Group Theory in Quantum Mechanics
Lecture 16 ;.19.15

Local-symmetry eigensolutions and wave modes

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 5 Ch. 15 )
(PSDS - Ch. 4 )

Review Stage 1: Group Center: Class-sums kg , characters x*(g), and All-Commuting Projectors IP*

Review Stage 2: Group operators g and Mutually-Commuting projectors P/
Review Stage 3: Weyl g-expansion in irreps D"ii(g) and Non-Commuting projectors Pk
Simple matrix algebra P"qp PVca = 0V 0pcPHaa

P transforms right-and-left L r i i, i

P -expansion in g-operators ro Lo i

2 . . .

Example of D3 transformation by matrix DFj(r') croro L oL

iii, iL,i1 r r’

Details of Mock-Mach relativity-duality for D3 groups and representations i L 1o
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local) b, i r o1

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis Ds Group 13

“slide-rule” aps
Hamiltonian and D3 group matrices in global and local |PW)-basis :

Global vs. Local block rearrangement
Hamiltonion eigen-matrix calculation
Hamiltonian local-symmetry eigensolution
(Vibrations treated in following Lecture 17)

Wednesday, April 1, 2015



*Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors IP*

Review Stage 2: Group operators g and Mutually-Commuting projectors P/
Review Stage 3: Weyl g-expansion in irreps DVii(g) and Non-Commuting projectors Pji
Simple matrix algebra P*.p PVca = 0MV0pcPHag
Pl transforms right-and-left
P -expansion in g-operators
Example of D3 transformation by matrix D (r")
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

°k y" 2
x =y 8% ph P'= I 20K,
g I g,u classesKg
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

OKgxg H Ch - =D (o) = yH (o) = M ~1 u_ oy Eﬂlu*K
Kg:%—P aracters: 1 = 1D (g) = 2" (¢)= 1 (hgh ) P dlasses, G780 F

g.u

Wednesday, April 1, 2015



Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

— OKgxg H Ch - M =DE ()= vH (o) = vH* [ hoh™! n_ v gu%u*K
K _Z—IJP aracters: y, =1r (g)_% (g)_% ( Y ) P = . K,

classes Kg °G

---------------------------------

' See Lect.15 p. 20 '
e = 1P+ 104 1 E
ik =2 P42 P o 1
k. =3P =3P 1 0 L

t . :

x4
Use )(gl =¢"1 =1
A :
to find PA1 coefficients
K=K P L.

---------------------------------

D3 examples
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

o M e
ez o i u u u -1 u p
K =>X—"—=0P Characters: y" =TrD (g)z)( (g)z}( (hgh ) P'= 2 X, K
g g,u g classesk, O
u g

{SeeLect15p.20 x o % ' x ' x | See Lect. ?'5}5 2324 T
K K, =1 phyi1ph 4 110E a:kAl A P 1—(K1+K +%,)/6=(1+r+1" +11+12+13)/6
EK _9. PA1+2 _ 1]PE o - ~ =(K,;+K, —K)6= (1+r+r i —i, 3)/6
! - ~ B =02%,-%x,.+0)/3=21-r-r )/3
EK = 3. P —13. + 0k a=E |2 -1 0
: Use x(a)*=€(a)
. A*_pA 1
 Usex, t=01=1 to find i, coefficients
: A (@)y2
: f(ofn;l ll))A1 ioeﬁ”czents P(O‘):u K o
\ g °G

------------------------------------------------------------------------------------------------------------------------------

D3 examples
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors "

*Review Stage 2: Group operators g and Mutually-Commuting projectors PFy ‘
Review Stage 3: Weyl g-expansion in irreps DVii(g) and Non-Commuting projectors Pji
Simple matrix algebra P*.p PVca = 0MV0pcPHag
Pl transforms right-and-left
P -expansion in g-operators
Example of D3 transformation by matrix D (r")
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

[ K, = %g—ug p* J Characters: y{ = 7rD" (g) = y" (g) = x“(hgh_l) ( ]P)“zclasgemg oG%g*Kg J

Review Stage 2: Group operators g and Mutually-Commuting projectors P
[PH = PR+ PHog+... PH e (Mutually-commuting Projectors P mum)

PH splits into a number £H of irreducible P*j; where #H=dimension of irrep DM
JJ
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

[ K, = %g—ug p* J Characters: y{ = 7rD" (g) = y" (g) = x“(hgh_l) ( ]P)“zclasgemg oG%g*Kg J

Review Stage 2: Group operators g and Mutually-Commuting projectors P
[PH = PR+ PHog+... PH e (Mutually-commuting Projectors P mum)

IPE splits into a number ¥ K of irreducible P*j; where #*=dimension o irrep DM and sum of ¥ H
]

is RANK of D3
[PF splitting NOT unique if #*>1...

Example:
The splittable all-commuting projector in D3
E=0x,-%,+0)3=21-r-1")/3
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

ZOK‘ %g P Characters: “=TrD”( )— “( )— “(h h—l) pt= X Eu%uK
H K,LL | Zg B AR A ° classesK °G

Review Stage 2: Group operators g and Mutually-Commuting projectors P
[PH = PHi1+ PHog+... PHpupr (Mutually-commuting Projectors PVum)

PH splits into a number £H of irreducible P*j; where P =dimension of irrep DM and sum of ¥ H

is RANK of D3
[PH splitting NOT unique if #H>1.... ..OR...

Splitting by C>={1,i3} (See Lect. 15 p. 80)
P/ = 14,2 o

—PE = fa-ipn

Example:
The splittable all-commuting projector in D3
E=0x,-%,+0)3=21-r-1")/3
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

ZOK‘ %g P Characters: “=TrD”( )— “( )— “(h h—l) pt= X WXMK
H K,LL | %g B AR A ° classesK °G

Review Stage 2: Group operators g and Mutually-Commuting projectors P
[PH = PHi1+ PHog+... PHpupr (Mutually-commuting Projectors PVum)

PH splits into a number £H of irreducible P*j; where P =dimension of irrep DM and sum of ¥ H

is RANK of D3
[PH splitting NOT unique if #H>1.... ..OR...

Splitting by C>={1,i3} (See Lect. 15 p. 80)
P/ = 14,2 o

—PE = fa-ipn

’ 2

Product algebra on group table:
(1 +i3)/2
21| 21 +2i,

I T -
ST | ¥i,
F

-r?| r’ i ( 1)
6

| Example:
The splittable all-commuting projector in D3
E=0x,-%,+0)3=21-r-1")/3
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

o U m
K, X A
_ g8 pH R /- U _ U _ AU -1 VO M
[ K, —% pr P J Characters: x;, =TrD (g)—)( (g)—x (hgh ) ( P —claSESKg OG%g K, J

Review Stage 2: Group operators g and Mutually-Commuting projectors P
[PH = PP+ PHog+... PHprpn (Mutually-commuting Projectors P mum)
[PH splits into a number £F of irreducible P¥jj where £ =dimension of irrep D¥  and sum of { H
is RANK of D3

[PF splitting NOT unique if #*>1... ...OR...
Splitting by C2:{1’i3} (See Lect. 15 p. 80)
P/, =P’ = (1+i,)2 = Q1-r'-r’—i,—i,+2i,)/6
P’ =P’ = [(1-i,)2 = Q1-r'—r’+i +i,2i,)/6
Product algebra on group table:

1 +i3)/2
21 +2i

I T -
ST | i,

¥
-r?| r? i, ( 1)

| Example:
The splittable all-commuting projector in D3
E=0x,-%,+0)3=21-r-1")/3
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

ZOK‘ %g P Characters: “=TrD”( )— “( )— “(h h—l) pt= X g#%uK
H K,Lt | Zg B BEAAS=A ° classesK °G

Review Stage 2: Group operators g and Mutually-Commuting projectors P
[PH = PR+ PHog+... PH e (Mutually-commuting Projectors P mum)

IPE splits into a number ¥ K of irreducible P*j; where #*=dimension o irrep DM and sum of ¥ H
]

is RANK of D3
[PF splitting NOT unique if #*>1... ...OR...
Splitting by C>={1,i3} (See Lect.15 p. 80) Splitting by C3={1,rl,y2} (SeeLect.I5p.84)
P, =P’ = (1+i,)2 = 21-r'-r’—i —i,+2i,)/6 P, =P, .. = Hd+e r'+er?)3
P’ =P’ = 1-i,)2 = (21-r'-r’+i,+i,-2i,)/6 P/, =P] = f+er'+er’y3
Product algebra on group table:
(1 +i3)/2 [ (2-e-e N +2e -1-e)r +2¢e-¢-Dr’ |/33
yebp2te e 21, | 2121 2er? 2e'r
(g)-r N H, (5)-1' x| o-el e’
rfet e ;| (l) -r? i —er €1 1
6 (33
| Example:

The splittable all-commuting projector in D3
E=0x,-%,+0)3=21-r-1")/3
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

ZOK‘ %g P Characters: “=TrD”( )— “( )— “(h h—l) pt= X g#%uK
H K,Lt | Zg B BEAAS=A ° classesK °G

Review Stage 2: Group operators g and Mutually-Commuting projectors P
[PH = PR+ PHog+... PH e (Mutually-commuting Projectors P mum)

PH splits into a number £F of irreducible P*j; where P =dimension of irrep DM and sum of ¥ H

is RANK of D3
[PF splitting NOT unique if #*>1... ...OR...
Splitting by C>={1,i3} (See Lect.15 p. 80) Splitting by C3={1,rl,y2} (SeeLect.I5p.84)
P, =ij:Pl‘i1+i3)/2 = (21-r'-r’-i,—i,+2i,)/6 P =P, . = e r'+e'r?)3
P’ =P’ = K1-i,)2 = Q21-r'-r*+i,+i,~2i,)/6 P/, =P| = /(l+e'r'+e r’)3
Product algebra on group table: [(2-e-M+e (e I +e(2-¢-¢ r* ] /33
(1 +i3)/2 [(2—8-8*)14{28*-1—8)r +(28-g*-1)r2]/3-3
yebp2te e 21, | 2121 2er’ 2e'r
(g)-r N H, (5)-1' x| o-el e’
L S R A (1) 2 e el 8
6 &
| Example:

The splittable all-commuting projector in D3
E=0x,-%,+0)3=21-r-1")/3
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

ZOK‘ Zg P Characters: “=TrD”( )— “( )— “(h h—l) pt= X g#%uK
H g‘u | Zg B BEAAS=A ° classesl( °G

Review Stage 2: Group operators g and Mutually-Commuting projectors P

[PH = PP+ PHog+... PHprpn (Mutually-commuting Projectors P mum)
PH splits into a number £F of irreducible P*j; where P =dimension of irrep DM and sum of ¥ H

is RANK of D3
[PF splitting NOT unique if #*>1... ...OR...
Splitting by Co={1,i3}  (SeeLect.15p. 80) Splitting by C3={1,rl,y?} (SeeLect.I5p.84)
P, =P’ = (1+i,)2 = 21-r'-r’—i —i,+2i,)/6 P’ =P/ = HQ+er'+er?)3=(1+e r'+e 1)/
P’ =P’ = [(1-i,)2 = Q1-r'-r’+i,+i,~2i,)/6 P/, =P’ = Q+er e r')3=(1+er'+e r)/3
31+  £@r+ &3’ ]/33
Product algebra on group table: [(2-g- M +e (g€ )r +e(2-e-¢)r* /33
(1 +i3)/2 [(2-6-e )1 H2e -1-)r H2e- -Dr? ]/33
yebp2te e 21, | 2121 2er’ 2e'r
(g)-r B i, (5)-1' x| -l -er’
oSl R H, | (1) e el 8
6 )
Example:

The splittable all-commuting projector in D3
E=0x,-%,+0)3=21-r-1")/3
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors "

