Group Theory in Quantum Mechanics
Lecture 11 21915

Representations of cyclic groups C3 C Cs D C2

(Quantum Theory for Computer Age - Ch. 6-9 of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 3-7 of Ch. 2 )

Review of C> spectral resolution for 2D oscillator (Lecture 6 : p. 11, p. 17,and p. 11)

Cs gig-product-table and basic group representation theory
Cs H-and-rP-matrix representations and conjugation symmetry

Cs Spectral resolution: 3™ roots of unity and ortho-completeness relations
Cs character table and modular labeling

Ortho-completeness inversion for operators and states

Comparing wave function operator algebra to bra-ket algebra
Modular quantum number arithmetic

Cs-group jargon and structure of various tables

Cs Eigenvalues and wave dispersion functions

Standing waves vs Moving waves

. . . WebApps used
Cs Spectral resolution: 6" roots of unity and higher Wavels A
Complete sets of coupling parameters and Fourier dispersion VolVibes

Gauge shifts due to complex coupling

Introduction to Cn beat dynamics and “Revivals” in Lecture 12
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» Review of C> spectral resolution for 2D oscillator Lecture 6

Cs g'g-product-table and basic group representation theory
Cs H-and-rP-matrix representations and conjugation symmetry
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1} 2D HO Matrix operator equations
(a) unit base state (b) unit base State k +k —k
1 ) 175 12
0==2)=p =)= 1>— 3 B vE Tl (O
' o Xy —kp Rtk )
| mirror . | M M
reflection = =
- X;= X,= .
! 1 __ ISTRIRY. g More conventional
Ky Ky *2 ) coordinate notation
x) = - K |x) Do o)
C: (Bilateral op reflection) symmetry conditions:  K-matrix is made of its symmetry operators in

K., =K=K,, and: K, =k=K,=—k, (Let. M=1)

group C> ={1,05} with product table: o1 o,
Ky K Kk |_gl 1 0], 001 P a—
K, K, k K 0 1 10 b
opl0, 1

K= K1 + ko,

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=05/0)=|cs)}

() (aftfoy) | (1 o (o,1)  (tfogloy) | (0
[<%11> (05]1]05) }_[ 0 1]’ [<GBGBI> <GBIGBGB>J [1 Oj

Review of C> spectral resolution for 2D oscillator Lecture 6 p.11

Thursday, February 19, 2015 3



C> Symmetric two-dimensional harmonic oscillators (2DHO)

k. +k k

B 1 " ™M2 12
o M M 4
e X —k k +k X
pU\ vl e, mﬂm‘ r o 2 12 112 2
i W M M
K kp 17k I B Kip =
- STRES?: M
Ky Ky 42
000NN
W‘ i upwﬂ 0= -k |y {132}
Review of C> spectral resolution for 2D oscillator Lecture 6 p.17
K =K=K,,and: K, =k=K,,=—k, (Lett M=1) .
group C>={1,05} with product table:C2 1 o,
Ky Ky | K k |_ 1 0O
= =K +k 1|1 o,
K, K, kK 0 1
opl0, 1

K1 + k

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=03|0)=|0os)}

(1f1)  (1frfo) =£ 1 o] (1os]1)  (1|oslo,) :( 0 1 ] P oroiectors:
ot (oltloy) | Lo 1) (oilayln) (oyfoyfo,) J L1 o0 i
Minimal equation of o3 is: oz 2=1 proltos_| 2 2
or: 052—1=0=(c5—1)(0s+1) Spectral decomposition of Cz(o5) into {P1,P~} ? L ;2
| 1 =P'+P" 11
with eigenvalues: pr_ 1705 | 2 72
(X" (05)=+1, x(08) = —1} o,=P"—P" 2 |
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C> Symmetric 2DHQO eigensolutions

K = Kl — k : : : .
1295 K-matrix 1s made of its symmetry operators

k. +k —k
K( L0 ]—klz[ vl ]:[ 17z 2 ] in group C> ={1,03} Withproduct(tablle:

0 1 0 —kp  kthy o 1
Ca(os) spectrally decomposed into {P+,P—}projectors: P+=1+ZGB = 2 2= “? ®( L ):|+><+|
1 :P++P_ 2 2 _k"\E_E A
N P Teeesesesseesssscesssssesseeesse- SR EEEL - factored projectors
_ R ) o1
?fg____.P P . p =19 2 3 | - ®( o )=|‘><‘|
Eigenvalues; of 05 : | : 2 4 | L V2 V2
+ 0] - _ ; S N N ) - ,
IX'(os) =+1, x"(08) = =1} . Diagpnalizing transformatipn (%—tran) of K-matrix:
Ejzger)walueskofK=K-(1 ; kzz-crlf: \é\é [ k+k, ki, ] \é \é _[ k, 0
et (K)=K—ki, e (K)=K +ki> U || ke ketk || atieri T 0 k2
= ki = ki+2k;> V2o 2 A 32 \E e
A gD—tran)
Even mode |+)=(0,) = ( 71A2 C, mode phase character tables Lo
p 1S position JIE J? =
p=0_ p=Ii no

m=02 1 1 norm. <x2|+> <x2|_>

1 @@1/\/2 (D-tran is its

Xp=IN2 X/ =IN2
Odd mode |-)=|1,) = ( g

Oown 1nverse
in this case!)

m=1 |1
2

m is wave-number
or “momentum’”

Review of C> spectral resolution for 2D oscillator Lecture 6 p.33
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» Cs gig-product-table and basic group representation theory
Cs H-and-rP-matrix representations and conjugation symmetry

Thursday, February 19, 2015



Cs gTe-product-table and basic group representation theory

G [r'=1 rl=r? e Cs gfg-product-table
r’=1| 1 r' r’ Pairs each operator g in the 15t row
ol | g2 1 rl with its inverse gf=g! in the 15 column
d_2| a2 ; so all unit 1=g'g elements lic on diagonal.
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Cs gTe-product-table and basic group representation theory

G [r'=1 rl=r? e Cs gfg-product-table
r’=1| 1 r' r’ Pairs each operator g in the 15t row
2ol 2 1 rl with its inverse g'=g-! in the 15 column
d_2| ; so all unit 1=g'g elements lic on diagonal.

A C3 H-matrix is then constructed directly from the g'g-table and so is each ¥?-matrix representation.

h nh N 1 0O 0O 1 0 0 O
H= ) I”O n = 7"0 O 1 O +r1 0O O +r2 1 0O
0 0 1

SO =

1
0 0 1 I 0 O
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Cs gTg-product-table and basic group representation theory

G [r'=1 rl=r? e Cs gfg-product-table
r’=1| 1 r' r’ Pairs each operator g in the 15t row
ol | g2 1 rl with its inverse gt=g! in the 1% column
d_2| a2 ; so all unit 1=g'g elements lic on diagonal.

A C3 H-matrix is then constructed directly from the g'g-table and so is each ¥?-matrix representation.

o 1 1 I 0 O O 1 0 0 0 1
H=| rn nn n |=| 01 0 |[+5] 0 0 1 |+n| 1 0 0
oo n 0 0 1 1 0 0 0 1 0
=1y -1 +r1-r1 +r2-r2
H-matrix coupling constants {rg, 1, r2} o, .
relate to particular operators {r9, rl, r?} YIQA “ T, A A;YYP oint
that transmit a particular force or current. » A 4 p=1 mod 3
omn
p=2 mod 3
equilibrium
zero-state
0
Point /
0

O EUER
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Cs gTg-product-table and basic group representation theory

G [r'=1 rl=r? e Cs gfg-product-table
r’=1| 1 r' r’ Pairs each operator g in the 15t row
ol | g2 1 rl with its inverse gt=g! in the 1% column
d_2| a2 ; so all unit 1=g'g elements lic on diagonal.

A C3 H-matrix is then constructed directly from the g'g-table and so is each ¥?-matrix representation.

o N 1 1 0 0 0 1 0 0 0 1 Constants 7y that are grayed-out
H=| n n n |=p 0 1 0 |t 0 0 1 |+ 1 0 O may change values
non oK 0 0 1 I 0 O 0O 1 0 if Cs symmetry
| ) 1S broken
=1y -1 +7r-r +7 T

H-matrix coupling constants  {ro, 1, r2}
relate to particular operators {r9, rl, r?}
that transmit a particular force or current.

equilibrium
zero-state
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Cs gTg-product-table and basic group representation theory

G [r'=1 rl=r? e Cs gfg-product-table
r’=1| 1 r' r’ Pairs each operator g in the 15t row
P2=r!| 2 1 ! with its inverse gt=g! in the 1% column
d_2| a2 ; so all unit 1=g-'g elements lic on diagonal.

4 Conjugation symmetry )
However, no matter how C3 1s broken,
a Hermitian-symmetric Hamiltonian
(H,=H,) requires that ry=r, and 1, =T, .
\ J

0 0 1 Constants 7« that are grayed-out
tnl 1 0 0 may change values
0 10 if C3 symmetry
1s broken

equilibrium
zero-state

Thursday, February 19, 2015
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Cs gTg-product-table and basic group representation theory

G [r'=1 rl=r? e Cs gfg-product-table
r’=1| 1 r' r’ Pairs each operator g in the 15t row
P2=r 1| 2 1 ! with its inverse gf=g! in the 15 column
d_2| ; so all unit 1=g-'g elements liec on diagonal.

A C3 H-matrix is then constructed directly from the g'g-table and so is each ¥?-matrix representation.

) 7’1 I 1 0 O 0O 1 O 0O 0 1 Constants 7y that are grayed-out
H=| »n ,""’”0,—- n o=l 01 0 |+ 0 0 1 |+n| 1 0 © mgt}f (;:hange vellues
P 0 0 1 1 0 0 0 1 0 HH s symmetry
172 - 4, 'r—isbroken , p . .
V@A T, T A:v gzln 3
=11 +7 -1 +7y 17 4 pmimod
H-matrix coupling constants  {ro, 1, r2} equilibrium
relate to particulanoperators {r?, r!, r?} zero-state
that transmit a partrgular force or current. Xy=x;=x,=0
. .Coﬂj.ugatlo*n Symmetrjy. * k J I [oint /8\
Hermitian Hamiltonian (H ;=H ) requires ¥, =Fyand 7, =7, . iroi p=0mod 3 ol

(p=2) unit base state)

0
1

(p=1) unit base state |
|1)=r'|0)=r"|0

(p=0) unit base state
Cs operators {r°, rl, r?} 10)=r|0)
also label unit
base states:

1
0
0

0)=rY|0) x,=1 %=

Y|
1)= 1‘2 0) _120°=240°
2>: r O> Unit displacement r Oltatl(j;@
modulo-3 % of mass point-0 r'=r

from equilibrium
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» C3 Spectral resolution: 3™ roots of unity and ortho-completeness relations
Cs character table and modular labeling

Thursday, February 19, 2015
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Cs Spectral resolution: 3™ roots of unity

We can spectrally resolve H if we resolve r since H 1s a combination of powers r”.

