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Coset spaces based on m4(Cs)TO

Fig. 4.3.1 PSDS

(5 1= (2 | Thus we label states by

left cosets reCy of Local Cy
{i1) = [1),12) = |R2> 13) = 1r),14) = Iry), 15) = Ir{), 16) = |r})

, Ry2 |

' ' ) 2 I 4 ) )‘ . .}\ ‘
S > ) \ ]-C4 - C4 & {1’ R3’ Rg’ Rg}
AR R}(1,R;, R}, R3) = (R}, i,, RS, 03),

(3 |=(r-| | \rl(l,R3,R§,

—=(2|X)

)
R%) = (r1, i1, 14, Ry),
ro(1,R3, R3, R3) = (rz,iz,r3,R§)

%. ( R3,R ) (rl’R:l)”r:’?’()

|r22)=|6)‘L \ rz(l,R3,R§,R§)—-( 2aR1,"4”5)

].C4 = C4 o~ {la R39 R%a Rg}
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Coset spaces based on m4(Cs)TO

Fig. 4.3.1 PSDS

(5 |=(r12|

—=(2|X)

(/H(RZI

Thus we label states by
left cosets reCy of Local Cy

(1) = 11),12) = [R2), 13) = Ir,), 14) = Ir,), 15) = 12, 16) = Ir2)

].C4 — C4 e {17 R39 R%y Rg}
Rf(l R3,R§,R§) = (Rf,i4,R§,i3),

(3 |=(r‘| |‘\rl(l R3,R§,R ) - (r1,11ar49 2)’

]-C4 = Cem

lr)2)=16) <
(6 1X) \
Octahedral group O operations
s RS ig
Class of 1: 1 (@) The identity >
° 4 -
(b)ThonI'ZO it Rf (d)The 90° rotations 14
2 =
2 R2 Rz 5
& (c)Tho Rg (e) The I180° rotations
on 4-rold axes R> on 2-fold axes
I3 R
R i, =1,
3
ré 3 R2

ro(1,R3, R3, R3) = (rz,zz,r3,R§),
ri(1,Rs, R3, R3) = (r3, R}, 13, i¢),
rz(l,R3,R§,R§) = (r%,Rl,r‘,z,iS),
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Coset spaces based on m4(Cs)TO

]-C4 = Cese

(6 1X)

—=(2|X)

Fig. 4.3.1 PSDS

(5 1= (2 | Thus we label states by

left cosets reCy of Local Cy
(11> = 11),12) = IR}, 13) = Iry), 14> = |r,),15) = r}), |6) = |r2)

‘_;:

2 1=(Rqy2 |

lrp)=14) ‘\ 1Cs=C,={1,R;, R}, R}

Ri(1, Rs, R3, R3) = (Ri, iy, RS, 13),

A , (31=(rq I‘\rl(l,R3,R§,Rz) = (rl,i.l,rmRz)a

1, R, RS B3 ORI O B el b
I Vt}d) ri(1,Rs, R3, R3) = (r3, R}, 13, i¢),

rz(l,R3,R§,R§) = ( Rl,r4,15),

Octahedral group O operations

RZ '3
Class of 1: 1 (a) The identity | 2 %
. Y -
(b)Thorlzo rotations R|2 (d)The 90° rotations \a
2 .
2 R2 Rz 5
& (c)Tho Rg (e) The I180° rotations
on 4-rold axes R3 on 2-fold axes
\' ¥ E
? Ri i, =1,
2 3 R3 Class of 6:
=R, 24 180° rotations
_ 2 D2 on [110] diagonals
L =r =r.=r Pryz = R1,2,3 x = sz 3 R1 23 s
Class of &: Class of 3: Class of 6:

+7/20° rotations
n[111] axes

180° rotations
n [100] axes

+90° rotations
on[100] axes
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Coset spaces based on m4(Cs)TO

—=(2|X)

1C4:C4=

61X)

Octahedral group O operations

2
Class of 1: 1 (a) The identity | R2

(b) The 120° rofotions

f2 R2
(c )Tho

on 4-rold axes R3

e

- 2
r,=r;

1

r
Class of 8:

+7/20° rotations
n[111] axes

Pryz = R12,2,3
Class of 3:

180° rotations
n [100] axes

x

Ftl2 (d)The 90° rotations

Fig. 4.3.1 PSDS

(5 1= (2 | Thus we label states by

left cosets reCy of Local Cy
(11> = 11),12) = IR}, 13) = Iry), 14> = |r,),15) = r}), |6) = |r2)

.;;

.....

21=(Rq2 |

-

1C,= c4 =t R R2
1, R, R2. R

R3})
(R%9 i4’ R%a i3)a

@ ) (31=tn l—; 1, R3,R§,Rz)=(r1,zl,r4, R’Y
ey ro(1, Rs, R}, R3 ) = (r,, 12,r3,R3)
A I vf} 71(’R3:R3’ 3)=(i2 1’r3’6)
12y = 16) >0 r3(1, Ry, RS, R3) = (3, Ry, 1, is),

With slightly new notation
1C,=1{1,p,R_R_|

C,= {px’py’i4 ’i3}

= i rC, = {rl,r4,11,R }
] 3 ~
R (e) The I180° rotations r,C,=1r,.r..i, R
e on 2-fold axes 2 {2 3~2 y}
rC, = {fl’fS’Rx’i6}
Ry i, =i - ..
R r,C, = {rz,r4,Rx,15}
3 R3 Class of 6.
— F{12 \ 180° rotations
3 on [110] diagonals
- Rl 23 Rl 2,3
Class of 6:

+90° rotations
on[100] axes
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Splitting class projectors into Cy4 cosets and m4(Cs)TO bases

ODC(Cy Correlation table shows splitting pathways and induced m4(Ca4)TO reps

0oC, |0, 1, 2, 3,
A4dc, | 1

A, | - -1
ey | v
e, |11 - 1
rdc, | -1 11

R

, 4 Xz oo,

O%g 8= F pxyz l1—6
1-4 xXyz

u=4 | 11 1 1 1
A4 |1 1 1
E 2 -1 2 0 0
T3 0o -1 1 -
T, | 3 0 -1 -1 1
C4Zg g:1 RZ pz liz

u=0, | 1 1 1 1

A A R R
2, |1 a1
3, | 1 - 1 -
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Splitting class projectors into Cy4 cosets and m4(Cs)TO bases

