Group Theory in Quantum Mechanics
Lecture 13 30515

Cysymmetry systems coupled, uncoupled, and re-coupled

(Geometry of U(2) characters - Ch. 6-12 of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-12 of Ch. 2 )

Breaking Cy cyclic coupling into linear chains
Review of 1D-Bohr-ring related to infinite square well (and review of revival)
wo-Square well paths analyzed using Bohr rotor paths
Breaking Con+2 to approximate linear N-chain
Band-It simulation: Intro to scattering approach to quantum symmetry

Breaking Con cyclic coupling down to Cy symmetry
Acoustical modes vs. Optical modes
Intro to other examples of band theory
Type-AB avoided crossing view of band-gaps

Finally! Symmetry groups that are not just Cy
The “4-Group(s)” Dzand C>,
Spectral decomposition of D>
Some D> modes
Outer product properties and the Crystal-Point Group Zoo
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Review: 0-Square well PE & Bohr rotor

(a) Infinite Square Well (b) Bohr Rotor
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=
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standing
sine waves

sin(nd)
n=>2

allows moving waves
eti®=cos(nd)=+i sin(nd)

Fig. 12.2.6 Comparison of eigensolutions for

(a) Infinite square well, and (b) Bohr rotor.

From QTCA Unit 5 Ch. 12

m=0, £1, £2, £3,...are momentum quanta
in wavevector formula: k,=27mm /L

(n=m if L=2m) o
—rt/2 —112

Imagining
"wrap-around" |
¢-coordinate |
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Review: OO—Squa]/'e Well PE & BOh]/' rotor Fig. 12.2.6 Comparison of eigensolutions for
(b) Bohr Rotor (a) Infinite square well, and (b) Bohr rotor.
From QTCA Unit 5 Ch. 12

m=0, £1, £2, £3,...are momentum quanta
W W in wavevector formula: k,=27mm /L

(on=m  if- L=27)

(a) Infinite Square Well

LE2W

degenerate

En= (hikn)?/2M = m?[h?/2ML?]
= m? hv; = m? ho;

singlet (non-

standing
sine waves

sin(nd)
n=>2

allows moving waves
eti®=cos(nd)=+i sin(nd)

Jundamental Bohr /—frequency
W; =27V,
lowest transition (beat) frequency
0 0=0 V; =(E-Eo)/h (Eois defined as zero)
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Review: OO-SQMCZVQ well PE paths analyzed using Bohr rotor paths

(9 orl0-levels (0, +1, +2, 3, +4...., +9, z10, :11..) €XcClted)

[Harter, J. Mol. Spec. 210, 166-182 (2001)]

Zeros(BEampand “particle-packets”

have paths

labeled by fraction sequences like: % 12545601
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Review: OO-SQMCZVQ well PE paths analyzed using Bohr rotor paths

All oo-well peak must be made of
sine wave components.

(a) Infinite Square Well at t=0
<« W—>

A

= =0 o

(c) Half-time revival at t=1/2

t =1.00007,
=301, imwmﬂ 0.4 0.6 0.5 '

After only 50 round-trips

M's wave does a partial revival
as it makes an upside down-delta
function around x=0.8W.

“Flipped”
revival

]

So how is the co-well “flipped
revival explained?
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Review: OO-SQMCZVQ well PE paths analyzed using Bohr rotor paths

t = 0.50007,
=1 'STbeal

1.2 0.4 0.&

t=1.00001,
= 3‘OTbeal meﬂ 0.4 0.6 0.3

After only 50 round-trips

M's wave does a partial revival
as it makes an upside down-delta
function around x=0.8W.

l.

All oo-well peak must be made of

sine wave components.

(a) Infinite Square Well at t=0

<« W—>

A

= =0 o

(c) Half-time revival at t=1/2

“Flipped”
revival

]

3. So how is the co-well “flipped
revival explained?

2. Bohr rotor peak made of sine wave
components is anti-symmetric, So an
upside-down mirror image peak must
accompany any peak.

(b) Bohr Rotor at t=0
< L E2W—>

< W< W —

\

4. Bohr rotor half-time revival

is same-side-up copy of initial
peak on opposite side of ring.

So that upside-down Bohr-image
will appear upside-down on the
other side at half-time revival.
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Cs symmetry: Elementary Bloch Hamiltonian H8(©® ( 15t neighbor coupling)
3

HIB(6) eigenvalues

®, level spectrum
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Cs symmetry: Elementary Bloch Hamiltonian H!B©® (]
3 3
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Consider sine and cosine eigenvectors of a /4-by-14 elementary Bloch matrix HEB(4

1 ! ! ”
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Consider sine and cosine eigenvectors of a /4-by-14 elementary Bloch matrix HEB(4
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HFB(4 gives eigensolution of a 6-by-6sconstrained Bloch matrix HM®)
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HFBUY oives eigensolution of a 6-by-6 constrained Bloch matrix HM®) ysing its sine-waves only
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HFB(4 gives eigensolution of a 6-by-6 constrained Bloch matrix HM(®) ysing its sine-waves only
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HFB(4 gives eigensolution of a 6-by-6 constrained Bloch matrix HM(®) ysing its sine-waves only
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HFB(4 gives eigensolution of a 6-by-6 constrained Bloch matrix HM(®) ysing its sine-waves only
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Breaking Cy cyclic coupling into linear chains
Review of 1D-Bohr-ring related to infinite square well (and review of revival)
wo-Square well paths analyzed using Bohr rotor paths
Breaking Can+2to approximate linear N-chain
Band-It simulation: Intro to scattering approach to quantum symmetry
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HEBUY gives eigensolution of a 6-by-6 constrained Bloch matrix H*M(® ysing its sine-waves only

— (m) =g;
JPA A R e~

Band-It simulation is
Mac OS 9 application
not yet converted to web

Thursday, March 5, 2015
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)

Classical Band-It simulation is
Non-Classical _ Region (E>V)  Non-Classical ~ /4¢ ©5 7 arp hi{“”m ,
Region (E<V) Region (E < V) not yet converted 1o we

V(x)

Fig. 13.1.1 Non-constant potential V(x) approximated by a series of small constant-V steps.

Between each step potent1a1 kinetic energy, and k are assumed constant

Thursday, March 5, 2015
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)

Classical Band-It simulation is
Non-Classical _ Region (E>V)  Non-Classical /< > 7 arp hilatw” ,
Region (E<V) Region (E < V) not yet converted to we

V(x)

Fig. 13.1.1 Non-constant potential V(x) approximated by a series of small constant-V steps.

Between each step potential, kinetic energy, and & are assumed constant.i x-derivative is denoted by DY
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)

Classical Band-It simulation is
Non-Classical _ Region (E>V)  Non-Classical /< > 7 arp hi{“tw” ,
Region (E<V) Region (E < V) not yet converted to we

V(x)

Fig. 13.1.1 Non-constant potential V(x) approximated by a series of small constant-V steps.

Between each step potential, kinetic energy, and & are assumed constant x-derivative 1s denoted by DY

d _
B 4 (x O) K_e_l_lc_’f_jlj_L__e_f_’{f’f_ -V (x O)—szelkx—sze k= py (x O)
Relations between the pair (¥, DW) and:amplitudes:(R, L) just above x=a
wo ) e R YT
D¥ ) | ike™ ke L)
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)

Classical Band-It simulation is
Non-Classical _ Region (E>V)  Non-Classical /< > 7 arp hi{“tw” ,
Region (E < V) Region (E < V) not yet converted to we

V(x)

Fig. 13.1.1 Non-constant potential V(x) approximated by a series of small constant-V steps.

