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Methods of Lagrange and Hamilton are used to solve problems in generalized curvilinear
coordinates. Practical aspects of these methods are shown by constructing and analyzing
equations of motion including those of an ancient war machine called the trebuchet or
ingenium. Also treated are pendulum oscillation and electromagnetic cyclotron dynamics
that are used to introduce phase space and analytic and computational power of
Hamiltonian theory. Some analogies of trebuchet mechanics with sports biomechanics
provide a lesson on how you might improve your tennis or golf swing!
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Unit 2. Lagrangian and Hamiltonian Mechanics

BANG! A pendish 30-ton war machine hurls a 5-ton load of rocks, garbage, and bodies of plague
victims onto panicked warriors. Classical mechanics of this machine are the least of the warriorsO worries.
Mechanics is our job and a comparatively easy one: Derive and apply Lagrange and Hamilton equations.

Chapter 1. The Trebuchet: A dream problem for Galileo?

Let us imagine Galileo as he began to get a reputation for developing a new scraechafics
One day he is asked if he could improve the mechanics of this ancient war machine calieluitleet
(See Fig. 2.1.1.) If he succeeds in this endeavor, then physicists everywhere and for all time, will have a
good story to tell their students. However, it didn't turn out that way. Even if Galileo had been asked, he
probably wouldn't have told the generals anything they didn't already know. Far from being his dream
problem, developing the theory of the trebuchet would more likely have become a nightmare.

Fig. 2.1.1 An elementary ground-pxed trebuchet

Galileo's failure would have been quite understandable, as we will see below as we begin to do the
problem. Thearebuchef(treb-yew-shay, a fiendishly clever double arm catapult shown in Fig. 2.1.1, existed
in Europe since around thef16entury and a hand operated version in China §666BC A hundred (or
a thousand) years of trial and error is hard to beat, particularly if you haven't even invented calculus yet.
Newton's famous Second Law relating foFgenasam, and acceleratioa, was not appreciated

until the late 1600's. Using differential equations gives the following. (Recall (6.0) or (7.5) in Unit 1.)
2

F=ma=mi> , or, F=d—p , where: p=nv= m% , (2.1.1a)
dt? dt dt
This was not an easy thing to do until the 1700's. Multi-dimensional Newton's equations such as
2
F=ma= md_X , Of, F:% , where: p:mv:m% (2.1.1b)
dt? dt dt
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did not appear until around the 1800's. (Physicist J. Willard Gibbs brought HamiltonOs quaternions in a vel
simplified form to the US. See Unit 4. Such mathematicsneaavailable to Galileo.)

In spite of this, one may grant Galileo partial credit on the trebuchet problem. It is just a pair of
compound coupled pendulums. He is known for the first quantitative analysis of the simple pendulum.
Small throwing arnt of the trebuchet acts like a simple pendulum after it has thrown its projectile and the
big armr comes to rest upright. We could speculate that an image something like Fig. 2.1.2 b (if he ever
saw it) might have stuck in his mind, an empty cable swinging back and forth after each launch.

As is often told, Galileo observed swinging lamps in a Chapel. He may have been first to note that
small-angle simple pendulum oscillation rates depend on length but not mass and similarly for descent rats
of bodies dropped from the tower of Pisa (neglecting air drag) if in fact helievibat.

Any connection seen by Galileo between chapel lamps and business end of the terrible trebuchet is
pure speculation. Let's just say he got the first part of the trebuchet problem partially correct. This would b
the first step of amnalysis which is the breaking down of a complex problem id&alizedbut doable
parts. Galileo analyzed simple pendulum oscillation indicated in Fig. 2.1.2 b without calculus.

(@) What Galileo Might (b) What Galileo Did Solve
Have Tried to Solve
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Fig. 2.1.2 Galileo's (supposed) problem

However, to solve the whole Trebuchet Problem, Galileo would have needed to do more than inven
vector calculus. The neat Cartesian coordinate equations (2.1.1) are too clumsy to do the job very well.
There are two anglesand# shown in Fig. 2.1.1. They are the natural ones to describe this machine, but the
equations describing their motion don't look quite like (2.1.1). Galileo would need to dikegvange's
equationdor generalized coordinate§&eneralized curvilinear coordinates (GC@jll be our first topic.

But, poor Galileo wouldn't have done his complete assignment even if he could have derived the
correct Lagrange's equations for the trebuchet and given them to the generals. Instead of thanking or payi
him for his efforts, they might very well have just shot him on the spot! Differential equations, by
themselves, are quite useless unless yosaclethem.
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As we will see below, the resulting trebuchet equations do not have easy exact analytic solutions.
Often one solves such equations numerically many times to learn something about mechanics. To do this |
a reasonable amount of time (such as one semester) one probably needs to use a computer. We call this ¢
solution bysynthesisone makes a synthetic or mathematmabtelor analogto approximate the real
thing. Solution byanalysis on the other hand, is an art of idealizing and approximating the problem in
terms of its doable parts. These are topics of Units 2 and 3 that expose Lagrangian and Hamiltonian ideas

But, once again, poor Galileo! Even if he had Lagrange equations and invented computers with
integration routines (another century of work) there is still a missing step needed to finish the trebuchet
assignment. Lagrange equations are not in a suitable form for numerical integration. Rather the equations
need to be what we caliemann EquationgThis form, introduced in Chapter 2.4 is a main topic of Unit 3
that redoes a lot of Unit 2 more elegantly. You might find it useful to study both Units in tandem.)

The last step is a small one compared to all the others. However, it may be big enough to discourag
descriptions of the trebuchet in standard mechanics books. This omission is particularly embarrassing for
physicists (Galileo's predecessors) since mechanical engha@&studied trebuchets in considerable
detail by computer synthesis. In 1993 two engineers built a trebuchet at Shropshire that tossed a piano ov:
a hundred metersSg¢ientific Americaduly 1995) They pointed out that the trebuchet was also called the
ingeneiumor "ingenious device." This may be the root of the weardineandengineeer

Perhaps, the old physicists can be excused for continuing Galileo's ‘failure’ for another seven
hundred years. They may express disdain for such a specialized device. ("It's just engineering! ," they
harumph, while drawing another draft of smoke from a smelly pipe.) Now, it is true that the trebuchet
became a truly awful weapon when it was used for biological warfare by hurling bodies of plague victims
into castles under siege. A younger physicist, after a sip of Perrier, might sniff, "We don't do war machines
here anymore!" One may certainly use that as an excuse to beg off. But, such excuses wear thin.

Observant physicists may note the core problem imtiteon of the trebuchet which duplicates

human throwing, chopping, digging, cultivating, and reaping motions that have been executed billions of
times to bring human history and culture to the point where it is now. It was the motion of the scythe that
reaped our grandparentsO grain, the swing of the ax that cleared our forests, the arc of the pick that quarri
and dug for our buildings, the muscle and hammer that pounded our rail spikes. (See Fig. 2.1.3a.)

In fact, it is probably closer to historical truth to say that it is the trebuchet that mimics the human
throwing or chopping motion. It is a humanalog It appears that physicists have, since the beginning of
their field, been avoiding discussion of a fundamental mechanical motion that is responsible for building a
livable world over countless millennia. The trebuchet dynamics is an old and humanly relevant mechanics
that was needed to plant and reap farmers' fields and build both the Old World and the New.

Nowadays power machines do most of our chopping, digging, cultivating, and reaping. Strangely,
however, it seems that this has made this particular physics problemmexesgcutely relevant. In a leisure
culture, humans seem unable to stop their chopping, digging, cultivating, and reaping motions, as they
become fascinated and habituated to a multitude of lever-sports including baseball, golf, tennis, hockey or
lacrosse with these motions. Compare Fig. 2.1.3b to Fig. 2.1.3a above it. Details are discussed in Ch. 9.
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Chapter 2. Generalized Curvilinear Coordinates (GCC) and derivatives

The first step in advanced mechanics problems is to choose a convenient set of coordinates to
describe the state positionof a system or machine. For the trebuchet the two angled# are sufficient
and convenient for locating the moving members relative to the vertical. They do so precisely only to the
extent that the cables and beams don't stretch or bend and the base fulcrum is solid and fixed.

For large mechanical systems the bending and stretching is problematic. Some trebuchets had
masses over ten or twenty tons and threw 900 to 1300 kilogram projectiles. If the linear dimension or size
of a body doubles its mass increasmghttimes (2=8) with its volume. Meanwhile its ability to resist
bending or stretching is proportional to relevant cross-sectional area that only increases fouftihés (2
all its proportions are not altered. Such consideration is dcditheensional analysiand should be part of
the repertoire of a physicist or engineer. (See Exercises 2.2.1 and 2.2.2.)

Relating GCC to CC (Cartesian coordinates)

A second step after choosing coordinates is to relate the chosen coordinates to Cartesian coordinates of a
masses that will move when the system gets going. The trebuchet in Fig. 2.2.1 has threR veco

used to locate masskbandm. The Cartesian coordinates are as follows.

Coordinates of M: Coordinates of m:
X = Rsin" X=X +X =-rsin" + /sin# (2.2.1a)
Y =-Rcos" , Y =VYr+Yyr= rcos" -/¢cos# (2.2.1b)

Note that the Cartesian origin has been chosen at the supporting fulcrum, and rotations around this
are positive if counter-clockwise. Bo#tand" are shown clockwise so they each have a (-) sign. Signs are a
major source of errors. Here is a helpful point. Before beginning further calculations you should check that
the coordinates are consistent for easily visualized end points. Three such points are shown in Fig. 2.2.2.

Since generalized coordinates are usually non-linear, thatvinear, there is plenty of chance for
them to become crazy. All curvilinear coordinate systems must have at least one point where they 'go
bananas', that is, where they aiggular. We'll see more examples of this in Unit 3 where more is said
about the topological propertiesgéneralized curvilinear coordinates (GCC)

Generalized coordinate differentials
The third step in GCC analysis uses plaetial differential chain ruleto relate linear differentials of

Cartesian coordinates to GCC differentials. For coordinatesl" the chain rule is as follows.

! ! ! ]
X=X+ X g dx= X+ Xax
I 1# Y

Iy Iy / / (2.2.2)
dy="Yd "+ Laz  dy="Yd"+Yd#
" 1# " 1#
From (2.2.2) we get an explicit set of differential relations for (2.2.1).
dX = Rcos! d! +0, dx="rcos! d! +/cos# d#, (2.2.3)

dY =Rsin! d! +0, dy="rsn! d! +/sn# d#
This shows that the Cartesian coordinateg,X, ¥ are notindependent variables. There are too many!
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Xg=€$ih"

yp = - { cos"

Fig. 2.2.1 Cartesian coordinates related to trebuchet anylasd#.

7\

5 -@
0=0,0=0)
(X—Oory— ®) (6:0,0?:.%/2)
and (X=0,Y=-R)
(XZO,yZI’-!) (ez-ﬂ/2,¢:-ﬂ/2) and
(X=R.Y=0) (x="t.y=r)

‘ and

(x=r-1,y=0)

Fig. 2.2.2 Singular positions of the trebuchet.

The object is to see how the Cartesian coordinates will change if we make little tiny changes in one or mor
of the GCC # " }. Not big changes as in Fig. 2.2.2, just tiny ones. This implies that our @CCG fare
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really independent variable¥ou can change one or more of them quite arbitrarily without breaking arms
of the trebuchet. The same cannot be said for the current Cartesian coordijyaXxe¥.{

For example, you cannot increaseithout also changiny unless you want to break off the R-arm
of the trebuchet and void your warranty. An unbroken trebuchet straight from the factory must satisfy a
Pythagorean relation of the form

¢(X,Y)=X? +Y? = R? = const. (2.2.4)

This is an example of @nstraint relation The same goes for Cartesiaandy coordinates of the mass
However, itlookslike x andy are independent because you can imagine grabbingnitike the handle on
a swivel lamp and moving it until it reached the limit of the swing. Indeaddy arequasi-independdras
we will now see. But, they aret independent oX or Y, unless you break the trebuchet in two.

Jacobians (and Kajobians)
To evaluate dependency one udasobiandifferential relations. We rewrite (2.2.2) in matrix form.

X dX
)
dXx Y Y Rcos6 0
av |_| 8 9 [de]: RSN O [d@J (2.25)
dx ax  Ix do —rcos® ! cosp d¢
dy 0 I —-rsné !sing
dy dy
2

The rectangular matrix is an example of a generaliaedbian formBecause it is not square there is no
chance of inverting it, that is, expressoltgandd# in terms ofdX, dY, dx, anddy. Well, we know we can't
do that without breaking the trebuchet into pieces. But, we might be able tosfjuci@sulzmatrix of the
Jacobian rectangle that would be invertible.

The first 2-by-2 square is a singular matrix so it won't work. (Recall: X and Y are dependent.)

Py 'x $
| AT $ ! $
L OX oo () g A Roos( 08, A0 pr) g dnee ga| ROOS( 0| (2.2.6)
dy % # 'y v & o) ¥ Ranc 0 8 o) % Rsin( 0
)

However, thdasttwo rows happen to be invertible. (Recaindy are quasi-independent.)

Iy iy $
! $ Ay &! $ ! o« $I $ N
dx # (') g d rcos( (cos) d( rcos( /cos) i
= = OK: det =/ * 227
# dy §LA) # 'y 'y &# d) 08/40 ﬁ *rsin( /sin) gf)# d) 08/‘0 e *rsin(  fsin) sin(( *)) ( )
DR

The matrix inverse exists if the determinardin(’ " #) is not zero but blows up when #=0, or +$.

do _ 1 Ising —/cos¢ dx (2.2.8)
de¢ rlsin(@—@)| rsin® —rcosh dy o



©2015 W. G. Harter Chapter 2 Generalized Curvilinear Coordinates 12

That is when the trebuchet is 'stretched out' or ‘locked up' as in the first or second of Figs. 1.2.2. At that
pointx andy can't move independently. Independence fails if the Jacobian matrix inverse fails.
If aJacobian matrix inverse exists, it is calleldagobian matrix. (Tongue-in-cheek jargon.)

# )o)! &
#dr & g/o)_x )y (# gy & 1 # ysin" *rcos” & dx &
% 1 (= og L%y (=g % (% ( (2.2.9)
gdt o) ) bgdy toredn(! * ") g rsin/ *reos! T dy

Bx vt
The two partial derivative Jacobian and Kajobian matrices are, by construction, inverses of each other.

d0 90 dx Jx

ox 5 ] &_q) _ 1 I'sing —!cos¢ —rcos@ !cos¢ [ 10 (2.2.10)
dp I dy dy rtsin(@—-9)| rsin@ —rcosO -rsin@ !sing 0 1 o

ox dy 00 do
Partial derivative chain-rule relations have chain-sums over its quasi-indepeiadelytvariables.

b e e e i e
1=l =l S IX Iy g S ST X Y e (2.2.11a)
" eIty 1t 1# 1# Ixl# lyl#

The matrices commute. (A left-inverse is a right-inverse.) Here the chain sum isanadt.
_Ox _Ox _0xd0 oxdp  ox_ox _oxdb oxdp
ox dx 909dx Ip Ix’ dy dy 90 dy dpdy’
This chain-sum is over 'truly' independérdnd” coordinates. In advanced mechanics one does many such
maneuvers that | call 'chain-saw-summing' where a partial derivative is 'sawed' apart and then summed ov
a set of (supposedly) independent and complete set of variables.
This brings up the question of 'completeness'xBody really provide as complete and reliable a

1 etc. (2.2.11b)

description of the trebuchet agnd" ? In other words, if | give yox=0.5 andy=2.0, can you tell me what
are the values of all the other coordinates, particuteattyd" ? By Fig. 2.2.3 the answer is "not quite."
Topological aspects of coordinate manifolds are discussed at the beginning of Unit 3.

Fig. 2.2.3 Trebuchet conbgurations with the same coordinates xamatgjectilem.
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Generalized velocity
Generalized coordinate differentials lead immediately to generalized velocities. For the trebuchet

the velocities follow immediately from the Jacobian chain sums (2.2.2-3). We just 'dividte’ by

X oJx ox
aé (}) iaé =0,

aY 5 5 (2.2.12)
_9y _y
r}) y—&0é+ é.
N dX ,, d" . I . . : .
The "dot" notationX ! e ! T , etc, for total time derivatives is a nice but only if you write neatly!
= 7 =" [l
X =Rcos! #+0, Xx="rcos/ !+"cos## (2.2.13)

Y=Rsn/ #+0, y="rsn! F+"sin# #
There is no need to write new Jacobian relations for velocities. TheyOre identical to corresponding ones fc
coordinates. From (2.2.12) and (2.2.13) this leads to what we willealina 1 (Recall Unit 1 Ch. 12.)

