Group Theory in Quantum Mechanics
Lecture 9 1213

Applications of U(2) and R(3) representations

(Quantum Theory for Computer Age - Ch. 104-B of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 5 and Ch. 7 )

Review: Fundamental Euler R(0}y) and Darboux R[@OO] representations of U(2) and R(3)

Euler R(a}y) derived from Darboux R[@O0O] and vice versa
Euler R(a}y) rotation @ =0-4m-sequence [@Y] fixed
R(3)-U(2) slide rule for converting R(0py) « R[@OO] and Sundial

U(2) density operator approach to symmetry dynamics
Bloch equation for density operator

The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes
AB-Type motion and Wigner s Avoided-Symmetry-Crossings

ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry coordinates
Conventional amp-phase ellipse coordinates

Euler Angle (a3) ellipse coordinates
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Review: Fundamental Euler R(0y) and Darboux R[@O®] representations of U(2) and R(3)

Euler R(a}y) derived from Darboux R[@OO] and vice versa
Euler R(0Py) rotation ®@=0-4r-sequence [QO] fixed
R(3)-U(2) slide rule for converting R(opy) < R[@OO] and Sundial
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Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].

Euler R(oyy) versus Darboux R[@YO]
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FEuler R(0f3y) is simpler to form than ©-axis Darboux R[@V0].
Euler state definition lets us relate R(ofy) to R[@0O] ...
| ofy)=R(apy)|000)  (ofy make better coordinates) :

Euler R(oyy) versus Darboux R[@YO]
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Review: Fundamental Euler R(0y) and Darboux R[@O®] representations of U(2) and R(3)

» Euler R(a}y) derived from Darboux R[@OO] and vice versa
Euler R(0Py) rotation ®@=0-4r-sequence [QO] fixed
R(3)-U(2) slide rule for converting R(opy) < R[@OO] and Sundial
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

x,= cos[(y+o)/2]cos /2 =
—p,=sin[(y—a)/2]sin§/2 = ©. sin®/2 = cospsin® sin®/2
X, = cos[(y—)/2]sin3/2 = O, sin®/2 = sing sin?} sin®O/2
—p,=sin[(y+a)/2]cos}/2 =0O,, sin®/2 =
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

—i“;y B —ia;/ B 1 _i“;y B xpkip, | M=eos{(yro)2]eosf2= cosO/2
€ COSE ¢ Sm? B € COSE B —p,=sin[(y—a)/2]sin§/2 = ©. sin®/2 = cospsin® sin®/2
A B A oA - x,=cos[(y-)/2]sin3/2 = O, sin®/2 = sing sin®? sin®/2

e 2 sin- e % cos— 0 e 2 sin- X +ip, | . _ _
2 2 2 2202 ) —p=sin[(y+a)/2]cos /2 =@, sin@/2 = cosV sin@/2
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

N N S g xprip, | n=eosl(yre)2leosf2= c0sO/2
€ oSy ¢ Y ~ € cosy B —p2—51n[()/—05)/2]sm[3/ =(:) sin®/2 = cos@siny} sin®/2
i A I A A L i x,= cos[(y-)/2]sinfi/2 = O sin©/2 = sinp sind) sin©/2;
e 2 sin= e %2 cos— 0 e 2 sin— X,+ip, |
2 2 2702 ) —py=sinl(y+0)/2]c0sp2 = O, sin@2 = ¢ 9_8_1?___8_1!1_@_/2
tan[(7+0)/2] = cos}tan©/2 tan[(y—cr)/2]= cote = tan[ = — ]
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpkip, | M=eos{(yro)2]eosf2= c0s0/2
2 P _," 2 ok 2 P : ~
€ c052 € sz B € 0032 B —p2—51n[(}/—05)/2]sm[3/ =0, sin®/2 =cos@sint} sin®/2
g M g 2L g i x,=cos[(y—)/2]sin /2 = O., éii[é}'z':'s'fri}/}'é{ﬁ}é"éiﬁé)'}i
e 2 sin- e % cos— 0 e 2 sin- X +ip, |

2 2 272 ) —py=sinl(y+a)/2]cos B2 =0, sin®2= ¢ 9_8_1_9___8_1!1_@_/2

tan[(y+0)/2] = cos P tan©/2 tan[(y—0)/2]= cote = tan[ = — ]
........................................................................... seeneennen s

(y+)/2 = tan”'[cos® tan©/2] (y—a)/2= > ()
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)
e B = T B xpkip |- 2= C0sl(71 )2 99.8.@/.2__—_: ____________________________ c0s©/2
€ cos o) € St 0 _ € cos 2 |_ —p,=sin[(y—a)/2]sinf3/2 =0 sin®/2 = cos@sin®} sin®/2
<L g g L B 5 X, = cos[(y—)/2]sin3/2 = O, sin®/2 = sing sin?} sm@/2
e 2 sin— e % cos— 0 e % sin— X,+ip, |
2 2 2702 ) —p=sinl(y+0)2]cos B2 =O, sin@2 = ¢ 9_8_1_9___8_1!1_@_/2

(7+0:)/2 = tan™ '[cos ) tan©/2]
sin[(y—00)/2] = sin[% — 0] = cos

This gives Euler angles (opy) in terms of Darboux angles [¢v0]
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpkip, | M=eos{(yro)2]eosf2= c0s0/2
e 2 cos— —e ? sin— e 2 cos— - B
) 2 B 2 | —p2—51n[()/—05)/2]sm[3/ =0, sin®/2 =cos@sint} sin®/2
g M g 2L g i x,=cos[(y—)/2]sin /2 = O., éiﬁé}'z':'s'fri},}'é{rl}é"éiﬁé}i
e 2 sin- e % cos— 0 e 2 sin- X +ip, |
2 2 272 ) —py=sinl(y+a)/2]cos B2 =0, sin®2= ¢ 9_8_1_9___8_1!1_@_/2
tan[(y+0)/2] = cos P tan©/2 tan[(y—0)/2]= cote = tan[ = — ]
........................................................................... seeneennen s
(y+0)/2 = tan_l[cosﬁtan®/2]--------------------g-------------------- (y—o)/2= I ¢

T
. - /2 =sin[—— =
This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@] sin(y=¢)/2]=sinl- @] =cosp

0= Q—T/2-+tan™ (cost tan@/2) ~

y=T/2—@+tan"' (cos tan©®/2)
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpkip, | M=eos{(yro)2]eosf2= c0s0/2
e 2 cos= —e 2 sin— e 2% cos— A
2 2 _ 2 | . —p,=sin[(y—a)/2]sinB/2 = O, sin®/2 = cospsin® sin©/2
=L B L T B 5 X,= cos[(y—)/2]sinf3/2 = O, sin®/2 = sing sing -§1n®/2
e 2 sin— e % cos— 0 e % sin— X +ip, | :
2 2 2702 )i —py=sin[(y+a)/2]cos 2 =0, sin@/2= ¢ 9_8_1_9___8_19@_/215
tan[(7+01)/2] = cos? tan®/2 tan[(7—/)/2]= cote = tan[ = — @]
........................................................................... Ty B
(y+a)/2 = tan_l[cosﬂtan®/2]--------------------3-------------------- (y—a)2= 57 ¢
g sin[(y—o)/2] = sin[z —@]=cos@
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] : 2 :
o= (p—7t/2 +tan (cosﬂ tan@/2) T Smﬁ/z:SIM smO2 :
B — 2Sln (Sln@/z Sln'ﬁ-) ....................................... g ...............
V=T/2—@+tan™ (cosOtan®/2) ... i
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

oty oy _aty Yti x, = cos[(y+o)/2]cos /2 = cos®/2

e : 2 Cosﬁ —e : 2 Slnﬁ 1 e l 2 Cosﬁ ! pl S ---------------------: ------------------------------------

2 2 ~ 2 | —pz—sm[(y—oc)/2]smﬂ/ =0, sin®/2=cospsiny sinO/2

i A I A A L i x,=cos[(y—)/2]sin /2 = O., éiﬁé}'z':'s'fri},}'sf{ﬁ'&'éiﬁ'é)'ii

e 2 sin- e % cos— 0 e 2 sin- X,+ip, |

2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ 0,sin®2= ¢ 9_8_1_9___8_19@_/2.
tan[(7+a)/2] = cos®) iél}ié'/z" tan[(7—0)/2]= cotg = tan[~ — ]

........................................................................... soeneennen e

(7/.'.“)/2 — tan_l[cosﬁtan(h)/z] (’)/—a)/z = 5 — (p ---------------------------

This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@] : -
o= (p—71:/2+tan l(cosOtan@y2) ;_,...........-._----.S.lnﬁ@..—.-8;1.1.1.1?.-S.l.l.l.@/.%________;____.:

B = 2s1n” (Slﬂ@/z Slnﬁ) ....................................................... ...............
V=T/2—@+tan™ (cosOtan®/2) ...

