Group Theory in Quantum Mechanics
Lecture 12.6 ;3.5
Symmetry and Dynamics of Cycyclic systems(contd.)

(Geometry of U(2) characters - Ch. 6-9 of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 3-7 of Ch. 2 )

Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW)
Comparing spacetime uncertainty (Ax or At) with per-spacetime bandwidth (Ak or Av)

Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
o-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
Gaussian wave-packet bandwidth and uncertainty
Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
Farey-Sums and Ford-products
Discrete Cy beat phase dynamics (Characters gone wild!)
The classical bouncing-ball Monster-Mash

Polygonal geometry of U(2)DCy character spectral function

Algebra
Geometry
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» Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW)
Comparing spacetime uncertainty (Ax or At) with per-spacetime bandwidth (Ar or Av)
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dispersion-free Ct
for this to be!
= ¢ =2.99792458-10%m/s
4 Space X _ ~3-10%m/s
AN A ~0.3 pm/fs =1 fi/ns F Jd
0.0 0.5pm 1.0pm 0.0 0.5pm 1.0pm

It helps to introduce two archetypes of light waves and contrast them.
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Time
Must be
dispersion-free ct
for this to be!
= ¢ =2.99792458-105m/s
|/ Space X - ~3-10%m/s
I o R ~0.3 pm/fs =1 fi/ns I
0.0 0.5pm 1.0pm 0.0 0.5pm 1.0pm

7 elps to introduce two archetypes of light waves and contrast them.

The first (PW) 1s a Particle-like Wave or part of a Pulse-Wave train.
The second (CW) 1s a Coherent Wave or part of a Continuous-Wave train.

(1) The PW archetype

PW amplitude 1s ZERO
everywhere except here...and here...and here...

PW amplitude... | ®
ZEROS.
...but has sharp PEAKS.
...1s best defined by where it /5.

Ideal PW shape 1s a Dirac Delta function.

..or Cosine Wave ...or Colored Wave

(2) The CW archetype
CW amplitude 1s NON-zero
everywhere except here...and here...and here...and here...

S e s
Yy ¥V W

...1s mostly NON-zero with rounded crests and troughs.
...but has sharp ZEROS.
...1s best defined by where it IS NOT.

Ideal CW shape is a cosine wave (cos(®))
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PW forms are also called

(this ®-dimension is

[\ | CW terms interfering constructively | f\
Wave Packets (WP) :> <— (narrow regions of peaks)—#> |
Since i CW term terferlng destructively i i
: wide regiQps of zeros |
they are \‘/‘C Y £ - TR
interfering ' o
sums of ;5
many

CW terms tcos(20)

(10-Cosine Waves
make up this pulse

+cos(30)

+cos(40) /

CW terms a reosty /
also called

Color Waves

+cos(60)

+cos(70)

@

or
Fourier reosty \
Spectral reos(y)
Components +eos(109)

time and/or space)
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PW forms are also called

[\ | CW terms interfering constructively | f\
Wave Packets (WP) :> < (narrow regions of peaks)— | | <+—
Since i i CW teEcﬁv;sdientzrfierir;gog_esetrgjsctively i i
: Z |
they arc A/.A/— ’ \l\ﬁ ' (this ¢-dimension is
. . \/ \/ V .\q):kx - ¢  lime and/or space)
interfering |
sums of ;5
many ... and vice-versa ...

CW terms tcos(20)

(10-Cosine Waves
make up this pulse

+cos(30)

+cos(40) /

CW terms a reosty) /
also called

Color Waves

+cos(60)

+cos(70)

or
Fourier Feoso \
Spectral +eosC
Components +eos(109)

i
T

/

CW forms can be
made artificially
from PW sums ...

va"

Ty

(this 1s digital
sampling or
digital-to-analog
synthesis.)

As we'll see, this is a terrible way
to make quantum CW...
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Two wave archetypes: Pulse-Wave (PW) versus Continuous-Wave (CW)
Comparing spacetime uncertainty (Ax or At) with per-spacetime bandwidth (Ar or Av)
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Comparing spacetime uncertainty (Ax or At) with per-spacetime bandwidth (Ak or Av)

PW widths reduce proportionally with more CW terms (greater Spectral width)

Space-time width (pulse width)

At=1

At = 1/2
At = 1/5
At =1/10
At = 1/50

(1

(2

Ve

(5

(10

(50

fundap

perio

cosine/wave

cosine wav

|
cosine w vibvv\
<>
cosine wa ef;v\m

cosine wavgs)

this dimension is ti

e

More prone
fo
interference
More

Wave-like

More
Particle-like

Less prone
fo
interference

Spectral width

(harmonic frequency range)

I CW term - Av=I1v= fundamental frequency
Av =v=1/1
‘II|||||||I‘IIIO”|||||I|2|(|)|||I||I|3I6II|IIIIAI6I||||I||50
2 CW terms ' Av=2v (up to 2nd octave)
AD :2U IZII|||||’|IIO|||||II||2|OIII|IIII|3|C|)II|||IIAI(I)H“III'SO
Av=5v (up to Sth)
S CWterms
AU :SD ] ||5||||'|I|O||||III||2|OIII|II|||3|6||||||IA-I(I)IIHIII50
Av=10v (up to 10th)
10 CW terms Il I
frrrpneneguennpennngeeengneni |||||||||||||||I|||
AL =10V 10 20 30 40 &
Av=50v
S0 CW terms T
AU :SOU ||||||II‘|II(|)||IIII|20 III|3OI|IIIIA-I6II|IIII|50

this dimension is frequency or per-time

Fourier-Heisenberg product: At *Av =1

(time-frequency uncertainty relation)
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Comparing spacetime uncertainty (Ax or At) with per-spacetime bandwidth (Ak or Av)

PW widths reduce proportionally with more CW terms (greater Spectral width)

Space-time width (pulse width)

At=1

At = 1/2
At = 1/5
At =1/10
At = 1/50

(1

(2

Ve

(5

(10

(50

cosine/wave

this dimension is time

Jundar
perio
> More prone
to
. interference
cosine wav
More
“~ Wave-like
| More
cosine WIvEY Particle-like
U5 Less prone
cosine wavgs) o
interference
/10
cosine wavgs)
w’/SO

Spectral width

(harmonic frequency range)

I CW term - Av=I1v= fundamental frequency
Av =v=1/1
‘II|||||||I‘IIIO”|||||I|2|(|)|||I||I|3I6II|IIIIAI6I||||I||50
2 CW terms ' Av=2v (up to 2nd octave)
AD :2U IZII|||||’|IIO|||||II||2|OIII|I||||3|6|||||IIAI(I)H“III'SO
Av=5v (up to Sth)
S CWterms
AU :SD ] ||5||||'|I|O||||III||2|OIII|II|||3|6||||||IA-I(I)IIHIII50
Av=10v (up to 10th)
10 CW terms Il I
frenpnenegpeenngpeennpeennpeennprneegnnnl rrrjrnni
AL =10V 10 20 30 40 &
Av=50v
S0 CW terms T
AU :SOU ||||||II‘|IICI)I|IIII|20 III|3OI|IIIIA-I6II|IIII|50

this dimension is frequency or per-time

Fourier-Heisenberg product: At *Av =1

(time-frequency uncertainty relation)

or this dimension is space...

if this d

imension is wavenumber or per-space...
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Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
o-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
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O()—Squa]/‘e Well PE versis BOh]/' rotor Fig. 12.2.6 Comparison of eigensolutions for
(b) Bohr Rotor (a) Infinite square well, and (b) Bohr rotor.
From QTCA Unit 5 Ch. 12

m=0, £1, £2, £3,...are momentum quanta
W W in wavevector formula: k,=27mm /L

(on=m  if- L=27)

(a) Infinite Square Well

LE2W

degenerate

singlet (non-

standing
sine waves

sin(nd)
n=>2

allows moving waves
eti®=cos(nd)=+i sin(nd)

¢ = ¢=0
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OO—Squal/'e Well PE versSius BOh]/' ]/'OtOI/’ Fig. 12.2.6 Comparison of eigensolutions for

(a) Infinite Square Well (b) Bohr Rotor (a) Infinite square well, and (b) Bohr rotor.

From QTCA Unit 5 Ch. 12
m=0, £1, £2, £3,...are momentum quanta

LE2W

8 W W- in wavevector formula: k,=27mm /L

[ N

S (km=m if: L=2m)

72 TR
+7/2

1/4

singlet (non-

Imagining
"wrap-around"
(-coordinate

standing
sine waves

sin(nd)
n=>2

allows moving waves
eti®=cos(nd)=+i sin(nd)
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o-Square well PE versus Bohr rotor

(a) Infinite Square Well (b) Bohr Rotor
LE2W
2 w- w-
S
3 .
S
o0
=
3 ¥
E
2 S

standing
sine waves

sin(nd)
n=>2

allows moving waves
eti®=cos(nd)=+i sin(nd)

Fig. 12.2.6 Comparison of eigensolutions for

(a) Infinite square well, and (b) Bohr rotor.

