+r?)3
PE. =PE = Hali,)2= (220 r't r2+i +i,! 2i,)/6 PE, =P = Ha+/ri+/ r?)3
Product algebra on group table: B(2-1 -1 YL+ (21 1)+ (21 -1 )2 3R
(1 ti3)/ H2-1 -1 120 -1-1)r H2! -1 -D)r 2§38
! 1$21 2lir r i i, i|213 ! 1$21 21 | 2!r? 2!**r
#§§rf2 T M #ager | -l
et e iy |11 r2[ 2 r -1 18
o 43
Example:

The splittable all-commuting projector insD
CE=(2," 1 +0)/3=(21" r " r?)/3
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- | n U
|- ! *
—y4—9 9 . H H = | H = | H #1 — —#H
{ !g—;Z P+ J Characters: | ¥ " TrD*(g) =1 #(g) =1 (hgh ) ( = gosmet 1670 gJ

! U

Review Stage Z5roup operatorgy and Mutually-Commuting projectof
PH= PR+ PHoo+ PHywe (Mutually-commuting Projecto®mm

PH splits into a numberH of irreduciblePj; where! H=dimension of ire"  and sum of! H

) IS RANKof D3
PH splittingNOT unique if | H >1E. ..OR...
Splitting by G={1,i3} (See Lect.15 p. §0 Splitting by G={1,r1r2} (See Lect.15p. 84
P, :PXE,XZPE(”is)/Z: (21! M r? i i,+2i,)/6 P15113:P+E13,+13:DE(1+! r'+!/ r?)3=1+! r'+! r?/3
. =P),= F1li;)2= (210 r't r+i, +i,! 2i,)/6 P, =P, = U+ rf)Y3=(1+! v+ )3
_ o (1+  I'Qr+  I(rrP3s
Product algebra on group table: (-1 -1 YL (211 Yr H (21 -1 Y23
(1 tis)/ 21 -1 YLH2! 11 ) H2! -1 1) 2 3%
| 1$21 2L, 215 | » 21| 21 21¢2 20
#5,@{4’ o i, #ga-r -1 -l
r2| 2 i, 1 -r2lor2ioar -1 #1&
""""""""""" #Ea 4
Example:

The splittable all-commuting projector insD
CE=(2k,~%, +0)/3=(21-1 —-r?)/3
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

nl,l |l'l
g g e TDH () = 1 H (o) = u( #1) —#H
[ _# pH Chaacters: !g TrD (g)—! (g)—! hgh PJ—CIa%, G 99

! U

Review Stage Z5roup operatorgy and Mutually-Commuting projectof
PH= PR+ PHoo+ PHywe (Mutually-commuting ProjectorB*mm)
PM splits into a numbetH of irreduciblePjj where! H=dimension of irreOH
Review Stage 3Meylg-expansion in irreps Ex(g) and Non-Commuting projectoiPsix

Groupg-expansion In ProjectorB'mn Projector P*mn expansion in Groug
|N |# &

ﬁ” m n! mln' P#IInlg
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

n U |l'l
'g g R Ty Ay _u( #1) e
[ _# i pH J Characters: !g 1D (g)—! (g)—! hgh = et g SR
Review Stage Z5roup operatorgy and Mutually-Commuting projectof
PH= PR+ PHoo+ PHywe (Mutually-commuting Projecto®mm
PM splits into a numbetH of irreduciblePjj where! H=dimension of irreOH
Review Stage 3Meylg-expansion in irreps Ex(g) and Non-Commuting projectoiPsix
Groupg-expansion In ProjectorB'mn Projector P*mn expansion in Groug
|H |l~‘ &
@ o DX P#.n.g Theg=1&4 development: Weyl development follows...

(Lecture 15 p. 90-97)
g=11g!1=(PL + P +PL, +P)Ig!(PL +P +P +PL)
g=1!gll= F’Allg'PAl O + 0 + 0

+ 0 +P:gP>+ 0 + O
+ 0 + 0 +PE!g!PXE,X+PXE,X!g!Pijy
+ 0 T 0 +PE|g|PxE,x+PyE,y!g!Py%y
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Review Stage 15roup Center:Class-sums, ,characterd ¥(g), and All-Commuting Projectors*

i) mH | H
x99 : " — — #1 |
[ | : _;Z'—HPJ J Chaacters: !g TrD“(g)—!“(g)—!“(hgh ) ( = dases! iG#g - gJ
Review Stage Z5roup operatorgy and Mutually-Commuting projectof
PH= P+ PHoo+... PHymye (Mutually-commuting Projecto®mm
PM splits into a numbetH of irreduciblePjj where! H=dimension of irreOH
Review Stage 3Meylg-expansion in irreps Ex(g) and Non-Commuting projectoiPsix
Groupg-expansion in ProjectorB*mn Projector P*mn expansion in Groug
LA , /
g=[2 ) DX (9) Pr‘,‘m,] Theg=144 development: Weyl development follows...
Iy n

(Lecture 15 p. 90-97)
g=11g!1= (Rl +P) +P., +P)IgHP) +P +PL +F))
g=1lgh=D"@gP;+ 0 + 0 + O

+0 +D-(gpP + 0 + O

E E E E
+ 0 + 0 + Dx,x(g)Px,x + Dx,y(g)Px,y

where +0 + 0 +D,(g)P,+D, (2)P,
Plg!P =D"(g)P Plg!P  =D"(g)P

P 'g!P, =D, (2P, P !g!P; =Dy (2)P,

P, 'g!'P. =D (2)P, P, 'g!'P =D (g)P,,
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Review Stage 1Group Center:Class-suns, ,characterd ¥(g), and All-Commuting Projectors*

Review Stage Zsroup operatorgy and Mutually-Commuting projectoR'k«
Review Stage 3Meylg-expansion in irreps Ex(g) and Non-Commuting projectoPsix
Simple matrix algebiPiap PVca= ! hcPHad
PHjk transforms right-and-left
PHjk -expansion irg-operators
Example ofs@ransformation by matrix Bx(r?)
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Weyl expansion af in irep Dik(g)PHik

Irreducible idempotent completenelc;sPASL +P <+ P>5<1 +ptL

e=te1=" * - Ofy (0)#f, =D0{o)r" D (g)r +D3(o)eZ +D(o)r:
For irreducibleClass idempotents E E E
where: sub-indices or yyare optional i Xl(g)P «*+D 1(g)P

P ugP =D Yg)P.t, P.2gP ?=D *(g)P.?, PlgP1=DYg)P,L

XX XX !
For split idempotents o
sub-indicesx or v are essential

Qy-equalsiad-trickO

completely expands grolipdby

Previous notation:

PE1: PE1 FO)2E1: PE1

0202 "~ XX

X

PE=PE: PEi=PE

P 1g!P 1=D,}{ g)P

=
X

E Ei_~Eif YnEi @ F B _~E E
P HgiP1=D Yg)Pl, P lgiP1=D g)P?
By . Group product table boils down
~ to simple projector matrix algeb

. . . l?li [ql
there arise twailpotentprojectors Px andP_ ph | po | pE pE | pEL pE
| o PLIPIL 11
ldempotent projector orthogonallty@ai P =1 P =P pD P o A R
Generalizes tadempotent/nilpotent orthogonality PLl 11 PP
known asSimple Matrix Algebra (pup! — ol n u = £, E
(ijpmn_ kajn Pl b P P!
P11 i1 1 1 Pl Pl
. . ll 2 2 [l ]
goefflmelntsDrm(g)rl aiereducible representations (repsfg e | |, |, | |5 e
1 2 3
p 1 1 1 1
D™(g)= 1 1 1 (1 (1 (11
% % % " %
D (g): "1 1% % (% ('%é ' % (% %; ' % (% (%? ' % (gi %5 ' 1 0 %
e , | | . . .
pil= | Rrie g6 Gy g(f gy §(F 1 §F 1, Poce
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Review Stage 1Group Center:Class-suns, ,characterd ¥(g), and All-Commuting Projectors*

Review Stage Zsroup operatorgy and Mutually-Commuting projectoR'k«
Review Stage 3Meylg-expansion in irreps Ex(g) and Non-Commuting projectoPsix
Simple matrix algebiPiap PVca= ! hcPHad
PHjk transforms right-and-left ‘-
PHjk -expansion irg-operators
Example ofs@ransformation by matrix Bx(r?)
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PHj transforms right-and-left

Spectral decomposition definegt and right irep transformatiodue to
spectrally decomposearacting on left and right side of projectt,,,

e IH I H & u :
gp#n:%” "| ..ID#!!n!(g) P#!!n!gpgn Use P, -orthonomality
MmN ’ ’

Pr P =018 P

n" mn
(Simple matrix algebra)

Wednesday, April 1, 2015
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PHj transforms right-and-left

Spectral decomposition definegt and right irep transformatiodue to
spectrally decomposearacting on left and right side of projectt,,,

Use P“ -orthonormality

u Y il & u
P = ﬁ“ ol mlnl ) Pmlnlg Prrn ........ ,ul u ' IJ
: F Pm'nI P = nlumln

| |u .-": (Simple matrix algebra)
—_ Tl IJI Hll.l IJ :
- Dm|n| (g)) ) n!mpm!n...f

. .
‘l' lIII Il' .....................
.

|H |F'

ﬁl' m  n!

DAL

|nl

g) P

min!

()
QY

[

Wednesday, April 1, 2015
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PHj transforms right-and-left

Spectral decomposition definegt and right irep transformatiodue to
spectrally decomposearacting on left and right side of projectt,,,

|l1 I H

& .
! Use P“ -orthonomalit
OPhn = ﬁ,l " D )E#:mgP#n ........ g

pH! pIJ — pH

’ I

: . : min! nlm min
| H |u U i F J . (Simple matrix algebra)
- u' o Dmlnl(g)) . )nIumln
I H
— 1 u u
- . Dm'm(g) I:)mln

|H |F'

ﬁll m  n!

DAL

|nl

g) P

min!

()
QY

[

Wednesday, April 1, 2015
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PHjx transforms right-and-left * ¥ o (gt

ﬁll o 'n' mlnlg

Spectral decomposition definegt and right irep transformatiodue to
spectrally decomposearacting on left and right side of projectt,,,

IH I H

& .
Use P“ -orthonomalit
gpﬂ _ﬁl' | |Dnﬁl:n| )Pmlnlg PIJ ........ y

pH! pIJ — pH

’ I

SR : min! n'm min
U |H : Lol (Simple matrix algebra)
—u on u! DUy Pl
- Dm'n' (g)) )n'mpm'n
l’l' ml nl ettt ierecat s
I H
— 11 u u
Dm!m (g) Pm'n
m!
f : f ' k H —gPrlflh‘1>
Left-action transtorms irep-Keg| my, )=~

gl 4 )= gf Dfm(9) o)
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Pk transforms right-and-left S pu (g)pa

?éll o |n| mlnlg

Spectral decomposition definegt and right irep transformatiodue to
spectrally decomposearacting on left and right side of projectt,,,

IH I H

& .
! Use P“ -orthonomalit
0P = ?é,l " D )E#ngP#n ........ g

P PH = PH

' I

: . : min! nlm min
Ik : Lol :  (Simple matrix algebra)
" n ! : ! e :
= D#]Inl (g)) HH) nlmP#In
,u! m nl
I H
=" D#Im(g) I:)rﬁln
m!
. . PH 11
Left-action transforms wep—k@‘ ﬁn>=io—fr‘j >
| H
U \—w pH u
9 mn>_ mIDm!m (g)‘ m!n>
A simple irep expression...
u u
<m!n g > Dm'm(g)
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Pk transforms right-and-left S ()

ﬁl' - Dn'L;"n' mln!
Spectral decomposition definegt and right irep transformatiodue to

spectrally decomposearacting on left and right side of projectt,,,

. IHD“' )P“! &P“ Use P“ _-orthonomality
ITI‘I ﬁ[l . min! mlnlg rrn N " s L u
:: Pm'n'P = n'umln
Ik : Lol :  (Simple matrix algebra)
n " ! : I L .
= D#]Inl (g)) HIJ) nlmP#In
,u! m nl
I H
— 11 IJ u
- Dm'm(g) I:)mln
ml
: - u o\ _Phml1)
Left-action transforms wep-k&‘ mn>‘Frm_

Y
g‘ mn> D#‘m(g)‘ %‘n>
A simple |rep expression...

<Lnl1!ng > Dhim(9)

...requires proper normahzaﬂon{

) (1Pi, PR 1)

norm norm=.

— u UlUn <1‘ P#H >
|norm|

‘min!

—nu l,l!/,ln T}
mim nln
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Pk transforms right-and-left o (o) ¢

ﬁll o 'n' min!

Spectral decomposition definegt and right irep transformatiodue to
spectrally decomposearacting on left and right side of projectt,,,

|l1 |/~’

& .

Use P“ -orthonomalit

Pla =3, £, Dl (P y
m n!

pH! pIJ — Ml pl

(A
L imple matrix algebra
::l! Ir'nl n! D#‘:n'( )) Iu) nim m'n
!ll
:lrln! D#Im(g) I:)rﬁln
oPhn| 1)

Left-action transforms irep—k&‘ ﬁn>:

norm.

gl 4 )= gf Dfm(9) o)
A simple irep expression...
(Aol 0| )= D (0)

...requires proper normallzatlon(

) (1Pi, PR 1)

norm norm=.

— u UlUn <1‘ P#H >
|norm|

‘min!

