Trebuchets, SuperBall Missles, and
Related Multi-Frame Mechanics

A millenial embarrassment
(and redemption)
for Physics

Computer Aided Development of Principles, Concepts, and Connections
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Elementary Trebuchet Model - Multiple Rotating and Translating Frames
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Early Human Agriculture and Infrastructure Building Activity
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Chopping Reaping
< Cultivating and Digging <
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What Trebuchet mechanics crackiig
is really good for... Py fu

“Ring-The-Bell”
(at the Fair)

Later Human Recreational Activity Tennis serving
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Hammer throwing
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Trebuchet analogy with racquet swing - What we learn

Large force F Force F nearly F Y F mostly
nearly parallel perpendicular - / L m serves to
~NO

Driving to velocity v to velocity v v =801mph  sreer m here.
Force: SO V increases SO V increases ":
Gravi - rapidly. very little. 70
t:y r 2 [I
/
1 /C 1 60 /
50 ,/

010 40 .7

Most velocity v
gained earlier here. [

Early on Later on

(Gain the energy/momentum) (Steer or guide)

Follow-Through
Arm-racquet system
L flies nearly freely.

Energy Input Small applied forces
Most of speed gained early mostly for steering.
by arm-racquet system L.

, Preparation Ball hit occurs.
Center-of-mass for semi-rigid

arm-racquet system L is "cocked."




An Opposite to Trebuchet Mechanics- The “Flinger”

Early on Later on
(Not much happening) (Last-minute “cram” for energy) —
I w= 5]
Not much Maximum \ B
increase in increase in w= 4l
7 velocity v velocity v
l}l:é\;lcr;g just before \ w= 3l
m slides off "|I1Ur = 921
end = 11
11 e e
Anti-analogy can be useful pedagogy
Trebuchet-like experiment Flinger experiment /
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Trebuchet model in rotating beam frame Flinger model in rotating beam frame
. 1 1 1
Assume: Constant beam 2 =V (7’0 ) _v (7“ ) _ —mw2rf2 B _mw27,02
PN 2 e 72 2
6)) v Assume: Constant beam ()
beam
¢ T Final N
( 3 o'clock €}
'Iﬁ position) Initial / Final ;;b cam
/ Q= >
\ /g //
\\ IR //
\\\ I 6
“~gclock ) piti] .- -
| T “‘( B o'clock position) | !
_mvgeam (trebuchet) = Final Trebuchet KEbeam _mvgeam(ﬂmger) = Final Flmger KEbeam
2 frame ) frame 2  frame frame
1 1 1 2 1
émw2 (’rb + ﬁ) e’ (7"62 +€2) — imw2 (27’b 5) lmcu2 (Tb —l—é) — lmwQTb2 — —mw2€(275 + 6)
Final Initial 2 Final Initial 2
3 o’clock 6 o’clock 3 o’clock 3 o’clock
2
R62=rb2+€2 Flinger KE is ™MW~ p2 more than 6 o’clock trebuchet
o’clock 2 but misdirected
Initial ~ _ 1 2 (4% 5)
9 o’clock 2 2
2 2 gz oy Flinger KE is ) (27[’) g_gz) less than 9 o’clock trebuchet
1?91 _krb +o-er, I and misdirected




Trebuchet model in lab frame

Assume: Constant beam )

lab
w Tb+€): Yrotation

frame

) half-cocked 6 o’clock
vZ (trebuchet) =

frame

s
A

(tre buchet) =

) fully-cocked 9 o’clock

Ylab frame
w(rb + 0+ 267’1)) half-cocked 6 o’clock

w|r, +l+2 Krb fully-cocked 9 o’clock

|| Flinger model in lab frame

frlgrbne

‘/T\ (Tb—i_g) Yrotation
0

—

Final v, .
frame

vbeam(ﬂmger

frame

w2€(272) + E)

Ylab frame (ﬂinger) -

— o P 2+ O ool + )

