N(e-v)(c +v)=cN(1-v¥/c?)=c sech p=c cos

/ :
/
/
/ =c tanh p= c sin

C-V>»< Cc Tv /
%apons of Math Instruction:
Gﬂ)\mg/ in Elementary Wed Physics
SRR

afigEcs yleReEimer Alvacon L
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=c tanh p= c sin

N(e-v)(c +v)=cN(1-v¥/c?)=c sech p=c cos

c Tv

C-1><

%apons of Math Instructi

Gﬂ)\mg/ in Elementary and A
Al — ydeREl

S alte e
Logistics and-love: Carole Harter

/anc¢ed Physics
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SOME PHYSICS YOU CAN DO BETTER WITH GEOMETRY

Superball collision problems (Discover momentum-energy rules
and Lagrange, Hamilton, and Poincare classical mechanics)

eRutherford-Coulomb scattering orbits and caustics
*Runga-lLenz-Lagrange scattering orbits and caustics




SOME PHYSICS YOU CAN DO BETTER WITH GEOMETRY

*Superball collision problems (Discover momentum-energy rules
and Lagrange, Hamilton, and Poincare classical mechanics)

*Rutherford-Coulomb scattering orbits and caustics
*Runga-Lenz-Lagrange scattering orbits and caustics

*Space-time wave fractal (“quantum carpet”) gives a lesson 1n
fractions that 1s quite appealing

*Einstein-Lorentz-Minkowskii relativity
(Discover relativistic quantum mechanics)

* Accurate pocket sundial that tells time and predicts sunrise,
sunset, civil and nautical twilight, and sunburn hazard.
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-12 sec.

-24 sec.

-36 sec.
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= faEn

[ —1r3l

[ minute ( 60 sec.)

<
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(b) Uollision!
oy A oy -
Conventional solution:

Get out formulas:
> mV(before)= 2. mV(after) [momentum conservation]

> mW(before)= > mW(aﬁer) [energy conservation]




ergy conservation/

But an UNconventional way is quicker and slicker.....
..... (JMSZ‘ have to draw 2 lines! ... (and a circle...)




||| |

)))))))))))))

— %15

7a

i/ﬁﬁ-\
pu|
N

/< (before) [energy conservation]

3 —A etc.

But an UNconventional way is quicker and slicker.....
..... (Just have to draw 2 lines! ... (and a circle...)

..... and most importantly, DERIVE LOGICAL STRUCTURE!




ergy conservation]

Velocity-velocity Plot
10 Omph
90

80

1
J 0| 10 20 30V4050mgOh 70 80 90 100mph

suyog




M

energy conservation]

SUV SUV+M VWVVﬁconstant is Axiom #1

Velocity-velocity Plot
]OOmp £ yi OOmph
90 o0
foo 80 "
70
0 60h e
V. mp SO0mph
W40 Yow', =|/
30 "
20 INITIAL 20
10MPh ekl e s e e _014 10mph 10 INITIAL
1
J 0| 10 20 3(%050,1390}1 708090 100 mpn 0] 10 20 30 50,5470 8090 1090,

sure=e

Voo 88

60mph

10



||| |

=910

o M SUv SUV+M VWVVVQconstant A Axiom #1
/ \Slope =-4
o M
Velocity-velocity Plot 2T iZVW
100mph 100mwi . sur
90 5)
80 "
70 7 y
V mph 50mph 7
T/ Vyw 41(9) -
30 %
- INITIAL 20
10MPh ekl e s e e _014 10mph 10 INITIAL
1
J O] 1020 30 40 53 66,70 80.90 1)), 0] 1020 50 40 5 6070 80 90 10y,

Suv %ph VSUV =]
60mph
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||| |

=910

O MV quytM VWVVVQconstant is Axiom #1
/ \Slope =-4
0 M
Velocity-velocity Plot 2T iZVW
100mph 100mph W suy
20 90 :
80 i
70 70 BINGO!
o O
S O o0 FINAL
VVW 40 VV-%)”Z’)}‘ Ka-runch!
30 %
20
10mph 04 L L L DAL L1 ) o\ INITIAL
J O] 1020 30 40 53 66,70 80.90 1)), 0] 1020 30 40 5 6070 8090 10y,

Suv %ph VSUV =]
60mph
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M suv SUV VWVVWconstant IS Axiom #l