—nu l,l!/,ln T}
mim nln

|norm [°= (1| PX 1)
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PHj transforms right-and-left

|H I H S

ﬁll | IDnl;:nl Pnﬁlllnlg
Spectral decomposition definegt and right irep transformatiodue to
spectrally decomposearacting on left and right side of projectt,,,
|l1 |/~’ & U . |H |H
P“ _f Dullnl )P#:n'gprﬁ,n Use P~ -orthonomality f W P#:mg
9 m n! P#:NPIJ — n iy nlmP#In Q1 mi nl
| 4 |u (Simple matrix algebra) | H .u | u
:u' o Drprl]:ni( )) '/J) nim mln :H! - D#\'nl( )) IJ) - mnl
) Y oK Iy
_m| D#ﬂm(g) Prﬁ,n :n! Dnn'(g) P
- - u\—9Pn|1)
Left-action transforms wep-k&‘ mn>"Frm.

| 4

DIJ

g mn> ()| fan)

A simple |rep expression...
(Aol 0| )= D (0)

1| pH!

nlm!

Pl

...requires proper normallzatlon(

"min!

" H'l,l 7]

mlm

" l,l'/,l 17

><|

norm™

ey

| norm. |

mlm nln

= (1|PH

nn 1>
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PHjk transforms right-and-left f “ ot (g) e ‘
o m nl min!
Spectral decomposition definkdt and right irep transformatiodue to

spectrally decomposearacting on left and right side of projectt,,,
(Simple matrix algebra)

|4 H . |u |u &
- / ‘ Use P~ -orthonormalit !
gP#n ) [Ei nzf E" D#Tn' (g) P#Tn']P#n ’ ﬁll m! n| lnl P#WE
P#m Pl =¢6" ”5 o o
Rl P IH | H
S ' ’ 4 ) woon
-y Y Y D#fn’(g) SH u5n’mPr/}Lfn Projector conjugation — D#]:n'( )) IIJ) nml mnl
i (i) =[n)im i
| & | H
=2 Diin(9) P () = =, Dinl) P
oPhn|1) P o

Right-action transforms irep—br@j‘n‘g (P

norm

Left-action transforms irep—k&‘ ﬁn>=

norm.

Y
g‘ mn> - D#]!m(g)‘ %‘n>
A simple irep expression...

<Lnlw!ng > Dhim(9)

...requires proper normallzatlon(

) (1Pi, PR 1)

norm norm#*.

— u UlUn <1‘ P#H >
m 'nom.|”

‘min!

—nu l,l!/,ln T}
mim nln

|norm [°= (1| PX 1)
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|H |F' S

PHj transforms right-and-left

" DX (g)PH
ﬁll o |nl mlnlg
Spectral decomposition definegt and right irep transformatiodue to
spectrally decomposearacting on left and right side of projectt,,,
(Simple matrix algebra)
GPH = ' IHDHI )Pul &P“ Use P -orthonomality - '” .. P“,',&
ﬁll m nl min! mlnlg m ul U —n I U ﬁl' ml nl mn mng
Pm'nI P nlumln
| H |” ~ ~ | H |M
_ D#]:n'( )) i L pH Projector conjugation — D#Jnl( )) K PH
o (o) <[ o
) Y oK Iy
= . D#]Im(g) P#1|n \_ (Pr‘Lan = Pr‘l]lm ) - ! Dnnl (g) Pmn!
. . PH 11 u
Left-action transforms wep—k&‘ ﬁn>=io—fr‘j > Right-action transforms irep- br@ﬂ“‘g nlfmrrg
| 4 | H
0| tn)= = Dtn(0)] 1) (o]0 = (fa] " Dlim(9 )
A simple irep expression...
(Hnlel )= D& 0)
...requires proper normallzatlon( > <|P#|m' #“|1>
min norm norm*.
|
—n H!IJH <1‘ Prl{'ln| >
|norm|
— ,U!,Lln "
mim nln
|norm [°= (1| PX 1)
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PHj transforms right-and-left

Spectral decomposition definegt and right irep transformatiodue to
spectrally decomposearacting on left and right side of projectt,,,

(Simple matrix algebra)

|l1 |/~’ & . 8 H
_ ! Use P -orthonomalit B - /
P“ ﬁll m n! Du:nl )P#!In!g Prl;ln K pHd — ol IIJy . P#n[% nzf %D#Tn (g) P#m ]
Pm'nI P nlumln
— '.f‘ | H D”I ( )) lu) (" Projector conjugation =y g !ZMD“, ,(9)5;”15 pH
uomon min! nlm mln (‘ m><n‘) :‘n><m‘ Com o n nn’" mn
I H |4
= ml D#Im(g) 1)rﬁ'n \_ (Pnl;ln) ~ P#m ) - %‘ D#n (g) P
Left-action transforms irep-k&‘ ﬁn>z%ﬁl> Right-action transforms irep- br@ﬂ“‘g ‘Purrg
norm
| K s
g‘ mn> D#‘m(g)‘ ﬁ'n> <mn‘g - <mln o D#ﬂm(g )
A S|mple |rep expressmn A Conjugate |rep expressmn...
(o] o]t )= Dln(9) (409 f0)= Dbl )
(1 Pimy P| 1)
reqwres proper normallzatlon(m,n, > F———
— o {llUn <1‘ P#H >
|norm|
— n [lUn "
mm nin

|norm [°= (1| PX 1)
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|H |F' S

PHj transforms right-and-left @ " Dhin(2) P

Spectral decomposition definegt and right irep transformatiodue to

spectrally decomposearacting on left and right side of projectt,,,
(Simple matrix algebra)

lﬂ |H

&
Pl’l PIJ PIJI
pH' PH = iy pH 9 ﬁl' ol m'nl m'n'é
min! nim' min

. '“Dun Pul ‘E‘Pu {Use PE -orthonomalit)j
mn f ln' min! mn
9 m n!

| H |IJ

(" Projector conjugatio

n )

| K I“

o M Hi _ W iy pH
oo Dmlnl( )) ) nim mln (‘ m><n‘) :‘ n><m‘ o "Dl (g)) )nm! o
e | H

:-r-n! D#um(g) Prin S (P#n) =Pl =" DF, (g) PH

9P| )

Left-action transforms irep-ked

g‘ mn> D#‘m(g)‘ %‘n>
A simple |rep expression...
(Aol 0| )= D (0)

...requires proper normahzaﬂon{

|norm [°= (1| PX 1)

H >:
mn

‘min!

norm.

u
Right-action transforms irep- br@‘,‘“‘g el mg

(o =(hlz

norn1

> D#fm(g )

A conjugate irep expression...

) (1Pi, PR 1)

norm norm=.

— o {llUn <1‘ P#H >
|norm|
— M
mim nln

JENE Y

%
$ —D#]m,(g) 5
2 if Disunitary g
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Review Stage 1Group Center:Class-suns, ,characterd ¥(g), and All-Commuting Projectors*
Review Stage Zsroup operatorgy and Mutually-Commuting projectoR'k«
Review Stage 3Meylg-expansion in irreps Ex(g) and Non-Commuting projectoPsix
Simple matrix algebiPiap PVca= ! hcPHad
PHjk transforms right-and-left

* Pk -expansion irg-operators ‘

Example ofsransformation by matrix Ex(r+)
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R . amns o oE (o) pH
PHjx -expansion Irg-operators Need inverse of Weyl formg=g D (9) P

m  n!
G

Derive coeﬁicientqo#n(g) of inverse Weyl expansiorP* =1 p#]n(g) g
g
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- : - L |
PHjx -expansion Irg-operators Need inverse of Weyl formg=g D (9) P

m  n!
G

Derive coeﬁicientqo#n(g) of inverse Weyl expansiorPX =1 p#]n(g) g
g
Left action by operatdrin groupG ={1,E, f, g, h,E} :

P = gG Pln(9) 110
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: : - L |
PHjx -expansion Irg-operators Need inverse of Weyl formg=g i (9) P

m  n!
G

Derive coefficientso#n(g) of inverse Weyl expansiorPX =1 prﬁ’m(g) g
g
Left action by operatdrin groupG ={1,E, f, g, h,E} :

i G i G
FPA, =" pl (o) flg =" pl(i*h|n , where:h=11g, or. g =",
g h
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RE(D =

RE() =

RS (r2) =

RO( )=
Q)

S
o1

-1

Derive coefficientspiy,(g)of inverse Weyl expansiorPh, = |

Left action by operatdrin groupG ={1,E, f, g, h,E} :

Regular representation of D,~C, in the group-|Q) basis

Wdiz

1

Regular representaticiraceR{) is zero except fofraceR()= G

wagz

O

Pujk -expansion irg-operators Need inverse of Weyl form:g=%'“

j Pha(9) 0

i G i G
FPA, =" pl (o) flg =" pl(i*h|n , where:h=11g, or. g=*n,
g h

H

LHH

m nl

Dl (9)

rr

i1 i2 (3

1 r2
r 1

(3 ip g
p (I3 1y

i3 iz

PR

1 r r?
21 r
rr2 1

pH

min!

[
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RE(D =

RE(N =

— 2 prﬁrl]n(g) flg = A

Left action by operatdrin groupG ={1,E, f, g, h,E} :

Derive coefﬂmentsprm(g)of iInverse Weyl expansmrP“ = | pmn(g) g
g

RS (r2) =

TraceR(flP“) # pmn( 1h)rraceR )

RO( )=
Q)

Regular representation of D,~C, in the group-|Q) basis
RC( 2):

pmn(f#lh)h where: h=flg, or. o= 41

H

Pujk -expan3|on |rg operators Need inverse of Weyl form:g = ﬁ“

|# |H

m nl

D (0)

rr

i1 i2 (3

1 r2
r 1

(g ip I
o (I3 Iy

i3 iz

PR

1 r r?
21 r
rr2 1

PH

min!

[
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# |H |H
PHjk -expansion irg-operators Need inverse of Weyl formg= féu . DX (g) P (

min! min!

°G

Derive coefﬁmentsprm(g)of inverse Weyl expansior®t =3 pmn(g) g
g

Left action by operatdrin groupG ={1,E, f, g, h,E} :

. -
fpH = pmn(g)flg: " pl(i*h|n , where: h = g, or ="
----------------------------- e DN

Trace R(f-P#T'])z %ipﬁn(f‘ h)TraceR h)= pk (f‘ll)TraceR(l)

Regular representation of D,~C, in the group-|Q) basis

RE(D =

RE() =

RS (r2) =

RO( )=
Q)

Wdiz

wagz

0y

rr

i1 i2 (3

1 r2
r 1

(g ip I
o (I3 Iy

i3 iz

PR

1 r r?
21 1
rr2 1
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iG
Derive coefﬂmentsprm(g)of iInverse Weyl expansmrP“ = | pmn(g) g
g

Left action by operatdrin groupG ={1,E, f, g, h,E} :
iG [ iG
=" F)an(EJ) f!gJ:: .

1e} ..
Trace R(f 'P“) # pH (f 1h)rraceR(h):
h

Regular representation of D,~C, in the group-|Q) basis
Re(D) = RO (1) = R () = R (1) = R (i) = Re(l.) =

%0

P10 h  where: h=f1g, or: g =F*Ih

H

Pujk -expan3|on |rg operators Need inverse of Weyl form:g = ﬁ”

|# |H

m nl

pH (f 11)Tra(:eR(1) = pt (f " 1) iG

D (0)

PH

min!

rr

i1 i2 (3

1 r2
r 1

(g ip I
o (I3 Iy

i3 iz

PR

1 r r?
21 1
rr2 1

[
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# IH 1 H
M - ion ire- Need | f Weyl formg=9 " " DX (g)Ph,
P -expansion irg-operators Need inverse of Weyl formg=g i (9) Phin

m n! g
G

Derive coefﬁcientqa#n(g) of inverse Weyl expansior®t = | prﬁ’m(g) g

g
Left action by operatdrin groupG ={1,E, f, g, h,E} :

iG iG
fPH = "; pho(0) 110" Pl (1) h , where: h=f1g, or g =*h
Regular representaticiraceR{) is zero except fofraceR()= G

i G " " "
Trace R(f !Prﬁn):ﬁ pH (f 1h)FraceR(h): pH (f 11)TraceR(1): pH (f 1)16

Regqular representatio‘ﬁaceRFr’;’n) is irep dimension® for diagonaP#mor zero otherwise:

Regular representation of D3~C3y in the Projector-|PYu,) basis

A, Aq A, g2 E F E PE E PE E PE
A g = Q<x(9)P * y(g)P * E&X(G)Pxx * Dy @Fxy + Q@ Fyx + R, @Fyy
Bi(g)!A!!!!,% !!!!!% OO T O 7S OO T T T 7S OO Y N NI 7S PO R B B B 7 g;-l!!!!%
$!Q/§!E!!!: !!!!!Z %!!!!!I %!-!!!!Z %!!!!!Z @-!!I!Z $!!!!!Z
%l D Dy Dyy b te_ At b A e Egr[Lafrr g [r e Eg ot Ego [T ]
$1 1 DD, | !:‘[&xg!. -!!Z+Q/y$!! -!!:+Q<X§!!!!!!.+Q<y$!|!!!!Z+Q'X§!!1!l!:+ Y3 )
%gg;lDEXDXy $1 1Ll $ 1oL $ 11 1|11 NI | B S T B ey
$1 1 1 1 DD oo B Baoaoahbe Boaooave Bt Bk
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# IH 1 H
M - ion ire- Need | f Weyl formg=9 " " DX (g)Ph,
P -expansion irg-operators Need inverse of Weyl formg=gg i (9) Phin

mt nl g
. . . . |G
Derive coefficientspi,(g) of inverse Wey! expansiorP, = ! Pt (g)g
g
Left action by operatdrin groupG ={1,E, f, g, h,E} :
G G
FPA, =" pl (o) flg =" pl(i*h|n , where:h=11g, or. g=*n,
g h

Regular representaticiraceR{) is zero except fofraceR()= G

i G " " "
Trace R(f !Prﬁn):ﬁ pH (f 1h)rraceR(h): pH (f 11)Tra(:eR(1): pH (f 1)iG

Regqular representatio‘ﬁaceRFr’;’n) is irep dimension® for diagonaP#mor zero otherwise:

Trace RPH )= 1K)

Regular representation of D3~C3y in the Projector-|PYu,) basis

A, Aq A, g2 E F EPE E PE E PE
A g = DyoP +D,/oP + D Pxx rOoPy  +00Px  +0y0Py
;Q&(g)!A!!!!,% !!!!!% OO T O 7S OO T T T 7S OO Y N NI 7S PO R B B B 7 g;-!!!!!%
$!Q/§!E! S { Lo %!!!!!I @-!!!!Z %! IR %!-!!!!Z $!-!!!!Z
%l !DXXDXy! V1 e T T e B o O L I A N L e e R A A
$1 1 DD, | !:_@Xgll -!!Z+Q/y%!! -!!:+Q<X%!!!!!!.+Q<y§!1!!!!Z+Q’X§!!1!ll Y3 )
%g L IDEXDXy $1 1Ll $ 1oL $ 11 1|11 ST I[rI $ [ $ 1T T[T 1
$1 1 1 1 DD oo B Baoaoahbe Boaooave Bt Bk
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PYj -expansion irg-operators Need inverse of Weyl formg=| = s 5D, (o) P,
u

m n
G

Derive coefﬁcientqa#n(g) of inverse Weyl expansiorP = prﬁ’m(g) g
g

Left action by operatdrin groupG ={1,E, f, g, h,E} :
G G
FPA, =" pl (o) flg =" pl(i*h|n , where:h=11g, or. g =",
g h

Regular representaticiraceR{) is zero except fofraceR()= G

iReguIar representatio‘ﬁaceRFr’;’n) is irep dimension® for diagonaPnﬁ‘mor zero otherwise:

Trace R(PH )=! 111

Solving forp#n(g) “(f) = %Trace R(f '1upH )

Regular representation of D3~C3y in the Projector-|PYu,) basis

A =P A 2 E F E o E o E PE
A g = Q&(Q)P * Qli(g)P * E&X(G)Pxx + Q(y(g)ny * Q9 Pyx + R, @Fyy
Bi(g)!A'!!',% !!l!!% OO T T T 7 S OO R N N7 S G N N N AV SN U R B AR 7 g;-l!!!!%
$!Q,5!E!!'- R S Y O < IR PO A A O TR PO I O <IN N O S A B I
20 ! DDyt oti_ast e A e g [T es [0 Ir e Bt e B9y
$1 1 D,D, | !:_@Xgll !!Z+Q/Y$!! -!!:+Q<X§!!!!!!.+Q<ygll!!I!Z+Q/X§!l1!l!:+ Y3 )
%g;;uDEXDXy NI I I E O . R O VI AR T - ‘R R
$1 1 1 1 DDy oo B Baoaoahbe Boaooave Bt Bk
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. . . IR L L |
PHjk -expansion Irg-operators Need inverse of Weyl formg=g Dy (2) P

I nl
G

Derive coefﬁcientqa#n(g) of inverse Weyl expansiorP = prﬁ’m(g) g
g

Left action by operatdrin groupG ={1,E, f, g, h,E} :
G G
PRY, =" pl (o) fig=""ph (1*'h]h , where: h=f1g, or: g=*Ih,
g h

mn

Regular representaticiraceR{) is zero except fofraceR()= G

iReguIar representatio‘ﬁaceRFr’;’n) is irep dimension® for diagonaP#mor zero otherwise:

Trace R(PH )=! 111

e : | (1)
Solving forp#n(g) ' pH (f):iGTrace R(f!l"P“ ) Use left-action: ' "PH =g Dr’;‘m(f!l) PH,
' l M

Regular representation of D3~C3y in the Projector-|PYu,) basis

A, Aq A, g2 E F EPE E PE E PE
A g = DyoP +D,/oP + D Pxx rOoPy  +00Px  +0y0Py
;Q&(g)!A!!!!,% !!!!!% OO T O 7S OO T T T 7S OO Y N NI 7S PO R B B B 7 g;-!!!!!%
$!Q/§!E! S { Lo %!!!!!I @-!!!!Z %! IR %!-!!!!Z $!-!!!!Z
%l !DXXDXy! V1 e T T e B o O L I A N L e e R A A
$1 1 DD, | !:_@Xgll -!!Z+Q/y%!! -!!:+Q<X%!!!!!!.+Q<y§!1!!!!Z+Q’X§!!1!ll Y3 )
%g L IDEXDXy $1 1Ll $ 1oL $ 11 1|11 ST I[rI $ [ $ 1T T[T 1
$1 1 1 1 DD oo B Baoaoahbe Boaooave Bt Bk
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. . . IR L L |
PHjx -expansion Irg-operators Need inverse of Weyl formg=g i (9) P

m  n!
G

Derive coefficientspiy,(g)of inverse Weyl expansiorPh, = I!g pk (g) g

Left action by operatdrin groupG ={1,E, f, g, h,E} :
°G °G
Pl =3 pht ()f-o= 3 pht, (| h , whee h=fg, or g=1""h,
g h

Regular representaticiraceR{) is zero except fofraceR()= G

iReguIar representatio‘ﬁaceR(Pr’;’n) is irep dimension® for diagonaP#mor zero otherwise:

Trace R(P’fjn):! - (K)

_ SN 1 _ | ()
Solving forp#(g) #n(f):—GTraoe R(f”"P#n): Use left-action: f' YPH =g D##n(f”) pH,
o T VO mg v :
1 !(H) '
=3 D##n(f'l)TraceR(P#m)
I Mt
A A E E E e E
A g = Q’?)%(g)P b Qéj(g)P ’ * Q%X(Q)Pxx + Qi,(g)ny + [fx(g) Pyx + R, Pyy
'D&(Q)!A'!"f’/" !Il!!% OO T T R 7 S OO R R N 7 SN G S N N BV S U B B S 7 gl!!!!%
3![32!!'!' e By S o % S o RN
$1 lyDED ! I Agll I r A%II I r %lllll- Egllllll' E%llllll E%IIIIII'
%! ! DXD;?,/ L1 i%! ! ! |:+Q/§$! IR !:+Q<X%! RIEIE !.+Q<y$! NI !:+D>'X§! NINEI y%! gl
%g;ny!DEXDX;, $1 L1 o1 R $ 1T $ o1 $ 1T T[T
$1 1 1 1 DyDye B0 }ﬁ!!!!--;‘ Booooaliwe Booaoare Boaoooaiw B ik
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. . . IR L L |
PHjx -expansion Irg-operators Need inverse of Weyl formg=g i (9) P

m  n!
G

Derive coefﬁcientsa#n(g) of inverse Weyl expansiorP = prﬁ’m(g) g
g

Left action by operatdrin groupG ={1,E, f, g, h,E} :
G G
FPA, =" pl (o) flg =" pl(i*h|n , where:h=11g, or. g =",
g h

Regular representaticiraceR{) is zero except fofraceR()= G

iReguIar representatio'ﬁaceRFr’;’n) is irep dimension® for diagonaP#mor zero otherwise:

Trace R(PH )=! 111

: oy e 1 11 : : I 1 14 11
Solving forp,(g) #n(f):ETraoe R(f- p#n): Use left-action: f "PH = E#D#ﬁﬂ(f- )P#mi
v Gy :
1 !(H) 11
=5 $ D,ﬁ‘#n(f- )Trace R(P#m) Use: Trace R(PX )=5,,! )
A A E E E e E
A, g = Q’?i(g)P b Q%(g)P ’ * Q%X(Q)Pxx + Qi,(g)ny + [fx(g) Pyx + R, Pyy
?X(g)!AZ'!'I?/O !Il!!% OO T T R 7 S OO R R N 7 SN G S N N BV S U B B S 7 g!!!!!%
! Lo, g R % S % ' '
R e ITE L= S L AR S S RS I
%! ! DXD;?,/ L1 i%! ! ! |:+Q/§$! IR !:+Q<X%! RIEIE !.+Q<y$! NI !:+D>'X$! RIAl !:+Q/y$! gl
%g;ny!DEXDX;, $1 1L $ 1L $ 11 1|11 $orrr[rg s vt s T
$1 1 1 1 DwDue B0 ,L%!!!--;L Booooaliwe Booaoare Boaoooaiw B ik
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PHy -expansion irg-operators Need inverse of Weyl formg=| = T XD, (g) P&,
- uomon

Derive coeﬁicientsaﬁn(g) of inverse Weyl expansiorPt = | prﬁ’m(g) g
g

Left action by operatdrin groupG ={1,E, f, g, h,E} :
G G
PPU, =" pl (o) fig=""pk (*Ih|n , where:h=11g, or. g =",
g h

Regular representaticiraceR{) is zero except fofraceR()= G

iReguIar representatio‘ﬁaceRFr’;’n) is irep dimension® for diagonaP#mor zero otherwise:

Trace R(PH )=! 111

Solving forp#n(g) #n(f):l%TraoeR(f'lp#n) Useleft-action:f!L.P#n:!%;D##n(fll) P#m
- L' pr (f!l)TraceR(P“ ) Use: Trace R(PX )=5 1)
Gy e | e
1 (fll)
nm
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# |# |H
P -eXpansion irg-operators Need inverse of Weyl formg=gg * * Dfin{0) P

m nl
iG
Derive coefflc:lentspm(g)of iInverse Weyl expansmrl?“ = | pmn(g) g
g

Left action by operatdrin groupG ={1,E, f, g, h,E} :
G G
FPA, =" pl (o) flg =" pl(i*h|n , where:h=11g, or. g =",
g h

Regular representatioTraceRh) s zero except fofraceR(Q)=

iReguIar representatio‘ﬁaceRFr’;’n) is irep dimension® for diagonaPnﬁ‘mor zero otherwise:

Trace R(P! )=6 | (1)

1 (1)

Solving forpl;,(¢) #n(f)zéTraoe R(f‘l-P#n)i Uselert-action:f!LP#n:'f# DA, (f!l)P#m
1 | (1) 1
= = nzf D#Tm(f_ )Trace R(P#m) Use: Trace R(Pn‘jn):gmn!(u)
| (1)
- -1
_OG D#m(f )

Wednesday, April 1, 2015 50



. . . IR L L |
PHjx -expansion Irg-operators Need inverse of Weyl formg=g i (9) P

m  n!
G

Derive coefﬁcientqa#n(g) of inverse Weyl expansiorP = prﬁ’m(g) g
g

Left action by operatdrin groupG ={1,E, f, g, h,E} :
G G
FPA, =" pl (o) flg =" pl(i*h|n , where:h=11g, or. g =",
g h

Regular representaticiraceR{) is zero except fofraceR()= G

iReguIar representatio‘ﬁaceRFr’;’n) is irep dimension® for diagonaPrﬁm or O for off-diagonaP%.

Trace R(PH )=! 111

BRI : , o , i
Solving forp#n(g) : #n(f):%Traoe R(fll"P#n)i Use left-action: f' "PH = E#D#ﬁn(f'l) P,
e e . Y R | L ;
1 | (1) |
== $ D##n(f' 1) Trace R(P#m) Use: Trace R(PX )=! 111
G e
| (1) » % 1w _ (
=5 Drﬁ‘m(f- ) =Dl (f) for unitary DX ;

1 (1) G H 10 G » | &
[ pH =~ = D#m(g!l)g %E#n:I—Gg D#n(g)g for unitary D, ( J
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Review Stage 1Group Center:Class-suns, ,characterd ¥(g), and All-Commuting Projectors*

Review Stage Zsroup operatorgy and Mutually-Commuting projectoR'k«
Review Stage 3Meylg-expansion in irreps Ex(g) and Non-Commuting projectoPsix
Simple matrix algebiPiap PVca= ! hcPHad
PHjk transforms right-and-left
PHjk -expansion irg-operators
* Example ofzlransformation by matrix a(rl)‘
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Example of @ transformation by matrix Ex(r?)

1 E1
rl‘PlEl1>:rlPlEl1‘1>/\/C_3:r1(1!1§r1!1§r2!1§i1!1§i2+i3)‘1>/\/§ given: norm ! = .i_G: %: ?13
DsGroup |, Lor? o

Oslide-ruleQy

ax|s
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Example of @ transformation by matrix Ex(r?)

E
E E . . . E 11 2 1
rl‘P111>:r1P111‘1>/\/§:r1(1!%rl!%rzl%|1!%|2+|3)‘l>/\/§ given:norm* = i_G: =73
= (h3rrindisrli +i) N3
DsGroup |, 1012 10, |

Oslide-ruleQy;

ax|s
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Example of @ transformation by matrix BEx(r?)

r ‘plEl1>:r PlEll‘1>/\/f_3:r Q-5r'—5r —%il—lzi2+i3)‘1>/\/§ given: nom 'L = :\/éz %
— 1 | 1l : l : :
$ 1 1 ' | $ 2
$ ' 5 ' $ 1 I
= % T = (4L !§|1+|2!§|3)\1>/\@—$ T
' 5 "2

311 31

ﬁ ' 2 (1

1 & 2 &
\DgGroup j3 1ir% vy i, i,
Oslide-ruleQy; roo1orii, 0, i,
reir o 14, iy, i
R PR O N R S
i, 0, dgir? 1 o
i, i,ir o or* 1

ax|s
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Example of @ transformation by matrix a(r )

El
o 1 o

'%_(I S+ |12r '1211“2 3i5)|1 >/*E’

I
HAPBARAAPRBARALH
o P I\JI—I—‘ I\Jll—‘ N

|

-
AP ARARAARAAARD
N I\Jl_l; NiE iR P

&

+ o

‘ > ‘ /\/é (O+ﬁ’r 'ﬁ’ \/él +*@| +O)‘ >/\f3=

+

AL BB BB BB
NI I\)l—"‘ I\)IH NI

o

% " (r'lr '11'1‘3 211"'12)‘ >/\/§ " %

o - -

o I

o - - -
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Example of @ transformation by matrix BEx(r?)