ODC(Cy Correlation table shows splitting pathways and induced m4(Ca4)TO reps

1-PH = (p() +p1 +p2 +p3 )'P‘u A H
ooC, |0, 1, 2, 3, - A4 4 4 4 O.)(g
A2J/C4 . . 1 . 1.P°= 0 +0 +P2422 +0 H=4
4=4 A
E E E 2
EiC4 I 1-P" = Py, +0 +P, +0 P
T T, T, T,
e, |11 - 1LP= B 4P 40 4P T,
IAC, - 1] 1.P°= 0 +P° +P 4P’ 1,
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Splitting class projectors into Cy4 cosets and m4(Cs)TO bases

ODC(Cy Correlation table shows splitting pathways and induced m4(Ca4)TO reps

1-P = (p() +p1 +p2 +p3 )'P'u
0oC, |0, 1, 2, 3, L LG
Al ¢C4 1 . . . 1-P' = P0404 +0 +0 +0
4, 1. 1P"= 0 40 +P +0

E E E
Elc, |1 1 - 1P = P’ 40 +P, +0
T T, T, T,
ic, |11 - 1 1LP= B 4P 40 4P
T2~LC4 : 1 1 1 1- PTZ — 0 _|_l)1Tz1 +P2722 _|_P3Tz3

ODCy splitting done by C4 projectors

applied to O class projectors

2 1
P’ = —1——c,,+%c +90R—9ci
8 8 8 7 8 8

3. 0 | | 1

P'= =1+—¢,——c +—c,——c¢,
8 8 8 7 8 8
1 1 1

P" = é1+9cr——c ——C,+—C¢,
8 8 8 7 8 8

R

, F4 Xz oo,

O: %g g:1 ~ pxyz l1—6
r1—4 xyz

u=4 | 11 111
4 |1 1 1 a4
E 2 -1 2 0 0
|3 0 -1 1 -
r, |3 0 -1 -1 1
C4Zg g:1 RZ pz liz

u=0, | 1 1 1 1

L, |1 -
2, |1 11

3, | 1 i -1 -
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Splitting class projectors into Cy4 cosets and m4(Cs)TO bases

ODC(Cy Correlation table shows splitting pathways and induced m4(Ca4)TO reps

R
1.PH = P* r_ z
0oc, |0, 1, 2, 3, (o, *P, Py, *Ps) Oy &=l 70 py o i
o 1LPY= P 40 40 +0 1-4 0z
1 . p =4, 1 1 1 1 1
o 1.P2= 0 40 +P +0
Adc, 1 224 A 11 1 1 1
Elc, |1 - 1 LPE= By, 40 4By, 40 .
e, |11 - 1.P'= P +P 40  +P 3 0 -1 1 -
T2~LC4 -1 1 1 1.P°= 0 _|_1)1Tz1 _|_P2Tz2 +P3T23 T, 3 0 -1 -1 1
p04:(1+RZ+pZ+RZ)/4 Cyxy |g=1l R, p, R,
OD (s splitting done by Cs projectors N b —(LHR ~p_-iR )4 u=0, | 1 1 1 1
. . pm = 2 R5:< ! - 1 1 -1 -1 I
applied to O class projectors AT 4 b, <(LR_+ p.R )4 24 -
2. 1 2 0 0 4 - 4 ' '
P’ = gl — gcr + gcp + gCR — g C p; =(1-R_-p_+iR_)/4 3, A
3. 0 1 1 1
P'= —1+—¢,——c,+—c,——c,
8 r P 8 R 8 l
3, 0 1 1 1
P°'= —1+—¢c,——c,——c,+—¢,
8 8 8 8 8
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Splitting class projectors into Cy4 cosets and m4(Cs)TO bases

ODC(Cy Correlation table shows splitting pathways and induced m4(Ca4)TO reps

R
0-C, |0, 1, 2, 3 LPi= (b, P, 4Py, 4P, P Oxt gt Tt op T
4 4 4 4 4 y y g i xyz 1-6
AlC 1 1-P" = P04104 +0 +0 +0 1-4 Xz
174 ) , u=4, | 11 1 1 1
yRye ) ) 1 1-P>= 0 +0 +P7 +0
274 i 4 |1 1 1 -
Elc, |1 - 1 LPE= By, 40 4By, 40 E |2 -1 2 0 0
e, |11 - 1LP= B 4P 40 4P T |3 0 -1 1 -
T2~LC4 -1 1 1 1.P°= 0 _|_1)1Tz1 _|_P2Tz2 +P3T23 T, 3 0 -1 -1 1
P, =(1+R_+p_+R )4 Cixg | 871 R, p. R,
ODCy splitting done by C4 projectors N b, Z(LR -p.-iR YA u=0, | 1 1 1 1
. . pm = 2 R5:< ! - 1 1 -1 -1 I
applied to O class projectors AT 4 p, =(LR + p, R )4 24 -
P’ = 21 I 2 0 0 =(1-iR_-p_+R_)/4 4 -
= g —gcr+§cp+—cR—§ci p; =U-IR -p IR, 34 R
3. 0 1 1 1
P'= —1+—¢,——c,+—c,——c,
8 r P 8 R 8 l
3. 0 1 1 1
P°'= —1+—¢c,——c,——c,+—¢,
8 8 8 8 8
General development of irep projectors follows
T H_ PH
Pm4m4 - pm4P =P pm4
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Splitting class projectors into Cy4 cosets and m4(Cs)TO bases

