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1C4 = 1 1,ρz ,Rz , Rz{ }
ρxC4 = ρx ,ρy , i4 , i3{ }
r1C4 = r1,r4 , i1,Ry{ }       

r2C4 = r2,r3, i2, Ry{ }      

r1C4 = r1, r3, Rx , i6{ }       

r2C4 = r2, r4 ,Rx , i5{ }

With slightly new notation

6Tuesday, April 16, 2013



Review Octahedral O⊃D4⊃C4 subgroup chain and coset bases
Coset factored splitting of O⊃D4⊃C4 projectors and levels
        Coset spaces based on m4(C4)↑O
        Splitting class projectors into C4 cosets and m4(C4)↑O bases
        
General development of irep projectors Pµm4m4 
        Calculating PE0404
        Calculating PE2424
        Calculating PT10404
        Calculating PT11414
        Calculating PT22424

Structure and applications of various subgroup chain ireps
        Oh⊃D4h⊃C4v  
        Oh⊃D3h⊃C3v

            Oh⊃C2v

7Tuesday, April 16, 2013



Splitting class projectors into C4 cosets and m4(C4)↑O bases

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1
  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C4 Correlation table shows splitting pathways and induced m4(C4)↑O reps 

    

C4:χg
µ g=1 R z ρz

R z

µ=04 1 1 1 1

14 1 -i -1 i

24 1 -1 1 -1

34 1 -i -1 -i

8Tuesday, April 16, 2013



Splitting class projectors into C4 cosets and m4(C4)↑O bases

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1
   

1 ⋅Pµ = (p04
+p14

+p24
+p34

) ⋅Pµ

1 ⋅P A1 = P0404

A1 +0 +0 +0

1 ⋅P A2 = 0 +0 +P2424

A2 +0

1 ⋅PE = P0404

E +0 +P2424

E +0

1 ⋅PT1 = P0404

T1 +P1414

T1 +0 +P3434

T1

1 ⋅PT2 = 0 +P1414

T2 +P2424

T2 +P3434

T2

  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C4 Correlation table shows splitting pathways and induced m4(C4)↑O reps 

    

C4:χg
µ g=1 R z ρz

R z

µ=04 1 1 1 1

14 1 -i -1 i

24 1 -1 1 -1

34 1 -i -1 -i

9Tuesday, April 16, 2013



Splitting class projectors into C4 cosets and m4(C4)↑O bases

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1
   

1 ⋅Pµ = (p04
+p14

+p24
+p34

) ⋅Pµ

1 ⋅P A1 = P0404

A1 +0 +0 +0

1 ⋅P A2 = 0 +0 +P2424

A2 +0

1 ⋅PE = P0404

E +0 +P2424

E +0

1 ⋅PT1 = P0404

T1 +P1414

T1 +0 +P3434

T1

1 ⋅PT2 = 0 +P1414

T2 +P2424

T2 +P3434

T2

  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C4 Correlation table shows splitting pathways and induced m4(C4)↑O reps 
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applied to O class projectors

 PT2 =  3
8
1+ 0

8
cr −

1
8
cρ −

1
8
cR +

1
8
ci

 PT1 =  3
8
1+ 0

8
cr −
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Pm4m4

µ = pm4Pµ = Pµpm4

= µ

°O
(χg

µ*) ·g pm4( )
g

°O

∑

= µ

24
⎛
⎝⎜

⎞
⎠⎟
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24 ,1 ,d Rz
24 ,dRz

24 )

+48
1χ Rx

E (d Rz
24 ,dRz

24 ,1 ,dρz

24 )

+48
1χ i6

E(dRz
24 ,d Rz

24 ,dρz
24,1)

 

  r2C4 = r2, r4 ,Rx , i5{ }
+48

1χ r2
E(1, dρz

24 ,dRz
24 ,d Rz

24 )

+48
1χ r4

E(dρz

24 ,1 ,d Rz
24 ,dRz

24 )

+48
1χRx

E (d Rz
24,dRz

24 ,1 ,dρz

24 )

+48
1χ i5

E(dRz
24 ,d Rz

24 ,dρz

24 ,1)

    

pm4
= e2π im⋅p/4

4
R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

 =48
1(+2)( 1,+1,−1,−1)

 +48
1(+2)(+1,  1,−1,−1)

 +48
1( 0)(−1, −1,   1,+1)

 +48
1( 0)(−1, −1, +1,  1)

  +48
1(−1)( 1,+1,−1,−1)