Between each step potential, kinetic energy, and & are assumed constant x-derivative 1s denoted by DY

d _
B 4 (x O) K_e_l_lc_’f_jlj_L__e_f_’{f’f_ -V (x O)—szelkx—sze k= py (x O)
Relations between the pair (¥, DW) andi amplitudesi(R, L) just above x=a. (Inverted)
IR 0 B R A e
DY k™ —ike”™ L) L 2k ik o DY
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)
Classical Band-It simulation is
Non-Classical _ Region (E>V)  Non-Classical  Mac 059 application

Region (E<V) > Region (E<V) not yet converted to web
V(x)

---------------------------------------------------------

Fig. 13.1.1 Non-constant potential V(x) approximated by a series of small constant-V steps.

Between each step potential, kinetic energy, and & are assumed constant x-derivative 1s denoted by D‘P

¥ (x,O) = Re!M 4 [ omih: Vi (x O)—zk Re™—ikLe™™=D¥ (x O)
Relations between the pair (¥, DW) andi amplitudesi(R, L) just above x=a. (Inverted)
RN 0 R I e
DY k™ —ike”™ L) L 2k ik o DY
IRelations on the other side of the step boundary just below x=a. , (Inverted) .
R I P o ik'x R’ R' | i —ik'e kX _gikx g
DY lkvelkx —lk'e_lkx L' |’ L' 2k'\ _lkvezkx o' ) DY’
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Wave function and derivative

How Band-It simulation works (from QTfCA Unit 4 Chapter 13) at x=a-= equals that at x=a-+=

Classical

: R (E>V) - -
g R N P p
i V(x) b . \ o
\ DY A DY
. x=a+E&

\\//’/’/ \ X=a—& ... .. 0000
E Y A Y A
\\\\\ R ; _ik'e ik'a  _—ik'a [ W
X Teel =
! ' '
L' 2k K _l-kvelk a elk a , DY s

Between each step potential, kinetic energy, and k are assumed constant. x-derivative 1s denoted by DYV
o ik ik 9 e paik gy ik _ '
Y (x,O) =Re'™ + Le 8X‘PE(x,O)—sze ikLe _D‘PE(x,O)

Relations between the pair (¥, DW) and amplitudes (R, L) just above x=a. (Inverted)

Yoo ™ g R R |_ 1 —ike” ™ T ¥
DY ike™  —ike™™ L) L 2k ik o DY

Relations on the other side of the step boundary just below x=a. (Inverted)
Y ek g kX R R' i ( —ik'e R T \ Y
D' B ik'e ik'x —ik'e —ik'x L' | L' _%\ —lk'elk'x eik'x ) DY'
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Wave function and derivative

How Band-It simulation works (from QTfCA Unit 4 Chapter 13) at x=a-= equals that at x=a-+=

Classical

ssical _ Region (E>V) — Non-Classica
<Vl) <~ i 1§egiogl(E<Vl) “I’” \.P
l V&) b -~/ ' I:-.
\ =" D¥ A DY xX=a+€
e X=a—&€,+ ______ X _Ae
. \\/ ' . ( 1 —ik'a —ik'a \ ",
R o —ik'e —e ( V7] j
X ~ —_ .
' ! . 71 <7 1
L 2k \ _Zk'elk a elk a ) DY . |
r N N | e
R' | il —ike™a —e®a M ke ike ( P ]
' ' . <7 71 E . . . . :
L 2k \ —lk'elk a elk a ) lkelka _ike ika L

Between each step potential, kinetic energy, and k are assumed constant. x-derivative 1s denoted by D‘P
B (x,O) =R 4 LR ‘P (x,O)zzk Re™_jkLe ™ =D‘PE(x,O)

Relations between the pair (¥, DW) and amphtudes (R, L) just above x=a. (Inverted)

Yoo ™ e M R R |_ ¢ —ike™ ™ —emih ¥
.\ DY ike™  —ike™™ L) L 2k ik o DY

Relations on the other side of the step boundary just below x=a. (Inverted)
P Jkx ik R’ R) i [ ket e )
D' B ik'e ik'x —ik'e —ik'x L' | L' _%\ —lk'elk'x eik'x ) DY'
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)

Classical
ssical _ Region (E>V) = Non-Classical
<V |

A\ ~
-
-
-
-
-
-
-
~
~
~
~
~
~
~o
-~
-~

“| Region (E < V)
V(x) b g

Y |7
DY' D
X=a—&
_lk'e—zk'a _e—ik'a \( N j
_lkveik'a eik'a ) DY s
_lkve—lk'a _e—lk'a \ eika e_l'ka
_lk.eik'a eik'a ) l-keika _l-ke—ika
k ei(k—k')a k e—i(k+k')a \
1_

K)oo2 K)oo2 P

Si(k+k)a

J

2

Wave function and derivative

i) i (k'—K)a
1+
()5

at x=a-c equals that at x=a+«.

‘P ]
X=a+é&

¥

J

Thursday, March 5, 2015

28



How Band-It simulation works (from QTfCA Unit 4 Chapter 13)

Classical

ssical _ Region (E>V) = Non-Classical

<V |

“| Region (E < V)
V(x) b -7

A\ ~
-
-
-
-
-
-
-
~
~
~
~
~
~
~o
-~
-~

-

k

2
Si(k+k)a

k!

|

2

_o ik

!
el a

k e—i(k+k')a \
1 —
55

1

Wave function and derivative
at x=a-c equals that at x=a+«.

‘Pj
DY
X=a+e

\P'
DY'
X=a—¢&
a \( NY
DY
J
A .
a ezka
-1__1ka
) ike

i pltk'=k)a
")

—ika

e

J

|

B

A special case: single input conditions with no sources or reflectors on one side (say, right hand side)
so no incoming waves exist there (say, L=0 but R=0Qutgoing+(.)
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)

Classical

ssical _ Region (E>V) = Non-Classical

<V |

A\
-
-
-
-
-
-
-
~
~
~
~
~
~
~

X

“| Region (E < V)
V(x) -7

so no incoming waves exist there (say, L=0 but R=0Qutgoing+(.)

R'
L'

|

l

/

Wave function and derivative
at x=a-c equals that at x=a+«.

b | W
DY' DY |
( \ X=a—& x=a+&
R B ; _lkve—zk a _e—zk'a ( N j
L' 2! \ _l.k,eik'a eik'a , DY s
( ' ya \ . .
R ! _ L _l-kve—lk a _e—lk a elka e_lka ( R
L' 2k \ _ik'eik'a eik'a ) l-keika _l-ke—ika L
( i) pik=k)a i) gtk a )
R' _ k 2 k 2 R
I i pi(k+ka i gi(k'—k)a I
1— 1+
\ k' 2 k' 2 )

A special case: single input conditions with no sources or reflectors on one side (say, right hand side)
i) gik=k)a i) g ilketka ) ( 1) gik=k)a )
1— R| 1+

k') 2 k' 2 R k') 2
i) piU+k)a i) gk 0o | i) piU+k)a
k') 2 T o S
/ ) \ / y
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)

A special case: single input conditions with no sources or reflectors on one side (say, right hand side)
S0 no incoming waves exist there (say, L=0 but R=Qutgoing#(.)

/

( . . A
i(k—k')a —i(k+k")a
1+ K¢ ke Rl 1+
[ R' J k' 2 k' 2 ( )
I i(k+k')a i(k'—k)a -
(1-2)6 . (1+:je . R(l—
\ J \

k

k'
k

j Si(k=k")a )

k'

] (kK
2
J

This gives transmitted or output amplitude R and reflected amplitude L' given an input amplitude R'.