From QTCA Unit 5 Ch. 12

m=0, £1, £2, £3,...are momentum quanta
in wavevector formula: k,=27mm /L

(n=m if L=2m) o
—rt/2 —1n

Imagining
"wrap-around" |
¢-coordinate |
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OO—Squal/'e Well PE versSius BOh]/' ]/'Otgl/' Fig. 12.2.6 Comparison of eigensolutions for

(a) Infinite Square Well (b) Bohr Rotor (a) Infinite square well, and (b) Bohr rotor.
From QTCA Unit 5 Ch. 12

m=0, £1, £2, £3,...are momentum quanta

LE2W

8 w- W- in wavevector formula: k,=27mm /L

[ N

S (km=m if: L=2m)

72 TR
+7/2

singlet (non-

Imagining
"wrap-around"
(-coordinate

standing
sine waves

sin(nd)
n=>2

allows moving waves
eti®=cos(nd)=+i sin(nd)
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OO—Squal/'e Well PE versSius BOh]/' 7‘0{0]/’ Fig. 12.2.6 Comparison of eigensolutions for

(a) Infinite Square Well (b) Bohr Rotor (a) Infinite square well, and (b) Bohr rotor.

From QTCA Unit 5 Ch. 12

m=0, £1, £2, £3,...are momentum quanta
W W in wavevector formula: k,=27mm /L

(om=m  if- L=27)

LE2W

-1/4 =TT+

degenerate

singlet (non-

Imagining
"wrap-around"
(-coordinate

standing
sine waves

sin(nd)
n=>2

allows moving waves
eti®=cos(nd)=+i sin(nd)
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OO—Squal/'e Well PE versSius BOh]/' rotor Fig. 12.2.6 Comparison of eigensolutions for
(b) Bohr Rotor (a) Infinite square well, and (b) Bohr rotor.
From QTCA Unit 5 Ch. 12

m=0, £1, £2, £3,...are momentum quanta
W W in wavevector formula: k,=27mm /L

(on=m  if- L=27)

(a) Infinite Square Well

LE2W

degenerate

En= (hikn)?/2M = m?[h?/2ML?]
= m? hv; = m? ho;

singlet (non-

standing
sine waves

sin(nd)
n=>2

allows moving waves
eti®=cos(nd)=+i sin(nd)

¢ ¢=0
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OO—Squal/'e Well PE versSius BOh]/' ]/'OtOI/’ Fig. 12.2.6 Comparison of eigensolutions for
(b) Bohr Rotor (a) Infinite square well, and (b) Bohr rotor.
From QTCA Unit 5 Ch. 12

(a) Infinite Square Well

LE2W

W W in wavevector formula: k,=27mm /L
(km=m if> L=2m)

degenerate

En= (hikn)?/2M = m?[h?/2ML?]
= m? hv; = m? ho;

singlet (non-

standing
sine waves

sin(nd)
n=>2

allows moving waves
eti®=cos(nd)=+i sin(nd)

Jundamental Bohr /—frequency
W; =27V,
lowest transition (beat) frequency
0 0=0 V; =(E-Eo)/h (Eois defined as zero)

m=0, £1, £2, £3,...are momentum quanta
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Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
o-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
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o-Square well PE (The story of prisoner-M)

Boundary conditions: k,W=nx or: k, =nt/W

Ereres eionfimetions. <x‘en>:1//n(x)=Asin(knx)zAsin(m%) (1-1,23,.0)

n=3 3%¢,

n=2 2%,

n=1 1281

HII|IIIII|I_I!II|IIIII:_!__.III|IIIIII__!__lIII|IIIII_LIII|

2nd transition
energy Sg

1 st transition
("beat") energy 3¢,

2
$Zero—point energy g,= 81\1}IW2

From QTCA Unit 5 Ch. 12
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o-Square well PE (The story of prisoner-M)

Boundary conditions: k,W=nx or: k, =nt/W

Energy eigenfunctions: <x‘ 5n> =V, (x) = ASin(knx) = Asin(m%j (n=1,2,3,...oo) h=——

Energy eigenvalues: e =KE=p,"/2M=(Tky)?2M 5 5 o 2
h 2 h°nm 2 A2 A2 2 h
8 :—k f— — (1 ’ 2 ’ 3 ,...Orn )

- IM " 2 2

n=3 3%, : N 2 MW 8 MW

gﬂllil.l:l

2 2nd transition

= energy S¢;
n=>2 2281 gzn.n

= I st transition

=100 ("beat") energy 3¢,
n=1 1281 = $ : h2

= Zero-point energy g,=

SMW?

fundamental Bohr /—frequency m;=2TV;
lowest transition (beat) frequency

(0)] :(81-60)/]’! (Eois defined as zero) W =27V =27e1/h :27Ih/(8MW2)
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o-Square well PE (The story of prisoner-M)

Boundary conditions: k,W=nx or: k, =nt/W

Energy eigenfunctions: <x‘ 5n> =V, (x) = ASin(knx) = Asin(mcvx] (n=1,2,3,...oo) f = h

Energy eigenvalues: e,=KE=p,°/2M=(hk,)?/2M

2 2 2.2 2
f _hnm 2(12,22,32,...orn2) /

2 MW? S MW?
2 2 2
E,—E —
& =& _27-1" h =3 2nh2=3a)1
h no 8MW*- 8MW

From QTCA Unit 5 Ch. 12

Fig. 12.1.2 Exercise in prison. Infinite square well eigensolution combination "sloshes" back and forth.

fundamental Bohr /—frequency w;=2TV;

lowest transition (beat) frequency )
V1 =(€1-€0)/h (€vis defined as zero) W =21V =2RE 1/ :27Ih/(8MW2) Vi —h/(8MW2)
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Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
o-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)

Tuesday, March 3, 2015
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SinNx/x wavepackets bandwidth and uncertainty
5(x—-a)=(x|a)

A
—> || €—
2 Ax = 21/100

> >

AV.W)
......

0.4 0.6 0.8

Fig. 12.2.2 Ultra-thin prisoner M.

Initial wavepacket combination of 100 energy states.

From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty

6(x=a)=(xla)=%i{xle, )(¢,|a)

A

AV.W)
......

0.4 0.6 0.8

Fig. 12.2.2 Ultra-thin prisoner M.

Initial wavepacket combination of 100 energy states.

From QTCA Unit 5 Ch. 12

Tuesday, March 3, 2015 24



SinNx/x wavepackets bandwidth and uncertainty

5(x — a) = <x‘a> = Z‘,’,,°:1<x‘8n><8n a> =2X,-1a, sink x

A an= (&nlay= (2/W) sinkna (ko =na/W)

AV.W)
......

0.4 0.6 0.8

Fig. 12.2.2 Ultra-thin prisoner M.

Initial wavepacket combination of 100 energy states.

From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

¥(x)=

2 Nmax .
W % smkna smknx

AV.W)
......

0.4 0.6 0.8

Fig. 12.2.2 Ultra-thin prisoner M.

Initial wavepacket combination of 100 energy states.

From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a)=Z7.1{x]e, e,

A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 max
‘P(x) — X sink asmnk x
W
s AAA L AR s ﬁinfl dk@sinkasmkx
"""" 0.4 0.6 0.8 7 Ak

Fig. 12.2.2 Ultra-thin prisoner M.

Initial wavepacket combination of 100 energy states.

From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Nmax .
‘P(x):— >, sink asink x
W n n
n
K
2 "max  An :
AAAAAAS NAA AL %W J dkESIIlka sin kx
& 0.4 0.6 0.8 0
: n=(W/r) kn
Fig. 12.2.2 Ultra-thin prisoner M. 2 W "max : :
¢ P =—— | dksinka sinkx
Initial wavepacket combination of 100 energy states. W r 0

From QTCA Unit 5 Ch. 12

Tuesday, March 3, 2015 28



SinNx/x wavepackets bandwidth and uncertainty

3(x-a)=(x]a) = Zri(xle, e,

A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Nmax .
‘P(x):— >, sink asink x
W n n
n
K
2 "max  An
st AL AR5 %W | dkﬂsmka sin kx
& 0.4 0.6 0.8 0
- n=(W/n) kn
Fig. 12.2.2 Ultra-thin prisoner M. 2 W "max : :
¢ P =—— | dksinka sinkx
Initial wavepacket combination of 100 energy states. W r 0

‘P(x)fg nfl dksmkasmkx_l
T 0 T

njl dk(cosk(x — a)— cosk(x + a))
0

From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x) = — sSink_a sk x
W
2 Amax An :
rrrLL ALY YV — W | dkﬂsmka sin kx
’ 0.4 0.6 0.8
OK n=(W/x) kn
Fig. 12.2.2 Ultra-thin prisoner M. _ EZ r?ax dsin ka sin foc
Initial wavepacket combination of 100 energy states. W n 0
2 Kmax , . 1 K max
‘P(x) =— | dksinkasmkx=— | dk(cosk(x — a)— cosk(x + a))
T 0 T
_sin K (x-a) ~ sin K _ (xta) _sin K (x-a) s