1 E1
‘ >—rP ‘ /\/C_S—r (IETRIETRI TN 2|2+|3)‘ >/\/f_3 given: norml— :\/éz ?1))
_ 1 2, 1qy1-
1% T (r' rl 1I 13 211+12)‘ >/\/§ "1 %
g L '3
$ !5 $ 1"
%Il 1 R L V3 %A 1
. 1., 1,1 .2, 1 >
=1 g r— = (! 1+r'2r '211+12 13)‘ >/ 3=¢g v —
B3 5150
21z, s 1
Pie Blae
¥product ofth|s¥hat—<P ‘ ‘Pﬁ1>:(—;—l+i+}t—; —%)/\/5\/_ %/3— 1/2
...................................... : o %
..................... g |
B2 B $ !5
LARDAUNEEICE SRR IS SRS S 3
$.§l r21r1?3_|1|_2
%_4_1_. r .r | i, i, |12
2, AR I
ho e L
¥oroduct ofth|s¥hat— <P ‘ ‘ > 0+1+1 4141 1oy /3=3 13 =432
i ]




r‘ >—rP H/x/f_%—r(l' 13715050, +ig)|1) /x/§ norm'’ \/7 \/7 \/7

= (r13roizllgig! 2'1+'2)‘ >/ 3

! 1% "|1% " OO
$ | $ 2 $ ' $ '
$!3' 1 _ 1 11 0.1 $13' 1 1$!'5 1 3%!3:

=r = = (sl S i ! 1Y/3 = L= = L .

%!1?'\/5( 21 223)” $|1§\/§ Az%,%\/é 2$!1§.
$ 1 $ 1 ' $ 1 $ 1
$15° $.1,. $15° $ 3
Pie Blie  |T1e [/ Fos
¥productofth|s¥hat—<P ‘ ‘PlEl>:(!%'%+;11+Z'—'—)/\/C_3\/§—'3/3—'112D L(r)
s LI : "o %
......................... §+12 -
11,

Pi =Rl A=+ 1 1 P+, o)t =g 2. T
EB !'z : re ?3 ly iz
$.+]_-. 10, I |12

E2l 5 I, 12 rr
O & g ir 12r
.................................................................................. Il rr 1

¥product ofthlsépthat—< 21‘ ‘ > (0+5 +5+5 +3 +0)/\/§ 3/\/5_3 \/5/2—1) 1)
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. o

NIFE NI NIE NI

_|_

-

r' P11>—rP1‘ >/\/§ r (1I 2r2 111I 212+13)‘ >/\/§ norm \/ = \/7 \/7
|
R (r112111232|1+|2)\>/3 (o)
1 2 1
S 2 1 -2
1 1 1
_al 2|1 a1 2 1 2 |1 _ 1 3 1 3
=l NG = (Sl4r =517 i i, i) >/\E’>_ L BT \/§+ >
2 2 A 2
1 1 L
2 . 2
.1 \ "2 .1y
']/2—D (r)
-
i r’ r
1 r?
f r 1
Flg 343 3 iz
PSES RIS V5 L
=S l, 1y
V32=DE ()
L i o )
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* Details of Mock-Mach relativity-duality for {groups and representationé
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Locad#basis and Global vs LocdPW#basis
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Detalls of Mock-Mach relativity-duality for {groups and representations

OGive me a place to stand...
and | will move the EarthO

Archimedes 287-212 B.C.E

IdeaS Of dualltY/ I‘elathlty gO Wa.y baCk (...VanVleck, Casimir..., Mach, Newton, Archimedes...)

Lab-fixed(Extrinsic-Global)R,S,.vs.Body-fixed (Intrinsic-Local)R,S..

Lab Based Operations

z-Crank docs

R(a%r:?gt)w) all R ,S, ..

commute with
al R,S...

OMock-MachO

relativity principles
RI11=R-411
G dcs S11=S41!
R(0OB0) .

...for one state |1) only!

Body Based Operations

V-Crank does
operation

Z-Crank does
operations

R(-000) or R(00-y)

...But how do you actually make the R and R operations?
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Details of RELATIVITY-DUALITY for D, r2

i}
I
. defined TP

Lab-fixed (Extring C—Global) operations& axes fixed

o AL
2 e packet % (After in)

IWIth [ab axes fixed

y (-120;) or (240;
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Details of RELATIVITY-DUALITY for D, r2

i}
I
. defined TP

Lab-fixed (Extring C—Global) operations& axes fixed

1?/wth [ab axes fixed

y (-120;) or (240;

with lab axesfi

T

y I=li.] .|V : l=¢|1!=]y!
15 IW%JG]F;&CKG'( "L% g - 2 (After ip ) lllv%av%packet m ‘1 ‘r
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Details of RELATIVITY-DUALITY for D, r2

i Y (-120;) or (240j
Jig!”
D,,-defined "’33

Lab-fixed (Extring C—Global) operations& axes fixed

with lab axesfi

|1?/wthlab axes fixed

y I=li.] .|V : | | =]y
15 IW%JG]F;&CKG'( "L% g - 2 (After ip ) lllv%av}pmkqg‘l ‘r

T

ro|1 r2ligiq iy
r r 1 Iy I3 19

iy |iq ig|r2 1] 1

i1i2:r
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Details of RELATIVITY-DUALITY for D, r2

i Y (-120;) or (240j
Jig!”
D,,-defined "’33

Lab-fixed (Extring C—Global) operations& axes fixed

Y= ii,[1!=r|1!=|r!
S V@Jﬁm@ Sk e gt o

ro|1 r2ligiq iy
r2r 1|i

iy |iq ig|r2 1] 1

i1i2:r
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Details of RELATIVITY-DUALITY for D, r2 . D3

i Y (-1207) or (240; 11
' [ ] [ ]
D.,-defined |r33

3

Lab-fixed (Extring C—Global) operations& axes fixed
y . | = ly | | =]y
15 IW%JG]F;&CKG'( "L% - 2 (After ip ) lllv%av}pmkqg‘l ‘r

|1;NIthIab axes fixed with lab axesﬂi%d

Body-fixed (I ntrl nsic-Local) operations appear
to move their rotation axes (relative to lab)

Vo (After 1)
L=}

wave packet fixed, ¥
while lab axes move

1 r2|i

r 1

i s
1 13
iy iq

i1i2:r
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Details of RELATIVITY-DUALITY for D, r2

i}
I
. defined TP

|ocal-wave
bases

Lab-fixed (Extring C—Global) operations& axes fixed

|1?/wthlab axes fixed

Body-fixed (I ntrl nsic-Local) operations appear
to move their rotation axes (relative to lab)

Vo (After 1)
L=}

wave packet fixed, ¥
while lab axes move

(veiwed in /
lab frame)

y (-120;) or (240;

with lab axesfi

T

y I=[i ! Y ; =11 =|r!
15 IW%JG]F;&CKG'( "L% - 2 (After ip ) lllv%av}pmkqg‘l ‘r

2 |r 1

rol1 2|

s |is iy

i1i2:r
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Details of RELATIVITY-DUALITY for D, r2 . D3 Ll il@ig

i Y (-1207) or (240; 11
l [ ] [ ]
D.,-defined |r33

3

s X2 Bl 1
i Iy |19 I3 2 1| r
i 3
|r2' 1 i3 |ipiq|r 191
Lab-fixed (Extrinsic-Global) operations& axes fixed r
y = : : I | =yl . :
11! | ii|1!'=r|1!=|r! |
Iy w%\le packet VL% - (After in) . v%ave packet m(‘} ‘ 1\ (After iqin)
Wlthlab axes fixed \ with lab axes fixed )
i3 i3 i3
iq iq i
Body-fixed (I ntrl nsic-Local) operations appear
to move their rotation axes (relative to lab) 1o =T

Vo (After 1)

lz‘ll

wave packet fIX ‘(’f
while lab axes move

L= i)
wave packet fix 8
X whilelab axes mote ’

After T]_TZ
(veiwed in /
lab frame)
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Details of RELATIVITY-DUALITY for D,

i}
. defined TP

r2

Lab-fixed (Extring C—Global) operations& axes fixed

i, I|11= n@

|1?/wthlab axes fixed

Body-fixed (I ntrl nsic-Local) operations appear
to move their rotation axes (relative to lab)

Vo (After 1)

e °
12‘1! — ‘12!
wave packet fix
while |ab axes move

wave packet fix
X whilelab axes move

(veiwed in /
lab frame)

(-120j) or (240

i1

A A

1!'=r[1!=|r!

VT avesT
i3
il
..but, THEY OBEY THE

SAME GROUP TABLE.
L= =i

!3

After T]_Tz

rol1 2|
r 1

i s
1 13
iy iq

lqip=T

|mpI|es

Ill
o
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Details of RELATIVITY-DUALITY for D 2 . . .
li Y 3(—120'ror 240; 11 D3 Lo ; 11(is
NI i r (1 refigiq i
D3-defined |r} 2 r 1 |3 i1 i2
local-wave ' 2@3 ;
] | X i i) iz in|2(r)r
bases ' 2 <.D 9’ > 1
. i3 Iy |19 Ig|r< 1] r
Lab-fixed (Extring c—GIobaI) operations& axes fixed r
y =i | = | =yl
1> lngellléacket FL% g (After io ) lllv%av}pmkqg‘l ‘r (After iqip)
|1ywthlabax%fl wuthlabaxesﬂ%d
i3 i3 i3
l il il
Body-fixed (Intr|n5|c-LocaI) operations appear ...but, THEY OBEY THE
to move their rotation axes (relative to lab) SAME GROUP TABLE. lqip=
P ; implies
Vi (After ip )
- . ...and Mock-Mach principl§1#=gl"1#_'1'2
12‘1! — ‘12! . o o ° ° —
T i4do[1! =iy i) =F [11=r2[1!

wave packet fix
X whilelab axes move

(veiwed in /
lab frame)

A A

After T]_TZ

!3

After T]_Tz
(veiwed in
lab frame)
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Details of Mock-Mach relativity-duality for {groups and representations
* Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Locad#basis and Global vs LocdPW#basis

<
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Compare Global vs Locag)-basis vs. Global vs Loca@W)-basis

|:)39|0bd 1% rlig ip (i3

group rl 1 ordiy ip s

2 . .
oduct r<fr 1)i, (I3 Iy
p:di)le 1|2 i2| 1 1 r?
i i1 (i3/r2 1 r
Q. Iy | r r 1

Change Global to Local by switching
...column-g with column-g
and row-g with row-g

Just switch r withr =r2, |(@l othersare

~ _ self-conjugate)
AT
|ocd #1 I I‘2 1 I @
D3 2|1 r iy, (o g
group rir2 1y ip i,

table iy |ip (|1 1 r?
i, [0y iy [r2 1 1
g iy i |1 12 1
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Compare Global vs Locag)-basis vs. Global vs Loca@W)-basis

D3 global

group
product
table

1 iy (3

(i3 g i
I, (19 Iy

12

ol

1 r r?
-1 r
rr? 1

D3 global
projector
product

table

...and row-P with row-P

Just switch r with r =r2.

D3 local

group
table

S

www

Il |r

r2

i 1 (y

(all others are
self-conjugate)

1 r
r’ 1

i ()0
Iy iy 1

=i
=1

=Bl

i (3

Iy 1

l; 1

1 r r?
2 1 r

rr 1

D3 local

projector

product
table

os |RAPAPE B IPE P
P - IR .

Rl |- yxpfy. |
R | - P L
Rl R

Change Global to Local by switching ' P By=573, B
..column-P with column-P

P

(Just switch P, withpyb;z £ )
¥y,

= l;i}cPﬁf PG Pl PG Pl

m%%;WMAX F)AZ ) . . .

VY| oryy : E :

ch ' PgC 0 Py O

BI(EV -0 P)gc 0 pfy

Pfx ' ' Pf; 0 Pg/ 0

Py@ o AR Pfx 0 pfy
P(m)P(")— 53, Rl
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Compare Global vs Locag)-basis

1|2 2| 1 r r?