Review Stage 2: Group operators g and Mutually-Commuting projectors P/
Review Stage 3: Weyl g-expansion in irreps DVii(g) and Non-Commuting projectors Pji ‘
Simple matrix algebra P*.p PVca = 0MV0pcPHag
Pl transforms right-and-left
P -expansion in g-operators
Example of D3 transformation by matrix D (r")
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

o U u
KX 14 *
_ ghg M ol =T (o) = M (o) = M -1 w_ u
[ K, —%7 P J Characters: y; =TrD (g)—% (g)_% (hgh ) ( P _CZaSESKg OG%g K, J
Review Stage 2: Group operators g and Mutually-Commuting projectors P
[PH = PP+ PHog+... PHprpn (Mutually-commuting Projectors P mum)
[PH splits into a number £* of irreducible P¥jj where " =dimension of irrep D"
Review Stage 3: Weyl g-expansion in irreps D"ii(g) and Non-Commuting projectors P
Group g-expansion in Projectors P un Projector PV, expansion in Group g
e ,
g=|% X XD, (g)Py,
u m n

Wednesday, April 1, 2015
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

o U u
KX 14 *
_ ghg pu o (o) = M (o) = M -1 m_ Hx
[ K, _% pr P J Characters: Xy = 1rD (g) X (g) X (hgh ) [ P clasgsKg OG%g o J
Review Stage 2: Group operators g and Mutually-Commuting projectors P
[PH = PR+ PHog+... PH e (Mutually-commuting Projectors P mum)
[PH splits into a number £* of irreducible P¥jj where " =dimension of irrep D"
Review Stage 3: Weyl g-expansion in irreps D"ii(g) and Non-Commuting projectors P
Group g-expansion in Projectors PYmy Projector PV, expansion in Group g
e ,
g = [2 DD D", ( g) P,ﬁjn] The g=1-g-1 development: Weyl development follows...
o (Lecture 15 p. 90-97)

g=1-g-1=(P +P +P/ +P ).g-(PL+P" +P’ +P)
+ 0 + 0 +Pfx°g'Pfx+Pfx'g’PyE,y

E E E E

+0 + 0 +P -g-P +P'.g-P

Wednesday, April 1, 2015 18



Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors [P"

o U m
4 A
_ g8 pH R /- U _ U _ AU -1 VO M
[ K, —% pr P J Characters: x;, =TrD (g)—)( (g)—x (hgh ) ( P —claSESKg OG%g K, J

Review Stage 2: Group operators g and Mutually-Commuting projectors P
[PH = PR+ PHog+... PH e (Mutually-commuting Projectors P mum)

[PH splits into a number £* of irreducible P¥jj where " =dimension of irrep D"
Review Stage 3: Weyl g-expansion in irreps D"ii(g) and Non-Commuting projectors P

Group g-expansion in Projectors PYmy Projector PV, expansion in Group g
e ,
g = [2 DD D", ( g) Plﬁjn] The g=1-g'1 development: Weyl development follows...
o (Lecture 15 p. 90-97)

g=1-g-1=P" +P +P +P )-g- (P +P +P +P’)

g=1-g-1=D"(g)P" + 0 + 0 + 0
+ 0 + D (gP " + 0) + 0
+0 + 0 +D (2P +D; (2P

X,y

E E E E
+ O + O + Dy,x (g)Py,x + D y(g)Py’y

where: ¥,

P'-g-P'=D"(g)P), P .g:P =D"(gP

P gP =D (9P, P g-P =D (2P
E E _ E E E E _ E E

Py,y' 8 Px,x - Dy’x (g)Py’x Py,y' 8 Py,y - Dy,y(g)Py,y
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors "

Review Stage 2: Group operators g and Mutually-Commuting projectors P/
Review Stage 3: Weyl g-expansion in irreps DVii(g) and Non-Commuting projectors Pji
* Simple matrix algebra P*.p PVca = 0MV0pcPHag
Pl transforms right-and-left
P -expansion in g-operators
Example of D3 transformation by matrix D (r")
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Weyl expansion of g in irep D! (g)PHk “gequals-1g 1-rick”

[rreducible idempotent completeness 1= PIl+P "+ P)fcl +P" completely expands group by g=1-g-1

Previous notation:
_ _ U U _ A 4 E E E E
8= l-g-l— % % %Dmn (g) Pmn o Dxxl(g)P +D (g)P T Dxxl(g)Pxxl * Dx l(g)Px : ]?0552:P)C§] ]nglszl
E,—PE, PE—_PE
Forirreduciblelass i otents E E E g WPy B=PY
e P +D [(g)Pl+ DY (g)P!
where: sub-indices xx or ;" are optional
A A ~A A B E E,_~E E E E,_~E E
Pxxl.g.Pxxl _Dxxl(g)Pxxl’ P .g.P =D (g)P ? Pxxl'g.Pxxl _Dxxl(g)Pxxl’ Pxng'P 1_Dx l(g)Px :
For split idempotents E E El v E. - E E E E
L. P =D 1 o yP" : L. Pil=phi 1
sub-indices xx or ,, are esiential . , P Eg P =D, x(g)PX’ P legP "=D | (g)P
Besides four idempotent projectors P LP “,P_l and P! - Group product table boils down
. . . SRR S " to simple projector matrix algebra
there arise two nilpotent projectors Px ; and P_ pd | ph L pE ph | ph ph
P’ | P
Idempotent projector orthogonality...@ P = 51_], P, =P, PD Pxx xx -
Generalizes to idempotent/nilpotent orthogonality POl . . ph Pl
known as Simple Matrix Algebra: (Pﬁc P;;/m _ SHV 5kml)@ pfi pi pfi
Pl P’ P
Coefficients D¥ ( g)] are irreducible representations (ireps) of g pi pi phi
g= 1 r r i i, i ' ' ' ' X

) 1 1 1 1
Dl(g)= ! 1 | 1 = !

) 5 -1
oo | () ? | ()

| —

N — NI&I

N'&I )
Nl&l l\)||>—l

NI —
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors "
Review Stage 2: Group operators g and Mutually-Commuting projectors P/
Review Stage 3: Weyl g-expansion in irreps DVii(g) and Non-Commuting projectors Pji
Simple matrix algebra P*.p PVca = 0MV0pcPHag
* Pl transforms right-and-left ‘
P -expansion in g-operators
Example of D3 transformation by matrix D (r")
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

0w , P* _orth lit
an‘;n= IS ZD,ﬁ,n,(g) P,ff,n, P’ffn Use P, -orthonormality
peom PX PH —§HH5 , pH
mn mn nm mn
(Simple matrix algebra)

2l , /
S 3D () Pty
m n

Wednesday, April 1, 2015
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

(# g# , , u .
uo_ m I m Use P’ -orthonormality
gPl =15 5 Db (&)l (P |
poomon S ) | PE P = SHHS , PH
: S :\om'n"" mn n'm-m'n
o S . (Simple matrix algebra)
_ m LoUUS  pl
_ E s ZIDm,n,(g)ﬁ 0
m N et

2l , /
S 3D () Pty
m n

Wednesday, April 1, 2015
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

e i u .
uo_ w W m Use P” -orthonormality
ngn_ 2; z; Z‘Dm'n'(g)]‘)m'n’ Pmn , mn ,
"o ) | PH, PH =6HHS , PH
; S : \m'n’" mn n'm-m'n
[ o SR (Simple matrix algebra)
=% X XD, (2646, Py,

oM
- Zj Dllnl'm (g) P;;il’n
m

Wednesday, April 1, 2015
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

e i u .
uo_ w W m Use P” -orthonormality
ngn_ 2; z; Z‘Dm'n'(g)]‘)m'n’ Pmn , mn ,
"o ) | PH, PH =6HHS , PH
; S : \m'n’" mn n'm-m'n
[ o SR (Simple matrix algebra)
=% X XD, (2646, Py,

oM
- Zj Dllnl'm (g) P;;il’n
m

Left-action transforms irep-ket g

b= & Dl (1) )
mn " mm mn

u >:%\l>
mn

norm.

Y

Wednesday, April 1, 2015
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

e i u .
uo_ w W m Use P” -orthonormality
ngn_ 2; z; E,‘Dm'n'(g)l)m’n’ Pmn , mn ,
"o ) | PH, PH =6HHS , PH
; S : \m'n’" mn n'm-m'n
[ o SR (Simple matrix algebra)
=X I 3D}, (g)o"s,, By,

£ Hu u
- zj Dm’m (g) Pm’n
m
Left-action transforms irep-ket g
w \_5% pu u
mn>: nz;ij’m (g) m’n>

A simple irep expression...
<'11111'n 8 in>: Dlial’m(g)

u >:%\l>
mn

norm.

Y

Wednesday, April 1, 2015
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

e i u .
uo_ w W m Use P” -orthonormality
ngn_ 2; z; Z‘Dm'n'(g)]‘)m'n’ Pmn , mn ,
"o ) | PH, PH =6HHS , PH
; S : \m'n’" mn n'm-m'n
[ o SR (Simple matrix algebra)
=% X XD, (2646, Py,

£ Hu u
- zj Dm’m (g) Pm’n
m
Left-action transforms irep-ket g
w \_5% pu u
mn>: nz;‘,Dm’m (g) m’n>

A simple irep expression...
<'11111'n 8 in>: Diial’m(g)

...requires proper normalization. <£‘m

u >:%\l>
mn

norm.

Y

u >: <1|P#m P£n|1>
mn norm. norm*.

i,

— 5H'H5m,m < 1>

2
| norm. |

—SHHES S,

mm nn
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

i : Use P¥ -orthonormalit
gP =£2, 2 E,‘D#{n'(g )Pn‘f'n']Pnﬁfn " ’

PX pH —gHHS , PH

mn mn nm mn
[ /o , (Simple matrix algebra)
_ H Hu H
- E; zj z,‘ D m'n’ (g ) 0 6n’um’n
m n

£ Hu u
- zj Dm’m (g) Pm’n
m
Left-action transforms irep-ket g
w \_5% pu u
mn>: nz;‘,Dm’m (g) m’n>

A simple irep expression...
<lilvl¢'n 8 in>: Diial’m(g)

...requires proper normalization. <£‘m

u >:%\l>
mn

norm.

Y

u >: <1|P#m P£n|1>
mn norm. norm*.

i,

— 5H'H5m,m < 1>

2
| norm. |

—SHHES S,

mm nn

norm.|*= <1 P 1>
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Pty transforms right-and-left o=l g“ g“ DX () PH
- m'n

Spectral decomposition defines left and right irep transformation due to
spectrally decomposed g acting on left and right side of projector P",,,..

f‘u f‘u ’ ‘LL _ . f'u ﬁ"‘ ,
gP“ _ Z 2 2 D“, ( )Pnljn Pn;;n Use P/ -orthonormality P;fatng: Pnl;t Z 2 Y D“ ( )Pnlfn
P/J PH _5!1#5 PH n
m n mn n m mn
i (Simple matrix algebra) JH o pH
=% ¥ 3Dk, (2)8""5,,PL, =3 3 Z,D“ (g)8"4s, PH
u m n uwoom’
oH -
_ u u
Ay

Left-action transforms irep-ket g|",

mn>:Wm_
oM
)= Z D (2) )
A simple irep expression...

(4 le] )= Dl (2)

...requires proper normalization. <;‘m

Y

u >: <1|P#m Pnﬁatn|1>
mn

norm. norm¥*.

u1>

— 5H'H6m,m <1‘ Pn n

2
| norm. |

—SHHES S,

mm nn

norm.|*= <1 P 1>
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to

spectrally decomposed g acting on left and right side of projector P",,,..

(Simple matrix algebra)

€8 ‘ Use P# -orthonormalit ooy /
_ Uy pH u 1
PY PH =§HHs  PH
£ 8 ’ (" Projector conjugation ) £ £ o ' m
=% X 1Dk (g)8""5,,Ph, jector Qs =% X 1Dk, (g)8""5,, Ph,
Wl (Jm)n) =[m){m Wl
" u f G~ u
=3 D, (g)P4, . (Pn‘fn =PL =3 D" (g) P,
m
. . PA 11 , , , 1IpY o
Left-action transforms irep-ket g Zn>=i07mn’z‘ / Right-action transforms irep-bra <f,fm o _ ‘P”Tg

u g M M
d mn>:n§‘,Dm’m (g) m’n>

A simple irep expression...
<lilvl¢'n 8 in>: Diial’m(g)

norm

| PRI Lo
...requires proper normalization. <ffm §n>=
norm. norm¥*.
, (1|p% |1)
:5““5m,m nn >
| norm. |
_ SHH
=0 5m,m5n,n
norm. |2=<1 P 1>
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to

spectrally decomposed g acting on left and right side of projector P",,,..