R=

2k

(k+k')

R 'ei( ,

k'—k)a

L'=

=
(k+k')

R .e2ik'a

The transmission coefficient Tiransmit and reflection coefficient Trefiect (for a=0)

LR L2 S 17 N
transmit ‘R"z ‘k—|—k'2 ? reflect R'2 k'+k2 SWR = I+ R = KR = % = \/E
k+k’

__ .._‘

16

Re'W(x.,t)

P

~ Standing Wave Ratio (SWR)
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» Brea

king Coy cyclic coupling down to Cn symmetry ‘
Acoustical modes vs. Optical modes

Intro to other examples of band theory

Avoided crossing view of band-gaps
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o, (24 lattice reduced to Ci2 symmetry ®

(23 1x)
(r31X)

(]
:iﬁgi: Fig. 2.7.6 PSDS
a a
aSE- /
v\

(11X> (r2 IX)

{(rIX)
Fi g. 2.7.6 P rinciplesSymmeﬂyDynamics&Spectroscopy
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%, C>4 lattice reduced to Ci2 symmetry i
W Fig. 2.7.6 PSDS
3 ‘ai
L om0 b 3
(r23 %)
(r31X)

(11X) (rle)

{(r1X)
Fi g. 2.7.6 P rinciplesSymmetryDynamics&Spectroscopy
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%, Cos lattice reduced to Ciosymmetry 5 0% ( (9|kr) (“|K|) ([KI) - (]K]r)

.\\ Fig. 2.7.6 PSDS
: BT e R (K] (K] R
el L z S
(23 %) (g+ﬁ -a 0 wo-a@ )
(3 10 = -a a+a -a .. O

(11X) (2 1X) - : S

{(rIX) . .
Only Ci2 symmetry projectors commute with K-matrix if a#a. Then Coy-symmetry is bl oken !
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%, Cos lattice reduced to Ciosymmetry 5 0% ( (9|kr) (“|K|) ([KI) - (]K]r)

NG Fig. 2.7.6 PSDS
g: A=k PR} 1) IR - R
et S 18 - : ; : : :
. : : : : ' J
B (ata a 0 .. @
(r31X) = -a at+a -a .. O

(11X)

(2 1X) L : Poon
{(rIX) . .
Only Ci2 symmetry projectors commute with K-matrix if a #a. Then Coy-symmetry is bl oken !
1 2nm

+2”‘mr_“+e+"""’lr_2) where: k =—"—

P = E(1 +e o’ +e N e + Lt e n=
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oo (o4 lattice reduced to Ci2 symmetry B ( <0|K‘r0> <0‘K‘r1> <0‘K‘r2> <O‘K|I"_1> )

.\ Fig. 2.7.6 PSDS
E :3 Lo R (K] (R (K
ot : . . . . .
& ( 0 .. -a )

(23 1X)
(r31X) _

(11X)

(2 IX) L : Do
{(rIX)
Only Ci2 symmetry projectors commute with K-matrix if a #a. Then Coy-symmetry is bl oken !

1 s o g
P = E(1+e Kng? 4 @2 npt 4 o™ np 4 4o

b
5
S

+2”"”1"4+e+"""’lr_2) where: k =—"—

Two kinds of Ci12 symmetry m-states are coupled by K-matrix.
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%, Cos lattice reduced to Ciosymmetry 5 0% ( (9|kr) (“|K|) ([KI) - (]K]r)

NG Fig. 2.7.6 PSDS
g: Nk PR IR IR R
13 200 4 G : : : : :
\ : : : : . J
(23 1) ( ata -a 0 .. -a )
(r31X) = -a at+a -a .. O

(11X)

(2 1X) L : Poon
(rIX)
Only Ci2 symmetry projectors commute with K-matrix if a #a. Then Coy-symmetry is bl oken !
1 2nm

et 4 e”"mr_Q) where: k =——
12
Two kinds of Ci12 symmetry m-states are coupled by K-matrix: Even |r®*") and odd |r°*®) p-points.

|km>=P(m)‘ r0>'\/ﬁz(‘ r0>+e—ikm r2>+e—2ikm r4>+ )/\/E k:n>=P(m)‘rl>'\/ﬁ=( 5 >+ )/\/ﬁ

P = E(l +e 4o e+ te

| —ik 3 —2ik
r >+e Yo g >+e Hom
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%, Cos lattice reduced to Ciosymmetry 5 0% ( (9|kr) (“|K|) ([KI) - (]K]r)

.\ Fig. 2.7.6 PSDS
: e o ) (R )R] (R
7 [ L s S

(r231x) ( at+a -a 0 7 )
(r31%) _ 4 a+a -a 0
fol e (r? 1X) \ y,
Only Ci2 symmetry projectors commute with K-matrix if a #a. Then Coy-symmetry is bl oken !
1 s o g m _— 2mtm
P — E(l_l_e g ? 1 o2t 4 o O 4 4 otk i 2) where: km — F

Two kinds of Ci12 symmetry m-states are coupled by K-matrix: Even |r®*") and odd |r°*®) p-points.

|km>=P(m)‘ r0>'\/ﬁz(‘ r0>_|_e—ikm r2>+e—2ikm r4>+ )/\/E k,'n>=P(m)‘rl>'\/ﬁ=( r1>_|_e—ikm r3>+e—2ikm 5 >_|_ )/\/ﬁ
(k,|K|k,)=(r'|P"KP"™|r'}12 = (r'|KP"|r"}12
= <rO‘K|r0>+ e <rO‘K‘ r2>+ e~ <rO‘K‘ r4>‘ r5>+
= a+a + 0 + 0 + ...
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%, C>4 lattice rgduced to Ci2 symmetry - o <r0|K‘r0> <I"O‘K‘I"l> <r0‘K‘r2> <I"O‘K|I"_l> )
W e Fig. 2.7.6 PSDS : TR Kl K e
. e Rl (R R (R
Vit . z s s S
(23 |x) ( ata -a 0 a )
(r31X) _ 0 a+a -a 0
S (r? 1X) \ y,

{(rX)
Only Ci2 symmetry projectors commute with K-matrix if a #a. Then Coy-symmetry is bl oken !
+2ik

1 s o g - _— 2Tm
P = E(1+e op’ et e L e?r 4 e™r ) wherer K, = -

Two kinds of C12 symmetry m-states are coupled by K-matrix: Even |r®°") and odd |r**?) p-points.

|km>=P(m)‘ r0>'\/ﬁz(‘ r0>+e—ikm r2>+e—2ikm r4>+ )/\/E k;>:P(m)‘rl>'\/ﬁ=( 5 >_|_ )/\/ﬁ

1 —ik 3 —21ik
r >+e Yo g >+e Hom

(k,|K|k,)=(r'|P"KP"™|r'}12 = (r'|KP"|r"}12
= <r ‘K|r0>+e_ikm <r0‘K‘ r2>+e_2ik’" <rO‘K‘r4>‘r5>+
0

ata + 0 + + ...

)

<k;1 K| km> — <I’l ‘ P(m)KP(m)‘ I"0>‘12 — <I’l | KP(m)

= <rl‘K‘ r0>+e_ikm <r1|K‘r2>+ g 2k <rl‘K‘r4>‘r5>+

r“>-12

= -a + e_ik’” (—c_l) + 0 + ...
@ +e™a) = (k,|K|k,)*
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%, ot lattice reduced to Cpz symmerry. ¢ o ( (oK) ([KF) (K - (K]

.\ Fig. 2.7.6 PSDS
: e o ) (R )R] (R
e L z S

(23 |x) ( ata -a 0 a )
(r31%) _ 0 a+a -a 0
S o (r? 1X) \ y,
riX)
Only Ci2 symmetry projectors commute with K-matrix if a# a. Then Cx4-symmetry is btoken !
1 s o g m _— 2mtm
P — E(l_l_e g ? 1 o2t 4 o O 4 4 otk i 2) where: km — F

Two kinds of C12 symmetry m-states are coupled by K-matrix: Even |r®°") and odd |r**?) p-points.

|km>=P(m)‘ r0>'\/ﬁz(‘ 20 >+e—ikm r2>+e—2ikm r4>+ )/\/E k;>=P(m)‘rl>'\/ﬁ=( 5 >_|_ )/\/ﬁ