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy) . ;
0= (0L—y+Tm)/2 cos[(y—)/2]= COS[——(p] =sing *
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

oty oy _aty Yti x, = cos[(y+o)/2]cos /2 = cos®/2
e : 2 Cosﬁ —e : 2 Slnﬁ 1 e l 2 Cosﬁ ! pl S ---------------------: ------------------------------------
2 2 ~ 2 | —pz—sm[(y—oc)/2]smﬁ/ =0, sinO/2=cospsin sinO/2
i A I A A L i x,= cos[(y—0r)/2]sin 52 = O, sin®/2 = sing sin®} sinO/2
e 2 sin— e % cos— 0 e % sin— X,+ip, | ;
2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ 0,sin®2= ¢ 9_8_1_9___8_19@_/25

tan[(7+a)/2] = cos®) iél}ié'/z" tan[(7—0)/2]= cotg = tan[~ — ]
........................................................................... soeneennen e

(7/.'.&)/2 — tan_l[cosﬁtan(h)/z] (’J/—a)/z = 5 — (p ---------------------------

This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@]

0= -2 Htan’ Y(cosOtan@/2) §_,...........-._----.S.m.ﬁ.@..—.-8;1.1.1.1?.-S.l.l.l.@/.%--______g____.i
B = 2sin!(sin®/2 sin®) - ................ :
V=T/2—@+tan™ (cosOHtan®/2) ...
Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)
Q= (L—Y+T)/2 cos[(7-0:)/2] = cos[ >~ ] =sin -
O = tan"'[tan /2/ sin(o+7)/2] Cosl(y=0)RISINPI2 _ G o tan = tanﬁ/z _ aw...-f
............................ sin[(y+0:)/2]cos /2 sinf(y+a)/2]
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

N = RLAVAN xpkip, | M=eos{(yro)2]eosf2= c0sO/2
e 2 cos=— —e 2 sin— e 2 cos— ' A
2 2 ~ 2 | —p,=sin[(y-a)/2]sinB/2 =0 sin®/2 = cospsiny sin®/2
g % g 2L g i x,= cos[(y—0r)/2]sin /2 = O, sin®/2 = sing sint} 'éiﬁé'}i
e 2 sin— e % cos— 0 e % sin— X,+ip, |
2 2 2702 ) —py=sin[(y+0)/2]cosp/2 =0, sin@/2= ¢ 9_8_1_9___8_19@_/2.
tan[(y+0)/2] = cos® tan®/2 tan[(7—)/2]= cote = tan[ - — @]
........................................................................... FUA A
(y+o)/2 = tan_l[cosﬁtan(a/Z]--------------~-----g-------------------- (y—o)/2= 57 ¢
: sin[(y—o)/2] = sin[z —@]=cos@
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] : 2 :
o= (p—7t/2 +tan™ (cost tan@y2) < o SINBR2=sin0 sO2 |
B j— 2Sln (Sln@/z Sln’ﬁ-) ....................................... g ..............
V=T/2—@+tan™ (cosOtan®/2) ... i
Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)
T .
0= (0L—y+Tm)/2 cos[(y—)/2]= COS[E—(p] = sing
- : .
U = tan [t@.f.l..ﬁ./.%/.ﬁ.l.n.@@ﬂ)./%] ................ cosl(y=e)/2JsinB2 o R
® =2 cos '[cos B/2 cos(ory)/2] e sin[(y+o)/2]cos /2 sin[(y+0)/2]
............................ = cos[(y+o)/2]cos3/2 = cos®/2
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

N = RLAVAN xpbipy | AEeosl(zre)Rleospla= c0sO/2
2 = _ I 2 = —
R T T —p,=sin[(y-)/2]sin3/2 = O sin®/2 = cossin®) sin®/2
g % g 2L g i x,= cos[(y—0r)/2]sin5/2 = © ; sin®/2 = sing sin® sin©/2;
e 2 sin- e % cos— 0 e 2 sin- X,+ip, | :
2 2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ ©,sn02=__ ¢ 9_8_1_9___8_19@_/215
t'a}i'[(y'l(};j}'z']'"E&s'{éiél}ié'/z" tan[(7—0)/2]= cotg = tan[~ — ]
........................................................................... T
(y+x)/2 = tan_l[cosﬁtan(a/Z]--------------~-----g-------------------- (y—o)/2= 57 ¢
: T
sin[(y—o)/2] = sin[—— @] = cos
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] : [(r=o0/2] [2 4 ¢ :
o= (p—71:/2-|—tan (cosﬂtan@/Z) [ §.............-.-----.S.lﬂﬁf.z..:.-3:1.1???.-3.1.11@./.2 .............. E
B j— 2Sln (Sln@/z Sln’ﬁ-) ...................................... g ...............

V=T/2—@+tan™ (cosOtan®/2) ...

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)

0= (0= +m)/2 cos[(7-0:)/2] = cos[ >~ g] = sinp
0 = tan’ [ta.r.l..ﬁ./.%/.ﬁ.i.f.l.@@ﬂ)./%] ............... cosl(y=0)2sinf2_ oo a2
® =2 cos '[cos B2 cos(ort)/2] T sin[(y+a)/2]cos /2 sin[(y+a)/2]
...................... _ MeosB/2 = o/
Example: Euler angles (0=50° f=60° y=70%) 7 Aoy Tlooss .
o= (50°=70°+180°)/2 = 80°

9= tan '[tan 60°/2/sin(50°4+))/2]  =33.7°
® =2 cos '[cos 60°/2 cos(50°+Y)/2] = 128.7°
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpbipy | AEeosl(zre)Rleospla= c0s0/2
e 2% cos— -e sin — e 2% cos— -
2 2 _ _ - —py=sin[(y—0)/2]sin}/2 =0 sinO/2 = cospsiny sinO/2
g M g 2L g i x,= cos[(y—0r)/2]sin5/2 = © ; sin®/2 = sing sin® sin©/2;
e 2 sin— e % cos— 0 e % sin— X +ip, | :
2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/% ______ O,sm02=__ ¢ 9_8_1_9___8_19@_/215
{a}i'[(y'l(}éj}'z']""é&s'{éié}ié'/z" tan[(7—/)/2]= cote = tan[ = — @]
e 7.2: Y
(y+a)/2 = tan_l[cosﬁtan®/2]--------------~-----g-------------------- (y—a)2= 57 ¢
: T
: sin[(y—a)/2] = sin[——¢@] = cos
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] [(r=o0/2] [2 4 ¢
o= (p—7t/2+tan (cosﬂtan@/Z) sinf3/2 = sin®. sin®/2

f e e e o e s e s memm m om m m m o EEEEEEEEEEEEEEEEEEEEEEEEEEEEE®
............
.........

B =2sin (sm@/Z G e o
v =m/2—@+tan' (cos® tan®/2)

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)

Q= (0—y+T)2 cos[(7-0:)/2] = cos[ >~ g] = sinp
O = tan "'[tan 3/2/ sin(0+7)/2] cgs[(y—a)/z]sinﬁ/z  sin tand = tanf2 9
® =2 cos '[cos B/2 cos(0+7)/2] sin[(y+0r)/2]cos3/2 sin[(y+0)/2]

Example: Euler angles (0=50° p=60° y=70°) . hecks () Fl000]

_ o__ A0 o _ QN0 everse check: (of3y) in terms of [@
¢= (50_1 70° +180 ?/2 30 00=80°-90°+tan "' (tan (128.7°/2) c0s33.7° )=50.007°
U= tan"[tan 60°/2/sin(50°+Y)/2]  =33.7° g = 2sin"(sin 128.7°/2 in33.7°)=60.022°
® =2 cos 'l[cos 60°/2 cos(50°+y)/2] = 128.7° vy=m/2-128.7°+tan ' (tan (128.7°/2)=70.007°
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Review: Fundamental Euler R(0y) and Darboux R[@O®] representations of U(2) and R(3)

Euler R(a}y) derived from Darboux R[@OO] and vice versa

» Euler R(0Py) rotation ®@=0-4r-sequence [QO] fixed
R(3)-U(2) slide rule for converting R(opy) < R[@OO] and Sundial
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Euler R(o}y) rotation ® =0-4m-sequence [@O] fixed
©=128.7° ©=130"

(c) = 128.68° (d) = 180°
Operator: R[¢ 0 ] = Operator: R[¢ 6 @] =
R[80° 33.69° 128.68"] LS. R[80° 33.69° 180°]

-

®

Operator: R[¢ 8 @] =

i Operator: R[¢ 6 ©] =
R[80° 33.69° 0°]=1

R[80° 33.69° 240°]

3 Q’,
Position State:

(oY) = R($ 6 0]|1) =
| -10° 0° 10° ) =|1)
(Initial Position State) :

Position State:

lBy) = R[¢ 6 @]|1) =

Position State:

= = Position State:
FRr B va) - = i) = R[6 8 w]i1) =

Position State:
leBy) = RI¢ 8 w)|1) =

| 15.7° 32.20° 35.7°)

|50° 60° 70°)

| 80° 67.4° 100°)

| 114.8° 57.4° 134.8°)

O©=300°

(f) ® = 300°
Operator: R[$ 6 @] =
R[80° 33.69° 300°]

Position State:
lefy) = R[$ 6 w]|1) =

| 144.3° 32.2° 164.3%)

Thursday, February 14, 2013
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O=0°"

(a) m=0°
Operator: R[¢ 8 @] =
R[80° 33.69° 0°]=1

Position State:

lBy) = R[¢ 6 @]|1) =

Position State:

(oY) = R($ 6 0]|1) =
|-10° 0° 10° ) =|1)
(Initial Position State)

| 15.7° 32.20° 35.7°)

(g) ®=360°
Operator: R[¢ 0 ©] =
R[B0° 33.69° 360°)

Position State:
lefy) =R($ 6 @]i1) =
| 170° 0° 190°)

(2nd Initial State)

Position State:

lofy) = R[¢ 6 w]|1) =

| 195.7° -32.2° 215.7°)

O=360" ©=420°

Position State:
lofy) = R(¢ 6 w]|1) =

| 50° 60° 70°)

(i) = 488.68°
Operator: R[¢ 6 @] =
R[80° 33.69° 488.68°]

Position State:
lafy) = R(o 0 0]|1) =

| 230° -60° 250°)

Euler R(aPy) rotation @ =0-4m-sequence [QO] fixed
O=128.7°

(c) = 128.68°

Operator: R[¢ 0 ] =
R[80° 33.69° l28,68“]

O=180° ©=240° ©=300°

| 260° —-67.4° 280°)

(d) o= 180° (e) ® = 240° (f) ® = 300°

Operator: R[¢ 6 0] = Operator: R[¢ 6 ©] = Operator: R[¢ 6 ] =

R[80° 33.69° 180°] R[80° 33.69° 240°] R[80° 33.69° 300°] \

4

Position State: Position State: _ Position State:
jeBy) = R[$ 6 w]|1) = lefy) = Rl¢ 8 w]|1) = lefy) = R[$ 6 w]|1) =
| 80° 67.4° 100°) | 114.8° 57.4° 134.8%) | 144.3° 32.2° 164.3°)

(i) @ = 540° (k) ® = 600° (1) = 660°

Operator: R[$ 6 0] = Operator: R[¢ 6 @] = Operator: R[0 6 @] =

R[80° 33.69° 540°] R[80° 33.69° 600°] R[80° 33.69° 660°]

.