(Simple matrix algebra)
Ve , , u . Mt , ,
U _ u m m Use P’ -orthonormality U _ pl i m
gPl =% = gDm,n,( g)PH . |PH o | Phe=P, |5 gDm,n,( g) P~
o P4 PH =§HHS , PH, oo
mn mn nm mn
L , - - - - ©or ’
=3 3 Tk, (g) 8445, Bl [T =3 % 2D}, (g)545,, Py,
Wt ol (lm)nl) =|m)md Woml n
oM # Vi
_ u u
:z; Dz‘lnl’m(g) Pzial’n \_ (Pnﬁatn :P#m ) _g,‘ Dnn’(g) P
m
. . Pi 1 . . . 1[PH o
Left-action transforms irep-ket & Zn>=i0—’:;’;‘ > Right-action transforms irep-bra <¢fm o {1 nm’

u g M M
d mn>: nz;’,Dm’m (g)‘ m’n>

A simple irep expression...
<lilvl¢'n 8 in>: Dz’m(g)

norm

<u
mn

s :
ng - <‘1L1L¢’n Z,Diﬁ’m (gT)
m

| PRI Lo
...requires proper normalization. <ffm §n>=
norm. norm¥*.
, (1|p% |1)
:5““5m,m nn >
| norm. |
_ SHH
=0 5m,m5n,n
norm. |2=<1 P 1>
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to

spectrally decomposed g acting on left and right side of projector P",,,..

(Simple matrix algebra)

€8 ‘ Use P# -orthonormalit ooy /
_ Uy pH u 1
PY PH =§HHs  PH
£ 8 ’ (" Projector conjugation ) £ £ o ' m
=% X 1Dk (g)8""5,,Ph, jector Qs =% X 1Dk, (g)8""5,, Ph,
Wl (Jm)n) =[m){m Wl
" u f G~ u
=3 D, (g)P4, . (Pn‘fn =PL =3 D" (g) P,
m
. . PA 11 , , , 1IpY o
Left-action transforms irep-ket g Zn>=i07mn’z‘ / Right-action transforms irep-bra <f,fm o _ ‘P”Tg

u g M M
d mn>:n§‘,Dm’m (g) m’n>

A simple irep expression...
<lilvl¢'n 8 in>: Diial’m(g)

norm

Ho gt (M gzu DH T
mn | m'n - m'm\©
A conjugate irep expression...

Ho|oTIH \— i T
<mng ‘m’n>_Dm’m(g)

| PRI Lo
...requires proper normalization. <ffm §n>=
norm. norm¥*.
, (1|p% |1)
:5““5m,m nn >
| norm. |
_ SHH
=0 5m,m5n,n
norm. |2=<1 P 1>
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Pt transforms right-and-left

Spectral decomposition defines left and right irep transformation due to

spectrally decomposed g acting on left and right side of projector P",,,..

(Simple matrix algebra)

€8 ‘ Use P# -orthonormalit ooy /
_ Uy pH u 1
PY PH =§HHs  PH
£ 8 ’ (" Projector conjugation ) £ £ o ' m
=% X 1Dk (g)8""5,,Ph, jector Qs =% X 1Dk, (g)8""5,, Ph,
Wl (Jm)n) =[m){m Wl
" u f G~ u
=3 D, (g)P4, . (Pn‘fn =PL =3 D" (g) P,
m
. . PA 11 , , , 1IpY o
Left-action transforms irep-ket g Zn>=i07mn’z‘ / Right-action transforms irep-bra <f,fm o _ ‘P”Tg

u g M M
d mn>:n§‘,Dm’m (g) m’n>

A simple irep expression...
<lilvl¢'n 8 in>: Diial’m(g)

norm

Ho gt (M gzu DH T
mn | m'n - m'm\©
A conjugate irep expression...

Ho|oTIH \— i T
<mng ‘m’n>_Dm’m(g)

: 1|4, P 11 :
...requires proper normalization: <£‘m §n>=< Pl Poul1) :D;ﬁm'(g )
norm. norm*. 7 D is unit
, if D is unita
—SKHs <1‘P#n|1> N
_ m’'m 2
| norm. |
_ SHH
—SHhs L S
norm. = <1 P 1>
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors "

Review Stage 2: Group operators g and Mutually-Commuting projectors P/
Review Stage 3: Weyl g-expansion in irreps DVii(g) and Non-Commuting projectors Pji
Simple matrix algebra P*.p PVca = 0MV0pcPHag
Pl transforms right-and-left
P -expansion in g-operators
Example of D3 transformation by matrix D (r")

Wednesday, April 1, 2015 35



P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g=

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

’

)
7

HH , ’
Z; Z:‘ D réat’n' (g ) Pn‘lj’n’
m n
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:

°G
f'P;l;szn =2 p#m(g) f-g
g

Y
v

oy
>
ml

u
)
nl

DH .

mn

(g ) Pn‘lj',n'
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g=

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 p#m(g) f-g= %p#m(f_lh) h , where: h="f-g, or: g =f'h,
g

Y
v

oy
>
ml

u
)
nl

DH .

mn

(é;) Iii?;’

Wednesday, April 1, 2015

38



. . | o ,
Pt -expansion in 8-operators Need inverse of Weyl form: g=|3 % 3Dk (g)Ph,

u

°G

Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘;n(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

Regular representation of D ~C in the group-|g) basis
RG(1) = RO () = RG (1) = RO )= RO ) =
e N A .

RG(i}: 1|r" r|i; b (i3

1. @ r1r2®1112

1111111@ i1®i21rr2
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] . . e :
Ptk -expansion in g-operators Need inverse of Weyl form:  g= 22 % Dy (2) B

mn

°G
Derive coefficients p,ﬁfm( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁtm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:

; °G':
Trace R(f-P,f;,;) = %pfm (f_lh raceR (h)

Regular representation of D ~C in the group-|g) basis
RG(1) = RO () = RG (1) = RO )= RO ) =
e N A .

1111111@ i1®i21rr2
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Pl -expansion in g-operators Need inverse of Weyl form: g
°G

Derive coefficients p,ﬁfm( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁtm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:

; °G:
Trace R(f-Pn‘j];) = %p}‘fm (f_lh)TmceR (h) = p}ﬁfm (f_ll)TmceR (1)

Regular representation of D ~C in the group-|g) basis

RG(1) = RO(r) = RGP = RG(i )= RO = RO(i ) -
1
. Co . A A A A W2 O
1. 1. . Co1 1. . ] O
S ] . 1 . . ] o1 @
1. : 1. 1. A I INO
1. o | T I I 1 . . @
o1 ] . | 1. | @

Y
v

oty

z

u
)
nl

DH .

mn

(g ) Pn‘lf"n’

iz
i
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. . | o ,
Pt -expansion in 8-operators Need inverse of Weyl form: g=|3 % 3Dk (g)Ph,

u

°G

Derive coefficients p,ﬁfm( g) of inverse Weyl expansion: Pn‘,fn =2 p,ﬁtm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:

; °G:
Trace R(f-Pn‘;}:l): %pfm (f_lh raceR (h):p#m (f_ll)TmceR (l)zp“n (f_l)oG

m

Regular representation of D ~C in the group-|g) basis

R(D) =

RO(r) =

S

RO() =

|

G \_
R (1])_

-1

A

RG(iZ):

1

RG(is):

0y

iz
i
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HH

Ptk -expansion in g-operators Need inverse of Weyl form:  g=| % X Db, (g) Pl

’

u
°G

Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g
Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

°G
Trace R(f-Pn‘;n): %pfm (f_lh mceR(h):pfm (f_ll)TmceR (l)zp,/;fm (f_l)OG

Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Regular representation of D3~C3y in the Projector-|PVu,) basis

P feP i WP, i Py vy ()PE s (g)PE
P TR £ Y FePo Py rdePx Py
L 11 PR W 2 A S O S o S o R
d,
-QyD-E--- o PR I o s RN R e O N IS S Y I e
. . Xxl)xy . L A] R I A2 A N El- -1 .| . El- - 1. . El- -1 -1 . El. .|. .]. .
) Dnyyy E . _Q(X N .+Q'y R P I .+Q(X R P .+Q§y A .+l%'X oo - - .+l%’}’. .. .o
_ l)xx.l)xy A N N o 1 coe e e A
...... . 1
l)yxl)yy
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P’ujk —expansion in g-operators Needinverse of Weyl form: g=|

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:

’

7

°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

HH

S 3D () Pty
m n

°G
Trace R(f-Pn‘;n): %pfm (f_lh mceR(h):pfm (f_ll)TmceR (l)zp,/;fm (f_l)OG

Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

Regular representation of D3~C3y in the Projector-|PVu,) basis

P P s P, if Py s ()PE s (g)PE
4, g = D D (& D (eFxx D @Exy D@ Xyx D@ Xyy
T o N o N o R 1
AZ
Q,yDE L R A O P Y ) PO P Y B P P
. . Xxl)xy . A A e e B 1 - - El- - 1 | E R E|.
) Dnyyy E . _Q(X N .+Q'y R P I .+Q(X R P .+Q§y A .+l%'X oo - - +l%’Y.
. l)xx.l)xy A N A S 1 : .- :
...... . |1
l)yxl2yy
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g=

’

=

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g
Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

' Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

Solving for pl‘l;lm(g) : pﬂ(f) _ LTmce R(f—l .P;Zn )

©)

Regular representation of D3~C3y in the Projector-|PVu,) basis

P feP i WP, i Py vy ()PE s (g)PE
P TR £ Y FePo Py rdePx Py
L 11 PR W 2 A S O S o S o R
d,
-QyD-E--- o PR I o s RN R e O N IS S Y I e
. . xxny' -_AI......AZ...... El- -1 .| . El- - 1. . El- -1 -1 . El. .|. .]. .
) Dnyyy E . _Q(X N .+Q'y R P I .+Q(X R P .+Q§y A .+l%'X oo - - .+l%’}’. .. .o
_ l)xx.l)xy A N N o 1 coe e e A
...... . 1
DYXDYY

M
.M
S M

-

S

3\

.y

%

S
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g=

M
S .M
S M

-

SNSY
3\
.
%
S

’

=

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

' Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

. S | -1 E . 1 o 1
Solving forpll;lm(g): Epffm (f):O—Tmce R(f -Pnﬁtn): Use left-action: f P4 = )y D#Q,m(f )Pn‘;n 5
e m
Regular representation of D3~C3y in the Projector-|PVu,) basis
4, o A, i g oF E o Eop- E PE
y g = DyeP +0 P + D@ Pxx + D @Pxy D @Pyx  + 0 ehyy
T o N o N o R
AZ
-Q,yD-E--- o PR I o s RN R e O N IS S Y I e
xx Mxy _ 2
) Dnyyy E . _Q()é N .+Q'y R P I .+Q(X R P .+Q§y. R P I .+l%'X oo - - .+l%’}’. N T
-Dxxny A 1
Dnyyy ...... . 1 1
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g=

’

=

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g
Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

' Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

M
.M
S ™M

-

SR
3\
.y
%
3

_ Fomne ety 1 B : . _ T _ :
Solving forp,’;‘m(g): pffm (f)=%Tmce R(f 1-P]ﬁn): Use left-action: f l-P,f;n: Z,D#Q,m(f I)Pn‘;,n
TGN ml
(w)
_ 1 Hogd u
=55 3 Dk, (7| Trace R(PY, |
A A E E E E
g = feP ' 0P’ cBePx thePy  c0ePyx 0Py
Dy®- - - i L o PR N O DA Y O PR
R I e I e I e I T I O
. 'DXXny' ‘_A]""" AZ...... E]+E 1+E+E
i Dnyyy E . _QX R I .+l%/y N .+Q(X R N Qy R S l%'X T Q’Y. T
_ Dxxny A N N A | T R I
DVXDVV ...... .. 1 1
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P’ujk _expansion in g_operaz‘ors Need inverse of Weyl form: g=

g
M
. M

-

Sy
s\
—
oQ
~—
%
=\

’