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.

Thursday, February 19, 2015
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Cs Spectral resolution: 3™ roots of unity

We can spectrally resolve H if we resolve r since H 1s a combination of powers r”.

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.

Complex numbers z make it easy to find cube roots of z =1=¢?™", (Answer: z/3 =g?mim/3)

Thursday, February 19, 2015
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Cs Spectral resolution: 3™ roots of unity

We can spectrally resolve H if we resolve r since H 1s a combination of powers r”.

“Chi”(x) refers to

characters or
characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.

Complex numbers z make it easy to find cube roots of z =1=¢?™", (Answer: z/3 =g?mim/3)

. 21
—lm§

1=r" implies : 0= r’—1= (r—yxoDr—- D) —yx,1) where: y, =e

:¢m

Thursday, February 19, 2015
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Cs Spectral resolution: 3™ roots of unity

We can spectrally resolve H if we resolve r since H 1s a combination of powers r”.

“Chi”(x) refers to

characters or
characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.

Thursday, February 19, 2015
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Cs Spectral resolution: 3™ roots of unity

We can spectrally resolve H if we resolve r since H 1s a combination of powers r”.

“Chi”(x) refers to

characters or
characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.

We know there is an idempotent projector P such that r-P™=y,,P(™ for each eigenvalue xn of r,

Thursday, February 19, 2015
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Cs Spectral resolution: 3" roots of unity “Chi”(x) refers 10

characters or
We can spectrally resolve H 1f we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.

We know there is an idempotent projector P such that r-P™=y,,P(™ for each eigenvalue xn of r,

They must be orthonormal P™P=§ mnP(’")) and sum to unit 1 by a completeness relation:

Thursday, February 19, 2015 19



Cs Spectral resolution: 3" roots of unity “Chi”(x) refers 10

characters or
We can spectrally resolve H 1f we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.

We know there is an idempotent projector P such that r-P™=y,,P(™ for each eigenvalue xn of r,

They must be orthonormal (P(m)P(”)=6mnP(m)) and sum to unit 1 by a completeness relation:

r-P™=x,P™ Ortho-Completeness 1 = PO + P + P
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Cs Spectral resolution: 3" roots of unity “Chi”(x) refers 10

characters or
We can spectrally resolve H 1f we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.

We know there is an idempotent projector P such that r-P™=y,,P(™ for each eigenvalue xn of r,

They must be orthonormal (P(m)P(”)=6mnP(m)) and sum to unit 1 by a completeness relation:
r-P™=x,P™ Ortho-Completeness 1 = PO + P + P

r’-Spectral-Decomp. r'= o PO+ y; PV + > P@

Thursday, February 19, 2015 21



Cs Spectral resolution: 3" roots of unity “Chi”(x) refers 10

characters or
We can spectrally resolve H 1f we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.
Complex numbers z make it easy to find cube roots of z =1=e?™", (Answer: z3 =e?mm/3)

27

L=r" implies: 0=r"~1=(r = 1 )(r =1, D(x = 1) where: g, =¢ "=y, |

We know there is an idempotent projector P such that r-P™=y,,P(™ for each eigenvalue xn of r,

They must be orthonormal (P(’")P(”)=6mnP(m)) and sum to unit 1 by a completeness relation:
r-P™=x,P™ Ortho-Completeness 1 = PO + P + P>
r'-Spectral-Decomp. r'= yo PO+ ; PD+ > P

r’-Spectral-Decomp. v’ = (x0)’ PV + (1)’ PV + (x2)’ P

Thursday, February 19, 2015
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Cs Spectral resolution: 3™ roots of unity and ortho-completeness relations

» Cs character table and modular labeling

Thursday, February 19, 2015
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Cs Spectral resolution: 3" roots of unity “Chi”(x) refers 10

characters or
We can spectrally resolve H 1f we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.
Complex numbers z make it easy to find cube roots of z =1=e?""_ (Answer: z3 =g?mim/3)
.27 — _i12§n= *
1=r> implies : 0= r’—1= (r—=yoD(@x—y,D(—-yx,1) where: y, =e Zm3=¢*m e Vi
We know there is an idempotent projector P such that r-P™=y,,P(™ for each eigenvalue xn of r,
They must be orthonormal (P(’")P(”)=6mnP(m)) and sum to unit 1 by a completeness relation:
r-P™=x,P™ Ortho-Completeness 1 = PO + P + P>

yo=e=1, ;=e27/3 ~o=e"/5  rl-Spectral-Decomp. r'= o PV + v, PO+ ~, PP

oy’ =1, (x1)’=x2 (2)’=x1. r-Spectral-Decomp. v = (x0)" PV + (x1)" PV + (2)” P
+i21/3

. +10)
—1=¢c

Real axis

Thursday, February 19, 2015
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Cs Spectral resolution: 3" roots of unity “Chi”(x) refers 10

characters or
We can spectrally resolve H 1f we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.
Complex numbers z make it easy to find cube roots of z =1=e?""_ (Answer: z3 =g?mim/3)
.27 — _i12§n= *
1=r> implies : 0= r’—1= (r—=yoD(@x—y,D(—-yx,1) where: y, =e Zm3=¢*m e Vi
We know there is an idempotent projector P such that r-P™=y,,P(™ for each eigenvalue xn of r,
They must be orthonormal (P(m)P(”)=5mnP(m)) and sum to unit 1 by a completeness relation:
r-P™=yx,P™ Ortho-Completeness 1 = PO + P + P>

yo=e=1, ;=e27/3 ~o=e"/5  rl-Spectral-Decomp. r'= o PV + v, PO+ ~, PP

oy’ =1, (x1)’=x2 (2)’=x1. r-Spectral-Decomp. v = (x0)" PV + (x1)" PV + (2)” P
+i21/3

C,; mode phase character table
. +i0 p=0 p=1 p=2
~1=e

Real axis m:03 XO():I XO]: 1 x02: 1

wave-number B ] _1 213 B i21/3
ro=e m= M=L K= Xp=e KT

“momentum’”

i21/3 -121t/3

m:23 o= L 2,7 x=e

Thursday, February 19, 2015
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Cs Spectral resolution: 3" roots of unity “Chi”(x) refers 10

characters or
We can spectrally resolve H 1f we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.

Complex numbers z make it easy to find cube roots of z =1=e?"™. (Answer: z/3 =2mm/3) ( y.=c "3 =1
X 127r l//*
3 . . 3 —zm 1=€ 1
1=r" implies: 0=r"-1=(@— )y )(xr—y,)(xr—),1) where: y, = 3_¢ ] iy )
2= 2

We know there is an idempotent projector P such that r-P™=y,,P(™ for each eigenvalue xn of r,

They must be orthonormal (P(m)P(”)=6mnP(m)) and sum to unit 1 by a completeness relation:
r-P™=yx,P™ Ortho-Completeness 1 = PO + P + P

yo=e=1, ;=e27/3 ~o=e"/5  rl-Spectral-Decomp. r'= o PV + v, PO+ ~, PP

oy’ =1, (x1)’=x2 (2)’=x1. r-Spectral-Decomp. v = (x0)" PV + (x1)" PV + (2)” P

+i21/3
L0 C; mode phase character table Wavell App
g{ealaxis pZO p:] p:2 MolVibes
m=0) Y -1 Y= 1 Y = 1 C; character conjugate
00 0/ 02
. . « —pimp2m/3
wave-number ] _1 _e-i2n/3 _61271;/3 X mp
ooom= m 3 Kio=+ X1 K12 is wave function
momentum s s i
ILTC -1l —
m=23 Xoo=1 %, =" y,,=e Um(rp)=em "y
J3
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Cs Spectral resolution: 3" roots of unity “Chi”(x) refers 10

characters or
We can spectrally resolve H 1f we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3™ roots of unity x m=e™273=q),.

Complex numbers z make it easy to find cube roots of z =1=e?"™. (Answer: z/3 =2mm/3) ( y.=c "3 =1
% 127r l//*
3 . . 3 —zm 1=€ 1
1=r" implies: 0=r"-1=(@— )y )(xr—y,)(xr—),1) where: y, = 3_¢ ] iy .
2= 2

We know there is an idempotent projector P such that r-P™=y,,P(™ for each eigenvalue xn of r,
They must be orthonormal (P(’")P(”)=5mnP(m)) and sum to unit 1 by a completeness relation:
r-P™=x,P™ Ortho-Completeness 1 = PO + P + P>

yo=e=1, ;=e27/3 ~o=e"/5  rl-Spectral-Decomp. r'= o PV + v, PO+ ~, PP

(xo)’=1, (x1)’=x2 (x2F=x1 r-Spectral-Decomp. 1’ = (x0)" PV + (x1)’ PV + (x2)’ P
+i21/3

Real|axis

-, C; mode phase character table p is position Wavelt App
0

Real axis pZO p:] p:2 pZO p:] p:2 MolVibes

m=0 X —1 Y= 1 N 1 @@/ T\ C’; character conjugate
5400 0 02 \_ . imp2r)3
wave-number ] R _ -i2n/3 23 X mp_e
) m:t ) (R VO AT S O | is wave function
omentn i21/3 -i2m/3 w (7’ ): ethm
m=2 |%=1 5,=e" x,,=e m\'p)—C€_T 0
3[4t orm.
IN3 \/5

27
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» Ortho-completeness inversion for operators and states
Comparing wave function operator algebra to bra-ket algebra
Modular quantum number arithmetic
Cs-group jargon and structure of various tables
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Given unitary Ortho-Completeness operator relations:
PO + P + Pl =1 = PO + P + P2

yo PO + yviPO + v, PO =yl= 1 PO+ ei2n/3P) + ¢i2n/3P2)

(x0)’P© +(x1)’PD + (2’ PP =2 = 1 PO+ 27/3P(D) + i27/5P(2)

Thursday, February 19, 2015
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Given unitary Ortho-Completeness operator relations: or ket relations: (70 [1)= |r'))
PO+ P + Pl=1= PO+ P + P2 (gm: 103)+ 13) + 123)

X0 PO + Y1 P + X2 P2 =y¢l= 1 PO+ e—i27r/31)(1)_|_ ei27r/31)(2) \/gl r]>:‘03>_|_e—i27r/3’13>_|_ei27r/3|23

)
)