(x-a) rt(x+a)  7w(x-a)

From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x) = e % sSink_a sk x
2 fmax  An
s AAA L AR s —>— | dk—nsmkasmkx
"""" 0.4 0.6 0.8 /0 Ak n=(W/) k
Fig. 12.2.2 Ultra-thin prisoner M. _ EZ Krrjlax dsin ka sin foc
Initial wavepacket combination of 100 energy states. W r 0
2 Rmax ™ = ] Fmax
LIr’(x) = — J dk sin ka sin kx = — j dk(cosk(x a) cosk(x+ a))
T T
_ sin KmaX (x-a) - sinK (x+a) _ sin K (x-a) oy g
(x-a) w(x+a) 77:(x Q)
"Last-in-first-out" effect. Last Kmax-value dominates and
“inside” K get "smothered" by interference with neighbors. From OTCA Unit 5 Ch. 12

Tuesday, March 3, 2015 31



SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x):— > sink asink x
W N n n
2 Bmax  Ap .
_______ _ %W | dkﬂsmka sin kx
0.4 0.6 0.
OK n=(W/r) ky
Fig. 12.2.2 Ultra-thin prisoner M. _ EZ rrjlax dsin ka sin foc
Initial wavepacket combination of 100 energy states. W r 0
-
smK__ (x-a
( ) = max or:x =a
7(x-a
"Last-in-first-out" effect. Last Kmax-value dominates and
e ey | . . .
inside” K get "smothered" by interference with neighbors. From OTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x) = e 2 sink asink x
n
2 Rmax An
'''''''' _ %W | dkA—Zsmka sin kx
0.4 0.6 0. OK n=(Wr) k
' _thin pri , 2 W “max . .
Fig. 12.2.2 Ultra-thin prisoner M _=" J dksin ka sin kx
Initial wavepacket combination of 100 energy states. W r 0
P -
( ) _sinK_ (x-a) for W(x) peaks at (x=a) and goes to zero on either side
VE T ey T at (v=a+Ax) with half-width Ax
"Last-in-first-out"” effect. Last Kmax-value dominates and
‘inside” K get "smothered" by interference with neighbors. From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x) = e % sSink_a sk x
2 fmax  An
MR TTYYe —> 7 | dkA—Zsmka sin kx
0.4 0.6 0 oK n=(W/r) k
i 2 W “max . .
Fig. 12.2.2 Ultra-thin prisoner M _c " J dk sin ka sin kx
Initial wavepacket combination of 100 energy states W r 0
P -
( ) _sinK_ (x-a) (o W(x) peaks at (x=a) and goes to zero on either side
Y)= T(x-a) of.x=d at (x=a+Ax) with half-width Ax
sim K (Ax)=0 , which implies: (Ax)K _ =*7
"Last-in-first-out" effect. Last Kmax-value dominates and
inside” K get "smothered" by interference with neighbors. From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x) = e % sSink_a sk x
2 Amax An .
UL LALT VY — W | dkA—Zsmka sin kx
0.4 0.6 0 OK n:(W/ﬂ')k
] ra-thin pri rM. 2 W “max : .
Fig. 12.2.2 Ultra-thin prisoner M _<cw J dsin ka sin foc
Initial wavepacket combination of 100 energy states. W r 0
P -
( ) _sinK_ (x-a) for ¥ W (x) peaks at (x=a) and goes to zero on either side
r)= m(x-a) or. x=d at (x=a+Ax) with half-width Ax
sin K_ . (Ax)=0 , which implies: (Ax)K_ =*m, or: Ax=x7x/K__

"Last-in-first-out"” effect. Last Kmax-value dominates and
‘inside” K get "smothered" by interference with neighbors. From QTCA Unit 5 Ch. 12

Tuesday, March 3, 2015 35



SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x) = e % sSink_a sk x
2 Amax An .
UL LALT VY — W | dkA—Zsmka sin kx
0.4 0.6 0 OK n:(W/ﬂ')k
] ra-thin pri rM. 2 W “max : .
Fig. 12.2.2 Ultra-thin prisoner M _<cw J dsin ka sin foc
Initial wavepacket combination of 100 energy states. W r 0
P -
( ) _sinK_ (x-a) for ¥ W (x) peaks at (x=a) and goes to zero on either side
r)= m(x-a) or. x=d at (x=a+Ax) with half-width Ax
sin K_ . (Ax)=0 , which implies: (Ax)K_ =*m, or: Ax=x7x/K__

Ax - |Kmax |=Ax - Ak=mn

"Last-in-first-out"” effect. Last Kmax-value dominates and
‘inside” K get "smothered" by interference with neighbors. From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Nmax .
‘P(x) = e % sSink_a sk x
2 Amax  An .
UL LALT VY — W | i dkA—Zsmka sin kx
0.4 0.6 0 OK n:(W/ﬂ,')k
] ra-thin pri rM. 2 W "ma : .
Fig. 12.2.2 Ultra-thin prisoner M _<«W J X Jlsinka sin o
Initial wavepacket combination of 100 energy states. W r 0
P -
(x) _ smK__(x-a) for ¥ ~ g W (x) peaks at (x=a) and goes to zero on either side
- m(x-a) ' at (x=a+Ax) with half-width Ax
sin K_ . (Ax)=0 , which implies: (Ax)K_ =*m, or: Ax=x7x/K__
Ax - |[Kmax |=Ax - Ak=m or: @x-Ap =nh="h/2 co-Well uncertainty relation)

"Last-in-first-out"” effect. Last Kmax-value dominates and
inside” K get "smothered" by interference with neighbors. From QTCA Unit 5 Ch. 12
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Nmax .
‘P(x) = e % sSink_a sk x
2 Amax  An .
UL LALT VY — W | i dkA—Zsmka sin kx
0.4 0.6 0 OK n:(W/ﬂ,')k
] ra-thin pri rM. 2 W "ma : .
Fig. 12.2.2 Ultra-thin prisoner M _<«W J X Jlsinka sin o
Initial wavepacket combination of 100 energy states. W r 0
P -
(x) _ smK__(x-a) for ¥ ~ g W (x) peaks at (x=a) and goes to zero on either side
- m(x-a) ' at (x=a+Ax) with half-width Ax
sin K_ . (Ax)=0 , which implies: (Ax)K_ =*m, or: Ax=x7x/K__
Ax - |[Kmax |=Ax - Ak=m or: @x-Ap =nh="h/2 co-Well uncertainty relation)

. Ax-Ak =1/2 it  p=hk
"Last-in-first-out"” effect. Last Kmax-value dominates and

“inside” K get "smothered" by interference with neighbors. From OTCA Unit 5 Ch. 12
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Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
o-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
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Wavepacket explodes!

red line— || Time given in units of period T1 (slowest phasor of ground level).

blue l[ine—Re(\V) fundamental zero-point period T1 =1/
Im(\W) \
t = 0.0004r,

t = 0.00087,

t=0.00127,

t=0.00167,

t = 0.00207,
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Wavepacket explodes!

red line— || Time given in units of period T1 (slowest phasor of ground level).

blue line—Re(V) fundamental zero-point period T =IN11s ¢ = 2r _2an
Im(D) ‘ P
t = 0.00047,

h S MW ?

CR2sMW? h

t = 0.00087,

t=0.00121,

t=0.00167,

t = 0.00207,
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Wavepacket explodes!

red line— || Time given in units of period T1 (slowest phasor of ground level).

blue line—Re(V) fundamental zero-point period T =IN11s ¢ = 2r _2an
\ w, £
Im(\) I ! )
h SMW
— . 4 = =
t = 0.00047, W
en-level classical velocity:
_do, _1de,
t = 0.00087, S
_1 A dk
Ch2M g

_ W2k, hnw  hn
2M MW 2MW

t=0.0012r,

t=0.00167,

t = 0.00207,
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Wavepacket explodes!

red line— || Time given in units of period T1 (slowest phasor of ground level).

blue line—Re(V) Jundamental zero-point period T1 =I/V118 1, = 2 _ 2nh
\ ®, €
Im(¥)  am?
MW
en-level classical velocity:
_ do, :lden
t = 0.00087, "k i
_1A" ak
Ch2M dk
_ W2k, hnw  hn
C2M MW 2MW
t= ().0012’51 en-level classical round
trip time Tn(2W)
2
Ty =2 gy MW _ AMW
" f hn hn
1 §MW*
t=0.00167, ==
t = 0.0020t,
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Wavepacket explodes!

red line— || Time given in units of period T1 (slowest phasor of ground level).

blue line—Re(V) Jundamental zero-point period T1 =I/V118 1, = 2 _ 2nh
\ ®, &
Im(0) b i
h SMW
en-level classical velocity:
_ do, :lden
t = 0.00087, "k i
1.7 ak”
h2M dk
_ W2k, hnw  hn
C2M MW 2MW
t= ().0012’51 en-level classical round
trip time Tn(2W)
T (o) = 2W o 2MW 4 MW?
" f hn hn
2
t =0.0016r, -2 -
en-level 1-way time Tn(W)
T
T W)=T,2w)/2=-L
t = 0.0020t, I»

(=0.00257, for: n=100)
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Wavepacket explodes!

red line— || Time given in units of period T1 (slowest phasor of ground level).

blue line—Re(V) Jundamental zero-point period T1 =I/V118 1, = 2 _ 2nh
Im(T) ‘ “A 2
h SMW
en-level classical velocity:
_ do, :lden
t = 0.00087, "k i
_1A" ak
h2M dk
_ W2k, hnw  hn
C2M MW 2MW
t= ().0012’51 en-level classical round
trip time Tn(2W)
7 amy=2W gy 2V _ 4MW?*
" f hn hn
t =0.0016r, -2 -
en-level 1-way time Tn(W)
\ T
) , T W)=T,2w)/2=-L
t= 0.0020’[1 Ay ) li,l\ ._'|]L' t 5&“ L_ Hl"— l 4n
- - - | \ (=0.00257, for: n=100)

"Last-in-first-out" effect (Wave is mostly wrinkles from n=100)
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Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
co-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
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Wavepacket explodes! (Then revives)

Zero-point period Ti 1s just enough time for "particle" in €x-level to make 2n round trips.