=

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

' Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

_ T 1 3 ; . _ o _ 5
Solving forpll;lm(g): p}‘fm (f)zQTmce R(f 1-P]ﬁn): Use left-action: f l-P,f;n: > Dg,m(f I)Pn‘;,n
L Y . S A
1 g(ﬂ) |
== Dk, (7| Trace R(PY, | Use: Trace RPH y=5 (¥
m
A A E E E E
g = feP ' 0P’ cBePx thePy  c0ePyx 0Py
- RN N N SN S M
e ) B ) B
: 'DXXny' _A]AZEIEIEE
i Dnyyy . . _QX R I .+Q/y. R .+Q(X. e ] .+12(y. N .+l%'X. N .+Q’Y. T
'DfXny N A |
DVXDVV ...... .. 1 1
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. . | o ,
PVji -expansion in g-operators  Need inverse of Weyl form:  g=| % % IDli.(g) By,

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

' Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

Solving for P;l;lm(g) : p"fm(f) - %Tmce R(f_l P ) Use left-action: f~ P = iZj D#Q,m(f_l) PH
] 4
= e ’% D#i ' (f )T race R(Pn/'f,n) Use: Trace R(P! =0 ()
f(‘u)

_L pu (f‘l)
OG nm
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. . | o ,
PVji -expansion in g-operators  Need inverse of Weyl form:  g=| % % IDli.(g) By,

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

' Regular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pn‘fm or zero otherwise:

Trace R(P! )=5mn€(“ )

Solving for P;l;lm(g) : p"fm(f) - %Tmce R(f_l P ) Use left-action: f~ P = iZj D#Q,m(f_l) PH
] 4
= e ’% D#i ' (f )T race R(Pn/'f,n) Use: Trace R(P! =0 ()
f(‘u)

_L pu (f‘l)
OG nm

u Z(“) °G u .
Pmn:oGanm(g )g
g
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. . | o ,
PVji -expansion in g-operators  Need inverse of Weyl form:  g=| % % IDli.(g) By,

°G
Derive coefficients p,ﬁ‘m( g) of inverse Weyl expansion: Pn‘fn =2 p,ﬁfm(g ) g
g

Left action by operator f in group G ={1,....,f, g, h,...}:
°G °G
fP =3 pfm(g) f-g= %pl‘fm(f_lh) h , where: h="f-g, or: g =f'h,
g

Regular representation TraceR(h) 1s zero except for TraceR(1)= °G

iRegular representation TraceR( P,f;n ) is irep dimension ¢(* for diagonal Pnffm or 0 for off-diagonal P,f;n

Trace R(P! )=5mn€(“ )

CI ; o 5
Solving for p,ﬁﬁn(g) : p#m (f) = %Tmce R(f_1 -Pn‘;n ): Use left-action: f_l-P,fq‘n =X D#Q,m(f_l) |
1 Z(M)
= o ’% Dn‘i,m (f _1) Trace R(Pn‘f,n) Use: Trace R(P! )=5mn€(“)

Z(“) u . 8(“) * . u
= Dnm(f ) :OG Dmn(f) for unitary D,

u f(“) °G u . u Z(“) °G ‘u* . u
P" = > D (g )g P = e §Dmn (g)g for unitary D,
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Review Stage 1: Group Center:Class-sums kg ,characters x*(g), and All-Commuting Projectors "
Review Stage 2: Group operators g and Mutually-Commuting projectors P/
Review Stage 3: Weyl g-expansion in irreps DVii(g) and Non-Commuting projectors Pji

Simple matrix algebra P*.p PVca = 0MV0pcPHag

Pl transforms right-and-left

P -expansion in g-operators

* Example of D3 transformation by matrix D j(r! )‘
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Example of D3 transformation by matrix D (r")
£y
: 2 1
P1E1> = rlPlEl1 1>/\/§ =r'(1 —15 r' —1§ r’ —15 i —15 i, + i3)‘1>/\/§ given: norm_E1 =

K —_ —
°G 6 3

1

r
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Example of D3 transformation by matrix D (r")
Pﬁl> = rlPlEl1 1>/\/§ =r'(1 —15 r' —1§ r’ —15 i —15 i, + i3)‘1>/\/§ given: norm_E1 =
I 1.2 14 1s 1. .
= (r—3r —31-5i;—51, +12)‘1>/\/§

S DR B

1 ‘ -

oo No V3

r
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Example of Ds3 transformation by matrix Dji(r') -
1

. . : 14 2 1
r' Pﬁ1> = r1P1E11‘1>/\/§ =r'(1 —15 r' —1§ r’ —1§ i —15 i, +13)‘1>/\/§ given: norm_E1 =\ =\7=\3
Cy = e i +L)DN3
1 N | 5
2 1
e L A N R P VYT B
HENNE BN
2 2
_1 1
’ 1
L) L2
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Example of Ds3 transformation by matrix DFjk(r!)

P111> =T P111‘1>/\/§ =r (1 —j r —1§ r —15 i —15 i, +i3)‘1>/\/§ given: norm.E1 . \/g _

r

1 1 1l 1. |
[ i \ = (l‘ —3 l': —51—5}‘13 —3 ll+12)‘1>/\/§ [ 0 \
1
) N | 1
R sG] T
2 1 l . S 2
=r —:( 1+I' —Qr _ill+l2_§l3)‘l>/ 3= —
1 1
N N
_1 1
2
_1
R L2
( 0 A
1
*3
1
‘ > /\/g (0+ r —%_r —}61 \2[12+0)‘ >/f3— 12 1 r r b bk
) ri 1 rii; 1, 1,
. r’ir 1, i, i
+§ iii, i, 1 r r’
i, (i, i,irr 1 r
\ 0 J i, i, i,ir r’ 1
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Example of D3 transformation by matrix D (r")

-

ﬂ
[\S}

o i o
—

r > 1‘ >/\/_ r (l—jr —5 T —15 i —15 i2+i3)‘1>/\/§ given: norm.E1 =
() = i i +L)DN3
) 1
L1 AR NE Ly
2 1 s s 1. 2
=r — = (— 1+r——r —5 1, +i,—51,)|1)N3 = —=
_lz B 2 21 T2 3‘ > _15 NE
_1L 1
2 N
K 21 ) SERRRRAR AR A R R R R R R R AR R R R AR \\ .é _zi")"""""":
product of th}S°thdt < ﬁl r Pﬁ1>=(—% —% "711 +41‘ -3 —%)/\/5\/_ =—§/3= ~1/2
i ) o)
..................... 1
*3
L
‘ > 1)A/3 = O+8 ' P2 By 2[12+0)\ 1)A/3= X
2
1
T2
i 0
product ofth;is'that— <P2b;1 r > (0+5 +i +411 +; +0)/\/§ /\/5 —\/_/2

ooooooooooooooooooooooo
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P

i)=r

r >/\/_ r (1 —5 r! r2 —1— i L 51, + i3)‘ 1>/\/§

E| _ ZEl_\/E_\/T
norm —\/ == =4[=
' °G 6 3

(

1 1
p 1 N = (rl—lirz_zl 13 21 +12)‘ >/\/_ [ | \ i 0 \
2
1 1 1
2 1 2 13
1 1 1 1
2 |1 Iq, 1 1 1. 1 2 |1 1| -z |1 3] 3
=r —= = (—5l+r —5r —5i +i,—5 13)‘1>/\/§= —==—=
1 1 21 1 2 1
-2 3 2 \/5 Al 2 \/g 2
_1 ] _1 4L
2 1 2 2
. \ 2 ) . . 0 )
—1/2—D (r )
rl < =
k 1 iz i: i
Fig. 3.4.3 Lotorr
PSDS Ch.3 . V3 o B
= <§§> > i r r 1
\Br=DL"
L J ;
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* Details of Mock-Mach relativity-duality for D3 groups and representations é
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis
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Details of Mock-Mach relativity-duality for D3 groups and representations

“Give me a place to stand...
and I will move the Earth”
Archimedes 287-212 B.C.E

IdeaS Of dualltY/ I‘elathlty gO Way baCk (...VanVleck, Casimir..., Mach, Newton, Archimedes...)

Lab-fixed (Extrinsic-Global)R.S.,..vs. Body-fixed (Intrinsic-Local)R.S.,.

Lab Based Operations z-Crank docs Body Based Operations
operations R S
R(000) or R(00y) all I\,)9, ..

commiute with y-Crank docs

p f", ” operation
‘ o “Mock-Mach™
N i f relativity principles

| (g —
.y BN
A ¥-Counk ot S 1>:=§'1 1)

Z-Crank does
operations

R(-000) or R(00-y)

S R(0B0)

...for one state |1) only!

...But how do you actually make the R and R operations?
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D 3—deﬁned

local-wave ;
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed
y [ . ° ]
i, | 1)=[i5) N

wave packet moyes

with lab axes fixed

1)
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D 3—deﬁned

local-wave i
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed
y [ . ° ] e o
i, | 1)=li,) N 11

1)=r

2 : 1)
(After iy ) wave packet moyes |l‘>\ PR

1)=|r)

wave packet moyes
with lab axes fixed

1)

(After 113 )

with lab axes fixed

2
)
RN
1 )
1
\
/
[ J
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local -wave i
3
bases

Lab-fixed (Extrinsw Global) operations&axes fixed

ib|D=li,) &,

12 Wave packet moyes
with lab axes fixed

1)

i1,

D=r

wave packet moyes

with lab axes fi

1>—Il‘>

ed

1 (2 r i]@i3

r |1 r i 1; 1)
r°lr 1

@

i 1, [1()r?

iy iy iz|r2 1| r

iy |iy i (r 2|1
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local -wave i
3
bases

Lab-fixed (Extrinsw Global) operations&axes fixed

ib|D=li,) &,

12 Wave packet moyes
with lab axes fixed

1)

i1,

D=r

wave packet moyes

with lab axes fi

1>—Il‘>

ed

1 (2 r i]@i3

r?|r 1

@

i 1, [1()r?

iy iy iz|r2 1| r

iy |iy i (r 2|1
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local -wave i
3
bases

Lab-fixed (Extrinsw Global) operations&axes fixed

ib|D=li,) &,

12 Wave packet moyes
with lab axes fixed

1)

i i
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

oy (AfierT) )

i[1)=i))

wave packet fixed ¥
while lab axes moVve

i1,

D=r

wave packet moyes

with lab axes fixed

1>—Il‘>

1 |2 rli

r?|r 1

iz i,
iy ;13
i3 1) Iy
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local -wave i
3
bases

Lab-fixed (Extrinsw-Global) operations&axes fixed

ib|D=li,) &, ii,

12 Wave packet mo es
with lab axes fixed

1)

D=r

2 (After iy ) wave packet moyes

with lab axes fixed

i i
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

Oy (AfierTs )

i[1)=i))

wave packet fixed ¥
while lab axes moVve

After Tz
(veiwed in /

lab frame)

1>—Il‘>

1 |l r

r?|r 1

iz i,
iy ;13
i3 1) Iy

i1i2=l‘
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local -wave i
3
bases

Lab-fixed (Extrinsw-Global) operations&axes fixed

1>_ 1 > i1,

12 Wave packet mo es
with lab axes fixed

1)

=r

2 (After iy ) wave packet moyes

1>—Il‘>

with lab axes fixed

i i
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

Oy (AfierTs )

i[1)=i))

wave packet fixed ¥
while lab axes moVve

ii i))
wave packet fixed ]3
X while lab axes move :

After Tﬁz

(veiwed in /

lab frame)

1 |l r

r?|r 1

iz i,
iy ;13
i3 1) Iy

i1i2=r
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1 (2 r il@ij,

r |1 r i 1; 1)

r r 1 PRENY

i 1, [1()r?

iy iy iz|r2 1| r

local -wave i
3
bases

@

iy |iy i (r 2|1

Lab-fixed (Extrinsw Global) operations&axes fixed

1>_ 1 > i1,

12 Wave packet mo es
with lab axes fixed

1)

=r

2 (After iy ) wave packet moyes 4 (After i1ip)

1>—Il‘>

with lab axes fixed

i i i
Body-fixed (Intrinsic-Local) operations appear ..but, THEY OBEY THE
to move their rotation axes (relative to lab) SAME GROUP TABLE. ii,=r
implies:

i[1)=i))

wave packet fixed ¥
while lab axes moVve

)
i)

wave packet fixed ]3
X while lab axes move :

After Tﬁz

(veiwed in /

lab frame)
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D 3—deﬁned

local-wave ;
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed
y [ . ° ] e o
i, 1W2a\1>—‘12> N 11

ve packet moyes
with lab axes fixed

1)

1)=r

wave packet moyes

1)=|r)

with lab axes fixed

i i
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

i2 1>:

wave packet fixed
while lab axes moVve

i)

“°

1>:i1

I

ot o]

N T e
| 1)=i, [i)
wave packet fixed ]3
X while lab axes move :

After Tﬁz

(veiwed in /

lab frame)

LGl

..but, THEY OBEY THE
SAME GROUP TABLE.