 +48
1(−1)(+1,  1,−1,−1)

 +48
1( 0)(−1, −1,   1,+1)

 +48
1( 0)(−1, −1, +1,  1)

 4, 4,-4,-4,

Calculating PE2424

 4, 4,-4,-4, -2,-2, 2, 2,

 =48
1(+2)( 1,+1,−1,−1)

 +48
1(+2)(+1,  1,−1,−1)

 +48
1( 0)(−1, −1,   1,+1)

 +48
1( 0)(−1, −1, +1,  1)

  +48
1(−1)( 1,+1,−1,−1)

 +48
1(−1)(+1,  1,−1,−1)

 +48
1( 0)(−1, −1,   1,+1)

 +48
1( 0)(−1, −1, +1,  1)

  +48
1(−1)( 1,+1,−1,−1)

 +48
1(−1)(+1,  1,−1,−1)

 +48
1( 0)(−1, −1,   1,+1)

 +48
1( 0)(−1, −1, +1,  1)

  +48
1(−1)( 1,+1,−1,−1)

 +48
1(−1)(+1,  1,−1,−1)

 +48
1( 0)(−1, −1,   1,+1)

 +48
1( 0)(−1, −1, +1,  1)

-2,-2, 2, 2, -2,-2, 2, 2, -2,-2, 2, 2,
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  ρxC4 = ρx ,ρy , i4 , i3{ }
+32

1χρx
T1(1, dρz

04 ,dRz
04 ,d Rz

04 )

+32
1χρy

T1(dρz

04 ,1 ,d Rz
04 ,dRz

04 )

+32
1χ i4

T1(d Rz
04 ,dRz

04 ,1 ,dρz

04 )

+32
1χ i3

T1(dRz
04 ,d Rz

04 ,dρz

04 ,1)
 

  1C4 = 1 1,ρz ,Rz , Rz{ }
 =32

1χ1
T1(1, dρz

04 ,dRz
04 ,d Rz

04 )

 +32
1χρz

T1(dρz

04 ,1 ,d Rz
04 ,dRz

04 )

 +32
1χRz

T1 (d Rz
04 ,dRz

04 ,1 ,dρz

04 )

 +32
1χ Rz

T1 (dRz
04 ,d Rz

04 ,dρz

04 ,1)
 

  r1C4 = r1,r4 , i1,Ry{ }
+32

1χr1
T1(1, dρz

04 ,dRz
04 ,d Rz

04 )

+32
1χr4

T1(dρz

04 ,1 ,d Rz
04 ,dRz

04 )

+32
1χ i1

T1(d Rz
04 ,dRz

04 ,1 ,dρz

04 )

+32
1χRy

T1 (dRz
04 ,d Rz

04 ,dρz

04 ,1)
 

  r2C4 = r2,r3, i2, Ry{ }
+32

1 χr2
T1(1, dρz

04 ,dRz
04 ,d Rz

04 )

+32
1χr3

T1(dρz

04 ,1 ,d Rz
04 ,dRz

04 )

+32
1χ i2

T1(d Rz
04 ,dRz

04 ,1 ,dρz

04 )

+32
1χ Ry

T1 (dRz
04 ,d Rz

04 ,dρz

04 ,1)

 
 8

1 (11+1ρz+1Rz+1 Rz  -1ρx -1ρy -1i4 -1i3           +0r1+0r4+0 i1+0Ry     + 0r2+0r3+0 i2+0 Ry   +0 r1+0 r3+0 Rx+0 i6    +0 r2+0 r4+0Rx+0 i5 )

 

P0404

T1 = p04
PT1 = PT1p04

= T1

°O
(χg

T1 ) ·g · p04( ) = 3
96

(χg
T1 ) ·g ·  1⋅1+1⋅ρz +1⋅Rz +1⋅ Rz( )

g

°O

∑
g

°O

∑

 

  r1C4 = r1, r3, Rx , i6{ }
+32

1χ r1
T1(1, dρz

04 ,dRz
04 ,d Rz

04 )

+32
1χ r3

T1(dρz

04 ,1 ,d Rz
04 ,dRz

04 )

+32
1χ Rx

T1 (d Rz
04 ,dRz

04 ,1 ,dρz

04 )

+32
1χ i6

T1(dRz
04 ,d Rz

04 ,dρz

04 ,1)
 

  r2C4 = r2, r4 ,Rx , i5{ }
+32

1χ r2
T1(1, dρz

04 ,dRz
04 ,d Rz

04 )