MI?
T, =2nT, (2W)= 8

In time T; ground €;-level particle does 2 round trips,
€2-level particle makes 4 round trips,
e3-level particle makes 6 round trips,..,

At time T1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,
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Wavepacket explodes! (Then revives)

Zero-point period Ti 1s just enough time for "particle" in €x-level to make 2n round trips.
8 ML*

T, =2nT,(2W)=
In time T; ground €;-level particle does 2 round trips,
€2-level particle makes 4 round trips,
e3-level particle makes 6 round trips,..,

At time T1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,

t = 1.000071,
=3.01,.., W/L'W\nﬂl 0.4 0.& 0.8
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Wavepacket explodes! (Then revives)

Zero-point period Ti 1s just enough time for "particle" in €x-level to make 2n round trips.

MI?
T, =2nT, (2W)= 8

In time T; ground €;-level particle does 2 round trips,
€2-level particle makes 4 round trips,
e3-level particle makes 6 round trips,..,

At time T1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,

But, after only 50 round-trips
M's wave does a partial revival
as 1t makes an upside down-delta
function around x=0.8W.

t =0.50007,
=1.57,_,

t = 1.00007,
=3 'OTbeat
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red l[ine—|WV|

At fractional times Ti1/n M undergoes a number of fractional revivals
: blue line—Re(V)

cyvan line—Im(\W)

t=1,/3
0.

t=1,/5

A, L e ettt

0.4 0.6 10 n.s

o " i rad b |.|._.._. e w1 LR -
0 P g A0 g e

)

0.2 0.4 ole 'fop.m
Fig. 12.2.5 The "Dance of the deltas." Mini-Revivals for prisoner M's wavepacket envelope function.

RTTAY

t="1,/7

t=1,/9
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Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
co-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
»Bohr—mtor wave dynamics
Gaussian wave-packet bandwidth and uncertainty
Gaussian Bohr-rotor revivals and quantum fractals
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Levels

for

Quadratic (Bohr-Rotor) Spectrum

(J)m:Bm2

k
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Levels

for

Quadratic (Bohr-Rotor) Spectrum

(J)m:Bm2
ky,==+m
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Possible wave velocities

for
Quadratic (Bohr-Rotor) Spectrum
0),/,1:Bm2
ky,=+m
_ Oy Bm?
Vphase— Ty o
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Possible wave velocities m=-4

for
Quadratic (Bohr-Rotor) Spectrum
ot)szm2
ky,==+m
_ Oy Bm?
Vphase— Efz =0
=mB

m=0, £/, £2, £3,...are momentum quanta
in wavevector formula: k,=2mm/L  (kn=m if: L=27)
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Possible wave velocities m=-4

for
Quadratic (Bohr-Rotor) Spectrum
ot)szm2
ky,==+m
_ Oy Bm?
Vphase— Efz =0
=mB

m=0, £/, £2, £3,...are momentum quanta
in wavevector formula: k,=2mm/L  (kn=m if: L=27)

Em= (hkm)2/2M = m2[h2/2ML2]= m? hv; = m? hay
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Possible wave velocities m=-4

for
Quadratic (Bohr-Rotor) Spectrum
ot)szm2
ky,==+m
_ Oy Bm?
Vphase— Efz =0
=mB

m=0, £/, £2, £3,...are momentum quanta
in wavevector formula: k,=2mm/L  (kn=m if: L=27)

Em= (hkm)2/2M = m2[h2/2ML2]= m? hv; = m? hay

fundamental Bohr /—frequency ®;=2TV;
and lowest transition (beat) frequency Vi =(E1-Eo)/h
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Possible wave velocities

for

Quadratic (Bohr-Rotor) Spectrum
ot)szm2
ky,=+m

_ Om Bm? W0 m2- 2
Vphase—k— = Vgroup— - = +n b

=mB =(m +n)B

Note: Vgroup usually faster than Vpuase
(That happens if we ignore Mc’ 1)

m=0, £/, £2, £3,...are momentum quanta
in wavevector formula: k,=2mm/L  (kn=m if: L=27)

Em= (hkm)2/2M = m2[h2/2ML2]= m? hv; = m? hay

fundamental Bohr /—frequency ®;=2TV;
and lowest transition (beat) frequency Vi =(E1-Eo)/h
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Possible wave velocities

for

Quadratic (Bohr-Rotor) Spectrum
(J)m:Bm2
ky,=+m

®,,, Bm? _Wy-0p _m2- n2

=_—m__""" =
Vphase Ty m ngup foky, — m +n

B

=mB =(m +n)B

Possible wave velocities

for
Linear (Optical) Spectrum
Wy, =Clmi!
Vphas.*e =+C (co-propagating) Vgroup :.'—"C
i . Verou=\pzn € - i
I N
|Illlillll|lllli III|II7’W’|||||| i|||||||||i|||||
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C,
Fourier

transformation
matrix

and

dynamics

r’ (=0

r' (¢=m

t=0

1 /4 {
revivals
or beats

1/2

3/4 ¥

Coupled Optical
Pendula E(t)
even  +45°

A | B

parm
states odd

T
“@.4»
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Fundamental Beats and 2-Level Transitions: The “Mother of all symmetry” is C)

212

0 1 .
r =0 r G=m G o

even  +45°
o 8§87
CZ

parity
states odd -45°

N
I>ga

localized X
S0

1/4 J

. \\
revivaly
or beat|

1/2

314 (%

-

Dm=2.7 D=x=2410
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Known as a
“boxcar”
spectrum

(sinNx)/x has a

“boxcar spectrum”
with very complicated
space-time revival paths
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110

1111

111

1113

114

115
110

Gaussian wave has a
Gaussian spectrum

with comparatively simple
space-time revival paths

(Gaussian wave

t=1/32

W/\\WW properties are
derived in several

'_‘ pages below...)
e L= 1100
R

t =1/200

m

)|
HH“iHIIHAm = HWeM,,,=16

—3|0—25 -20-15-10-5 0 5 10 15 20 25 3|O 35 =m

2Ax = FWeM,, f=0
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Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
co-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
Gaussian wave-packet bandwidth and uncertainty
Gaussian Bohr-rotor revivals and quantum fractals
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Gaussian wave-packet bandwidth and uncertainty

Let constant Ay be momentum-m “spread”
or uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves: .

B
W(@=0)=-= 5 e \'0) e

m=—oo

< A >
SEEEEREENEREEN
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Gaussian wave-packet bandwidth and uncertainty Let constant Ay be momentum-m “spread”

: : L. or uncertainty
Suppose we excite a Gaussian combination of Bohr momentum-m plane waves: .