...and Mock-Mach principle g|1)=g|1)

1 (P r il@ij,
ro |1 i ;i
2| r 1|, iz i
. . . 2
(ID iz i, 1@r
iy iy iz|r2 1| r
iy |iy i (r 2|1
r
(After i1 )
L
i1i2=r
implies:

ip)=T [1)=12[1)

After?ﬁz
(veiwed in

lab frame)
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Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis

<
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Compare Global vs Local |g)-basis vs. Global vs Local |P\W)-basis

D3 global

group
product
table

2
r

i; i i)

r
r?

r2
1

iy i i

i (iy i

i
i

iy

r
1
r
i3 i
i7 (i3

i, I

1 r r
1 r
r r? 1

Change Global to Local by switching

...column-g with column-g

....and row-g with row-g T

Just switch r with I‘T=l’2. (all others are

D3 local

group
table

vy

self-conjugate)

WWW

£

1’1'2

i; i (0

1 r
rZ 1

i2® i]
@ i] i2

=

;)

i (3
i) i

i, i,

1 r r?
1 r
r r? 1
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Compare Global vs Local |g)-basis vs. Global vs Local |PW)-basis

Dy BCA)%PfszgC Pfy ng P;]/Ey
D, global pliph o ]
Dyglobal 14 ]+? v i i 3° P - P
group r|1 ey i i projector S Pfy '
product e 1k 0 g product Pﬁx S P)é?x Pfy L
i |y 2|1 r r? table
table Pfy R Pfy
e B PP
® i2 il - 1‘2 1 Y o Y

PP)= gmnﬁb P

Change Global to Local by switching "« « c ud
...column-P with column-PT

.’.

. ' E withpE=pE
....and row-P with row-pT  |(Justewiich By, withp/7E, )
- - 'f‘= 2 (all others are

Just switch £w1th/r r, ol eonuaate) ;{ﬁ% Pfyz pL Pyb; Pij Pfy
T AT N IO IO

X1 |r i i, (4 D, local A A,
D, local 5 ; : 3 By - Py - -
3 ('_r Lo @ projector r Eoo pE o
group rr? 100y i i P)g B E By E
table  <3i; |1, @ 1 r 2 pl'OdllCt <ny ' ' OE P ([)Z P
i, (i) i, (12 1 r table Pfx o P 0 By O
iy li, i, |r r? 1 Pfy'i'iol’fxiol’fy

F R =8, By
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Compare Global vs Local |g)-basis
Example of RELATIVITY-DUALITY for D ~C,

To represent external {..T,U,V,... }switch g :;_\gT on top of group table

R(D) =

RO(r) =

RO =

G ) _
R (1])_

N

-1

RG(i2):

-1

RG(i3):

0y
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R(D) =

RESULT:

Any R(T)

commute (Evenif T and U do not...)

RG(D)=

RO(r) =
S
1

A

_/

.and T-U=V if

RO(r) =

RO =

with any R(U).
\&only if T-U=V.

To represent internal {..T,U,V,... } switch g\:“ng on side of group table
RG(g):

RG(fZ) —

G ) _
R (1])_

-1

Compare Global vs Local |g)-basis
Example of RELATIVITY-DUALITY for D ~C,
To represent external {..T,U,V,... }switch g :;\gT on top of group table

RG(iZ):

RG(g):
o1

-1

| N

RG(i3):

0y

|
Joo o

glg-table

1'1'2

i, i (y

rZ 1

iZ@ i]
@ iI i2

i (3
iy i

i, 1

1 r r?
r°1 r
r r? 1
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Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

* Compare Global vs Local |g)-basis and Global vs Local |PW)-basis

<
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Compare Global |PW)-basis vs Local |P\W)-basis

Matrix “Placeholders” ;) for GLOBAL ¢ operators in D

P P Py P,  hwPn Py
4, g = D@ D (& Q(X(g) XX Q(y(g) Xy D, Eyx D, @ Xyy
B ) ey [l ey [ e
' Qy DE D : . P P . e e O I e I 1 ....... .
. . xx Dxy - i A o A2 B I El- -1 -] . El- - .o El- |- | . El. . |. .|. .
BRSSP - YD % N MDA 2 % N Y D 2 D D X B 2 D M
_ l)xx.[)xy A I A I A | T | R A RV
1
l)yxl2yy
Global
P'P A A, E E E £
form Izn; ilijf I?n; I{m} I?w; :[13‘
A A
P.X.Xl Pxxl
A, A Product table entry PE., shows location of a 1
P\‘_\‘_ ' P\'_\‘_ ' ' ' ' in the regular representation R(PEu) of that
- - - GLOBAL projection operator.
P : Pxxl PX\I
E E E1
P\ Xl P\ ‘xl P\' y
E E E
Izm} ) ) ) . Izn; Izm}
Eq E] Eq
P_\ 'y ) ) ) ) P\ X P\ 'y
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Compare Global |PW)-basis vs Local |P\W)-basis

Local
PP’ A A, E, E, E, £
form Pxx P\‘,\‘ Pxx P\‘x Px)‘ yy
A A
IZx IZx
A') - 9l
P’ P
y) Y)
E, E, E,
sz Itx Izm*
E H E
Izm* IZX lzm‘
E, E, E,
I{x Iﬁx I{w
Eq El Eq
P’ S
A A
— 4, P 1 A, 3 2
— +D°
» g = DeP D, eP
g). )
“ o
r . I U
. 'DXX’ny =A] "+A2"""
. D . D -[%x , ‘[§y A R
E XX g XY
Dy . Dy, .

. . . . . .

Product table entry Pty shows location of a 1

in the regular representation R(PE) of that

LOCAL projection operator.

(M)

......

for LOCAL

b eee

......

operators in D,

-----

......

......

r &=L
* D, (8 Pyy
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Compare Global |PW)-basis vs Local |PW)-basis

Matrix “Placeholders”

A A1
P g = D!eP
1
g(x% o I
: y : : . . . . . .
E
) ' l)xxley 4,
D . ) f[&x .
yXVY _E
: l)xx.l)xy '
l)yxl)yy
A
— 4, D
g = D/eP
jie)
[&x‘ciz :[]. .
* y : * . . .
E
. . D, . l)i; : ;[if '
'E'l)xx tE'l)Xy x| .
Dy . Dy, .
- Dy . D,

+A2PA
Dyy(g)

S . N R
e 2 % I

P for GLOBAL ¢ operators in D

[%rédl!xx

El- -1 -] .

K2
. 1

P, for LOCAL

E
By P Dyy(g)l’w
: +[&y : : +[§X R .'+[%Y o .o
: 1 . . . A
. . |1

E -l
E D E
D.( g)PXX * Q(y(g)ny * Dy(© Pyx
N El- - 1 .. . E - 1 . El- -« - ..
.o +Q(X N +Q{y . -1 +Z%IX ......
...... C1).

g operators in D,

r &=L
* D, (8 Pyy
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Compare Global |PW)-basis vs Local |P\W)-basis

P for G’LOBAL g operators in D

Matrix “Placeholders”

ok )PA
Byfe

-l Al
By ]

*D,y 2(g)l’

4, A
N g = NP
QX(%2 : : [
: y . : . . . . . .
E
. . DXXny Al
D..D . . _Q(X S
YXYY E
. . Dxxny Coe
yxPyy
_ <A,
g Q’(g)P
Qf(g) - ).
er . L |
DXX.D)g.ZQj].....
) 'Evl)xx iE'l)Xy x| . .. |-
. Dy . Dy .
- Dy . Dy,

+A2
TR

1,

P for LOCAL

E
@ﬁl!xx [&»lezxy’ +'[%X@9]3YX» + [§y@y]3yy
.+Q(X. A R I .+Q(y. ...+l%'X. 1 .+1%’Y. T P
. 1 - 1

g operators in D,

p ;=P ; =b r =
+ Qx(g)Pxx D ePy  +0ePx  +Dehy
E |- - 1 . . E |- 1 . El- - - -1 - El- 1. .
+Q(X P | . +Q{y . -1 +l%’x ...... +Q’y . R
. . . 1 . 1
...... . 1 . . 1.

Note how any global g-matrix commutes with any local g-matrix

a b A - B A - B a b
c d - ||l A - Bl |- Al - Bllcd - - For example:
a b||C D C D a b
¢ d ci. D ci D c d ['b}[A'}z{A-}{-b}
aA bA i aB bB Aa Ab i Ba Bb
¢cA dAi cB dB| | Ac Ad! Bc Bd {' bA }z[ Ab}
aC bC i aD bD Ca Cb i Da Db S o
¢C dCic¢D dD| | Ce Cdi De Dd It’s an example of old-fashioned

Schur'’s Lemma
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Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis

Hamiltonian and D3 group matrices in global and local |PW)-basis
Global vs. Local block rearrangement
Hamiltonion eigen-matrix calculation
Hamiltonian local-symmetry eigensolution
Molecular vibrational mode eigensolution
Local symmetry limit
Global symmetry limit (free or “genuine’” modes)

<
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Hamiltonian and D; global-g and local-€ group matrices in |PW)-basis

For unitary DW: (p.51)
K(“) °G

[PW)-basis are projected by P~ = ) % D" ( g) g = P}fnj acting on original ket |1)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51) »
OG sk
[PW)-basis are projected by P~ = i—G > D ( g) g = P}fnj acting on original ket |1) to give:

Y
1
L
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51)

(1) °; *
PW)-basis are projected by P* = - > D* = pHT acting on original ket |1) to give:
no\_ p _ H
‘mn>_ Pmn‘1> o zDmn(g)‘g>

norm OG -norm g
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51)

(1) oy
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(ﬂ) *
‘ in>: Pn‘,fn‘1> = Z DH ( )‘g> subject to normalization:

norm . °(;-norm g
u >:< P#m’Pn'Latn‘ >
mn

norm

s
mn
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51)

(1) oy
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(ﬂ) *
‘ in>: Plﬁn‘l> = 2 DH ( )‘g> subject to normalization:

norm . °(;-norm g
U >:< P#m’Pifatn‘ > wu <1‘Pi‘;ln
mn

’

1)
ﬂlin

2
I’ZOVWZ norm

s
mn
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51)

[PW)-basis are projected by P~ = %Z D“ ( )g = P}fnj acting on original ket |1) to give:
u u 1 g(#) °G ;1* : . . o
‘ mn>= Pmn‘1>n0rm = z, ( )‘g> subject to normalization.
(1 1 )= U Pﬁfm’”a‘n‘ ) _gung P ‘21> _ 55 5 where: norm=xJ{1[PX 1)
norm* norm

g(u)
°G
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51)

[PW)-basis are projected by P~ = %Z D“ ( )g = P}fnj acting on original ket |1) to give:
u u 1 g(.u) °G ‘u* : . . .
‘ mn>= Pmn‘1>n0rm = z, ( )‘g> subject to normalization.
(1 1 )= U Pﬁfm’”a‘n‘ ) _gung P ‘21> _ 55 5 where: norm=xJ{1[PX 1)
norm* norm

i
mn

Left-action of global g on irep-ket

b= & Dl (1) )
mn " mm mn

Y

g(u)
°G
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51)

[PW)-basis are projected by P~ = %Z D“ ( )g = P}fnj acting on original ket |1) to give:
u u 1 g(#) °G ;1* : . . o
‘ mn>= P ‘1>n0rm = z, ( )‘g> subject to normalization.
(1 1 )= U Pﬁfm’”a‘n‘ ) _gung P ‘21> _ 55 5 where: norm=xJ{1[PX 1)
norm* norm

i
mn

Left-action of global g on irep-ket
t V=5 Db ()4, )