(x0)’P@ +(x )P + (2’ PO =p2= 1 PO+ ei2n/5P) 4 gi2n/3PC) Q/§| r2>:|03>_|_ei27r/5’ | 13>_|_e—i27r/5’ 12
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Given unitary Ortho-Completeness operator relations: or ket relations: (70 [1)= |r'))
PO+ P + Pl=1= PO+ P + P2 (gm: 103)+ 13) + 123)

X0 PO + Y1 P + X2 P2 =y¢l= 1 PO+ e—i27r/31)(1)_|_ ei27r/31)(2) \/gl r]>:‘03>_|_e—i27r/3’13>_|_ei27r/3|23

)
(x0)’P@ +(x 1 P + (x2)’ PO =2 = 1 PO+ e27/3P0) + ei2n/3 P2\ J3] 12)=|03)+e27/3 | 13)+e127/7| 23)
Inverting O-C 1s easy: just t-conjugate!
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Given unitary Ortho-Completeness operator relations: or ket relations: (7o [1)= |r"))
PO+ PO + PU=1= PO+ P + P> (5]1>: 03)+ [13) + 23)

X0 PO + Y1 P + X2 P2 =y¢/ = 1 PO+ e—i27r/31)(]) 4 ei27r/5’1)(2) \/gl r]>:‘03>_|_e—i27r/3 ’ 13>_|_ei27r/3 |23

)
(x0)’P@ +(x 1 P + (x2)’ PO =2 = 1 PO+ e27/3P0) + ei2n/3 P2\ J3] 12)=|03)+e27/3 | 13)+e127/7| 23)
Inverting O-C 1s easy: just T-conjugate! (and norm by %)

Thursday, February 19, 2015 32



Given unitary Ortho-Completeness operator relations: or ket relations: (7o [1)= |r"))
PO+ P + pPl)=1= PO+ P + PO (G|D)= [0+  |13) + 25)
X0 PO + Y1 P + X2 P2 =y¢/ = 1 PO+ e—i27r/31)(]) 4 ei27r/31)(2) \/gl r]>:‘03>_|_e—i27r/3 ’ 13>_|_ei27r/3 |23

)
(x0) PO +(x1)’PV + (x2 PO =r?= 1 PO+ e27/3PW) + ¢i2n/3 P3| ¥2)=|0s)+ei27/3 | 15)+e727/3 |25)
[nverting O-C 1s easy: just T-conjugate! (and norm by %)

p= 1(r + it r) (1+ r'+ r2)

p(hH_l 2R3, —idnl3 2)

(r +7(1" +%2r) 3(1+

p(?)= 1(r -l—xzr +%lr ):§(I+e

—z27r/3 1 +127Z'/3 2)
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Given unitary Ortho-Completeness operator relations: or ket relations: (7o [1)= |r"))
PO+ PO + PU=1= PO+ P + P2 ([5]1)= 10:)+ 13) + 123)

X0 PO + Y1 P + X2 P2 =y¢/ = 1 PO+ e—i27r/31)(]) 4 ei27r/31)(2) \/gl r]>:‘03>_|_e—i27r/3 ’ 13>_|_ei27r/3 |23

)
(x0) PO +(x1)’PV + (x2 PO =r?= 1 PO+ e27/3PW) + ¢i2n/3 P3| ¥2)=|0s)+ei27/3 | 15)+e727/3 |25)
[nverting O-C 1s easy: just T-conjugate! (and norm by %)

p= 1(r + r1+ r) (1+ r'+ r2)
p(D— 1

(r "‘er "'%11' ):§(1+e

)

p2)_1 —i2m/3 1y iR/ 2)

)
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Given unitary Ortho-Completeness operator relations: or ket relations: (7o [1)= |r"))
PO+ PO + Pl)=1= PO + P + P2 ([5]1)= ]0:)+ 13) + 123)

X0 PO + Y1 P + X2 P2 =y¢/ = 1 PO+ e—i27r/31)(]) 4 ei27r/31)(2) \/gl r]>:‘03>_|_e—i27r/3 ’ 13>_|_ei277/3 |23

)
(x0)’P@ +(x )P + (2’ PO =p2= 1 PO+ ei2n/5P) 4 gi2n/3PC) Q/§| r2>:|03>_|_ei27r/5’ | 13>_|_e—i27r/5’ 125)

Inverting O-C 1s easy: just T-conjugate! (and norm by %)

P(O):%(rOJr r1+ r2):l(1+ r'+ r2)

)

p(2)_1 (r N er 1, %1" ):§(1 N e—z27r/3 Ly Hi2nf3 2)

)

Real|axis

-, C; mode phase character table p is position Wavelt App
0

Real axis pZO p:] p:2 pZO p:] p:2 MolVibes

m=0 X —1 Y= 1 N 1 @@/ T\ C’; character conjugate
3|70 0! 0 \_/ x  —,imp2T/3
wave-number ] R _ -i2n/3 23 X mp_e
ooom= (R VO AT S O | is wave function
momentum i2n/3 i2m/3 — otk 7
3[4t orm.
I3 J3

35
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Given unitary Ortho-Completeness operator relations: or ket relations: (7o [1)= |r"))
PO+ PO + PU=1= PO+ P + P2 ([5]1)= 10:)+ 13) + 123)

X0 PO + Y1 P + X2 P2 =y¢/ = 1 PO+ e—i27r/31)(]) 4 ei27r/31)(2) \/gl r]>:‘03>_|_e—i27r/3 ’ 13>_|_ei27r/3 |23

)
(x0)’P@ +(x )P + (2’ PO =p2= 1 PO+ ei2n/5P) 4 gi2n/3PC) Q/§| r2>:|03>_|_ei27r/5’ | 13>_|_e—i27r/5’ 125)

[nverting O-C 1s easy: just T-conjugate! (and norm by %)

P(O):%(rOJr r'+ r2):l(1+ r'+ r’)

(1) _ +i2m/3 1, mi2n/3 2 | |
P=3 (r + )(11‘ Ly )(21‘ ) =3 (1+ r) . >+e+127z/3 r1>+e—127t/3 r2>
—z27r/3 1 +z27r/3 2

) NE
‘r0> +omi2m/3| I\, Hi2m/3 r2>

V3

p(?)_l (r -l—xzr +%lr ):§(I+e

_p2) _
Two distinct types of modular “quantum” numbers: ‘23> P ‘O>\£
p=0,1,0r 218 power p of operator ¥’ labeling oscillator posiiion point p

+i21/3

Real|axis

-, C; mode phase character table p is position Wavelt App
0

Real axis pZO p:] p:2 pZO p:] p:2 MolVibes

m=0 X | Y= 1 Y = 1 @@/ T \ C3 character conjugate
3|07 01 02 \_/ *  —imp2T /3
wave-number ] I _e-i2n/3 _ei2n/3 X mp_e
Lo " Lo~ X Ik | is wave function
momentumn i21/3 -i21/3 — ik.r
3 f orm.
IN3 \/5

36
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Given unitary Ortho-Completeness operator relations: or ket relations: (7o [1)= |r"))
PO+ PO + Pl)=1= PO + P + P2 ([5]1)= 10:)+ 13) + 123)

X0 PO + Y1 P + X2 P2 =y¢/ = 1 PO+ e—i27r/31)(]) 4 ei27r/31)(2) \/gl r]>:‘03>_|_e—i27r/3 ’ 13>_|_ei277/3 |23

)
(x0) PO +(x1)’PV + (x2 PO =r?= 1 PO+ e27/3PW) + ¢i2n/3 P3| ¥2)=|0s)+ei27/3 | 15)+e727/3 |25)
Inverting O-C 1s easy: just T-conjugate! (and norm by %)

P(O):%(rOJr r'+ r2):l(1+ r'+ r’)

PU=(r" + '+ por ) =2 (1+ e
p(?)_l (r -l—xzr +%lr ):§(I+e

-|-127Z'/3 1 —l27t/3 2)

‘r0>+e—l—127t/3 r1>+e—z27t/3 r2>

—z27r/3 1 +z27r/3 2
) J3
‘r0> +omi2m/3| I\, Hi2m/3 r2>

V3

_p(2) _
Two distinct types of modular “quantum” numbers: ‘23> : ‘O>\£
p=0,1,0r 218 power p of operator r” labeling oscillator position point p
m=0,1,0or 2 that is the mode momentum m of waves

+i21/3

Reallaxis

*0- C, mode phase character table p is position Wavelt App

o
%eal :xis pZO p:] p:2 pZO p:] p:2 MolVibes

m=0 X —1 Y= 1 N 1 @@/ T\ C’; character conjugate
5400 0 02 \_ . imp2r)3
wave-number ] R _ -i2n/3 23 X mp_e
) m:t ) (R VO AT S O | is wave function
omentn i21/3 -i2m/3 w (I/' ): ethm
m=2 |%=1 5,=e" x,,=e m\'p)—C€_T 0
3[4t orm.
IN3 \/5
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Given unitary Ortho-Completeness operator relations: or ket relations: (fo |[1)= [r"))
PO+ PO + Pl)=1= PO + P + P2 ([5]1)= 10:)+ 13) + 123)

Yo PO + PO + y; PO=yl= 1 PO+ ei2n/3P0)+ gi2n/3PQ) ‘/5| r]>:‘03>_|_e—i27r/3’13>_|_ei277/3|23>
)

(x0)" PO +(x1)’PD + (2 PO =1 = 1 PO+ e27/3PW) + ¢i27/3 P | 3| ¥2)=|03)+ei27/3 | 15)+e727/% |23
Inverting O-C 1s easy: just T-conjugate! (and norm by %)

P(O):%(l’o-l— r1+ rz):l(1+ r'+ r2)
p(l)_L

(r "‘er -I—)(lr ):§(1+e

‘r0>+e+127t/3 r1>+e—127t/3 r2>

—z27r/3 1 +z27r/3 2
) J3
‘r0> +omi2m/3| I\, Hi2m/3 r2>

V3

p(2)_]

_p(2) _
Two distinct types of modular “quantum” numbers: ‘23> : ‘O>\£
p=0,1,0r 218 power p of operator r” labeling oscillator position point p
m=0,1,0or 2 that is the mode momentum m of waves

+i2n/3 m or p obey modular arithmetic so sums or products =0,/,or 2 (integers-modulo-3)
Real|axis
-, C; mode phase character table p is position Wavelt App
g{ealaxis pZO p:] p:2 pZO p:] p:2 MolVibes

m=0 Xoozj‘ Xy = 1 = 1 @@@ C’; character conjugate
3 *  — ,imp2T /8
wave-number ] R _ -i2n/3 23 X mp_elmp 7T/
ooom= (R VO AT S O | is wave function
momentum i21/3 -i21/3 — ik,
3[4t orm.
IN3 \/g