+32
1χ r4

T1(dρz

04 ,1 ,d Rz
04 ,dRz

04 )

+32
1χRx

T1 (d Rz
04 ,dRz

04 ,1 ,dρz

04 )

+32
1χ i5

T1(dRz
04 ,d Rz

04 ,dρz

04 ,1)

    

pm4
= e2π im⋅p/4

4
R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

 =32
1(+3)( 1, +1,+1,+1)

 +32
1(−1)(+1,  1 ,+1,+1)

 +32
1(+1)(+1,+1,  1 ,+1)

 +32
1(+1)(+1,+1,+1,  1 )

 +32
1(−1)( 1, +1,+1,+1)

 +32
1(−1)(+1,  1 ,+1,+1)

 +32
1(−1)(+1,+1,  1 ,+1)

 +32
1(−1)(+1,+1,+1,  1 )

 +32
1(0)( 1, +1,+1,+1)

 +32
1(0)(+1,  1 ,+1,+1)

 +32
1(−1)(+1,+1,  1 ,+1)

 +32
1(+1)(+1,+1,+1,  1 )

 4, 4, 0, 0,  -4,-4,-4,-4, 0, 0, 0, 0,

Calculating PT10404

 +32
1(0)( 1, +1,+1,+1)

 +32
1(0)(+1,  1 ,+1,+1)

 +32
1(−1)(+1,+1,  1 ,+1)

 +32
1(+1)(+1,+1,+1,  1 )

 +32
1(0)( 1, +1,+1,+1)

 +32
1(0)(+1,  1 ,+1,+1)

 +32
1(+1)(+1,+1,  1 ,+1)

 +32
1(−1)(+1,+1,+1,  1 )

 +32
1(0)( 1, +1,+1,+1)

 +32
1(0)(+1,  1 ,+1,+1)

 +32
1(+1)(+1,+1,  1 ,+1)

 +32
1(−1)(+1,+1,+1,  1 )

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
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  ρxC4 = ρx ,ρy , i4 , i3{ }
+32

1χρx
T1(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χρy

T1(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χ i4

T1(d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χ i3

T1(dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  1C4 = 1 1,ρz ,Rz , Rz{ }
 =32

1χ1
T1(1, dρz

14 ,dRz
14 ,d Rz

14 )

 +32
1χρz

T1(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

 +32
1χRz

T1 (d Rz
14 ,dRz

14 ,1 ,dρz

14 )

 +32
1χ Rz

T1 (dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  r1C4 = r1,r4 , i1,Ry{ }
+32

1χr1
T1(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χr4

T1(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χ i1

T1(d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χRy

T1 (dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  r2C4 = r2,r3, i2, Ry{ }
+32

1 χr2
T1(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χr3

T1(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χ i2

T1(d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χ Ry

T1 (dRz
14 ,d Rz

14 ,dρz

14 ,1)

 
 8

1 (11-1ρz+ iRz -i Rz    + 0ρx+ 0ρy+ 0 i4+ 0 i3    + 2
ir1-2

ir4 -2
1i1+2

1Ry          + 2
ir2 -2

ir3-2
1i2+2

1 Ry           -2
i r1+2

i r3+ 2
1 Rx -2

1i6           -2
i r2+2

i r4+ 2
1Rx -2

1i5 )

 

P1414

T1 = p14
PT1 = PT1p14

= T1

°O
(χg

T1 ) ·g · p14( ) = 3
96

(χg
T1 ) ·g ·  1⋅1−1⋅ρz +i⋅Rz −i⋅ Rz( )

g

°O

∑
g

°O

∑

 

  r1C4 = r1, r3, Rx , i6{ }
+32

1χ r1
T1(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χ r3

T1(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χ Rx

T1 (d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χ i6

T1(dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  r2C4 = r2, r4 ,Rx , i5{ }
+32

1χ r2
T1(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χ r4

T1(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χRx

T1 (d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χ i5

T1(dRz
14 ,d Rz

14 ,dρz

14 ,1)

    

pm4
= e2π im⋅p/4

4
R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

 =32
1(+3)(1 , −1,+i,−i)

 +32
1(−1)(−1,  1 ,−i,+i)

 +32
1(+1)(−i,+i,  1 ,−1)

 +32
1(+1)(+i,−i,−1,  1 )

 +32
1(−1)(1 , −1,+i,−i)

 +32
1(−1)(−1,  1 ,−i,+i)