Lemmalig=gt bbb b bbb (2219

o ax | [ ax ax

90 % 2 99

aY oy a Iy R cosO 0

% % 0  Ip Rsin® 0

| | ) - I ! ! 2.2.1

J9x Ik dx  OJx —rcosh  (cosg ( 49xample
9% 9% 9 I -rsné  (sng

o ||

9 9P 20 I

Generalized acceleration
Generalized coordinate acceleration is a little trickier because the curvilinear coordinates give rise

to what we call fictitious inertial forces.O Some distinguish ‘real' forces such as gravity or a punch in the

nose from fictitious ones such as Coriolis effects discussed in Ch. 5 of Unit 1. But, Einstein's famous

elevator analogy lends a reality to all inertial forces by noting that the effects may be indistinguishable.
Time differentiation of (2.2.12) and (2.2.13) above gives the following.

Xy, d#IXE& X, d# X& (2.2.15)

T dt¥er dtgo’_(

Each variable gives rise to two kinds of terms. First are terms'—’ltﬂ,((é that exist even if the Jacobian is

constant. Next are terms Iik(%(‘;—mé due to thecurvilinear nature of the coordinates. Let us study such

time derivatives of Jacobian derivatives using chain-rule sums over independent variables.
d#/X& ! #IX&, ! #!X&}
(

adr C e C e

Now #and" partial derivatives oK can be done in either orderdfis a continuous function df and#.
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IR AL TR
The result (using (2.2.12)) is what we da¢éimma 2
Lemma 2:2 =1 | ! ! ! ! ! ! ! (2.2.16)

*dtag” oq "

d#IX& ! #!X&,;+ I #1X &,
¥ (e (e O
_PHIX, X & IX
=T 7) (=7
Sot-derivative of a JacobiaX coordinate partial-derivative is that-partial of X velocity. (It is pretty
hard to say this lemma in words!) Now the two lemnmasyma lof (2.2.14) and.emma 2of (2.2.16)
above, will help us write Newton's equations of motion entirely in terms of generalized curvilinear

(2 . 2 . 16)xample

coordinates.
It may be helpful to compare derivations above and in the rest of Unit 2 and Unit 3 with a concise
development given in the review Unit 1, particularly, Ch. 12 equations (1.12.22) thru (1.12.37).

Exercise 2.2.This is a dimensional analysis and power law problem. It involves Olympic weight lifters but is a general piece of
mechanics that applies to everything. (Have you wondered why toy cars can fall off cliffs without damage while yours cannot?)
Olympic weight lifters are divided into classes according to their body weight. Generally top performers are close to maximum
allowed by their class (except for Osuper-heavyweight" classes.)

(a) From dimensional arguments alone, you can predict that the Olympic records R in a given event (say, the "clean and jerk"
which is always the greatest record) should have a debnite functional relationship to théNedigiaf the performersR= R

(W). DeriveR(W)as a power lalR=kWP with a yet-to-be-determined coefpbcidnt

(b) Obtain a set of records from an almanac or book of records, and plot them\Atfainatgiven event or events. See how

well your theory and experiment jive. (Hint: It is most convenient to plot on log-log graph paper. Why?)

(c) Use the results of (a) and (b) to answer: How many times his bodyweight could a man lift if he was the size of an ant with a
mass oM =1 gm? (A real ant is supposed to lift bve or ten times its body weight. How much better or worse is the ant doing
than "Antman"?)

Exercise 2.2.2nother dimensional analysis problem like Prob. 1.1.1 involves Olympic high jump and animal related capability.
A 2 meter jump is considered excellent for a human of dimemhsi@m. What are we to expect from equivalent smaller jumpers
such as ah=10cm.kangaroo rat or abh=1cm. grasshopper?

How about ar.=20m high King Kong? State your arguments.
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Chapter 3. Lagrangian GCC derivatives and kinetic energy

Conventional classical mechanics starts with Newton's Cartésmait equations (2.1.1) as the
main classicaaxiomfollowing momentum conservation (2.1) of Unit 1. They relate acceleration
componenty, Y, , or y for each mass to a corresponding force compoRgnt,, Fx, or Fy on that mass

due to outside forces and other masses. frad'sa problem. While we know that masgshas ay-
component contributiorMg due to its gravitational weight and similarly for magghe constraint forces
onM or mdue to connecting arms and ropes are quite difficult to Guehd luck Galileo!

A GCC approach lets us consider only forces thatvalix Following (7.5) in Unit 1, thevork dW
done in a given time intervdt by all the forces on all the masses is a sufaolifor all components for
all masses. (A general work differentiati@vork)=causeéad(effedtOur trebuchetOs work sum is here.

dW = R dX + FydY + Fdx + Ry dy. (2.3.1)
(WeOre ignoring mass of arms.) Now use Newton's equations.

Fx=M¥,Fy=mit, Fyx =mit, Fy = ny (2.3.2)
The work sum then becomes

dwW = M¥dX + MYdY + mitdx + mirdy . (2.3.3)

These terms lead us to an elegant equation of motion in terms of our generalized codtdindtesnd let
us ignore unknowmpn-causal constraint parts dfy or Fy etc

Substituting the# and” chain-rule expressions (2.2.2) and (2.2.3) gives the following form for each
Cartesian componery, v, x, and y. ConsiderX, first. (The other three are similar.)

FydX =M ¥ dX

X X (2.3.4)
F [%d6+&—¢d¢j (¥£d9+}f—d¢J

Each of the two terms on the right can be expressed as follows.

=L D KT (using £ (4v) = hu -+ At

!u dtg d !
IX& !X
dt%?( S () X— (by lemma 1(2.2.14) andemma 2(2.2.16))
&(XZ /2) &(XZ /2) 8(U2 /2)
d - _yU
= = S (using Ew U&x) (2.3.5)

Equations like (2.3.4) must be true fbitrary independent coordinate differentialis andd” .

#I(sz/z)& I(sz/z) #I(sz/z)& '(M)'(z/z)

! : ! .

A SR 7 Wy YO ,and Fy X _dop {77 7 (2.3.6)
Xy dt?$/o i I x dt?$A) T I*

So there are eight equations like these, one pair for each of the four Cartesian coaxdinateand .

But, they still not quite useful by themselves because we don't know the constraint parts of the four force
components, , F,, Fx, orFy, nor can we deal with individual ‘partial' kinetic energies NRéx2/2.
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However, if we add up the equations like (2.3.6) for all four coordinates x, and y, then the
eight equations will boil down to just two. Each involvesttital kinetic energyf =KE which is the sum of
1/om\2 for every moving mass. For the trebuchet the total kinetic energy is

. 2 w2 b (o2, 2
T—KE—EM(X +Y)+Em(x +y) (2.3.7)
(We ignore inertia of armB, r, and/ in Fig. 2.2.1. If arms are massive that is a big mistake! But, we're just
getting started here. And besides, those papal-generals aren't paying us enough!)

Lagrangian derivative equations
The sum of equations like (2.3.6) f&r v, x, and y is the following very simple pair

F :%%?) —,T F, :%%#((&) —,T (2.3.83a)

wheregeneralized forceB- andF4 are defined as follows. Equation (2.2.14)amma Iwas used again.

F = FX%+FY%+FX::TX+Fy:Ty F,=Fy %+FY%+FX:—;+FyZ—; (2.3.8b)
=FxRcos +FyRsift' - Fxrcos' - Fyrsin” = 0+ OFyx/{ cost+Fy( sin#

These are called theagrangian derivative equationds we will see shortly they are very useful since we
do not need to know any forces except those due to gravity or other external infihabeesuallycause
work on the device. Those pesky and unknown constraint forcesanitel oucompletely, as we will see.

Kinetic energy in GCC: Metric Tensors $.
The Lagrangian derivative equations (2.3.8) need a kinetic efieggressed in GC@,”,*,"} and not in

CC{x,y,%x,¥} used by (2.3.7). Jacobian relations (2.2.13) convert velocities of CC-GCC definition (2.2.2).
_ 1 02 2 1 (2. .2
T= EM(X +Y) +§m(x +y)

" 2 2%

T=%M§(Rcos! I +(Rsint 1) &+%m§((rcos! I +rcos) ) +((rsint 1 +esin) )')Z'z

Expanding and simplifying yields the trebuchet kinetic energy KE labeld@dobyater by LagrangeOs

T:%MR2!!2+:—2Lnr2!!2+%rﬁ'2’!2#rrr"!!'!(cos! cos" +sin"sn/ )

(2.3.9)
:%(MRZ rmr2) 42 +%m-2'!2 #mr i cog! #7)

Note terms of the forh&2/, wherel=mr2 is amoment of inertiathat is mr*/% /2 for the big mass and

mr?$? /2 andme*i% /2 for the little mass. (Now arm inertia is easy to addl.tBee exercise 2.3.2.)

Understanding and checking Lagrangian expressions
It helps to check and try to rationalize each term that shows up in a Lagrangian algebra.

The last-term ifr! 6 cog6—¢) ) in T is called &Coriolis termor cross termlt is the term that makes
the total inertia smaller when the trebuchet ha&asan tucked under thearm. Ther# and" are equal
and the cosine is unitgds(! " #) =cos0=1). Then KE forms% 1&2 appear with inertig= ' 2.
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1 212 1 2 1 2 W2 V42 . _
T=EMRé +Em(ré— ¢) =S| MR +m(r—")" 8% ifd=¢ and 6=¢. (2.3.10a)

The other extreme is the 'stretched out' case Wlam" are opposite and the cosingrigiusunity

(cog! " #) =cos$ ="1). Then the total inertia is maximum.

T:%MRZGH%m(réMqS)Z=%(MR2+m(r+z)2 6%,if0=¢ and o=p=. (2.3.10b)

The intermediate case is when the two arm®#h®gonaland the cosine is zero. Then the inertia dua to
is just the square of the radial hypotenuse,a Pythagorean su(ﬂ2 +12] , times the mass.

T :%Mth‘b2 +%mr2é2 + m"z(b2 = %(MR2 +m(r2 +"2))é2, ifé:(ﬁ and O=¢tm/ 2. (2.3.10c¢)
A skater, tucking in his or her arms in order to spin faster, is analogous to the trebuchet. FOK& given
(T=const), angular velocity! will be highest in the 'tucked-in' caaglowest in the 'stretched-out' cdse-
and in between for the 'orthogonal' case-

Understanding the dynamic metfigs
The concept of orthogonality is importalE is expresseds amatrix quadratic fornor dynamic
metricustensorsum. Similar metrig,..-forms (introduced by (1.12.30) in Unit 1) do not include mass.

I YV rAYY:) 1.
T_E(MR e )é - Smébeoso—)
(2.3.11a)
Lirgboso-g) + Imr =(a g ) 00 T [é]
2 2 2 Yoo Yoo ¢
Thesedynamic metric coefficientefficients of velocity product®é,6¢,¢0,¢¢} include masselsl andm.
Yoo Yo,p _ MRZ+mr?  —mrlcos(6—¢) (2.3.11b)
Yoo Voo —1mr Ccos(6 — ¢) m¢?

The off-diagonal cross-term coefficients (, =nr!cog" $#) =/, . ) are zero if the coordinate lines
happen to intersect at right anglesoahogonallyas in Fig2.3.1a They do this wherever tifelever is
perpendicular to the main beam as in Ri§.1lawhere"(# = £90j. Elsewheref and" curves formaffine
or nonothogonal intersections as in F&y3.1band the$,«0s account precisely for this.
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(a) Wnhen (6,¢) coordinates  (b) When (6,0) coordinates
are are

[ ~ 7 = n?ty
I \ . - /] -
6=-m/3 =const. circle 6=_m/3=congt. circle| Orthogonal
ISt ¢ =

\

Fig. 2.3.1 Examples of,&) intersections (a) othogonal (special case), (b) non-orthogonal (typical).

General curvilinear coordinate (GCC) metqig;s may not be constant or orthogonal so off-
diagonal KE cross-term;zswv“vv may be non-zero as in (2.3.9) or (2.3.12a) below. Cartesian KE and
metric forms, on the other hand, are simple diagM@!vv“vV sums like (2.3.7) or the following (2.3.12b).

Toce =3 DV V'V (2.3.12) Tearesan =3 20, M VAV =1 Y M (V') (2.3.12b)

We shall gain frore familiarity with metric tensars. org,, . in the following and particularly in Unit 3.

It helps to 'dissect' a GOKE or quadratic metric form as was done in (2.3.10 a-c). Just as in the
analysis of Fig. 2.3.2, this provides a check of the algebra and (after flushing out pesky sign errors)
improves one's confidence and understanding of each term.

- L > - — L — >
. . . mass=linear inertia= m,
mass=linear inertia=m,_ IS
EQUIVALENT
N TO

S|
CG rotation inertia=7, m, L2 .
127t CG rotation inertia= 112mLL2

Fig. 2.3.2 Thin symmetric linear lever and its point-mass equivalent.

Arm inertia

One may approximate inertial terms for arms and levers without wholly redoing Jacobian relations.
This is simplest for linear symmetric arms and levers that are equivalent to a central point mass and two
equal point masses on either end as in Fig. 2.3.2. Then the kinetic energy for each of the three mass point
is found in terms of the GCC and generalized velocities. (See exercise 2.3.2.)



HarterSoft-Learnlit Unit 2 Lagrange and Hamiltonian Mechanics 19

A general asymmetric body kinetic energy is a bit more complicated and so solid arm inertia and 3-
dimensional rotation requires a more detailed analysis described in Unit 6.

Exercise 2.3.1Add up all four equations like (2.3.5) or (2.3.6) and verify (2.3.8).

Exercise 2.3.Zonsider some extra terms that might to be added to the trebuchet kineticleardygxpress them in terms of
the generalized coordinatéesand# and their velocities.

(a) Suppose the main big r-R arm had mgg and CG rotational inertil (Derive CGl in terms ofMyR assuming uniform
thickness.) Give the extra terms that are needéd in

(b) Suppose the littlé arm had maskl; and rotational inerti& (Derive CGl in terms ofM, assuming uniform thickness.) Give
extra terms needed n
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Chapter 4. Canonical momentum in Lagrange equations: dp/dt=F
The Lagrange versions (2.3.8) of Newton's equations for the trebuchet are rewritten below.

d#IT&_ IT d#IT&_ IT

These can be viewed as the grand expression of Newton's equations (2.1.1)mamédy time derivative
of each GCC component of momentum equals the corresponding component of the total GCC force
" d "
dPJ:FI +_T ﬁ:F#+—T (241b)
a7 dt "#
Generalized momentueguations (2.4.1) are consistent with (1.12.10a) thru (1.12.25) in Unit 1.
”T "T uT "T

Eachtotal force (p,or p, ) has agenuinepart (F, orF,) and dictitious part ('I—T or %). Lagrange's GCC

equations equate time rate of GE&honical momentuno total GCC force. 1tOs just Newton-2 in GCC.

(A "Canon" is law by church or pope. If Galileo had discovered GCC momentum itOs doubtful he would so
canonize it to honor a church that wanted to convert him to charcoal!) the first step is to compute GCC
(canonical) momentum components usingkKke= T given by (2.3.9).

First we do the momentut-component.

_dr _d (1 2 2N\p2, 1 200 A B
Po=55 _89[2(MR +mr )9 +2me*9 = mr(6¢cos(o ¢)) 2.422)
= (MR2 — )9 — mrtécos(6 — )
The momentun# -component is next.
Tt 221 22 r (
P =y s "!.;ng(MR +mr )#2 +2m£ 'S mri# cos(#$!)$( (2.4.2b)

=ml*l $ mri#cos(#$!)

The first term ofp is theangular momentum! :(MR2 +mr2)'? of the bigr-R arm if ¢ =0, and the first

term ofpy is the angular momentum =m?# of the little/ arm if 6 =0. The second terms are a little

harder to explain, but you can see they give consistent values for the three cases: "tucked-in", "stretched-
out", and "orthogonal” that were discussed after (2.3.10 a-c). (See exefcige

Notice that the generalized momemna (px ) in (2.4.2) are related to the generalized velocities
(4,4) precisely through the metric tensor coefficients in (2.3.11).