1 —ik 3 —21ik
r >+e Yo g >+e Hom

(k, [ K|k, )= (| PKP™| V12 = ([ KR )12 K = k. | K[k,) (K, |K|&,)
= (| K| ) e ([ R Y e (R )+ kKK, ) (kK&
= at+a + 0 + 0 +... - biky, —
a B a+a -(a+e"a) }
(KK, ) = (r' [ PKP™ [ V12 = (| KP™| )12 [ (ate™a)  a+a

:<rl‘K‘rO>+e_ikm <r1|K‘r2>+e_2ikm <rl‘K‘r4>‘r5>+...
= -a + ¢ Hn (-a) + 0 +...
@ +e™a) = (k,|K[k,)*
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Breaking Con cyclic coupling down to Cy symmetry
Acoustical modes vs. Optical modes ‘
Intro to other examples of band theory
Type-AB avoided crossing view of band-gaps
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%, Cos lattice reduced to Ciosymmetry 5 0% ( (9|kr) (“|K|) ([KI) - (]K]r)

.\ Fig. 2.7.6 PSDS
: e o ) (R )R] (R
7 [ L s S

(r231x) ( at+a -a 0 7 )
(r31%) _ 4 a+a -a 0
fol e (r? 1X) \ y,
Only Ci2 symmetry projectors commute with K-matrix if a #a. Then Coy-symmetry is bl oken !
1 s o g m _— 2mtm
P — E(l_l_e g ? 1 o2t 4 o O 4 4 otk i 2) where: km — F

Two kinds of Ci12 symmetry m-states are coupled by K-matrix: Even |r®*") and odd |r°*®) p-points.

|km>=P(m)‘ r0>'\/ﬁz(‘ r0>_|_e—ikm r2>+e—2ikm r4>+ )/\/E k:n>=P(m)‘rl>'\/ﬁ=( 5 >_|_ )/\/ﬁ
(k. |K[k,) (k,|K[K)
ki)

(k.. |K[k,) (k) |K
B a+a (a+e™a)
(a+e™a) at+a

| —ik 3 —2ik
r >+e Yo g >+e Hom

(K)" -
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oo (o4 lattice reduced to Ci2 symmetry - o <,,0|K‘,,o> <,,0‘K‘r1> <rO‘K‘I’2> <rO‘K|r‘1> )
.\ Fig. 2.7.6 PSDS
E : ; e e Rl (R R (R
B : . : . . .
(23 |x) ( ata -a 0 a )
(r31X) _ 0 a+a -a 0
S (r? 1X) \ y,
(rl

Only Ci2 symmetry projeé(;ors commute with K-matrix if a#a. Then Cx4-symmetry is bYoken !
P = é(l +ert f e e 4 e r T 4 e”"mr_z) where: k= _Zitzm

Two kinds of C12 symmetry m-states are coupled by K-matrix: Even |r®°") and odd |r**?) p-points.

) W= e e e YT W e e o) T
0=x>— Tr(K)"+  Der(K)" | (kK] (K K]K)
0=k’ -2(a+a)k+(a+a) —(a+e™a)a+e "™ a) ik
O=K‘2—2(Q+C_Z)K-I-(Q+C_l)2—22—6_12—26_lQCOSkm =[ aﬂ.l latea) )

) 3 ~ (a+e ™ a) ata
O=x"—-2(a+a)x+2aa(l-cosk, )
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%, Cos lattice reduced to Ciosymmetry 5 0% ( (9|kr) (“|K|) ([KI) - (]K]r)

.\ Fig. 2.7.6 PSDS
: e o ) (R )R] (R
e L z S

(23 |x) ( ata -a 0 a )
(r31X) — -a Q+C_l a 0
S o (r? 1X) \ y,
riX)
Only Ci2 symmetry projectors commute with K-matrix if a#a. Then C4-symmetry is btoken !
1 s o g m _— 2mtm
P — E(l_l_e g ? 1 o2t 4 o O 4 4 otk i 2) where: km — F

Two kinds of C12 symmetry m-states are coupled by K-matrix: Even |r®°") and odd |r**?) p-points.

|km >=P(m)‘ r0>-\/ﬁz(‘ r' >+e_ikm r4>+ )/\/E k, >:P(m)‘ rl>-\/ﬁz(‘ r1>+e_ik"' r5>+ )/\/ﬁ

—2ik, —2ik,

r)+e

r)+e

Secular Bq: R LA
0=k~ Tr(K)"+  Der(K)" | KIKE) (kKK
O=x’>-2(a+a)x+(a+a) —(a+e™a)a+e ™a) »
0=k —2(a+a)k +(a+a) — a’—a’—2aacosk _| ate  Aarera)

) _ _ (a+e™a) ata
O=x"—-2(a+a)x+2aa(l-cosk, )

Eigenvalues:

Kza),f =Q+5i\/g2+ 2aacosk, +a’

m
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C>4 lattice reduced to Ci2 symmetry

(Oz (D2
Fig. 2.7.7 PSDS
IIIIIIIIIH lll;lllflf"l 1A VB b i UG RTT RO _..__.!L ,}‘g > !gﬁ,
33, ,38 A [ ¥ ::-—:—jz OPTICAL b 5
g IR (ot B e ~hnes B0l SCEE 4 |
1§ -] S T i T BT B & e e e T e S
ot 4 o i
b b -
g bk [N
i ) S SEE
34 ) Lo
: 1? O: ! L==‘=\\ \\\\\ , & o ! o &1
°i| :6¢ \\\\ ———‘-—'—""L)——{‘ x \ ~7 1
o 0b = _ ACOUSTICAL
2 be it TR cmphal TR 9 f 9 9 e ¥
-2="€T Kg=-Tc 238. K6=Tt 12 5 R bCA T R D S, S, Dl |
Ll e rdad vhuy BEriigal
{12 -0 -8 -6 4 2 012345678910 12 2
. AT / @ SPECTRUM w? SPECTRUM
IRDXn  of Cp FOR C,,SYMMETRY  FOR C,, SYMMETRY

Figure 2.7.7 Band splitting due to C,,~C,, symmetry breaking.

(k. Kk, ) (kKK

Eigenvalues: ¢
<K> ' = 4 ’ /
K=, =g+c_zi\/gz+2c_zgcoskm +a’ (ki |K|k,) (k,|K|k,)
B at+a (a+e™a)
- (a+e™a) a+a
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C>4 lattice reduced to Ci2 symmetry

w? w?
Fig. 2.7.7 PSDS
IIIIIIIIIII IIIIIIIIII '8 o ' ! ?
33, oS il o1 T RN TREY T
be Mg et~ o — BAND |
é.lq |é'> 8 ,’,’,//g_——--——_’"'-(!‘* z 47y 8 ! 8—
k 5 Ll S TAN 25 '
X : ) . =
b b e
: | i o
| 9 o P\
153 ') Ny YA
é:? :' LJ=\\\\\\\ ______—___? -~ £™4 .?\ Ay ’”~
i 0 b N
éo r.i_s‘\ 3 ACOUSTICAL
@ §_~‘~ e BAND
K.‘2='2n K.g=-TC K|2=2n ::::::.. ——— - - . .. ..'?y-—a!—-(g——!L ‘!‘ 4!
S e s
12 70 -8 -6 -4 2
. w SPECTRUM w2 SPECTRUM
IRDKn  of Cjp FOR C,,SYMMETRY FOR C,, SYMMETRY
Figure 2.7.7 Band splitting due to C,,~C,, symmetry breaking.
Eigenvalues: <K>k’“ <km|K| km> <km|K| k;;>
K=, =g+c_zi\/gz+2c_zgcoskm +a’ (k| Klk,) (k. |K|k;,)
at+a (a+e™a)
(a+e™a) a+a
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C>4 lattice reduced to Ci2 symmetry