Position State: Position State:
jafy) = R[$ 6 wll1) = loefy) = R[9 6 w]|1) = |ofy) = R(® 6 w]i1) = - “

| 294.8° -57.4° 314.8°) | 324.3° =32.2° 344.3%)

O=488.7° ©=540"  ©=0600° ©O=660°
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Review: Fundamental Euler R(0y) and Darboux R[@O®] representations of U(2) and R(3)

Euler R(a}y) derived from Darboux R[@OO] and vice versa
Euler R(0Py) rotation ®@=0-4r-sequence [QO] fixed
» R(3)-U(2) slide rule for converting R(opy) < R[@OO] and Sundial
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R(3)-U(2) slide rule for converting R(opy) <+ R[@HO]
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Figure 5.3.7 Setting the rotational slide rule. (a) Darboux or axis angles. (b) Euler Rotation vector ©

angles. ® A" Rotation angle = ©

Product
[©']

1st Mirror Hamilton Turn

plane Nl—)NZ
2nd Mirror (©/2 Arc)
plane
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Euler R(0Py) Sundial
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(2) density operator approach to symmetry dynamics
Bloch equation for density operator
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0., [3,7) N (1)) % +ip emie/? cosg -
|\P> = 1 = = 1 . 1 = \/ﬁ e_l
and norm N of quantum state |V) v, (2] ) X, +ip, o2 B

Spin S-vector components are one-half the Pauli spinor operator expectation values (\V|c,|\V) .

* * \P
<‘I’|GZ|‘I’>:2SA=( E N O )( (1) _01 ][ \Pl ] =N(pf+xf—p§—x§)=\‘{'1|2—|\P2|2
2

Y %
<\P| |\P>:2S =( L )( D ] 1 ] =2N(x1x2+l’1p2) =2ReY, ¥,
10 )| ¥,
. W .
CCRTE C [ 1]:2N<x1p2—x2p1> 2y,
i 0 ‘{’2
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0, [3,7) ¥, (1)) v+ ip, /2 g
and norm N of quantum state |V) ¥)= v " (2] ) = =N

Spin S-vector components are one-half the Pauli spinor operator expectation values (\V|c,|\V) .

_ _ * * I O ‘Pl _ 2 2 2 2 1 N ] N
<‘P’02|\P> 25, (‘P1 ¥, )( 0 1 ][ \Pz] N(p1+x1 Py xz) S, SA=§(|‘P1‘2—|‘P2|2):?(coszg—snglzjcosﬁ

—iy/2
e

2 X, Tip,

eia/ 2 sinﬁ

. ¥ * B.B N :
<\{l‘ |‘I’>=2S =( S O )((1) (1)] ‘Pl ] =2N(x1x2+p1p2) §.=5,=Re¥ ¥, :Ncosacoszsmz =7cosasmﬁ
2
x : : N . :
Sy =8,=Im¥ ¥, =Ns1nocc0sﬁsmﬁ = —sino sin 3
PP NI | (R I ST 272 2
<LP‘GY|LP>_ZSC o \Pl LPZ i 0 7 o ZN(x1p2 —szl)
2
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0., [3,7) N (1)) % +ip gmiol2 cosg .
|‘I’>= I _ 1 . | \/ﬁ o /2
and norm N of quantum state |V) v, (2] ) X, +ip, o2 B

Spin S-vector components are one-half the Pauli spinor operator expectation values (\V|c,|\V) .

ot (10 ) ¥
<\P‘GZ|\P>:2SA:( ¥, Y, )( 0 1 ][ ‘P; ] ZN(p12+x12_p§_x§) SZ=SA=%(|‘P1‘2—|‘P2|2):%(coszg—sinzglzgcosﬁ
. : N :
<‘P‘ |‘I’>:2S :( \{f’l" \{l; )((1) (1)) :1 ] :2N(x1x2+p1p2) §.=5,=Re¥ ¥, :Ncosoccosﬁsmé =—coso sinf3
2
0 _i N SY:SCzlm‘PT‘P2 =Nsinoccos§sin§ :%sinocsinﬁ
<LP\<;Y|\P>:2SC=( SN O )( l_ ?)’ [ \Pl J =2N(x,p, —x,p,)
2

The density operator p = |¥Y)X¥Y|= { ;Ijl ]@)( v ):[ Y, ]:[ P Pr2 ]:[ LIRS 2 ]

) SO0 R O O Pa1 Py Y, YW,
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0., [3,7) N (1)) % +ip gmiol2 cosg .
|‘I’>= I _ 1 . | \/ﬁ o /2
and norm N of quantum state |V) v, (2] ) X, +ip, o2 B

Spin S-vector components are one-half the Pauli spinor operator expectation values (\V|c,|\V) .

b4
_ _ - 1 0 I 2,2 2 2 1
<‘P‘°Z|\P>_2SA_( ¥, 7, )[ 0 —1 ][ v, ] _N(pl TN Th x2) SZ:SA:50‘111‘2—|‘P2|2):%(coszg—sinzglzgcosﬁ
. . b 4 _ _ * _ ﬁ . ﬁ _N .
(¥|o  |¥)=25 :( vl )((1) (1)) \1!1 ] = 2N (xp%, + Py, ) S, =S5,=Re¥Y¥, —Ncosacoszsmz —?cosasmﬁ
2
SY:SCzlm‘PT‘P2 =Nsinocc0s§sin§ :%sinocsinﬁ

* * —1 Y
<"P‘GY|"P>=2SC:( SR ){ (l) ol [ \P; J :2N(x1p2—x2p1)

The density operator p = |¥X¥|= | ®( S ): RE L
R g SO0 R O O P21 P2

ot st a sl 8

LPILPI \112‘111
\PI\P2 \P2LPZ

1 .

SN+S, Sy -iSy

1
Sy +iSy SN-S,

29
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0., [3,7) ) Y, (1]w) - . 02 g i
Y= = = =N e_
and norm N of quantum state |V) ¥, (2] w) X, +ip, a2 B
Spin S-vector components are one-half the Pauli spinor operator expectation values (\V|6,|V) .
_ | v W 1 0 ¥l 2,2 2 2
<\P|°'Z|\P>_ZSA _( v, Y, )( 0 —1 ][ Wy J —N(p1 X TP _x2) S,=S, :l(“l‘lf—“1‘2‘2):E(coszﬁ—sinzﬁlzﬁcosﬂ
2 2 2 2 2) 2
B B . * 0 1 ¥, _ — ¢ —ReW'W¥ — ﬁ ' ﬁ :E '
<LIJ| ‘\p>_2S _( v )( o ] w, J —2N(x1x2+p1p2) S, =5 S b Ncosac05251n2 2cosocsmﬂ
. P Sy =8 =Im‘I’>1k‘I’2 :Nsinacosgsing :%sina sin 3
<‘I’|0'Y|‘P>=2SC=( SO O )( 0 [ : J =2N(x,p, —x,p,)
i 0 v,
The density operator p = |YXW|= ! ®( S ): O
¥, Y, W, P21 Py v, V,Y,
P =Y |pp =YY, |
~Ines,| =5 s PR e O I B A 0 —i 1 0
IR A =N +S rs,0 YT s,
" " . 1 2 0 1 i 0 0 -1
Py =T\, |pyp=",%, Sy +idy FN-=3y
=5, +iS, :%N—SZ

<« D-hy- : :
Norm: N = \Pl*\Pl + \112*\.112 2 by 2 denSll:y matrlx
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Euler phase-angle coordinates (0., 3,7)
and norm N of quantum state |\V)

b g
9l |¥) =g =(‘P* w* )[1 0] 1 =N(p2+x2—p2—x2)
o w=as,=( v w00 o | n et
b4

o)

(¥lo, =25, () w0 [

The density operator p = |V )XW¥|= (

v, ] = 2N(’Clxz T p1p2)

b 4
b4

1

J :2N(x1p2—x2p1)

lPl % *
‘PZ

2

pu=Y P =YY, |
—N+S, §,—-iS§
:%N+SZ =S, —iSy, | _| 2 £ YL lN(
" " , 1 2
Py =T\, |pyp=",%, Sy TiSy EN_SZ
. 1 -1y
=S5, +iSy =5N—SZ Y )

<« D-hy- : :
Norm: N = \Pl*\Pl + \112*\.112 2 by 2 denSll:y matrlx

Thursday, February 14, 2013

Y

1 =
¥,

(1)
(2¥)

|

x2 + lp2

U(2) density operator approach to symmetry dynamics

o)

Spin S-vector components are one-half the Pauli spinor operator expectation values (\V|6,|V) .