Thursday, February 19, 2015 38


http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html

Ortho-completeness inversion for operators and states
Comparing wave function operator algebra to bra-ket algebra
Modular quantum number arithmetic
Cs-group jargon and structure of various tables
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Comparing wave function operator algebra to bra-ket algebra

(C3 Plane wave function\
ko Cs Lattice position vector
Ym(ocp)=em™s xXp=Lp
3 Wavevector
. km=27m /3L=27 /N\m
:ez_m p2m /5 Wavelength
J3 =27 /km=3L /m
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Comparing wave function operator algebra to bra-ket algebra

(C3 Plane wave function\
ko Cs Lattice position vector
Ym(ocp)=em™s xXp=Lp
3 Wavevector
. km=27m /3L=27 /N\m
:ez_m p2m /5 Wavelength
J3 =27 /km=3L /m

\ J

r’ lg)=lg+p) implies: (ql(r”)T:(qlr_pz(q+pl implies: {glr"={g—pl
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Comparing wave function operator algebra to bra-ket algebra

(C3 Plane wave functioz?
ik Cs Lattice position vector
Ym(xp)=elm -1
3 Wavevector
. km=27m /3L=27 /N\m
:ez_m /3 Wavelength
J3 =27 /km=3L /m
- ),

r’ lg)=lg+p) implies: (ql(r")T=<q|l’_p=(q+p| implies: (g lr’={g—pl

Action of r” on m-ket I(m))=lk,) is inverse to action on coordinate bra (x |=(g|.
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Comparing wave function operator algebra to bra-ket algebra

(C3 Plane wave functioz?
ik Cs Lattice position vector
Ym(xp)=elm -1
3 Wavevector
. km=27m /3L=27 /N\m
:ez_m /3 Wavelength
J3 =27 /km=3L /m
- ),

r’ lg)=lg+p) implies: (ql(rP)Tz(qlr_”=<q+p| implies: (g lr"=(g—p

Action of r” on m-ket I(m))=lk,) is inverse to action on coordinate bra (x |=(g|.

. P _ lkm(x _pL) _ lkm(x —.X))
(Norm factors left out) l//km(xq—p'L) —<.7Cq Ir |km>—€ ! =€ o
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Comparing wave function operator algebra to bra-ket algebra

e R
C3 Plane wave function

o Cs Lattice position vector
Ym(xp) =€ =L
3 Wavevector
, km=21m /SL=27 /\m
=e /3 Wavelength
J3 Nn=27 /km=3L /m
- v

: : T _ : :
r’ lg)=lg+p) implies: (gl (rp) ={(glr "={(g+pl implies: {(glr’={(g—pl
Action of r” on m-ket I(m))=lk,) is inverse to action on coordinate bra (x I=(g|.
D ik, (x,—p-L) _ ik, (x,—x,)
(Norm factors left out) l//km (xq_p ' L) — <xq lr” | km> =€ [ =€

(g—plm))y ={glr" I(m))y=e """ (gl (m))
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Comparing wave function operator algebra to bra-ket algebra

e R
C3 Plane wave function

o Cs Lattice position vector
Ym(xp) =€ =L
3 Wavevector
, km=21m /SL=27 /\m
=e /3 Wavelength
J3 Nn=27 /km=3L /m
- v

r’ lg)=Ig+p) implies: (ql(r” )Tz (glr "=(g+pl| implies: {glr’={qg—pl
Action of r” on m-ket I(m))=lk, ) is inverse to action on coordinate bra (x_I=(g|.
(Norm factors left out) l/jkm (xq_p . L) — <xq | rp | km> — eikm (Xq_l’)-L) — eikm (xq_xp)

(g=plm)y  ={qIr"1(m))=e"" (gl (m))

—ik, x

This implies: r’l(m)=e " |1(m))
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Urtho-completeness inversion for operators and states
Comparing wave function operator algebra to bra-ket algebra
» Modular quantum number arithmetic

Cs-group jargon and structure of various tables
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. . +i21/3
Modular quantum number arithmetic {=oy

. +i0
0=1=e

Real axis

Two distinct types of modular “quantum” numbers.
p=0.1,0r 2 1s power p of operator r” labeling oscillator position point p
m=0,1,or 2 that 1s the mode momentum m of waves
m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

* —
X>=C

FOI‘ eXample, for m:2 andp:2 the number (pm)p:(elmZE/j’)p 1S eimp~27r/3: ei4'27l’/3: ei1'27t/3 ei3‘27l’/3: el27l'/3:p]
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+i21/3

Modular quantum number arithmetic ity
40
;~1=¢

Real axis

Two distinct types of modular “quantum” numbers.
p=0.1,0r 2 1s power p of operator r” labeling oscillator position point p
m=0,1,or 2 that 1s the mode momentum m of waves
m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

* —
X,=¢€

For eXample’ for m:2 andp:Z the number (pm)p:(elm27r/3)p IS eimp-27r/3: ei4'27l’/3: ei]’27t/3 ei3'27l'/3: ei27[/3:p1.

That is, (2-times-2)mod 3 1s not 4 but / (4 mod 3=1), the remainder of 4 divided by 3.
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+i21/3

Modular quantum number arithmetic iy
\ X*():l:eﬂO
Real axis
Two distinct types of modular “quantum” numbers. /
~121/3

p=0.1,0r 2 1s power p of operator r” labeling oscillator position point p
m=0,1,or 2 that 1s the mode momentum m of waves
m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

* —
X,=¢€

For eXample’ for m:2 andp:Z the number (pm)p:(elm27r/3)p IS eimp-27r/3: ei4'27l’/3: ei]’27t/3 ei3'27l'/3: ei27[/3:p1.

That is, (2-times-2) mod 3 1s not 4 but / (4 mod 3=1), the remainder of 4 divided by 3.

Thus, (p2)?=p:. Also, 5 mod 3=2 so (p:)’=p2, and 6 mod 3=0 so (p;)’=po.
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+i21/3

Modular quantum number arithmetic iy
\ X*():l:eﬂO
Real axis
Two distinct types of modular “quantum” numbers. /
~121/3

p=0.1,0r 2 1s power p of operator r” labeling oscillator position point p
m=0,1,or 2 that 1s the mode momentum m of waves
m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

* —
X,=¢€

For eXample’ for m:2 andp:Z the number (pm)p:(elm27r/3)p IS eimp-27r/3: ei4'27l’/3: ei]’27t/3 ei3'27l'/3: ei27[/3:p1.

That is, (2-times-2) mod 3 1s not 4 but / (4 mod 3=1), the remainder of 4 divided by 3.

Thus, (p2)?=p:. Also, 5 mod 3=2 so (p:)’=p2, and 6 mod 3=0 so (p;)’=po.

Other examples: -/ mod 3=2 [(p:)'=(p-1)'=p2] and -2 mod 3=1.
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+i21/3

Modular quantum number arithmetic iy
\ i1z
Real axis
Two distinct types of modular “quantum” numbers. /
-i21/3

p=0.1,0r 2 1s power p of operator r” labeling oscillator position point p
m=0,1,or 2 that 1s the mode momentum m of waves
m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

* —
X,=¢€

For eXample’ for m:2 andp:2 the number (pm)p:(ezm27r/3)p IS eimp-27r/3: ei4‘27l’/3: ei]’27t/3 ei3'27l'/3: el'27l'/3:p1.

That is, (2-times-2) mod 3 1s not 4 but / (4 mod 3=1), the remainder of 4 divided by 3.

Thus, (p2)?=p:. Also, 5 mod 3=2 so (p:)’=p2, and 6 mod 3=0 so (p;)’=po.

Other examples: -/ mod 3=2 [(p:)'=(p-1)'=p2] and -2 mod 3=1.

Imagine going around ring reading off address points p=... 0, 1, 2, 0, 1, 2, 0, 1, 2, 0, 1, 2,....
..for regular integer points ...-3,-2,-1, 0, I, 2, 3, 4, 5, 6, 7, 6,....
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+i21/3

Modular quantum number arithmetic iy
\ i1z
Real axis
Two distinct types of modular “quantum” numbers: /
-i21/3

p=0.1,0r 2 1s power p of operator r” labeling oscillator position point p
m=0,1,or 2 that 1s the mode momentum m of waves
m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

* —
X,=¢€

For eXample’ for m:2 andp:2 the number (pm)p:(ezm27r/3)p IS eimp-27r/3: ei4‘27l’/3: ei]’27l'/3 ei3'27l'/3: el'271'/3:p1.

That is, (2-times-2) mod 3 1s not 4 but / (4 mod 3=1), the remainder of 4 divided by 3.

Thus, (p2)?=p:. Also, 5 mod 3=2 so (p:)’=p2, and 6 mod 3=0 so (p;)’=po.

Other examples: -/ mod 3=2 [(p:)'=(p-1)'=p2] and -2 mod 3=1.

Imagine going around ring reading off address points p=... 0, 1, 2, 0, 1, 2, 0, 1, 2, 0, 1, 2,....
..for regular integer points ...-3,-2,-1, 0, I, 2, 3, 4, 5, 6, 7, 6,....

eimp273 must always equal ei(mp mod 3)27/3,

(pm)p:(eim2n/3)p — eimp-27r/3:pmp — ei(mp mod 3)2%/3:pmp mod 3
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Urtho-completeness inversion for operators and States
Comparing wave function operator algebra to bra-ket algebra
Modular quantum number arithmetic
Cs-group jargon and structure of various tables
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Cs-group jargon and structure of various tables

0 sl 2
s Cs-group {r’ r/, r<}-table L0 1
= \ obeyed bY{X0:19 Y= 6_127T/3, 2= e+z27r/3} IR
. +10
0=1=e r =r
Real axis
x§=e_i2n/3 Xo=1= x5
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Cs-group jargon and structure of various tables

. +i21/3
Xr=

*

Cs-group {r’ r!, r’}-table
obeyed by {xo=1, /= €727/3 x = e"27/5}

Real axis

Set {x0, X1, X2} is an

Xo=l =20 X=A7

1

irreducible representation
(irrep) of Cs

{D(r%)=x0, D(r))=x1, D(r’)=x2}

X0 X X
X X0 X1
X X Xo
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Cs-group {r? r!, r’}-table

Thursday, February 19, 2015

(irrep) of Cs

{D(r%)=x0, D(r))=x1, D(r’)=x2}

. ti2n/3 . .
X obeyed by {xo=1, y/= e727/5, y = e*27/3}
0
;~1=¢
Real axis
Set {x0, X1, X2} is an
x*:e"2n/ J irreducible representation
2