_ Py Yo.0 7/9,¢ ) MR? + mr? —mr* cos(6 — @) [ o ]
=)$, 04, OF = = 2.4.3
PSi0d { Po J { Vo0 Vo0 J[ ¢ ] [ —nr cos(6 - ¢) mi*2 J 4 ( :

Thep=$awrelations are a general form and result for GCC systems. (See eefcye
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How Lagrange equations hide fictitious and constraint forces
So far the generalized velocities, accelerations, and momenta have been calculated using partial

derivatives. The next to last step in obtaining generalized equations of motion iretdé&se
derivatives and these take just a little more care. Consider first the time deriyab¥ep, in (2.4.2a). A

dot meangotal differentiaton soeverything that moves or can mosentributes to it. (It'sery easy to
miss a term!)

d d 2 ) " .
by = Ep9= E((MR +mr )é —mr (})COS(@ — ¢)) (M, R, h,t, and ¥ are (thankfully) zero]
= (MR* +mr* )8 — mr" $cos(8 — ¢) + mr" (8 — $)sin(0 — ¢) (2.4.4a)

= (MR2 +mr’ )9 — mr"$cos(6 — @)+ mr" 8¢ sin(6 — ¢) — mr" ¢* sin(6 — 9)

Next, is the time derivative, of p, in (2.4.2b).

p = %p, = %(mfzf " mri#cos(#" !))
=m0 mrt#cos(#" 1)+ mrt##" [sin(#" 1) (2.4.4b)

=m0 mrl#cos(#" 1)+ mrt# sin(#" 1" mrt# sin(#" 1)

The last step is to calculate thetitious forceterm in (2.4.1a), a partial derivati\;il.c,T,L :

d _ 'T_ " A 2 22,1 2 " (
Ep-’_F-; +T_E’ +7.&5(MR + mr )" +Em #2$mr .’!#COS(.’ $#)3: (245a)
=F, +mr" M#sin(! $#)
For p, thefictitious forceterm in (2.4.1b) |s"l
A T B I 1 V - S S ¢ S _
dtp¢—F¢+a¢ F¢+a¢[2(MR + mr )é +om ¢% — mr" 8 cog0 ¢)j (2.4.5b)

£, - mr" & sin(@ — ¢)

Equating the two expressions above fgrand the two expression fgf gives two equations of motion.

F = (MR2 +mr2)." " mr#cos(! " #)" mr# sin(! " #)

(2.4.6)
Ey= m" ¥ mrFeos(! " #)+mr#2 sin( " #)
The fictitious force terms have opposite signs. Now recall the 'true’ forces from (2.3.8Db).
X aY IX ay X aY ox ay
Fo=Fx 55 g g Fy g Fo=Fx—= R = +F = +F, == (2.4.7)

Xop Yoy Xop Yp
=xRcos +FyRsirt' -Fxrcos' -Fyrsin" = 0+ OFxycogt+Fy o sin# .
We need to distinguish externally applied forces like gravity from internal constraint forces due to stress of
the supporting arms. The next four paragraphs mostly describe how constraint forces cancel out.
Consider first the constraint foré€m) on the mase due to little arn?. This force must be along
the lever or cablé because its bearing connectiornr is assumed to have negligible friction. (If it's just a
cable like the original trebuchets it can only pull.) Geometry of Fig. 2.4.1 gieesstraint force om.
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Fy(m)=-F sin# Fy(m)= F cos# *o* (2.4.8)
The#-component of thé-constraint force cancels to zero no matter how large is the tdasion
Fu = Fx(m){ cost+ Fy(m)( sin# =-F sin# ( cost+F cos# ( si# =0 (2.4.9)

! Fig. 2.4.1 Constraint forces on mass M and mass m

Constraint forcefx (M) andFy(M) due to big arnR on masdM are a bit more tricky sind&M)
points in whatever direction it needs to in order to Kdegtt a radiu®R from the fulcrum. However, the
torque on the big R-r-arm due to equal-but-opposite (Newt&hesi®m) constraints=(M) and +(m) must
always sum to zero or the arm's rotatioaround the fulcrum will accelerate infinitely since we are still
assuming the arm has no inertia. Similarly, the surr@f),-F(m), andF(support)is zero.

IR" F(M)! r" F(m)=0 (2.4.10a) -F(M)-F(m)y+F(supportyx0  (2.4.10b)
Hence the constraint forces cancel out offiheelation (2.4.7) due to (2.4.10) and do not add to either
GCC force componerit or Fx (See Exercis.4.3 The only forces that affect the Lagrange equations are

applied forces due to gravitational Wei@Mgéy and-mgé)y as shown in Fig. 2.4.2.

F=-Mg|.

7

! ! ! Fig. 2.4.2 Applied forces on mass M and mass m

Cartesiary-components of thappliedforce are indicated in Fig. 2.4.2.
FX: O, FY: -Mg, FX: Ozfx, Fy :fy:'mg (2411)
These are used in (2.4.7) to give the correct generalized forces.
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= / in! - /- in! =" in! in!
F,=FyRcos! +F,Rsin! -F_rcos! Fyrsm. MgRsin! + mgrsin!

(2.4.12)
F,=F, (cos#+F ([ sin#=" mgl sin#
y

This is true even though equations in (2.4.11)gmering constraint forces

Note quantitie$ andFy are actually not forces at all. They &weques Note that fopositive" the
M-term contributes aegativegravitational torque (clockwise) # while them term contributes a positive
(counterelockwise) torque becausé andm are on opposite sides of the fulcrum. Meanwhile, the mass
contributes a negative or clockwise restoring torguéor positive#.

Finally, the equations of motion with only generalized coordinates is the following.

—MgRsin6 + mgrsin@ = (MR2 + mrz)é — mr"cos(6 - ¢) — mr" §? sin(6 - 9) (2.4.13)

—mg"sing= m"*B— mr"Ycos(6 — @)+ mr" & sin(6 — ¢)
Well, the equations are correct but a bit disorderly. Something has to be done to sort them out.

Exercise 2.4.1 Verify that the inertia coefbcients of angular momentum in (2.4.2) have thentéfrimrtial form
for each position: 9 oOclock Otucked-inO, 6 oOclock OorthogonalO, 3 oOclock Ostretched outO shown below.

3 o'clock .
5 S g
6 o'clock G Optimum release point

[¢) e
Maximum KE of m
G 09 o CI OCk : Mid point
Sartihg point

Exercise 2.4.2 If kinetic energy has the metric dummy-index-sum rule TOﬁ’%I yaﬁdz/'n’then verify the canonical

momentum formulap, =", .# .

Exercise 2.4.3 Verify (2.4.10).
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Chapter 5. Riemann equations of motion
Our old friends the metric coefficiertig,from (2.4.3) are hiding in the equations (2.4.13). We
rewrite the equations in matrix form in order to expose another important i®bgnoétric relations.

[ (nr — MR) gsing ]{ MR’ +mr> -l cos(6—¢) ]( o ]+[ st Jsin(Q—‘P) (25.1)
2

—mg! sin¢ —mr! cos(6 — ¢) m 2 ¢ mr! §

By inverting the metric matrix we get an equation with the highest derivatives given explicitly.

#r& 1 2 ryny B i * MR)gsin! %
%/ 5:1, ml mricog! ) ") /2;0 mr{ rsnC) ")+, (mr) )gsm /E
%0 Hy mrecog! ) ") MR?+mr? /$Q- ) mrtl? / + )mglsin” I
1t e mrecos! ) ") ;ﬁjomrz';zsin(! ) “)+(mr) MR)gsint & (2.5.2)
== K . 9.
Hy mrecog! ) ")  MR?+mr? {é/g Ymrtf2sin(l) ")) mgtsin” ;

where: u=m€2§MR2+mr2) mr2cod(l') ")&= mzzngR%mrzs'nz(!) ")&

Note: the metric determinaptis non-zero even when trebuchet is 'tucked-in' or 'stretched-out'.

The resulting equations are examples of what weRtathann equation®ost mechanics texts do
not include them, but they're quite useful. At the very least, they have a form suitable for numerical
integration. More importantly, they lead to relativistic equations of motion. Here, we consider some special
cases, generalizations, and approximations. For example, the gravitg=fogequation is as follows.

{ g } 1[ "2 mr" cog(6 - 9) J[ mr"ézz ]sin(e—d)) (2.5.3)

Hl mr"cog6—¢)  MR?+ mr? "

Much of advanced mechanics involvasmpeting arts of idealization, generalization, and approximation.
A more elegant treatment of Lagrange and Riemann equations is given by Ch. 5 and Ch. 6 in the following
companion Unit 3. There we discuss of when and how explicitly time-dependent GCC may be used.

Checking torques and acceleration

Once again, it is recommended that a new equation be tested for special cases in order to check its
algebra and to understand its physics. We're allowed to choose arbitrary values for all independent
variables. Let's choose coordinates:(#/2,$=0 ) and velocitiesd=w = ¢ ). This simplifies (2.5.3).

0 |_ 1 me? 0 —nr (o?
KB méz(MR2+rrr2) 0 MR +m? )| nrie?

6 —rr\rﬁwz/(MR2+m2)

(2-5-3)5pecial case

for: w=0=¢, 92%, =0
L7 w’r /¢
In the Fig. 2.5.1 below this choice is drawn in order to help assess the resulting forces, torques, and angul
accelerations. At this instant the devameargo be rotating rigidly with angular veloci.
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L/t =1/t (r2+12)

Centrifugal Force
IFl= mw?! (r+!2)

! !
Fig. 2.5.1 Centrifugal force for a particular state of motion'(#=3$, #=%A’, $=0)

The#(torque on masm at the end of leg dueto centrifugal force is the force timesmentarm
L=r&/\(r 2+ ¢2). This is the rate of change ®fingular momentum around the pivot at the tof of

M= FL=mr 22412 =2y (2.5.4)
r2+12
This yields
B=FL/M?2=0?/" (2.5.5)

in agreement with thecomponent of (2.5.3). However, it may seem paradoxical thatt¢berdinate for
the mainr-arm should have any torque or acceleration at all. Indeed, if the device is rigid there can be none
since the centrifugal force has no moment; its line of action hitsalkes of theR-arm.
However, this device isn't rigid. Tideg pivot is frictionless and can only transmit a component
mé&?2 of force along. This causes a negative torquer £ &2 on the big-arm. It reduces-angular
momentum to exactly cancel the rate of increase (2.5#jnomentum, and this agrees with (2.5.3).

(MR2+rrr2)§=—rm)2r" (2.5.6)

Note that, according to (2.4.5) the time derivative of total momentum is zero if outside torques are zero.
b+ b =0, if F,=0=F, (2.5.7)

Analogy: a twirling skater's body slows down as his or her relaxed arms fly out. This is one way the
trebuchet delivers energy to the projeatiieand this will happen even without the help of gravity.

Trebuchet model force inventory
We now pause to review a ‘force inventory' associated with the Lagrangian or Riemann GCC force
equations. The inventory is sketched in the Fig. 2.5.2 below.
The three classes of forcesceleration(fictitious'), applied(‘'real’), andconstraint
(internal’) are somewhat arbitrarily named. For example, relativists might regard gravity as an acceleratior
force. Centrifugal and Coriolis effects introduced in Ch. 11 of Unit 1 are analyzed using different methods
in Ch. 7 of Unit 3 where treatment of friction is in Ch. 9. Constraint forces are ignorable if and only if they
can do no work. From (2.3.1) we expect no work or energy contribution from constraint forces.
dW =k dX+FdY + Kdx+FRydy=Fd" + Fgd# =0  with no applied forcg2.5.8a)
=(! MgRsin” +mgrsin”) d" ! mg! sin# d# with gravity (2.5.8b)

This is sometimes called tipeinciple of (no) virtual work
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A geometric reason for ignoring constraint forces is that they always act normal or perpendicular to
the coordinate directions. This will be shown more clearly by the GCC tensor geometry of Unit 3. Only
forces acting along coordinaté®r" can accelerate or change their momengpuior p- .

The physics of mechanics is first concerned with net energy and momentum flow in and out of an
object and only later with its internal back-and-forth flow, particularly when the latter averages to zero.
That isnotto say that internal stresses are uninteresting or unimportant! But, to calculate stress it is first
necessary to solve for the ideal behavior gotten by ignoring stress. Besides, when an object fails under
excessive stress it is the engineer that gets sued and not his physics instructor!

Constraint and stress analysis are addressed from several points of view in Unit 3 Ch. 9 and in Unit
7 discussion of variational methods and in Unit 8 discussion of optimal control theory.

Exercise 2.5.Merify (2.5.8).
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Force ~ 60

Constraint Force Corioli

Centrifugal I/ Constrainttoyce
Force Centrifugal Force
) ~§2
Seadying Forge CGravitational Force
Gravitational Force ~ g
_~ Mg
Acceleration Applied Constraint
and 'Real’ 'Internal’
'Fictitious Forces: Forces:
. Gravity Sresses
FCOo:-if):IiesS. Simuli Support...

Centrifgga\ Frlct||on.., (Do not contribute.

Do no work.)
_dler|_[oT), 1 .
Po= dil o8| |06 Fgy 10

Fig. 2.5.2 Lagrangian force inventory divides forces into causativeargaledforces, inertialaccelerative
and bctitiousforces, and ignorable non-causitive constraint forces.
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Chapter 6. Lagrangian and Hamiltonian equations of motion

If theorists can't solve some equations they resort to what they do best: Derive more equations! We
do that now before actually solving the trebuchet and related problems. A strategy of 'fighting fire with fire'
can show different ways to look at a problem and suggest more elegant solutions.

Many applied forces can be expressed as the gradiemodéatial function V

Vv v v vV
F=-WV, o Fe=-S0 R=—i0 R F==y (2.6.1)

This is the case for uniform gravitational forces in (2.4.11) for which the potential has a simple form of
(mass)gravity)(height)for each mass. This was first used in (7.6) of Ch.7 in Unit 1.

V(X,Y, X, y) = MgY + mgy (2.6.2)
If a force is a gradient of a potential it is callecoaservative forcéunction. As before in (9.5) and (9.8) of
Unit 1, we will find that a sum of kinetic ener@yand potentiaV/ is a conserved constant of motion.

Do we define force like mathematici@x +!' V) or physicistF= (! V)?
The minus sign in (2.6.1) reverses the gradient vector that points up-slope so a system feels a force
pointing down-slope. A positive gradieRt™ = +VV is force needed tbold back motion that we called a

Omathematician-forceO in Ch. 1.7. We mow use a physicistOs-défifiitier-VV like (6.9) of Unit 1.
The gradient expression written in generalized coordinates is easy to derive and remember. Recall
how we defined the generalized forces in (2.3.8b) as is repeated here.

—X+FY%+F —X+Fy—ly X, iF XE Y (2.6.33)

F N
”! X ”! n. s X u# Y u# X n# y n#

F =Fy = F

Replacing each force by its gradient component (2.6.1) gives the following chain-rule.

L BV XYY Y Ay £ oo VXNV YN A AN A
! #X #H A A A Ay A ! X H A H A Ay H
o\% #V
F,=—— 2.6.3b F="— 2.6.3c
This simplifies the formal expression of the Lagrangian force equations (2.4.1a) as repeated below.
d#IT& IT d#IT& IT
agol_'l( = 7 +F. EW( = U + F) (2.4.1a)epeated
d#!T& IT 1V d#!T& IT 1V
a@TCT) T e ) e (2.6.4)
The results areagrange's potential equations
d(dL) oL d(dL) oL g o
pe—&(%)_% p(p_a(a—”_a—(p wherelL=T-V (2.6.5)

ThelLagrangian function L = T - \s thedifferencebetween kinetic energlyand potential energy where
(most important!V(r) is assumed toot be an explicit function of any GCC velocity= r variables.

N N

—=0=—

00 )
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Hamiltonian equations of motion

For the trebuchet and related problems the Lagrangian potential equations (2.6.5) represent no
computational improvement over the first generalized coordinate equations (2.4.13), and are not as
applicable as the Reimann equations (2.5.2). However, they are 'more elegant’, that is, they fit in a smaller
suitcase. Also, they are just a few steps away from very powerful forms of Newton-equations that are calle
the Hamiltonian formulations of mechanics

A Hamiltonian formulation treats generalizegmentaand coordinates as independent variables.
But, Lagrangians use generaliagglocitiesand coordinates. Differentials of kinetic energy or Lagrangian

L(g,4,1) are chain rule expansion with a teffag, g; ddj or ;*dr for each independent variable.dA

term is needed if there explicit time dependence ifhior V. (For example, an oscillating electric field
E.=E( sin&t) has potential/=-Eg x sin&t) that is an explicit function of timeas well as of positior.)

dL(/ ,",.f,';,t):ﬂd! g g g (2.6.6)
#1 #" #1 #" #

The total time derivative has the same form as the total differential.

L(’'t):%:ﬁd—l+ﬁd—+ﬁd—l+ﬂd—+ﬂ (2.6.7)
dt  # dt #"dt # dt # dt #
Now Lagrange equations (2.6.5) are inserted while using the iden%%ﬂ p% :%(pq)

dL do do dé dé oL
HOOO)= G = bo g by g P g P g

L _d oL
S A

(2.6.8)

Now we collect the total timé Bderivatives on one side and partj&derivatives on the other.