Velocity-velocity Plot - :MLV: i:VW DOUBLE
100mph 100mph v s BINGO!
90

80

20
INITIAL
=0

1 T
J 0] 1020 30 4050m0 7080 20 100mph 0l 10 20 30 4050m0 70 80 90 700 .

Sl 60mph VSU V %
60mph
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Mgy VVSU ytM VWVV

gconstant is Axiom *1
\Slope =-4
4 _Msyy_yy | DOUBLE
" Ysuy | BINGO!
*/*ﬁae FINA
VAR 7’?& ng!
A\ & N
4 > \
=T FINAL
C)q‘_j < Q\ Ka-rupch!
N g\ /
4 4’& o\ ‘fr\ /
N8N MITIAL
&) v
457 [

Velocity-velocity Plot
1 OOmph ] OOmph
90 90
80 80
70 70

ﬁ 60
7 2t Sonp
. mph
W0 Yyw b
30 30
i INITIAL 20
10mph .20 -(314 10mph 10
0| 10 20 30 4050m(l5)0h 70 80 90 100mph 0
suy B2

10 20 30 40 60 70 80
5 Omph i ] OOmph

Ve 5

60mph
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Superball
Collision
Simulator
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http://www.uark.edu/rso/modphys/animations/BounceItWeb.html
http://www.uark.edu/rso/modphys/animations/BounceItWeb.html

4 B B
HER B
HER BN B
HER HER
HER = HE
v
tracting 1}2th
(50,50) |,
100 -90-80-70/-9% 0 -40-30-20-1 ACEEL 30/49 5060 70 80 90 10
> -20 / V
P 2 230 y / SUV
Sz 40| O] — %
) 50
#60
770
p s 80
/ -90

Fig. 2.5a
in Unit 1
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ml = 7.000 g Vl=-l.000c1fs
m2 = 1.000 g -3 V2 =-1.000 cr/s

Stuperball

M =a0gin

-~

o= 10ey

.1....1'.5... 2.5

PO aa a a l 2 a2 2 4

*S imulatorWebsite: http://www.uark.edu/rso/modphys/animations/BounceltWeb.html
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http://www.uark.edu/rso/modphys/animations/BounceItWeb.html
http://www.uark.edu/rso/modphys/animations/BounceItWeb.html

my

[)e
~ d '
bounce . 4. . 4 mp
plate [ 10 5 M1 My o WDQ
u R Ba”g‘Z(zz) ]
SR anemas FINAL point |°
(0.5.2.5)
HE BN HER

ang: : ] R 2

mass (M)vs. mass %) Ny

/
/
/
1.0 1.0 7
%

% %/ COM-point at

(0.75,0.75))

/ /
/ /
/ /
7 7
0,0) | 0.5 1.0 0,0 | 7 0.5 1.0
y / ml Velocity axis / ml Velocity axis
/ Vym] // VymI
/ /
/

Bang—]({)]) e Bang—](m) J Bang—2(]2)
INIT point at// FINAL point g INIT point at
(-1.0,-1.0) & o5 - [(+1.0,-1.0) (+1.0,-1.0)

-1.0

This Ist bang is a floor-bounce of
M, off very massive plate/Earth M,
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hallpoIn;
per

WE=10g71

Stperodll

M] = 70911

N

inal pt. loc

points e different
2007 momentum
. \ \ slopes
: or
\ //mass
i .7 ratios

f M,::M,
X Lis15::1

1g. 4.5a

in Unit 1

-«
va
/
/
7
00,7 0_5\\\ 1.0 M, Velocity axis V|
/ .
” \\! Pis7::1
Z
/ .
Cis4::1
Start at
(1.0,-1.0
-1.0
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DallponT
r)a/l

Vi /()cfm

Supenbull

Mg

| inal pt. locus
points A & C different
2017

- momentum
7/
| \ \ \ slopes
or
//mass
i 7 ratios
/ .
éﬂ M,::M,
¢ Lis15::1
/ (
A
//
(0,0) /// 0.5\ \ \ 1.0 M, Velocity axis V| 10 M, Velocity axis V;

\\\ Pis 7::1 Y \\\\
1 Cis 4.:1 Pig.-45ab .~

— Mis 3::1

Start at
(1.0,-1.0

-1.0

A
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(b)

10

j

-~
~
.