1> i1®r21r

A VRN
1r2|'i1i26§
1 |'2 (ZQ 11 Ip

(alis ig|r r2 1

Example of RELATIVITY-DUALITY for D,~C,,

To represent external {..T,U,V,... }switch g “~g on top of group table

RE(D

mdiz

)=

R (I

RE((9

Re()

- AP ABR BB

g ot R
— — = — — =
i - - =
S
e
w.@@&@&im
V Tt e T = =7 wu
—_ ] = = .
— — = — — =
S |
e
w&$&$§&§m
W = Wl&
S |
T —
o — e -
e
T AP PBL DB AR
S
NI -
—_ o = o —.
U |
e e -
—_ o o = =
e e e
R T
St o m L &
e
S
—_ o o= = = -
T B BH BB AR

74
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75

L Ay @ M.uzr o |(© .o
L (@ o o | V| (@
ﬂ#l NI AN | o

Compare Global vs Locag)-basis

Example of RELATIVITY-DUALITY for D,~C,,

To represent external {..T,U,V,... }switch g “~g on top of group table

< S
m W,o - !@ -
o _./.\ —_ o . — —
I
m o "o$$$¢,¢$$¢@
([@)) V.-I.. O - -3
r_m - = = = = —.
: % s
o . ‘D _./I\\d/_! - M_ —
N . c
T & " O T AR ER BT
s R Y.
1— g — — — — —
e —e e b o
STIIIT y LITIIC
; —_ = = = = MV _.(\DI_ . e
- = = [ -
>y = FABASBE R == T HHB S FAFE
S — _m% ~ T —
S o= _mw . I _. . . . +q =
e g = 1= La-----
N H = = — - c = . byl N
=~ Mw > _”Hu mW
Yy s S |- S HB Sk BT
o - D S — L HHBH LD BOH
N o3 o) . i e e e o
{ — — — — 1 —
—_ o o] = - m Y= ﬂla S
e - = I
N e — — = — MH = mw - - oo T
! 3 = < .wm e
_ ] = — = = - " = . —_—
- [, POAE LG -~ & — XL ST X e
—_— o e e e & =l e 7U /0 ||||||| &
4 Lw.u\uR 4 -
_ ot o o —. w ym > 5 I _. . . g - _.
L - - LL] m w I
) 1 Rno = T o4 - o -
nmﬂ —_ e = = -_— - A C ._m —m ﬁWﬂ —_ ] — —— - —_
— = = = — . .
T Hin BB PG O = TSP LH e
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Details of Mock-Mach relativity-duality for {groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

* Compare Global vs Locadtbasis and Global vs LocdPW#basis

<
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Compare GlobalPW)-basis vs LocalP¥)-basis

Matrix (PIacehoIdersO > for GLOBAL g operatorsm D

A =M
A g = Qo%(Q)P Q/Z(Q)P * [&X(Q)Pxx + Q(y(g)ny + Q,X(g) Pyx + Q,y(g) Pyy
;Qi(g)!A'!",% !!lll% O T T T 7 S OO R R R 7 S GO N N NI VS U R B R R 7 g;-.l!!!%
$![g,le!"- O RN S N O O SR N O PO O I P N O S P B R
$ !DXXDXI I Al LA ! L B Lot g g ot e Egorfrorfrr Egotfra]ror
y |_ . H - H N - . . I ,
3 ' Dy, Dy ! .-‘Q&%!! _||Q/y$|! -!IQ<X$I!I!!IQ<y !!!!lQ’X$I!1!I!.+ ol
%!lly!DEXDX):, $1 L L N LI N A
$1 1 1 1 DD B0 }ﬁi!!!--;‘ %!!l!!!& ﬁl!i!!!& ﬁl!l!l!& B0 ik
Global
PP A E E E Bl
form I:)xx I:)xxl le le P

Product table entry&,, shows location of &
in the regular representation Rfap) of that
GLOBAL projection operator.

pE | | PSP ! !
Pe | | | || P2 P2
= ! ! | | PR P
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Compare GlobalPW)-basis vs LocalP¥)-basis

Local
PP A E E, E, Bl
form I:)xx I:)xx P X I:)x P

P P | ! ! ! !

Product table entry=a, shows location of &
in the regular representation Rfap) of that

PEL 1 | L P 1P

XX ' X LOCAL projection operator.
o L T T = S O =
PEl L | L PR PR
= T T O A = 1 I O =

Py...for LOCAL g operatorsinD,

A A E E - E
A =R =) E = E E E

A g = DoP +0, 40P ‘OGP toePy  +goPx  +gePy
@x(g)!A'!!'fV" !!ll!% L T T T T 7 S O T T 7 O VO O SO 7 R B R 7
000 Lo SR R < Y O O O B A SRV O U R IO B O S L F RO
3! | Diy Dy oo A8t -t o as e Es [T gyt [T gt Eg |y
$1 1 1 Dy LDy X3 I!:Jﬂfy%!!- !!Z+Q<X$!!!1!!:+Q<y$!!!!!1+Q/X$!!él N 3o at
gngyX!Dyy!- $I1 11 $ L NI NI R I R
31 1 1 Dy 1Dk oo B B B v Boaliaaw B
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Compare GlobalPW)-basis vs LocalP¥)-basis

Matrix CPlaceholdersO & for GLOBAL . operatorsm D,
= Q@%(g)PAl

A
"@i(g),!a\ Lor o 1% ! !
S0 0y Lot S
2w oE T .
$° : XX D)(y : "_Al$! i
51 1 D,Dy Lt dr
3 YXTVYY_E ' $
g1+ 1 1 DyDy 81
#1001 1 DD o
A
A ="'1
) g = D4oP
D@ 1 1 1% ! I
%! [?/2 R T B I .1
$ Iy DE = 3 .
3! . x| nyl :A1$! I .
g! | 1Dy LDy 31 |
gt t Dyt Dy B
ﬁ! | | DyX ' D}& ﬁ' 11

v 2

DIV

% 11

if A%“

; I%/y$| -

:;L ﬁ! 1
=A

+[§§(9)P ’

7 S

' $

L Eh

.+Q/y%| !
ﬁ! 1

+ Q(X(Q)Pxx

+ gy(g)ny

+ 0,0 Pyx

+ 0 Pyy

19 L T T T B 174 LA T T T B 174 LS

! Sl H S oo

|' E %I L1 1| Il %I Lo 1) |' E % T

! .' E Pr

|+Q<x$| BRI Q<y$| cheoaln o I:%/X$| 1 (1 1
T L1 [T T L1

2 %I N N3 ﬁl L1118 ﬁl I
E E

E B E

rO,0Px  *OoPy  *00 Pyx

% T 01 1% (-!!!Il% BRI

! S oo RN S

|I %I 11 1]l |' gl [ E % o

' E g ! E I AR

|:+Q<x$! i o1 |+Q<y N 1+Q/x$| 141 .

oo | N (11
X ﬁ! Y g! ! P 1& ﬁ! 1

|
|
|
|
|
1|1

1% g; L 1%
) R
!- E%I 1]
) %%I clro1lr o
I LT T[T 1
& ﬁ! Lo 1R

operators in Dy

+ 0,0 |5yy

19 (-I!!!!%
1o g!!!!!:
Eg ! . .1
+Q/Y%!'-é!!:
Lo ST
a & ﬁ!l!!gl
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Compare Global|PW)- basis vs LocalPW)-basis
Matrix CPIacehoIdersO 5 for GLOBAL g operatorsm D

A, g = Dxi<9)P * Q/§<9>P + QX(9>Pxx + @y(g)ny + Q/X(g) Pyx + Q/y<g> Pyy
;@X(g)!AZ!!'!?/" !!!!!% S T T T T 7S O T T T T 7 S U A T T N PO N A N T 7 (-ll'!!%
! I 5| . ' $ ' $ . $ . ' $ . ' 3 '
§!Q!/yDEXDXyI B i A2$:.”iii I A e T SNt
$1 1 E&xtby ! !-_£&x$! | . !|,-Ir y%u . +I:2(X$|| AR |+[&y NIEAN |+EbX® 111 11 ﬂ+ Y% o1 )
%[I!!DEXDX;, $1 1L $ 1oL N LTI 1 I T A A A
ﬁ! L !Dnyy)I& ﬁg B g ﬁg o1 ¥ ﬁl Lo og ﬁl Lol og ﬁl L1l ﬁg Frorr 1R

pY...for LOCAL g operatorsin D

A A E E
A, = A, =10 — E

A g = 0P +RjoP *D,0Px  tOyoPy 0,0 B - 0, Py
Qo%(g)!A!!!!,% !!!l!% L O o S S O O O 7 B O O N T S S N O 7
%qufl'!!' !-!!I'Z %!!!!l' @-!!!!Z %l-!!!!ﬁ %!-I!!!Z %'E””:
%l !DEX!D%!'_A@!I L = O S = I O = I A Eg -
$1 1 1 Dy 1Dy xg ! +Q/y I +Q<X$I!!1!I+Q<y I!!!1+Q/X§!!a! Q'y%!-a!!:
%[lDEX!DEy!- $11 . L1 LT I O I A A N
ﬁ!'!DyxlDyy'& oo ﬁ!!!!--;‘ ﬁ!!!!--,z ﬁ!!--l!& B 1awe B0

Note how anyglobal g-matrixcommutes with anlgcal g-matrix

ab ! I||A 1 B I'| |/A 1 B !|labi ! |
cd ! Tl AL B | Al Bllcd ! | For example:
Il 1 a b||C D C D 1! tia b
| | L ap 9 1 9% | 19 ap 9
l 1ic d C D C D c d #ab&#A a&#A a&#ab&
a adog a Aoy, a Aoy a ayg
aA bAiaB bB| | Aa Ab Ba Bb . s | .
cA dAicB dB|_| Ac Ad Bc Bd =, aba &:'aAb&
aC bCiaD bD| |Ca ChiDa Db . taanta an
oC dcieD db | | ce cdi De Dd 1tOs an example of old-fashio

SchurOs Lemma
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Details of Mock-Mach relativity-duality for {groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Locad#basis and Global vs LocdPW#basis

Hamiltonian and @group matrices imglobal and local'PW#basis é
Global vs. Local block rearrangement
Hamiltonion eigen-matrix calculation
Hamiltonian local-symmetry eigensolution
Molecular vibrational mode eigensolution
Local symmetry limit
Global symmetry limit (free or OgenuineO modes)
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Hamiltonian and Bglobal-g andlocalg group matrices irfiPW#basis

For unitary DW: (p.51) W
| (K) | *

"PW#tbasis are projected bpX = '_—G'! D#n(g) g=PH acting on origiridkket
iG g
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DW: (p.51) W
| () *

"PW#basis are projected b?#n: '__G'! D#n (g) g= P#m acting on origindi#etgive:
I

g
4 )=PaT)—
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DV: (p.51)

| (1) i G5 *
"PW#basis are projected b?#n: '__G'! D#n (g) g= P#m acting on origindi#etgive:
1> g
| (1) G *
Ho\— pH 1 __ - W M
‘ mn>_ Prm‘1>norm B |G lnomMm g Dmn (g)‘g>
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DV: (p.51)

(1) °

(W#-basis are projected bR = e 2 D“ (g) g=Pt_ acting on origindi#etgive:

|(IJ) iG | | | |
‘#ln> ‘ >norm_ G 'nom ';J D#n(g)‘g> subject to normalization:
<u! u >: (1| PE 4 PE 1)
min! | mMn 2

norm
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DW: (p.51)

| (1) GG *
W#basis are projected bp! = Eli D~ (g) g =Pt acting on originidiketgive:
A -
| (1) G *
H \— pH 1 . W U . L
‘ mn>_ Prm‘1>norm ~ G lnom : Dmn(g)‘g> subject to normalization:

u >:< ‘P#:WP“\ >:~u!u~ (1|PH 1)
mn

mim 2
norm norm

u!
min!
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DV: (p.51)

|(#)-G *

(W#-basis are projected by“ = = I DH (g) g= Prf‘m acting on origindi#etgive:
I

9

(K) - *
‘ #ln>: P#n‘1>nolrm = 'G!l p— f D (g)‘g> subject to normalization:

#m>:< ‘P,ﬁflmupu‘ >:.,u!u.. <1‘ nin >:nu!un " where: norm:\/<1‘Prf‘n1

mim 2 mim nin
norm norm

!
min!

!(u)
VG
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DV: (p.51)

|(#)-G *

(W#-basis are projected by“ = = I DH (g) g= Prf‘m acting on origindi#etgive:
I

9

(1) - *
‘ #ln>: P#n‘1>nolrm = 'G!l p— I"j D#n(g)‘g> subject to normalization:

#m>:< ‘P,ﬁflmupu‘ >:.,u!u.. <1‘ nin >:nu!un " where: norm:\/<1‘Prf‘n1

mim 2 mim nin
norm norm

!
min!

Left-actionof global g on irep-keli ﬁn>

|M

g‘ rm> D#],m(g)‘ %!n>

!(u)
VG
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Hamiltonian and R global-g andlocal€ group matrices iriPW#basis

For unitary DV: (p.51)

|(#)-G *

(W#-basis are projected by“ = = I DH (g) g= Prf‘m acting on origindi#etgive:
I

9

(I X
‘ #ln>: P#n‘1>nolrm = 'G!l r:lorm I"j D#n(g)‘g> subject to normalization:

!
min! mim 2 mim nin

norm ' norm

Left-actionof global g on irep-keli ﬁn>

|M

g‘ rm> Drprlllm(g)‘ %!n>
Matrix is same as given on p.27

<%!ng > D#W'm(g)

#m>:< ‘P,ﬁflmupu‘ >:.,u!u.. <1‘ nin >:nu!un " where: norm:\/<1‘Prf‘n1

!(u)
VG
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DV: (p.51) "
I ' *
(W#-basis are projected by“ = = | DH (g) g= Prf‘m acting on origindi#etgive:
I

g
(H) G *

‘#}n>: P#n‘1>nolrm = 'anorm ";J DX (g)|g) subject to normalization:
<N! H >: < P#:“'Pu ‘ > = Ml <1‘ nin > — v K where: norm:\/<1‘ PH 1> = \/ﬂ

min! { MmN norm mim normg mim nin nn i G
Left-actionof global g on irep-keliﬁn> Left-actionof local § on irep—ke* #,n> is quite different

|/J
u U _ -

g‘ rm> Dmlm(g)‘ m!n> g‘ mn> gpIJ 1>\/:(% -

Matrix is same as given on p.27 _ pH g‘ >\/(7 , cl\(/)I?nanuL\f;f:
<
<1L1[1!n g > Dnlvil'm(g) | ane
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DV: (p.51)