 +32
1(−1)(−i,+i,  1 ,−1)

 +32
1(−1)(+i,−i,−1,  1 )

 +32
1(0)( 1, −1,+i,−i)

 +32
1(0)(−1,  1 ,−i,+i)

 +32
1(−1)(−i,+i,  1 ,−1)

 +32
1(+1)(+i,−i,−1,  1 )

 +32
1(0)( 1, −1,+i,−i)

 +32
1(0)(−1,  1 ,−i,+i)

 +32
1(−1)(−i,+i,  1 ,−1)

 +32
1(+1)(+i,−i,−1,  1 )

 +32
1(0)( 1, −1,+i,−i)

 +32
1(0)(−1,  1 ,−i,+i)

 +32
1(+1)(−i,+i,  1 ,−1)

 +32
1(−1)(+i,−i,−1,  1 )

 +32
1(0)( 1, −1,+i,−i)

 +32
1(0)(−1,  1 ,−i,+i)

 +32
1(+1)(−i,+i,  1 ,−1)

 +32
1(−1)(+i,−i,−1,  1 )

+4,-4, 4i,-4i,  0,    0,   0,   0, +2i, -2i,-2, +2, +2i, -2i,-2, +2, -2i,+2i,+2, -2 -2i,+2i,+2, -2.

Calculating PT11414
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  ρxC4 = ρx ,ρy , i4 , i3{ }
+32

1χρx
T2(1, dρz

24 ,dRz
24 ,d Rz

24 )

+32
1χρy

T2(dρz

24 ,1 ,d Rz
24 ,dRz

24 )

+32
1χ i4

T2(d Rz
24 ,dRz

24 ,1 ,dρz

24 )

+32
1χ i3

T2(dRz
24 ,d Rz

24 ,dρz

24 ,1)
 

  1C4 = 1 1,ρz ,Rz , Rz{ }
 =32

1χ1
T2(1, dρz

24 ,dRz
24 ,d Rz

24 )

 +32
1χρz

T2(dρz

24 ,1 ,d Rz
24 ,dRz

24 )

 +32
1χRz

T2 (d Rz
24 ,dRz

24 ,1 ,dρz

24 )

 +32
1χ Rz

T2 (dRz
24 ,d Rz

24 ,dρz

24 ,1)
 

  r1C4 = r1,r4 , i1,Ry{ }
+32

1χr1
T2(1, dρz

24 ,dRz
24 ,d Rz

24 )

+32
1χr4

T2(dρz

24 ,1 ,d Rz
24 ,dRz

24 )

+32
1χ i1

T2(d Rz
24 ,dRz

24 ,1 ,dρz

24 )

+32
1χRy

T2 (dRz
24 ,d Rz

24 ,dρz

24 ,1)
 

  r2C4 = r2,r3, i2, Ry{ }
+32

1 χr2
T2(1, dρz

24 ,dRz
24 ,d Rz

24 )

+32
1χr3

T2(dρz

24 ,1 ,d Rz
24 ,dRz

24 )

+32
1χ i2

T2(d Rz
24 ,dRz

24 ,1 ,dρz

24 )

+32
1χ Ry

T2 (dRz
24 ,d Rz

24 ,dρz

24 ,1)

 
 8

1 (11+1ρz−1Rz−1 Rz   -1ρx -1ρy+1i4+1i3       +0r1 +0r4+0 i1+0Ry  + 0r2+0r3+0 i2+0 Ry   +0 r1+0 r3+0 Rx+0 i6   +0 r2+0 r4+0Rx+0 i5 )

 

P2424

T2 = p24
PT2 = PT2p24

= T2

°O
(χg

T2 ) ·g · p24( ) = 3
96

(χg
T2 ) ·g ·  1⋅1+1⋅ρz−1⋅Rz−1⋅ Rz( )

g

°O

∑
g

°O

∑

 

  r1C4 = r1, r3, Rx , i6{ }
+32

1χ r1
T2(1, dρz

24 ,dRz
24 ,d Rz

24 )

+32
1χ r3

T2(dρz

24 ,1 ,d Rz
24 ,dRz

24 )

+32
1χ Rx

T2 (d Rz
24 ,dRz

24 ,1 ,dρz

24 )

+32
1χ i6

T2(dRz
24 ,d Rz

24 ,dρz

24 ,1))
 

  r2C4 = r2, r4 ,Rx , i5{ }
+32

1χ r2
T2(1, dρz

24 ,dRz
24 ,d Rz

24 )