ODC(Cy Correlation table shows splitting pathways and induced m4(Ca4)TO reps

1.PH = pH r_ Ry
05C, |0, 1, 2, 3, (o, *P,,  FPy FPy) Ot gt o T
A \LC 1 . . . 1 PAI = P(;jl()4 +0 +0 +0 r1—4 xXyz
174 . , u=A | 111 1 1
: : : 1-P°= 0 +0 +P2 +0
AZ C4 1 242 A 1 1 1 1 1
Elc, 111 LPE= By, 40 4By, 40 .
e, |11 - 1LP= B 4P 40 4P T |3 0 -1 1 -
rdc, | -1 11 1= 0 +P° 1P 4P r, | 3 0o -1 -1 1
p04:(1+RZ+pZ+RZ)/4 Cyxy |g=1l R, p, R,
ODCy splitting done by C4 projectors N b, =(1+R -p_it_y4 u=0, | 1 1 1 1
applied to O class projectors Py,=2 R= X L e
pp2 1 2 ! ]O 0 et P, =(I-R_+p-R_)4 2 1 -1 1 -
4
PE = gl——cr +§Cp +§CR —gci P34:(1'iRZ'PZ+iRZ)/4 3, 1 - -1 -
3. 0 1 1 1
P'= —1+—c,——c,+—c,——¢,
8 8 8 8 8
3. 0 1 1 |
P'= —1+—¢ ——c¢,——c,+—c,

8 8 87 8" 8
General development of irep projectors follows
P ., =p,P"=Pp

mymy my

. Jollowed by examples: Py, =p, P"=P"p,

I)IZ}4 — p14PT1 — PTII)14

elc.
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Splitting class projectors into Cy4 cosets and m4(Cs)TO bases

ODC(Cy Correlation table shows splitting pathways and induced m4(Ca4)TO reps

R
1.P* = + + +p, )-P* T4 z .
O2C, | 0, 1, 2, 3 Po, P, Py o) 0:%, | &1 o Py g i
AlC 1 1.P" = Pé54 +0 +0 +0 1-4 xyz
1 ) , u=A4 | 111 11
Adc, ] 1PY= 0 40 4P 40
ElC 1 1 1.PF= P’ +0 +PF +0 4 1 1 1 ! !
4 00 2% E 2 -1 2 0 0
Tic, | 1 1 1 1.P'= P 4P +0 4P T |3 0 -1 1 -
rdc, 1 1 1 1= 0 +P° 1P 4P r, | 3 0o -1 -1 1
p04:(1+RZ+pZ+RZ)/4 Cyxy |g=1l R, p, R,
OD (s splitting done by Cs projectors N b, Z(HiR -p iR )4 u=0, | 1 1 1 1
/ ' p,=2 R/=¢ ) 1 [ S
applied to O class projectors AT 4 p, =(LR + p, R )4 24 A
2. 1 2 0 0 X 4 ) '
P'= -1-—¢ +—¢_ +—¢,——c, p; =(I-iR_-p_+iR )4 3, |1 a1
gg r o, R gg I \ 4 4
3. 0 1 1 1
P'= —1+—¢c ——c_ +—c,——¢,
8 r P 8 R 8 l
P 3 - 0 1 1 N 1 This leads to combinations of cosets and irep “factoring”
= —14+—¢c,——c,——c,+—c, 3
8§ 8 87" 8 8 1¢,=1{1,p.R_R_}
General development of irep projectors follows p.C,={p..p, i |
T H_ PH
Pm4m4 = pm4P =P pm4 rC, = {rl’r4’i1’Ry}
T, _ T, _ oT B . =
.followed by examples: ¥y, =p, P =P'p,, r,C, =160 R, |
T _ T T FC,=1%,F,R_.i
Pl =p P'=P'p, Gt
eotc r,C,= {l‘z,l‘4 avals}
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* General development of irep projectors P"

Calculating P .0,
Calculating P*>,2,
Calculating P,
Calculating P11},
Calculating P"2,,
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General development of irep projectors Py

— pm4l).u — P'upm4

m4m4

Z—(%“* g(p™)

o |
[24](;51) (1+d p.+d; R +d, R)4
_I_
N
+

p.Cy =P, {l’pz R, ’ﬁz} = {px Pyl ,i3}C0set

_I_

_I_

rC,=r, {l,pZ,RZ,ﬁZ} = {1'1 I, ,il,Ry}Coset
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General development of irep projectors P pm

— pm4l).u — P'upm4

m4m4

Z—(%“* g(p™)

o |
(24](;51) (1+d p.+d; R +d, R)4
_I_
N
+

p.Cy =P, {l’pz R, ’ﬁz} = {px Pyl ,i3}C0set

_I_

_I_

rC,=r, {l,pZ,RZ,ﬁZ} = {r1 I, ,il,Ry}Coset

:( 2

s

1-1+d, p.+d, R.+d, R,
[t sam o)
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General development of irep projectors P pm

P, =p" P =P'p™

Z—(%“* g(p™)

[;:](xl) 1(1+d,'p.+d, R +d, R)i ( X

(%)(;{p )-p. (1+dgz4pz+d:ij+d;:ﬁz)i

+

p.Cy =P, {l’pz R, ’ﬁz} = {px Pyl ,i3}Coset

_I_

_|_

rC,=r, {l,pZ,RZ,ﬁZ} = {r1 I, ,il,Ry}Coset

s

1-1+d, p.+d, R.+d, R,
Jteaosam o)
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General development of irep projectors P pm

P, =p" P =P'p™

Z—(%“* g(p™)

+

p.Cy =P, {l’pz R, ’ﬁz} = {px Pyl ,i3}Coset

_I_

_|_

rC,=r, {l,pZ,RZ,f{Z} = {r1 I, ,il,Ry}Coset

o L (g
[24](;51) 1(1+d,'p, +d; R +d; R, )7 ( =

M Ay 1*
(%)(xp ) P, (1+d;4pz+d;jRZ+d;’:ﬁz)i:[69)2”

1-1+d, p.+d, R.+d, R,
Jteaosam o)

: )(l-pz+d;":1+d;”:l~lz+d;:Rz)
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General development of irep projectors P pm

m4m4

— pm4Pl~l — P'upm4

Z—(%“* g(p™)