Legendre-Poincare relatioH=p¥vL

Rewriting (2.6.8) gives or:
d A $L dH JdL
—(L! p.* == —=—— 2.6.9
alt! ey dt ot (2.6.92)
This is our first expliciLegendre-Poincarerelation of the fornH=p¥wL after (1.6.11b).
H:H(!,p, ,",p,,,t):p,!’+p,,"#L (2.6.9h)

A Hamiltonian function Hs constantf{ = 0 :gd'f) or conservedwhile variables obey the equations of

motion) if L has naexplicit time dependenc%(: 0). Metric definition:p,=)$ 05" from (2.4.3) helps to

clarify the form if it is used to expand canonical momentum and the kinetic energy definition in (2.3.11).
H= p!/ +  pt #T +V

H =($,,!! +$,,,'?)!! +($,.,!! +$.,.,’!)’! #%(fb‘,,ﬁﬁ +8,. M+ g, M +$.,.,’!’!)+V (2.6.9c)

H :%($,,!!ﬁ +8,. M+ g, M +$,,,,'!'!)+V =T+V %E ( Smusored

So, theHamiltonianis thesumof kinetic energyl and potentiaV/ that is thdotal energye=T+V.
Equations (2.6.9) prove tlw®nservation of total energyrovidedL is not anexplicit function of time.
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L is function ofv while H is a function ob

Consider now the explicit or formal dependence of the Hamiltdtidrhe definition (2.6.9¢) is
correct numerically, but not formally. Rather, Hamilton intended to exptésserms of generalized
coordinates anchomentaonly. Noexplicit velocity dependence is allowed. So let's expéessid in

terms of p, and p. usinginverse metric coefficien®“first derived for the Riemann equations (2.5.2).

H= l(l p. p. +/ #p p# +1/ # p#p +1 #p#p#) +V=T+V ( Correct formally ) (269d)

2 and nunercaly
Here are thﬁlofmetric relations again from (2.3.11b) and the invé¥&erelations.
# )//)/"&#ﬂ& #[‘&#" -'"&#p,&
%" ( (%.,l( %, (=0 6/ ).,,.g%' (
@p ( $(), TSR $ ®)) el
ﬁjo m"? mr" cog! * ") f‘ﬁ; ?
_Zjo MR?> +mr®  *mrcoq! * ") f‘ﬁ;ﬁ & _@mrtcogl * )y MR?+m? (P
%’*mr" cog! * ") m"? ($0 ¢ m"? TMR? + mr® Sn” (! * ")
(2.6.10a) (2.6.10b)

HamiltonOs vs. LagrangeOs equations

The partial derivative of the Hamiltonidhwith respect to a generalized velocitfasmally zero. So is the
formal partial derivative of the Lagrangiarwith respect to momentum. (Recéll12.6)in Ch. 12 Unit 1.)

oH oL ] |_ | I'H _
8- aé(p9é+p¢(}> ) Po =54 = o !p"(H#p #p$$) p# =0
(2.6.11a) (2.6.11b)
The former (2.6.11a) defines momentum (again). The latter (2.6.11bj'ikypelofHamilton's equations
IH ! IH !
= + $L . + $L
Ip Ip (p p## ) lp lp (p p## ) (2612)
=% p.+%"p, 96" p.+9%"p,
The 24 type ofHamilton's equationfvolves partial derivatives ¢ with respect to coordinates.
oH 4 JdL oH oL
ET) ae(peé+p¢gb L)——%——/be , 8(]) a¢(p9é+p¢d) L)__ﬁ__j% (2.6.13a)
These yield equations that aremerically the samas Lagrange's equations (2.4.5).
o TN oo TN
o 00 08 o 99 I (2.6.13b)
=mr"é¢sin(0—¢)+F, , =nr" 8 sin(0 - 9) + F,

However, to make them strictly conform to explicit Hamiltonian form, the generalized velocity factors in
the above (2.6.13) must be expressed in terms of momenta and coomuhatésu should work out these
expressions. (See exercise 2.6.1.) Below is a summary of our examigke®ittbn's equatios
I= :H , #::—H, D, :$':,—H, p#:$",,—H, H :$',',—L, dL=p,d/ + p,d#$ Hdt (2.6.14)
P, P, : ! # t ’
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What good are Hamilton's equations?

The Hamiltonian form (2.6.14) of Newton's equations is regarded as a crowning achievement of
classical mechanics. Indeed, the Hamiltonian formalism is the steppingstone to a number of powerful
theoretical generalizations including the development of quantum mechanics.

However, at first sight they don't seem to help the trebuchet generals much. Galileo would not have
made them very happy even if he had gotten this far. The equations have a deceptively simple first-order
form, but we have seen that the emphasis is on the word 'deceptively’; at first, they are really no easier to
solve numerically than the earlier Lagrangian or Riemann forms.

Conservation laws

However, one of the advantages of the Hamiltonian formulation has already shown itself; it suggest
conservation lawsWe have seen that absence of explicit time dependence implied energy conservation; or
more precisely, that the Hamiltonigdhwas aconstant of the motion

! .
% =0 implies: H =0, or H = E = constant (2.6.15)

By analogy we see that the absence of explicit coordinate dependence (suppose that the Hainitasian

not a function of at all) leads tonomentum conservatio(By (2.6.14) angular momentum is constant.)

AwL_y o
90 90

implies: p, =0, or p, =" = constant (2.6.16)

Symmetry and conservation (No lumps? No bumps!)

Hamilton's equations show a beautiful relation betvgg@mmetryin a generalized coordinate like
andconservatiorof its conjugate momentupt. Symmetry, in this case, means that the system 'looks the
same' for all values of the coordindter isinvariantto changes of that coordinate. In other words, we find
no 'lumps' so the Hamiltonian doesn't go up or down as the symmetry cootdmates. Because of this
symmetry or 'smoothness’, the system cannot alter momentum belongorguwateto this coordinate.

In other words!'No lumps means no bumps!"

Conjugate variables
The concept of conjugate canonically conjugateariables, such g& and" or py and#, is
important to Hamiltonian mechanics. A pair of varialftgp) that satisfy a pair of Hamiltonian equations
| |
=t el
are said to beanonically conjugatevith respect to HamiltoniaH. By a similar definition one may say
that total energy and tin(a H) are also a conjugate pair of variables.

(2.6.17)

oH . O0H
w1
However, the tsign difference amounts to a big distinction between spatial coordinate variafpegt)ike

and temporal or time-like variablésH). This is at the heart of relativistic invariance and quantum theory.

i=1= (2.6.18)
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Lagrange-Poincare invariant action
The difference for théH,t) pair is the sign of the second equation. Time and energy, while analogous to
position and momentum, are also distinguished by their respective places in the Lagrangian differential.

dS=Ldt=! p,dq"" Hdt (2.6.19)
k

This is calledPoincare's invariantor the differential oaction S It is an important form in physics, and we
shall discuss it often. Note for now tt&has the form of relativistically invariant phdsé-&t in a plane

wave! = Ae*™ (Laws of PlancKE=% &) and DeBrogligp=1 k) are being invoked here.)
dS =p¥dr! Edr=rk¥dr! h" dt (2.6.20)

Relativity and quantum theory are deeply connected to Hamiltonian mechanics as Unit 8 will show.

Momentum symmetry means no-go
Momentum independence of a Hamiltonian has implications analogous to coordinate independence
or symmetry. It implies that the conjugate coordinate cannot move; it's just a fixed parameter.

oL 0 H implies: #=0, or 6(t)=6(0) = constant (2.6.21)
Py Py

In other words: "No energy for momentum means no-go!" An active coordjpateist have at least one
term inH containing its conjugate momentiypp. Otherwise itOs just a dried-up constrgirtonstant
(like the trebuchet arnR or ¢ that our approximation assumes) that cannot vary.

Constraints are what keep our classical devices together and it is a good thing if and when they car
be treated as constants. How far would we be on the trebuchet problem if its Hamiltonian were a function
of every nut, screw, and wood molecule in the machine? We wouldnOt be much better off than our fictitiou
Galileo trying to satisfy his generals and popes!

Idealization by constraint, particularly, frictionless constraints, is one of the keys to a successful
Hamiltonian or Lagrangian mechanics. Now we consider a simple version of the trebuchet that is just a
simple pendulum. (Also, this provides one more algebra check.)

Exercise 2.6.Merify or finish HamiltonOs equations for trebuchet (2.6.10) thru (2.6.13).
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Exercise 2.6.Elementary application of Lagrange or Hamilton equations

Consider a bicycle chain of bxed lendttiraped over a pulley or sprocket of radius0.5m andholding up two masses
mq =1kg andmp =2kg Chain cannot slip relative to pulleyen if one of the masses breaks.fRadley is a circular
disc of uniform density and mass-4kg. and radius? =0.5m and rotates freely. Initially, a string under tension
keeps massp from moving as shown. Constraint forces on bicycle chain are indicated (not to SCBiequyT 2 .

At t=0 the string is cut.
Before stringS is cut (<0).
(a) Give the magnitude of the forcas, T2 andSp .

(b) Give the magnitude of the rotational inertia of the disc.

After stringS is cut ¢>0). Let gravity acceleration be exgethp m/<.

(c) Give Lagrangian and Lagrange equations in terms of argfléhe disc rotation.

(d) When does massp hit bottom?

(e) Between string cutting and masg hitting bottom, compute force magnitudesandT? .

Suppose mass] or mp falls off its chain if its force exceedeax (but they donOt break simultaneously.)
(f) Which mass (or masses) may break freyifac= 20N.?

(9) Which mass (or masses) may break fré&@rifx= 30N.?

(h) Which mass (or masses) may break fréfk= 15N.?

gravity|g

| | | | | | |

Exercise 2.6.3 A Tamed Trebuchet

Derive Lagrangiah of double pendulum (above) with point masand lever pivots by lab-relative anglé-g# around main
pendulum of maskl and leveR turning by =" relative to fixed fulcrum.

Give kinetic energy of in metric form%yabfy":}b as in (2.3.11) and PE in termsgpf

Derive canonical momentupa , time derivativesp, , and equations of motio;f»‘,ﬂ:a—"a1 .

Convert equations to Riemann form (2.5.3) that gives acceleragfonsterms of .q-ab and g°.
Compare results to those of the trebuchet in Unit 2. (Check for errors this way.)
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Chapter 7. Hamiltonian mechanics of pendulum oscillation

Let us look at Galileo's original problem: a swinging pendulum like the one in Fig. 2.1.2 after the
trebuchet has thrown away mamssSince our model assigns no mass to the throwingvegwill, instead
consider the largB-arm pendulum holding the massive counterwelMhin other words we will just set
m=0in all our trebuchet equations. The pendulum Hamiltonian then follows from equations (2.6.9).

H=1/" p.p. +V = ! p2 # MgRcos" (2.7.1a)
2 2MR?

The gravitational potential of the remaining counterweight rivagsllows from (2.6.2).
V = MgY = —MgRcos 6 (2.7.1b)

Then Hamilton's equations (2.6.14) are the following.

"H_ " $ 1 ' oH 0 1
F = T = T%MRZ p!2 # MgRcos! 2 b, = _£=_£(2MR2 p; - MchosG}
Mpéz (2.7.23) = — MgRsin® (2.7.2b)

Hamiltonian theory might be regarded as overkill for such an elementary system. Newton, Riemann, or
Lagrangian forms give the same coordinate equations we get by combining the Hamiltonian pair above.

p_ " MgRsn/
. - I y

This is the coordinate equation for the genecahpound penduluf inertial whose center of mass lies at
radiusR from the pivot point. For aimple pendulunfpoint-mass on a massless stick), nidsirops out.

where: | =MR? (2.7.3)

I= "Fg sin/ (2.7.4)
For small swing angle the sine is nearly equal to its angle in radiangs.<< 1, sin6=6 )

I = "_g )

= ! (2.7.5)
This is asmall oscillation approximatigrwhich gives asimple harmonic oscillatoequation.

+w? 6=0 (2.7.6)
Its solution!/ (t) = Acos(" t+#) = Acos# cos " t$ Asin# sin” t hasangular frequencyg (requency2o).

w:\/§52nv ‘L'E1 (2.7.7)

R 1%

It is the same for arbitrary values of initiddlaset or anysmallvalues of the oscillatioamplitude A
However, for larger amplitudes the solution is more complicated. But, becau$eBhs constant
by (2.6.15) we can express the momentum in terms of the angle and totalEenergy

H= Ezz—llpg— MgRcosf , ot p, :\/21(E+ MgR cos) (2.7.8)

Then Hamilton's first equation leads to a (deceptively) simple differential equation.
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g—s 4=99_ p, /1 =21 (E+MgReos) /| where | = MR (2.7.9)
(%]

" dt
Pendulum geometry in Fig. 2.7.1 describes force, energy and time. Torggeals Mgaxexactly

but potentiaMgahonly approache;sl\/lgleR at lowx. V=MgY is nontlinear in' with zeros at=+,/2 .

(a) Force geometry (b) Energy geometry (c) Time geometry

(2R-h) ~ 2hR
(Euclid mean)

Fig. 2.7.1 Pendulum geometry (a)For¢edebPnedjb) Energy. (h debPned) (c) Tim&={/2 debned)

Suppose the pendulum is released at initial ahglehere potential energy is=! MgRcos" . This
PE must be the conserved total energy if initial velocity and kinetic energy are zero.
E=MgY =! MgRcos", (2.7.10a)
This lets us integrate (2.14.9) betwéegrandO.

I ; N
ST d =" dt:(Travel time O to !0):$1/4 (2.7.10b)
\ 2MgR, \/cos! #eos!

This is known as a solution lyiadratureor, in plain English, by amtegral over a quarter periadlhe
name refers to the time it takes the pendulum to go between its maximum amplitude and origén (or

versg that is one-quarter of a complete back-and-forth oscillation, or a quarter-periodduration.
A standard form for the integral uses a half-angle coordirmaté2 shown in Fig. 2.7.1.

!
cos/ =1" 25in2'§:1" 2sn”#  cos! " cos!,=2sin? # " 2sin® #,
A standard quadrature formula follows usig=2d. .

1/k=sin" =sin%/2 fr

I ”0 d" \/E"O kd”
! = / =, [— §———, where: 0 (2.7.10c)
1 MgR (;$\/sin2 " #sin® " 8 ;$\/1 #k*sin® " { I = MR? (
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The integral is known as atliptic integral of the first kind: F(kg)=am-! or the "inverse amu" function.
d!

\ll#kzsm !

Integrals related t&(k,.) pop up in many mechanics and electromagnetism problems. Many tables of them
exist, and most general-purpose computer routines include a library of elliptic functions.

Elliptic integrals simplify in thesmall-vibration casavhen a sine function nearly equals its
argument. §in/ " ! if:/ <<1 asin (2.7.5)) Then the elliptic integral reduces to an elementary one.

/4=\/§ W —(% (2.7.11)

The quarter period,,, is, indeed, one quarter of the simple pendulum perietl * . (Recall (2.7.7).) The
integral can also give the complete time behavior as an inverse sine function.

_ [R O
t—\/717':,£\/W \/7 \/75m I (2.7.12a)

The inverse of this is the usual sine wave solution to (2.7.6).

!

F(k,!o)" " am™(k, 1) (2.7.10d)

I(ty= losin\/%t =1,sin" t, where: " = % , (2.7.12b)

(Either angular coordinate,or", satisfies this.) But, large-vibrations requigeobi elliptic function®r
"amu" functions. Also defined: "snu" and "cnu" functions sn and cn analogous to sine and cosine.

,and:w:\/%, Also: sn(k,w t) = sin g(t) (2.7.13)

1
et)=amk,mwt), where: k=—
() =am ) cn(k,m t) = cosg(t)

s 60

For higher swings ag) approaches !/2 (otg approaches !) the period (2.7.10c) of the "amu" function
grows, approaching infinity when the pendulum tries (vainly) to "stand on its head."

Hamiltonian phase space

For energy beyond tHg =%! point, a pendulum will stop swinging and loop around and around
like a high bar gymnast. Visualizing pendulwraration or libration (swinging) andotation (looping) is
best done usingldamiltonian phase portraifThis is a plot of possible trajectories in the space"] of

momentumvs-coordinate angle that is callptiase spaceFor the pendulum this is just a plot of (2.7.7) for
various constant values of enelgyE. Resultingphase pathare plotted below.
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e

D

Fig. 2.7.2 Phase portrait or topography map for simple pendulum

Fig. 2.7.2 is a topography map for the Hamiltorti{p- ") in phase space. A 3D plot of the
Hamiltonian topography is shown below in Fig. 2.7.3. If you were to slice a horizontal plane parallel to the
(p ") phase plane but at altitutte=E, then its intersection witH(p ") mountains or valleys would be one
of the constanE paths in Fig. 2.7.2. These topalevel curves are seen in Fig. 2.7.3, too.

O=+TT

Saddle
Point

! Fig. 2.7.3 Hamiltonian H(pq,q) topography plot for simple pendulum
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If the energys low (E<MgR) then the phase path in Fig. 2.7.3 will be an oval going around a
valley and doing penduluribrational or librational motion. If the energy is higleeMgR ) then the path
will be wavy line doing pendulumotational motion along a high mountain road to the right (counter-
clockwise rotation) or else to the left (clockwise rotation). The dividing path at erterjoR ) is called
theseparatrix (curve that separatdsg¢tween these two types of motion. The two branches of the separatrix
meet at so-calledaddle point®n top of the mountain passes in Fig. 2.7.3 where the pendulum is "standing
on its head."

Hamilton's equations can be viewed in phase space as a "cross-gradient” in the following form.