+32
1χ r4

T2(dρz

24 ,1 ,d Rz
24 ,dRz

24 )

+32
1χRx

T2 (d Rz
24 ,dRz

24 ,1 ,dρz

24 )

+32
1χ i5

T2(dRz
24 ,d Rz

24 ,dρz

24 ,1)

    

pm4
= e2π im⋅p/4

4
R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

 4, 4,-4,-4,  -4,-4, 4, 4, 0, 0, 0, 0,

Calculating PT22424

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,

 =32
1(+3)( 1,+1,−1,−1)

 +32
1(−1)(+1,  1,−1,−1)

 +32
1(−1)(−1, −1,   1,+1)

 +32
1(−1)(−1, −1, +1,  1)

 +32
1(−1)( 1,+1,−1,−1)

 +32
1(−1)(+1,  1,−1,−1)

 +32
1(+1)(−1, −1,   1,+1)

 +32
1(+1)(−1, −1, +1,  1)

 +32
1( 0)( 1,+1,−1,−1)

 +32
1( 0)(+1,  1,−1,−1)

 +32
1(+1)(−1, −1,   1,+1)

 +32
1(−1)(−1, −1, +1,  1)

 +32
1( 0)( 1,+1,−1,−1)

 +32
1( 0)(+1,  1,−1,−1)

 +32
1(+1)(−1, −1,   1,+1)

 +32
1(−1)(−1, −1, +1,  1)

 +32
1( 0)( 1,+1,−1,−1)

 +32
1( 0)(+1,  1,−1,−1)

 +32
1(−1)(−1, −1,   1,+1)

 +32
1(+1)(−1, −1, +1,  1)

 +32
1( 0)( 1,+1,−1,−1)

 +32
1( 0)(+1,  1,−1,−1)

 +32
1(−1)(−1, −1,   1,+1)

 +32
1(+1)(−1, −1, +1,  1)
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  ρxC4 = ρx ,ρy , i4 , i3{ }
+32

1χρx
T2(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χρy

T2(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χ i4

T2(d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χ i3

T2(dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  1C4 = 1 1,ρz ,Rz , Rz{ }
 =32

1χ1
T2(1, dρz

14 ,dRz
14 ,d Rz

14 )

 +32
1χρz

T2(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

 +32
1χRz

T2 (d Rz
14 ,dRz

14 ,1 ,dρz

14 )

 +32
1χ Rz

T2 (dRz
14 ,d Rz

14 ,dρz

14 ,1)

 

  r1C4 = r1,r4 , i1,Ry{ }
+32

1χr1
T2(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χr4

T2(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χ i1

T2(d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χRy

T2 (dRz
14 ,d Rz

14 ,dρz

14 ,1)

 
 

  r2C4 = r2,r3, i2, Ry{ }
+32

1 χr2
T2(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χr3

T2(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χ i2

T2(d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χ Ry

T2 (dRz
14 ,d Rz

14 ,dρz

14 ,1)

 
 8

1 (11-1ρz+ iRz -i Rz       + 0ρx+ 0ρy+ 0 i4+ 0 i3   - 2
i r1+2

ir4+ 2
1i1- 2

1Ry           - 2
ir2 +2

ir3+ 2
1i2 - 2

1 Ry         + 2
i r1- 2

i r3- 2
1 Rx+ 2

1i6          + 2
i r2 - 2

i r4 - 2
1Rx+ 2

1i5

 

P1414

T2 = p14
PT2 = PT2p14

= T2

°O
(χg

T2 ) ·g · p14( ) = 3
96

(χg
T2 ) ·g ·  1⋅1−1⋅ρz +i⋅Rz −i⋅ Rz( )

g

°O

∑
g

°O

∑

 

  r1C4 = r1, r3, Rx , i6{ }
+32

1χ r1
T2(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χ r3

T2(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χ Rx

T2 (d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χ i6

T2(dRz
14 ,d Rz

14 ,dρz

14 ,1)
 

  r2C4 = r2, r4 ,Rx , i5{ }
+32

1χ r2
T2(1, dρz

14 ,dRz
14 ,d Rz

14 )

+32
1χ r4

T2(dρz

14 ,1 ,d Rz
14 ,dRz

14 )

+32
1χRx

T2 (d Rz
14 ,dRz

14 ,1 ,dρz

14 )

+32
1χ i5

T2(dRz
14 ,d Rz

14 ,dρz

14 ,1)