{5

+

(z

f‘u
24

U

24

](;{1) 1(1+d,'p.+d, R +d, R)i :( o

](xpz )-p.(1+d, p.+d; R, +d;jﬁz)i _ [zﬂ;f

p.Cy =P, {l’pz R, ’ﬁz} = {px Pyl ,i3}Coset

_I_

_|_

rC,=r, {l,pZ,RZ,f{Z} = {r1 I, ,il,Ry}Coset

s

: )(l-pz+d::1+d;":l~lz+dg:Rz):(

Jireare varm cam )= 22

E”x;‘*

TR _
L j( 11+d,'p, +d, R +d; R,)

o ]( dy1+1-p.+d; R +d, R )
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General development of irep projectors P"

P, =p" P =P'p™

Z—(%‘“‘ g(p™)

R R = T R
N % ()(gj)‘pz(l_l_d;?pz_l_dszz+d;lz4ﬁz)%:[gu;ggj)(l.pz+dZZ41+d;:RZ+dijZ):(
(o)) R (o v m R )

+

p.Cy =P, {l’pz R, ’ﬁz} = {px Pyl ,i3}Coset

_I_

_|_

rC,=r, {l,pZ,RZ,f(Z} = {r1 I, ,il,Ry}Coset

et

s

96

j( I'1+d, 'p,+d, R, +d; R

)

J@$u+@ﬂ$&+%ﬁﬂ
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General development of irep projectors P"

P =p" P =Pp™
Z—(%‘“‘ g(p™)

(j:](xl) (1+d p.+d, R +d; R)i (8“992{‘*)(1.1+d;?pz+d;jRZ+d;’jﬁZ):(£“9)é{‘*j( 1'1+dZ:Pz+d;n:Rz+d;jﬁz)

Ell gﬂ%.u* gli%.u* my ma my o~
: o (dy1+1-p,+d; R +d, R,

S ()(,’;tz*)'Pz(1+de4pz+deRz+d;:ﬁz)i:[ 96Z)(I-Pz+d:1+d;:1iz+dijz):(

24

N % (xﬁf)-Rz(HdZPz +d; R, +d;:ﬁz)i — [W;fj )(1-RZ +d,'R_+d, p. +d1§:1) -

+

p.Cy =P, {l’pz R, ’ﬁz} = {px Pyl ,i3}Coset

_I_

_|_

rC,=r, {l,pZ,RZ,f(Z} = {r1 I, ,il,Ry}Coset
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General development of irep projectors P"

P =p" P =Pp™
Z—(%‘“‘ g(p™)

(j:](xl) (1+d p.+d, R +d; R)i (8“992{‘*)(1.1+d;?pz+d;jRZ+d;’jﬁZ):(£“9)é{‘*j( 1'1+dZ:Pz+d;n:Rz+d;jﬁz)

Ell gﬂ%.u* gli%.u* my ma my o~
: o (dy1+1-p,+d; R +d, R,

S ()(,’;tz*)'Pz(1+de4pz+deRz+d;:ﬁz)i:[ 96Z)(I-Pz+d:1+d;:1iz+dijz):(

24

) % (%ﬁj).Rz(Hd:pz+d;jRZ+d;:ﬁz)i:[gugﬂgﬁj)(l-Rz+de1§1+d1’:jpz+dg:1)=(W;éﬁjj(dngd;ﬂjpz+1-RZ+d§jﬁz)

+

p.Cy =P, {l’pz R, ’ﬁz} = {px Pyl ,i3}Coset

_I_

_|_

rC,=r, {l,pZ,RZ,f(Z} = {r1 I, ,il,Ry}Coset
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+

General development of irep projectors P"

oM
24
PH

24

PH
24

f,u

24

) R (14 + dyR 4R )

Pr54m4 — pm4P/~l — P/lpm4

Z—(%‘“‘ z(p")
1

](xl) 1(1+d,'p.+d, R +d, R)4 ( 5

hal (%gz*)-pz(1+dgz4pz+d:ij+d;:l~lz)%=[ %6

](ZR) (1+d)'p. +d; R +d; R)j1

p.Cy =P, {l’pz R, ’ﬁz} = {px Pyl ,i3}Coset

_I_

_|_

rC,=r, {l,pZ,RZ,f(Z} = {r1 I, ,il,Ry}Coset

g,u o m4 m4 o~ my
Lo, )(l-pz +d 1+dy R +d, RZ):(

s

M Xe
96

xe
96

Jireare varm cam )= 22

(1'Rz +d,R_+d; p. +d1§:1)

(LR +dR +d; 1+d;'p.) =

gu%u* » » e
o, ]( dy1+1-p,+d; R +d, RZ)

s

96

* )(
96

xe
96

j( 1-1+d;'p,+d, R, +d; R

d. 1+d, p.+1-R_+d R,
z z Pe

(d,;":1+dgjpz +d, R, +1-l~lz)
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General development of irep projectors P"

Pr.;l4m4 — pm4P.U — P'upm4
2 H .
= 2%(%5 )-g(p™)

(j:](xl) (1+d p.+d, R +d; R)i (8“992{‘*)(1.1+d;?pz+d;jRZ+d;’jﬁZ):(£“9)é{‘*j( 1’1+d::Pz+d;ij+d;jﬁz)
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General development of irep projectors P"

>

Calculating P .0,
Calculating P*>,2,
Calculating P,
Calculating P11},
Calculating P"2,,
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0oC, |0, 1, 2, 3 R__
e Ot [gmt Tt op i
Al \LC 4 1 : : ) & r1—4 . nyz
Calculating PE2., e, u= | 1 1 1 1 1 , i
p, =(1+R_+p_+R )/4
— EC, | 1 - : A ) i
. ) 2rim-pl4 P =(1+iR -p -ZRZ)/4
e, [ 11 1 EJ]2 1 2 0 0> pm=§ e ro=| ” :
P —p P’ =P" e, |11 L o tops0 4 p, =(I-R_+p_-R_)/A4
00, = Po, P, 2, PR,
, |3 0 -1 -1 1 . —
°0 gE . 0 9 . ~ - P34=(1"RZ'PZ+ZRZ)/4
=) g (p. )= 2o ) e 11+lp-IR-IR)
8 8