Cs-group jargon and structure of various tables

(O r'=1 r'=r” r’=r"'
r'=1 1 r' r’
r'=r | r’ 1 r
r=r~ | r r’ 1

G | %=l x=x" =1
Xo=1=x51 Xo X X
x| X X
0= 01 X

g= |r r r g= |r r r

D" 1 1 1
D(O)(g) Z(OO) %50) 95(20) ) (g) g .
D) [ " 2" x| D@1 e e
(2) 2) (2) .(2) 27 27i
D (g) Xo X1 X» D(2)(g) 1 eT 6_7

In fact, all three irreps {D), D), D@} listed in character table obey Cs-group table




Cs-group jargon and structure of various tables

. +i21/3
Xr=

Real axis

Cs-group {r? r!, r’}-table

Set {x0, X1, X2} is an

irreducible representation
(irrep) of Cs

{D(r%)=x0, D(r))=x1, D(r’)=x2}

obeyed by {xo=1, /= €727/3 x = e"27/5}

(O r'=1 r'=r~
r'=1 1 r
r'=r| r’ 1
r'=r—’ r r’

In fact, all three irreps {D), D), D@} listed in character table obey Cs-group table

0

1

2

g:

r r r
D(O)(g) %80) %50) %(20)
DY@ | x a2y
D™ | x x X

D" (g)
D" (g)

D" (g)

The identity irrep
DO={1,1,1}

obeys any group table.
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Cs-group jargon and structure of various tables

S Cs-group {r? r!, r’}-table

ILTC

X*]: obeyed bY{XOZIa XI= e_i27T/3, 2= e+i27r/3}
()

*0=1=e+l

Real axis

Set {x0, X1, X2} is an

irreducible representation
(irrep) of Cs

{D(r%)=x0, D(r))=x1, D(r’)=x2}

(O r'=1 r'=r” r’=r"
r'=1 1 r r’
r'=r| r’ 1 r'
r'=r—’ r r’ 1

X
X
Xo

In fact, all three irreps {D), D), D@} listed in character table obey Cs-group table

g= |r r r g= |r r r

D" 1 1 1
D(O)(g) %(00) %50) %(20) ) (g) g .
D) [ " 2" x| D@1 e e
(2) 2) (2) .(2) 27 27i
D (g) Xo X1 X» D(Z)(g) 1 €+T 6_7

The identity irrep
DO={11,1}
obeys any group table.

Irrep D@={1, e*i27/9 e727/5\ {5 a conjugate irrep to DW={1, e™27/7  g*i2n/

D(z): D(l)*
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» Cs Eigenvalues and wave dispersion functions
Standing waves vs Moving waves
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rigenvalues and wave dispersion functions

0 1 2 zO(m)gn- il(m)gﬂ’- i2(m)g7t
<m|H| m>=<m|r0r +RE +1x ‘m>=roe 3 +re 3 +re 3
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rigenvalues and wave dispersion functions
T 0m2T  il(m)2" i2(m)2"
<m|H| m>:<m|r0r +RE 47K ‘m>:roe S +re 3 4re 3
i0(m)2" P _me
(Here we assume ri=r>=r) =rne 3 4r(e P te )

(all-real)
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rigenvalues and wave dispersion functions

mlH|m)=(mlrr’ +rr' +rr’|m)=re
0 | 2 0

(Here we assume ri=r>=r)

(all-real)

— rOe

iO(m)%”
+re

iO(m)%”

i1(m)2"

;2mr
+r(e 3 +e

3
tr.e

iz(m)%”

2mrm

3 ) =1, +2rcos(2"%”) =

-

1, +2r (form=0)

n,—r (form=+l)
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rigenvalues and wave dispersion functions

(

01 0m2T  il(m)2" i2(m)2"
<m|H‘m>:<m|rr +7r +7.r ‘m>=re 3 +re 3 +re 3
0 ir T 0 1 2
i0(m)2" 2T _2mn 5
(Here we assume ri=r>=r) =rne 3 +r(e 3 +e 3 )=r +2rcos(“]) =1
(all-real)
Quantum H-values:
| 1
70 g g 2mmw 2mm
IR el 3 :(ro +2rcos(2"%”)) el 3
2 2
rorn ! ’%m o ”%”

.

1, +2r (form=0)

n,—r (form=+l)
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rigenvalues and wave dispersion functions - Moving waves

mlH|m)=(mlrr’ +rr' +rr’|m)=re
0 | 2 0

(Here we assume ri=r>=r)

(all-real)

Quantum H-values:

3

= (1 +2rcos*"¥"

— roe

)

C; moving waves

i0(m)2"

i1(m)2"

i2(m)2"
S tre 3

3 +re

2mrm

. 21 2mT
o3 +r(el 3 te

Quantum H-dispersion

geomelry

s

p=0 p=1 p=2
right-hand moving wave
.y | i3 pt2mif3
J left-hand moving wave
0, 1 1 1
scalar standing wave
p 1S position
Wavelt App
MolVibes

3 ) =1, +2rcos(2"%”) =

-

1, +2r (form=0)

n,—r (form=+l)

.
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rigenvalues and wave dispersion functions - Moving waves

mlH|m)=(mlrr’ +rr' +rr’|m)=re
0 | 2 0

(Here we assume ri=r>=r)
(all-real)
Quantum H-values:

p=0 p=1 p=2

= (1 +27cos(

C; moving waves

i0(m)
= roe

iO(m)%”
+re

1

i2n_m'

e 3

2mm

e

] e+2TCl/3 6—2751/3
right-hand moving wave
] e—ZTCl/3 e+27'[l/3

left-hand moving wave

1 1 1
scalar standing wave

3

Quantum H-dispersion

v

—

p 1S position

Wavelt App

MolVibes

i1(m)2"

i2(m)2"
S tre 3

27 <M
3 +r(e 3 +e

i
3 ) =1, +2rcos(2"%”) =+

geomelry

This 1s an
exciton-like
dispersion function

wy(m) = ro(1-cos ZmTW)

wi(m) ~2ro("3)?

-

1, +2r (form=0)

n,—r (form=+l)

.
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Elgenva ues and wave lSp@I/'SZOI/l M?ZCIZOFZS M0vmg waves

<m| H‘ m> = <m| ror +rr +r2r2 ‘ m> =r,e

(Here we assume ri=r>=r)

(all-real)

Quantum H-values:

p=0 p=1 p=2

) +2I"COS( 3 )

( 2mmw

— roe

C; moving waves

+e 3 )=r,+2rcos(

Classical K-values:

zO(m)§ 3 12(m)
lo(m)gn .2m7r _2mm
3 +r(e
.21m7'l: K -k -k
)| &3 k K -k
_j2mm -k -k K
e 3

Quantum H-dispersion

+27i/3
3.1 €

—2mi/3
3 1 € !

031 )i )i

e—2m‘/3
right-hand moving wave
e+27u'/3
left-hand moving wave

scalar standing wave

DN ER
| >

p 1S position

Wavelt App
MolVibes

This 1s an
exciton-like

dispersion function

wy(m) = ro(1-cos ZmTW)

wi(m) ~2ro("3)?

geomelry

2m71')

= A

r

= (K — 2kcos(2”%”)) e

1, +2r (form=0)

n,—r (form=+l)
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Elgenva ues and wave lSp@I/'SZOI/l M?ZCIZOFZS M0vmg waves

) zO(m)§ ll(m)§
<m| H‘ m> = <m| ror +r1r +rr ‘m> =r,e +re +r.e
lo(m)gn .2m7r _
(Here we assume ri=r2=r) =rne 3 +r(e 3 +e
(all-real)
Quantum H-values:
1 1
h T i 2mm
ronor e = (nr2reos®)| &
2 2
rorn e—z ’%m e—z ”%”

12(m)

2mrm

Classical K-values:

1
K -k -k .2mm
l_
-k K -k e 3
-k -k K _j2mm
e 3

p=0 p=1 p=2 C; moving waves Quantum H-dispersion  geometry

3)=r, +2rcos(2m”) =

1, +2r (form=0)

n,—r (form=+l)

r

K-eigenvalue... |
2mr 2"

:(K—chos( 3 )) e 3

needs Square-Root _,-2'%175

to be a frequency

TN O+ 2re0s2iT
1 erms e SENERN HTo 3
. . o
right-hand moving wave e 353
\ . .
3 ] e—2m/3. e2mi/3 7 with:r)=-2r
left-hand moving wave | nd: r<0
\

scalar standing wave \

0, 1 1 1 T/T)/T) j\“3

p_ LS position pZO p:] p:2 IN3 | This 1s an

exciton-like

dispersion function

wy(m) = ro(1-cos ZmTW)

wi(m) ~2ro("3)?

Wavelt App
MolVibes
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Elgenva ues and wave lSp@I/'SZOI/l M?ZCIZO?ZS M0vzng waves

zO(m)— ll(m)— zZ(m)
<m|H‘m> = <m|r0r +rr +r2r2‘m> =re 3 +rne 3 +re
.2m7r 2mm 27 (fi =()
. . zO(m) U Vytzar ( or m )
(Here we assume v =r>=1r) =r,e 3 +r(e te 3 )= 7+ 2rcos(2m”) =]
(all-real) . r,—r (form==l)
Quantum H-values: Classical K-values: °
1 . 1
1 1 _
nooror o o K -k -k Py K elgenvalue.z.. ) 2
conor |3 = (nr2reosm)| kK k|| €3 |=(K-2keos®)) € 3
roron _,-2n§m _,-2'7_;” -k -k K _,-2%17? needs Square-Root _,-2%176
e e e

to be a frequency
p=0 p=I p=2 C; moving waves Quantum H-dispersion  geometry  Classical K-dispersion

TN Oy 2rcos 2T
_|_]3 ] ermi3  o=2mi/3 s | i3
: S et N
right-hand moving wave 7 )% |
\ . . \
_ ]3 ] e2mi3  pt2mi/3 | with:ry=-2r |
left-hand moving wave | nd: r<0 |
\ \

with:K=2k
RN L 0 | |
scalar standing wave \ norm: o o
D15 posiiion p=0 p=1 p=2 IN3 This is an This is a
exciton-like phonon-like
dispersion function dispersion function
wy(m) = ro(1-cos ZmTW) wic(m)=v/ 2k—2kcos2mT7T
=2V k sin =
mm
w(m) ~2ro( %5 )? wi(m) ~2Vk(*5")!
Wavelt App wy(m) 1s quadratic for low m wy(m) 1s linear for low m
MolVibes (long wavelength \) (long wavelength \)
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C3 Eigenvalues and wave dispersion functions
» Standing waves vs Moving waves
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rigenvalues and wave dispersion functions - Standing waves

Classical K-values:

<m| H‘ m> = <m| K +rr +rr ‘m> =71,e +re +re
i0(m)Z" 2T _2mr
(Here we assume v =r>=1r) =re 3 +r(e 3 +e
(all-real)
Quantum H-values:
T 1 1 1 ! K -k
i2n_m' i2n_m'
A e 3 =(r0 +2rcos(2"%”)) e 3 -k K
ror o —iz’%m —2”%” -k -k

SRR

|

3)=r, +2rcos(2"%”) =

Standing waves possible if H is all-real (No curly C-stuff allowed!)