Matrix is same as given on p.27

<£iﬁi £;n>::l)£;n1(éz)

Y

Y

g(u)
°G
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51) »
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:

u u 1 AN u* g . S
‘ mn>= P ‘1>n0rm = z, ( )‘g> subject to normalization:
<,LL', |u >:< P#m’Pn‘L/an‘ > , <1‘P#n‘1> _SHES S where: norm:\/<1‘l)l~l ‘1> _ A
m’'n’ | mn norm m m norm2 mm-nn n °G
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
u
gk, )= %Dﬁfm(g)\ L) ‘ > “19) e
" ¢ Use
Matrix is same as given on p.27 _ P“ g‘ > / , Cj\;[;f;‘u%‘;lco};
A and

e
mn

4 =Dk (2)

Y
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51) »
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:

g
1 g(ﬂ) °G * . . .
‘“ >= P~ ‘1> = Yy D* ( )‘g> subject to normalization:
e W fnorm ©( - porm o
: 1|p¥ PH |1 1|P5 |1 : T
<“, - >:< nm m”" > , < ‘ ””‘ >:5““5 , O, Where: normz\/<1‘P“ ‘1> =
mmn | mn m m 2 mm- - nn nn °G
norm* norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
H\_S pH u [°G
g mn>_ Z,Dm’m (g)‘ m’n> ‘ > ‘ >
m K('u Use
Matrix is same as given on p.27 _ P“ g‘ > / Cj\iﬁu%‘;lco};
u uo\_ D“ ( ) f(‘u ) and
m'n| 8| mn |~ Pmwm\8 —P'“ _1‘ > °G < inverse

g(/«l)

Wednesday, April 1, 2015 91



Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51)

(n) °o¢;
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(ﬂ) °G *
H\_ pl _ DX : e
‘ mn>— P ‘1>n0rm = % ( )‘g> subject to normalization.
, 1|P4 |1 , A
<“, > < ‘ n'nt’ m”" > , < ‘ ””‘ >:5““5 , O, Where: normz\/<1‘P“‘l>:
m'n’ | mn m m 2 mm- - nn nn °G
norm* norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g )= gp 1) [
" ¢ Use
Matrix is same as given on p.27 _ °G Mock-Mach
s P - compute g! right action-------------------. = P;‘qL/,tng 1> f) commutaiion
<i’n g in>: DII;?L’m (g) u E o u pl u ol T ‘u | °G < inc\Z/ZIie
P g = Z > P P .D, (g ) =P* o ‘1> °G_ <
m'=1n'=1 o)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51)

(1) oy
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(ﬂ) °G *
H\_ pl _ DX : e
‘ mn>— P ‘1>n0rm = % ( )‘g> subject to normalization.
, 1|P4 |1 , A

<“, > < ‘ n'nt’ m”" > , < ‘ ””‘ >:5““5 , O, Where: normz\/<1‘P“‘l>:

m’'n’ | mn m m 2 mm nn nn OG

norm* norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g )= gp 1) [
" ¢ Use
Matrix is same as given on p.27 _ °G Mock-Mach
s P - compute g! right action-------------------. :P;‘:ffng 1> f) commutaiion
<i’n g in>: DII;?L’m (g) u E o u pl u ol T ‘u | °G < inc\Z/ZIie
P2 =3 X PmannD , (g7 =P o7'|1) | =~
m'=ln'=1 . PCH)
i I 1
= 2 Pnﬁiﬁ' D, (&™)
n=
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51)

(n) °o¢;
[PW)-basis are projected by P* = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(ﬂ) °G *
H\_ pl _ DX : e
‘ mn>— P ‘1>n0rm = % ( )‘g> subject to normalization.
: 1|P5 |1 : A
(| )= [P mn‘ ) _gung WP _guns 5 where norm = (1| P 1) =
m'n’ | mn m m 2 mm- - nn nn °G
norm* norm
Left-action of global g on irep-ket ffm> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) gl = gpi 1) [
" ¢ Use
Matrix is same as given on p.27 _ °G Mock-Mach
s P - compute g! right action-------------------. :P;‘:ffng 1> f) commutation
<i’n & in>: D#i’m (g) u U u pl N ‘u | °G < inil/ZIci‘e
P2 =3 X PmannD Lo(g7h =P o7'|1) | =~
m=ln'=1 - p ()
e ,u ~1 - °G
—1 D . -
= '21 P-,ﬁ,,-,’f DI (g7) nZ . > )
n | s ccccc s s s s s s s s s s s s s s s s e E e e e e e e e e e e e E e e e EEEEEEEEEEEE®S®S:S:S

Wednesday, April 1, 2015 94



Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51) »
‘u O
[PW)-basis are projected by PH = % D D“ ( )g = P}fnj acting on original ket |1) to give:
g
g(ﬂ) °G *
H >= P* 11 L - > D “ subject to normalization:
: 1|P¥ PH |1 1|P~ |1 : A
<“, s >:< nm m”" > ) < ‘ ””‘ >:5““5 , 0., Where: normz\/<1‘P“‘l>:
mn | mn m m 2 mm- - nn nn °G
norm* norm
Left-action of global g on irep-ket ffm> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g, )-gps 1) [
" ¢ Use
Matrix is same as given on p.27 _ °G Mock-Mach
s P -~ compute g™l right action----------------e. = P;‘qultng 1> P commutation
<i’n & in>: D#i’m (g) u o U pU b T ‘u | °G inil/ZIci‘e
P g = Z > PmannD (&) =P* o ‘1> °G <
m=1ln'=1 """ . : p ()
i I _ U, —I\pl : °G
. _1 —_ D ’ P ,n 1 -
- Emoen | -imeef
—1 e m e é ‘u __________________________
—1
n=
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51) »
wor %
[PW)-basis are projected by P~ = i_G > D ( g) g = P}fnj acting on original ket |1) to give:
g
‘LL ‘Lt 1 /g(“) OG ‘LL* . . .
‘ mn>= Pmn‘1>n0rm =G norm % D, ( g)‘g> subject to normalization:
L ph u (k)
(4] )= WP PonlV) _ gures WPl V) _ gutss 5 sunere: norm Jape = -
mmn | mn 2 mm 2 mm- - nn nn °G
norm norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
£, )= % Dl () ) gl \ogpt 1) [©
" 5] mn S mn ¢ Use
Matrix is same as given on p.27 _ °G Mock-Mach
s P o compute g right action------------------.___ — P,'an 1> ( < Commutation
: B —— PPN (R and
<i’n 8 in>: Dzl;ﬁ’m(g) Pu '—1_ G Pu P‘u D‘u T ‘u | °G < inverse
m=ln=1 =" .7 : oH A
S B DR (! = 3 DE (¢ 7RE 1) [
e Parg D I VT
Vs
-1
- ,2 Dilf;tn'(g )‘ Zn’>
n'=I
Local g-matrix component
1y
_ —1 * ,
(|| )= Dl (a™= Dl ()
unitary
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.51) »
‘u O
[PW)-basis are projected by PH = % D D“ ( )g = P}fnj acting on original ket |1) to give:
g
g(ﬂ) °G *
H >= P* 11 L - > D “ subject to normalization:
, 1|P¥ P“ |1 1|P5 (1 : I
<“, s >:< nm m”" > ) < ‘ ””‘ >:5““5 , 0., Where: normz\/<1‘P“‘l>:
mn | mn m m 2 mm- - nn nn °G
norm? norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g, )-gps 1) [
" ¢ Use
Matrix is same as given on p.27 / Mock-Mach
s P o compute g right action-------------------.___ = P,'an‘ > ) < Commutation
<i’n g in>: Dll;t?’m(g) u E . o u pl u ol T ‘u | °G < iniZIie
P =X X BB D, ,(g7h) =P g7 |1) |2
m'=ln'=1 %" . . ou o
i I _ U, —lI\pl °G
1 — , ), —
— ,Zl PnlLitn' D"flln,(g ) nzl Dnn (g )Pmn 1> /(1)
w=l o e
Vs
—1
n=
Global g-matrix component Local g-matrix component
If
H Ho\_ pH Holsl M -1 u*
<m’n g‘ mn> Dm'm (g) <mn’ g‘ mn> (g ) Dn n(g) wﬁt;sry
97
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Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis

Hamiltonian and D3 group matrices in global and local |PW)-basis
* Global vs. Local block rearrangement é
Hamiltonion eigen-matrix calculation
Hamiltonian local-symmetry eigensolution
Molecular vibrational mode eigensolution
Local symmetry limit
Global symmetry limit (free or “genuine’” modes)
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Ds global-g group matrices in |PW)-basis D3 local-g group matrices in |PW)-basis

R"(g)=TR" (g)T" =

el) ez [e2)[RE) [ [e)
pig)|
DAz (g) ) ) ) ) ‘P(M)>—base
D, (g) Dj,l - - ordering to
DyExl(g) D)il . . (COgI/;gZI;III:CgUQ
- | b, (g) D,jl D-matrices
Dil (g) DyEy1

Global g-matrix component Local g-matrix component

— _ 1\ _ P u*
(*.|g . )=Dk, () (4, |g[4, )= Dt (7 = D (o)

1f
D is
unitary
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Ds global-g group matrices in |PW)-basis

R (e)=TRC ()7 -

) b))
pli(g)|
D™ (g)
b, (g) D,
D, (g) D,

D3 local-g group matrices in |PW)-basis

R (2) =18 (2) " =

Global g-matrix component

<gfz’n g‘ gm>: Dll;le'm (g)

e ) e ) ) e
D™ (g)
A %k
[PW)-base S o Ul |
ordering to - ol @ - ) (e
concentrate E* E*
< ) . ) D . D
D-matrices ' ' Dyxl (g) ‘ DWI (2)
E* E*
D, (g  (8)
here
Local g-matrix
is not concentrated
Local g-matrix component
/ 7
Holsld \— pit (1= pu* ]
<mn’ g‘ mn>_ Dnn'(g ) _ Dn’n (g) wgt;Sry
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Ds global-g group matrices in |PW)-basis

R (e)=TRC ()7 -

Rl [eR) [eR) [eD) [e) [RD)
Dig)|
D™ (g)
b, (g) D,
D, (g) D,
b, (g) D,
D,.(g) D,
R"(g)=TRO(g)T" =
P§1> ‘nyf P)§1> P§1> Pf)}> Pfy1>
D4 (g)
D™ (g)
D& - |,
Dxil Dxl;l
(&) - |D,(e)
D, D,

Global g-matrix component

<gfz’n g‘ gm>: Dll;le'm (g)

R (2) =18 (2) " =

D3 local-g group matrices in |PW)-basis

e ) e ) ) e
DAI*(g) .
[PW)-base D (e)| '
ordering to - | b (g) D,fvl (g)
concentrate E* Ep*
< D D
D-matrices : ' Dyxl (g) DWI (2)
E* E*
D, (g)  (2)
here
Local g-matrix
is not concentrated
here
global g-matrix
<« s not concentrated
Local g-matrix component
/ =
Holsld \— pit (1= pu* ]
<mn’ g‘ mn>_ Dnn’(g ) _ Dn’n (g) wgtzzsry
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Ds global-g group matrices in |PW)-basis

R () =10 )1 =

[P -base
ordering to

< concentrate

global-g
D-matrices

[P -base
ordering to
concentrate

) ) e ) ) )
XX yy xx yx Xy Yy
D" (g)
D™ (g)
E E
Dxx1 (g) ny1
E E
Dyxl (g) Dyyl
E E
D, (g) D,
E E
Dyxl (g) Dyyl
R"(g)=TrR"(2)T" =
PA1> PA2> PE1> PE1> PE1> PE1>
XX yy XX Xy VX yy
D" (g)
D™ (g)
E E
D, (g) D, (g)
£y £
D, D,
E E
D, (g) D, (g)
E E
Dyxl yyl