1C, = l{l’pz’Rz’Rz} p.C, = {anpyah ,13} rC, = {1‘1,1‘4 ’ll’Ry} r,C, = {r2>r3’12’Ry} rC, = {rl’rS’Rx’l6} r,C, = {f'z E LR
1. E 24 % Ju 1 E 24 24 24 1 E 24 24 24 1 E 2% 9 24 1 E 24 24 24 1 . E 24 L
:48%1 (]‘,Cipz ,dRZ ,diéz) +4§%px(1’dpz ,dRZ ,dRZ) +4§Zr1(1, dpz ,dRZ ,dRZ) +4§%r2(1, dpz ,de ,dkz) +4§Zf'1(1’ dpz ,dRZ ,dR ) +4§%f'2(1, dpz ,dRZ 7dRZ)
1 E 24 24 24 1 E 24 24 24 1 E 24 24 24 1 E 24 24 24 1 E 24 24 24 1 E 24 24 24
+48sz(dpz ’1 ,dkz ,dRZ )+48xpy(dpz ,1 ,diez ’dRz ) +48xr4(dpz ,1 ’diez ,dRz) +48%r3(dpz ,1 ’di?z ,dRz ) +4§Xf'3(dpz ’1 ’dRZ ,dRz ) +48Xf4(dpz ,1 ,diez ’dRz )
24

1 E 324 4% N1 Ep g% g% 2 1 E; 324 ™ 24 1., Ep 374 3% 24 | LE o 370 g% 24 1 E g2, 24
il (i sdi 1 ody )+ i (dy d 1 dy) 2 (dy de L ody) +i i (dy dy 1 dy) +i e (dy ody o1 od,) v X (dy oy o1 d,)

1. E 24 24 24 1 _E 24 24 24 1 _E 24 24 24 1 _E 24 24 24 1 _E 24 24 2 1. E 24 24 24
+48%Rz(dRZ ,diez ’dpz ’1) +48 Xi3 (dRz ,di?z ,dpz ’1) +48%Ry(dRz ’diez ,dpz ,1) +48%Ry(dRz ’diez ,dpz ,1) +48%i6 (dRz ,dkz ’dp: ,1) +48XiS (dRz ’diez ’dpz ,1)

= (2N L4+1,=1,=1) = (22X L, +1,=1,=1) 4+ (=1} L+1,=1,=1)  + (=1} L+1,=1,=1)  + (=X 1,+1,=1,=1) +,(=1)} 1,+1,=1,=1)
Fa(F2XHL L=1,=1) 442X+, 1,=L=1)  +5(=1X+1, 1,=L=1)  +(=1)+1, 1,=1L=1)  +5(=1X+1, 1,=1L—1) +,(=1X+1, 1,-1,-1)
i OX=L =1, L,4D) +,5 OX=L, =1, 1,+1) +.,( OX=1, =1, L+1) +,( OX=l, =1, 1,+1) +,.( OX=1, =1, 1,+1) +,( OX=1, =1, 1,+1)
i OX=L, =1, +1, 1)+, OX=1, =L +1, 1) 4,50 OX=1,=L,+1, 1) +,( OX=1,=L,+1, 1) +,( OX=1,=L,+1, 1) +,( OX=1, =L, +1, 1)

4, 4,-4,-4, 4, 4,-4,-4, -2,-2, 2, 2, -2,-2, 2, 2, -2,-2, 2, 2, -2,-2, 2, 2,

1 D . . 1 1 le 1 1 1 jKC I I~ 1~ 1D 1e 1y 1~ 1 ls
12 (11 +lpz _le_ le +lpx+lpy_ll4 _113 B EllzRy L HhEhL ERy I LR, Tl BV AELY +R, 215)
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O2C, | 0, 1y 24 34 0: 1" | g=1 T4 o R, .
AI\LC4 1 ' ' ' e l~.1—4 e lixyz e
Calculating P, el = 1 1 1 1 1 , -
1 p, =(1+R_+p_+R )4
Bleg 11 4 1 1 1 A : S
_)TIJ,C4 @ 1 - 1 E ] ) 0 0 . —i p2impl4 or] p14=(1+iRZ-pZ-iRZ)/4
BT, —p, P" =P'p, nie, T 11 N R v e R I
r, | 3 0 -1 -1 I 3
2 p, =(1-iR -p_+R )4
4

Z—(x )g(p,, )= Z—(x )go( 11+1p.+1R_+IR )

1C,=1{Lp.R.R | pC,={p.p,i,i,} nC,={rriR} rC ={nriR} ic, ={f.i.R i} £C,={E.F.R i
a2 (Ldy o d ) ey 0L d, g dy) vy l(Ld, dy dy) vyl (d, dy dy) +ixl(d, dj;j,d,‘;} e (,d,) dy dy)
oy ody )i, Ly )+, Ly dy) 32x;<d Uody ody) +hxi(d,) 1 dy dy) +520(d,) 1 .dy dy)
+ X (dR ,dR 1.d, D+axid, dRZ,l d,)) v xi(d, dRZ,l ) +axld, dR 1 ,d;4) o dn (dR ,dR 1.,d; )+ Xk (d dR 1 ,d;j)

+35%l{z(dRz,dRZ,dpz,l)+35%£1(dRz,d;j,d;j,1) +35;(l;y(dRz,d;j,d;j,1) = (d,?,d d, 1) +hxi(dy dy dy 1)+ (dydy o, 1)
=53 L+L+1L+D) +5-D( L+1L+1L,+D) +50X L+L+1L+D)  +50X L+L+L+D)  + 20X 1L, +L,+1,4+1)  +20X 1,+1,4+1,+1)
(DL 1 AL+D +5(-DFL T A4L+D +50)+L 1 4+L+D)  +50X+L 1,44+ + 20X+ 1,45+ +2O0X+1, 1 ,+1,41)
tp(FDEFLHL 14D +5(-DELAL 1T ,4D) +5(-DELHL 14D 0=+, ToAD) + 2 DELFL 14D + 2 (DL 1 ,+1)
tn(EDEFLHLHL 1) +5(-DELAL+L 1) 45 EDELHLHL 1) (DL +L+L 1) 4 (=D)LL 1) + 2 (=D FL+L+L 1)
4,4, 0,0, -4,-4 -4,-4, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0,