. 0o H -axis)= =
[ 4 ][ P J &, x(-VH)=(H-axis) x (fall line), where: (H-axisi=e, =&, € (2.7.14)
p -d,H (fall line=-VH

The velocity vector in phage,p)space is proportional to the gradient or slopkl at each point but is
directedperpendiculato the fall line. In ordinaryx,y) space it is the acceleration or force vector that is
proportional to the gradient of the potenWaand is directedownthe fall line.

Small-amplitude motion: the "eye" of a storm

Phase plots often look a little like storms drawn on a weather map. The one in Fig. 2.7.2 looks like
the Jovian "red spot", a fierce storm on Jupiter. A sailor or pilot might use a weather map to locate the
quietest areas or "eyes" of the storm and steer toward them. In phase plots, these "eyes" surround what al
calledfixed pointsn a phase plot.

Fixed points (g, ppo) are the points where both the coordinate and the momentum stand still.
Examples of fixed points in Fig. 2.7.2 are the sealdle point@atpg =0 andg = +! and astable poiniat
po=0 andg = 0. These special points are also indicated in the 3D plot of Fig. 2.7.3, and they are just the
level points where the gradie(rhEH JoH) of the Hamiltonian is a zero. Thgnandd are zero, too.

A Taylor expansion of a Hamiltonian functiét{g,p) can be done around any pofgs ,po) in phase
space for whichd(q,p) is properly defined. Leti(qo,po) beHo and set! g=g-go and:/ p=p-po.

2 2
H(p’q):H0+!p%‘ +!qﬂ +ﬂﬂ +MI:IZT|:

" ‘ 2 " 2 2
o Doy P

w2

Po-% Po-% Po-%

Linear terms afixed points must beeroaccording to Hamilton's equations. (2.7.15a)

L T hpan=0=1 (2.7.15b)

4(p0,q0>=0=!!—H

Po-490 Po-90

For small deviation§ g/ p) around fixed poinfqo ,po) the Hamiltonian is guadratic formin (/ q/ p).

M+ k (Aq)2
2

E=H(p,q)=H(p,.q) + i T+J'ApAq +!
2.7.16
1_._0H o’H 9’H ( )
where: I—Elza—2 k:8_2 , ]:apaq
P Iy 9 o Po-Go

The pendulum Hamiltonian (2.14.1) has the following fixed-points by equations (2.16.1b).
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1 5 "H _p "H .
H=E=—p*! MgR 0=—=%, 0=—=MgR
ap P SRR TR T g enend (2.7.17a)
Py =0, qy =0, ®#, *2#, *3#,...
The first fixed poin{(do,po)=(0, 0 ) has the followingelliptical quadratic form
1 1
E=H(p.O=H(Pp.0)+ 7P+ Ski’ +!
where: TS0 k=—2 —MgR,J:aa =
Ip 0,0 aq 0,0 P qo,o

For fixed values oE these are equations of ellipsesp? + Bg? =1 ) in phase space. (See Fig. 2.7.4a)
The other fixed pointéio,po)=(0, +# ) have the followindyperbolic quadratic formiet:/ g=q-, .

1 1 2
E=H(p.)=H(pp.q0)+ o7+ Sk(Ag) oo
2 2 (2.7.17¢)
Were: %za—lj kza—zl =-MgR ,
ap 0,7 aq 0,m

For fixed values oE these are equations of concentric hyperbola# - BZ =1 ). (See Fig. 2.7.4b)
Elliptic points lie at the center of a region of stable vibrational motion, which, near the elliptic point

obey Hamilton's equations for an approximate Hamiltonian (2.7.17b) for simple harmonic motion.

b=-kq, d&=p/1, or §+!°q=0, whee ! :\/IE (2.7.18a)

Circular sine or cosine solutions (Recall (2.7.12b))sanall-amplitude-vibration approximations
q(t) =gycos(! t+")
p(t) =#q, I/ sin(/ t+")
Angular frequncy& is independent of amplitudg only for the small,. If ¢4, is made larger, then this

(2.7.18b)

solution, like that of the pendulum (2.7.12b) for larggrmay become less and less accurate.

Hyperbolic points lie at the center of a region of unstable motion, which, near the hyperbolic point,
obey Hamilton's equations for an approximate Hamiltonian (2.7.17c) for exponential "blow-up."

p=kg, ¢=p/l, or: —y>q=0, where: }/=\/IE (2.7.19a)

The hyperbolic sine or cosine function solutionssamall-amplitude-growth approximations
q(t) =gycosh(/ t+")
p(t) =q, I/ sinh(! t+")
But, even a small amplitudg may grow exponentially and eventually invalidate the approximation. This
describes the time behavior on hyperbolic paths near saddle (@pipts=(0, £# )in Fig. 2.7.2. Note that
the solutions (2.7.19) have both positive and negative exponentiajf) 8@y "blow down" at first.

(2.7.19b)

gtnglt dltie!t
sinh(/ t):T , cosh(/ t):T
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But, after awhile the positive exponentials generally win and firgpdligdp have to "blow up.” An
exception to this involves motion exactly on a separatrix or hyperbolic asymptote. However, such motion
is very sensitive to error or noise both classical and quantum. (See problem 2.16.1)

The cross ternpq in (1.16.2) is zero for the pendulum example in Fig. 2.7.2. A cross terms gives
tipped or rotated elliptic (or hyperbolic) paths as noted aftéd (20 in Unit 1. (Recall Exercis&.11.1)

(a) (b)
a
N

v

p—7

o)

77

—

Fig. 2.7.4 Phase paths around bxed points (a) Stable point (b) Unstable saddle point
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Other benefits of Hamiltonians: The Liouville theorem

Pendulum phase flow in Fig. 2.7.2 is given\by e ! " H if (;) denotes phase spe(@)ain (2.7.14).

v=e,!" MH(q,p) v=e,x VH(x.y)

#y & ﬁ; )lf ‘(g‘ (2.7.14)epeated denoted by: | v, g;j (2.7.20)
0, =70 —

Byt v )| o

1%H
Ixly

This velocity flow has zerdivergence(Viv = 0) since arxyartial is symmetric to orderif;_(:'X =

a 2 2
Vivewi| U |2Qe O OH OH
v, dx dy Oxdy Odyox

(2.7.21)

On the other hand, thearl(! " v) of this pseudo-velocity field is (-)the Laplacidin-grad of H(x,y).

# \Vj & 2 2
o (= Ve W W NPH DH Ly (2.7.22)
gov, ( )x )y )X )Y

For an HO HamiltonianH= pp?+ 0c?) the curl works out to be a constant v=#(u+$) for a rigidly

rotating HO phasor-space or rotatiagfield (2.8.15) of constarg =V x A in Fig. 2.8.1. Global properties
of v-fields are revealed by Gauss divergence Dflux or Stokes curl-circulation integrals (2.7.23). The first is
total fluxnivd! across a closed contoGraround ared along its normak, and the second is the integral
of v-circulation@! vd/ along a tangent to contoGr Total flux (circulation) isA-integral of! «v (! " v).

"™ wdA=8n.vd/ = flux (2.7.23a) Ht " VdA=@R" vd(=circ. (2.7.23b)

A C A C
By (2.7.21) total flux is zero for any,p)phase-space aréa Thev-flow is that of anincompressible fluid
whose density is constant as guaranteed by the flmmtinuity equationitself a relativistic invariant.

| w+-7=0 (2.7.24)
t

Crowded(q,p)phase paths in Fig. 2.7.2 represent increased traffic velocity and not an increase in density

of points, and vice versa, lack of crowding at saddles is due to more loitering and not to any change in
Indeed, if three or more points defingga)phase-space ardathen asll the points irA follow

their respective phase-paths the area they enclose is supposed to remain constait lesemmass very

distorted. Thid.iouville Theorems quite a claim. It might appear we need a provisoAh&ts no singular

points whereVivis undefined such as at pendulum saddle points in Fig. 2.7.2, but apparently not!
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Other benefits of Hamiltonians : Virial relations

Phase space products lig&gor pir = puq“ may or may not be constant, but averpggvalues of bound
orbits over one or more periods tend toward constant or zero values. For example, ospiatign and

1

p=bcoskt has a phase produsdg=absi&taco&t=; absinXt that averages to zero. So, it is reasonable to

posit a zero value for the time derivative of avena@yalues< puq“>. ((x) denotes a time average>of
d
0=—(p,a*)=(ba")+(p,e") (2.7.25)
HamiltonianH=T+V and Lagrangiab=T-V relate by# = p ¢! L to give avirial relation of work toKE=T.

H{p,a")=(For)=(p,g") = (pov) = (H + L) =(2T) (2.7.26)

Hamilton equationg, =”}(‘fu andg = }[’i (2.6.14) give virial relations of kinetiéE=T to potentialPE=V.
' oH oH

~(ba")= (?q”> =(p,¢")= < P W> (2.7.27)
Power-law Hamiltonians

Virial relations take a simple form for a power-law Hamiltoni@h = pup” + 1 ¢ = T+ V.

oH"™ o1 o oH"™
< % q> =(x0q°'q) = (puPp"")=( p » (2.7.28)
The resultingvirial theoremshows the average rakd:PEis inverse to their power rati@): (v)=0:P.
(1 Qa®) =Q(V)=P(T)=(uPp") (2.7.29)

Q:P ratios for Coulomb orbit-1:2), harmonic oscillato(2:2), 4-power well(4:2), and square we{$:2) are
consistent with what one expects. The latta0@6KE. A 1-dip potentiaM(x)=-1(x) is 100% PE.

Approximate quantum E-levels

Approximate guantum energy levels are given in terms of an apii@mum numbez =paqg/hby minimal
HPQ-values subject to an uncertainty constraag= 2=const.Recall(1.6.14)in Unit 1. We set= h2/p and
find rootpwin Of theHPR derivative with respect tothat will give minimalHPQ,

PQ L

di[lp :OZ%(IJPP+! qQ) :%@p}) +1 (}; )Q‘(& has root:py,y :z';%(h")Qme
Substituting the rogtwin into the constrained? function gives energy levels as functioreof

1 P —Q
PrO P+Q P+Q
HP(pyin) = [MQKP(hv)PQ}”Q [%) +(%] TRV -EP  (2.7.30)

KE coefficient p=1/2mand poweP=2 is standard. Coulomb PE us@s-1. Oscillator use®=2.

2 1/2
> =" e (2.7.31a) Ef;zzhv(%cj =hv\/% (2.7.31b)

So (2.7.30) approximates quantum Bohr-Rydberg-Coulomb and Planck oscillatsk(®)revels.
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Exercise 2.7.This is another dimensional analysis problem with a powefllg#vsolution. Consider what the
walking or strolling speed is for a legged animal if its legs are half its Heig@ppose it strolls by swinging its
nearly-free pendulum legs. (Forced oscillation may be the subject of a similar problem in Unit 4.) Limit the swing to

/"=t 15j so we may assume harmonic oscillation.

More advanced problendiscuss how walking speed might vary with larger (anharmonic) stride rgt|gel5;.

First, discuss how pendulum frequency begins to decreasé'witind so does the increase in stride length as the
projection? cos|/"| approacheg. Show these dynamic and geometric effects lead to an optimal stride and speed.

Many mechanics problems are OgizmosO that model some principle(s). Here are two important examples.

k2 k/2

199999 na sy LR
AU

|
Gravitylg=10m/s?

®

Gizmo-X and Gizmo-Y @

Exercise 2.7.5uppose a main mabkslides on the beam attached to Earth by springs with total Hooke-cdnataht
carries a simple pendulum man®n a frictionless levef. Consider two such devices, one horizon&iz(o-X and
one vertical Gizmo-Y.

(a) Derive the Lagrangian equations of motion for the devices.
(b) Derive the Hamiltonian equations of motion for the devices. Identify any constants of the motion.

(c) Reduce the equations to approximate small vibra(prjs<1,|X|<<1,|Y|<<1)
(d) Reduce equations (a) for the case Mat>m but letk/M andg/¢ be comparable values.

Exercise 2.7.3uppose the main trebuchet driving mislssould slide on the beam but was held by a spring of Hooke-
constank at an equilibrium radiuR at resting angl&=0. Describe how the equations of motion change to describe
such a device.

(a) First, give equations with no second masand no gravityg.
(b) Then add gravitg.
(c) Then add the projectile masgson lever.

Exercise 2.7.4£heck the derivation of the power-law potential virial ratio (2.7.29) and fixed-action minimum OquantumO energy
(2.7.30). DiscussKE>/<PE> ratios of average potential and kinetic energy for the most common potentials including the (ion-
atom) inverse quadratic power law poten¥iéd))=k/c2. List formulas for OquantumO energy levels derived in this way for

common potentialsquare (V=k#), HO, Coulomb, atom-ion V=& and delta (V=-k#)). Can the method work for logarithmic
potentials? Efor non-integral power law potentials? Discuss.
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Chapter 8. Charged particle in electromagnetic fields

Newton's equations combined with Maxwell's definitions for electromagnetic fields can be put in
Lagrangian and Hamiltonian form. This is based upon the so-gadledermotivédorm for Newton's==ma
equation for a mags of chargee. The electron charge=-1.602176a10Coulomlts is imagined here.

m%:F:e(E+v! B) (2.8.1)

First, the electric fieldE and the magnetic fiel are expressed in termssafalar potential fiel=3 (r,t)
and avector potential fieldA=A(r,t) as follows.

E:-an—aa—?, B=VxA (2.8.2)
Combining these gives\a! ( ! A) double-cross term.

d $A
md—‘t': F:efi " §+v%(" %A)i,. (2.8.33)

Levi-Civita again
The double-cross is unraveled by Levi-CivitaOs identity in Appendix 1.A.

m%: F= e[—m—%—‘?ww- A)- (voV)A} (2.8.3b)

A chain rule expansion of the vector potential to®@érivative is then used.

dA 0A . A OA. 9A O0A
— e X — Yy = e V)A 2.8.4
at Ty s a TV (2.8.4)

Combining this with (2.8.3b) allows a Lagrangian form (2.6.4) to emerge.

dv 0A dA
mE—e|:—Vq)+V(VOA)—¥—(VOV)Ai|_e|:—V((I)—V.A)_Ej|
d 01 d o
Egimvov—Eg(ed)—voeA)—V(edD—voeA) (2.8.5a)
d (1 d oL dL
0—Ea—v[zmv.v—(eq)—V.eA)J-FV(E(D—V.eA)—Ea—v—a—r

The resulting Lagrangian hadirear velocity termev¥Ain addition to the usual quadral&=m?/2.
L= L(r,v,t):%mv¥v! (e" (r,t)! v¥eA(r,t)) (2.8.5b)

The canonical momentum is defined llYw-derivative according to (2.6.5)

p= % = II—V;‘%WW¥V " (e# (l‘,t) " V¥eA(r,t))2

(2.8.5¢)

p = Mv + eA(r,t)
Without the magnetic vector potentfakA(r,t) the Lagrangian has the usual fdrmT - Vin (2.6.5) with
a electric (scalar) potenti®=e3 (r,t) . However, the vector potential termeA leads to an unusual
canonical momentump. Particle momenturmv is not canonical, but related to canonieals follows.

mv=p! eA(r,t) (2.8.6)
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Hamiltonian for charged particle in fields
The Hamiltonian function of the Legendre-Poincare form defined in (2.6.9b) is the following.

H=" ¢'p,! L=v¥p! L=v¥(mv+eA(,)! %mv¥v! (e (r,n)! v¥eA(r,t))2
. (2.8.7)
H= %rnV¥V +e#(r,t) ( Only correct

numierically!

Interestingly, the vector potentidlseems to cancel out completely, leaving a familiaf +V form seen

first in (2.6.9¢c). However, the Hamiltonian is formally correct only if it is written in terms of canonical
momentum, not velocity. Just like (2.6.9¢), the equation (2.8.7) above is numerically correct, only. Using
(2.8.6) to rewrite velocity in terms of momentum gives the following.

1 Ul ..
H=——(p! A(r.0)¥(p! eACD)+e () (o) (2.8.8)
The result expands into a more complicated but still formally correct Hamiltonian.
2
_P*P_ ¢ (4, ep)+<—Ae
H= o 2m(p A+A p)+2mA A +ed(r,1) (2.8.9)
Hamilton's equations (2.6.14) then follow. Thequation just relates=v top. (Recall (2.8.6).)
V:ﬂ:ﬂ:w (2810)
'p m

For thep equation we use index notation to avoid confus(pgA) and(p¥! )A .