    

pm4
= e2π im⋅p/4

4
R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

 =32
1(+3)(1 , −1,+i,−i)

 +32
1(−1)(−1,  1 ,−i,+i)

 +32
1(−1)(−i,+i,  1 ,−1)

 +32
1(−1)(+i,−i,−1,  1 )

 +32
1(−1)(1 , −1,+i,−i)

 +32
1(−1)(−1,  1 ,−i,+i)

 +32
1(+1)(−i,+i,  1 ,−1)

 +32
1(+1)(+i,−i,−1,  1 )

 +32
1( 0)( 1, −1,+i,−i)

 +32
1( 0)(−1,  1 ,−i,+i)

 +32
1(+1)(−i,+i,  1 ,−1)

 +32
1(−1)(+i,−i,−1,  1 )

+4,-4, 4i,-4i,  0,0,0,0, -2i,2i,2,-2,

Calculating PT21414

 +32
1( 0)( 1, −1,+i,−i)

 +32
1( 0)(−1,  1 ,−i,+i)

 +32
1(+1)(−i,+i,  1 ,−1)

 +32
1(−1)(+i,−i,−1,  1 )

 +32
1( 0)( 1, −1,+i,−i)

 +32
1( 0)(−1,  1 ,−i,+i)

 +32
1(−1)(−i,+i,  1 ,−1)

 +32
1(+1)(+i,−i,−1,  1 )

 +32
1( 0)( 1, −1,+i,−i)

 +32
1( 0)(−1,  1 ,−i,+i)

 +32
1(−1)(−i,+i,  1 ,−1)

 +32
1(+1)(+i,−i,−1,  1 )

-2i,2i,2,-2, 2i,-2i,-2,2, 2i,-2i,-2,2.
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1= [1][2][3][4]         R1
2 = [13][24]         r1 = [132]             r2 = [124]             r1

2 = [123]             r2
2 = [142]

1 0
0 1

⎛
⎝⎜
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⎠⎟

               1 0
0 1
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3
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3 −2

1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

R3
2 = [12][34]        R2

2 = [14][23]           r4 = [234]             r3 = [124]             r3
2 = [134]             r4

2 = [243]

1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

               1 0
0 1

⎛
⎝⎜

⎞
⎠⎟
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3 −2

1

⎛
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⎜
⎜

⎞

⎠

⎟
⎟

R3 = [1423]          i4 = [12]                 i1 = [14]                i2 = [23]                R1
3 = [1432]          R1 = [1234]

1 0
0 −1

⎛
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⎠

⎟
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R3
3 = [1324]          i3 = [34]                 R2 = [1243]            R2

3 = [1342]          i6 = [24]               i5 = [13]

1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

         1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

             
−2

1 + 2
3

+ 2
3 +2

1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟    

−2
1 + 2

3

+ 2
3 +2

1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟    

−2
1 − 2

3

− 2
3 +2

1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟    

−2
1 − 2

3

− 2
3 +2

1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟  basis:

O
D4

C4

E
A1

04

E
B1

24

Ireps for O⊃D4⊃C4 subgroup chain

T1 T2

E

-1

Vector
x,y,z

Tensor
yz,xz,xy

Tensor
x2+y2-2z2

(x2-y2)√3

C4

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1
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basis:
O
D4

D2

E
A1
A1

E
B1
A1

basis:
O
D4

D2

T1
E
B1

T1
E
B2

T1
A2
A2

basis:
O
D4

D2

T2
E
B1

T2
E
B2

T2
B2
A2

Ireps for O⊃D4⊃D2 subgroup chain

T1 T2

E

Vector
x,y,z

Tensor
yz,xz,xy

Tensor
x2+y2-2z2

(x2-y2)√3

D2

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1
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Ireps for O⊃D3⊃C2 subgroup chain

T1 T2Vector
u,v,w

Tensor
vw,uw,uv

basis:
O
D3

C2

T1
E
02

T1
E
12

T1
A2
12

basis:
O
D3

C2

T2
B2
02

T2
E
02

T2
E
12

C2
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Tensor
u2+v2-2w2

(u2-v2)√3
E basis:

O
D3

C2

E
E
02

E
E
12

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

C2
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Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1g↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1