;(1l+1p +1R +1R_ -1p, -1p, -li,-li, +0r+0r,+0i+OR, +0r+0r,+0i,+0R +0Ff+0F+0R +0i; +OF+0F,+0R +0i;)
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0>C, 10, 1, 2, 3, 4 xyz
O:yH | g=1 N
AI\LC4 1 ) ) ) Zg ¢ l~.1—4 pxyZ nyz 11_6
Calculating P11, el p=4 | 1 1 1 1 1 ‘ i
p, =(1+R_+p_+R )/4
Ec, |1 - 1 4, [ 1 1 1 - .
—_— 7lC, | 1 @ oo E |2 -1 2
T, __ T, _ v . 3 0 1
1)14114 — p141) I =P 1p14 TziC4 1 1 1 1
T, 30 -1 -1 1 5
°0 ng °0 3 _ - p, =(1-iR -p_+iR )/4
— T . [ —_— — T . . 0 — . '. — .o h '
—Zg(ﬂcgl)g(P14)—296(lg‘)g(11 1pz+le le)
g g

~

1C, = l{l’pz’Rz’Rz} p.C, = {px’py’i4’i3} rC, = {rl,r4,i1,Ry} r,C, = {1’2,1‘3,i2,Ry} rC, = {fl’f3’ﬁx’i6} r,C, = {f'z’f'wa’is
=i (Ld, dy di) + 50 (d, dy dy) +axi(hd, dy dy) 5 x0(d, dy dy) +s xi.d, d, ,dlz) s xe(ld, dy dy)

2

3

1,.,T; I4 I4 14 1,1, 14 I4 Iy 1.7, 14 I4 Iy 1..T 14 14 14 1T 14 14 14 1T, I I I
+32% Z(dpz’]‘ ’dkz,dRZ) +32xpy(dpz’1 ,dRZ,dRZ) +32%l’4(dpz’1 ,dRZ,dRZ) +32%r1(dpz,1 ,dl‘éz’dRZ) +32%f'31(dpz’1 ’diéz’dRZ) +32%f‘4(dpz,1 ’dl'éz,dRz)

1.7 I Iy 14 1.7, 14 14 14 1.7, 14 14 14 1T 14 14 14 1T 1y I I 1T 1y 1 14
+32%Rz(diez’dRz’1 9de) +32%i4(dRZ’dRZ,1 ,dpz) +32%i1 (dkz’dRZ,l ,dpz) +32%i21(djéz,dRz’1 ’dpz) +3§ll{x(dkz,dRz,l ,dpz) +32%1{1x(dkz,dRz,1 ,dpz)

1 Tl Iq 14 14 1 T1 I4 14 14 1 T1 14 Iq Iq 1.7 14 Iq 14 1..T 14 14 14 1 Tl 14 14 14
ke (e i Ay 1) 430, (dpdy d, 1)+ (e sdiyod,y 1)+ 208 (dy odody 1) vy )6 (dy ody od, 1)+ 206! (dg 2dy o, 1)

6

=s(13X1 =1, 4i,—0) +5(=IX1 ,=1,+i,—i) +5(0X 1,=1,+i,—i) +50X 1,=1,+i,—i) +50X 1,=1,4i,—)) +5(0X 1,—1,+i,—0)
ra(=IX=1, 1 =i, 40) +45(=1X=1, 1 ,—i,4+i) +5(0X=1, 1 ,—i,+) +50X=1, 1 ,—i,+i) +50X=1, 1 ,—i,+i) +5(0X=1, 1 ,—i,+i)
o (F =i+, 1,=1) +5(=IX=iy i, 1,=1) +5(=IX=i+i, 1 ,=1) +5(=IX=i4i, 1,=1) +5(+ I =i+, 1,=1) +5(+1X=i+i, 1 ,—1)
+(F (i, —i,=1, 1) +5(=1X+i,—i,=1, 1) +o5(+1+i,—i,=1, 1) +5(+1X+i,—i,—1, 1) +5(=1X+i,—i,—1, 1) +5(=1X+i,—i,—1, 1)
+4.-4, 4i-4i, 0, 0, 0, 0, +2i -2i-2, +2, +2i -2i-2, +2, -2i,+2i+2 -2  -2i+2i+2, -2.

1

1 . ‘D . . ' j o 1 j j le 1D i~ i 1D s i~ i 1 le
g(ll—_lpz+gRZiRZ +pr+pr+(_)l4+Ql3 +§r]jr4-21 +5Ry +ér2ér3212+iRy -_§r1+§r3+2Rx216 jr2+ir4+in215)
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0oC, |0, 1, 2, 3 r R__
4 4 4 4 4 0 Z'u g=1 1-4 D ) Xy, 11_6
Ade, |1 8 ., 2 R
. xyz
Calculating P'22.2, ade, |1 Py T R R , )
p, =(1+R_+p_+R )/4
Elc, |1 @ : 4, [ 1 1 1 - ) i
tic, |11 - 1 E |2 a1 2 o s prmpt | py =(HR p -iR_)/4
T T, T |3 0 -1 1 1 Pn= 2~ R= -
l)2 L o=p, P =P P, Tle4 -1 1 1 1 p=0 p24=(1_RZ+pz_Rz)/4
4<4 4 4
7, |3 0 -1 -1 1 -
& Y p; =(I-iR_-p_+iR )4

0 4T, .
= 25_0(%; ) g .(p24 ) — 29%(%; ) g ( 11 _|_1.pz_ 1.RZ_ le)
8 8

1C,=1{1,p. R_R_} pC,={p.p.i.i,} rC,={r.r.i.R} rC ={r.r.i.R} PC, ={F.5.R i} £C, ={F.5.R i
o1 (Ld, dy d )y (,d,) d, ) e (Ld, dy dp) 420 (d, o dy dy) s (Ld, dy dy) +axe (Ld, dy dy)
t3 (L e (dy )y dy) vl (dy L dy dy ) +520(d, 1 dy dy) + 20 (d) ] dy dy) v (dy L Ly dy)
el (i 1oy Ve (dy oy 1 ody)) vy od 1 od,) 20 (dy oy 1 d,) + i (dy g 1 od) v (dg oy 1)
rallic (e iy 1)+ 0 (dy oy 4, 1)+t (dedy oy 1)+ (dy dy oy 1) v (dy dy d, 1) w20 (dgdy d, 1)