-

1, +2r (for m=0)

r,—r (form=+l)

= (K — 2kcos(2”%”))
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rigenvalues and wave dispersion functions - Standing waves

) 201 ) 21 ) 21
i0(m)z il(m)z i2(m)z
<m| H‘ m> = <m| roro+rlrl+r2r2 ‘ m> =re 3 +re 3 +r,e 3

-

- 2r 2 mrm 2 mrm —
0(m)2 . _2m r.+2r (form=10
(Here we assume ri=r>=r) = 3 +r(e 3 +e 3 )=r +2rcos(?Fy=4 " ( )
0 0 3 _
(all-real) . rn,—r (form==l)
Quantum H-values: Classical K-values: :
! ! K &k & 1 1
rO r r Im om - - 2"_’177: 2n_’l7[
roror ¢ 3 =(r0 +2rcoS(2’%ﬂ)) ¢ 3 [ k K -k ] el 3 = (K—chos(zn%n)) el 3
2m 2m - - 2 2
reron e—l §” e— 3” k -k K e— ’%m e—l %m
Standing waves possible if H is all-real (No curly C-stuff allowed!)
Moving eigenwave Standing eigenwaves H — eigenfrequencies K — eigenfrequencies
( | A

2

gti2m!3 ‘c3> _ |(+1)3> +‘ (_1)3> 1 | w3 = , +2rcos +2§m”) \/ko — 2kcos(+\ %’m)

(+1)5)= 7 _
3V\\E omi2713 \/Ef v B =Kotk
States |(+)

(> and | ‘(( <)) in any mi)jures are still stationary due to (i{;degenemcy (cos(+x)=cos(-x))
1 1
‘(_1) >_ e ‘ >_ ‘(+1)3>_‘(_1)3> _ 1 ! w3 = n,+2r coS(_2§mﬂ) \/ko — 2kCOS(_2§mn)
3/743 53/ NG =5 + ||
+i2m/3 l 1 _]/'O—]/' _ kO-I—k
e
\ J
|
|(O)3> :\/51 1 w3 = n,+2r k, — 2k
1
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Eigenvalues and wave dispersion functions - Standing waves

(Possible if H is all-real)
=0 p=1 p=2  C;standing waves  Quantum H-dispersion  geometry  Classical K-dispersion

/\
cs[2N6 -176 -16 ®\/\ v

cosine standing wave

s 0 1N2 -1N2 ND//
Sine standing wave
04 1A3 1A3 A3 |I(H) Q (A1
|

scalar standing wave

Radial standing waves (all-real)
(13, 143, 143)

(26, -1N6, -1N6) (0 +1N2,-1A2)

‘3

Wavelt App
MolVibes
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Eigenvalues and wave dispersion functions - Standing waves

(Possible if H is all-real)
p=0 p=1 p=2  Cystanding waves  Quantum H-dispersion  geometry  Classical K-dispersion

N\ =|r,+2rcos2MTY
c,2N6 -1/6 -1/\/6®/\ Pz N s 4

cosine standing wave

s 0 1A2 -1A2 ND/ /
sine standing wave / } 1

0413 173 143 || (1) Q (1) llf?;w =1

scalar standing wave

Radial standing waves (all-real)
(13, 143, 143)

(26, -1N6, -1N6)

o (0 F1IN2,-1A2)

v

Angular standing waves (all-real)
(1A3, 143, 1A3) (26, -176, -1/16) (0 +1A2,-112)

Wavelt App
MolVibes
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Cs Spectral resolution: 6" roots of unity and higher
Complete sets of coupling parameters and Fourier dispersion
Gauge shifts due to complex coupling
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15t Step in Abelian symmetry analysis

: : : gg’
Expand C, symmetric H matrix using C, group table( form)
g7‘
Ce | 1 r5 r4 r3 r2 r
1 1 r5 r4 r3 r2 r
— - 5 4 3 2
H=rpx/+r ' +rp’+. . +r, r'=Xrr* SR
r2 r2 r 1 r5 r4 r3
4 r3 r3 r2 r 1 r5 r4
4 4 3 2 5
r r r r r 1 r
r5 r5 r4 r3 r2 r 1
0 1 2 3 4
H =K +FT ey 9 L nr +ET
" 15 3 5h h" T U 2 1 1 . ..
7"1 r() 1”5 1”3 "2 1 . .. 1 . . . . 0 . . . . . .. .1 .
s o s r3r"1" B N A P . A
; = + + + + +
A A A 0] 1. | R L2 I 31 . S o
37‘21"11"07/'5 | .1 . A .10 . . . 0 11 . . . . 0 . ...
r, rorononl o | o1 . 1

C, group table gives r-matrices,...

(known as a regular representation of the group )
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15t Step in Abelian symmetry analysis -
Expand C; symmetric H matrix using C, group table( form)

g7‘
Ce | 1 r5 r4 r3 r2 r
1 1 r5 r4 r3 r2 r
— 0 1 2 n-1 — k S 43 2
H=rxy"+r r'trr+..+tr r*=2rr O
0 1 2 n-1 q 2| .2 5 4 3
r r r 1 r r r
4 r3 r3 r2 r 1 r5 r4
4 4 3 2 5
r r r r r 1 r
r5 r5 r4 r: r2 r 1
0 1 2 3 4
H =Rr +FT v +BT o +ET
" ’s I3 h T U 1 1. 1 ..
IR B 1. | [ I 1 : 1.
r, v, r, 7t r. o1 . A 1 . . . . . o1
. =0 +1 +2 +3 + +5
o, hOF T : 1. A . S 1 . . 1
]/'3 rz rl rO ]/'5 A | 1 A | 1 A | 1 o1 1 . 1 ..
’/‘ I/' " ’/' ’/‘ ..... . . . . . . .
5 3 2 1 Yo %

C 6 group table g ives r-matr ices, .e.  Put “1” wherever 1|'3 appears in product-table

(known as a regular representation of the group )
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15t Step in Abelian symmetry analysis

Y Y Y oY

C6 group

S Oﬁ m\

~
(\O]

oo

— . 20
Hror

N SN ot

1

2
I/'

N

—Y oY Y

~
N

LS

—Y oY Y

o

|r5>=r5|r0>’"/ \

~

r

rl

table gives r-matrzces,...
1)=11%)

)=r'|r%)

r

o s d

r, r,B T,
r, r

—_
(=]

7

N SY O
N S oY

oY oY

+5

Nearest neighbor coupling

r’+..+r rI=Yrrk
n-1 q

C6-allow

Ce

Expand C; symmetric H matrix using C, group table( form)

1

.....

ALL neighbor coupling

@
ed H-matrices...
1)

" 7’5 3

T ’s
Hhh s
B hh
n o
3 5

wY ot

—Y oY Y
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(a) 1" Neighbor C,

.« FH, o -
S
L™

=H1 -1 -7t

n BN w (\S) ~ S

C, group table gives r-matrices,..

[1)=1]r%
E— )%\,,1 Nearest neighbor coupling
irh)=r’|rY) OIE i
N Ts
T s
" s
T s
I"l 7,

0
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(a) 1" Neighbor C,

HB1(6):2r1 —rr —pr!

Conjugation symmetry . .
Hermitian Hamiltonian @, =H,;) requires r,=r,and r,=7; .

)

o 1 2 3 4 5 |p
2r —r - : - —=r| 0
—-r 2r -r - : : ]
—r 2r -r 2
—r 2r -r 3
—r 2r -r| 4
—7r —r 2r| 5
Elementary Bloch model
1 : Fre(rey assumes both are real
1, equals conjugate of r.: ( r,=r;) (r=-r=r")
C, group table gives r-matrices,..
| 1)=1 |1‘0) Elementary - Bloch - Model : Nearest neighbor coupling:
|r5):r5|r0)%\rl HBI(6)=r01+r1rl+r5r5 =2r1—rr' +—rr
|I'1):l']|1'0) o - ..y O 1 2 3 4 S5 |p
0 5 1
P 2r —-r - . - =r| 0
1 0 5
—r 2r -r . . 1
\ r]rors..=-—r2r—r-~2
\/ R R - - —=r 2r -r - | 3
B BN - - - —=r 2r -r| 4
5o T T -r - - - —r 2r| S5
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(a) 1" Neighbor C, (b) 2" Neighbor C,
&

@ @

& B

®>§ 5 ? i Conjugation symmetry

S Ky o
® .9 Canironn *

@~ r r @ 1 r-=7. d =
@y @(@_ @ §=S*=S \req}nres o—'oan Iy .j

H3 O =21 —pr' —pp HB2(6):H21—sr2 st

0O 1 2 3 4 5]|p o 1 2 3 4 5 |p
2]/ —r . . . —7 O H2 -3 —S 0
—-r 2r -r 1 H, —S —s | |
-r 2r —-r - - |2 -s - H, - -s 7
-r 2r -r 3 —g H, - -s| 3
—r 2r -r| 4 _g _g H, 4
—-r - : - —=r 2r| 5 g s - H,| 5
. %k *
r, equals conjugate of r.: (r,=r; =-r) (. =r, =-8) We assume both are real
C, group table gives r-matrices,..., and all C(allowed H-matrices...
: 11)= 1|1'0) 2" Nearest neighbor coupling: |1) 1|r0) All — neighbor coupling:
r Bl®)_ Sy’ HA(6)—r 1+7r '+ e+ +rr +r
|r5)=r5|r0) H rl+rr +rnr 0 |
/ \ [rhy=r'[r") B . ronor,onon T
0 4 0 5 4 3 1
A noTy s Ty N
7’0 1'4 . I/'l }"0 7"5 1_1 1"3
. Cor 7 noy T
\/ By 7 ron nor T
S Cor s Ty T T
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(a) 1" Neighbor C,

HBI(6):2r1 —rr —pr!