w? w?
Fig. 2.7.7 PSDS
IIIIIIIIIII IIIIIIIIII '8 o ' ! ?
33, En e o R ) 1 S TR T
5 S BAND |
I.I' |é'> 8 ,’,’///g_——-__’"'-(!‘* z 47y 8 ! 8—
| ¥ ¢ 4
i ¥ i S04
5 b ot
I | \\
: ? Io: :;\\ \\
153 ') NG
o9 ¥ e SN DR e o %P
i 0 b N
éo r.i_s‘\ 3 ACOUSTICAL
@ §_~‘~ e BAND
K.‘2='2n K.g=-TC K|2=2n ::::::.. ——— - - . .. ..'?y-—a!—-(g——!L ‘!‘ 4!
O e T s
42 70 -8 -6 -4 2
. W SPECTRUM w2 SPECTRUM
IR DXn of C;» FOR C,4 SYMMETRY FOR C,, SYMMETRY
Figure 2.7.7 Band splitting due to C,,~C,, symmetry breaking.
Eigenvalues: <K>k’“ <km|K| km> <km|K| k;;>
K=, =g+c_zi\/gz+2c_zgcoskm +a’ (k| Klk,) (k. |K|k;,)
at+a (a+e™a)
(a+e™a) a+a
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Breaking Con cyclic coupling down to Cy symmetry
Acoustical modes vs. Optical modes

» Intro to other examples of band theory ‘

Type-AB avoided crossing view of band-gaps
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Intro to other examples of band theory

k _a'--no

?_.____

lllllllllll’

Fig. 2.12.1 PSDS

Figure 2.12.1 C,, “clocktane” potential wells and energy levels. (a) Zero potential gives
Bohr orbital levels. (b) Weak potential gives small and-gap splittings at (m) = 6,12,. ..
Strong potential gives tightly clustered bands and wide gaps. (Splitting of clusters is

exaggerated for clarity.)
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Intro to other examples of band theory
Crossing equations for a pair of humps
R"etkx [ 1o-ikx R2'ei€x+L2'e-iﬁx R, 'ei€x+L]'e-i€x Reikx 1 [ o-ikx

A
< 7 > 7
< > : < >
x=b r=d x=b Xx=d Fig. 14.1.7 Second (E= 6.117) resonance in L=0.5 well
Fig. 14.1.5 Cy-symmetric double barrier . | between l:”fo wzft£ﬁ=0.5 bar rer s(V=25).
B
................ 44.7 gﬁ-?
o el2kLZ2 +€_12kA€2 _l-g(e—ﬂkb%* +e—z2ka %) » ;
o . . . R | S I 40.0 ;::__Eu_ﬁ
L izé(eszb o+ 2k %*) gL 52 4 pi2HAE2 L %
.. . . : ) 5:2__5.5
X = cosh XL - i sinh 2B sinh XL, and: ¢ = cosh 2B sinh kL = . |
................ . g
I(x k) K*+k . I(x k) k*—k T e
COShZﬁ:— — 4+ — =, Slnhzﬁ:_ _—— | = —_— i 30.}3 :
2\k «x 2kx 2\k «x 2kx
i.63
o 250
ey

N
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Intro to other examples of band theory

C3—barrier —C”.C’.C
~ eikLZ* _l-e—ik(a”+b”)§ ] ( eikL%* _l-e—ik(a’+b’)fg' ] [

il (@b g ey i@+ g ey

Crossing equations for three humps

Fig. 14.1.10 Triple-barrier double-well potential

B E—
AB
<> E
x=b" a" b'" a b a

F13.5
| Resonance

() Resonance

| "Resonance || Doublet
Doublet

11.54

(D"

%_ 0)" F

| ]
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Intro to other examples of band theory

Bohr-It simulations assume ring-periodic-boundary conditions

N=3

o

o o ] S i

i I / ¥

_'_'_'_._._._. - [r— II-II'-I|'-I|'-II'-_'_
IR 0 _/ Ay 7| A

Fig. 14.2.8 Multiplets for V=>3.

(W=15nm well ,L=5nm barrier) for (N=3)-ring and (N=6)-ring.
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Intro to other examples of band theory

Bohr-It simulations assume ring-periodic-boundary conditions Band-It simulations line-non-periodic scattering conditions

vs. N=2 line

i .
: ) "
ﬁﬁt( 14.0 o
e / =_____,~,_;ﬁ 2 : . 13.0
Lo e 7 : : 12.0
(2) lo :, Ry e [:2} o ir S £ (I?) ls ;. cevabfin Elpg 101 (2°)
i Ep4f VO 00
o "ml' TEH l'm:' orphe g 82 2h
i Ay i i 7 I, II 7 E7O
i 0 & |z |7 A /2 Y A N 7 g Ly | B0

Fig. 14.2.8 Multiplets for V=>3.

Fig. 14.2.9 (N=6)-ri d (N=2)-li tential.
(W=15nm well ,L=5nm barrier) for (N=3)-ring and (N=6)-ring. ‘& (N=0)-ring and (N=2)-line potentia

(V=3, W=15nm well ,L=5nm barrier)
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Breaking Con cyclic coupling down to Cy symmetry
Acoustical modes vs. Optical modes
Intro to other examples of band theory

» Type-AB avoided crossing view of band-gaps ‘
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| X up) | X down)

Fig. 2.12.7 PSDS Pure Type-B
(H)= ( st ) Hamiltonian
‘ =S H NH3 (Ammonia)
72
) | X up) | X down )
= o i,
v2 H¥S N
1, - O/<< i
2\ —° C%D
J2
C}, Reflection Symmetry Broken Symmetry
ISI>0 $=0

~N
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4 [X up) | X down) - N\

Fig. 2.12.7 PSDS gt | Pure .Type. B

(H)= (_s H] Hamiltonian

: NH; (Ammonia)

I X up) | X down )
H¥s ™
Cj, Reflection Symmetry Broken Symmetry
ISI>0 S

\ 0 )

Type-AB Hamiltonian
I Xup) |Xdown) . ;
NH3 (with applied E-field)

& H+pE —S IX up)
| X down ) (H)= (-S H—peE /

B TR S T Resulting hyperbolic
Fig. 2.12.8 PSDS >l - :
avoided-crossing

p-E

| X down )
p:E<O0 Ch pE>O0
Broken Reflection Broken
Symmetry Symmetry Symmetry
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Transform H(A- basis) into H( B — basis 4 I X up) | X down ) = )
% ( ) ( ) Fig. 2.12.7 PSDS a i ) Pure Type-B
[1 1 ] (1 1 ] aw- (& ) Hamiltonian
1 -1 +4 B 1 -1 * NH; (Ammonia)
J2 B -4 V2 7 RO 2
:l‘.-': s =1 | X up) | X down )
_1p 1 +4 B 1 1 w V2V KRS N
b T g
v2 H_sS
_ 1| +4+B B-4 11 (J;)
2\ +4-B B+ 4 1 -1
_ l 2B 24 Cj, Reflection Symmetry Broken Symmetry
7 24 _2B \ ISI>0 S=0 y
) B A o s Type-AB Hamiltonian
= 4, = | ::" : X o\ NH; (with applied E-field)
= P = IX up)
(H)= P
Review of
Lecture 10
p. 65 to 73
TR 0 Tl Resulting hyperbolic
Fig. 2.12.8 PSDS >l - :
avoided-crossing pE

| X down )
P E< 0 Ch P E>0
Broken Reflection Broken
Symmetry Symmetry Symmetry
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. . . . +4 B
A to B to A Symmetry breaking described by hyperbolic eigenvalues of Aa 4 "‘BO‘B:H:( P }
H :[ +; B } Secular equation: e’ —O-es‘—(A2 +B? ) gives hyperbolic energy levels: € =+V A + B?
H( B — basis) H( A - basis) - ~ — ~
0.0 -0995 =y 0995 0.1 =(x]
[ 1o ) 11 ) " Energy ) v
[? ? ]: 1 -1 [+A B j 1 -l N[y Frequency Here we display
? 2 \/5 B -4 \/5 Ix) Eigenvalues $T|x) eigenvalues and
=1( 11 ][ 4 B [ b ] ; %\g‘ﬁ eigenvectors while
2l a0 s -4 L1 4

1 +4+B B-4 11
+4A-B B+ A4 1

_ 1( 2B 24
2\ 24 -2B

Neoative E
[=)

CIN2 12

=(Ol

11)=|N- HmZHN dx@

holding B constant
and varying A.
Obviously it can be
done vice-versa and
with varying C, too.