X, +ipy eil2 cosﬁ

|-

/2 sinﬁ

—iy/2
e

1. 2 2y N .8 .,B) N
S, =5,=—||¥,| —|¥ =—| coS”" ——8In"— |=—cosS
Z A 2(| 1‘ | 2| ) 2 ( 9) 9) 9) ﬁ
S, =S8 :Re‘PT‘PZ :Ncosoccosgsiné :Ecosa sin 3
SY:SCzlm‘PT‘P2 =Nsin(xc0sﬁsinﬁ :%sin(x sin 3
v\, YWY, _| Pu P |_ ¥v,\Y, Y)Y,
SO0 R O O Py P Y, YW,
0 |+s + 8y 0 =i +, o
1 i 0 0 -1
— 1 Q
1 + S o + Sy c, +S§, 0, =—=NI+8S.0
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0., [3,7) N (1)) % +ip gmiol2 cosg .
|‘I’>: I _ 1 . | \/N o /2
and norm N of quantum state |V) v, (2] ) X, +ip, o2 B

Spin S-vector components are one-half the Pauli spinor operator expectation values (\V|6,|V) .

_ _ * * I O b _ 2., .2 2 2
<‘P‘°Z|\P>_2SA_( ¥, 7, )[ 0 —1 ][ v, ] _N(pl LR _p2_x2) SZ:SA:%O‘Pl‘z—|‘P2|2):%(coszg—snglzgcosﬁ
N ¥\ = ot 0 1 ¥ N S. =S5, =Re¥ ¥ :Ncosoccosﬁsiné = —cos sinf3
(Plo [¥)=25,=( ¥] ¥ Lol w =2N(xx,+ pp,) 152 272 2
? . B. B N
P Sy=5,=Im¥ ¥, = Nsinocos—sin— =-—sina sinf3
<lP\cY|\11>:2SC=( SN O )( | [ J =2N(x,p, —x,p,)
i 0 Y,
The density operator p = |YXW|= ! ®( S ): O
. . ¥, Y, W, P21 Py v, V,Y,
pr =% =", |
“Inis,| =s -is PRI O I U P 0 —i 1 0
IR A =N +S rs,0 YT s,
R " . 1 2 0 1 i 0 0 -1
Py =T\, |pyp=",%, Sy TiSy EN_SZ
. 1 1 1 _
=S, +iSy ZEN_SZ T p = EN 1 + S o) + Sy c, +§, o0, = 5N1+S-0‘

Norm: N =Y1*¥1 +W¥2*¥2  ...so state density operator p has o-expansion like Hamiltonian operator H

A4 B=iC |_y_A+D[ 1 0 | 4=D[ 1 0 | 0 1| [0 -
B+iC D 2 0 1 2 0 -1 1 O i 0
Q Q Q

—
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0., [3,7) N (1)) % +ip gmiol2 cosg .
|‘I’>: I _ 1 . | \/N o /2
and norm N of quantum state |V) v, (2] ) X, +ip, o2 B

Spin S-vector components are one-half the Pauli spinor operator expectation values (\V|6,|V) .

_ | et w* 10 ¥l 2, .2 2 2
<‘P‘°Z|\P>_2SA_( ¥, 7, )[ 0 —1 ][ v, ] _N(pl LR _p2_x2) SZ:SA:%O‘Pl‘z—|‘P2|2):%(coszg—sinzglzgcosﬁ
(o |¥)=25 :( S O )( (1) (1) ) \Pl ] :2N(x1x2+p11’2) §.=8,=Re¥ ¥, :Ncosacoszsmz =~ cosa sin 3
? . B. B N
P Sy=5,=Im¥ ¥, = Nsinocos—sin— =-—sina sinf3
<lP\cY|\11>:2SC=( SN O )[ | [ J =2N(x,p, —x,p,)
i 0 Y,
The density operator p = |YXW|= ! ®( S ): O
. . ¥, Y, W, Pa1 Py v, V,Y,
P =Y |pp =YY, |
~Ines,| =5, -is PN TRy |y (g 0 —i 1 0
. ¥ . 1 2 0 1 i 0 0 -1
Py =T\, |pyp=",%, Sy TiSy EN_SZ
. 1 1 1 _
=S, +iSy ZEN_SZ T p = EN 1 + S o) + Sy c, +§, o0, = 5N1+S-0‘

Norm: N =Y1*¥1 +W¥2*¥2  ...so state density operator p has o-expansion like Hamiltonian operator H

A4 B-iC |_y_A+D[ 1 0 ), 4=D[ 1 0 |, o[ 0 1 ], [ 0 =i
B+iC D 2 {01 2 (0 -1 10 i 0

—

(" | B ) Q2 Q2 Q Q
Q —_—
33
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U(2) density operator approach to symmetry dynamics
Bloch equation for density operator
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U(2) density operator approach to symmetry dynamics(

] ~
pP= §N1+ Se0

J

Bloch equation for density operator He 14 Leg
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. )
ih|‘P> = H|‘P>, = Dagga/r = - ih<‘1“ = <‘P|H Note: HT = H.

Thursday, February 14, 2013
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U(2) density operator approach to symmetry dynamics

] ~
pP= §N1+ Se0

J

Bloch equation for density operator Heo 1.8
= +—0Q0
Ket equation (time forward) and "daggered" bra-equation (time reversed). \o O 2
ih|‘P> = H|‘P>, &= DaggarT = - ih<‘i“ = <‘IJ|H Note: HT = H.
Combining these gives a time derivative of the density operator p = [\ )V pl=p

N . L ~
zhgp—zhp—zh|‘P><‘P‘+zh“P><‘P‘—H|‘P><\P| ¥)(¥H

Thursday, February 14, 2013
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U(2) density operator approach to symmetry dynamics

] ~
pP= §N1+ SeC

J

Bloch equation for density operator Heo1s2es
Ket equation (time forward) and "daggered" bra-equation (time reversed).\____° 2
ih|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H Note: HT = H.
Combining these gives a time derivative of the density operator p = [\ )V pl=p

zhap:zhp:zh|‘P><‘P‘+zh“P><‘P‘:H“P><‘P|—|\P><\P|H

The result is called &* Bloch equation. A
ihip: inp=Hp—pH=|H,p |
ot g

Thursday, February 14, 2013
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).

\_

] ~
pP= §N1+ SeC

H=Q01+906
2

J

zh|‘P> = H|‘P>, = DaggarT = - ih<\P‘ = <‘IJ|H Note: HT = H.

Combining these gives a time derivative of the density operator p = [\ )V

zhgp:zhp:zh|‘P><‘P‘+zh“P><‘P‘:H“P><‘P|—|\P><\P|H

The result is called &* Bloch equation. A
ihip =ihp=Hp—-pH=[H,p |
dt g
Given p and H in terms spin S-vector and crank 2-vector:

Hp = hQOI+E§00 Ni+Seo =hQOEI+Ehf)oc+hQO§oo+ﬁ(§oo)(§oc)
2 2 2 4 2

—pH= Ni+Seo hQOI+E§00 =hQOEl+EhQOG+hQO§OG+E(§OG)(QOO')
2 2 2 4 2

p'=p

Thursday, February 14, 2013

38



U(2) density operator approach to symmetry dynamics

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed). \o

zh|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V
ih——p=ihp= in|\P) (| +in| W) (P| = H| W) (|| %) (¥|H

The result is called &* Bloch equation. A

ihip =ihp=Hp—-pH=[H,p |
dt g
Given p and H in terms spin S-vector and crank 2-vector:

Hp = hQOI+§fzoo)(%l+§oo h%+}kﬁé§+@9§o/c+g(ﬁoc)(§oo)
hQy N1+§M+W+g(§oo)(ﬁoo)

Last terms don't cancel if the spin S and crank €2 point in different directions.

—pH= %1+§-0][ﬁ901+§§00

] ~
pP= §N1+ SeC

H=Q01+906
2

J

Note: HT = H.

p'=p
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).

\_

] ~
pP= §N1+ SeC

H=Q01+906
2

J

zh|‘P> = H|‘P>, = DaggarT = - ih<\P‘ = <‘IJ|H Note: HT = H.

Combining these gives a time derivative of the density operator p = [\ )V

zhgp:zhp:zh|‘P><‘P‘+zh“P><‘P‘:H“P><‘P|—|\P><\P|H

p'=p

The result is called &* Bloch equation. A
Aec|)(Beo)=4,B30,05=A4,Bg|0,5+i€,5,0
ihip=ihf)=Hp—pH=[H,p] ( )( ) a”B .06 B o ﬁ( op By 7)
ot ’ =A, B, +i€,p, 4,850,
Given p and H in terms spin S-vector and crank €2-vector: “A*B+i(AxB)-o

h = N, - N - _ ho= . This
Hp = hQOI+EQoo)(71+Soo =h%+%+@980/0+5(900)(800) cancels
—pH= Ni+Seo hQOI+E§00 =Ml+%+hﬂqoo+ﬁ(§oc)(ﬁoo)
2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.