Global g-matrix component

<gfz’n g‘ gm>: Dg'm (g)

local-g
D-matrices
and
H-matrices

D3 local-g group matrices in |PW)-basis

R (g)=1r° ()1 =

Ry ey ey [eE) el
DAI*(g) .
DAz*(g) . .
E* E*
D, (g) D, (g)
E* E*
D, (g) . (2)
E* E*
D, (g) D, (g
E* E*
D, (g) D, (g)
Rp(g) = TRG(Q)TT =
) ) )Ml )
xx yy XX Xy yx Yy
Lyﬁ*(g) X
l)Az*(g) : .
E* E*
. (g) D, (g)
E* E*
D, (g) D, ()
E* E*
D, (g) D, (g)
| - .. 107 ()
Local g-matrix component

(i
mn

/f

Ji
_ —1 ¢ :
g‘in>= DY (g7 )=D (g) Pis

unitary
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Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis

Hamiltonian and D3 group matrices in global and local |PW)-basis
Global vs. Local block rearrangement
Hamiltonion eigen-matrix calculation é
Hamiltonian local-symmetry eigensolution
Molecular vibrational mode eigensolution
Local symmetry limit
Global symmetry limit (free or “genuine’” modes)

Wednesday, April 1, 2015

103



D3 Hamiltonian local- H matrices in |PW)-basis

H matrixin (. . . & i) H matrix in
, 0 2 h hoh 0w ,
|g)-basis. S, [PW)-basis:
T B ohoh
(0]
G r. r; 7 l l l
_ > Ty b B
H) = y o=
( G 2—‘1 gg l l l 7 r r
&= i3 2 fo 1 2

Wednesday, April 1, 2015 104



D3 Hamiltonian local- H matrices in |PW)-basis

A E E E E
Pxxl> ‘Pyy Pxxl> ny'> ‘Pyxl> Pyyl>
P . [ \
H matrixin (. . . & i) H matrix in H"
, o " h L B W ,
|g)-basis: S [IPW)-basis. H
n T T L 4 b B
°c o oKon i2 i3 i1 _ _, o Xy
(H)G - 2_’ - PR (H)P - T(H)G I = ' H.
. . . El El
L h B T n xx xy
i, 1, I, 1, 1 F . .
3 2 1 2 o) w H, )
“ _ [pnu u
Hab _ <Pma H Pnb>
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D3 Hamiltonian local- H matrices in |PW)-basis

P) |Py) [PO)RY) [P
H matrix in  ( ) H matrix in W )
. o 4 b R W ,
|g)-basis: ) [IPW)-basis. .| H : H.El
°G o1 T, I i i _ 3 ' ' oy
H) =Yrg= H),=T(H).T'= BB
(1) z DL n o o (H), =T (H), | |BD H.
L h B I Ty 7 xb; jyl
B L b h Ty \ ; HyEy' )
H:b:<Pn‘l1la PIZ?>
mn mn mnl~ [ norm
) °G *
po\_ Lt u
mn> ‘ >n0rm - OG norm % Dmn (g)‘g>

subject to normalization (from p. 86-96):

,/ (thch will cancel out)
°G  So, fuggettabout it!
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D3 Hamiltonian local- H matrices in |PW)-basis

H matrixin | )
|g)-basis:

0 . . .
G V. 14 v, l l l
— 2 1 2 1
(H) =Y rg= 0 3
g:

\13 L 4y nn ”0)

H,, = (P! H|P4)=(1/P* HP,|1)
(Projector con]ugatlon o
(m)nl)' = m)(m
(ee) =R
) ° *
s L A (1)

subject to normalization (from p. 86-96):

,/ (thch will cancel out)
°G  So, fuggettabout it!

H matrix in

PO -hasis:

P2) [P, D) [BIRY)
( A A
H
s
o
L
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D3 Hamiltonian local- H matrices in |PW)-basis

H matrix in  ( )
|g)-basis:

(0]
(H),= X r,2-
g=1

H, =(P! >—£LP“H 1)=(1[HP; P} [1)
(o)’ Mock-Mach (norm)”
commutation
rr=rr
(p.61)

subject to normalization (from p. 86-96).

g(#) °G 2
l”lm>_ ‘ >nojﬁm - °(} - norm %Di‘fnln (g)‘g>

,/ (Which will cancel out)
°G  So, fuggettabout it!

H matrix in

PO -hasis:

e) (e [e)le) e
( A )
H
L
L
Lo
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D3 Hamiltonian local- H matrices in |PW)-basis

Al E| E] El El
Pxx > ‘Pyy Pxx > ny > Pyx > Pyy >
H o . ( \ . o ( A \
matrix in e H matrix in H" -
, o 21 h 2 & .
|g)-basis. S, [PW)-hasis: H
n T T 13 4 b P B
°G B Ty I Iy _ . w Hy
(H)G: 2 rgg: . . . (H)P:T(H)GT = E| HEl
g=1 L L I, I, 1T 5 »
12 ll l3 7"2 I"O I”] o xy
B oR2oh 2 Ty \ w Hy, )
H., = (P4 |H|P,) = (1[P: HPS 1) = (1| HP, P4 1) =5, (1 HPS |1)
(norm)? (norm)? (norm)?
Use P¥ -orthonormality
Woph _ SHH u
Pmln/Pmn - 6 6n1umln
(p.21)
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D3 Hamiltonian local- H matrices in |PW)-basis

P:) [P,) [P)RD) [RI)PD)
H matrixin - ( . . . i & i ) H matrix in (g )
, o 2 h h kb h .
|g)-basis: L, ]P(“)>-baszss oy
n " 7 13 h b B
°G vy 1,y I, I, I xx xy
_ > Ty b Boh — —
H) =Yrg= H),=T(H).T'= BB
(H) z DL n o o (H), =T (H), | |BD H.
Ly I Iy Iy Iy I x; xyl
. B oL L hnT ) e : : : H; HyEy' )
°G
= (P [H[RL) = (1P HPA 1) = (1 HPY A1) = 5, (1 HPL D) = 3 (1]H]2)D), (¢)
(norm)? (norm)? (norm)?  g=|
" I 1 g(u) .U
subject to normalization (from p. 86-96).
norm = \/ (ajp* (whzch will cancel out)
So, fuggettabout it!
Coefficients D ( g)l are zrreduczble representatzons (zreps) of g
g= 1 r L 1 13
) 1 1 1 1
D" (g)= ! 1 1 1 | 1
p(e)= | [ R R R R B
1 - 2 T2 2 2 2 2 2 2 1 0
D (g)= ( - 1] B SN B NER [0 —1j
’ 2 2 2 2 2 2 2 2
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D3 Hamiltonian local- H matrices in |PW)-basis

Py) [Py) [PO)RL) PP
-basis: : DT P -hasis:
e ot T B h b P H . .
(k) CORE I A o o H
— — H) =T(H).T'= non
¢ g Ch Lo oL 1y 1 n ( )P ( )G w
L L ko o xb; jyl
. L L L Koo ) \ ; H yEy' )
oc;§ . # .......... - .; u*
< P# > _jll_l)'u H > — < |HPchmPr‘let? 1> 5mn<1 HPc‘lLlL? 1> — 2<1| H| g>pab (g) — ngDab (g)
(norm)? (norm)? (norm)? o=yt g=1
u u : e P
mn>: Pm”‘1>n0rm - °(} - norm z’ ( )‘g>

subject to normalization (from p. 86-96).

norm = \/ 1‘

e

(which will cancel out)
So, fuggettabout it!

Coefficients D ( g)l are zrreduczble representatzons (zreps) of g

g= 1 r 1 1 i

) 1 1 1 1
D'l(g)= 1 I I -1 -1 1
p"(e)= | R b R RI: B

1 . 2 2 2 2 2 2 2 2 1 0

D! (g)= ( 1 ] B | I B [ 0 -1 J
Y 2 2 2 2 2 2 2 2
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D3 Hamiltonian local- H matrices in |PW)-basis

P) |y [PL)Py) [PL)RD)
H matrix in / r0r27-1111213 \ H matrix in ( A . )
~ 3 : L (W) _ . .
|g)-basis. Womon s h b [PW)-basis. .| H -
Il I R I b
= vV g = = T T = E E
G =18 L L I, Fy 1o i ¢ ' - | Hy Hy,
L h B Ty 1 x; xyl
B oR2oh 2 Ty L ' ' ’ H; HyEy] )
OG: a* .......... G )
H:b = <P1¢1La H Piflt)> :jll_l)mePrflL) 1> = <1| HPcfthrf;? 1> — 6mn<1| HPcf;) 1> = 2<1| H| g>'Dab (g) — ngDab (g)
(norm)? (norm)? (norm)? g=1. ............ P

H" =1, D" D)+ D" (r'"r, D (r*)+i, D" i)+ i,D" (i,)+ ;D" (i,)=r, +1,+7, +i, +i, +i,
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D3 Hamiltonian local- H matrices in |PW)-basis

PY) [Py [PL)RD) [RL)RY)
H matrix in / SRR, \ H matric in ( HA . . . . . \
basis: To 21 h b B PO s
g)-basis: oty B o hoh [P)-basis: — P m
(H) OZG I T T RS S R H) =T(H) T | | e P
= = :T T = E E
g= 'g® L Iy I, 1, 1 I ( )P ( )G ' | Hy H,
hoh B n T ' ' ' - | H., jyl
LR K S N P L
°G I,
., = (P /B ) = 1L P. HEZ 1) = (UHR2 P2ID) =5 1|H%> 2;@19% (6)=3..0 (g)

g=1
H" =5, D" ()+rD""(r"+r, DV (r*)+i DV (i)+i,D"(i,)+,D""(i,) =r,+r,+r +i,+i,+i,

H" =5, D" (D)+r,D""(r')r, D" (r)+iD " (i)+i,D " (i,)+i,D " (iy) =1, +1,+r, -i,-i,-i,

g(ioeﬁ"lcierfts fom ( g)rl are-irreducible representations (ireps) of g

r 11 ]2 13
y 1 1 1 1
Dl(g): : 1 1 1 1 1
1 1
(g)= e IR IR R
D, (g)= ( 1 ] B Bl IR B [ 0 -1 J
X,y
’ 2 2 2 2 2 2 2 2
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D3 Hamiltonian local- H matrices in |PW)-basis

H matrixin (577,
. 0 2
|g)-basis: '
n 7
(0]
G 12 v
_ 2 N
G ¢ i
8= i 93
L 4
. L b

H, = (B},

H|P: )= (1P,

(norm)?

[1)= (1P, PLIL) =5
H" = rODA1 (D)+ rlDA1 (r'+ rl*DA1 (r )+ leAl i)+ 12D (12)—|— 13D (13) =1, +1, +r1 +i,+i,+i,

H" =1, D" (D)+rD""(r")+r, D" (r*)+i,D " (i,)+i,D " (i,)+i,D " (iy) =1, +1,+r, -i,-i,-i,

H. =r,D. )+ D (") + 1 D () +i, D, (i) + iy Do (i) + 5D, (i) =Qry =11 -1, -1, 4212

H matrix in

PO -hasis:

norm

w1l HEL1) = 2 1|H|g>Dab

g(;oeﬁ”lcierlzts fom ( g)rl are irreducible representations (ireps) of g

r

L

)

NI&I

Py) [y) [RO)[PY) [PL)R)
(g )
H
Lo
M|
w i H,
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D3 Hamiltonian local- H matrices in |PW)-basis

PL) [By) [R2)RS) [B2)EY)
Hmatrl:x in / 70r27-1111213 \ H(W;Clﬂ'i)(f ll”l ( H . . . . . )
|g)-basis: .’”1 e G i L [PW)-basis: .| H -
(H) —OZG I T B U S T H),=TH).T' | | =
—g:rg— Lo L Ty T ( e I | B H ]
Loh B T xb; jyl
B oR2oh 2 Ty \ - - - - Hyig gHyEy' )
., = (P2 [H[P2) = P2 HPE 1) = (1/HP R2[1) =6, (1] P2 1) - 21|H|g>Dab §)=3nD0 ()
norm norm norm """""" g—l

H" =r, D" D)+ rD"(r')+r, D" (r*)+i, D" (i )+ i,D"(i,)+ i,D""(i,) =r,+r,+r, +i,+i,+i,

H" =r,D"D)+rD " (r')+r, D" (r*)+iD " (i)+i,D " (i,)+i,D " (i,) =t +F,+7, -i,-i,-,