O 1 2 3 4 5 |p
2r —r —r| O
—-r 2r -r 1

—r 2r -r 2

—-r 2r -r 3

—-r 2r —-r| 4

—r : —r 2r| 5

Neighbor C

5 S @

1, equals conjugate of r.: (r,=r. =-r)

C
e =11

|r5>=r5|r°>% \

~

group table gives r-matrices,...,

Nearest
[th)=r'|r")

g

0’5

® '
H32(6)=H21 —Sr° —sr ° =115
o 172 3 4 51 p o 1 2 3 4 S5 |p
H, —S -s | | H; —l 1
—s H, —s 2 H; ~t | 2
—s H, —s | 3 —l H, 3
—s —s H, 4 —l H, 4
—s —s H,| 5 —1 Hy | 5
%
(r=r, =-5) (r,=r, =1) must be real
and all C(allowed H-matrices...
1)=1[r%
neighbor coupling | ) | ALL neighbor coupling
o ' 3 g
Ty T " s
nory T T s h 3
7 s % T s
T s 3 T 5
7o s 3 h R

(c) 3" Neighbor C
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2nd Step

H diagonalized by spectral resolution of r, r,...,r’=
All =7 satisfy x’=1 and us¢ 6"-roots-of-1 |for eigenvalues '
v, ::zegm r Dm(r ) qg—.?mm.fﬁ =y m_wfm*
I;u:f - I Bm(ﬂ})qi’ =2 mim-p ﬁ_IJm:%}m* , I;!J,‘r
’fJ_ I_ p=power (exponent) Vi \ /
'J'-"'Jf _'J'-"': - i_ =1
i 6 or position point '#'f

'#} 'P"; 'J'f; ‘=e _ X
rGroupS “know” their roots and will "m_’;””’“ : ”f !
tell you them if you ask nicely! o
You efficiently get:
*invariant projectors
irreducible projectors
irreducible representations (irreps)
*H eigenvalues
*H eigenvectors
o T matrices
edispersion functions

e "y
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21d Step (contd.)

H diagonalized by spectral resolution of r, r’

top-row tlip
not needed...

All =7 satisfy x’=1 and us¢ 6"-roots-of-1 |for eigenvalues . P(m) = Pt
Iy . vina] CNCIRUINE
wn:j Dm(?')zﬂ 2 im0 :Ifm:lryjm 6 r:: EWP P P P P
w::J':eZm'ﬁ | Bm(r” ) —p 2 Tim-p/6 qflm:%}m* " 14 Pm ’ P(U ’
W—*iz"”-"j_‘e‘rm ‘ p=power (exponent) \ / ) e 'P(-v: _
Wi=vs =1 or position point 1l ;j e w0
v =y, =y tme m = momentum =1 4 -Iﬁ-
v =5t =y e or wave-number ! 5 b i
i W_a P( 4 i ) PG'J
0 (U] (1) (2) 3 O p D (3)
I';J _JL}; JL};] - XFEP - x]” P - IFL‘P . XFSP
(x - S T S (o (o (. .
: x;-,.l : : O o S o . .
| Ifx’* N % DU % HEN = % SN %) I ) B &7 | |
. ,‘” Jti} :‘1 o Y B Y I Y N R : 1 : :
| x) N \ oo o o \ :
' )
Projectors v are eigenvalue “placeholders "having
orthogonal—idemgfotent products, eigenzequations,
P(m)P(n)=6mnP{m) r’ P(n)= xf HP{HJ
and one completeness rule: pO+p)+P+..4PO)=1 )
83
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21d Step (contd.)

H diagonalized by“fectml resolution of r, °,...,r°

top-row flip
not needed...

All x=r" satisfy x’=1 and 6™-roots-of-1 |for eigenvalues P = Pt
ool (U 3 4
,—27im/6 e "E PP P P P P
'P';Hz D%(r)=e T :xfm_wfm ’ ] Prfy
| 27i6 ) | ——2 T p/6 My M* T
v, 82; o D"(r’)=e 2 = v\ VI Pl. B’ .
Wi = W:-! —€ p=power (exponent ! ) 7 e
W=y = | or position point . Vi ;j e p¥
w*’—w;’—wﬁ——e'*’“’r m = momenium W, /\w;’ﬂ » -P””‘
o276 S , : P -
e e or wave-number EERNVE e e
p (ﬂ] (] 2 ) 3.0 4 D 5 0
r _%,' P -2, P < X, P “X°P < X, P <X, P
ij,ﬂ' ' ] T e T e T .
: l}l e e I I O
B PN =7 NEDORIN =2 NN 7 RO 5 MR 7 M 7 O
Inverse C s spectral resolunon m-wave qxl il ") =et2mm D6 i
m
6P = Yt Yy " +y " Wl Yy
position p {or power of ¥') r
p=0 1 2 3 4 5 r
m=0) '1"-"'”” '1"-"'_;” w}u '1"-"'_;” '1"-"';” %H
- Do d e d wd wr ! uel
= m=1 |y, oyt oy
§| 2 vl v v v v
2l m=3 ) v v v S
E m=d4 %4 w«!_-,f l,rf_ﬁ ij l,rf,*r %4
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Wavelt App >\5:27T/k5:5L/5

C ¢ character

— ,-imp27 /6
me_ezmp T/

is wave function conjugate

wjﬁﬂ( Vp) — e;impZW /6

6 (with norm \6)

-

4 N
Cs Plane wave function

Ym(7p)=€"m"
J6

— pimp2m /6

3

J

Cs Lattice position vector

rp=Lp

Wavevector
km=27m /6L=27 /N

Wavelength
=27 /km=06L /m
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html

Backwards phasors Reall axis

for
conjugate waves
(turn counter-clockwise)

C
0
x?((%) Y LR S S °
m=0, | 1 | 1 | | 1 6
1 1 e e -1 & ¢
2, 1 e e 1 & €2 _26
=3 1 -1 1 -1 1 -l _3
4.,=-2, 1 g2 e 1 ¢ & 6
5¢=—1¢ 1 e e -1 & & 46
8:eﬂm6
J6
Wavelt App
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00

60° 120° 180°-120°-60°

Q 1 1 1 | 1 1
3 & e -1 & ¢
N 1 e g2 1 & g
0 | —1 I -1 1 —1
* 1 g2 ¥ 1 &2 &
3 1 e & -1 & ¢
What you'll get
if you look up
Cs characters in library
Wavelt App
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Cy Lattice
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Cs Beam analyzer used in Unit 3 Ch. 8 thru Ch. 9

Your.- STATE . ANALYZER ¥\Nn- STATE
MEASUREMENT ) 0 cH f(‘-)f;’: A{%f PREPARATION
Farticle 1)=r |0) / D=r |0) Particle Y\-State
Analyzer-Counter - B _Fi
0) 2)=r2 |0) Analyzer-Filter
3)=r3|0)
|1> |5> 4>=I‘4 O>
5)=r> |0)

)
'Your) =TIV ) |4 i

13)

Fig. 8.1.1
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Cs Spectral resolution: 6" roots of unity and higher
» Complete sets of coupling parameters and Fourier dispersion
Gauge shifts due to complex coupling

Thursday, February 19, 2015
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314 Step Display all eigensolutions of all possible C, symmetric real H

n—1 n—1 n—1 n—1 n—1
H = Z ’l"pl‘p - Z Tp Z X;nP(m) — Z w(m)P(m) where : w(m) — Z 'rpX;;n — w(k;m) a)ispersionfuncﬁons)
p=0 p=0 m=0 m=0 p=0
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314 Step Display all eigensolutions of all possible C ; symmetric real H

n—1 n—1
H = Z Tprp - Z Tp Z XmP('m) — Z w(m)P(m) where : w(m) _ Z 'rpX;)n — w(km) mispersionfuncﬁons)
m= m=0 p= 0
Elementary eigenvalues of HB1(6)

oA p=0 1 2 3 4 5
Bloch Model sigir| F
H= H11 -rr-rr!

H1 -r - - .« -r\o
e B =2 -rH, -r
@ = oublet ‘I 1 wBl(n)(km)
@ - rH, r - -

« -rH, -r
CHgl - - - rHyr
oublet \_r . . . _r H1
| _Os)

singlet

1, equals conjugate of r.: (r,=r. =-r)

=roxo +71X1 +r-1x"1
= Hy — 2r cos(2mm /6)

2
3
4
b
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314 Step Display all eigensolutions of all possible C, symmetric real H

H=) rrf=) rp, Y xpP™ => w™P™ where: w™ = "r,x* = w(km) (Dispersion functions)
p=0 p=0 m=0 m=0 p=0
Elementary eigenvalues of HB1()
o p=0 3 4 5
Bloch Model pH _1 2 Ny
H=H1-rr-m! / 1Hr . . r\
-rH, -r - - . J B1(n)
o %o R S

2
tH, or - [T roxo +rix1 +7r-1x"1
= H, —2r cos(2mm/6)

« « « -rH, -r
1
} V vV ouble 4
°. .8 CREY
A eigenvalues of HB2(6)
2"¢ Neighbor p=0 I 2 3 4 5
coupling D ) 2 0«1 {H. - -5 - -5 . \o0
H=H,1-5r?-sr? 6 6 / 0_0("72 B2(n) 1,
]6 oublet |doublet . H2 . -S — Ji w ( m)
s - H, - -s « |,=roxo +7r2x2" +r-2x’s
T - s - H, - -s [, = Hy—2scos(4mm/6)
21’2:25':21”_2 D H -§S - -S§ - H2 .
H 4
. —S . —S .
0.X/35 O/ 3 K 2}5
singlet singlet
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314 Step Display all eigensolutions of all possible C, symmetric real H

n—1 n—1 n—1 n—1 n—1
H=) rrf=) rp, Y xpP™ => w™P™ where: w™ = "r,x* = w(km) (Dispersion functions)
p=0 p=0 m=0 m=0 p=0
Elementary eigenvalues of HB1()
Bloch Model pT—IO 1 2 3 4 5 0
H=H1-rr-m! / L e _r\
-rH, -r - - -« | B1
(n)
o %o R S
-r H1 -r - =roXo +TiX1 +7T-1X"11

T H, -r ‘= H, - 2r cos(2mm /6)