Hp—pH="(Qe0)(Se0) -2 (Sec)(Ce0)

This
remains
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U(2) density operator approach to symmetry dynamics( ,- % N1+ o0

Bloch equation for density operator Heo 149
= —o Q0
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. O 2 y
ih“P>=H“P>, <:Daggaerr = -ih<‘{3‘:<‘P‘H Note: HT = H.
Combining these gives a time derivative of the density operator p = [\ )V pl=p

zhgp:zhpzzh“l’><‘l“+zh“¥><‘{":H‘\P><‘P|—|\P><\P|H

The result is called &* Bloch equation. A
Aeg)Bec)=4,8;0,05=A4,B;|6 5+i€ 50
ihipzihszp—sz[H,p] (A+c)(Beo) Gt oBp B 120, )
ot y =4, B, +ig,5, 4, Bs0,
Given p and H in terms spin S-vector and crank (2-vector: ~AeB+i(AxB)-c

N

. . . . ~ . This " This
Hp = hﬂol+§ﬂoo)(%l+800 =hQ071+%tho+hQOSoo+§(Qoo)(Soc) '

cancels v remains

pH= N +5eo hQOI+E§oo =thﬂl+Etho+hQO§oo+E(§o0)(52-0)
2 2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.
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U(2) density operator approach to symmetry dynamics( ,- % N1+ o0

Bloch equation for density operator Heo 149
= —o Q0
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. O 2 y
ih“P>=H“P>, <:Daggaerr = -ih<‘{3‘:<‘P‘H Note: HT = H.
Combining these gives a time derivative of the density operator p = [\ )V pl=p

zhgp:zhpzzh“l’><‘l“+zh“¥><‘{":H‘\P><‘P|—|\P><\P|H

The result is called &* Bloch equation. A
Aeg)Bec)=4,8;0,05=A4,B;|6 5+i€ 50
ihipzihszp—pH:[H,p] (A+c)(Beo) Gt oBp B 120, )
ot y =4, B, +ig,5, 4, Bs0,
Given p and H in terms spin S-vector and crank (2-vector: ~AeB+i(AxB)-c

N

. . . . ~ . This " This
Hp = hﬂol+§ﬂocl(%l+800 =hQ071+%thc+hQOSoc+§(ro)(Soc) '

cancels v remains

pH= N +5eo hQOI+E§oo =thﬂl+Etho+hQO§oc+E(§o0)(52-0)
2 2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.

Hp—pH="(Qe3)(Se0) -2 (Sec)(Qs0

ih% =ihp=%(§2>‘<§)oc—%(§>’<fl)oc
ihi(ﬂ1+§06)=ih§06= ih(ﬁxs)-c
or\ 2
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U(2) density operator approach to symmetry dynamics( ,- % N1+ o0

Bloch equation for density operator Heo 1.8
= —o Q0
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. O 2 y
ih‘\P>=H“P>, & Daggar’ = -ih<‘1"=<‘P‘H Note: H = H
Combining these gives a time derivative of the density operator p = [\ )V pl=p
ih——p=ihp= in|\P) (| +in| W) (P| = H| ¥ ) (|- | %) (¥|H
The result is called &* Bloch equation. A
Aeg|(Beo 0,05=A4,Bs|0,5+i€,5,0
ihipzihf)=HP—PH=[H,P] (Ao 0lBe0)= 42407y = a0y
ot y —AaBa+18aﬁy aBﬁGy
Given p and H in terms spin S-vector and crank €2-vector: =AsB+i(AXB)-c

Hp = hQOI+E§oo- Ni+Seo =hQOEI+Ehf)oc+hQO§oo+ﬁ(§oo)(§oc)
2 2 2 4 2

pH= Ni+Seo hQ01+EQOG =hQOEl+EhQOG+hQO§OG+E(§O0')(5206)
2 2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.

(3’ ih/ = - ih/ - =
8tp zhp—z(ﬂxs)o —E(SXQ)OG
2| Y1400 |=inSec— ih(QxS)eo
dt\ 2 2
. . . S
Factoring out *G gives a classical/quantum|gyro-precession equation. 8_ —
t

\_
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The ABC’s of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion
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The ABC's of U(2) dynamics

B R e P R T L - P

A+ D A-—D

= > 1 + o + C Oc + O,
2 0 y) 2 € 2 A

Asymmetric Diagonal A-Type motion

(D QR | (4 0 _axD( 1 0 ),4-D( 1 0 | 44D _ . @,
| Flossea0) 52 o) 452 e

oy (w2 | Lo o )2 Lo )T o
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The ABC's of U(2) dynamics

AHD (UH2) | (4 seic L_4a+D( 1 0 ), vof 0 =i ), 4=Df 1 0
(2H[1) (2[H|2) +iC D 2 Lo 1 i 0 2 Lo -1
= A;D 1 + o + C o + A-D O,
= A‘|2‘D o, _|_g27 o + %GC + QTA O\
Asymmetric Diagonal A-Type motion
QR (HY2) | (4 0 \_4+D( 1 0 JA-D[ 1 0 |_ 4+D o Q,
<2’|—|A’1> <2‘|—|A‘2> 0 D 2 0 1 2 0 -1 2 0 A

| A=D
Crank : Q=| Q =

SA
Eigen— Spin :S=| S =
QC

0
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The ABC's of U(2) dynamics

AHD (UH2) | (4 seic L_4a+D( 1 0 ), vof 0 =i ), 4=Df 1 0
(2H[1) (2[H|2) +iC D 2 Lo 1 i 0 2 Lo -1
= A;D 1+ o, + C o, + A;D o,
= A‘|2‘D o, _|_g27 o + %GC + QTA O\
Asymmetric Diagonal A-Type motion
QR (HY2) | (4 0 \_4+D( 1 0 JAD[ 10 )L 4+D 9
<2’|—|A’1> <2‘|—|A‘2> 0 D 2 0 1 2 0 -1 2 Y 2 A

| A-D R £
Crank : Q=| Q = Eigen—Spin:S=| § =
Q. 0 Sc 0
=] =
P E—
os 1} T BT 1
\\__- [ -5 :
—— el slow — & %fa st .
= v % ¢
L P2 D
i:_ -0
IS ) L2 X2 i I I
Y=0 ‘Pz__
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(H|) - (1H2)
(2H|1) {2H[2)

A
B+iC

B=iC
D

o) o Lt 2

_ A+D
2
_ A+D
2
Asymmetric Diagonal A-Type motion
QR (RA2) )y o 10

=A+D
0O D 2 0 1

i v

(2H1) - (2H[2)

1 0
0 1

The ABC's of U(2) dynamics

|

1 +BGB

) Q\ A—D i SA
Crank : Q=] Q, |= 0 Eigen—Spin :S=| S,
Qc 0 Sc
e =
. % ——
0.5 1_ Xl“_‘—'—-:nﬂj%-___._._ RELS I S 1
\\__- [ 05
— | &x slow — &
1...".:'2 il )@._L :
_==_Kz H1 —_=_
| p2 , P2
RZ= vl "
I~ 20

(+))

ly)

1 O
0 -1
O
O

x}H crank-€2 A Vector
for A-D >0

-B

(=)

IR)
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The ABC's of U(2) dynamics [ p= N1+ Seo
Q
QHLQH2) | (4 s _axD( 1 0 vl 0 U a0 =i pAzDf 10 ) | H=Ql+—eo
(2H[1) (2[H|2) B+iC D 2 Lo 1 1 0 i 0 2 Lo -1 -
_AD L y c, + C o. + 4D c, 3 A A-D
2 2 Q= Q, |= 25
_ AJ;D 5. +% o, + 25 . Qz_A -, o 2C
Asymmetric Diagonal A-Type motion
(R (H72) 4 0 |_4+D( 1 0 )|, 4-D[ 1 0 |_ 4+D Q,
() 2n2) _[ 0 D ]_ : [0 ! ]+T[ 0 -1 )_ 2 0T ) crank-£2, vector

for A-D >0

) Q, A—=D B Sa +S
Crank : Q=] Q, |= 0 Eigen—Spin:S=| Sp |=| 0 _B

Qc 0 Sc 0 L) l '

E‘ = ]

¥,=0

/li.;; ._.__.—-—-——'_'_'_:p s 2 L | | |(_)>
s, Xl‘_‘—'—-:nﬂj%-___._._ e @ | ﬁ_flq 1
\\_—- [ 05 ’
—teu,  fdw | —@—". Fe il 7 R)

= - | H1 —_=_}{2 i

L P2 ] . D2

= 88
X2 L . X2 | 1 =
‘I’l—O \Pz _ pus ii} %
\Pl =05 x1 c.—_'_'_‘_—"—'ﬁ_—:._-._._
Beat dynamics. Eﬂf’ NPT m
'."’ T ﬁ Total beat __e_ifiul“ R AL AR L
EEL‘ ool e A L kime
e l é frequency —% N 2 | -?slgwmfaﬁ ll
A 0 os X RCN
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The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion
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The ABC's of U(2) dynamics

[<1|H|1> (1H]2) ][ A peic ]D( 0
(2|H[1) (2|H|2) +iC D 2 {01

A+ D

Bilateral-Balanced B-Type motion

([ (2} M Q, ]Q( OH
(2H1) (2n]2) Q) Lo

|
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The ABC's of U(2) dynamics [ p= N1+ Seo
Q
QHLQH2) | (4 s _axD( 1 0 vl 0 U a0 =i pAzDf 10 ) | H=Ql+—eo
(2H[1) (2[H|2) B+iC D 2 {01 10 i 0 2 Lo -1 -
A+ D A—D Q
- ; 1+ 8o, + Co. + ——0, o Q/; [ Ang]
Q Q Q
= A';D GO _|_TB GB + _CGC + TA GA QC 2C

Bilateral-Balanced B-Type motion

(1H"1)  (1|H"]2) }_[ Q, & ]_Qo[ b0 J+B( o J: Q,c +%6 A 3 | yH crank- vector

f :
(2[H”|1) (2[H"|2) BQ 0 1 10 00 B or negative R x
Q, . S, 0 - S
Crank : Q= Q, (=] 258 Eigen— Spin :S = Sy |=| +S S(O _B
Q- 0 Sc 0 IL) I