H =D, ()+nrD. (F)+5 D, (") +iD, (i) +i,D.. (i,) +i, Dxx (i) =(2ry-1y1; iy #2020
H,, =1, ()+ 1D ()45 D P +i,Dy i)+, ) +i,D, (i) =N3(r4r; iy, )2 =HE o

g(ioeﬁ”zcierlzts D! ( g)r1 are irreducible repre

r’

itations (ireps) of g

D\ (g)=
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D3 Hamiltonian local- H matrices in |PW)-basis

Pr) [Py) [PO)[PY) [PO)PY)
H matrix in / rr ..... rl ..... l ..... l \ H matrix in ( T . A
o) basis: oo 2 b Lk PN psis-
B Nt o hohh P bass —-£ - H.El
°G | rn o on o i oy i | o I
H) =Xrg= . (H),=TH).T'= BB
( ) g= Loy Ty T ( ) =T . e A
b h B T ’2 jy]
B b \ . . : : H; HyEy' )

H, = (B},

nOl"m norm norm ............

o
H|P;) = (1[P7 HPS 1) = (I[P RS 1) =6, (1| M 1) = 2 HgD, (0)- YDl (s)
H" =r, D" D)+ r D" (r"+r, D" (r*)+i, D" (i))+i,D" (i,)+i,D"" (i) :1’0+r1+r1 +1,+1, +, 3
H"=rD *(1)+r1D YD (DD )LD ) A D (1) =1 A A i i :
H. = 5D, ()+ 1D, (") + 5 Dl (F)+i, Dl (i) + iy D (i) 13D (i) =(2ry-1i 1y =iy iy 42,2
H, =rD, (1)+rD (r1)+r*D (r2)+iD (i1)+i2D (i2)+liy(i3) =3 (-1 47 i +i,)/2 =HyE

H —rOD (1)+r1D (r)+rD (r )+zD (zl)+12D (12)+1Dyy(z3) @1’0—1’1—1’1*+i1+i2 13)/2

g(ioeﬁ”zcierlzts D#,l . ( g)r are zrreduczble represeilalt S (irqlzs) of g /

D" (g)= -1 1
-1

D (g)= 5 ¥ [1 0

D, (g)= & 0 £
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D3 Hamiltonian local- H matrices in |PW)-basis

A] E| E] El El
Pxx > ‘Pyy Pxx > ny > ‘Pyx > Pyy >
. . ( . ] \ . . ( A \
H matrix in e H matrix in H"
, Yo 20N 2 ,
|g)-basis. [PW)-hasis: H
ot T B h b 5 5
°G r, B oy I, L I _ _ Ho H,
(H)G: 2 rgg: . . . (H)P:T(H)GTTI Ej HEl
g=1 L L I, Fy 1o 5 »
boh B Ty 7 woLw
h I, L 1 r T o o
3 2 1 2 o) \ wi i
a OG? a* .......... G ) i 5
., = (B2 | [ )= 1P HP 1) = (1/HEL BID) =6, (/HELJL) = S H]g)D] (5)= 3700 ()
norm [y —; norm)? g =1
H" =r, D" D)+ r D" (r')+r, D" (r*)+i, D" (i )+ i,D" (i,)+ i,D""(i,) =+ +r, +i,+i,+i,
H' =5, D" (D)+r,D "(r')+r, D" (r)+i D" (i)+i,D " (i,)+i,D " (i) =1, +1,+r, -i,-i,-i,
H. =r,D_)+rD_ ("+r'D. (r)+iD. ()+i,D. (i,)+isD. (i) =2k -FF i -i,+2i,)/2 i
H, =1,D () +1rD, (r")+ 5Dy () +iDy, (i) +5,D, (i) + 5Dy (i) =3 (ri4n =i+, Y2 =H e
H, =rD ()+nD, (r+ rl*Dyy (r*)+ i,D,, (i)+i,D,, (i,)+i,D, (i;) =2r,r, A A 20 Y2
H )2 H fyl 1| 2511 -i,-i,+2i, J3 (-1 41, -1, +iy)
HyL; I_IyLy1 2 \/5(_’3* +1-i+,)  20-h _rl* +i,+1,-21,
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Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis

Hamiltonian and D3 group matrices in global and local |PW)-basis
Global vs. Local block rearrangement
Hamiltonion eigen-matrix calculation
* Hamiltonian local-symmetry eigensolution é
Molecular vibrational mode eigensolution
Local symmetry limit
Global symmetry limit (free or “genuine’” modes)
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D3 Hamiltonian local- H matrices in |PW)-basis

Pl [By) [RO)ED) [PD)ED)
Hmatrlx ln ( rr ..... rl ..... l ..... l\ Hmal‘rlx ln ( HAI \
|g)-basis: 02 s PO -hasis: H
| n Ty L b ' . .
(k) ¢ T A N o o Hy
= g= H) =T(H). T'= 2 g
¢ gzlrgg oy Ty 1 (H), =T (H), w Hy,
Lo K o - jyl
. oLy ) \ ; H yEy' )
oai S G *
H:b = <P15a H Plflt)> = 1 PcfthPrflL) 1> — <1| HPcfthn/.Hl} = 5mn<1| HPcf;) | 1> = 2<1| H| g>§Dab (g) — zrgDab (g)
(norm)2 (norm)2 (norm)2 g:1‘ ............ =1
H" =, D" (D)+ 1D (r)+ 1 DY (r))+ i, D i)+ , D (1,)+ isD" " (i3) =1y +5+1; +i, +i, +i, =1, 421 +2i , +i,

H

E|

=, D" )+rD"(rY+r, D (r*)+i D (i)+i,D (i) +i,D 7 (iy) =ty 4141, i -y,

=r.D._()+rD. (r+r D (r)+iD. (i)+i,D. (i,)+iD. (i;) =r,-r-r -i-i,+2i,)/2

XX

Ej

H

o =hD, O+nD (r+r D, (r)+i,D  (i)+i,D, (i,)+i,D,, (i)

E

H

E* E* 1 % EF 2 . E* . . E* . . £* . ® . . .
w =D, (D+nD, (r)+n D, (r)+iD (i)+i,D, (,)+iD, (6;) =2ry-r-n +i+i,-2i,)/2

H

XX

Ey

\/§ (-r, +r1*—i1 +1,)

V3(=r 41 -i +iy) 25k i 4, 20,

* . . .
1| 26mnn - 2,

Xy

£

H

yx

E

H

Yy

=\3(-r 47 i +i,)2 =HE

=l Iy, Tl

0

=y -1 Fl 1

0

Fo-h=lp-1

-l +l3

0

[2

Choosing local Co={1,13} symmetry with
local constraints ri=r;*=r> and i;=i2=i>
For:n =r1*and =iy
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D3 Hamiltonian local- H matrices in |PW)-basis

H matrix in
|g)-basis:

G

(H)G - ergg -

g:

H:b = <P1:1L

(norm)

V 0o 1
.’”1 "o
noh
Lo
Lo
1

2

|H|P; )= (1] P HP,

Py) [B)) [POD) [RI)P))
i H matrix in ( H" \
1 2B
L PO -hasis: .| H .
5 oh ko o
Iy I I . _ _ ' ' xx xy
H),=T(H) T = R
S (1), =7 (H), N -
Ty N fyl
rl r2 ro ) ............... \ ................... y)l Hy)l} ]
G ; . G o
1)=([HP,PLL) =5, (1 HPL|1) = 2 (1H|g)D,, (¢)=2.7.D,, ()
norm 2 norm 2 g=1 ............ g:1
H" =, D" (D)+ 1D (r)+ 1 DY (r))+ i, D i)+ , D (1,)+ isD" " (i3) =1y +5+1; +i, +i, +i, =1, 421 +2i , +i,

H

Ej
XX

Ej

H

Xy

Ej

H

Yy

(CZZ{I,E}

&

Local symmetry
determines all levels
and eigenvectors with
just 4 real parameters

~

J

=i, D" (D)+rD " (+ 7 D)+ i D ()i, D (i) +iD (i)
=r.D._()+rD. (r+r'D_(r)+iD. (i)+i,D. (i,)+iD. (i)
=r,D, ()+nrD, (rY+r D, (r")+iD, (i)+i,D, (i,)+i;D,, (i)

=D, ()+nrD,, (r"+r D, (r))+iD, (i)+i,D,, (i,)+i,D,, (i)

Ey
XX
Ey

yx

=1, +H +I”1* —il —i2 -i3

:(2r0 -1, —I’l* —i1 —i2 +2i3 )/2
/3 (-1, +7, i, +i,)/2 =H yi*
=21, -1, +i,+i,-2i,)/2

Ey

H 1

Xy

\/§ (-r, +r1*—i1 +1,)

\/g(—l”l +1-l 4, ) 201 -r L -2

* . . .
B 21, -1-1; -1,-1,+21,

H 2

=y - -l
=0
=1y -1, i, -l

local constraints ri=r;*=r>

* . .
For:ry=r and:i, =i,

yy
. rO_rl_112+l3 0
0 Fo-h=lp-1

Choosing local C,={1,i3} symmetry with

and 11=12=I2
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R="25, Dt
Spectral Efficiency: Same D(a),  projectors give a lot!

1 r r i i i
BY=(1 1 1 1 1 Dk 1 i i, i 1 v i i i
By=(1 1 1-1-1 -D)s |1pe=3 1 1 1 1+2005 |BE=(0 -1 1 -1+1 0N
RL=(0 1 -1 -1+1 A3z |Bh=(2 T -I+1+1 -2)/s

*Eigenstates (shaown before)
cCompnlete Hamiltonia
iy )
Al—block H+ ]i'+ ]ﬁ_ jl_'b_

A ,-block _ %r_%yé_ /

N [—
—
o
)
+
S
Yoy
an
—_
+
NN
|
S~
+
()
) ——

1
\/3 - . . _l _l l. 1 .
Sei-B-i+h)  H S il
A

\ y
°Local symmetery eigenvalue formulae (1.s=> of-diagonal zero.)
@2:{1,13} N HERETE LT LTI
Local symmetry Aplevel: H +21r +2i+1
determines all levels gives: Aplevel H +2r - 21— 4
and eigenvectors with Ex'level‘: H-r- L+ h
just 4 real parameters Efevel: H = 1+ 1-1

_J
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Global (LAB) symmetry ) ,>C, i, projector states — Local (BOD) symmetry
i, =1,PGI|1)

T)) ~TR011)- B
=Py T|D=c0)" ()

—Pp(m
eb)> _Pe(b )‘1>
Local @ commute through
to the “inside” to be a g'
1 v rii i,

Ri=(1 1 1-1-1 Ijls

Here the “Mock-Mach™
is being applied!

i3 global (y)
anti-symmetry  RE=(Q -1 1 -1+1 O)N32

'~‘ ,—(2 1 -1+1+1 -2)/s
Q 4

anti-symmetry /@

BE=(2 -1 -1 -1 -1+2)/s
BL=(0 1 -1 -1+1 O)N3»

anti-symmetry

ngZObal)i3 l}jf{=(1 I 1 1 1 1)k

(x) symmetry
i1 D'()=  D'(r)= I,)= D'(i,)= D"(i,)=

D D*(i
D'(g)=+I,D"(x")=+/, D"(i,)=~ [ [ Z [] \/’ ? } f __3 \1/7] [\/2? \/17] ((1) —01]
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Global (LAB) symmetry D3> CZ i, pro jQCfOV states  Local (BOD) symmetry
W LR )y —p(| 1) £ =TR{I1=R{'R
o ) = PLT|D=0" )

Here the “Mock-Mach”
= is being applied!

1)

i; global ()
anti-symmetry

anti-symmetry /@

i 3 local

i; global (v)
anti-symmetry

o > 1
1; global 3
(x) symmetry
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When there is no there, there...

Nobody Home
where LOCAL

and GLOBAL

—
Ny
U

i, global ()
anti-symmetry

o > 1
1; global "3
(x) symmetry
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Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis

Hamiltonian and D3 group matrices in global and local |PW)-basis

Global vs. Local block rearrangement
Hamiltonion eigen-matrix calculation Video Lecture 16
Hamiltonian local-symmetry eigensolution Ended here.
Molecular vibrational mode eigensolution é
Local symmetry limit
Global symmetry limit (free or “genuine’” modes)

Vibrations treated
in Lecture 17
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