1 ()G *
(W#-basis are projected bRt = = | DK (g) g= Prf‘rj] acting on origindfetgive:
12 g
u \_ o R N e o ivation
‘ mn>— Ph ) — = G o DX (g)|g) subject to normalization:
U pu / ()
</,l| U >: < ‘Prﬂmlp ‘ > —n /,l!/,ln <1‘ nn > —n ,Ll!/,ln " Where norm-= \/<1‘ Pl’l 1> —_ I_
min!| mn mim 2 mim nin nn G
norm? norm |
Left-actionof globalg on irep-keliﬁn> Left-actionof local  on irep—ke* ﬁ,n> is quite different
|IJ
0| fm)= ", Din( )] ) 0|4 )= OPA[1), [
J /=9 > o) Use
TN - _ Mock-Mach
Matrix Is same as given on p.27 _ P#n§‘1> /& . commutatio
(b )= Dm0
min mim _ P#ngl 1‘1> iG < Inverse

| (1)
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DV: (p.51) "
I ' *
(W#-basis are projected by“ = = | DH (g) g= P#m acting on origindi#etgive:
I

g
1 R (CR . L
u\— pH _ " U -
‘ mn>— Ph ) — = G o DX (g)|g) subject to normalization:
U pH | (1)
<l,l| U >: < Pn|m|P ‘ > —n I,l!l,ln <1‘ nn > — IJ!IJH " Where normMm= \/<1‘ P,u 1> — s
min!| mn mim 2 mim nin nn °G
nom nom
Left-actionof global g on irep-keliﬁn> Left-actionof local § on irep—ke* ﬁ,n> is quite different
|IJ
g D” g)|n slu \_ spu °G_
P ot Y
Matrix is same as given on p.27 _ / G Mock-Mach
J P : ----- computey? right action-------------c. — P#ng\1> '( ) < commutatio
—_— e | LK and
<Lr1trfn g lﬁtnn>= D#(m(g) P B LH 1 H ol pH D“ 1 —H 11 G Inverse
ng anI n;'[?tzl m' mn"~“mn' (g ) — Pm,]g ‘1> m
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DV: (p.51) "
I ' *
(W#-basis are projected by“ = = | DH (g) g= Prf’m acting on origindi#etgive:
I

g
1 N (R . .
l“l —_— I-I —_ - " l“l .
‘ mn>— Ph ) — = G o DX (g)|g) subject to normalization:
U pH /. (K)
<l,l| U >: < Pn|m|P ‘ > —n I,l!l,ln <1‘ nn > — Il!l,lll " Where norm= \/<1‘ PIJ 1> — .
min! { MmN mim 2 mim nin nn G
nOrm Nom |
Left-actionof global g on irep-keliﬁn> Left-actionof local § on irep—ke* ﬁ,n> is quite different
glJ
g %n> DnL;'m (g)‘ ll;l1'n> _‘ H >: _P/J 1 iG
" I rm /= 9Fm > /) Use
Matrix is same as given on p.27 _ [[c~ Mock-Mach
J ¥ — computeg? right action -~ = P#ng‘1> :(u) _commutatio
<ﬁ!n g > Drl;lﬁ'm(g) u | L U pu u L T ,U 1 1 | iG < in?/gcrjse
P ng => > P P ’ann (g) =P o’ ‘1> G <
m=1n'=l | (1)
14 :
— "1
- nil Prlnln' Dilf;ln!(g )
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DV: (p.51)
| (1) *
"PW#basis are projected bt = 'i—G'!g Dt ( g) g=PF acting on origindietgive:
HA\=pH 11 I D“* subject to normalization:

g >: QPP Y _ e APIY e v here nom = /(1P 1) :\/%
I

2 mlm 2 mlm nln
norm norm

!
mln!

mn

Left-actionof global g on irep-keliﬁn> Left-actionof local J on irep—ke* 5,,,,,> is quite different

!IJ
g\“>="D“ g\“> sl 1 \= gpH iG
M m m!m( )m!n 9| rm /)= 9P 1> 1 (W) Use
o - _ Mock-Mach
Matrix is same as given on p27 computer riaht aCtion -meeeeeeeeeee . = PH g 1> i ~commutatio
<u 1 I ( ) : e e m (B 7 and
inl 9 >:D im\ 9 | R | T / inverse
e o P#ng' 1: #o# P#nP#T'n"D#T'n"(g. 1) = P#ng! 1‘1> % —
m=lnt=l i !
SRR | 4 :
(HoL - "1
_ . , . -.. "1 : Du Pl’l ! 1 I—
= 3?51 #ﬁ! D#n!(g ) nfil nn!(g ) mn!i‘ > | (1)
ni= )
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DW: (p.51) e
| © *
(Wtbasis are projected b = = 2 DX (9)g=P4 acting on origindktetgive:
(H) G *
H \— pH 1 _ ! W MU : L
‘mn>— 1)— = Ginom. Dmn(g)‘g> subject to normalization:

mim 2
norm norm

Lr:m>: < P#Im'PH ‘ > — n Ml <1‘ nin > — n {in mim nin where: norm = \/ 1‘ > - \/@

u!
min!

Left-actionof global g on irep-keliﬁn> Left-actionof local J on irep—ke* ﬁ,n> is quite different

|M
g‘ rm> Drprlllm(g)‘ %!n> —‘IJ >:— H iG
J ngn 1> ¢ Use
Matrix is same as given on p.27 _pu g\ o MockMach
J P ----- computey? right action------------—----..__ = P,f/,lng 1> :(j < comgwnu(;atlo
<ﬁ!n O m > D#qlm(g) pH g M pH P“ D“ 11 —H 11 | G __inverse
mng = # # mn- mn (g ) _Pmng ‘1> ﬁ
m'=1n"=1 ‘- . U | (H
|/.l '. . "1
— ' "1 = # DH PH 1) L=
= # P#nl r'l;ln!(g ) =1 nn!(g ) mn!i‘ > | (1)
1 STt S SRS e
_ "1
# Dhy(9™)| f)
n'=1
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DW: (p.51) "
1 (W) | x
W#basis are projected bpt = El' DH (g) g =Pt acting on origindiietgive:
-
| (u) G *
U — pH 1 _ . I" u _ _ . .
‘ mn>_ F ‘1>norm ~ G lnom g Dmn(g)‘g> subject to normalization:

Lr:m>:< ‘P,ﬁ.':n,P“‘ >:"H!u" , <1‘ nin >:'vu!u” " where: norm:\/<1‘ Ps 1> :\/E
2 mim nln G

mim
norm norm

u!
min!

Left-actionof global g on irep-keliﬁn> Left-actionof local J on irep—ke* #,n> is quite different

%n> anal'm (g)‘ ’ﬁli'”> Q‘ mn> gP“ 1>\/:(% Use

g
Matrix is same as given on p.27 _ [[c~ Mock-Mach
J P — computeg? right action -~ = P#ng‘1> :(u) < comgwnu(;atlo
<%!n g > D#]Im(g) Pl*l 1_ !U !U Pl«l PIJ DIJ 11 ..._.....ﬁu 11 | IG < inverse
holl=# # Pl i O (977) =Pmd |1),/"
mi=Lsl G W V!
— ) ' = # D“ P/'l 11 1S
- # I:)mnl nnl(g ) nl=1 nn!(g ) mnl; > 1 (L)
n!:]. """""""""""""""""""""""""" |-i'l """"""" "l'l' """""
= # Dly(g"H| )

Local g-matrix component
<u ‘g‘ﬁn> nnl(g ) Dn|n(g) DIS

I
m: unitary,

96
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Hamiltonian and R global-g andlocal-g group matrices iriPW#basis

For unitary DV: (p.51) ”
oG
(W#tbasis are projected b = % > D4 (g)g=P* acting on origindkitetgive:
g
| (1) G *
0\ o 1 G 4 . o
‘mn>— 1)— = Ginom DX (g)|g) subject to normalization:
U pu (1)
o AP PRI s e - [
Left-actionof global g on irep-keli rm> Left-actionof local § on irep—ke* ﬁ,n> is quite different
|IJ
g %n DnL;'m (g) ll;l1!n _‘ > H iG
> . ‘ > gl )=gP4 1) |(u) -
Matrix is same as given on p.27 _ [[c~ Mock-Mach
J -2l . computey ! right action -----------------..__ — P#ng‘1> :(u) . commutatio
<ﬁ!n g > Dr/;lwlm(g) u s U pu u N ,U 1 1 | iG < in?/g(rjse
P g = 21 lemnpmnD (g7 =PH o' 4 1) h
=n=Loc o | 4
| K : -1 - °G
_ = DX, : iEN
= ¢ P DY) |7 nzl(g) _______ 119
| ' :
= # D#nl(g )‘f:lnnl>

Local Q—matrix Component
<H ‘g‘ rrn> nnl(g ) Dnln(g) urat:rv

mn!

Global g-matrix component
(inl9] An)= DB (9)
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Details of Mock-Mach relativity-duality for {groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Locad#basis and Global vs LocdPW#basis

Hamiltonian and @group matrices imglobal and local'PW#basis

Global vs. Local block rearrangement é
Hamiltonion eigen-matrix calculation
Hamiltonian local-symmetry eigensolution
Molecular vibrational mode eigensolution
Local symmetry limit
Global symmetry limit (free or OgenuineO modes)
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Dz global-g group matrices |

R”(g)=TR®(q)T
[P2) [ [e2) [RR) |

NPW#basis

B B
°5) |Ps)

Global g-matrix component

'$ D(g)| ! | ! ! !

$

5! D2(g)| 't | ' '+ wplgpase
E E .

3o I | Dy (g) D, | ! | ordering to

$ = Ey ' concentrate

$ ! | | Dy (9) Dy | ! . < alobal

% B 1 Jg'o a--g

3 ! | | I | Dy (9) D, - D-matrices

$ =il Eq

i | | ! || D, (g) D, &

(9| )= DB (o)

mim
Wednesday, April 1, 2015

D3 local-g group matrices inPW#basis

Local g-matrix component

(3] )= Dl (9™ = D

lrl*
nin

(g) Dis

unitary,
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D3 global-g group matrices irfiPW#basis

R (2) =T (o)1

) mw) [r2) ) e3[R

Global g-matrix component

<erl1!n g‘ erl1n>

fn(9)

; D(g)| ! | ! !

3 .

5! D(g)) | ' ' plghase
3o o) ot . ordering to
s “e) 02| '~ concentrate
— L\l e _ ~ globalg

% | | | | Dy (g) Dy + D-matrices
$ E E

3 | | yxl(g) yy1 &

D3 local-g group matrices inPW#basis

here
Local g-matrix
IS not concentrated

Local §-matrix component

RP(g)=TR®(g)T =
R b Rl
$ ! () ! ! ! ! o
% D" (g) | | ! L
$ * * '
: Cog ()t oy (e
E* E* '
3 ' | D (9] ! Dy (9):
: e I 1=V R
$ * *
3 ot (g) b, ()

-

4 )= DE (g™ =D¥(g) O

unitary,
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D3 global-g group matrices irfiPW#basis D3 local-g group matrices inPW#basis

R%(g)=TRC(q)T = R%(0)=TR®(g)T =

PP R IPR) RS [P S I O B = B ) B O B %)
; D" (g)| ! | | | N ; D' (g)| ! | | | I
1 $ *
% ! DAZ(Q) ! ! ! ! : "P(M)#base % ' DA2 (g) ! ! ! !
s ' |o.(@) by | ' . orderingto § ' |og(g) v |pg (o)
$ 3 3 ' concentrate $ £p* *
$ ! | D, (g) D ! 1< $ ! ! | Dy |9 ! Dy 9
% p(9) Dy - — global_-g % = (9) - w (9)
3 ! | | | | Dy (9) D, . D-matrices § ! I |D, (9 ' |b, (g
$ - $ \ .
50 |t | ogle) by g ST I IR Wl ] R W A
R™(0)=TRE(g)T = T
here
A A E E E E
P Pe) PR PR PR PR Local g-matrix
; pA(g)| | ! ! % IS not concentrated
% | DAz(g) ! | ! L
3 |
S R - IR O I here
s | . a8l £, ! global g-matrix
3 . P . Py . «—is not concentrated
% | | Dy(g) | Dy(g) .
3 | bl 1 pt
: " & Local g-matrix component
Global g-matrix component 5 P

D DIS

<erl1!n g‘ erl1n> D#Im(g) <rml‘g‘ mn> nnl(g ) nln(g) unitary
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D3 global-g group matrices irfiPW#basis D3 local-g group matrices inPW#basis

R"(0)=TRO(g)T = R"(g)=TR®(g)T =

PR PR R PR PR L 7 A L L B
; D(g)| ! | ! ! S 3 D™ (g) ! | | ! N
S D"2(g | | | | % ! D" | ! | |
. . ! . $ ! g . ! . .
% ( ) = - (M)#Tbase 2 ( ) = =
> | | Dg(9) Dy | ! | orderingto § | |Dy (@) ' Dy (9)
$ £ £ ' _concentrate $ " By
! ' D D ! o ! ! ! D ! D '
3 w(9) Dy ) global-g 3 _ (9 - v (9);
$ E, E _ $ Ey B
s ! | ' ! |Dy(g) Dy - D-matrices g ! Dy (g) ' Dy (g !
$ - $ ) )
O - e | I
RP(0)=TR®(g)T = R°(g)=TR®(g)T = }{
PR PR PR PR R LB B = R O B = I )
; D" (g) ! ! ! ! S $ D (g) ! ! ! ! N
% | D%(g)| ! ! o P(M)#fbase % | D" (g) | | ! !
$ : o '~ ordering to s = =
: " |Dxle) ! |Dyle) ' . concentrate§ || Dy () Dy ()] |
% | | | DXEX1 ! DXEy1 - |Oca|_'§ % | ! DyEX1 (9) DyEyl* (0)] !
3 5 5 D-matrices 3 = -
% | I D, (g) ! | D, (g) | , and % | | | | D, (g) D, (g) '
5 ! . op| t b, H-matrices $ B ! | DyEXl* (9) DyEyl* (9) &
Global g-matrix component Local g-matrix comporient
H a6l H D D is
<Irdrl]!n g‘ Ir/:]n> Drl;l]lm(g) <m|‘g‘ mn> nnl(g ) n'n(g) unitary,
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Detalls of Mock-Mach relativity-duality for {groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Locad#basis and Global vs Loc&#PW#basis