)
(+))

(7% ey
& ) @
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The ABC's of U(2) dynamics [ p= N1+ Seo

[<<;||:||11>> <<;||:||Z>> ][ B I T e P A o0

A-D Q
_ A+ 1 + 5 o, + C o, + —]/o0, . A A=-D
A+D Q Q
S R L Pc ) b

Bilateral-Balanced B-Type motion

B B | H crank-() vector
<1|H ’1> <1’H ’2> = B 7 :Qo( 10 J+B( v J= QOGO-l-&O'B A IX>fornegative
e TN A e R DA O 2 A
Q, . S, 0 - S
Crank : Q= Q, (=] 258 Eigen— Spin :S = Sy |=| +S S(O _B
Q. 0 Sc 0 |L> I |

)
(+))

Beat dynamics: #i B R

) @

P10 —_ 1 Mixed ] A
= —
Friew =2 (+)+ )
AT P —— e ST O mode
1:.;{{
b5 T X (1)
REAN
Fo-1.0 RN
gy LA
XL’-""-.' ..... I
‘ T TR B Ty 5.0
] \‘l':}_"-._ II lll il tirne
H2 M
\'Pz | Fan I"'\.l_,_‘; -UE'
Tﬁlﬁ\ ¥ _j-f
et N
1.0 -I:I_:_ X2 | L ia »l Beat <«
45 period
=1.0
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The ABC's of U(2) dynamics
(1H[1)  (1}H2) :[ A

(2H|1) {2H[2)

B+iC D 2 0

A+ D
2
A+ D

)

Bilateral-Balanced B-Type motion

(W) (i) [szo : ]_Q(l ,
Vo 1

Ry R L o

Qu 0 Sa
Crank : Q= Q, (=] 258 Eigen— Spin :S = Sy |=
Qc 0 Sc

Beat dynamics.:
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ife 0 Sf )+ 1) 0
0 FEN o5 x| ";{‘—a—._.x_l_(,tl_ mode
05 -__“._ Xs(t)

Y
[ o-10 G5
ol T \
vy T,
— Kl D e W
ng TR, a0

— I W s
Mz My - b
[ F Sl
¥y _Lean o fes )
", :--.__‘ : FI"
) e

! Beat
F s period

Xy ! Lo-ia

B=iC |_A+D[ 1 0 |, [ 0 |
1 1 0

Total beat

Q,
2 frequenc
Q, q y

—L Q
2

(+))

Q
+—BG +—CG + TA
2 0 2 ¢ 2

ly)

¥ 5 (a)
4 o) 1 53000 —; Quarter Wave
\ )vé = ( Right-Circular
e = Polarization)
oo NN
e T X 50, 10.0 15.0, 20
& S5 f:lfn UUL fime
®z" R
¥, | Fdn »@j}j”{
‘(c:\t’\xo Sarpi 40
o/

ey

‘@]

IX>If-| crank-
or negative

vector

y
B

(=)

IR)

(b)
Half Wave
('Y Poldrization)

B[00 150 =20

- | N l.:"A
- { Tl B
LT L5 0T
i -l L
Hed 1 R
! [EERN {wwn e T
}\\i*\'l ‘_’/
05 el a
¥
1.0 ) e g
a5 -

fime

Beat
period

Thursday, February 14, 2013

54




The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion

»Circular—(forialis... C-Type motion
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The ABC's of U(2) dynamics

([H[1) (1]H[2) =[ A4 B-iC ]:A+D(1 0
(2H[1) (2[H|2) B+iC D 2 0 1
_ A+ D {

2
_ A+ D o
2 0

Circular-Coriolis... C-Type motion
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1 O

O 1
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The ABC's of U(2) dynamics [ p= N1+ Seo

[<<;||:||11>> <<;||:||Z>> ][ B I T e P A o0

A+D A-D Q

- A7 1 + 5 o, + C o, + —]/o0, . A A=-D
A+D

S R L Pc ) b

Circular-Coriolis... C-Type motion

1|HE|1)  (1]H¢]2 Q, —iC _ Q A 2% X)
<’ H <‘ >]_[ ° ]_Qo[ Q ]: Qo(’oJFTC(’C IX(15°)) N
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The ABC's of U(2) dynamics

(H|) - (1H2)
(2H|1) {2H[2)
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&
=~

The ABC's of U(2) dynamics-Mixed modes
» AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion
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The ABC's of U(2) dynamics-Mixed modes
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H= +4 B
B -
0.1 0995 =(y'
~ - ! Energy
ly) or
Frequency
Eigenvalues

x)
)N\V‘V

CIN2 -2 = ()

11)=|N- ulg%z)m ~dn)

} Secular equation: e2-0-e— (A2 +B? ) gives hyperbolic energy levels: € =+V A + B?

0995 0.1 =(x|
[y
#Tl’@

A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ao 4 +BO'B=H=( oy }

B -4

Here we display
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eigenvectors while
holding B constant
and varying A.
Obviously it can be
done vice-versa and
with C, as well.
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H= +4 B
B -
H(B - basis) H( A~ basis) -~ ~ ‘
0.1 0995 =(y|
1 1 1 1 Energy
- ?}[1 = J( o j(l = Y
v V2 B4 V2 Eigenvalues

x)
)N\V‘V

CIN2 -2 = ()

11)=|N- ummm ~dn)

} Secular equation: e2-0-e— (A2 +B? ) gives hyperbolic energy levels: € =+V A + B?

0995 0.1 =(x|
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#Tl’@

A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ao 4 +BO'B=H=( oy }

B -4

Here we display
eigenvalues and
eigenvectors while
holding B constant
and varying A.
Obviously it can be
done vice-versa and
with C, as well.
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A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ao 4 +BO'B=H=( oy }

H( B — basis)
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2

Fig. 10.3.2 Ammonia (NH3) inversion states
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} Secular equation: e2-0-e— (A2 +B? ) gives hyperbolic energy levels: € =+V A + B?
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. . . . +4 B
A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ao 4 +BO‘B:H=( . }
H= [ +; B } Secular equation: e2-0-e— (A2 + Bz) gives hyperbolic energy levels: € ==+V A + B?
H( B — basis) H( A - basis) -~ 5 ~ ‘ ~ - '
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A to B to A Symmetry breaking described by hyperbolic eigenvalues of Aa 4 +B0'B=H=(
+4 B
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} Secular equation: e2-0-e— (A2 +B? ) gives hyperbolic energy levels: € =+V A + B?

Here we display
eigenvalues and
eigenvectors while
holding B constant
and varying A.
Obviously it can be
done vice-versa and
with C, as well.

Positive E

: % >: 1‘/22

Fig. 10.3.2 Ammonia (NH3) inversion states
(a) Base states (b) C»-Eigenstates
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Fig. 10.3.1 (b) Wigner avoided level crossing. (Fixed tunneling
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and variable A-D=pE field.)
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2nd order perturbation terms
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Fig. 3.2.2 Comparison of exact vs. 2nd-order thru 10th-order perturbation approximations
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(a) 1>NUI&2>N¢®

(b) M=l 5+|2} |-)=l 1\/}2|2}

Fig. 10.3.2 Ammonia (NH3) inversion states
(a) Base states (b) C-Eigenstates
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O

—
=

- D .- Energy Eigenvalues

10.3.1 (a) Two state eigenvalue "diablo" surfaces and conical intersection and pendulum eigenstates.
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The ABC's of U(2) dynamics-Mixed modes
AB-Type motion and Wigner s Avoided-Symmetry-Crossings

» ABC-Type elliptical polarized motion
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ABC-Type elliptical polarized motion

(a)
Stokes Vector
ABC-Space

[X) ]T#
Fig. 10.B.3
(b) . Euler-like
Polarization coordinates for
Xy—Space (a) R(3) spin vector

(b) U(2) polarization ellipse
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ABC-Type elliptical polarized motion

(from Principles of Symmetry, Dynamics, and Spectroscopy)

THEORY AND APPLICATION OF SYMMETRY REPRESENTATION PRODUCTS

(a) Faraday Rotation

(b ) Birefringence

Yy

O—X'Jicwv———;:

e

e e T

Figure 7.5.7 Analog computer plots of two famous examples of optical activity.
(a) Faraday rotation or circular dichroism corresponds to constant ¥ = tan" (b /a).
(b) Birefringence corresponds to constant » = tan~'(Y/X). Note that a small amount

of birefringence is present in Figure 7.11(a); i.e., ¢ oscillates slightly. Pure Faraday 75.8
rotation is difficult to achieve on an analog computer.
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Ellipsometry using U(2) symmetry coordinates
Conventional amp-phase ellipse coordinates

Euler Angle (a3) ellipse coordinates
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Ellipsometry using U(2) symmetry coordinates
Conventional amp-phase ellipse coordinates and related to Euler Angles (a37)
2D elliptic frequency m orbit has amplitudes
Ajand A2, and phase shifts p; and p2==p;.

xi1=Aicos(wt+p;)

-p1=A;sin(wt+p;)

x2=Axcos(®wt=pi)

-p2=A>sin(wt—p;)

Amp-phase parameters (A1,A2, ©t,p1)

. X +ip)
A]e_l(wt"'p]) B
A e—i((l)f'l)])

2 .
x2+lp2
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pi1=-4 zsin(o)t+p’

por=-Axsin(wt—pi)

x1=Aicos(wt+p;)

x>=Axcos(®Ot=pi)