=5 (3 L+L-1L,=D +5(-1)( L+1,-1,-1)  +5(0X L+L—-1,-) +5(OX L+1,-1,-1)  +5( 0O} L+L—-1,-)  +5,( OX 1,+1,-1,-1)
(DL L,=L=D) +5(—1)+1, 1,—-L=1)  +5(0X+1L 1,-L,=1)  +5( OX+L 1,-L—=)  +5( OX+1, 1,-1,-1)  +,;5( OX+1, 1,-1,—1)
(DL =1, LD +5(+I L =1, L+ +5(+I L =1, L+ 45+ 1= = LAD +5(—I =L =1, L+ +5(=1X=1, =1, 1,+1)
(DL =L+L D) +5(+ L =L +1L 1) +5(—I-L =L+, 1) +5(=IX-L-L+1, 1) +5+I-L =L+, 1) +5(+1X=1,—L+1, 1)
4, 4,-4,-4, -4,-4, 4, 4, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0,

;(11+1p —1R_ —1R_ -lp -lp +li,+li;,  +0r,+0r,+0i,+0R +0r+0r,+0i,+0R +0F+0F,+0R +0i; +0%+0F,+0R +0i,)
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ooC, |0, 1, 2, 3 r_ R,
41Y4 4 “4 4 OUCg g= ~1 4 P - V: i
AI\LC4 1 : ) ’ r1—4 nyz
Calculating P 1.1, e, | u=d | 111 11 - i
p, =(1+R_+p_+R )/4
Ec, 11 4, [ 1 1 1 - .
ic, |11 - 1 E |2 -1 2 0
T, __ 7, _ pl . T 3 0 1 1 1
1)14_14 _p14P _P p14 szLC4 m 1 1 1
7, |3 0 -1 -1 1 (1R -, +iR 4
°0 KTZ °0 3 B - p; =U-IR _-p +IK
- = (A Yeor - — (v Neg |l 1.1 _1. . —7. L
=Y o (e, )= 2o ) e 11-lp iR iR )
4 g

~

1C,=1{L,p. R_R_} pC,={p.p.i.i,} rC,={r.r.i.R} rC ={r.r.i.R} PC, ={f.F.R i} £C, ={E.F R i
=3%)c52(1,d,i,d;t,d;i) tnxy(Ld, dy ,d}é) tnxr(Ld, dy ,d;:) e xe (Ld, dy ,d;é) i (Ld, dy ,d;:) wxn(Ld, dy ,d}é)
2y (d) 1 ,d,ijz ,d,é)+312)(;;(d;,1 ,d;:,d;t) tpxe(d, 1 ,d;{ dy) +x0(d, ] ,dj{z dy) +axlid, ] ,dgz,d;) X (d) 1 ,d;,d;)
el (o 1 o) s (dy oy 1 ody) i (dydi 1 ody) i (e di 1 dy) vy (dy dy 1 d)) v (dy dy 1)
rallic (i dy 1)+ 0 (dyody o d 1)+ (o oy D)+ (dod oy D) v (dy dy o dy 1) o2 (dgdy d, 1)
= (31 =14, =0) +o (I, =1,4i,=0) +5(0) 1,=1,4i,—0) +5(0) 1,=1,4i,—1) +.( 0 1,=1,+i,—i) +.(0x1,=1,+i,—0)
o (=I(=1, 1 =i, 40) +(—1X=1, 1 ;=i +i) +5(OX=1, 1 ,—i,+i) + (0= 1 ,—i,+i) + (0X=1 1 ,—i,+i) + (0X=1, 1 ,—i+i)

o (It 1=1) (I ttdy =)+ (It 1)+ (H Ity 1)+ (I, 1,=1) (- (=i, 1,=1)
eI =i =1, 1) + (I =i=1, 1)+ (I Fi=i=1, 1)+ (I +i=i=1, 1)+ (-1 (=i, =1, 1)+ (+1)(+i,—i,=1, 1)

~

1 : D . . i i le 1 i i le 1 i i 1 1s i i 1 1.
8(il-_lpzﬂRziRZ +0p+0p,+0i,+0i; - 1+ r,+.i- R -6+t ok Ry + F- - R + i +;2-;4-3Rx+315
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* Structure and applications of various subgroup chain ireps
012D DCosy

OrDD3,DC3,
()h::)(j2v

<
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Ireps for ODD4DCy subgroup chain

o
YNy
>
R
>
Ry
R
Q0
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2731)

1

I

R3

9"(R?)