Hamiltonian and R group matrices imlobal and local'PiW#basis

Global vs. Local block rearrangement
Hamiltonion eigen-matrix calculation é
Hamiltonian local-symmetry eigensolution
Molecular vibrational mode eigensolution
Local symmetry limit
Global symmetry limit (free or OgenuineO modes)
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Dz Hamiltonianlocal- H matrices in"P®W#basis

H matrixin  ( A A A ) H matrix in
"g#tbasis: S "PlUg-basis:
T T 3 41 b
°G Vo 1y ¥y I, Iy L
B _ | 2 p h B34
(H)G - 2_,11’gg - . Iy 1, 7, 1, T
&= i 3 2 "o "1 "2
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Dz Hamiltonianlocal- H matrices in"P®W#basis

B2 [Py) [PRIIRY) [RA)IRY)
Hmatrixin " pp 0, % H matrix in CHAD L | Y
"gftbasis: $ T "PW#basis: % 1 | H ! ! | !
T PR PR I P P X - -
°G 3 r, . ry I, Iy | % ! | H, nyl ! !
__$h hofg L 3 _ - > '
H) =! rg=¢« -~ H) =T(H).T'= 2 2 '
( )G g=1 9 % A (H), =T(H), % l [ H, H, | ! |
% b 3 N % | ! ! || Hy, HxEy1
P P R P ) ﬁ ! ! ! ! H; HyEy' 2
H., = (Pa|H|Ps)
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Dz Hamiltonianlocal- H matrices in"P®W#basis

H matrix in

%
"g#tbasis: |

N TN e o
*E o N
N =
o =
- N
N W

—
I
~———
®
[
- O
®
o
(@]
I
A ARARAARAAARH -

o5
e
R
S
—
N
S

L= (PaH

P

. B 1
Let] # ) [P ) =RA [1)—

1 | (1) G *
‘ Lnl]n>: Prﬁn 1>norm - ‘G 'nom II;J D#ln (g)‘g>

subject to normalization (from p. 86-96):

| (1) . ]
norm:\/<1\ PH 1) =,/— (which will cancel out)
nn I G so, fuggettabout it!

H matrix in

P

)

H™

P

Pe) IPe)

)

"PW#basis:

(H),=T(H), T

Ep
XX
E1

yx

E

H

Xy

Eq

H

Yy

Il
HARARARARARARAARH

Ep

E1

yx

T

Ep

Eq

Yy
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Dz Hamiltonianlocal- H matrices in"P®W#basis

Pe) [Py) [Py ) [RRIPY)
H matrixin ", , | i i i % H matrix in CHAL L Y
| o g 0 2 1 o2 B, () . $ -
gitbasis: S PW#-basis: 1 | H ! ! ! 1
$rorp rp iy i $ : : |
°G $r nory LI % | || H. Hxvl | |
__$h L I L _ _ > '
H.=! rg=« ~ H) . =T(H). T = =t | '
( )G g=1 9 %'. D, T (H), =T(H), % l [ H, H, | ! |
% P P PO PSR N P % ! ! ! I | H, HXE; ,
T O A A A TR
B honon g Pool v r v Hy Hy
H., = (Pa|H|P%) = (UPLHPL|L)
(normy
Projector conjugation )
(Im){nl) =[m){md
HEOE
1 |(IJ) iG *
U \— pH - w M
‘m”> Fim 1>n0rm G 'nom g Dmn(g)‘g>
subject to normalization (from p. 86-96):
Jap £ (which will cancel out)
norm=,[(1 P 1) =,|—
<‘ n > iG So, fuggettabout it!
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Dz Hamiltonianlocal- H matrices in"P®W#basis

Hmatrixin " . . ¢ i i i %
y . g 0 2 1 1 2 3.
g#-basis: o
% h To i 13 1y
(H) :?Gr §=$ r_z g _ro l, I3 1
G g1 ° S A TR
% l, Iy I3 T, Ty T,
iz iy i 11, 1y g
H;b:<Pr¢fa‘H P;;)): 1| PX HP!|1) = (1| HPX P4 |1)
CemF - Mock-Mach ™™
commutation
rr=rr
(p.61)

subject to normalization (from p. 86-96):

(H) G *
4 )=PEl) L =T Dk (g)[q)

norm= \/<1‘ P 1) = \/@
|

(which will cancel out)
So, fuggettabout it!

P2) Ry} [P2)IPy) [R)IRY)
H matrix in CHAL L %
"PW#basis: % 1 | H ! ! | |
I S N O . L o B
(H)P:T(H)GT =% 1 | H™ N 1
$ yX yy '
S Uttt H, H .
$ | | | | HEl HE1 !
# y W &
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Dz Hamiltonianlocal- H matrices in"P®W#basis

A E E, E E,
Pe) [Ry) [PIPS) [PR)Py)
H matrix in " A A H matrix in "HA ! ! | %
"o#-basis: $ coo T "PW#basis: % 1| H ! ! | .
% h o i I3 1 1 s B YRR .
0G gr, I Iy iy, iy i B _$ ' X . '
H).=1 rg=¢ 2 ' . H), =T(H).T = S '
( )G g=1 9 %Ii i, T (H), =T(H), % l [ H, H, | ! |
% . % ! ! ! I | Hye Hy .
Bly b oGy Pool vl H, Hy
H., = (Pa|H|P%) = (P4 HPL|L) = (UHPL PL D =" (UH P4|1)
(normy _(norm)z
Use P% -orthonomality
1) ! 1)
=" P
(p.21)
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Dz Hamiltonianlocal- H matrices in"P®W#basis

Pe) 1Py ) IPSIPS) [R)IR)
Hmatrixin " pp g, % H matrix in CHA L %
"o#-basis: % o | (W#basis: % 1| H ! ! | l
1 o ol T 5 &
°G % A R O O P % | b H Hy ! L
H).=1rg=¢g > * ° 2 3% 1 H), =T (H),T = S '
( )G g=1 9 %'u LD, o, (H), =T(H), % l [ H, H, | ! |
% i, i iy T, Ty % | ! l | | H, H
iy I, oo g ﬁ | ! ! ! HyEX1 HyEyl 2
|G
= (Pa|H Prfé>-jl|_'°“HP )= (HPLPL D) = (IH P41 = # (1H|g)D., (g)
(normY (normY (normy  g=1
1 | (1) °G *
)= Pl Do = 75 romn 2 Oim(9)19)

subject to normalization (from p. 86-96):

(1) . .
norm:\/<:|_‘ PH 1) = % (which will cancel out)
\/ i |

So, fuggettabout it!

CoefﬁuentsD“ (9)1 aneredumble representations (irepsy g

&7 d iy i i
1 1 1 1
DAl(g): ! 1 1 (1 (1 (l
1 " o 0/ 0/ 04 1
D)= | 1w s ({o s G ¥ s G (87 G YT %
El — $ ' $ : $ : $ : '
)= | e 5 Y (%& 5 (Y (2 g 5 (Y i 5y ;& Po e
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Dz Hamiltonianlocal- H matrices in"P®W#basis

Pe) [Py [PEIPY) [RL)(P)
H matrIX II’] " r ..... rrl ..... i I% H matrIX |n ( HAl \
. . g0 2 1 1 2 3, W) .
g#-basis: C W#-basis: H
ST (o N U SR PR 5 El
G %r SR SO SUR SO T o Hy
_ 2 1 o 2 3 N1 - -
H|.=! rg=«¢ ~ = ' H T(H).T = By £1
N Cow
% lp i3 Ty T, « H,
T PR TR A R toH
ﬁ 3 2 1 1 2 O & ............... K ................... yx Hyy ]
iG' iG ! p
< ‘H Prftla>—<1|PuHP |11) = (QHPLPLL) =" (IHPL|1) = <1|H|g>Dab( ) #rgDab(g)
(norm)z (norm)2 g:1 ............ g:1
u u 1 | (1) i G *
subject to normalization (from p. 86-96):
| (1) : .
=1 PH|1) =.]— (which will cancel out
nom \/<‘ nn > iG go,fuggettaboutit! )
CoefﬁuentsD“ (g)1 anereducnble representatlons (irepsfg
g= r I, i
1 1 1
D (g)= i 1 1 -1 11
D, (9)= ( 1] NERE 31 o1 Bl [0 —1j
’ 2 2 2 2 2 2 2 2
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Dz Hamiltonianlocal- H matrices in"P®W#basis

) [p.) ) IR
H matrIX II’] ( ..... PRI \ H matFIX In n HAl | | | ' | %
. fo o il I s . $ -
"gitbasis: - co T "PlU#basis: s ! |H ! ! | |
g T 13 0 I 7
o A $ v 7Y BT |
G B I’2 rl I‘O |2 |3 Il _ _ $ : . XX xy . . '
H). = S rg= . (H). =T(H).T = S '
( )G gél gY Lo (H),=T(H), % l l W H, | |
i, i iy T, Ty % | | ! ! toH]
< T 2 SRR R I ﬁ ! ! ! ! yE; HyEyl &
- .......... G )
Hab = <P15a H Pl’flt)> = §1| P;LmHPrflL) 1> — <1| H Pcftmprf;? 1> — 6mn<1| H Pcf;)|1> — 2<1| H | g>pab (g) — ngDab (g)
(normY (normY (normp =g i g=1

H =r, DY)+, DY (r)+r, DY (r*)+i, DV (i,)+1,D" (i,)+ i, DV (i,)=r, +1,+I, +i, +i,+i,

CoefficientsDt_

g= 1 i

" % % % %
D)= | vy s G (P s G YT s G (R G R
E _ ' $ ' $ ' $ ' $ ' |
oG | Brre g6 gy s(P dy $(F by 37 1, ToCa
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Dz Hamiltonianlocal- H matrices in"P®W#basis

Pe) [By) [PRIPs) [PR)IPy)
H matrix in " 5 % Hmatrixin " HA| 1 | 1 1 |1 1 %
"o#-basis: b ST (W#basis: % 1 | H ! ! ! !
S oo olg 0 : -
°G %r ST T TS % ! || Ha Hy | ! -
H)o=trg=g > 5 ° 2 %t " (H).,=T(H).T = S '
( )G g=1 9 %'u LD, o, - (H) (H)s % l [ H, H, | ! |
%iz iy T, Ty T % | ! l | | H, H
i3 b 0o rng ﬁ ! ! ! ! HyEX1 HyEyl 2
iGE )%
1. =) e e ) = (=, (U e =H (g ()=H 10 (g
norm (normy NOMMY  qoq=eveeereens: g-1

HA = 1,D )+ 1D ()41 D ()4 DA () +1,D™ () ;DY () =t 4.+ -+i H,
H =1, @+ D™ (F)+ 1D (r)+1,D " (i), D" (i) +1,D ™ (i) =ry+,H, -y i,

CoefﬁuentsD“ (g)l atereducible representations (irepsy g

g r I i, 13
) 1 1 1 1
D™ (g)= L 1 1 (1 (1 1
1 ! % " % ' % L % 1:1
e | v s G (P s G YT s G (P g B 10 %
A= | Br1e 2w o P o s 2Psoa 0 (1.
P.sle Piae $ 7 (%& 35 G $(5 5% $% 34 (&
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Dz Hamiltonianlocal- H matrices in"P®W#basis

PX) [Py) [PRPS) [R)IPy)
H matrix in g o Hmatrixin = " HA| 1 | 1 1 |1 1 %
"gftbasis: $: Y (W#basis: % I | H | | | |
$rofo gl I - -
G %rz R P O % ' | P Hy ] -
H) =1! rg= . . (H).=T(H).T = £ 2 '
R I S RIS
%iZ b 13 T2 o Iy % ' ' I | ['Hy iHy
$iy 0, ip 1o orpk ﬁ ! | | l H;Xl HyEyl &
iGE )% .
1. =) e e ) = (=, (U e =H (g ()=H 10 (g
norm (normy NOMMR  qqveeemeees g-1

H =r, D (Q)+r, DY (r")+r, D (r)+i,D* (i)+i,D*(i,)+i,D™ (i,) =r,+r+r, +i +i,+,
H” =r, D)+, D" (r')+r, D" (r*)+i,D"(i,)+i,D"(i,) i, D" (i,) =r,+r,+r, -i,-i,-i,

HxE: = roDxE: D+ rlD;j(rl) + rl* DxE:(rZ) + ileE: ('1) + iszE: (iz) + isDxE: (is) :@o'rl'rl 'il'iz'@is)/z """""""""" |

CoefﬂClentsD“ (g)1 alereducible representations (irepsy g

g= r r Iy I, I
1 1
D" (g)= (1 1
b ()= $©(?% s () ¢ (1 o %
DFt (g) = S B o1 6k 1. %0 (1&
%y 207 3 4 $2 324
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Dz Hamiltonianlocal- H matrices in"P®W#basis