< A >
’ ) LTI
i —| — | +im@ .
W(6,1=0) = 1 E ’ [Ap] Sim = 1 § . Ay Complete the square in exponent
SER) 27 p=—oo to simplify G-angle wavefunction.
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Gaussian wave-packet bandwidth and uncertainty Let constant Ay be momentum-m “spread”

. . C or uncertamty
Suppose we excite a Gaussian combination of Bohr momentum-m plane waves: l I 1

\

2 2 |||||||f°|||||
m ) | ]
| o _[AJ ] _[A} e Complete the square in exponent
¥Y(,=0)=— > e * P e’m¢ iy e P - .
2T e, 2T oo to simplify 0-angle wavefunction.
2 2 2
A A A A
— ﬁ +imo+ —pq) P ¢ Add and subtract - —pq) — —p(P
1 A 2 2 . 2 2
= E 2 e in exponent...
m=—oo
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Gaussian wave-packet bandwidth and uncertainty Let constant Ay be momentum-m “spread”

. : C or uncertamty
Suppose we excite a Gaussian combination of Bohr momentum-m plane waves: l I 1

\

V? .|||||||f°|||||.
1| = _[AJ . Complete the square in exponent
V(9. =0)=—— 3 e\ P/ " mpli -
; Y to simplify O-angle wavefunction.
2 2 2 2 2
A A A A
| e —[Z] +im¢+(2p¢] —[;gb] Add andsubtract:(zpq)] —[21)(25]
:2_ Y e p in exponent...
TT m=—oo
" LV AV 2
-| L9 - 2o - ﬂ—iiqb
] e Ay 2 2 A, 2
= E > e e Extract binomial : P
M=—oo
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Gaussian wave-packet bandwidth and uncertainty Let constant Ay be momentum-m “spread”

. : C or uncertamty
Suppose we excite a Gaussian combination of Bohr momentum-m plane waves: l I 1

\

{MT .|||||||f°|||||.
1 e~ |A. | . Complete the square in exponent
¥(,=0)=— 3 e\ P/ "M to simpli ] .
2T oo o simplify ¢-angle wavefunction.
2 2 2 2 2
A A A A
| - —[ZJ +im¢+(2p¢] —[;ﬁb] Add and subtract - (qu)] — [213(;5]
=— > e P in exponent...
2T jp=—co ,
2 2
— ﬂ—liQ) _ A_p¢ m Ap
_ |y p
- E )2 € € Extract binomial -
M—=—o0
A, 2
A[4,9) 12°
= e
2T
where. m Ay Y
— ——1 ¢
(A ¢) Z Ap 2
P’ o =.C
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Gaussian wave-packet bandwidth and uncertainty Let constant Ap be momentum-m “spread”

: : C or uncertamty
Suppose we excite a Gaussian combination of Bohr momentum-m plane waves: l I 1

\

(MT .|||||||f°|||||.
1 e~ |A.| . Complete the square in exponent
¥(,=0)=— Y e\ P/ " P 1 pon
2T to simplify 0-angle wavefunction.
2 2 2 2 2
A A A A
i o —[ZJ +im¢+(2p¢] —[ZPQZ)] Add andsubtract:(pq)] —[p(P]
B . . 2 2
_E Y e in exponent...
m=—oco
2 2 2
A A
. -| L9 - ¢ - ﬂ—i&qb
1 Ay 2 2 A, 2
— E 2 € € Extract binomial : P
Mm=—oo
2
A
dae) {3
= e
27

Where m Ap ’ k AP ’

S R A L0
A(AP’¢): 2 e g A >>1 >Jio°°dke g

M=—oo p

m=0, £1, £2, £3,...are momentum quanta in wavevector formula: k,=2mm/L (kn=m if: L=27)
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Gaussian wave-packet bandwidth and uncertainty Let constant Ap be momentum-m “spread”

: : C or uncertamty
Suppose we excite a Gaussian combination of Bohr momentum-m plane waves: l I 1

\

(MT .|||||||f°|||||.
1 e~ |A.| . Complete the square in exponent
¥(,=0)=— Y e\ P/ " 7 i 1 pon
2T to simplify 0-angle wavefunction.
2 2 2 2 2
A A A A
i o —[ZJ +im¢+(2p¢] —[2}‘)@5] Add andsubtract:(pq)] —[p(P]
B . . 2 2
_E Y e in exponent...
mM=—oo
2 2 2
A A
. -| L9 - ¢ - ﬂ—i&qb
1 Ay 2 2 A, 2
— E 2 € € Extract binomial : P
Mm=—oo
2
A
dae) {3
= e
27

where: m Ay Y N

w A i ? a2 ?
A(AP’¢): x e ’ A >>1 > |- dk e g

M=—oo p

k A
let: K=——i—L2¢ so: dk= A dK
A b 2
m=0, £1, £2, £3,...are momentum quanta in wavevector formula: k,=2mm/L (kn=m if: L=27)
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Gaussian wave-packet bandwidth and uncertainty Let constant Ay be momentum-m “spread”

: : C or uncertamty
Suppose we excite a Gaussian combination of Bohr momentum-m plane waves: l I 1

\

P .|||||||f°|||||.
W (0,1=0) = 1 § e_ Ay Jimd Complete the square in exponent
2 e to simplify 0-angle wavefunction.
2 N R
C R EURES
1 E D 2 2
=— e
2T p=—oo ,
2
o2 g
B L oo A, 2 2
2T m:z_oo © c ) Gaussian integral:
A h ’ I —y? x2+y?
A(A, 0) {%] e
= € 27 o oo 2
2m ; J FTeraras - Jm ol m
where: _[m_iqu)Jz _[k_l.qu)Jz 0 0 0
- AL 2 A
A(AP’¢): 2 e ’ A >>1 >jio°°dke g

A 2
{let: Kzi—z—qb so: dk= A dK} then: A(A ,q)):A =, dK e_(K) =A \/;
A b 2 P P
m=0, £1, £2, £3,...are momentum quanta in wavevector formula: k,=2mm/L (kn=m if: L=27)
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Gaussian wave-packet bandwidth and uncertainty Let constant Ap be momentum-m “spread”

: : C or uncertamty
Suppose we excite a Gaussian combination of Bohr momentum-m plane waves: l I 1

\

(MT .|||||||f°|||||.
1 = |a.] . Complete the square in exponent
¥(,=0)=— Y e\ P/ " P 1 pon
27 jp=—oo to simplify ¢-angle wavefungnon.
2 A 2 A 2 Ap
fgfoefifte .
=L 5 27) 2 W(p,=0) 5 —L ¢
27T p=—oo 2\/;
[ m It is a Gaussian/distribution, too
_|m_Tp
| A
- z e p
2T p=—oo
2
A(A,.0) —{ﬂ)
= e
27
where: [m A, T [ 0 A T
w 1A 39 A o ?
— P s 1 dk p
A(AP’¢) 2 e A >>1 > €

A 2
{let K—i—z—qb so: dk= A dK} then: A(A ,q)):A =, dK e_(K) =A \/;
A b 2 P P
m=0, £1, £2, £3,...are momentum quanta in wavevector formula: k,=2mm/L (kn=m if: L=27)
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Gaussian wave-packet bandwidth and uncertainty Let constant Ap be momentum-m “spread”

: : C or uncertamty
Suppose we excite a Gaussian combination of Bohr momentum-m plane waves: l I 1

\

(MT .|||||||f°|||||.
1 = |a.] . Complete the square in exponent
¥(,=0)=— Y e\ P/ " P 1 pon
27 jp=—oo to simplify ¢-angle wavefungnon.
1 o0
- Z e
2T p=—oo
1 o0
=— 2
2T p=—oo
where: [m |
oo A L
A(Ap’¢): 2oer b

A 2
{let: Kzi—z—qb so: dk= A dK} then: A(A ,q)):A =, dK e_(K) =A \/;
A b 2 P P
m=0, £1, £2, £3,...are momentum quanta in wavevector formula: k,=2mm/L (kn=m if: L=27)
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Gaussian wave-packet bandwidth and uncertainty Let constant Ap be momentum-m “spread”

: : C or uncertamty
Suppose we excite a Gaussian combination of Bohr momentum-m plane waves: l I 1

\

(MT .|||||||f°|||||.
1 la, | Complete the square in exponent
¥(o, t—O)—— S e \°P) gim ) 7 i ql pon
2T oo o simplify O-angle wavefungnon.
A
p
- o
] _ A, 0 [ 2]
Emg—ooe 2\/; ~‘~
It is a Gaussian distribution, too
oo 2
_L v | o e
271- M=—oo Ap A¢ ’,"
= e N Tl
_{ N
B © here: A = — ] AA =2
T where: A, = or: AyA
. 2 2 P
where. _[m_,-Ap¢j _[k_,-Ap ¢j Gaussian uncertainty relation
oo A, 2 A
A(Ap’¢): 2 e P NS > . dk e P (Compare to Ax - Ak=m for co-Well)

_J

m=—oo p \ \

A 2
{let K—i—z—qb so: dk= A dK} then: A(A ,q)):A =, dK e_(K) =A NT
A, 2 p p p
m=0, £1, £2, £3,...are momentum quanta in wavevector formula: k,=2mm/L (kn=m if: L=27)

= (hkn)?/2M = m?[h?/2ML?]= m? hv; = m? ho,

fundamental Bohr /—frequency ®;=2mv; and lowest transition (beat) frequency Vi =(E1-Eo)/h
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Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
co-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
Gaussian wave-packet bandwidth and uncertainty

» Gaussian Bohr-rotor revivals and quantum fractals
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Tlmert .(l-lrnl'[s of fundamental PGI‘lOd T) (Imagine "Wrap—aroglrry%d" ¢—Coordinate)

1/1 4T -
i o 0 1/4
9/10

4/5
3/4

7/10

3/5

1/

172
C()()rdlnate 0 (unlts of 27[) [Harter; J. Mol. Spec. 210, 166-182 (2001)]
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http://www.uark.edu/ua/modphys/markup/VVaveltWeb.html

Web simulation or:

http://www.uark.edu/ua/modphys/markup/WaveltWeb.html?scenario=Quantum%20Carpet

Also, try testing or else markup

Click here....