&)

i

MNEE

g-101)

Ceiling at y=
; :Mz a4
c']nna
slope

3(20)

~N

-
=2,
227

' Bang-4/1»
Y
\

Bang-1 (01)

Floor at y=0

Time t
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-1.0
;/ ‘art o
S'Zii, w: 1 Bapg-1 (01)

Start at ‘ .
(-1.0-1.0) -~

Fig. 4.7a-d

\
Y A in Unit 1

et

(b) (d)

Height y
Bang-3 (20) 0)  Bang-5.¢
Ceiling at y=7
; : M,
olnnn
slope
-2,5? ~ o / —
J ’P , Bang—9(1) )
f >f;ang-4(]2) Bang-4(13) Bang-6(1)
) A
Floor at y=0 Floor at y=0
Bang-1;) Time t Bang-191) Bang-7(1) Time t
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2
3] S
l\.)”N

-

= V]=\/m]v1

COM Bisector slope /

[ 7

= \/mz/\/m] =1/4

(c) Hamiltonian H = H(p ,,p,)
COM Bisector slope
=mym, =1/16

Collision line and

py=m,v, COM tangent slope
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Lagrangian plot

L(v)=const.=veMev/2

r
1

AN
| |

=
=
b//:\/ﬁﬂ
L=const = E p=V
// ] =Mev
V —
I 4= ) Vp]H
2F E ‘ =M" °p
L b, = X \I p] /mI
\|/
Y
]
\ | ’ (d) Lo gt Hamyiltonipin/tangent/at momentum p
\ / | 3 / X\ is normal to velocity v
| -
NV, A
l (e) More mass\ /
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Lagrangian plot
(a) L(v)=vep -//(p)

+2
b Vv-Slope is nomenium p
velocity
VT 1.0
] momentum
Lagrangian - = / !'
L(v) :/\]-0 A Liamiltonian y 1.0
H(p) = 0.6
) V_Slope 0 +/ . -1 0 - ) | ] 7 )
intercept velocity /| momentum
_H=-0.6 - p-slope i
~ ‘II | intercept /| P
-L.=-1.0 f
Lagrangian L(v) is -p-slope intercept
-v-slope intercept is Hamiltonian 'l(p)
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[lonster Mashclassical segue to Heisenberg action relations

Example of very very large M; ball-walls crushing a poor little m:
How m; keeps its action
An interesting wave analogy: The “Tiny-Big-Bang” [Harter J. Mol. Spec. 210, 166-182 (2001)).[Harter, Li IMSS (2012)]

A lesson in geometry of fractions: Ford Circles and Farey Sums
[Lester. R. Ford, Am. Math. Monthly 45,586(1938)] [John Farey, Phil. Mag.(1816)]
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(a) Big ball moves in and traps small ball between it and The Wall

Space —>»
Q
| vo=0 The Wall
~.
Time A ]
¢ vy=2

(b) Trajectory geometry exposed

Time

(a) Big space ||\ V.

Low speed / \
Bang (1), v

Space —>»
SN B ///.))
i /]
2 (b) Decreas‘ing space | _\\ V)2 (c) Small space ﬁ
Increasing speed - High speed
| Vy Y = const. /
N 1 ~
—_»> - f_Y — Hr=—7)  Bawas
T 1 1 — L — =
Rt /B/an (2) -

220 oy K )

AN
<+—)V—» |

[
[ Y——

Od_&s/yzitg

v

The Classical
“Monster Mash”

Classical introduction to

Heisenberg “Uncertainty” Relations

_ const.
V2 = —Y

1s analogous to: Ax-Ap=N-h

or: Y -v,=const.

Unit 1
Fig. 6.4




Double “Monster Mash’”

/1

= vo=+I1

p—

~. \1/')/ -
RS -
<3|
i M>< SEammND
== N




(a) (b)

N V=N, .
+VN N/ /
\ ./
V=1 V=1 V=1
Unit 1 V2FIN
Fig. 6.6 +5 7= V=l o B VFl B V=l B,
and +
Fig. 6.7 - () 4 Ay, A,
+1
o v,
-2
_ B B, B,
(a) Galilean shift by V=1 b
el ( ) -1 The Wall

0




-1/2 -1/4

Coordlnate 0 (U.IlitSOOf 27[) 1 [Harter, J. Mol. Spec. 210, 166-182 (2001)]