Positive E

=|1 -2
| m>%

Fig. 10.3.2 Ammonia (NH3) inversion states
(a) Base states (b) C»-Eigenstates

Review of
Lecture 10
p. 73

H+pE -S Zero |E B
S o pE (A=pE)-Axis
_ (A(<<B) B } A B _ Ac>B) B (Applledﬁeld)
B Desp) g B A | 3 B bp(<<B) )
. N
—3
—

O
or

13

up”
> W)
< )
0995 0.1 =(x]

\\
/\@

A2

A2 =)

Fig. 10.3.1 (b) Wigner avoided level crossing. (Fixed tunneling

66dn’,
ly)

,ﬁ\ﬂ\ ‘
J

:0.1 0.995

-
=
and variable A-D=pE field.)
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» Finally! Symmetry groups that are not just Cy
The “4-Group(s)” Dzand C>, ‘
Spectral decomposition of D;
Some D> modes

Outer product properties and the Crystal-Point Group Zoo
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Finally! Symmetry groups that are not just Cy
(And some that are)

S ()

D 3 CGV
Cay Dgh
D34
C3h o~ C3 X 02
> D3h

ORDER OF GROUPS

Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are
Abelian and are illustrated by models drawn in circles.
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Finally! Symmetry groups that are not just Cy
(And some that are)
Starting with D;

® l"“\ Cep ~ C3 X Cy X Cy
(N s

D3 c6v
Cav Deh
D34
C3h ~ C3 X 02

|!"

b sedirard o i s ol o ono e o

1 2 3 4 6 8 12 16 24 48
ORDER OF GROUPS

Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are
Abelian and are illustrated by models drawn in circles.
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T T Finally! Symmetry groups that are not just Cy

< (And some that are)
I-IIl Starting with D and Con and Coy

Cy X Cp
o %
Dg T4
: Cs o C3 X C2
l'r“\ Csh r~ C3 X c2 X Cz
Fig 2.11.1 PSDS
c
D3 6v
Cay Dgh
D3y
C3h ~ C3 >4 02
b iy
1 2 3 4 6 8 12 16 24 48
ORDER OF GROUPS

Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are
Abelian and are illustrated by models drawn in circles.
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D> Symmetry (The 4-Group)

Z AXIS

Fig. 2.1.1 PSDS

Fig. 2.1.2 PSDS

POSITION

»

1 : THE ORIGINAL POSITION Don’t touch the fan blade.
R,: THE HALF-TURN POSITION  Rotate it by 180° around its axle

or the z axis.
R,: THE OVERTURNED POSITION Overturn it 180° around the y axis.
R,: THE FLIPPED POSITION Flip it 180° around the x axis.

HALF TURN
POSITION

T IRy

OVERTURNED
POSITION

Ry

FLIPRED
POSITION

Ry
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D> Symmetry (The 4-Group)

Z AXIS

1 : THE ORIGINAL POSITION Don’t touch the fan blade.
R,: THE HALF-TURN POSITION  Rotate it by 180° around its axle

or the z axis.
R o THE OVERTURNED POSITION Overturn it 180° around the y axis.
R,: THE FLIPPED POSITION Flip it 180° around the x axis.
Fig. 2.1.1 PSDS
Fig. 2.1.2 PSDS HALF  TURN
POSITION
: le>=Rz| 1>
POSITION
)
OVERTURNED
D> Product table POSITION
I B|RER Ry =Ry|1)
X y z
fe B | RER
R R | B
y z X
R’ B R g El FLIPPED
POSITION
Ry =R.|1)
65
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D> Symmetry (The 4-Group)

Z AXIS

1 : THE ORIGINAL POSITION Don’t touch the fan blade.

R,: THE HALF-TURN POSITION  Rotate it by 180° around its axle
or the z axis.

R,: THE OVERTURNED POSITION Overturn it 180° around the y axis.
R,: THE FLIPPED POSITION

Flip it 180° around the x axis.

Fig. 2.1.1 PSDS
Fig. 2.1.2 PSDS A
POSITION
: le>=Rz|1>
POSITION ~ £ SR YR
> ~ e
OVERTURNED
D; Product table Most impgrl‘anl‘: R POSITION
1 R 1r r | TheCPT subgroup Ry =Ry|1)
X y z
of Lorentz Group
- B RER
1€ FP-2E
ol | L C tlTh
Ry- B | R 2l P TETSC FLIPPED
T PG POSITION

R =R.J1)
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Finally! Symmetry groups that are not just Cy
The “4-Group(s)” Dzand C»,
Spectral decomposition of D; ‘
Some D> modes
Outer product properties and the Crystal-Point Group Zoo
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D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations:

2'1=0, Ry2'1=0.
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D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2.1=0, R,>-1=0.
+ 1 + P+ — 1 + Ry
P’ = 5 reducible y ?
1— projectors _ 1-R
P = P, =
2 o2

Thursday, March 5, 2015

69



D> spectral decomposition: The old “1=1°1 trick” again

Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
1+R
1+ + _ y
P’ = 5 reducible P, = )
1— projectors _ 1-R
P -——— Pl =—>
2 o2

1 =p*+pP~ Completness 1 =P +P]
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D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2.1=0, Ry2-1=0.
P’ = > reducible Py =—
_ rojectors 1-R
P_ _ 1 p .] P_ _ y
2 g 2

1 =P"+P- Completness
Spec.decomps g —p+_p-
y Y y

71
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D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
1+ N 1+ Ry
+ . —
P = 5 reducible P, )
_ rojectors 1-R
p_ 1 proj p-_ )
2 Y 2
1 =P"+P~ Completness 1 =P +P]
_pt_p- Specdecomps p _pt_p-
Y y Y

The old “1=1¢1 trick” 1=1-1=(P"+ P7 )-(P} + P |=PT-B} + P -B + PT-P[ + PP, gives irrep projectors

y
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D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
P’ = 5 reducible P, = >
_ rojectors 1-R
p— 1 Proj P - )
2 Y 2

1 =P"+P~ Completness 1 =P +P]
_pt_p- Specdecomps p _pt_p-
B S B

The old “1=1e1 trick” 1=1- 1=(P++P_) (P +P) Po-P +P P +P"-P +P -P  gjves irrep projectors
) v (1+ )-(1+Ry) 1
P =P -Py= 7 :Z(1+ +Ry+RZ)
P +:P‘-Py+=(1_ 2):(21+Ry)=%(1— +R —R_|
P —EP+-P;_(1+ 2):(21_Ry)=i(1+ -R,-R_|
P —EP‘-P;=(1_ 2):(21_Ry)=i(1— -R,+R_|
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D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
P’ = 5 reducible P, = >
_ rojectors 1-R
p— 1 Proj P - )
2 Y 2