2
- - d
pa:_a—H:_zi(p“ ) oo (noea) oA oo (2.8.11a)
X, Xy 2m Xy m X, OXy
We use (2.8.2) to expre8sin terms ofE andA, and (2.8.10) to givp in terms ofv.
i A, , 0
mva+eAa_e(%vHE+T+ Ea] (2.8.11b)
Index notation for (2.8.4) is
N s Y
A=Y, x, o (2.8.12)

Finally, an equation for particle momentum is found by combining the preceding two equations.

m\'/aze[2v ai—v a£+ Ea] (2.8.13)

u u
u Hoox, ox,

The result cancels out the partial time derivative of the vector pot@ntadd is the same as the simple
Newtonian equations (2.8.1-3). The Lagrangian and Hamiltonian forms have no obvious advantage, here.
you just need Cartesian equations of motion, Newton will usually win! However, the Hamiltonian form
may win in other coordinate systems if the question of conservation laws and symmetry arises.
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Cyclotron orbits in E and B fields
Consider how a patrticle orbits in a constant electric fieWhich is perpendicular to a constant
magnetic fieldB . A constant field has a scalar potential fiebd with constant gradient.
| (r)="E¥r, "#1 (r)=#("E¥r)=E = cong. (2.8.14)
A constanB field has a vector potential fiell that resembles the velocity field of a disc or body
spinning counter-clockwise around tBeaxis. (See Fig. 2.4.1.)

A(r) = %B! r, "L A()=""1 gB! rt(&: B = cond. (2.8.15)
Suppose th8 field is along the-axis while thek field is along thex axis as in Fig. 2.8.1. Many effects of
arbitraryB andE fields can be seen if we first understand this one.
The Newtonian electromagnetic equations of motion (2.8.1) are repeated here.

mv=gE+v! B) (2.8.16a)
The Newton equations are given explicitly below for the fields (2.8.14) and (2.8.15).
! $ $ ! $
#mvx & & Bzy 2 ;;Exz #er +ek
zmvy g— e# "By &tey 0 g=# 'eBv, & (2.8.16Db)
#omv, & # 0 6&/0 “o0 & ¥ 0 S&A
The reducedx,y) velocity equations are
v =Bv +E
; By whee B! eB,/m, ad E! eE /m. (2.8.17)
=-Bv
y x

Note z-velocity is a constant. These are made into second order oscillator equations with solutions.
2
¢t =B \Vy =-B“v

. - Solution: v, (t) =a sin Bt +b cos Bt

' _ (2.8.18a)
uy =-B V¥, ‘olution: \vy(t) = Bv, =-aB sin Bt - bB cos Bt

So thevy equation gives simple harmonic motion atdlielotron angular frequenc§ .=B=eBz/m while
thevy equation gives simple harmonic motion plus an integration constant thatiard drift velocity.
v, (t) =a cos Bt - b sin Bt + v;’"ﬁ (2.8.18b)

The drift velocity is found by substituting (2.8.18) into (2.8.17).

v, = B vy +E
. (2.8.18¢)
aB cosBt - bB sin Bt =aB cosBt - bB sin Bt + va” +E
The substitution checks only if the following holds.
Bvy"" +E=0, orvy""=1E/B=!E,/B, (2.8.18d)

Hall-effect drift

So, a positively charged particle would ddfiwnwardin Fig. 2.8.1 perpendicular to tlkefield while
spiraling around th8 field. This is analogous to théall-Effectdrift in conductors. Equations of motion
(2.8.16) are solved conventionally here. A quicker complex-variable method is shown in Appendix 2.A.
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(rigid rotor field) y

. 1 1 1 1 1 f(uniform

I [ N ‘Nect()r

|
|
|
|
: Lo | | .1 translation
1 | \E\ | | | :held)
——— —

1 [ T I ll —‘E'r
| |

| | | | | | | |
—— X —— X

Fig. 2.8.1 Crossed magnetic and electric fields and their respective vector and scalar potentials

Now we integrate the velocity equations to get the coordinate positions at time

; b .

x(t) = [dtv (9)+c =] dt (asinBt+bcosBr)+c — -9 cos Br+2-sin Br+c

X X X B B X

b (2.8.19)
_ — _ : drift _ ﬁ : __ drift
()= Idt vy(t)+cy—_|‘dt (acoth bsnBt+ v )+cy = Bsth 3 CosBr + v "1+c,
At an initial timet=0 the integration constants may be related to initial conditions:
v, (0)=0+b, x(0)=1 Z+0+c,
5 (2.8.20a)

= - drift —o0. b
vy(O) a O+vy y(0)=0 B+O+cy,

Solving for coefficients, b, and(c,, ¢,) gives revealing forms of rotation matrices and vectors.

a= vy(O)-v;’”'f‘ , b=v_(0),c, =x(0) +% , ¢, = 3(0)! %
(2.8.20b)
=y )+ % o 20 E g 5O
e B - B B2 > =y B
The velocity vector from (2.8.18-8) reduces to the followmtgtion plustranslation
1!# VX(t) ?L—! cos Bt sin Bt $:{_.r/. VX(O) ?L ! 0 $ (2821)

= +
#v,(0) g " sinBt cosBt B v ()+E/B g ¥ E/B

Velocity v(t) is a rotatiorBt clockwise(for B=eB,/m>0) of initial vectorv(0) plus a constant drift
downward(for E=eE¢/m>0) of velocity-E/B. The positiorr(t) vector (2.8.19) is similarly viewed.

; -v(0) E vy(0) E
X(t) cos Bt sin Bt LB _ ? 0 x(0)+ VT + ?
= + + (2.8.22)
y(t) Vi (0)

. v, (0) E
—sin Bt Bt 2 _= _ 5
sin cos B Bt y(0) B
Examples of trajectories for fieldE$1/,, B=1.0) are shown in Fig. 2.8.2. These all correspond to
points on a rolling "railroad wheel" as shown in Fig. 2.8.3. First let us zero the initial veloe{0)+0 in
(2.8.22) to simplify (2.8.22). This corresponds to the trajectory in part (a) of Fig. 2.8.2.
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. E E
COSBt  sSinBt - 0 —
2 2
( x(0) ]: B, f (2.8.23)
0 —sinBt COSBt 0 — %t 0

The point(x(t),y(t)) sits on the rim of a wheel of radiRs-E/B?>=1/ rotating at& .= B=1.0 while the
wheel's center drifts along at velocil§fift =-E/B=-1/, down the Y-axis. In oneyclotron orbit period
-=2#/B, (here- =2#), the wheel revolves once and drifts a distance equal wheel circumf@¢Rce
y=\drift. = (E/B)2#/B=-2#E/BP=-2#R=-# (2.8.24)
The wheel rolls without slipping on the Y-axis, and ¢ki),y(t)) trajectory is asimple cycloidas shown in
Fig. 2.8.2a. Points on a rolling rail wheel make other trajectories, too. However the trajectories will be
curlate cycloidsf the particle sits on a rim whose radRg, is greaterthanR,, of the wheel in Fig. 2.8.3,
or elseprolate cycloidgf the particle is at a radidessthanR,,. The rim vector is the operand in (2.8.22).
Rrim(0) = (-w(0)-E/B, %(0) )/B (2.8.25)
In order to use the picture we need a formula for the r&jjue the wheel. This is just the point
where the velocitg Ry due to cyclotron rotation exactly cancels the constant drift velogfiffy
o Ry =—vg"" , or Ry=—v{"" /0 =E/B’=E,/eB’ (2.8.26)
So all the trajectories in Fig. 2.8.2 have the same sized wheel, but most of the ones shown in Fig. 2.8.3b
and all but one of the paths in Fig. 2.8.3c have a larger rim ragigb>|Ru.
The latter are obtained by throwing the particle alongtheis in the direction of the electric force.
Like a boomerang, it always loops back and forth acrosg#xes while drifting down it at a rate
determined by the, field strength. Without thE-field, the path is just a cyclotron circular orbit.
To make prolate or OlooplessO cycloids one must throw the particle dgvaxigdf thev,(0)
speed is just right, the path is the Omost-looplessO cycloid, that is, a straight line! Then the static electric
eE-force just balances theév! B] component of the magnetic field.

The FBI right-hand rule

Have trouble remembering directionsBf,_ .. =€lvxB]=1xB? Then here is a Oright-hand rule®
with political overtones that wonOt let you easily forget it. The FBI is, rightly or wrongly, thought of as a
right-wing organization. Right? Well, take your right hand and write (right) the letters OFO, OBO, and OIO
the right-most three fingers as your hand faces you with the OIO on the thumb (at the right, of course).
Finally, make a OgunO (FBI uses guns, right?) with the fingers of the right hand extended naturally
perpendicular to each other. This gives directions of fBrdae to magnetic fiel& acting on currenit=ev
due to a positive chargetraveling along velocity. (PS: DonOt let the TSA see you doing this!)

Righthand Rule i1
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(8) W(0)=0, ¥{(0)=0 (b) W(0)=0, w(0)=-2 to 2 (ch0)=0 to 2, y(0)=0

Y E

)

1 - LT .."'.. ... .. ;. L S ..."". e,
. A . AN - R )

! Fig. 2.8.2 Trajectories of unit charge and mass in magnetic and electric Betd$2, B=1

\ Ve

I i \\// .
I /A\drﬁt

! Fig. 2.8.3 Rolling railroad wheel and rim analogy for cyclotron orbits

Mechanical analogy for cyclotron motion in magnetic field
A smooth sphere or ball rolling on a horizontal rotating table, as shown in Fg§oBe3is the same
equations as a charged particle in a uniform magBdfiield (andE field if the turntable is tilted).
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FxR=I"n
F=m V(1)

Fig. 2.8.4 Mechanical analog of magneti¢ B cyclotron mechanics.

A plastic pool ball has linear velocityr) = v(¢) as it rolls without slip at angular velocig&(t) on a

plexiglass™ disc turntable turning at constant angular velogity 4. The velocity vector of the ball

bottom contact point(t)-&(t)# R) must equal the table surface veloeiti r (t) at its contact point(t).
v()-&(t)# R=4#r(t) (where:R=Rz and4 =4D are constant.)

viy=! "r@)+#@" R=! "r@)+#@®" R (2.8.27)
Newton-2 for translation iBorce=F = mV, and for rotation it i$orque =F! R =I" as in Fig. 2.8.4.

[b(t) = F(t) x R = m¥(t) x R = my(t) x 2R (2.8.28)
The acceleratiora(t) = V(t) is given by the time derivative of the velocity constraint (2.8.27).

V(1) = Qx k() + b(r) X 2R = QX v(r) + b(r) X R (2.8.29)
Putting in (2.8.28) gives the velocity equation of translational motion on the table.

vi)=!" V(t)+%(W(t) " iR) "ER=1 " v(t)# R v(t) (2.8.30)

I
It is like the cyclotron equatiomv(t) =ev(t)! B +eE in (2.8.16). (ThesE term corresponds to table tilt!)
I mR*$

#1+

#
V() =" ( v(r) analogous to¥(t) = Ev(t) | B where: —B=" — (2.8.31)
I % m m $ mR’
1+
% 1)
A solid ball with inertid=2/smR leads to an effective cyclotron frequency24f/7, that is, the ball
will orbit exactly twice for eackeverrotations of the table. The actual surface veloéityt # r of the
table is analogous to a vector potenfial/;B# r of a uniform magnetic field as sketched in Fig. 2.8.1. A
ping-pong ball has a noticeably higher Ocharge-to-massO ratio and cyclotron frequency. To get a lower

value one might construct a light plastic ball with a dense core of tungsten or uranium.
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Appendix 2.A. Complex analysis of charge-mass cycloidal trajectory in uniform crossed E and B fields
Complex variables give concise equations for nmasdg-chargee in electricE and magneti® fields.

- : ,_€ eRp_ 2
=eE+ev! B or: vV=-E+vX -B=g+VxBg, (2.A.1a)
Shorthand notation is used. e =rE_ I =°FE B=2B (2.A.1b)
y “m y m-z
We let the usual GibbOs vector notation be restricted(tgy}Botion normal ta-field z-direction.
Y = ! + Vv "B,
\'/Xéx+vyé:'y rec+! y‘y +(V, 8, +v,, é y) " Be, (2.A.2)
=le+! y e, e, #Bv, e +BV e, where: € "&, =#&  and: éy" e, =&
This suggests more concise complex variables for velweilwivy and electric fieldt:ex+iey.
1>X+i1'/y = !x+i!y " iBv_+ va = !x+i!y " iB(vx+ivy)
(2.A.3)

% = I " By vith replacements: @ # 1 ad :éy# i=v"1
A velocity transformatiof (¢)=v(¢)+B may cancel the constanfield to give an equatiol’=(cong.)V .

F()=h(t)+B =¢e—iBv
—iB(V(t)-B)=—iBV (t)+¢&+iBf (2.A.4)
=—iBV(t)  where: ﬁz—%zi%
An exponentiaV(t)=eBt/(0) solution results. As noted in Unit 1 (10.2&%t is a clockwise 2D rotation.
v(t)+! =V(t)=e Bt (0)=e Bt (v0)+!)
" . $ $ (2.A.5a)
vit)=e "BEu0)+/)" 1 =e 'B#(V(O)+iE) i

ExpandingeiB’,v:vavy , ande=¢ +ie,, revealsx (Real)andy (imaginary)components seen in (2.8.21).

y
gy Sy
v, (1) _| cos Bt sinBt VX(O)_E N B (2.A.5h)
v, () _sinBt cosBt £ e o
v, (0)+ 2 “Ex
B B

Integrating (2.A.5a) yields complex coordingte+iy affected by both, and.,. (Compare to (2.8.22).)

" B#
q(t) = 1v(t)dt= € _ (v(0)+i§) " i§#+Cons. whee: Cong.=q(0)" (V( ) v i)
"iB B B "iB B2
o ] V( 0. B (2.A69)
_"iB#t n H n
X(t) +iy(t) =e 'B*(i == 5 Q) B#c+><(0)+ly(0) BZ
Ly (0) ) $ ) ¢ ! ) $
y ‘x & Y X &
) $_L coss sinme S5 p Upra d Tt & RO T (2.A.6b)
# y(t) & # (sinB't cosB't gg v.(0), ), g z ()—xt g # 0 - )+)y g o
# g (E & B o # YO B %
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For positive magneti®=: B, the massn moves as though attached to a clockwise rotating disc that
also translateperpendicularto the applied-field. The path follows generalized cycloithat iscurlate
for relatively slow translation angrolate for faster translation. Aormal cycloidresults for zero initial

velocity. This case is given first below and compared to paths of points on a hammered flying stick.
A +y-field electric (=0 and.,>0) and zero initial valueg(0)=0=v(0)) gives a horizontal cycloid traced

by a circle of radiuRk=.,/B’ rolling through anglé=Batand horizontak-distanceR4=B =.,at/B
L X(t) ]:( co.se sin@ ]( 0 ]+[ RO ]+[ 0 jz[ R-6— Rsinf ]where:{ 0=B-t2 (2.A.7)
y(t) —sinf cos6 -R 0 R R- Rcos6 R= sy/B
If you hammer a stick at a pointmeters from its center you give it some linear momeriuamd
some angular momentun=h& as shown in Fig. 2.A.1 belowhe resulting angular velocity about the
center is the angular momentindivided by the moment of inertla M ¢2/3 of the stick.
&=611 (=36 /(M (2 for stick) (2.A.8a)
=h5 /1 (=3h5 /(M ¢2) for stick) (2.A.8b)
This depends on the hitting radinsind is zero wheh=0. Otherwise, points on the stick follow cycloids
that are variously curlate or prolate. One péjrtalledcenter of percussioftoP) is on a normal cycloid

made by a circle of radiusrolling on an imaginary road thru poiRin direction of5 . This is the point on
the wheel where spegd:. due to rotation just cancels the translational speed of the stick center.

5 /M :VCenterzlp&lz 33&5 /I or: |p|: I/(M h) (2A9)
Solving gives thgercussion radiug of theCoP point that has no velocity just after the hammer hits at
p =/¢2/3h (2.A.10)

I =linear momentum ——

h I h=angular momentum about @ )

Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P,

Fig. 2.A.1 Cycloidic paths due to hitting a stationary stick.
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Exercise 2.8.The cycloidal path solutions (2.8.23) include a straight-line path. Describe initial conditions that give a line path.

Exercise 2.8.How might the mechanical analog of cyclotron orbits change the charge-to-mags/nafithat is, the ratio of

orbit-to-table revolutions? What experimental range is available?
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Chapter 9. Idealization, analogy, and analysis of trebuchet motion
Writing theory and equations is one thing and understanding what it all means is quite another.
Application of theory is certainly satisfying if not the most satisfying part of mechanics or, perhaps any
branch of physics. Very often it only there that you finally get the theory right!
This section includes a discussion of the trebuchet and its relation to human dykaresislogy
and mechanics of lever-sports like tennis or golf. So if you like doing one of these sports or you just want t
impress your significant other by ringing the bell at the fair, then listen up!

Trebuchet-sports analogies: Aristotle vs Newton and flinger vs trebuchet

A difficult part of learning physics is disabusing an Aristotelian misconception that applied force
gives immediate and proportional velocity. It is also a difficult misconception to overcome in lever-sports
like tennis, golf, or baseball. Simulations of a trebuchet (Fig. 2.9.1a-b) help show how expert tennis player:
(Fig. 2.9.1c) can hit precis®® mphtennis drives but "hackers" can barely control half that speed.