2p1=60°
(phase lag is 2hr)

2PM

time

p2=V /o =

11

)
—

-175°

+105°

+120°

+135°

+150°

+165°
180°
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pi1=-4 zsin(o)t+p’

por=-Axsin(wt—pi)

x1=Aicos(wt+p;)

x>=Axcos(®Ot=pi)

2p1=60°
(phase lag is 2hr)
3PM A
v, /
time
p2=v, ors

11

e

P1=

V_/®

+120°

+135°

+150°

+165°
180°

Thursday, February 14, 2013

75



pI= V_/®

e ?
@ \ 11 1
p1=—A1Sin(0)t+p1l (=0
10 2 IS
por=-Axsin(wt—pi) are 3PM
VDI
X]:A]COS((Dt+p]) 9 X=xj 3 X=x;
x>= Axcos(wt—p;) P71 6PM
v,
—6()° 8 .
2p =60 fime
(phase lag is 2hr)
7 5
175° T
180°150°-135° -105° -60° 0°
""""""""""""""""""" : +15°
___________ /-\ k300
4PM +45°
SPZ —_— W X +6©©
time
2 +75°
D2 :vy yors No Lx ; +90°
+105°
= = +120°
+135°
()
VA +150°
: +165°
180°
Thursday, February 14, 2013

76



pI= V_/®

’ e ?
@ \ 11 1
p1=—A1Sin(0)t+p1l (=0
10 2 IS
por=-Axsin(wt—pi) are 3PM
VDI
X]:A]COS((Dt+p]) 9 X=xj 3 X=x;
x>=Axcos(®Ot=pi) 01 7PM
v,
—6(0)° 8 .
2p =60 fime
(phase lag is 2hr)
5
ERRE! A i i 15°
' 180%150%135° -120° =105° 0 -60° 0°
! ! +15°
o\ <t +30°
5PM —-p1__ +p1 +45°
/\
v, . N +60°
time I
~ N +75°
p2=Vv, /® = a ol
: 2
+105°
= = +120°
+135°
=4 %
@ +150°
S +165°
180°
Thursday, February 14, 2013

77



X
e :
@ \ 11 1
p1=—A1Sin(0)t+p1l {:0
. 10 2 is
por=-Axsin(wt—pi) are 3PM
v¢p1 VAPl
x2= Axcos(®t=pi) , P71 8PM
p
o !P1
2p] :60 Y, 4 time
(phase lag is 2hr) f: 5
'1750 ! .
M_/ 180 150135° -105° 6 -60° 1360
+15°
(Q\ Dl i séa%e +30°
6PM —p] +p] i 3 +45°
lime | : E
- E E 4 fZ +75°
_ / N >@- -- E( X > +90°
p2=VYy, /0~ | X1
Q,
+105°
— = +120°
+135°
()
VA = +150°
= = +165°
180°
Thursday, February 14, 2013 78



pI= V_/®

* e
@ \ 11 1

p1=—A1Sin(0)t+p1l 0 , t,:O
LS

por=-Axsin(wt—pi) | 3PM

V?pl Vx =D] p]

X]:A]COS((Dt+p]) ;.l\I --:_ X=x7 3 x=xy

x2= Axcos(®t=pi) , | P71 9PM
v,

2p1=60°

E 3 4 :

5 time
(phase lag is 2hr) \ L

'/ : - 5

+ 180%150%135° -105c 6 -60° 0°
7PM

time
+75°
pr=v,/®=

+90°

+105°

11

+120°

+135°

+150°

+165°
180°

10
9
8

Thursday, February 14, 2013 79



pI= V_/®

pi1=-4 zsin(o)t+p’

t=0
2 LS
por=-Axsin(wt—pi) are 3PM
x1=Aicos(wt+p;) 3 X =x;
x>=Axcos(®Ot=pi) P71 10PM
v,

2p,=60°

i & Al

! ] : fime
(phase lag is 2hr) \ ]

: : 7 5

V4 '
— I-/ -175° <15°
180°190°135° 105> 6 -60° 0°
i : +15°
: %@@

SPM

+45°
+60°
time
+75°
p2=Vv,/®= 0

+105°

11

+120°
+135°

L ’ \
o +165°

+150°
180°

Thursday, February 14, 2013 80



pI= V_/®

""""""""""" 1

p\ | -

pir=-Asin(wt+p; f 0 , {_0
: is
por=-Axsin(wt—pi) 3PM
VADI T
\
x1=Aicos(wt+p;) f"j- \ g i 3 x =y,
x2= Axcos(®t=pi) q : 01 11PM
5 : v,
2p1=60° : 8 :

: ] 5 Y time
(phase lag is 2hr) \ J E
! / b 5

M_/ -1750 : _150
! 180°150°135° -12 105 6 -60° 0°
9PM

time

p2=V /o =

+105°

11

+120°

+135°

+150°

+165°
180°

Thursday, February 14, 2013 81



pi1=-4 zsin(o)t+p’

10
por=-Axsin(wt—pi)
x1=Aicos(wt+p;) 9
x>=Axcos(®Ot=pi)
2p1=60° | 8
(phase lag is 2hr) )
175° ! .
180%150°-135° 1360
+15°
+30°
10PM +45°
Vs — +60°
time
+75°
p2 :Vy /o = +90°
+105°
= +120°
+135°
+150°
5 +165°
180°
Thursday, February 14, 2013

82
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pir=-Asin(wt+py) |
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Ellipsometry using U(2) symmetry coordinates
Conventional amp-phase ellipse coordinates

Euler Angle (a3) ellipse coordinates
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency m orbit has amplitudes
Ajand A2, and phase shifts p; and p2==p;.

A]e—i((ot+p])

Aze_i(a)t'p])

|

x1+zp1

x2+zp2

xi1=Aicos(wt+p;)
-p1=A;sin(wt+p;)
x2=Axcos(®wt=pi)
-p2=A>sin(wt—p;)

Real xx and imaginary pi parts of phasor amplitudes
ar=xir+ipr depend on Euler angles («37) and A.
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes

Ajand A2, and phase shifts p; and p2==p;.

A]e_i(wt+p])

Aze_i(wt'p])

|

x1+zp1

x2+lp2

xi1=Aicos(wt+p;)
-p1=A;sin(wt+p;)
x2=Axcos(®wt=pi)
-p2=A>sin(wt—p;)

Real xx and 1maginary py parts of phasor amplitudes
ar=xr+ipr depend on Euler angles («37) and A4.

x,= Acos[3/2cos[(y+a)/2]
—p,= Acos3/2sin[(y+0)/2]
x,= Asin[3/2cos[(y—c)/2]
—p,= Asin[3/2sm[(y—o)/2]

x1+zpl

X2+lp2

Oo+y
—1

Ae 2

p

COS—

X1+lp1

X2+lp2

Thursday, February 14, 2013

91




Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes

Ajand A2, and phase shifts p; and p2==p;.

A]e_i(wt+p])

Aze_i(a)t'p])

|

x1+zp1

x2+lp2

-----

X2= Azcos(oot—pz)é
-p2=A2sin(®t=pi)

Real xx and 1maginary py parts of phasor amplitudes
ar=xr+ipr depend on Euler angles («/(37) and 4.

X, = Acosﬁ/chos[(}/+oc)/2]
— D= Acos3/2sin[(v+)/2]
x,= Asin[3/2cos[(y—c)/2]
—p,= Asin[3/2sm[(y—o)/2]

x1+zpl

X2+lp2

Oo+y
—1

Ae 2

p

COS—

X1+lp1

X2+lp2
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency m orbit has amplitudes Real xx and 1maginary py parts of phasor amplitudes
Arand A, and phase shifts p;and p2=-p;. ar=xi+ipk depend on Euler angles («) and 4.
| crp | X7 Ap;cos((ot+p1) X = ACOSﬁ/Q-;COS[(?’+OC)/2] e g X+,
4,7 OPD -pi1=Arsin(®t+py) . —p,;= Acos[3/2sin[(y+a)/2] Ae Sy
e (P - x2= Aicos(®t—pi) . x,= AsinB/2cos[(y—)/2] 2L g
T ) p=disint-p) i Iy Ae 2 sing || vy
pP2=A2, P  py= As1n[3/2§sm[(7/—oc)/2]
Let:iA1 ~Acos /2 '
o Arsdsin2
e +i
Ae 2 cosg ) [ A]e—i(wt+/31) } Kk
0=V ) —i(wt-p;)
Ae 2 sing 2¢ X, +ip,
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency o orbit has amplitudes Real xr and imaginary py parts of phasor amplitudes
Arand A, and phase shifts p;and p2=-p;. ar=xi+ipk depend on Euler angles («) and 4.
| X +ip, X1— AIECOS((D t+p]) X= ACOSﬁ/ZECOS[(}/‘FOC)/Z] _ia;ry ﬁ x1+ip1
4,7 OPD -p1 —5f1__1,Sln(0)t+p1) . —p,;= Acos B/2sin[(y+0o)/2] de = cos )
4,7 @PD) L X2= AZCOS (0t=p1): = Asin ,B-/-Z-'cos (}/—05)/2]‘ =L B
Xy +ip, - =A> sin(@t=py) Ae 2 slnE X, tip,
p2=A2 P 5 TPy Asin3/2: s1n[(7/—oc)/2]
Let: A —_4_9(_):?@{2____ Let: (Dt+p i _f_(y_q_t_p_z_)/z
e Adsdsing2
9t +i
Ae 2 Cosg _ { Ale—i(a)t+p1) } XTIy
o=y —i(wt-pyp)
i . B A,e 1
Ae 2 sz 2 Xy +ip,
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes

Ajand A2, and phase shifts p rand p2==p;.