(clearly) (faintly)

: 0
Zeros start here Wave packet starts here e S e T
-1/2 -1/4 0 1/4 12
[Harter, J. Mol. Spec. 210, 166-182 (2001)] Coordinate ¢

(units of 21)
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: n,/d, and n,/d, path
3/d, fractions
numerator/denominator

2/d,

1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)
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n ]/d : path slope is -1/d ;

n,/d, and n,/d, path n,/d, and n,/d, path
intersection point | 3/d, | intersection time
_dmyngd, | . ¢ = n;tn,
® d] n d2 2/d, 2/d, | ‘g d] 4 d2
(Ford-Cross) 1/d, 1/d, (Farey-Sum)
0/] | Coordinate ¢

-2 -14 0 14 12 (units of 27)

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)] [John Farey, Phil. Mag.(1816)]
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(b)

|

Denominator Axis D

|1||p'|2||p'%||p'fl||p'§|||O'?—||p'|7|||0'|8|||0

-?\
|

19
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17

16

14

13

12

11

o P

P2

Unit Real Interval

% Farey Sum
ST L U LA L S

related to
vector sum

and
Ford Circles

1/1-circle has
diameter /

1/2-circle has
diameter 1/2?=1/4

Numerator Axis N

9

I 12 13 14 16 17 18 19
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(¢)

1'1'1111 J_IP'FJ_JP'%iIP' Jp'ﬂilwo'

— 1O

% Unit Real Interval % Farey Sum
?llp'?llp"ZlJP'%llp'?l ]

related to
vector sum

and
Ford Circles

1
/ 1/2-circle has

diameter 1/2?=1/4

19

1/3-circles have
diameter 1/3°=1/9

Denominator Axis D \‘
| ||0'|2| | IO%| | pf“ | p§| | p|6| | |0|7| | |0|8| | |09| |

=V Numerator Axis N
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Farey Sum
related to
vector sum

and
Ford Circles

1/2-circle has
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1/3-circles have
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n/d-circles have
diameter 1/d?
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(Quantim, computer’ simulation
hat makes an &-ly deep "3D-Magic-Eye’/pictiwe
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*Einstein-Lorentz-Minkowskii relativity
(Discover relativistic quantum mechanics)

41



Zeros of head-on CW sum gives (x,ct)-grid

“Ist Base” laser “3rd Base " laser

Right-moving wave el(kx-ot) Left-moving wave el(-kx-o1) Cw Spacetime
GO0THz laser — e — O00THz laser Sltﬂﬂdfﬂg X versus Cl
(groen) Re reen) Weave CW square grid

Rest Frame Coherent Wave paths
(Cartesian grid)

fire of Abs ¥
haser Time
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Zeros of head-on CW sum gives (x,ct)-grid

“Ist Base” laser “3rd Base " laser

Right-moving wave el(kx-ot) Left-moving wave el(-kx-o1) Cw Spacetime
GO0THz laser — e — O00THz laser Sltﬂﬂdfﬂg X versus Cl
(groen) Re reen) Weave CW square grid

Rest Frame Coherent Wave paths
(Cartesian grid)

fire of Abs ¥
haser Time

43



Zeros of head-on CW sum gives (x,ct)-grid

“Ist Base” laser “3rd Base” laser

Right-moving wave el(kx-ot) Left-moving wave el(-kx-o1) Cw Spacetime
GO0THz laser — ST — O00THz laser Sltﬂﬂdfﬂg X versus Cl
(green) Re reen) Wave CW square grid

Rest Frame Coherent Wave paths
(Cartesian grid)

rhaser Time

aser opace

Per-Spacetime

(D) versus C k
“Baseball” Digmond

Find zeros by factoring sum: Laser 41 1200THz

w (~kx-o1)

lIl — eia + eib

./ \ . s \ ' \'\'3!!/ Base “Ist Ba.s‘f’,“’/
— + I~ - K B
Phase factor: Group factor:
+ \ PHASE vector GROUP vector
expi ( a_b ) =g 1of 2cos ( a-b ) =2 cos (kx) =(K_+K )72 G=(K_-K_ )72
2 2 Laser

per-space
ck-axis
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- cl -

CW Laser

600 THz : 3:!! s
(a) CW squares .
[ femtosecond L.Ofs—

1.0 fs=10-"s -

! micron
1.0 um=10"meter

Time
st

(b) PW diamonds

- Time [~

CW Laser
600 THz

E
+
-
&
e

;;’ Pl[ﬂ]n r..'rL}l

L.fn‘t

Spﬂcﬁ\ | i

PW laser

“patooey!.