(‘Launch ) ( Fourier Control ) (Pause ) (SetT=0) (Zero Amps) T-Scale= 1 p =
O=-T ¢=0
o=0

| |

\\@Eitﬂ//

Starts with Gaussian V(o,t)

at &=0 on Bohr wave ring
that expands and “beats”

b=-T T om0

[ Iwelve (n=1Z2) osciliatol

( Twelve (n=12) oscillato

(Twelve (n=12) oscillato

( C(n) Character Table )

..then here....

d=+m

5
( Quantum Carpet )
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet

http://www.uark.edu/ua/modphys/markup/VVaveltWeb.html {_ Iwelve (n=12) osciliatol

/ / or:
Web SlmUIafZOH http://www.uark.edu/ua/modphys/markup/WaveltWeb.html?scenario=Quantum%20Carpet (T welve (n=12) oscillato)

Also, try testing or else markup

Click here....
(Launch) (Fourier Control) (Pause) (Set T-O) (Zero Amps) T-Scale:\l |[§] —— (C(n) CharacterTabIe)
..then here....

( Twelve (n=12) oscillato

b=—m b=0 O=+m

time
t=029Tmax

t=025Tmax

t:020Tmax

t=0 JOTmax
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet

time = 0.60T3/5

f
1/2

W

275
Bk
1/3

el
1/4

2

1/5
1/6
177

s
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Fourier Control ) (Scenarios )  (Pause ) (SetT=0) (ZeroAmps) T-Scale= 1 6] ——
Set this and then click here.... -

[ Quantum Carpet ﬁ)

Time Behavior | pause at End 49
Time Start (% Period) =0 [ O
Time End (% Period)= 60 p O
Del-x Width (% L) =4 [ O
Excitation (Max n) = 20 [ O
Left (% L) =0 [ O
Right (% L)=100 p =0
n-Mean (% Max n)= 0 [ O
Peak1 Mean (% L)= 50 fp =
OverAll Scale =1 [ O—
Peak2 Mean (% L)=0 [ O
Peak2 Amp (% Peakl)=o [ O

Draw Ring ¥ m/n Labels ¥

m-Boxcar [}

Draw m-Bars ¥ m-Bars Max = 30

Aspect Ratio {W/H} =

L5

Red Level =

128

Green Level =

0

Blue Level =

128

Alpha Level =

Definition Level =

0.5

p o=
p —o—
p o=
Q —o—
[ =0
p o=

[Cha

111||‘||‘|’||11..
-10 -5 0 5 10 15
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Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
co-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
Gaussian wave-packet bandwidth and uncertainty
Gaussian Bohr-rotor revivals and quantum fractals
» Understanding fractals using geometry of fractions (Rationalizing rationals)
Farey-Sums and Ford-products
Discrete Cn beat phase dynamics (Characters gone wild!)
The classical bouncing-ball Monster-Mash
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

. 1/1
Tlme t ' n /d P path slope is 1/d p

(units of 1) '

(n,-1)/d,
____________________ n,/d, path

3/d, fractions
numerator/denominator

2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Tlme t ]/] ----------- }/dﬁi— T n/death slope is 1/d2

(units of Ty)

(n,-1)/d,
____________________ n,/d, path

3/d, fractions
numerator/denominator

2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)

Tuesday, March 3, 2015 87



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Tlme t ]/] ----------- }/dﬁi— T n/death slope is 1/d2

(units of Ty) :

(n]—|—])/d1 Inz'/d2/

(n,-1)/d,

n,/d, path

3/d, fractions
numerator/denominator

2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

14/d,
]3/d1 nz/dZ path slope is ]/d2
12/d,

n,/d;—

n/d, pathslopeis-1/d,

. n /d; and n,/d, path

3/d, fractions
numerator/denominator

2/d,

1/d,

Coordinate ¢

, /1] ————
ITmer .| 77—
(units of Ty) A

(n,+1)/d,

(n,-1)/d,

2/d,

1/d,

0/1
-172  -1/4

0

(units of 27)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

, 1/1
Time ¢

(units of Ty) -
(n,+1)/d,

(n,-1)/d,

14/d,
=] ]3/d1 n/dzpath slope is ]/dZ
12/d, iyt =

2
) : M
Inyd, ny/d, -t

1-‘
1/2 -4

—

—

n ]/d ; path slope is -1/d ;

3/d,
2/d,

1/d,
Coordinate ¢

0

/2" (units of 2m)

[John Farey, Phil. Mag.(1816)]
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

17 14/d,
Time Z‘ B e ]-/d& o m]3/d1 n./d, path slope is 1/d ,
. . ——------------ - —1/2/d iy -t
(unitsof t1) - | . T— R 1762
: 1/2-
(n,T1)/d, ((I) ’t@,) .n2°/d24?11-t/
5 X — = _
| .—Z—z—t 4 n,/d,——1/2 ¢ l/dL
SOlVlng'ﬂ_t __Ez_ (n2'])/d2 n,/d, pathslopeis-1/d,
d -+ ’
n, __dl n 4
d,  d,d, d, :
N aEEE Y 3/d,

2/d,

1/d,

Coordinate ¢
-2 -1/4 0 14 12 (units of 27)

[John Farey, Phil. Mag.(1816)]
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Time ¢
(units of Ty) -
(n,+1)/d,
n,
d—_t
Solving: n? == (n,-1)/d,
Zl—t
n, dn  d
2= t
dZ d2 dl d2
n 4
S
d, d,

14/d,
]3/d1 n./d, path slope is 1/d ,
-1
12/d, % = 1/d,
: M
Ilfl2/d2 El/dl -t
n/d——12-¢ — ~ld,

n ]/d ; path slope is -1/d ;

3/d,
2/d,

1/d,
Coordinate ¢

0

1/2

(units of 27)

[John Farey, Phil. Mag.(1816)]
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Timer [ ——
(units of T1) N
(n,+1)/d,
n,
e
Solving: n? =—j— (n,-1)/d,
A
n, __dl n dlt
d,  dyd, d,
n, 4
:——+g-l‘ .
Lo 2/d,
n,+n =dt+dt
1/d,
-172  -1/4 0

14/d,
]3/d1 n./d, path slope is 1/d ,
-1
12/d, % = 1/d,
: M
I/l2/d2 El/dl -t
n/d——12-¢ — ~ld,

n ]/d ; path slope is -1/d ;

3/d,
2/d,

1/d,
Coordinate ¢

1/2

(units of 27)

[John Farey, Phil. Mag.(1816)]
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Timer [ ——
(units of T1) N
(n,+1)/d,
n,
2 _t
. d, d,
Solving: " =T (n2_ ])/d2
A
n, __dl n 4,
4,  dyd, d,
n, 4
———+g-l‘ .
Lo 2/d,
n,+n =dt+dt
1/d,
-172  -1/4 0

14/d,
13/ d] nZ/dZ path slope is ]/d2
-1
12/d, % = 1/d,
: M
I/l2/d2 El/dl -t
n/d——12-¢ — ~ld,

n ]/d ; path slope is -1/d ;

: n,/d, and n,/d, path
3/d, | intersection time
7 | e g ;+d,

(Farey-Sum)
Coordinate ¢

1/d,

1/2

(units of 27)

[John Farey, Phil. Mag.(1816)]
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

1/] 14/d,
Time Z- B e ]'/d& o n—.]j’/d] n./d, path slope is 1/d,
. R e e —{12/d /dn - t d
(units of )+ | N /22/%&
. 1/2 -
(n,T1)/d, ((I) ’t@,) In,/d, ny/d, -t
S d——12-¢ -4,
(ng'])/dg n]/d] path slope is -]/d] B
n,/d, and n,/d, path . n,/d, and n./d, path
intersection point | 3/d, | intersection time
_dnynd, » ¢ = n;+n,
® d;td, ) Y dytd,

(Ford-Cross) 1/d (Farey-Sum)
2

1/d,
0/] | Coordinate ¢

-2 -1/4 0 14 12 (units of 27)