The trebuchet simulation shows how and when energy is transferred from the bl todke
much smaller projectilen. The only power channel to masds the tension vectdf alongthe rope’.

Since power is the scalar prod&étvof force and velocity, the big levery has to do all its work early on
whenF andv are nearly collinear and well before the rope swings out perpendicular to velddiben
F¥vbecomes zero or negative.) The later trajectory in Fig. Fig. 2.9.1b serves only to staar mass

The trick is to get energy intm at the lever end (racquet head) early when it is well behind the
point where the energy is going to be used. An early ferisemore effective pullinglonglever arm¢
(analogous to a nearly rigid arm-and-racquet handle) as them{easquet head) begins to swing out due
to centrifugal force as in Fig. 2.9.1a. A large force is applied early by the treldiddestm (or player
body) pullingalongthe/-lever as théV-beamrotates due to gravityrhe trebuchet cannot apply torque at
the joint end of thé-lever. However, a beginning tennis player or golfer naturally tends to wrongly apply
hand, wrist, elboow or shoulder torque to getéever moving

A coach will then say, "Rotate your body!" This is based on Galilean relativity and kinetics that a
trebuchetanalogy may clarify. Like a trebuchet, expert tennis strokes use a later "follow-through" period to
aim an arm-racquet system analogous to the trebuchetimeass lever’. In the follow-through phase, the
arm-racquet system, like the trebuchet ntaskas already gained its enerprly by rp rotation pulling
along a nearly rigid leaving one to direct the flight éfbetterwithout requiring late and less effective
"hacking" acceleration. Simply put, the shoulder lever or begonovides a moving body frame that
smoothly "throws" the arm-racquet systérat the ball.

A modern high-pace-tennis technique pioneered by Oscar Weggner at MIT involves two features
that improve efficiency and precision. The first suggests an initial stance facing the net with upper body
rotation achieved mostly by abdominal twisting. The second feature is a remarkable stroke that aims the
butt of the racquet at the ball as though you were trying to wipe it with the palm on the forehand side or
with the back of the hand on the backhand side. With some practice one imagines their hand hits the ball
while actually hitting it at racquet headnterwith a final trebuchet-like snap having pace and precision



©2015 W. G. Harter Chapter 9 Idealization, Analogies, and Analyses of Trebuchet Motion 58

(a) Early on (b) Later on
Largeforce F Force F nearly F %Y F mostly
nearly parallel per pendicular - m  serves to

Driving | tovelocityv to velocity v " v=80\mph geer mhere.
Force: SO V increases sovincreases AN

Gravity rapiIQW-

50 ,/
010 40.7

Most velocity v
gained earlier here.

(c) Trebuchet analogy with racquet swing

Rotation of body ry, provides most of energy of arm-racquet lever !.

Follow-Through \4
Arm-racquet system
I fliesnearly freely. @

*

Energy Input Small applied forces
Most of speed gained early ~ mostly for steering.
by arm-racquet system /.

(]
, Preparation Ball hit occurs.
Center-of-mass for semi-rigid

armrracquet system! is " cocked."

Fig. 2.9.1 Example of elementary trebuchet dynamics and qualitative analogy with tennis racquet swing

Another coach's mantra is, "Let the racquet (or driver) do the work!" Arm muscles should be
practically rigid so as to do little work that helps or hinders the flight. Relatively loose shoulder muscles are
like a trebuchet hinge between begyand lever and should not to hinder (or helpspeed, either.

In contrast, a "hacker" waits until the racquet head is near the delivery point (Fig. 2.9.1b) and has tc
apply a large torque, that is, a lapggrpendicularforce-couple to a lower part of leverAt this late time a
long racquet and arm-lever lengtlcts to one'disadvantage. Poor leverage reduces the acceleration at the
delivery end as it is inversely proportionalltAlso, the racquet-arm system, in a desperate attempt to
quickly add energy, degenerates into a floppy multi-angld@mdeveraganulti-torque system that is very
difficult to control. Between the shoulder and the racquet there are (at least) four independent angles in
wrist and elbow that involves aightdimensional phase space. This is a human control-system nightmare
that provides a veritable gold-mine for orthopedic surgeons.

It may help to study aanti-analogy to a trebuchet and a well-evolved tennis or golf swing. Before
apes and man could throw (or play golf) there were plenty of animals (and microbes) that could swim with
simple flagella, flippers, or flinging motions. So for a moment, letOs un-evolve back to our roots!
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Semi-quantitative comparison: trebuchet vs. flinger

Consider now a device we will call the "flinger" which seems to (but really doesn't) track one's
innate Aristotelian misconceptions about force and velocity. This device is an exact opposite of trebuchet il
that it applies most of its fordater rather than earlier angerpendicularrather than along a lever. To use
sports analogy, this is like comparing a pass (flinger launch) to a slapshot (trebuchet launch) in hockey.

One common way to make a flinger is to insert a pool queue-stick into a lubricated skateboard
wheel which may slide down the tapered stick about a half way before being stopped by the thicker handle
Then the pool stick is cast like a fly-fishing rod so that the wheel flies off with enough speed to go quite a
distance. (See Fig. 2.9.4b in the following section.)

Many of us have, at one time or another, done something like this with an apple pierced by a stick.
However, apples tend to stick to a stick more than the skateboard wheel does, and so the apple may also
an appreciable initial longitudinal force just like the trebuchet projectile. The wheel on the flinger, however,
slides with negligible friction so it cannot take much advantage of trebuchet-like energy transfer. Rather
flinging relies solely on orthogonal forces and torquesititagaseas the stick rotates; its physics is quite
the opposite to that of the trebuchet. Also, flinging applies flatee rather than earlier and may require
large (arm wrenching) torque if the apple is a large one.

A flinger simulation in Fig. 2.9.2 is set up like the trebuchet to be gravity-driven. The projectile
energies achieved by the flinger are well below those of the trebuchet with similar mass and lever ratios.
However, flinger proponents may object that such a gravity driven device unfairly penalizes flinging which,
unlike trebuchet, puts off most of its work until the last moment when its beam is slowing down.

Y
(a) Early on (b) Later ‘F‘\\

Not much on i v= 3l

increasein Maximum \ — 4]
increasein M=

Driving velocity v velocity v ‘\ a1
I v

Force: [ :
Gravity F just before

m slides off by= 21
v= 11 end

o= 11

Fig. 2.9.2 Example of elementary "flinger" dynamics and qualitative analysis

To address these objections, let us imagine that either system is mounted on a main beam that turn

with constant angular veloci# as sketched in Fig. 2.9.3. Also, we will handicap the trebuchet by starting
it out in a poorer half-cocked initial position as seen in Fig. 2.9.3a. This starting position is mo@- like a
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o'clockracquet-back-and-ready position often recommended for tennis. (Initially, the racquet handle butt
points at the incoming ball and is drawn like a sword toward it.) Full-cag¥ed'clockpositions like Fig.
2.9.3b were used by ancient warriors for maximum trebuchet range and definitely desired for golf or
baseball. These are calculated below, too.

For a mass fixed in a rotating frame at raditise radial outward centrifugal acceleratio&#. If
the mass is moving with velocitythere is an additional Coriolis acceleratior&ak/, but since that is
normal to the frictionless constraints of this problem, it can be ignored. Then the rotating frame speed can
be calculated using an inverted quadratic effective potential, an Oanti-oscillatorO if you will.

Vcentr[ﬁtgal (}") — _%me’,Z (291)

The potential is such that its gradient is the centrifugal force.
! dvcentrifugal

dr
It might seem at first that the flinger should win this comparison since ngtjifer m will grow as

= 2r = poifugal (2.9.2)

a hyperboliccosk&t function that is soon an exponential, while the trebuchet seems limited by its
pendulum design. However, we will see the trebuchet is gaining speed at a similar rate, albeit from a
starting radiud?y at the6-o'clockposition which has less potential, but the trebuchet finally redirects its
mass toward the tangential direction so its velocity adds directly to the rotation in the inertial lab frame
while the flinger only flingsn along the rotating beam radius.

(a) Trebuchet in (b) Flinger in
rotating beam frame rotating beam frame

N

\§"‘Tn’ifi211 ( 6 o'clock position)
Fig. 2.9.3 Comparing rotating frame dynamics of (a) trebuchet and (b) flinger for similar dimensions

Final beam-relative speegeam rel.is found using KE resulting from a difference of potentials (2.9.1) at
final radiusrs and initial radiugg. (Initial beam-relative velocity is assumed zero and gravity is ignored.)
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1 5
5 MY peamrel.

:V(ro)! V(rf):%m" zr]% ! %m 2r02 (2.9.3)

The flinger initial radius isg = rp and the final radius ig = rp + £.

%wﬁeﬂmrd_( fling.):%mwz(rb+ ! )Z—%mwzrb2 :%mwz! (2rb+ !) (2.9.4)
The trebuchet final radius is the same but initial radiusgs:R1 where:R12 = rp2 + ¢ 2in Fig. 2.9.3a
2
%wﬁeﬁmrd_(treb.):%m/ 2(rb +£) " %m’ 2(rb2+€2):%m/ 2(2rb f) (2.9.5)

The inertial lab-relative final velocity for the flinger is a vector sum of the radial vel t{prb +1z) from

(2.9.4) and the tangential veloc&fry + ¢ ) due to the beam-frame rotation at the end pemtry + £.
Viap e (1118 =\ Vs, (AnG)+ 02 (14 £)7 = 821+ 0) (1, + )

= a)\lz(rb +£)2 - rb2

The inertial lab-relative final velocity for the trebuchet is a simple sum of the tangential vaidzity

(2.9.6)

from (2.9.5) and the tangential veloc&frp + ¢) due to beam-frame rotation at end pojrt rp + /.

(rb +1+,/2! rb) , for half-cocked 6 o'clock inital position

) !
Vigb rel (treb.) = ;ﬁ (2.9.7)
' $ !
%

(”b +1+2 !rb) , for full-cocked 9 o'clock inital position
The second answer given above is for a fully cocRealdlock trebuchet that gains twice the effective
potential drop of a half-cocke® @'clocK trebuchet if both release &'clock

Here are numerical comparisons, first wigh2 and¢ =1 (long beam and short lever)

_% 5.00! , half-cocked

v ing.) =3.74! 2.9.8a
g, 3-82! full-cocked labrel.(ﬂ g) ( )

then withr,=1.5 and/ =1.5 (medium lever and medium beam)

_% 5.16 , half -cocked

fling.) = 3.96 2.9.8b
§,6:00 , full-cocked V|abre|.( mg) ( )

Viabrel. (treb.)

and finally, withrp=1 and?¢ =2 (short beam and long lever)

5.0 , half-cocked )
Vig rel. (treb.) = 582 fill-cocked Vig rel. (ﬂmg.) =412 (2.9.8¢)

The flinger starts to catch up with the trebuchet as the lever gets longer, but in the examples above, even

half-cocked trebuchet is clearly superior and is delivering 50% to nearly 100% more energy than a flinger.
Also, it should be noted that this ultra-simplified example of a trebuchet favors equal beam and

lever lengthgrp= ¢), something that is generally borne out in more comprehensive numerical simulations.

The flinger, on the other hand just wants a longer |é¥leat would entail excessive torque to keep the

flinger moving even for a small projectile massSome ancient trebuchets threw a four or five ton

projectile. It is doubtful that anything could fling such a thing!
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The approximate trebuchet analysis, ending with equations (2.9.7), also provide estimates for
biomechanical energy transfer, specifically ancient pick-axing or wood-chopping, later rail spike driving or
ringing the bell at the fair. As noted before in the tennis analogy, the secret is to pull as much as possible
alongthe handle using an abdominal powered rotating torso. Shoulder muscle contraction helps, too, but
generally should not be wasted applying forces transverse to the lever. Assuming the optimal ratio of torso
lengthrp and lever (rp=r= {), the expected final velocity (2.9.7) for the hammer haathould be
approximatelydr& with energy8mr2&2. For a torso and lever lengthrsf2.5 feet and an average torso
rotation rate o&=5 radians/secondjives a velocity 060 feet/sFor an8lb (or 1/4 slug hammer head, the
kinetic energy i$00 ft.Ibs.that (disregarding friction) sendd @lb ringer up tdb0 ft (Ringers are usually
less tharblbs so this is a fairly conservative estimate.)

Experiments for comparing trebuchet vs. flinger

Short of pick-axing or fair-bell-ringing, one may compete for distance using either a stick and string
arrangement that resembles trebuchet mechanics (Fig. 2.9.4a) or a flinger arrangement (Fig. 2.9.4b).
Casting a 1 meter fling stick with a slidarstarting at 50 centimeters as shown in Fig. 2.9.4b provides an
easy comparison to casting a 50 centimeter stick and hook holding a 50 centimeter string-pendulum made
from the same mass (a skateboard wheel) as sketched in Fig. 2.9.4a. Fig. 2.9.4 is a rough attempt at the
comparison in Fig. 2.9.3.

(@) Trebuchet-like (b) Flinger
experiment experiment

oy B

Fig. 2.9.4 Simple experiments for comparing dynamics of (a) trebuchet (b) flinger for similar dimensions.

While good for hours of fun, these experiments can easily degenerate into some pretty sorry science. Thei
are several reasons for this, all interesting in themselves. Most penalize the trebuchet model.

First, what is about to happen in Fig. 2.9.4 may not correspond to Fig. 2.9.3. One tends to throw the
flinger rather than just rotating it. Due to unavoidable longitudinal "stiction” the flinger can gain some of
the longitudinal advantage of trebuchet-like acceleration. In any case, it is hard to make sticks rotate with
constant angular velocity unless attached to a machine. An initial jerk is necessary to start a launch.
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Second, humans are natural flingers (like most animals going back to primitive fish). Throwing or
any sort of trebuchet-like dynamics requires skill and coaching to be optimal. One is likely to be more
comfortable, at first, with the (Aristotelian) flinger unless one does fly-casting or some related activity.

Third, the curve and angteof the release hook on the trebuchet-model stick is critical. Usually,
+=0 gives the optimal range but small variations may be desired for different throwing styles. Release
settings are the bane of trebuchets. Failure of Cortez's ingeniators to set the proper release angle is rumot
to have resulted in the projectile going straight up and destroying the machine on its first shot! [1] With the
device in Fig. 2.9.44a, it is quite easy to shoot yourself in the foot or more sensitive bodgydedo!

Linear and parametric resonance: Trebuchets and twiddling
There is another universal modern human activity caedtling: swinging one's glasses, keys or
a key ring during periods of contemplation or procrastination. Such motion is related to that of the
trebuchet and to some other phenomena such as quantum waves that would seem, at first, totally unrelate
Suppose you are holding a small mass by a string attached to it as sketched in Fig. 2.9.5. This is
similar to the trebuchet-model in Fig. 2.9.4a if len§tould be assumed large compared to the motions.
Wiggling the supporting end of the string may rapidly excite the hanging mass. How rapidly depends on
frequency and direction, horizontabr verticaly, of the wiggle. Horizontal wiggle would be the most
natural for most and leads to ordinary (linear) resonance. However, as shown below, vertical wiggle may
cause much more rapid excitation if done correctly and correspopdsatmetricor nonlinearresonance
which is described (for small angles) by an equation similar to the Schrodinger wave equation. [6]
The equations of motion can be derived quite easily by applyinggtiiealence principl¢o the
accelerating frame attached to the pendulum support or hook at the end of a trebuchet beam. According tc
this, it is only necessary to subtract the acceleration vaaban oscillating frame from the usual vertical

gravity acceleration vectarto obtain the effective gravity™ experienced by the pendulum.

"o % . alf) %
¢ =glaty=g ° s A

! (2.9.9)
#'9& ga)y

If the support is oscillating in the horizontal direction accordingp{t=Axcos&yx t++y) and in the

vertical direction according tdp(t)=Aycos@&y t++y), then the acceleration vector is
|

a(t):i# ax(t) ?L:I# j{o i:# '()Z(A(COS(( Xt+) X) z

, (2.9.10)
#an g 0 & B (2Acs( t4),) §

for arbitrary constant amplitudés, Ay, and phasesy, and+y. This gives the effective gravity vector.

| |
OO L A () g

(2.9.11)
Eo'm & #)g+ JAcosC t+()) &

g (1)

The general jerked-pendulum equation of motion in sugh dield is the following.
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X-stimulated pendulum:  Y-stimulated pendulum:
(Linear Resonance) (Non-Linear Resonance

(¢ Y Y

A X .