Real xx and 1maginary py parts of phasor amplitudes
ar=xr+ipr depend on Euler angles («/(37) and 4.

= Acosﬁ/chos[(}/+oc)/2]

| X+ip, : —ia;—y B X +ip,
4,7 OPD -p1=4 JSln(O)t+p 1) _ —p,= Acos 3/2sin[(y+0)/2] Ae cos
AP X2= AZCOS((JM -p1) Asm,B/Zcos (}/—0()/2] “r B
X, +ip, y Ae 2 sin— X,+ip
-pr=Azsin(®t=py) i —py= Asm[3/2s1n[(7/—oc)/2] 2 27 P
Let: A —Acosﬁ/Z . Let: (0t+p1 =(7+a)/2
o AnedAsin2 Wr=pr =(y—)/2
T x,+ip
Ae 2 cosg [ A]e—i(wt+/31) b
o=y B —i(wt-p;)
. B A,e
Ae 2 sin X, +ip,
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency m orbit has amplitudes Real xx and 1maginary py parts of phasor amplitudes
Arand A, and phase shifts p;and p2=-p;. ar=xi+ipk depend on Euler angles («) and 4.
| x+ip, X1— AIECOS((D t+p]) x1: ACOSﬁ/Z;COS[(}/-l-OC)/Z] _ia;ry ﬁ x1+ip1
4,7 OPD D1 —AJSln(O)t+p1) . —p,;= Acos[3/2sin[(y+a)/2] de = cos B
Aye D X2 AZCOS (O1=py): ™~ As1n,3/2cos [(y—o )/2]‘ L B
X, +ip, pr=A> sin(®1=p1) Ae ? sma x,+ip,
PZ _____ P 5 T p2 Asin3/2: s1n[(7/—oc)/2]
Let: lA I —Acosﬁ/Z . Let: (0t+p1 _f_{f_y_{r_p_é_)/Z
o ArsAsiy2 wi=p; =(7—)/2
tanP/2=A/A1  A*=Ar*+A? o=2p; V=20t

Euler parameters (o, 3,7, A) in terms of amp-phase parameters (A1,A2, ©t,p1)

.o+y .
=1 ,B X tip;
Ae 2 cos— —i(wt+p;)
o=y —i(wt-p;)
i ﬁ A.e
2 anll 2 )
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The A-view in {X1,X2}-basis .
—io, Ba ,
Angles o= pr=p2=2p1, Pa=2tan"'A2/A1, y4=20>t [ a ) A ¢ €083 ot =[ X1 TP )

define ellipses with intensity [=42=A42+A42. a eti0al2 sinz* Xy +ip;
(a) (X1.Xp) Space | Xp () (AB.C) Space s
Azimuth
angle
A 20=0,=60°

A or Z-axis Euler angles

o=04= P -p2=2p1=60°

B=PB.=2tan"'A:/4:=60°

phase lag Ya=200t

20=0,=6
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The A-view in {X1,x2}-basis

Angles o=pr=p2=2p1, Pa=2tan'A2/41, y1=2w't
define ellipses with intensity /=A4%=A4,>+A42*.

(a) (X,Xp) Space | X,

phase lag
20=0,=6

(a) (X1,X,) Space

C-axis

polar
elevation

/
// a/
\N§ // C-axis
— azimuth
angle
20=

0, =40.9°

- JI—=

(b) (A,B,C) Space

LAy

A-axis
Azimuth
angle
20=0,,=60°

(b) (A,B,C) Space s

, C— polar
angle
Bo=41.4°

_lO{A/2 COSgA _a)t

e ' =
+ioe, /2

2

Xl + lpl
sin&4 Xy +1ipy

A or Z-axis Euler angles
0=04= P1-P2=2p1=60°
B=PB.=2tan"'A:/4:=60°

Y4 =2t

COS5 _ilc [ Xp+ipp ]
e =
j . Xpti
e+zac/2smgc R+ IDR
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Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of A, B, and C polar formulas

Il I . : I :
Asymmetry SAZECOSﬁA ZESHIOCBSlnﬁBZECOSOCC sin B~

I , Il I . :
Balance  Sp= ECOSOCA sin 3, = ECOSﬁB = Esmac sin B~

1 1 1
Chirality S, =—sino , sin 3, = —coso  sin 3, = —cos
C=5 A AT B B~ 5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).

(a) (x1,Xp) Space | *2 Ciavis (b) (A,B,C) Space

polar

elevation
Al \\|I< 2y=
| / 1/2—B =48. 5 /]
A b / K a
| / ? / %xl (’
/
/ a
~ - 7 C-axis

C-axis

: — polar
angle
Bo=41.4°
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Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of A, B, and C polar formulas

Il I . : I :
Asymmetry SAZECOSﬁA ZESHIOCBSlnﬁBZECOSOCC sin B~

I , Il I . :
Balance  Sp= ECOSOCA sin 3, = ECOSﬁB = Esmac sin B~

1 1 1
Chirality S, =—sino , sin 3, = —coso  sin 3, = —cos
C=5 A AT B B~ 5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).
Angles (0.c, Bc): C-axial polar angle B¢ from above.

1 N3 3

sinc , sin 34 = cos B3~ or: B =cos ' (sinco,sin )= cos™ (— —) 41.4°

(a) (x1,Xp) Space | *2 Ciavis (b) (A,B,C) Space

polar

elevation
Al \\|I< 2y=
| / 1/2—B =48. 5 /]
A b / K a
| / ? / %xl (’
/
/ a
~ - 7 C-axis

C-axis

: — polar
angle
Bo=41.4°
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Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of A, B, and C polar formulas

Il I . : I :
Asymmetry SAZECOSﬁA ZESHIOCBSlnﬁBZECOSOCC sin B~

I , Il I . :
Balance  Sp= ECOSOCA sin 3, = ECOSﬁB = Esmac sin B~

1 1 1
Chirality S, =—sino , sin 3, = —coso  sin 3, = —cos
C=5 A AT B B~ 5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).
Angles (0.c, Bc): C-axial polar angle B¢ from above.

V3 V3

sinc , sin 34 = cos B3~ or: B =cos (sina, sin B )= cos_1(7 : 7) =41.4°
C-axis azimuth angle o relates to A-axis angles o4 and B4 . See oic =2¢ below.

: 1 V3 1
cosa,sinfy _ tanoe or: o =ATN2(cosa sinfi, /cos )= ATN2(=- £ /5)=40.9"
cos 34 2 2 2

(a) (x{,X,) Space | *2

Caxis  (b) (A,B,C) Space (s
polar

: — polar
A AN elevation angle
' 1 \If< 2y= ‘ B=41.4°
m/2—.=48.6° “
Azé//g § E N (
| x,

// a
- C-axis
NS /’

SR/ —
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(a) (xX1,X,) Space

Alﬂ><

(a) (xX1,X,) Space

| phase lag A
i 20=0,,=6{)°
-V
P
X1
—~-

| P1

phase lag
29=0.,=60

—

=

phase lag
29=0.,=6

| D1

A

phase lag
20=0,=60°
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//
—

/

,/’

phase lag

B C20=a,

~

| / ) AN
| | / \ ,
| ! A
I | N
| |/ \
W Y , N
I/ \l
) NMA I |
() M |
B X - 1‘
, = I I
= I\ h
” A /
| | |
W [ /o
| N Y
| | \ |
| | // \\ |
, | N\ \ ,
Q] W | A |
p | W ,
o |
| | |
” | ﬂ Q |
| —
[
|
S/ . //
\
<
il |
\
// // \\\\\

103

Thursday, February 14, 2013



The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xr,xz}-bases using angles (o.c, Bc, Yc).

—io 12 PBe ,
agp e T cosy _ire | xptipg
=A 3 e 2 = _
a ] Xpt+1
L g Ti%c/2 siny c RTIPR

X
(a) (X1,X,) Space 2 C-axis — (®) (A,B,C) Space /s
polar , Q—\ polar
A AN elevation angle
1 L W\< 2y= B=41.4°
’ / A
A b ALY N
Nl / (pV / %xl
i\ [/ /77
2
| :
AR Cjaxzs |-ac 2(p
| azimuth
| angle |‘
[ 2(p: |
I
|
: \/I O('C:40 9o |\|/I/

sinZ U inP / xXgti
ISiny  COSj sinz" Aeti0c’? Smﬁc RTIWPR

T il T : _ —io, 12 . B —ioe /2 . Pe ,
Cos7  ising [ x| +ipy J—\E[ 1 i j Ae OS5 i Ae oS5 e_igc [ xr+ipg
i1
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How spinors give rotation products
Now we find the product R, R, of rotation R, by crank-axis ©,=0 0
following Ry, by axis ©,=0,0, .

R (©)-R,(©,)=¢"02 02 = (1¢cos G;" — i (0#0© )sin G;“ ) cos% ~ i (0e®,)sin %) =R_,(©,)

O Q) A ® Q) A Q) Q) A A ® Q)
=(1cos—%cos—2—i (0ceO )sin—+cos—2—i (0®O,)cos—~sin—2—(ce0O )oceO, )sin—=sin —2
( > > [ ( ) > > [ ( b) > > ( N 5) > 5 )
:l(cos ©, cos O _ (©, #0,)sin O, sin S, )—i GO|:(:)a sin O, cos ©, +6, cos ©, sin S, +(©, x6O,)sin ©, sin 6"}
2 2 2 2 2 2 2 2 2 2
:1( cos et j—i 60|: ©,, sin Ou }
2 2
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