5.00w ~ [9.16w ~ 1900w
5.82w 6.00w 5.82w

(,=2,6=1), (5, =15,6=15),(r, =1,(=2)

(compare)

N

= 3.74w = 3.96w = 412w
( =2 E—J)( =15 6—15)( —1,6:2)




Many Approaches to Mechanics (Trebuchet Equations)

Each has advantages and disadvantages (Trebuchet exposes them)

e U.S. Approach
Quick’n dirty
Newton F=Ma Equations
Cartesian coordinates

e French Approach

Tres elegant

 Unified Approach
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1.
Theoretical
Analysis

Lagrange Equations graphics
in Generalized Coordinates @
b _ 40T 0T ) \ .
' dt q ‘ q ‘ % Post-Modern
 German Approach — 2.\ SereniicMethod 3.
Pride and Precision Numerical \ g Laboratory
Riemann Christoffel Equations Synthesis Observation

in Differential Manifolds
Fr=q" +1I "G

* Anglo-Irish Appproach
Powerfully Creative
Hamilton’s Equations I
Phase Space pj -,
dq’

All approaches have one thing in common:
The Art of Approximation

Physics lives and dies by the art of

approximate models and analogs.
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sum

Another thing in common: 1M It helps to use

Equations Require_Kinetic Energy T—= — yﬂyq”q” Covariant Metric Yuv
in terms of coordinates and derivitives.

matrix:

1 . 1 . 1,. |7 Y 0
T = —(MR2 —|—mr2)92 — Cmrtbdeos(0—¢)= (6 g)| " "° ]

2 2 2 Yo, Voo )\?

1 y 1 :

— imréqbﬁ cos(0 — @) —+ §m€2gb2
The 7, give The inverse Y give %
Covariant Momentum pM =y qu Contravariant Momentum ¢°  p” = ~"*p ’
(a.k.a. “canonical” momentumﬁL (a.k.a. “generalized” velocity)

P, B 7970 797¢ 0 [9 B 79,9 797¢ Py
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Trebuchet equations nonlinear and Lagrange-Hamilton methods are a bit messy..

d 0L dL oL
ol vl Bl ) -22 —F — — MgRsin 0 + mgrsin 0
Lagrangian  dt| 80| 86 Po= 59 =" gR sin 0 4+ mgr sin
TV dfer] oL, A
dt| 8¢ dp ¢ p¢—@¢_ o= 8 sin ¢

Lagrange quations need rearrangement to solve numerically

—MgR sin 6 + mgrsin 6 = (MR2 + mr? ) i — mredcos(0 — ) — mrld? sin(f — ¢)

—mgl sin ¢ = m€2g5 — mrl cos(0 — ¢) + mr 06> sin(6 — @)

Riemann Christofffel Equations give less mess.. T—=7 1T 1

Fk:c'jk T /{:q.mqn where : an.g

mn

...they are immediately computer integrable. (..and help with qualitative analysis..)

I“ 1 me? mr{ cos(f — @) —ng(ZBQ sin(0 — ¢) + (mr — MR) gsin 6
5
where: p = ml? | MR? + mr? sin2(9 — )

K \mrlcos(6 — ¢) MR? + mr? mrl? sin(f — ¢) — mgl sin ¢



Super-elastic Bounce
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Analogous
Superball
Models

Class of W. G. Harter,
“Velocity Amplification
in Collision Experiments
Involving Superballs,”
Am. J. Phys.
39, 656 (1971)

(A class project )
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INITIAL'V
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Beam-Relative View : ,
START 0, — -1/2 (9 o'clock) Hamiltonian
r Model

Approximation conserves
total energy
and total angular momentum
(Assumes internal forces large
compared to gravity which is then

MID 65 =0 (6 o'clock)