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)] [John Farey, Phil. Mag.(1816)]
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Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
co-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
Gaussian wave-packet bandwidth and uncertainty
Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
Farey-Sums and Ford-products
Discrete Cn beat phase dynamics (Characters gone wild!)
The classical bouncing-ball Monster-Mash
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0 .
(Cl) ) Unit Real Interval . Farey Sum
/‘l,_.___ L N LI L L T WA L S L related to
o] vector sum
= 18
~ 3 . and
=g “ Ford Circles
= , . . 1/1-circle h
=« vgcircle radiusintersectin Sene s A
o= ! . diameter /
s . 2 ling center ;
S of v2 Ford !/>-Circle
§ L This vector v
éﬂl points to real value
J° 172 =0.5 |
= 8
7
<6
- Farey-Sum of fractions 0/1 and 1/1 1s 12
= .
i} ;‘ hat is vector sum vot+v;=(1,2)=v>
=3P
v,~(0,1)
vy Numerator Axis N
-3 -2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19
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0 .
(Cl) ) Unit Real Interval . Farey Sum
/‘l,_.___ N N L L L T WA L S L related to
o] vector sum
=~ 18
~ 3 and
=g Ford Circles
= , . . 1/1-circle h
=« vgcircle radiusinfersect] e
o= ! . diameter /
s . 2 ling center ;
S of v2 Ford !/>-Circle
§ L This vector v
éﬂl points to real value
J° 172 =0.5 |
= 8
7
g
- Farey-Sum of fractions 0/1 and 1/1 1s 12
= .
i} ;‘ hat is vector sum vot+v;=(1,2)=v>
=3
v,~(0,1)
vy Numerator Axis N
-3 -2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19
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7 “Quantized”
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(Quantim, computer’ simulation
hat makes an &-ly deep "3D-Magic-Eye’/pictiwe
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Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
co-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
Gaussian wave-packet bandwidth and uncertainty
Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
Farey-Sums and Ford-products
Discrete Cn beat phase dynamics (Characters gone wild!)
The classical bouncing-ball Monster-Mash
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Fundamental Beats and 2-Level Transitions: The “Mother of all symmetry” is C)

212

0 1 .
r =0 r G=m G o

even  +45°
o 8§87
CZ

parity
states odd -45°

N
I>ga

localized X
S0

3/4

2/3

1/2

1/4 J

. \\
revivaly
or beat|

1/2

1/3

1/4

314 (%

-

Dm=2.7 D=x=2410
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(a) C3 Eigenstate Characters

. p=0 / 2

(b)C 4 Ezgenstate C haracters
p =0

m

N

-0,

6006 @

O Q ) ‘%
5 Q)ﬁ i

o0 &) h | /;*x

(d)Cy Revzvals

178

1/4

3/8

2/ 4

5/8

3/ 4

718

p=0 1 2 3

-,

6

6
< 6 i o

QD

Yo
€ela
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Revivals: All excited transitions take turns in a quantum rotor

%’\\\Nk

NS

A C3 “Three-fold Moment”

/_/./ 3-<cloned revival ’pedks
pop up at t=7T/J
(From C3table aheac
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Simulating Complex Systems With Simpler Ones

Discrete 3-State or Trigonal System

Discrete 6-State or Hexagonal System
(Tesla’s 3-Phase AC)

(6-Phase AC)

Cg Eigenstate Characters
m, p=0 1 2 3 4 5

‘FQ “U” w -

m { )/9 Co a " {180 \ : C,

C3 Eigenstate Characters

w P=0 1 2

_R,‘.m.

Note 2-phase

sub-symmetry
(The “Mother
of all symme-

try” is Cp)

Note 3-phase
sub-symmetry
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4 5

3

2

1

(b) Cg4 Eigenstate Characters
0

(a) C5 Eigenstate Characters

2

1

6 Revivals

d) C

2

1

(c) C5 Revivals
=,
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2 3 4 5 6 7 8 9 10 11 12 13 14

9009 20090 ©
DO @QQQQ@ @Q

OHCCHOVOCY
OCIVNCOO0 90

[ pattern for C5 Bohr system
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0.52

m

5

i m| = 30
....|I|||HH||I|.... m| -
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Introduction to beat dynamics and “Revivals” due to Bohr-dispersion
Relating co-Square-well waves to Bohr rotor waves
wo-Square-well wave dynamics
SinNx/x wavepacket bandwidth and uncertainty
co-Square-well revivals: SinNx/x packet explodes! (and then UNexplodes!)
Bohr-rotor wave dynamics
Gaussian wave-packet bandwidth and uncertainty
Gaussian Bohr-rotor revivals and quantum fractals
Understanding fractals using geometry of fractions (Rationalizing rationals)
Farey-Sums and Ford-products
Discrete Cn beat phase dynamics (Characters gone wild!)

» The classical bouncing-ball Monster-Mash
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(a) Big ball moves in and traps small ball between it and The Wall

Time

Space —>»
Q
| vo=0 The Wall
N~
Y
vy=2

(b) Trajectory geometry exposed

v

The Classical
“Monster Mash”

Classical introduction to

Heisenberg “Uncertainty” Relations

_ const.
V2 = —Y

1s analogous to: Ax-Ap=N-h

Space —>»
From CMwBang!
Time .
N - Unit 1
¢ Fig. 6.4
i /]
(a) Big space | Vy2 (b) Decreasing space | Vy2 (c) Small space ﬁ
Low speed || Increasin d [T High d
/0 g speed igh speed |
V2 I V. Y = const. /
Bal’lg (1)12 / N 1 y // ~
— \‘.-'\_Y — Hr=—7)  Bawas ~—_ Y
l \\\ ‘I /// ' P R oS ai’l//l’H‘]
-/ » \\ // Bang (2),, <7 —» IE '/ , «r //3 g (ntl)y
07777 4/;27‘\\ // Oiﬂ—wﬁ/ﬁl W Ve L :ﬁ

or: Y -v,=const.
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V2=+0.0641i+05 cm/s Time =34.276 s
V1=-9.98e-41i+09 cm/s AT =+0.002 s
E = +2.54¢e-4 erg e
Force constant = +5000000.000
Force power = +6.000 ]
Drag (Collision) = +0 I
-1
~0.5
-2.5 ‘12 -1.5 '|1 -0.5 ( - 05 :Il 1.5 ‘12 2.5
|
: L
--0.5
4 |

http://www.uark.edu/ua/modphys/markup/BounceltWeb.html?scenario=3000
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=3000

Double “Monster Mash’”

Vvo=0)
0 | =02 VI v2=0
Vy=- vo=+I1
fi 133 _
SN e
~ BN
Hl

)

-~

aQ

1

§<
L Ty
/ N
\/éE / hs\

p—

From CMwBang! Unit 1
Fig. 6.5
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(a) (b)

N IN= N0, .
+VN N/ /
\ -/
From V=1 V=1 V=l
CMwBang N
Flljgmt6 16 " = V=1 ¢ B. V/l B VAl B
and - () 4 A, A,
Fig. 6.7 N
o v,
-1
2 /
_ B B, B,
(a) Galilean shift by V=1 b
el ( ) -1 The Wall

0
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» Polygonal geometry of U (2') DCN character spectral function
Algebra

Geometry
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (¢ =2j+1)-term sum of e™® over allowed m-quanta m={-j, -j+1,..., j-1, j}. / o \
—i0/2
%" (©) = traceD"*(©) = trace| © o X' (©)=traceD'(©)=trace| - 1
(spinor-j=1/2) ‘ l (vector-j=1) u . o0 )
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e™® over allowed m-quanta m={-j, -j+1,..., j-1, j}. / o \
—i0/2
1" (©)=traceD"*(®) = trace ¢ o x'(®)=traceD'(©) = trace S|
(spinor-j=1/2) . (vector-j=1) u . e—i@ )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e ©
1" (©)=e 242 = 2008% (spinor-j=1/2)
30 ;30
1?@)=e 2 +.. +e?2 =2008%+2008?
50 ;50
)(5/2((9)=e i +... 4e ? =ZCOS%+ZCOS?+ZCOS?
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}.

—16/2

e .

X 12 (O®)= traceD"? (®)=trace o
(spinor-j=1/2) ‘ e

x'(©)=traceD'(©) = trace
(vector-j=1)

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e 0

Q)

= ZCOSE (spinor-j=1/2)

30
I~ 3
+el 2 = 20035+2008—®

50
' 3
te 2 = 20059+2003—® +200$—5®
2 2 2

1°(0)= 00

1 (©)=eC+1+°

=1
(scalar-j=0)

=1+2cos®
(vector-j=1)

)(2((9) —e 294 029 —142c0sO+2c0s20

(tensor-j=2)
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Polygonal geometry of U(2)DCn character spectral function
Algebra
Geometry
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}.

—i0/2

e .

1" (©)=traceD"*(®) = trace o
(spinor-j=1/2) ‘ e

x'(©)=traceD'(©) = trace
(vector-j=1)

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e 0

Q)

= ZCOSE (spinor-j=1/2)

— 3
+el 2 = 20035+2008—®

.50

50
%5/2(@) _ 6‘17 L Q) 30 50

29
+e 2 =2cos—+2cos—+2cos—
2 2 2

ZO (@) _ e—i@-O

1 (©)=eC+1+°

=1
(scalar-j=0)

=1+2cos®
(vector-j=1)

)(2((9) —e 294 029 —142c0sO+2c0s20

Y(0©) is a geometric series withratio €® between each successive term.