} ouble .r - . r H 4
N e s
. B2(6)
. cicenvalues of H
pnd Neighbor gpzo ] 2f 3 4 5
coupling 2 2 +2 =14 [ H 0
. o . =§ - =S .
H=H,1-sr2-sr2 6 6 / 0_0("72 B2(n) 1,
]6 oublet |doublet H2 -S - 1 w ( m)
s - H, - -s « |,=roxo +7r2x2" +r-2x’s
T -5 - H, - -s |, = Hy—2scos(4mm/6)
21’2:25':21”_7 D . -§S - -S§ - H -
; . 2 N
. —S . —S .
06 36 sigggt .\ii’/ff K 2} g
L 3 eigenvalues of HB3©)
3" Ne.lghbor 1, 07 3=l ]p=0 1 2 3 4 5
coupling 0 T il [ H. &« <t . .\ 0
H=H,1 -t} - ir3 TESTEST h " 3
‘ i : . H3 - . -t 1 wB3(”)(km)
Hy - - -t |2 = ToXo +T3x3 +r-3xs
T -t - - H3 - 3 =H3—-2t(—1)™)
21 . :21121‘7} A & - —t . . H 3 . y
singlet doublet . ] _t ] ] H
24 +24 O iz_6 3515
6 _?/ i m=0 +/ hyy) +3
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Complete sets of Cs coupling parameters and Fourier dispersion

m-p
—ion L —ien g )
a)m(HGB(N))—<m| errp|m>— er<m|rp|m>— Y re N = Z‘r‘e N
p=0 p=0 p=0 p=0
Real Cs Bloch H SB®) eigenvalues are Fourier series with 4 (for N=6) Fourier parameters
{ro=H, v =r=rg,ro=s=ro r;=t=rj3}

. m-l . m-l . m2 . m2 . m3
GB(6) 171'7 —lﬂ'? lﬂ'T _lﬂ:T 177:7 *
o, H.,; )=r+r(e +e ) +nr(e +e ) +ri(e ) (forreal:r,=r_, =r,)
m- 1 m-2
=H + 2r cosnT +  2s COSET + t(=D"

giving 4 wm-levels:

...In terms of 4 solvable 7,-parameters:
Wy =H+ 2r+ 2s+t

:%(a)0+ 0 + 0, + 03)
wil :H+ r— s—1t

_1
w, = | r =@+ 0 - 0 — 03)
wiz =—H—- r— s+t " =1

1
s = (Wg— w; — W) + @3)
Ww; =H-2r+2s—t

5 :% (@0—20)1 +2602— 0)3)

.

General Bloch H ©B® eigenvalues are Fourier series with six (for N=6) Fourier parameters
{ro=H, r/=re®l, r,=rei®l r>=se® ro=sei?’ r;=t=r;)}

1 2 .
a)m(HfOilfp(g) H+2rcos(n'm7—¢l) +25003(77:m7—q)2) + t(=1)"  (for complex: r_,="r,)
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Cs Spectral resolution: 6" roots of unity and higher
Complete sets of coupling parameters and Fourier dispersion

» Gauge shifts due to complex coupling
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Complex sets of Cs coupling parameters and gauge ShlﬁS
—z(27r "¢ )

GB(N —ion
o, (H ( ))=<m| > rprp|m>= D rp<m|rp|m>= 2 re N =3 ‘rp‘e
p=0 p=0 p=0 p=0
Complex Bloch matrix H 9B®) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters
{ro=H, r/=re®, r,=rei®l r>=se® ro=sei®’ r;=t=r;)}

._m-l ._m-l . m-2 . m2 . m-3
GZB(6) R I B RN *
O, (Hompiex) =1 +1e +r_e +re +re + e (for complex: r_ , =r,)
giving 6 wm-levels: ...In terms of 6 solvable r,-parameters:
wo = I’O + 7'1 + I’_l + I’2 + 7‘_2 + 1’3
in -iTT i’r 121 ( ry = %
W, =T +re 34re3 +re 3 +roe 3 —r; )
v =
-ITT ¥4 12T I2r !
EY Y Y =9
W_=rt+re3+re3+re 3 +r.e 3 —r, L= Left as an
@, =3 p . .
m in i ir i r =" €Xercise...
W, =n+re > +re 3 —re3-r,e3 +r, r,="?
-I27 1271' —177: m' ry = 7
W_,=rtre 3 +r_e 3—rze3—rze3+r3 )
0)3 = 7'0 — rl —I’_l + 7‘2 -+ 7_2 —7’3

.

Geometric solution shown next...

1 2 .
a)m(Hg;Oanfp(z@c) H+2rcos(77:mT—¢1) +2SCOS(an_¢2j + t(=1)"  (for complex: r_, =r,)
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3rd Step (contd.)
...ezgensolutzons for all possible C Symmetrzc complex H

n
H — Z rpr? = 5‘ - 5« X™P™) = Z WP where : w™ = 3 1™ = wkm) ) (Dispersion function)
m=0 p=0
: B1
Elementary 3, 3, eigenvalues of H (6)
fffffffffff | “6lp=0 1 2 3
Bloch Model ] . ;
H=H 1 -rr-mr! - +2, HI p S 8
s 9 . A ' | doublet r] H] r_] - - Bl(n)
@‘@%@%@ N A TR P "
A 4 D I . - rH T, - =ToXo t7TiX1 +7T-1X-1
% % N 3=H1—2rcos(27rm/6)
@ r @ I I | doubler 177171 [ 4
) T
@ Os ’

Nearest neighbor coupling
o T g

7 T

S

noTy I

I”ll"o I

ry I"1 I"O

r
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3rd Step (contd.)
...ezgensolutzons for all possible C; symmetric complex H

n

H — Z rpr? = 5‘ - 5« X™P™) = Z WP where : w™ = 3 1™ = wkm) ) (Dispersion function)
m=0 p=0
: B1(6)
Elementary 35 7 3] ezg:e(;q va]luezs 0f3H i
Bloch Model e 7 )
H=H1-mr-m! - 2 (2 Tt r]\
77777 B Si iy~ ! ‘ | doublet r.H, r . - . 1
@ JRETRAY B1(n)
w
@ ‘@ SR R L
,,,,,,,, e e o H op . =ToXo TTiX1 TT-1X_1
%r % 17 3
+] = Hy — 2r cos(2mm /6)
@ " @ I~_ T T 775[014[)/5 T H] "1 4
@ - ) ]/'_] - - ]/1 H]/ S
,,,,,,,,,,,,,,, ,,__15){
Nearest neighbor coupling — For Hermitian HB'©=(HB!©)t
';0 :1 ) g complex components
1 r(l) r-ol r, rlz—reiq’ imply
HB1(O0)= .
% = conjugate components
gl rO 1 },-* =y :_re'iq)
r N 1 -1
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3rd Step (contd.)
...ezgensolutzons for all possible C Symmetrzc complex H

n—1 n—1 n—1 nl

H=) rrf=) ) x P = Z w™P™  where : W™ =Y "y = w(km) ) (Dispersion function)
p=0 p=0 m=0 m=0 p=0
Elementary 3 5 eigenvalues of HB1(6)

p=0 1 2 3 4 5
/H] ]/'_] c - . ]/]\0
ryH v oo
r]H]r_ 5 - . .
Hor, - =7ToXo tTixX1 tT-1X_1
1" 3
= H, — 2r cos(2mm /6
| I (27m/6)
]/'_]. . c ]/'IH]/5

a 7singlet‘

Bloch Model
H=H1-rr-rr!

@‘@@%@

o B

®. @ I i
@

wBl(n) (km)

Nearest neighbor couplin s BI(6)—/gB1(6)) T
g ping  For Hermitian H (HB1©) wB1(6)(km) = rox"y+  rix", o™

’;) fl ) g complex components
1 M o o S
HB!(6)= o I”zz—l’elq’ imply — Fo — re’d)e’”m/é - re-zd>e-127rm/6
- T M conjugate components
Lo JUg P = 19 =2rcos(2mm/6 +0o)
I A 1 "-1

I 0
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3rd Step (contd.)
...ezgensolutzons for all possible C; symmetric complex H

n
H — Z rpr? = 5‘ - 5« X™P™) = Z WP where : w™ = 3 1™ = wkm) ) (Dispersion function)
m=0 p=0
: B1(6)
Elementary 35 7 35 ezg:e(;wa]l uezs Osz 4 s
Bloch Model N o .
H=H11-rr-rr'1 +2, 1 -1 ]\
77777 ’_ A | | doubler r.H r, - - - 1
@ 1°71°-] Bl(n)(k )
W m
@@% %@ 77777777 CrHEy e s e o m m
. r-H r, - = ToXo + T1X1 + r—1X—-1
%I’ % 177 3
+] = Hy — 2r cos(2mm /6)
@ " @ I~_ s 775[014[)/5 I H] g 4
— ]/'_] . - . ]/‘1 H]/
="~ | N | 0 ;
Nearest neighbor coupling — For Hermitian HB'©=(HB!©)t B1(6) ()= roy™ + 11"+ iy
:0 ”fl ) g complex components " 040 1X71 X7
. 1 V(l) ’”01 . r]=—rei¢ imply — ry — reid>ei27rm/6 — re-id>e-i27rm/6
- 17 " conjugate components
R e _if = 19 —2rcos(2mm/6 +b)
m B r*,=r ,=-re

3 HZB(6) eigenvalues

I N ?\'ing}é[./ hift
O W, Zeeman splitting
r @

split double — @ @J \%50
B((a ) )Er
s @AZT®
N
split doublet \_ r @
: r=|rle’®
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3rd Step (contd.)
ezgensolutzons for all possible C Symmetrzc complex H

H — Z rpr? = Z "o Z XTPm) = Z WMPM™  where : W™ — Z rpX T = w(k ) (Dispersion function)

p=0

In this C-Type situation m-eigenstates
are required to be moving waves e"*np

s HZB(O) eigenvalues

5_vmglet Shift
6 (D

Zeeman splitting

er
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Simulating Complex Systems With Simpler Ones

H
Discrete Rotor Waves
) H; Bohr-Rotors Made of Quantum Dots
H] :3
1]

=4

HoHy HyH3z HyHy

Hli HOHI H2H3 HZ

HyHyHogHy Hy H3

Hz HyHy HyHy )

HyH3HyHy HogHy
HyHyHzHyHy Hy
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Simulating Complex Systems With Simpler Ones

H]
Discrete Rotor Waves
) H; Bohr-Rotors Made of Quantum Dots

Hj :3 HoHyH; 0 Hy Hy
H]HOHIH] 0 Hy
o L2 | HyH HyH H) 0
I OHIH]HOH]H]
H; 0 Hy Hy Ho H
N=6 \1 1] 1)

1
HyHyp 0 HIHIHO/
Hexagonal becomes Octahedral

HoHy HyHz H) Hy = s
HI HyHjy HyH3 H> __'_______:_ Iy 1
HyHyHoHy H>H3 ////,/,,4’/”/’“ 2:1 splitting
H3H>yHyHogHjp H> 2H

Ag
H2H3H2H1H0H1 ___________
HyHyHz HyHy Hy
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0 /4 l Coupled Optical
r =0 r @=m o E(1)

even  +45°
¢ 0 99 2
Fourier 2 C -
transformation paris
. states odd -4
matrix 1 O g
2 =8 ‘*
and l()(alg
04—*
dynamics =0 o @
/4 3
revivals
or beats
1/2
34
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