{ € vs I'_I'I;.
,*’J RP (cf vs X)

hs
"
"
.

PW laser

Space

X
I

44



Afbert Finstein

Einstein Pulse Wave (PW) Axmm PW speed seen by all observers is ¢

It"
It's going -c. .' s going c. | A “road-runner” axiom
It's going . | 'ﬁ.- Usgoingc.| e o “show-stopper”
(Of course) I/ (Of course) oppe
I..Ill E
=
IR70-J955
t's going -c. It's going c.

Pulse wave (PW) train

William af Ovclham . A jeos @it Axcos 2eon+ A FU08 Jeof+A qoos dot Cﬂmpﬁcated
" Using '
s b 3 s py peaks precisely locate places where wave is.
Occam's . ——— , = =
Continuous wave (CW) train CW zeros precisely locate places where wave is not.
1285-1349 R or  Acos o Simpler
fand Evenson s lasers)
Evenson Continuous Wave (CW) axiom.: CW speed for all colors is ¢
Kenneth Evenson It's going -c. —
It locks red! It's going . :: ﬁﬁ:gﬁér It's geing c. More self-evident
It looks green. | It looks green. “must-be"” axiom

600 TH=
; (green) AT
ST T = .
i“ = e l-. -...-.\'é‘-:_:-‘é.'r‘... - E

Laser Deppder red shifi
SOurce

It's going c.
It looks red!

It's going .
It looks blue!

J0Ze 2002
=299 702 J58 m's
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Frequency ®

1200THz

600THZz

300THz

3 4

Wavevector ck
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Frequency ®

4 [1200THz

2 | 600THz

Phase

3 4

Group

Wavevector ck
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Frequency m

4 _|1200THz Doppler blue-shift
UP by factor e™*=2

600THZz

Phase

Doppler red-shift
DN by factor e?=1/2

e 3 4

2
Group Wavevector ck
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Frequency ®

1200THz Doppler blue-shift

UP by factor e™?=2

Doppler red-shift
DN by factor e?=1/2

= -1 3 4

Group Wavevector ck
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Doppler red-shift
DN by factor e?=1/2

-2

Frequency ®

1200THz

Doppler blue-shift
UP by factor e"?=2

3 4

Group Wavevector ck
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Frequency ®

1200THz

Doppler blue-shift
UP by factor e"?=2

Phase vector shifted
from w(0,1) to w(sinh p,cosh p)

Giouwp Group vector shifted

Doppler red-shift from w(1,0) to w(cosh p,sinh p)

DN by factor e*=1/2

2 3 4

Group Wavevector ck
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fot Laser Coberent Wave (CW) paths
(Space-time Cartesian grid)

far) Laser " Baseball Dawond

pertinte —
by GV bk fmre of ELT
_‘.-kl'fu.'.l.{]_
Frel e . Il Frerve
PA"
O <> |
L per-space
0T ck=2m &

|
|/ b Laser group and phase wavevectors
(Per-space-time Cartesian lattice)

(e} Laser Pulse Wave {PW) Paths
fSpace-time Diamond grid)

Soce X

/ fRec ngular grid)
Grout / fime
I l\.'.‘:. I ;
- | ¥
l iy
ry
&
.-'/ -
F

fa) Boosted Laser  Baseball Dicmond” fc) (u=3c3)-Boosted CW paths
: frl*i :;1: r-space-time rectangle) . (Space-time Minkowski grid)
12007 h= F00T e
Wah_ __- fime lime
Lefi-fomRighi T Righi-mLeji
Hewon 4 T Heamn
, p-r,f'-fum, < v
k'y o=2rv L
,
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|
I .I'_I{l.l'

per-space

s L
ok 2
y

(b} Boosted group and phase waveve ctors-
L
(Fer-space-time Minkowski latticeff

- iy

-~ '

&
-_.-7' . .
7 (d) Boosted PW Paths

v
HH'\-\.
LY
,
)
E
)
-
P
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Iy ~ & F | .
§ oo
P

o _lr"- - i. |"|'_|‘.“ .I | i | .