)(j ()= TraceD(j)(@) = ¢ 4 7OUTD 4 pm0U=2) | oHOU=2) | OG- o +iO)

(tensor-j=2)
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. / o \
—i0/2
1" (©)=traceD"*(®) = trace ¢ o x'(®)=traceD'(©) = trace S|
(spinor-j=1/2) ‘ (vector-j=1) U .o )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e .0 .
Zl/z (O©)=e 2 +e 2 = ZCOS9 (spinor-j=1/2) %0 (©)= o100 —1
2 (scalar-j=0)
—i@ zﬁ @) 30 : :
22@)=¢ 2 +.. +e 2 =2cos—+2c0s— 71©@)=¢@+14®° =1+2c0sO
2 2 (vector-j=1)
5/2 -2 = © 30 50 2 20 20
x@)=e 2 +.. +e ? ZZCOSE+20087+20087 X (@)=e"" +..£°7 =14+2c0sO+2c0s20

' . (tensor-j=2)
Y(0©) is a geometric series withratio €® between each successive term.

)(j ()= TraceD(j)(G) = ¢ 4 o OUTD | mOU=2) | 4 oHOUT2) 4 HOGD i)

)(J(G))e_’@ _ 1O | =6 | —iO(=) | —i0(j-2) | +iO(j=2) | +O(j-1)
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. / o \
—i0/2
1" (©)=traceD"*(®) = trace ¢ o x'(®)=traceD'(©) = trace S|
(spinor-j=1/2) ‘ (vector-j=1) U .o )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e .0 .
Zl/z (O©)=e 2 +e 2 = ZCOS9 (spinor-j=1/2) %0 (©)= o100 —1
2 (scalar-j=0)
—iﬁ zﬁ @) 30 : :
22@)=¢ 2 +.. +e 2 =2cos—+2c0s— 71©@)=¢@+14®° =1+2c0sO
2 2 (vector-j=1)
5/2 -2 = © 30 50 2 20 20
x@)=e 2 +.. +e ? :20035+20087+20037 X (@)=e"" +..£°7 =14+2c0sO+2c0s20

' . (tensor-j=2)
Y(0©) is a geometric series withratio €® between each successive term.

)(j(G)) = TraceD(j)(G) = —OUD 4 o702 Dyt
11 (©)e7® = ¢ 1OUTD | 10 ' Q) ey +iO(j—1)
Subtracting gives:

%] (@)(1 . e—z@)) _ _e—l®(]+1) n e-l—l@]
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. [ \
e . .
—i6/2
1" (©)=traceD"*(®) = trace ¢ o x'(®)=traceD'(©) = trace S|
(spinor-j=1/2) ‘ (vector-j=1) U .o )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e .0 .
Zl/z (O©)=e 2 +e 2 = ZCOS9 (spinor-j=1/2) %0 (©)= o100 —1
2 (scalar-j=0)
2?@)=e 2 +.. +e?2 :20039+2008£ 71©@)=¢@+14®° =1+2c0sO
50 50 2 2 (vector-j=1)
)(5/2(6)=e_17+... +el7 ZZCOS%+ZCOS?+ZCOS% x2(®):e_i2®+...ei2® =1+2cos®+2cos20

' . (tensor-j=2)
Y(0©) is a geometric series withratio €® between each successive term.

)(j(G)) = TraceD(J)(G) =% 4 o7OUTD 4 ~OU=D Dyt
11 (©)e© = 7O 4 =0 ' Q) +i0O(j-1)
Subtracting/dividing gives x/(0O) forrjnula. O] _ —i0(j+]) e+i®(j+%) _e—iG(j%) sin O( j+%)
(") — — —
£ 1—¢© #2040 . ©
e 2 —e¢ 2 Slnz
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Polygonal geometry of U(2)DCy character spectral function

Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}.

x'"*(®)=traceD"*(©) = trace
(spinor-j=1/2)

o012 .
. o0

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e 0

Q)

= ZCOSE (spinor-j=1/2)

30

39
+e 2 = 20035+2008

) 30 50

29
+e 2 =2cos—+2cos—+2cos—
2 2 2

[ i A
e
X "(©) =traceD'(®) = trace 1 .
(vector-j=1) \ o © )
%0 (©) = ¢~100 _q

(scalar-j=0)

71©@)=¢@+14®° =1+2c0sO

(vector-j=1)

)(2((9) —e 294 029 —142c0sO+2c0s20

(tensor-j=2)

Y(0©) is a geometric series withratio €® between each successive term.

—iQj

X J ()= TraceD(j )((9) =

P J(©)e™© = 710U+ 4

—O0G=D + e_l@(j_z) + ...

Subtracting/dividing gives x/(O) formula. O] _ —i0(j+]) e+i®(j+%) _e—iG(j%) sin O( j+l)
2 (©)= e 0 o o) -
l—e +i— =i . I
e 2 —p 2 S1n 5
- .
For C, angle ©=2n/n this y’ has Py sin£(2 i+1) sinﬂ—gj Character Spegtml Function
a lot of geometric significance. X (—)=—=L - = 7’; where: F=2j+1
. " sin; sin; is U(2) irrep dimension

~N

J
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Polygonal geometry of U(2)DCn character spectral function
Algebra
Geometry
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Polygonal geometry o U(Z)DCN character spectral function

/ 4 J N\
. T, 14 Character Spectral Function
]_|_el@_|_612®_|_el3® / sin—(2j+1) sin——- -
/ . 2r P =Di+
\ S ¥ (EE)=—1 - _ 7’; | whe?”e. 14 ?] 1 |
/ \ \\ -~ '3 ~ n sin - sin ™~ is U(2) irrep dimension
// e ; e % \ n n J
NN [
P X 126) /h

e —
—_
J—

\___A
/2
e,

< 1/sin™ .

()" n-gon segments =l ;
x](ZTC/n)_Sm(nf])/Sm n = ]2 V=4
Z = 2j+1 I/l.— 7 Sin(%fj)/sin%

J
=12,

0 B 0 _ ® _2n /
X' ons)=1 X’ ow7)=1 -~ —
]/2(275/5) 1618 ]/2(27t/7) 1.802... v T(2n/12)=1.932... ¥ (2n/12)=3.732...
~(1N92= 3l o7)=2.247.. wLen/12)=2.732.. 5/2(2n/]2) ~3.864...
3/2(271-/7) 2247 2 on/12)=3.346.. y (2n/12)=3.732...
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Polygonal geometry of U(2)DCy character spectral function

)i ‘I—elg‘l—elZ@—FelS@ // T 4 . 5(2 TR nt! Character Spectral Function)
//\\ N / / ZJ(ZE) _ . n / _ o n where: €i=2j+1
[\ \\ S N ei3 ;/ % n sing sin n is U(2) irrep dimension
]/./ \ \ - s k \ n n )
[ \ ) 4 L
L e Q ). -
/ l‘ — \ / — -
/ N o i
2r=1/sin®=1/sinnt h \\\\f\@/ 2
\th < Sty >
()" n-gon segments | ; |
. . JT . ! \
6]: 2j+1 n=~>7 sin(%fj )/Sin%

i

W oms)=1 ' on7)=1 L e=5
X]/2(ZTC/5):].618... X]/Z(Zn/7):].802... T (2n/12)=1.932... ¥ (2”/12)=3.732...
~(1N92= 3l o7)=2.247.. Loni=2732. ) (2n/12)=3.864...
Romn=2247. X CWI2=3.346.. ¥ (2m/12)=3.732..
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Polygonal geometry of U(2)DCy character spectral function

4 . . 4 Character Spectral Function)
n sin ™ sin ™ is U(2) irrep dimension

N n n y
1 < ]/Sin% >
()" n-gon segments ; ; ;
. T T | _ 1
(2mm)=sin(i )ik n=12 (-4 :
. — 1 . U . TT 1
€]= 241 n = ; Sm(ﬁfj)/smn ;
J l l
=12, : :

Wons)=1 (2= © :7%
2= 1618, 1 (2n7)=1.802.. P n/12)=1.932.. 3 (2n/12)=3.732..
~(192= 5l onn=2.247.. Loni2=2732. 7 on/12)=3.864..
o Pon-22. A (CWID=3.346. L (21/12)=3732..
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Polygonal geometry of U(2)DCy character spectral function

J
sin®(2j+1) sin*.
n

n

. T
SIn —
n

T

Sin —

n

Character Spectral Function)
where: {'=2j+1
is U(2) irrep dimension

J

Integer j for n=12

v on/12)=2.732.

v (om/12)=2.732..

Loni2)=1
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Polygonal geometry of U(2)DCy character spectral function

4 sin T 2i+1) sin ﬂ_fj Character Spectral Function)
%j(zﬂ) __ n / _ n where: V'=2j+1
n sing sin n is U(2) irrep dimension
\_ n J

Integer j for n=12

v on/12)=2.732.

J
(=T ¥ owiz=3732.

v (2m/12)=3.732.

x0(27t/] 2) =1

v (om/12)=2.732..

1/2-Integer j for n=12
/9/\

P (om/12)=1.932...
i=7/2 3/ (2n/12)=3.346.. sz 3

/

J=32 2 0on2)=3.864.. (=6

J
2 om12)=3.346.. (=4

W om/12)=1.932... %

\/

j=3/2

Tuesday, March 3, 2015

140