,

Oh⊃C3v ′A ′′A E

A1g↓C3v 1 ⋅ ⋅

A2g↓C3v ⋅ 1 ⋅

Eg↓C3v ⋅ ⋅ 1

T1g↓C3v ⋅ 1 1

T2g↓C3v 1 ⋅ 1

A1g↓C3v ⋅ 1 ⋅

A2u↓C3v 1 ⋅ ⋅

Eu↓C3v ⋅ ⋅ 1

T1u↓C3v 1 ⋅ 1

T2u↓C3v ⋅ 1 1

,

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1g↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1g↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

   

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C3 03 13 23

A1↓C3 1 ⋅ ⋅

A2↓C3 1 ⋅ ⋅

E↓C3 ⋅ 1 1

T1↓C3 1 1 1

T2↓C3 1 1 1

O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2

Oh⊃C4v

correlation
predicts the
parity of
the A1T1E
cluster is not
uniformly
even (g) or 
odd (u): 
A1gT1uEg
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0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
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1
6

0404
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1
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0
0
0
0

⎛

⎝

⎜
⎜
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⎜
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⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

0404
E =

2
2
-1
-1
-1
-1

⎛
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⎜
⎜
⎜
⎜
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⎞

⎠

⎟
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⎟
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1
2 3

1404
T1 =

0
0
-1
1
-i
i

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

2404
E =

0
0
1
1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

04↑O cluster 
Symmetryparity 

A1gT1uEg

Eg (even)

T1u   (odd)

A1g (even)
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Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1g↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1

,

Oh⊃C3v ′A ′′A E

A1g↓C3v 1 ⋅ ⋅

A2g↓C3v ⋅ 1 ⋅

Eg↓C3v ⋅ ⋅ 1

T1g↓C3v ⋅ 1 1

T2g↓C3v 1 ⋅ 1

A1g↓C3v ⋅ 1 ⋅

A2u↓C3v 1 ⋅ ⋅

Eu↓C3v ⋅ ⋅ 1

T1u↓C3v 1 ⋅ 1

T2u↓C3v ⋅ 1 1

,

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1g↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1g↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

   

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C3 03 13 23

A1↓C3 1 ⋅ ⋅

A2↓C3 1 ⋅ ⋅

E↓C3 ⋅ 1 1

T1↓C3 1 1 1

T2↓C3 1 1 1

O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2
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Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1g↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1

,

Oh⊃C3v ′A ′′A E

A1g↓C3v 1 ⋅ ⋅

A2g↓C3v ⋅ 1 ⋅

Eg↓C3v ⋅ ⋅ 1

T1g↓C3v ⋅ 1 1

T2g↓C3v 1 ⋅ 1

A1g↓C3v ⋅ 1 ⋅

A2u↓C3v 1 ⋅ ⋅

Eu↓C3v ⋅ ⋅ 1

T1u↓C3v 1 ⋅ 1

T2u↓C3v ⋅ 1 1

,

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1g↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1g↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

   

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C3 03 13 23

A1↓C3 1 ⋅ ⋅

A2↓C3 1 ⋅ ⋅

E↓C3 ⋅ 1 1

T1↓C3 1 1 1

T2↓C3 1 1 1

O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2
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Ireps for O⊃D4⊃C4 subgroup chain

T1 T2

E

Vector
x,y,z Tensor

yz,xz,xy

Tensor
x2+y2-2z2

(x2-y2)√3
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(0)4 (1)4 (2)4 (3)4=(-1)4
A1 1 • • •
A2 • • 1 •
E. 1 • 1 •
T1 1 1 • 1
T2 • 1 1 1

OO⊃CC
44

CC
44
ssuubbggrroouupp ccoorrrreellaattiioonn ttoo OO

CC
44
PPrroojjeeccttoorrss ttoo sspplliitt ooccttaahheeddrraall PPα

1100 sspplliitt OO⊃CC
44
ooccttaahheeddrraall PPα

rreellaatteedd ttoo 1100 sspplliitt ssuubb--ccllaasssseess
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Octahedral O and spin-O⊂U(2) rotation nomogram from Fig. 4.1.3-4 Principles of Symmetry, Dynamics and Spectroscopy
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Octahedral O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρz180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.
B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.
B2(D4)↓C4 = 1,   -1,     1,      -1.
E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4

=(1)4⊕(3)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

O↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

O↓C4 subduction
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A2

A1

E

T1

T2

D4 1 ρz Rz ρx,y i3,4
A1 1 1 1 1 1
B1 1 1 -1 1 -1
A2 1 1 1 -1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0