[ aser lab views

atom speed -u—-
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Doppler red;shift
DN by factor/e*=1/2

2

Frequency ®

1200THz N Doppler blue-shift
M “F Phase vector shifted

from w(0,1) to w(sinh p,cosh p)

Growp Group vector shifted
300THz, from w(1},0) to w(cosh p,sinh p)
4y | | ]

oip Wavevector ck
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Frequency ®

4_|1200THz N Doppler blue-shift
UP by factor e™*=2
3

Phase vector shifted
w: A
U /
1

from w(0,1) to w(sinh p,cosh p)
Doppler red/shift

Grouwp \Gmup vector shifted
from>(1,0) to w(cosh p,sinh p)
DN by factor/e*=1/2 \
AN

2

Wavevector ck
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Frequency ®

4 |1200THz N Doppler blue-shift
N)

Phase vector shifted
from w(0,1) to w(sinh p,cosh p)

Grouwp \Gmup vector shifted

from , 0) to w(cosh p,sinh p)

Doppler red
DN by factor 1/2

b

3

7

Wavevector ck
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RN HHICER - 222 1H—4 LA

LASER LAB FRAME ATOM FRAME view of LASER WAVES

— 0 v
aign speed -u @ ——— atom speed () X KO 7, _‘
< _. 0 . / 4 /// /
LaserPer-Spacetime AtomPer-Spacetime
) versus C k (!), versus CK ’

| Al |

T50THz ov 4000mm

3 ~ [0)
2=-600THz
\J;. 4\\\\“., JOOTHz or 75 (him
“% 1-{ 300TH &
%, !
2 > Laser per-space
“
ck

2 1 , 1 5 :

Atom per-space
ck’
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Euclidian Geometry for Per-spacetime Relanwty

Key Definition

u/c=

Atom Per-time

w

relative speed~slope

= sinh p /cosh p=

£

tanh p

of Rapidity p

Doppler blue shifi:

Bb =Be™P
Doppler red shift:

Br=Be™P

B e‘p |

—

/1 sinh p

Atom per-space

ck’

-1

0 1 2

B sinh p=( B e P<B e P)2

3

4

Key Results:

@ vs. ck

“winks" vs. “kinks"’

w=B cosh p
ck=B sinh p

gmup velocity:

O_U_ tanh P

ckc

phase velocity:

ck_C— coth P

o U

B cosh p= (B e P+B e P)/2

sinh pzﬁ

i

¢ |Key Quantities

Loreniz-Einstein factors

I
cosh p=4. v
Z
C
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Group velocity u and phase velocity c*/u

are hyperbolic tangent slopes

- ¢ Ak Rl
) ,// G (€) _ C //'/
erbolas — /
26:_%_\__ _ yperbol a(: u ’
A ‘
A 3] . ol > u  Group velocity
o - N\ do _u _ck
N e ~_ T = =
B=B=2 [T f - 8_7 dck” ¢ ®
Y O\ A / B COSh‘I' / (!)=B cosh P
N / ko) k=B fsinh p )
1' Y C
2 -1 0 1 2 3 } P /
//
Rare but important case where //'
do Aw o ¢ Ak —
dk Ak //.
with LARGE Ak |

(not infinitesimal)
Newtonian speed u~cp
B cosh p Low speed approximation

Rapidity p approaches u/c

Relativistic
group wave
speed u=c tanh p
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Circular Geometry of Lagrangian Functions versus Hyperbolic Geometry of Hamiltonian Functions

coto csch

cothp_,
< sechp
| —7 / sinhp
“éex\p&-p) = D¢ / exp(p)

tanhp tanhphp

—sechpi— ag
|9 | C/p] 113

The Circular Functions “Urban elite” The Hyperbolic Functions “Country-cousins”

They re related by Legendre contact transformation L = pev-H
tanoc = sinhp




Circular Geometry of Lagrangian Functions versus Hyperbolic Geometry of Hamiltonian Functions

coto csch

cothp_,
< sechp
| —7 / sinhp
“éex\p&-p) = D¢ / exp(p)

tanhp tanhphp

—sechpi— ag
|9 | C/p] 113

The Circular Functions “Urban elite” The Hyperbolic Functions “Country-cousins”