X ; /

¢ ¢

Fig. 2.9.5 Two (very different) types of accelerated pendulum resonance.
eff

e 8 ot Wit =0 (2.9.12a)
For small anglescos#~1 andsin #+#) this reduces to

i_jg’_g%i¢=£ | (2.9.12b)
Two cases indicated in Fig. 2.9.5 akdorce: Ax>0, Ay=0 with phase-x = +for linear resonance

Z_i;h!%:“’%_”&cos(thm), (2.9.12¢)

or Y-force parametric resonancé\=0, Ay>0 with+y =, soY(t) accelerategpward fromv, (0) = 0 att=0.

a2 Fg "y &
F+§§q+y!—pycos(" yt)§! =0 (2.9.12d)

The latter is like &chrodinger wave equatiof\With a cosine potential it isMathieu equatiorj6])

Most physicists know of these equations as functions of spatial dimension

d—zi +(E" V(x)! =0, where V(x) =" ¥, cog(nx) (2.9.12¢)
dx

Here timet replaces coordinateas the independent variable, apefffective gravity ay(t)// replaces

+ar?

potentialV(x). This equation is known for having Gaussian super-exponeﬁ”ﬁ%\(or in our case ™™ )
asymptotic solutions. So the trebuchet is capable of even faster acceleration than the flingerOs impressive
exponential growth. It is also more likely to undergo chaotic behavior.

The linear harmonic resonance turns out to grow only linearly, but it is the most common resonance
mechanism in terms of the mechanics of our human visual, audio, and vocal systems Both these example
of resonance have detailed treatments in the Unit 4 devoted to waves and resonance. There we will take L
the more complicated and powerful parametric resonance.
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Hamiltonian gravity-free trebuchet kinematics

What about a trebuchet in space? GalileoOs generals would certainly laugh that idea out of the Vatican! Bl
if a rocket blast could impart beam momentum, then throwing ability would be recovered. And, this time
the Hamiltonian problem has analytic solutions. The trebuchet Hamiltonian for zero gravitational potential
(g=0=V) is a function only of the beam-relative angie=# (" ( ,/2. A coordinate transformation

based on Fig. 2.9.6 takes advantage of this.

#e=# (" (.2 (2.9.13a) #=#g+"Bp +, (2.9.13c)
"B+ )2 (2.9.13b) " ="g-,2 (2.9.13d)
The velocities (for a Lagrangians) and momenta (for our Hamiltonian) are transformed by Jacobians.
w9
Ol P P || % =( Lo ] % (2.9.14a)
¢ da 9 Pg L1 o
26, P,
26, a6,
6 9 adp | & [ 1 0] &
B |= = 2.9.14b
[ A ] W I || 9 -11 ) 4 ( )
a0 J9

#)1r )r &
s & % T (#, & 4. &
A ST g%p./ BAREA (2.9.15a)
BE%)I )_%)pg °Olg’{c>p§
$). )t
# oy "o &
#p&%)_,)_/BE#pB&# oy & pF &
%® | %) )l (5P (=gl T Cu (2.9.15b)
Pr. 0 0N )'s (3P0 0 1 '%p’

$ )" )"
(p¥vmustbeinvariantto coordinate transformation.) The transformed Hamiltonian is found by waliting
in terms ofgMg using (2.9.13c-d) anpk in terms ofpB using (2.9.15b) and substituting into (2.6.9d).
(2.9.16)
m? (pg —p‘f)2 +(MR2 +mr2)(pf)2 —2mr!p(£g (pg —pf)sin(j)B

2 2 2 .2
m! [MR + mr” cos (Z)B}

H= —g(MR—mr)sinOB —gm! cos(¢B+93)

When gravity is zero, theg-angular momentum is constapt® = 6 =const) according to (2.6.16). This
combined with energy conservation (2.6.15) gives the following fofgth@) case.

2 2
mﬁz(! " pff) +(MR2+m2)(p§) " 2mr£p§(! " pE)Sin#B

H= > . . = E = cong. (2.9.17)
me? SMR? + mr? cos” #, &

This quadratic equation relatég-angular momentumpyB to angle#g and constants andE.
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Previous lab absolute
trebuchet coordinate
angles ! and"

Begm-normal
relat¥ve azimuthal

coordixate angle "
compared to

new angles
! B and " B

"1

Beam-normal
! vertical-absolute
polar angle ! g

ir____

Fig. 2.9.6Lab (" ,#) andbeamnormal (" s,#s) relative coordinates for trebuchet. (Each value is positive.)

(m!2 +2nr!sin/ 5 + |)(p.,B)2 +2" (rrr! sin!B#nllz)p!B = Em? $MR” + mr? cos® ! g & mi " 2 (2.9.18a)
"5 5)° 4 24[ Lg B 1 A2 25n? gy | = 2.9.18b
1—2!—sm¢B+J (p¢) +2A !—sm¢B—1 Py +A —E[I—mr sn ¢B]—0 (2.9.18b)

The total effective moment of inertiaof the main beam (iin were stuck on the hook end) is defined by
| = MR? + mr? = Jm¢2. (2.9.18¢)

Coordinate kinetics in gravity-free (g=0) case

If one is seeking kinetic quantities, that is, final velocities, it helps to rewrite conserved mpnfent

and energ\H=E=T (for g=0) in terms of desired angular velociti@s ¢ ) using (2.4.2) and (2.9.15a).

| = B - + - I|!+ n#sn# +( ||2#+ n:!s'n# )
: pr =p.tp mr m mr

o= ) 5 (2.9.19a)
2E = I'"? + 2mr ¥t sin#t,, + m"2H#

For sake of simplicity, we consider the trebuchet for which beam and rope are equdirefjgth

A= MR+ rrr2(1+sin¢B)(é+¢)
(For. r=") (2.9.19b)
2E = MR?$2 + nrz(é2+2rbésin¢8+<b2 )
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(@) G ——T/2 b) ¢,—0
cB 9 o'clock ®) 0 6 o'clock

Starting point e ° o ) .
(C) q)B D Maximum KE of m

3 o'clock .
5 . ;,‘
e Optimum release point Mid point

! Fig. 2.9.7 Extreme beam-relative coordinate positions for trebuchet throwing sequence.

We evaluatg€2.9.19) at three relative positiofi'clock#g=-#/2), 6 o'clock#g=0), and3 o'clock#g=#/2)
shown by Fig. 2.9.7a-c. Since total angular momerGuand energ¥ remain constant at all three
positions and independent#$ and" g, the differing velocitieé ,.0 ), (¢,.8,), or(¢_.,,.8_.,,) at

the different positions are easily related to each other.
If the rope or lever-is tucked in along the main bean®Bab'clockthen#g=-#/2 so (2.9.19b) reduces to

& 2,
"y $ = MR“% f( — 2
:_.( #12 or: $ = MR**

!
2 _ ; : v 2 | I
g 2E = MR?96,,, + "2(-’"#/2 %#/2) § 2E=MR™

Ig For. * =%,,=/.,, (2.9.20a)

We will assumeig=-#/2 is the initial position where both angles have the same initial vel&cifythe

rope or levert is normal to the main beam @b'clockin Fig. 2.9.7b) the#g=0 so (2.9.19b) reduces.
$ .
&

I, =0:04
b g 2B = MR +mr2(.ﬂ§ +#§)

= MRz#O +mr? (!!0 +#0) (2 9 20b)

If the rope or lever-is stretched out along the main beari atclockthen#g=#/2 so (2.9.19b) reduces.

o
*0x12) (2.9.20c)

2
2E= MRzézzz/i mr? ((‘!’n/z + 7':/2)

A= MRzéﬂ/2 +2mr? ((.!)n/2

bp=m/2:

We take9 o'clock(#g=#/2) to be a launch position that, presumably, would provide the greatest velocity for
the projectilem. According to (2.2.13) and (2.3.9) mas$ias the followind<E and speed.

KE(m)=%rrr2(!!2+’!2+2!!’! sin!B): mrz(,:!2+'!2) (For; !B:O) (2.9.21a)

Final projectile speed is

V= ‘/&m(m) . (2.9.21b)

Equating final(6 ,E) in (2.9.20c) to initia[6 ,E) in (2.9.20a) gives easily solved equations.
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2 2
®-0,,= AZ:Z (‘bn/z +én/2) (2.9.22a)
2
o’ 877 %(‘}’n/z +én/2)2 (2.9.22b)
Dividing (2.9.22b) by (2.9.22a) gives a linear relation.
: 1 : :
A =§($#/2 + !#/2) or $,,="y,+2 (2.9.22¢)

If the main beam is massive compared to the projgdfite-m), then its angular velocity may remain
fairly constant, so its initial velocity _,, = is not significantly greater than the final veloadity, = w .

Then by (2.9.22c) projectile lever or roplas final angular velocity timesthat of the beam:. , #3$ .

Substituting this approximation into tK& and speed formula (2.9.21) fég=#/2 gives a kinetic
energy that isixteen timeshat of a mass on the end of thkeam wherenrides on a simple catapult.

mr 296

KE(m) :%rrrz(!! o) $%rrr2(4%)2 =16 (2.9.23a)

This amounts to a projectile velocity (2.9.21b) that approaches four times the speed of the beam tip.

— 2y g (2.9.23b)

This is consistent with the resultco(rbﬂ +2 !rb) in (2.9.7) for a constar& model withr,= ¢ in the case

for which it starts full-cocked in @ o'clockinitial position and releases &b'clock
However, this model tells what angular velocity the beam loses. Substiiytinigom (2.9.22c)

into (2.9.22a) shows that the final beam angular veldcjty can be reduced to zero or negative values.

2

4nmr
I #$/2:W(2! +2hy,)  on Hy, = o (2.9.24)
1+
MR

The casViR?=4mr? is interesting because the beam is stopped completely while giving 100% of its energy
to the projectile. With!. , #0 the projectile angular velocity ends Bpimesthat of the initial beam

angular velocity (*., #2$% according to (2.9.22c)) instead®fimeswhich is the limit for smalin.

These results are reminiscent of those for a super-ball-pen or tower described in Unit 1 and in ref.
[7]. In those experiments, a superball of ndsdescends to the floor with a smaller objmatiding on top.
If the rider is of negligible masa compared tdM, it is bounces skyward at three times the initial contact
velocity. (Recall Fig. 1.2.5) But if massis just large enough (thatris=M/3) to stopM and take all its
energy, then it is thrown skyward at just twice the initial velocity. Both these analyses neglect gravity.
Relating the simple gravity-free kinetic theory above to a gravity driven trebuchet is problematic, to
say the least. One is left to devise a number of estimation schemes. For example, the initial beam angular

velocity & could be derived from the average veIoc{irf)} of a gravity driven beam with projectite fixed

at some average position, say at@la@clockposition. Fom/M<<1 this can be (over)estimated to be the
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average angular velocity of a pendulum of lerigfialling angle#/2 from the9 o'clockinitial position in

Galileo's approximation.
=("\ . |9
! _< > ‘/R (2.9.25)

The reproductions of ¥3century trebuchets in Ref. [2] were based on drawings from ingeniums
used in thel215Siege of KenilworthThe modern-day ingeniators used twelve to thirteen thousand pounds
of lead and sand to throw a 250 pound stone ball, thisitiis>-50 Had they used the criteridnR2=4mr2
for 100%energy transfer from (2.9.24) their trebuchet would have anv&is !50/2=3.5 of the throwing
beam to driving beam radii. Instead, the drawings show/that42 ft.is about 3.7 times the driving radius
R of the sand bo. Using (2.9.22) to (2.9.25) with 100% energy transfer assumption we find the
following approximate launch velocity.

weon |9, 32 _ -
Viina ! 2 r_zJ;r_z,/m42_137ft/sec._94rmh (2.9.26)

As one might expect, this 100% estimate is belowl@@to 120 mphvelocities achieved in Ref. [2]. By
assuming the correct ratio of radii in using (2.9.22) to (2.9.25), one can bring the estimate closer.

Advanced trebuchet mechanics

Accurate theoretical simulation or prediction of trebuchet launches such as those described in Ref.
[2] generally requires analytical and numerical techniques such as those described in Sec. 2.10. For one
thing, Ref. [2] described a trebuchet with wheels that moved forward and thereby added translation velocit
to the projectile. This involves a translation degree of freedand carriage magsas shown in Fig. 2.9.8.
Each degree of freedom makes analytical solutions more difficult and numerical simulation more necessar

As long as numerical techniques are used, one may as well improve the stick-and-ball pendulum
models so they account for the compound pendulums whose radii of gyration are generally smaller than tr
geometric radii. The discrepancy between inertial and geometric radii is most obvious in discussions of the
analogy with tennis racquet dynamics involving Fig. 2.9.1c, but most trebuchets could use this correction,
as well.

Last but not least, most trebuchets have their big Massnging as a pendulum, too, just like the
little massmthat is the projectile. This lends at least one more degree of freedom. So sorry, Galilen! This
onetoughproblem.
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Fig. 2.9.8 Trebuchet with translation uncoil and recoil allowed.

Modern materials and analysis also open the possibility of serial-segment trebuchets such as the
triple segmented device sketched in a simulation shown by Fig. 2.9.9. A trebuchet with more than two
moving parts is easily capable of exceeding the upper limit of, = 3w andvfing=4&r that limits two-

part machines. In Sec. 1.8 of Unit 1 it was shown how superball towers¥@ilt, 5,...parts can, in
principle, achieve very high velocity.

A multi-segment trebuchet is analogous to a baseball pitch and a tennis serve, the latter of which is
achieving extraordinary velocities in world-class play. More simply, the multi-segment trebuchet is like a
(sometimes dangerous) "crack-the-whip" game played by a chain of children on skates. More to the point,
such a device could be modeled after a bullwhip.

One wonders, "Could a gravity driven multi-trebuchet actually throw a massive object faster than
the speed of sound?" Certainly a spring, motor or hand driven device can exceed 700 mph. For centuries |
was done daily using bullwhips on Southern and Latin American cattle ranches. (It is said that semi-tropice
cowhands were called "Crackers" for this reason.) But, getting such kinetic energy solely from a large mas
potentialMgh would require some extraordinary physics and engineering. The FMESf kg mass raised
1 mequals the KE of m=1 gmmass traveling=1km/secor 2,215 mplor aboutMach 3 according to a
simple energy equation.

f I I "2 .
Vo = 2Mgh _ 2.50kg.}0rrs fm _ 103ms’ ! (2.9.27)
m 10 kg

This is reduced tMach 1for al gmmass powered by®5 kg mass or 8.18 gmmass powered by kg

weight. The latter begins to sound practical, but it assumes that 100% transfer is possible for each trebuch
segment. However, it remains to be seen if the 2-segment analysis leading to (2.9.22) through (2.9.24) ma
be applicable to a multi-segmented device.
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(@) -

Fig. 2.9.9 Non-optimized example of simulated 3-stage trebuchet dynamics.
(a) Inital position state. (b) Just after launch.

Instead, a better model for a multi-segment device may be that of a bull-whip wave traveling from
the heavier end toward the lighter segments and gradually increasing velocity at each joint. Again, this is
very similar to the dynamics of the superball tower analyzed in Ref. [7]. Under the right conditions the
independent 2-particle collision model was applicabl-Buperball amplification. Such multi-stage
dynamics have a relativistic version in stellar models of super-novae and the resulting kinetic transfer is
called super-elastic-bounce.[8]
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Such a complex and high speed system is likely to require numerical simulation to accompany its
construction and engineering. Optimal control theory techniques (See Unit 7) should help find the best
designs and initial settings. A student using a computer can try more different settings in five minutes than
all the ingeniators of the world did in five centuries! High speed digital video tracking of real lab devices
can be used to calibrate and check the numerical simulations each time another segment is added to the
device. Bending of segments may also be important as it certainly was for the great thirty-ton wooden
trebuchets of the 11-th century.

Each increase in speed will bring even larger increases in frictional loss of energy. Friction can only
be modeled semi-emperically so the video input coupled with numerical computer graphical techniques
will become more essential as the device gains complexity. (Perhaps the whole experiment could be done
a vacuum, but what fun would it be, if you can't hear the "Crack!")

References

1. Paul E. Chevedden, Les Eigenbrod, Vernard Foley, and Werner Sdéeeclrebuchet”

! Scientibc Americar273 66-71 (July 1995).

2. Evan Hadingham and Patrick Wat&geady, Aim, Fire!;’Smithsoniar(January 2000) p. 80.

3. Ref. 1 p.69.

4. Literature search beyond the above references reveals a number of exercises in spntbestof the
trebuchet, but practically no physicalalysis It is this imbalance that we seek to begin correcting. The
ingenium was invented by engineers. (Or, they were invented by it.) Physicists seem quite late coming to
this party.

5. William G. HarterQuantum Theory for the Computer Ageof A Course 5301 Text (Unpublished)).
6. Jon Mathews and R. L. Walk&fathematical Methods for Physi@Benjamin, NewYork, 1964) p. 189;
The mechanical analogy is discussed extensively in Ref.5 .

7. Class of W. G. Harter\elocity Amplification in Collision Experiments Involving Superhalls

Am. J. Phys39, 656 (1971) (A class project which received NBC news coverage).

8. S. E. Wollsley, and M. M. PhillipsSuper-Nova 1987A!Science240, 750 (May 1988).



HarterSoft-Learnlit Unit 2 Lagrange and Hamiltonian Mechanics

Unit 1.1 Problems

Exercise
311

Unit 1 Review Topics and Formulas

73