1 =P"+P~ Completness 1 =P +P]
_pt_p- Specdecomps p _pt_p-
B yo Ty Ty

The old “1=1e1 trick” 1=1- 1:(P++P‘) (Py++P) P"-P"+P P +P
+_pt ot (1+ )'(1+Ry) 1
P =P -Py= 7 :Z(1+ +Ry+RZ)
P +:P‘-Py+=(1_ 2):(21+Ry)=%(1— +R, -R ) !
P —EP+-P;_(1+ 2):(21_Ry)=i(1+ -R,-R_|
P —EP‘-P;=(1_ 2):(21_Ry)=i(1— -R,+R_|

(completeness is first)

=(+DP "+ HDP T+ HDP T+ (+DP
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D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
P’ = 5 reducible P, = >

b 1— projectors p-_ I-R
2 4 2

1 =P"+P~ Completness 1 =P +P]
_pt_p- Specdecomps p _pt_p-
B yo Ty Ty

The old “1=1¢1 trick”’ 1=1- 1=(P++P‘).(P;+P;)=P+.P;+P‘.P;+P+
bt _pt P+—(1+ )-(1+Ry)_1
=P -P = 7 _Z(1+ +Ry+R )
Pi=p .p (1- 2):(21+Ry)=%(1— +R, -R ) !
P —EP+-Py‘_(1Jr 2):(21_Ry)=i(1+ -R,-R_|
P —EP‘-P;=(1_ 2):(21_Ry)=i(1— -R,+R_|

P, +P P gives irrep projectors

(then R _eigenvalues)
=(+DP "+ HDP T+ HDP T+ (+DP
=(+D)P "+ (=DP "+ HDP " +(-DP
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D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
P’ = 5 reducible P, = >

b 1— projectors p-_ I-R
2 4 2

1 =P"+P~ Completness 1 =P +P]
_pt_p- Specdecomps p _pt_p-
B yo Ty Ty

The old “1=1°1 trick” 1
(1 +

p_;b—l
4+ -
7~

A
<

1- R +R

P ;2 T
prappr o 2):(2”‘9):5(1_ R, -R_) !
AT YR

o (1- 2):(1‘1%) | )

(\O
Ny -

(...and so forth)
=(+DP "+ +DP T+ HDP T +(+DP
=(+DP "+ (=DP "+ HDP +(-DP

R =(+D)P TH+HDP T+ (-DP T+ (=P

R_=+DP "+(-DP "+(=DP"~ +(+DHP ~
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D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
1+ . 1+Ry
P’ = 5 reducible P, = )
_ rojectors 1-R
p_ 1 proj p-_ )
2 Y 2
1 =P"+P~ Completness 1 =P +P]

_pt_p- Spec.decomps R, = Py+ P

The old “1=1e1 trick” 1=1-

[—
[—
I
=
+
+
~
-t
+
<
I
.-
+
.-t
+
~
-
+
o
+
<
+
~
<
7.
<
N
75}
3 .
N
AN
3
<,
N
o
o~
Q
5

1+ 11+R
P+EP+°P+:( )( y)=1(1+ +R +R)
Y 2-2 4 Y ‘ (completeness is first)
i +EP_.P+:(1_ )-(1+Ry):l(1_ /R -R.) 1 =(+DP ™ +(+DP t+ (P +(+1)P
’ 2:2 4 S =(+D)P T+ (=Pt +(+)P T+ (=P "
(1+ )'(I_Ry) 1 + t - -
P =P P = — :Z(H ~R,-R_) R, =(+DP " +(+DP +(-DP ~ +(-DP
(1- )-(I—R ) { R_=+DP "+(-DP "+(=DP"~ +(+DHP ~
P =P .P = “=—(1-R -R +R_]
u 2.2 4 yooE C,xCy |11 R 1] 1R, R,
C |1 C) |1 R . 1 1 1 1
X 11 1 F 4 1 1 1 1
N — D) (D
1

Shortcut notation for getting D, character table

(1)

(1)
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D> spectral decomposition: The old “1=1°1 trick” again !
Two C> subgroup minimal equations and their projectors:

2 1=0, R 1=0, CxG |11 k1R, KR,
e B B N B 1
1+ , 1+R) =+ |11 -1 1 1
P’ = 5 reducible P, = 7 S 5 T % IR YRS ) IR BT
1— projectors 1-R — -1 A=) —1-(=1)
P = P = .
2 g 2 D, |1 R, R,
1 =P"+P- Completness 1 =P +P] IR R R B S R
= 1 -1 1 -
_pt_p- Spec.decomps R =P P T o
—]1 -1 -1 1
The old “1=1e1 trick” 1=1- 1=(P++P_) (P +P ) Po-P +P P +P"-P +P -P  gjves irrep projectors
1+ 11+ R
P+EP+'P+:( )( y)=1(1+ +R +R) |
Y 2-2 4 Y ‘ (completeness is first)
1-1 ) {1+R 1 =+DP "+ )P T+ (+=DPT +(+)P
I (A y)zg(l_ I (+DP T+ (+DP T+ (+DP (4]
22 4 —(+D)P T+ (=DP T+ ()P + (=P "
P =pt.p- (1 )'(I_Ry)—l(n -R -R ) R =(+DP "+(+DP "+ (=P ~+ (=P ~
- y o 2.9 4 y
(1- )'(1—Ry) { R_=+DP "+(-DP "+(=DP"~ +(+DHP ~
P =P P = =—(1-R_ -R +R)
u 2.2 4 C,xCy |11 R 1] 1R, ‘R

G

G

Y

4
+

-1 -1
-1 -1

-1

-1

Shortcut notation for getting D, character table

p—t |t

11D
1] 1D

(1)
(1)
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G, |1 Gl KR,
D> spectral decomposition: The old “1=1°1 trick” again X 11
Two C> subgroup minimal equations and their projectors: [
C,xCy |11 1| 1R, R,
2.1 = 2.1 =
_1—0, Ry'l_O. + -] | 1 -]
= |11 1] 11 1
1+ N 1+ Ry
P = : P’ = - D D
5 reducible y ) o ULy -1
_ rojectors 1-R
P—zl el P = 2y D, |1 R, R,
+2 P =4 (1 1] 1 1 Note
+ — Spec.decomps _pt_p- _ . B notation
—P —P P P R =P -P =B |1 1 |-1 -l
—=B, |1 -1|-1 1

The old “1=1°1 trick” 1

— 4
+ -
~
<

P+Ep+.p;:(1+ 2)2 )=i(1+ +R 4R )
poppr 2):(2”‘9):5(1_ R, -R.)
TS ST
T L ;i(z“Ry)zi(l_ R+R)

C, C,)

1

(completeness is first)

=(+DP "+ +DP T+ HDP T +(+DP
=(+D)P "+ (=DP "+ (+DP " +(-DP

R =(+D)P TH+HDP T+ (-DP T+ (=P

C, ><C2y

1-1 1] 1-R
y

R_=+DP "+(-DP "+(=DP"~ +(+DHP ~

‘R
Y

4
+

-1 -1
-1

-1
-1

Shortcut notation for getting D, character table

11D
1] 1D

p—t |t
k.