A2

A1

E

T1

T2

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

                                   -14 =

D4↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

                                  -14 =

O↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

UnOrmal D2= {1,R3
2, i3, i4}

O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 ⋅ 1 1 1
T2 1 1 ⋅ 1

D2
Nm{ 1, Rz

2, Rx
2, Ry

2 }

D2
Un{ 1, Rz

2, i3, i4 }

A1 1 1 1 1
B1 1 -1 1 -1
A2 1 1 -1 -1
B2 1 -1 -1 1

NOrmal D2 = {1,R3
2,R1

2,R2
2}

O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 1 ⋅ ⋅ ⋅
E 2 ⋅ ⋅ ⋅
T1 ⋅ 1 1 1
T2 ⋅ 1 1 1

 

              r, ri   ρxyz  R, Rxyz          

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1

UnOrmal D2= {1,R3
2, i3, i4}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 ⋅ ⋅ 1 ⋅
B2 1 ⋅ ⋅ ⋅
E ⋅ 1 ⋅ 1

NOrmal

UnOrmal
A1

A2

A2

Oh⊃O⊃D4⊃C4 subgroup splitting

NOrmal D2= {1,R3
2,R1

2,R2
2}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1
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Oh⊃O⊃D4⊃C4v⊃C2v subgroup splitting
Fig. 3.1.1 PSDS
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1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz
Rx

Ry
Rz i1 i2 i3 i4 i5 i6

ρz r3 r4 r1 r2 r4 r3 r2 r1 ρy ρx 1 i6 i2 Rz i5 i1 Rz
Ry Ry i4 i3 Rx Rx

Rz i6 i5 Rx
Rx

Ry Ry i2 i1 i3 i4 Rz r1 r3 ρz r2 r4 1 r1 r2 ρy ρx r4 r3

Rz Rx
Rx i6 i5 i1 i2 Ry

Ry i4 i3 Rz r3 r2 1 r4 r1 ρz r4 r3 ρx ρy r2 r1

 

1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz
Rx

Ry
Rz i1 i2 i3 i4 i5 i6

ρz r3 r4 r1 r2 r4 r3 r2 r1 ρy ρx 1 i6 i2 Rz i5 i1 Rz
Ry Ry i4 i3 Rx Rx

Rz i6 i5 Rx
Rx

Ry Ry i2 i1 i3 i4 Rz r1 r3 ρz r2 r4 1 r1 r2 ρy ρx r4 r3

Rz Rx
Rx i6 i5 i1 i2 Ry

Ry i4 i3 Rz r3 r2 1 r4 r1 ρz r4 r3 ρx ρy r2 r1
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Introduction to octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T
Octahedral-cubic O symmetry

Order °O=6 hexahedron squares · 4 pts =24
               =8 octahedron triangles · 3 pts =24
               =12 lines · 2 pts =24 positions 

(If rectangles have
Golden Ratio 1±√5

2
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Introduction to octahedral tetrahedral symmetry Oh⊃O~Td⊃T
Octahedral groups Oh⊃O~Td and Oh⊃Th⊃T

 

rk = r
rk = r2k = r−1k

 
Rx,y,z =R3

1,2,3 =R−1
1,2,3

ρx,y,z =R2
1,2,3

σ x,y,z = IR2
1,2,3

I = I σ k = Iik

 
Sx,y,z = IR3

1,2,3

Sx,y,z = IR1,2,3

ik = ik

Rx,y,z =R1,2,3

 

sk = Ir
sk = Ir2k = Ir−1k

Fig. 4.1.5 from Principles of Symmetry, Dynamics and Spectroscopy

1

24
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Octahedral O and spin-O⊂U(2) rotation product Table F.2.1 from Principles of Symmetry, Dynamics and Spectroscopy

X=x1

Y=x2

Z=x3
X=x1

Y=x2

Z=x3

X=x1

Y=x2

Z=x3

+120° -120° ±180° XYZ +90° XYZ -90° XYZ ±180°ik

[±1±1±1]

1 1 1[ ] 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 11 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 0 0[ ] 0 1 0[ ] 0 0 1[ ] 1 0 0[ ] 0 1 0[ ] 0 0 1[ ] 1 0 0⎡⎣ ⎤⎦ 0 1 0⎡⎣ ⎤⎦ 0 0 1⎡⎣ ⎤⎦ 1 0 1[ ] 1 0 1⎡⎣ ⎤⎦ 11 0[ ] 110⎡⎣ ⎤⎦ 011⎡⎣ ⎤⎦ 011[ ]
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