They re related by Legendre contact transformation L = pev-H
tanoc = sinhp
sino = tanhp




Circular Geometry of Lagrangian Functions versus Hyperbolic Geometry of Hamiltonian Functions

coto csch

cothp_,
< sechp
| —7 / sinhp
“éex\p&-p) = D¢ / exp(p)

tanhp tanhphp

| | ag
| sEChpI oS, 113

The Circular Functions “Urban elite” The Hyperbolic Functions “Country-cousins”
They re related by Legendre contact transformation L = pev-H

tanoc = sinhp

sino = tanhp

cos o = sechp




Circular Geometry of Lagrangian Functions versus Hyperbolic Geometry of Hamiltonian Functions

coto

cothp_,
< sechp

J— / sinhp

"éexﬁ-p) o {7 exp)

tanhp tanhphp

| | ag
| sEChpI oS, 113

The Circular Functions “Urban elite” The Hyperbolic Functions “Country-cousins”
They re related by Legendre contact transformation L = pev-H

tanoc = sinhp

sino = tanhp

cos o = sechp

sec o = coshp




Circular Geometry of Lagrangian Functions versus Hyperbolic Geometry of Hamiltonian Functions

coto csch

COt& sechp
sinhp
)
Vhp
o, Ho——— <
The Circular Functions “Urban elite” The Hyperbolic Functions “Country-cousins”
They re related by Legendre contact transformation L = pev-H
In spacetime:  asimultaneity factor tanc = sinhp In per-spacetime: momentum
velocity u/c sino = tanhp group velocity
Lorentz contraction cos o = sechp -Lagrangian
Einstein time dilation sec o = coshp Hamiltonian

Old-fashioned St 0 = tanh p =u/c cotc = cschp
notation:  sec 0 = cosh p =1/\/1-u’/c’ | csco = coth p
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N

Velocity aberation
angle 0\ :

Ve lgcgytoajtr{lc] Hamiltonian =
p_ {=B cosh p

| / Rest Ene'gy

rele
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g-circle

Velocity aberation
angle o

_ Momentumec -~ ¢
cp=Bsinhp ™

’
P
.
P
’
’
. ‘."
- /
A r— - A
p - -
’ >
/ -
- rd
$ -

Velocity*Mc
= Btanhp ~

s

. ’ Hamiltonian = ' — £
= B cosh p 4
Rest Energy
B=Md?——

- angian
-L=Bsechp | 3 /

] B sink p o T

' '/I

p-cfmle
» '2 o ”~ /
B cash p
B

B sech p

1 ‘ —0< ! 2 \\

Be® Be™
Red shift Blue shift
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9

per-Space-Tjime Geometry
(frequency ys wavevector)

Area
B-0/2

Momentui
p=Bsinh |

Hamiltonian

[{=Bcosh

Yhase
vector

G

VC10r

0
ra
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e
e
e

Freguency ®or

u/c=

wavelength A=

amiltonian
H=hw=5/3=

eBroglie

d=cschp=cotc

Rest ener
Mc’=1

Doppler
red-shift
r=1/3=e¢P

I I

‘ I
|
\
\
|
\
\
|
<

 Momentum or Wavevec
- cp=hck=4/3=sinhp=tan
Phase velocity

or ck

c/u=5/4=cothp=csco

\

>

Doppler
blue-shift

b=3=¢*P

AN







- My
Z120.42

/éiLn
//

NN
1jyv

2-KE| %’

70

Final “Ka-Bong ’-point

Py

6
Ny
L)
4
30
2

60.10)

\Initial—point

N

—6021 ¢

0)

-10
-20
-30

ﬁ&

10 20 30 40

£/

\

\

-60
-70
-80
-90

~JU

70 80 90

\
\

Fig. 3.1 a
in Unit 1

| ~
\JZH/




@iu
/

/
/
2-KE

- My
Z120.42

NN
1\vuv

Py

HEEEEER
T N

\Final “Ka-Bong"-point

80 w

70 \

6
Ny
L)

4

3

2

0

60.10)

\Initial—point

0)

—6021 7

ﬁO/

70 20 30 40
10 b)

-20
-30

£/

\
\

X

~JU

-60
-70
-80
-90

\
\

Fig.

\ e
\Jze/

3.1a

in Unit 1

elas
FI

n

Fig.3.1b
in Unit 1

70