(=D

(1)
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Finally! Symmetry groups that are not just Cy
The “4-Group(s)” Dzand C»,
Spectral decomposition of D;
Some D> modes
Outer product properties and the Crystal-Point Group Zoo

Thursday, March 5, 2015

80



& et~ o o TG

e o S W

Q XN O o

B A ey

Fig. 2.8.1 PSDS

A= —(k,cos*(a,b) + k, + k. cos*(b,c))/m,
a= —k,cos*(a,b)/m,

c = —k,cos*(b,c)/m.
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le41) = |el) = PY1)W4 = (1) + |2) + 13) + |4)) /2,

leB2) = |e?) = P2 1)V4 = (I11) — |2) + I3) — 14)) /2,

leB1) = |e3) = P3|1)V4 = (1) + 2) — [3) — |4)) /2,

led2) = le*) = P41)W4 = (11) — [2) — I3) + |4)) /2,

(A+a+btc) 2

(A—a+b—c)"5

Fig. 2.8.2 PSDS

(A+a—b—c)”2

(A—a—b-l-c)%
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Finally! Symmetry groups that are not just Cy
The “4-Group(s)” Dzand C>,
Spectral decomposition of D;
Some D> modes

» Outer product properties and the Crystal-Point Group Zoo ‘
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Crystal-Point Group Zoo

having 32 groups
(Showing
16 Abelian
Crystal Groups)
Dy ~Cy X €, D24
Fig. 2.11.1 PSDS = Cay
Cop, ~Co X Cy

WAL
Abelian .‘ \
means ﬂ‘\

all its elements
commute

D3
c3v

C3h o C3 X Cz
>
I

bis 2edetards o o ooft e

1 2 3 4 6 8
ORDER OF GROUPS

The other 16
crystal-point groups
are

Dan Non-Abelian

T Th
o %
T4

Con =3 2% %2 Non-Abelian

i

means
some elements
do not commute

Deh

Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are

Abelian and are illustrated by models drawn in circles.
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having 32 groups
(Showing
16 Abelian
Crystal Groups)

Fig. 2.11.1 PSDS

\ :
Abelian .‘

means
all its elements
commulte

Crystal-Point Group Zoo

From Lecture 12.6 p. 134
Character Trace of
n-fold rotation
where: =2j+1
is U(2) irrep dimension

S 2%
2 D \ | :
£ T h
C3i C3 X Co

or CVQ]

N
N

Csh~C3XC2XCZ

i

Non-Abelian
means
some elements
do not commute

D3 c6V
Cay Dgh
D3y
C3h ~ C3 >4 c2
St o
3 4 6 8 12 16 24 48
ORDER OF GROUPS

Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are
Abelian and are illustrated by models drawn in circles.

]

) sin£(2j+1) sin%
777): n _ n
. U . U

sin — sin —
n n

Cap, ~Cq X C2
The other 16
crystal-point groups
are

Dy ~Cy X Cy Dag o ]M—Abelian
S Cav
/_ Cop~Cy XCyp
ﬂ:ﬂ Do~ Cy X Cy X Cy \_
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Thursday, March 5, 2015

Abelian and are illustrated by models drawn in circles.

RY/4

sin—

Crystal-Point Group Zoo -
4 . P Cin~CaXC2 From Lecture 12.6 p. 134
havmg 32 SOt The other 16 Character Trace of
(Showing o 0 n-fold rotation
16 Abelian CryStal-point groups where. ﬂ=2j+1
are . . : :
is U(2) irrep dimension
Crystal Grouny n Non-Abelian
i D24 4 T .t
Fig. 2.11.1 PSDS . ;o sin_(2j+1) - sin= -
7 £ ( ) - T - T
s (T2~ C2%C2 n sin — sin —
, U:l:] // | Q ' 1o be a crystal-point group
6 / & ) vs the Character Ti race of
% Q \ n-fold vector rotation
0. must be an integer
Dg T4 sin—(2j+1) sin—
| (—)= = = integer
: X T T
Cpo g & sin— sin—
or C, >IN Cgn ~Cq XCy X C . n n
N , l"‘\ % " Non-Abelian e
SIn—
means ﬂ‘\ some elements
.3
all its elements do not commute sin
= D3 Cev pe =41 (n=3 ok)
commute Cs, Dg, sin
o s'n3—ﬂ:
C3p ~C3 X C2 "y =+1 (n=4 ok)
i D3n sinﬁ
I
. 3w
SiIn——
T T T T ] T T T T I == G" (n=5 NO!)
1 2 3 4 6 8 12 16 24 48 sin"_
ORDER OF GROUPS
Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are

6 — 12 (n=6 ok)
/A
Sin—
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Crystal-Point Group Zoo =i
4h = “4 2 <
having 32 groups g
(b%zowizg P The other 16
16 10 T crystal-point groups -
are
Crystal Groups . =
e Py D, ~C,p X Cy B o Non-Abelian :
Fig. 2.11.1 PSDS S .
. Cop, ~Co X Cy Fig. 2.22 PyDS
C.~C
Veanik 4 [t[] Doy~ €5 X Cy X Cy a
ﬂ:tﬂ e
/ -
,—40' ~Cy X Cp \
/ ’ ' C3i~C3 X C2 T Th |
v 0 oh
u Dg P -
Ch ot Cz :
Q] A : CG rs C3 X C2 T
oGy i) ; Cap ~Ca X Cy X C .
N ESV. l"‘\\ %" Non-Abelian
Abelian m means
means ﬂ‘\ some elements !
all its elements G do not commute
D3 v
commulte c Dgh ;
3 o Log-histogram of
Can ~C3X 2 all groups of order | ]
I'i. O3h °G=1 to 64
Abelian shown in Black
T T T T I T T T T Non-Abelian in \Whiia
1 2 3 4 6 8 12 16 24 48
ORDER OF GROUPS
Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are Group “census’”
Abelian and are illustrated by models drawn in circles. § g Nt Lt

L 1

T VLD e 9 SR VR VT GOONA VI (e |

1 23 456789 1011121314151 1718 19 202] 2223242526272829 3031 3233343536373839404| 4243444546474849505152535455565758596061626364

Order °G
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[

-

Crystal-Point Group Zoo .
having 32 groups &
(Showing

16 Non-Abelian
Crystal Groups

ry p @r

Fig. 2.11.1 PSDS
The Othel" 16 Fig.;.zz PYDS

crystal-point group 4@7
are
Abelian Clearly
most groups are
Non-Abelian
©&)
vorh
= "
Non-Abelian
Abelian means
means some elements
all its elements do not commute
S Log-histogram of
all groups of order
°G=1 to 64
Abelian shown in Black
Non-Abelian in \Whiia
Order of Symmetry Growl :
T Wl 3 8 12 6 24 48 ] .
Figure 3.1.1 Crystal point symmetry groups. Models are sketched in circles for the Groug sce«? Suf &

16 non-Abelian groups. (See also Figure 2.11.1.)
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Order °G
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Cs is product C3X Cy (but C4 is NOT Cxx Cy)

r

1'2

r-R

r’-R

(2) 1 e—27ri/3

(o)3 11
)

1 6271'1/3

1-1

8277:1/3 . 1

8_27”/3 . 1

1-1

8—27[1/3 . 1

827”/3 . 1

1-1

8277:1/3 . 1

6_27[1/3 . 1

1-1

e—2ﬂl/3 . 1

627rz/3 . 1

1-1

1-1

6—2751/3 . 1

1-1

8—27[1/3 . 1

1-1

I-(=D)

eZﬂ'i/3 . (_1)

e—27ri/3 . (_1)

I-(=D)

e—27l'i/3 . (_1)

ezﬂi/?) . (_1)
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Cs is product C3X Cy (but C4 is NOT Cxx Cy)

2

1'R

8277:1/3 . 1

[E—

¢, |1 r r?
(0)3 11 1
(1)3 1 627171'/3 e—27ri/3
(2) 1 e—27ti/3 6271'1'/3

\9]
ek

1-1

8—27[1/3 . 1

827”/3 . 1

1-1

1-1

1-1

—
= |1 H

[\

1-1

8—27[1/3 . 1

1-1

I-(=1)
I-(=1)
I-(=1)

R =

r-R r’ R
1-1 1-1
G273 o 2mil3
o2mil3 A27il3
1-(-1) 1-(-1)

e271'i/3 . (_1) e—27l'i/3 . (_1)

e—27ri/3 . (_1) ezﬂi/?) . (_1)

r-R=h r> R=W

1

1

—

1 1
ezm/s e—2m‘/3
e—2m‘/3 e2m‘/3
-1 -1
_e2m'/3 _e—2ni/3
_e—27ci/3 _eZJTi/3

Thursday, March 5, 2015

90