A E E, E E,
22 [Py) [P)BS) [B)IPy)
H matrIX II’] " r ..... rrl ..... i I.... % H matrlx |n n HAl | | | ' | %
: -0 2 1 1 2 3 : $ '
"gitbasis: %-r e (W#-basis: ¢ ! |H ! ! | |
1 0 1 3 1 2 .
1 $ =] =] '
(H) ° % 2 fo I3 T T $ ! | P Py | L
=1 rg= ' - (H).=T(H = 2t B '
C g=1 h % T R PO R OO ( )P ( )G % ! Vo Hy Hy | ! b
%i.z .i1 is 2 To rl: % | ! ! | Hxxl Hy
or, gl gE !
Big I hhononp g Forlor o HE i,
°G . '
H2, = (PA|HIPS) = (L HPS 1) = (U HPLPLIL) =6, 1|HF;ab| - 2 aHIg0: (93007 (o
norm (normy NOMMP  ‘ooqieeroeneeess |
H* =r,D* Q)+ r,D¥ (r")+r, D*(r*)+i,D™ (i,)+i,D™ (i,)+i,D™ (i5) =ry+r+r, +i +i,+,
H* =r, D" (@Q)+r, D" (r)+r, D (r*)+i, D" (i)+i,D"(i,) +i,D""(i,) =r,+r+r, -i -i,-i,
HxE; = rODxE: (1) + rleE:(rl) + rl* DxE:(rz) + i1DxE: (i) + iszE: (I,) + isDxE: (is) :(zro'rl'rl 'il'i2+2i3)/2 """"""""""
Hy = 16Dy (DD, () +1, Dy () +1,Dy, (1) +1,D,, () +1Dy (i) =V3(r#ywip#i, Y2 =H
CoefficientsDy .(0), aiereducible representations (irepsfg
g= r r- 1 |2 |3
1 | 1
D" (g)= i 1 1 (1 (1 11
O I A T N FAP IR L A
5 = ! $ 1 $ 1: % 1 % 1 I
Pole)* % &gy Gy 3P G §Y 1 §Y i Po (e
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Dz Hamiltonianlocal- H matrices in"P®W#basis

PS) [Py) [PRIIPS) [B)IPy)
H matrix in " r0r2r1|1|2|3 H matrix in CHA| ! ! ! ! %
"g#,basis: $: ... : (W#tbasis: % ! H ! ! ! L
$rporporpodg o - - .
oG $rrriii:." %l !Hx;nyl' b
(H)G:! rg§=$ e =T(H), T =s Il HY H| 1
ot gl s 2 T n o S ' A A W .
gl bl oo, g | ']t [ Ha My
Big I hhononp g ﬁ Lo H
iG ST
= (P H Péé}—leP“ Pol1) = (HHPPR|1) = " (L[ H Pyl 1) = #<1|H|9>Dab( )=# 1,0, () ::
(Mormy i IR et i 5
H* =r,D* Q)+, D™ (r)+r, DAl*(r2)+i1DA1(|1)+|2DA1(|2)+|3DA1(|3) =1+ H L
H” =r, D" Q)+, D" (r')+r, D" (r?)+i,D""(i,)+i,D""(i,) +i, D" (i,) =r,+r,+r, -i,-i,-i,
HXX =T, D. (1)+rD (r)+r D. (r Y +i, D, (|1)+| D, (| ,)Fi, D, (|3) =(20y -1, =i -1, 420 )2
nyl—r D, (1)+rD (r)+r D, (r Y +i, D, (|1)+| D, (|2)+| D, (|3) =J3(- [+, -i,+i,)/2 HE -------------
Hy;—rD (1)+rD (r)+r D, (r ) +i,D, (|])+| D, (|2)+| D, (|3) —@r -1, r L) 2
CoeffrcrentsD“ (g)1 arereducrble represen ns (|rep9)‘g
g= r
D" (g)=
D (g)=
D3(9)=
Wednesday, April 1, 2015 116



Dz Hamiltonianlocal- H matrices in"P®W#basis

p2) [py) |P2)ey) B[R
H matrix in oo o Hmatrixin . " HA| 1+ | 1 1 |1 1 %
. o g0 2 R B W - $ -
gitbasis: N WH#-Dbasis: ¢ ! |H l l l |
S i3 i - - :
o 3 S % Ll H, Ho |t
__$7 Ty B I3 ot = = " '
H) =1 rg= ' -~ (H).=T(H).T = & ! '
( )G _ g9 %lz T ( )o =T (H), % ! | H, H | ..... 1
% Ly I I3 I, Fy I % ! ! ! ! HXE; HXE;
Bia b honon g ﬁ Lo H
.
= (Pra/H Pn’é>—lolLP“ Pol1) = (HHPPR|1) = " (L[ H Pyl 1) = #<1|H|9>Dab( )=# 1,0, (9) ::
(oY ) DRt i -
H* =r,D* Q)+, D™ (r)+r, DAl*(r2)+i1DA1(|1)+|2DA1(|2)+|3DA1(|3) =1+ H L
H” =r, D" Q)+, D" (r')+r, D" (r?)+i,D""(i,)+i,D""(i,) +i, D" (i,) =r,+r,+r, -i,-i,-i,
HXX =T, D. (1)+rD (r D41, D. (r Y +i, D, (|1)+| D, (| ,)Fi, D, (|3) =(20y -1, =i -1, 420 )2
HX; =T, D, (1)+rD (r)+r D, (r Y +i, D, (|1)+| D, (|2)+| D, (|3) =J3(- [+, -i,+i,)/2 HE -------------
Hy;—r D, (1)+rD (r)+r D, (r °)+i, D, (|])+| D, (|2)+| D, (|3) =(20y- 1, =2 )2
;# HXEX' HXE;, 3_1;# 20, -1, -1, -, -i, +2i, x/_(-r+r*—i +,) 3
FH, Hy, §& Z# V30 144, 20n-r+H,+,-2i, &
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Detalls of Mock-Mach relativity-duality for {groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Locad#basis and Global vs Loc&#PW#basis

Hamiltonian and R group matrices imlobal and local'PiW#basis
Global vs. Local block rearrangement
* Hamiltonian local-symmetry eigensolution é
Molecular vibrational mode eigensolution
Local symmetry limit

Hamiltonion eigen-matrix calculation
Global symmetry limit (free or OgenuineO modes)
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Dz Hamiltonianlocal- H matrices in"P®W#basis

Py) [Py} [PIPS) [R)IRY)
H matrlx II’] " ........... % H matrlx |n n HAl | | | . I %
. fo T I g T 3, . $ '
"g#basis: $: ST (W#tbasis: ' | H | | | |
$r, rg rg iy i iy $ . .
oG 3 U PR SR PR - % | | . H, | ! |
__$h gy gl - - xx '
H|.=! rg=«¢ ~ = ' \H),=T(H).T = 2 £1 '
( )G g=1 9 % iy i, ron T, ( ), =T (H), % l l W H, | |
%iz A A % | | | | CoH
P PR P N PO = oot
iy b b o onpe ﬁ' ! ! ! w Hy, g
iG :
= (P [HIPE) = (P2 HPE[ ) = (UHPLPEID =, (P - #<1|H|g>oab( )=#1,0.. (0)
hormy b s TR e A
H =r, D" (1)+r, DY (r')+r, DY (r*)+i DY (i,)+i,D"(i,)+i,D"(,) _r0+r1+r1 +H, 4+, +H, =1 +2r, 420, +i,
H" =r, D" ()+r D" (r)+r, D" (r>)+i, D" (i,)+i,D""(i,) +i,D""(i,) =r,+r,+I, -i -i,-i, =r,+2r, -2i, -i,
HY =1 D (1)+rD. (r)+rD. (r3)+i, DE*(i1)+i DE*(i2)+i DE*(i3) —F -F - i 4202 =r, r -+,
ny'—rOD (1)+rD (r)+r D (r )+1, D. (|)+| D (| )+, D. (|3) _\/_( [+ i+, )2 HE =0
Hyy :rODW(1)+r1DW(r )+r] DW(r )+ilDW(i1)+izDW(i2)+i3DW(i3) =21, 1,1, +i, +i,-2i,)2 |=r, -1, +i, i,
4 Ho Hy 2 1# 200yt iy, +2iy  N3(-r i) ?L
#HyExl HyE;% 28 J3( 1+ HL) 20 -ner -2i, &
ey, o $ Choosing locaCo={1,is} symmetry with
— i i local constrainta1=r 1*=r 2 andii=i2=i12
O r-O r1 I12 |3 «
or:ry=r,and:i; =i,
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Dz Hamiltonianlocal- H matrices in"P®W#basis

P) [Py [RR)IPS) [P)IPy)

H matrixin (g ey Hmatrixin . " HA| + | 1 1 |1 1 %
"gH#-basis: : S W#basis: % I | H | | | K
nTp 7 3 h B ot % - = :
°G Vo B Ty Iy I3 $ | | Ho Hy | b
H) .= >rg=| ° . (H), =T(H).T = .- '
( )G gzlrgg PR, ( ) =T(H)s % ! [ H, H, | ! |
Ly & I3 1, 1, I % ! ! ! ! HXE; HXE;
(B b b 2 I O R T - T - N

iG: ............... e

= (Ph|H F’@—ﬂf’“ PoolL) = (I HPLPE (D) =" (H P 1) = <1|H|9>Dab( )=# 1,0, (0)
(normy (normy (normp  g=p e g=1

H* =r,D¥ Q)+ r,D¥ (r")+r, D™ (r*)+i,D (i,)+i,D™ (i,)+i,D™ (i5) =ry+r+r, +i +i,+,

=r,+2r,+2,,+l,

H” =r, D)+, D" (r)+r, D" (r)+i,D""(i,)+i,D""(i,) +i,D " (i ) =r,+r,+r, -i -i,-i, =r,+2r, -2i,, -i,
HXX =T, D, (1)+rD (r Y41, D, (r Y +i, D, (|1)+| D, (| o)+, D, (|3) =(2r, 1,1, -i,-i,+2i.)2 |=r, -1, -i,+,
nyl—r D, (1)+rD (r)+r D, (r Y +i, D, (|1)+| D, (|2)+| D, (|3) =J3(- r+r, -i,+i,)/2 HE =0

Hy;—r D, (1)+rD (r)+r D, (r Y +i, D, (|1)+| D, (|2)+| D, (|3) =(2r,-r,-r, +i,+i,-2i,)/2 |=r, -, +H,, -,
((;2:{1,i3} ;# H,. HXE; 2 1# 2 -F - -+ 2, NB(-r - L) ?L

Local symmetry fH, H & 5 28 3 r) 4 L) 20ren H L2, &

determines all level _ _ _
and eigenvectors W| h _! ro'rl-i12+i3 0 $ ChOOS|ng IOC.a.CZZ{J.,kB} SymmEtry W|th
just 4 real parametefs _ﬁ 0 ry-Fmip i |OFa| constraintg1=r1*=r 2 andii=l =112
\_ or:ry=r,and:i; =i,
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P(= !&%D(u)(g)g
Jpectral Efficiency: Same D(a) ., projectors give a lot!

1 2
1rr||2|3

Rxt(1 1 11 1 1)e 1ortor2 i 1 rtr2 i i |

RAA(T 1 1-1-1 -1)e ) e o)
iy I?(EX—(Z 1-1-1-1+2)0 |R5=(0 -1 1 -1+1 O)ran

F;E( 0 1-1-1+1 0)13p Fg,Ey—(Z/l -1+1+1 -2)/e

¥EIgenstates (shown
YComp) ete Hamiltoni
([H v )
¢ A -block H+ 1 15— 1y -1y

2 1 1 I
% A ok |-|| 25 I, 21 22 +ly >[ 3(5 , |1+|2
2 13 |1

\ ] y
¥M_ocal symmetery eigenvalue formulae (L.S=> off-diagonal zero.)

(C2:{1,i3} rl: r2: rl*: r, |1: |2: |1*: |

Local symmetry Aclevel: H +2r +2i +1
determines all level gives: Arlevel H +2r 121l
and eigenvectors with Eclevel: H v v 1+1
iust4 real parametefs Bleve HY T+ 113
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Global (LAB) symmetry ) 3> C2 B pr()j ector states  Local (BOD) symmetry
L1 =i PU|1! 1M1 =T.pM11= PO 11
3|eb 3" eb | ‘(ergn :Pe%m)‘ll 3|eb 3'eh | eE) 3|

=(-1)° |(m)! = Fél(om)iS |1!:(_1)b |(m)!
Local g Commute through

to the OnsideOto be a

1 rt re i, i, i,

Rp=(1 1 1-1-1 -1e

Here theOMock-Mac
IS being applied!

i3 global (y)
anti-symmetry  pE=(0 -1 1 -1+1 0)/r3e
E ! Ry=(2 -1 -1+1+1 -2)/e

. <]
anti-symmetry /@

I3 local

Rx=(2 -1 -1-1-1+2)/s
Rx=(0 1 -1-1+1 0)/132

‘ A1) anti-symmetry

RA=(1 1 11 1 1y

& > |
I;global '3
| (X) symmetry

D)= D"(r)= (E/DE("rZ): ()[/)E'(lil): E/E(i.%): 3EG3):
! O%$!% !\/§'0$ ¥ \/§-0$ 1 !\/§'0$!§ \/g-o"l 0o %

IS RONERS INNIS'S IV 'S DN S AN

l1
D"(g)=+1, D" (r")=+1, D"(i,)=!
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Global (LAB) symmetry - D> C, i, projector states

il =i, P{|1!

=(-p°|M!

1 =P

. @
anti-symmetry /@

Local (BOD) symmetry

! =TR0L= P

= PMi, |11=(-1)° (™!

Here theOMock-Mach
= IS being applied!

.

5 > |
I;global '3
(X) symmetry

I3 local

i 5 global (y)
anti-symmetry
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\When there is no there, there...

Nobody Home
where LOCAL

and GLOBAL

—
N
U

Icl

i, local (y) o
anti-symmetry /@

i, local
3 y
(X) symmetry,

i, global (y)
anti-symmetry

s > i
13 global “3
(X) symmetry
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Detalls of Mock-Mach relativity-duality for {groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Locad#basis and Global vs Loc&#PW#basis

Hamiltonian and R group matrices imlobal and local'PiW#basis
Global vs. Local block rearrangement

Hamiltonion eigen-matrix calculation Video Lecture 16
Hamiltonian local-symmetry eigensolution

loca _ _ Ended here.
Molecular vibrational mode eigensolution é Vibrations treated
Local symmetry limit

— - L In Lecture 17
Global symmetry limit (free or OgenuineO modes)
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