G{ 5 . ignored after initial impulse)
/
o FINAL beam-relative
FINAL ¢p —»1/2 (3 o'clock)
/ lever angular
Gg ° 3 | velocity for r=/
(])B qz5]*"]]\714[/ - .FINAL - 2(9.IN]T]AL
FINAL Beam angular - A
VelOCilnyI” r=~{ (QF[NAL - O) _ 120]N[T[AL Optimal Throw
2 . 4 . .
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R
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FINAL Beam angular
velocity for r=/

| 4dmr
B MR2 0
FINAL — 9 INITIAL
4dmr
1+
MR?
0 Optimal Throw

HIN[TIAL Quickest ThI’OW

FINAL “Bottom line” lab velocity for r={

1
mass m
KEpinap = ;’m“
1
= ~mr? |
)

2

(QBFINAL + 0L )2

.

(ZéINITIAL )2 (QFINAL

~(4 é]NIT[AL )2 <9FINAL

FINAL beam-relative
lever angular velocity

for r={

¢FINAL — YFINAL T 29[N]T[AL

29]N[TIAL Optimal Throw

{SQIN ITIA

:o)

.IN] TIAL )

7 Quickest Throw

Consistent with
fully-cocked 9 o’clock
velocity

w(rb + 0+ 2 frb)



Coupled Rotation and Translation (Throwing)
Early non-human (or in-human) machines: trebuchets, whips.. (3000 BC-1542 AD)

X-stimulated pendulum: Y-stimulated pendulum:
(Quasi-Linear Resonance) (Non-Linear Resonance) ¢
Y| A YA Ay \
X X
/ !
For small ¢ For small ¢
0 (cos ¢ ~1): O | (sing~0):
General 0:
Forced Harmonic Resonance Parametric Resonance
d? A (D) 2
¢g¢=x d¢+(gz§Lt))q) 0

di2 ¢ / %) (1542-2004 AD)

A Newtonian F=Ma equation A Schrodmger like equation
Lorentz equation (with I'=0)  (Time ¢ replaces coord. x)

2
o ey O L AW

General case: A Nasty equation!
a2 /

cosd =0
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The “Arkansas Whirler”

: o]
Teran, -

(picture of Hog)

Chaotic motion from both linear and non-linear resonance (a) Trebuchet, (b) Whirler .

Positioned for linear resonance Positioned for nonlinear resonance




Schrodinger Equation Related to Jerked-Pendulum
Parametric Resonance Trebuchet Dynamics
Schrodinger Wave Equation Jerked Pendulum Equation
d2 2 A ([t
® (B V(@)o =0 o o AU,
dx

a? | ¢

On periodic roller coaster: y=-Ay coS Wyt

Ay (t) = waAy cos(wyt) y

With periodic potential
V(z) = =V, cos(Nz)

Mathieu Equation

Nx =W, t
d*¢ 026 w 2A v
—+ (E +V, cosNx ﬁnnectlo P41+ VY cos(w 1) o =0
dz? elations dt2 /¢ ¢/ Yy
2
2 2 w “A
v (LetN—Z to get y d ¢ N g_|_ y Y COS(Ngg) ¢ =3
9 edge modes) 2 2|y /
N* g dx W
E=—"-< y 4 I\
W 2./ OM Energy E-to-w, Jerk frequency Connection
Yy
y
N*4,
V() - / OM Potential V(-A,, Amplitude Connection
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y(A7)=0.9566

Ay=0.5
2+A] Mode

I'B] Mode

Ay=0.5 -f—
(B )=6.02475|

y

0TA 7 Mode

sinQ@_

Sinw Y-acceleration:A(t)= Ayﬂi cosyt
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Supernova Superballs

(Still
Bigger
BANG!)

(Bigger
BANG!)

Class of W. G. Harter,
“Velocity Amplification
in Collision Experiments
Involving Superballs,”
Am. J. Phys.

39, 656 (1971)

(A class project )

Coming Next to Theaters Near You??!!

Super Trebuchet?

~.

Supersonic?

(Multi-frame)

Most important: Quantum multiframe trebuchets...they’re already inside you! (Proteins RNA)