D(R,)
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46
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Ireps for ODD4sDD; subgroup chain
\
R%= ry = ry = r,2= r22= grz(l)z R12= ry o= 5 Sy ’12= ’22= \
1 - ; : 5 == R = j PR 1 s ; 1 g -1 =l . ! EEEC
: Sty i g o . i o ekl ghe S o e -1 - | oy
. . —1] . —1 . . y . A | . -1 . | . . - .
D2 1 1 1 1 1
R} = ry = L S ry = ry = 2 (R = R} = Fy ™ Fg ™ ry= rg e
N S X 1 ; 2 MEX 1 . | -1 . -1 - . 1 . -1 1 . | R
T 1 ; > I 08 ey e (WP S ME~ 1 D P -1 S|
1 R | Ch S, | L i : 1 g . 1 S | S | | -1 . 1 .
BT(R) = iy = iy = iy = R} = R, = DR = ig= iy = iy = R} = R, =
AR | 3 =1 R | S =1 . | . I -1 . -1 - =1 AT PR | -1 g -1 :
R T e SEN B RUE i U G L Eip o f e =1
; 289 ! 1 R gt =1 1 . ¢ -1 . 1 -1 - | Gt -1 1 .
) 2(R3) = iy = R; = R} = ig = is = 2"(R3) = iy = R; = R; = igie is =
1 3 S ! ik . 1 1 : 1 : . 1 . A PR . -1 . 1 1 . 1 .
_] . . l . . . _l . . _] . 1 . . ___1 _l % ® l Y \ 3 —1 o 5 "l 3 ' . l N i _1
8 1 8 i | 1 : 1 P 1 ¢ it d P . | . . | | . -1 . . 1 . -1 .
T T,
Vector O T T T Tensor o milnlT
1 basis: D, | E E A, 2 basis: D, | E E B,
\ x)yJZ D, B, B, A, ) k yZ’“XZ’xy D, B, B, 4, J
25 R} = ry= ry= < e \
g T3 Loy 1% T3 10 /A
15 0 10 P LA T B 0 T2 D BT, 72
071 01 {3 $Boo—-1 LB g -3 -1
9T e 45 T ol T AT T RRC LT
DERY) R} = re= ry= ofe= ré=
ode k) sa s | fae Tensor r R
10 1.4p oo | EpRL 4D ol 50 2 2 2 2 O u — 1-4 xyz .
0 1 0 4 V3 1 Bo-1 -3 -1 =5 1 x2_|_ 2_222 -Xg g= ~ pxyz ~ 11—6
——2— TH 7 —2_— -2— 2 y) 2 y rl 4
2 2 \/3 - XyzZ
FERy) iy = i iz e " (jC iJ//) = 1 1 1 1 1
-1 3 =1/ 4B S A -1 -3 :u_ 1
1" 0 1 .20 f2% g PR o Aol ) et 2 A 1 1 1 1 1
- 0 -1 3 i R -3 1 -3 1 - _
gy i 7 e B gl O | E\| E 2
basis: D, | A B
PERD) iy = R, = R3 = i is = Dz A] A E 2 -1 2 O O
1
-1 3 L1l 9B —1. -3 2 ke[ _ _
1 400 1 0‘ R 0 s FoR O BoN: N ]—i 3 O 1 1 1
0 -1 0 =1 V3o R V3 1 -3 1
bl % s A L i T 3 0 -1 -1 1
\_ -/ 2
47
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2 = [13][24]

i, =[12]

(D 72(1)

48

R, = [1243]

TZ
BZ
0,

0

basis: D;
C2

ry = [143]
r3 = [243]

[14]

R, = [1234]

i

Tensor
W, UW, UV

i [124]
r? =[134]

~N

R; = [1423]

R} = [13][24]

_ g |mlgle ~ia : _VT _ _2
|
| _ [ g _ ﬁ_S SRS
o .aIA. ﬁ m. - ﬁ M
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o : & R S T L
_ ﬁ_z - e * _
ﬁAS 2_3 ﬁ'3 0 =4 o ﬁT,. wn | o ﬁ_6 o
I : I L f_z,. I _6 f_,o i | W, ﬁ43 — |en
& < S
o a = o -
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& G 2o e
g | lg|m
gy
. _ (SR K]
; e g LA
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e “
) _ _2 T o . 1_2 3_2 =
o a2 | o | [ p 1_A_3 ﬁ oS ﬁ o
I I prye I
- o — K b X
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e 7] clgfe T
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r__L I ] | |™ o 0
- A . e o :
.,an" v _.VQ | e 1
o -
T 1 - | Beisw FlS _2W73 - len
| I : 8_3 | e
ﬁ_,o 5‘6 g4 B & * ¢’
ﬁ_z,. e ﬁ43 : I = ﬁ_G o f_3 — ﬁ
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EY=H+T
En=H-T
EfF=H+T

0470 cluster
Symmetryparity
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Figure 4.3.3 Evidence of an (A,T,E) spectral cluster in methane laser spectra.
(Courtesy of Dr. Allan Pine, MIT Lincoln Laboratories, from Journal of Optical
Society of America 66, 97 (1976)). The ordering and approximate spacing of the 4,T;
and E lines is consistent with that of Figure 4.3.2.
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(a) SF, ¥, Rotational Structure FT IR and Laser Diode Spectra
K.C. Kim,W. B. Person, D. Seitz, and B.J. Krohn

J.Mol. Spectrosc. T6, 322(1979).
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Ireps for ODD4DCy subgroup chain
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C 4 subgroup correlation to O

0oC 1 3),=(-1
N A‘: - (.)4 . (.)4 Dy C, Projectors to split octahedral P*
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Octahedral O and spin-OCU(2) rotation nomogram from Fig. 4.1.3-4 PruiesorSmmers, Dynanics ani Spectoscops

THE 180°CLASS
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Octahedral ODD4DC4 subgroup correlations
O| Dy subduction
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O0rD0DDDOChDCoy subgroup splitting
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Introduction to octahedral/ tetrahedral symmetry O, >0~TyDT
Octahedral-cubic O symmetry

Order °O=6 hexahedron squares - 4 pts =24
/Ax =8 octahedron triangles - 3 pts =24
4_7 =12 lines - 2 pts =24 positions
W

RZ
(a) The identity | 2 .
(-] X H
(b) The 120° rotations Rf GiTha S0 rovatitine ) i
RS Rz -,
(c)The 180°rotations Rg (e) The 180° rotations
on 4-fold axes R on 2-fold axes
Ri
R -
3 2 R _
R
T symmetry Th symmetry l,, symmetry
(]/"] rectangles have
rL Golden Ratio 1£V5

fihwow z
Tag- i £
4
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Introduction to octahedral tetrahedral symmetry OyDO0~T4DT
Octahedral groups OrD>0~Tq and OrDTWDT

L=l
3
R1 RZ R3 R1 R; Rg

D _ D3 D!
Rx,y,z ~r R1,2,3 B R1,2,3

N

- -

BTNW NN N

9 ’3
O SYMMETRY

.35 % Ck=|lk

IRq IRy IR3 IRy IR IRg

o T 3 i
S Z_IR1,2,3 i

Xy,

Na N

NN

.

&N

T, SYMMETRY S)C e = IR1 NA

T4 SYMMETRY

ANATOMY
of Oh

SYMMETRY

Figure 4.1.5 The full octahedral group (O,) and four non-Abelian subgroups 7, T},
T,, and O. The Abelian D, subgroup of T is indicated also.
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