Equations of Lagrange and Hamilton mechanics

in GeneralizedCurvilinear Coordinates (GCC)
(Ch. 12 of Unit 1 and Ch. 1-5 of Unit 2 and Ch. 1-5 of Unit 3)
Quick Review of Lagrange Relations in Lectures 7-8

Using differential chain-rules for coordinate transformations
Polar coordinate example of Generalized Curvilinear Coordinates (GCC)
Getting the GCC ready for mechanics: Generalized velocity and Jacobian Lemma 1
Getting the GCC ready for mechanics: Generalized acceleration and Lemma 2

How to say Newton's “F=ma” in Generalized Curvilinear Coords.

Use Cartesian KE quadratic form KE=T=1/2veMev and F=Moea to get GCC force
Lagrange GCC trickery gives Lagrange force equations
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)

GCC Cells, base vectors, and metric tensors
Polar coordinate examples: Covariant E, vs. Contravariant Em

Covariant gmn vs. Invariant &, vs. Contravariant gmn
Lagrange prefers Covariant gm, with Contravariant velocity
GCC Lagrangian definition
GCC “canonical” momentum pn, definition
GCC “canonical”  force Fy definition
Coriolis “fictitious” forces (... and weather effects)



This Lecture s Reference Link Listing

Web Resources - front page Quantum Theory for the Computer Age 2017 Group Theory for QM
UAF Physics UTube channel Principles of Symmetry, Dynamics, and Spectroscopy 2018 Adv CM
Classical Mechanics with a Bang! 2018 AMOP
Modern Physics and its Classical Foundations 2019 Advanced Mechanics
Lecture #9

CMwithBang [ ecture 8, page=20
WWW.sciencenewsforstudents.org: Cassini - Saturnian polar vortex

Select, exciting, and related Research & Articles of Interest:

These are hot off the presses. Out in MISC for quick reference.
Burning a hole in reality—design for a new laser may be powerful enough to pierce space-time - Sumner-Daily KOS-2019
Trampoline mirror may push laser pulse through fabric of the Universe - Lee-ArsTechnica-2019
Achieving Extreme_Light Intensities_using_Optically_Curved Relativistic_Plasma_Mirrors_-_Vincenti-prl-2019

A_Soft Matter_Computer_for _Soft Robots - Garrad-sr-2019
Correlated_Insulator_Behaviour_at_Half-Filling in Magic-Angle Graphene_Superlattices - cao-n-2018

Sorting ultracold atoms in a three-dimensional optical lattice in a
realization_of Maxwell's Demon - Kumar-n-2018
Synthetic three-dimensional atomic structures assembled atom by atom - Barredo-n-2018
Older ones:
Wave-particle duality of C60 molecules - Arndt-ltn-1999
Optical Vortex Knots - One Photon At A Time - Tempone-Wiltshire-Sr-2018
Barvon_Deceleration by _Strong Chromofields in Ultrarelativistic_,
Nuclear_Collisions - Mishustin-PhysRevC-2007, APS Link & Abstract
Hadronic Molecules - Guo-x-2017
Hidden-charm_pentaquark and_tetraquark states - Chen-pr-2016



https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2018.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2019.html
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
https://www.dailykos.com/stories/2019/9/14/1885432/-Burning-a-hole-in-reality-design-for-a-new-laser-may-be-powerful-enough-to-pierce-space-time
https://arstechnica.com/science/2019/09/trampoline-mirror-may-push-laser-pulse-through-fabric-of-the-universe/
https://modphys.hosted.uark.edu/ETC/MISC/Achieving_Extreme_Light_Intensities_using_Optically_Curved_Relativistic_Plasma_Mirrors_-_Vincenti-prl-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Soft_Matter_Computer_for_Soft_Robots_-_Garrad-sr-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Correlated_Insulator_Behaviour_at_Half-Filling_in_Magic-Angle_Graphene_Superlattices_-_cao-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Wave-particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Optical_Vortex_Knots_-_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.76.011603
https://modphys.hosted.uark.edu/ETC/MISC/Hadronic_molecules-_Guo-x-2017.pdf
https://modphys.hosted.uark.edu/ETC/MISC/hidden-charm_pentaquark_and_tetraquark_states-_chen-pr-2016.pdf
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2019/CMwithBang_Lect.8_9.23.19.pdf#page=22
https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow%22

Running Reference Link Listing

Lectures #8 through #7

In reverse order

“RelaWavity” Web Simulations: , o NASA Astronomy Picture of the Day -

2-CW laser wave, Lagrangian vs Hamiltonian, lo: The Prometheus Plume (Just Image)

Physical Terms Lagrangian [(u) vs Hamiltonian H(p) NASA Galileo - Jo's Alien Volcanoes
Coullt Web Slmulatlon ?f the Volcanoes of lo New Horizons - Volcanic Eruption Plume on Jupiter's moon 10
Bohrlt Multi-Panel Plot: NASA Galileo - A Hawaiian-Style Volcano on Io

Relativistically shifted Time-Space plots of 2 CW light waves

AMOP Ch 0 Space-Time Symmetry - 2019
Seminar at Rochester Institute of Optics, Aux. slides-2018

Boxlt Wel_) Simulations: RelaWavity Web Elliptical Motion Simulations:
Generic/Default L B
. Orbits with b/a=0.125
Most Basic A-Type . —
. ; . Orbits with b/a=0.5
Basic A-Tvpe w/reference lines . . —
. * . . Orbits with b/a=0.7
Basic A-Type A-Type with Potential energy . ~
5 oy - Exegesis with b/a=0.125
A-Type with Potential energy and Stokes Plot . —
* . Exegesis with b/a=0.5
A-Type w/3 time rates of change . —
* . . Exegesis with b/a=0.7
A-Type w/3 time rates of change with Stokes Plot .
: Contact Ellipsometry

B-Tvpe (A=1.0, B=-0.05, C=0.0, D=1.0)

Pirelli Site: Phasors animimation
CMwithBang Lecture #6, page=70 (9.10.18)



https://modphys.hosted.uark.edu/markup/BoxItWeb.html
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0&wantBallsNItsPhi2=0&wantBallsNItsPhi2=0&wantPELevels=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantStokes=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3&wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?&AU2=1.0&BU2=-0.05&CU2=0.0&DU2=1.0
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.5&velocity=0.85
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,2
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=70
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_0_SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Rochester_Auxilary_Slides.pdf
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
http://apod.nasa.gov/apod/ap970818.html
http://apod.nasa.gov/apod/image/9708/prometheus_gal_big.jpg
https://science.nasa.gov/science-news/science-at-nasa/1999/ast04oct99_1/
https://www.youtube.com/watch?v=wmQHOUFIuzQ
https://science.nasa.gov/science-news/science-at-nasa/1999/ast05nov99_2/

Running Reference Link Listing

Lectures #6 through #1

In reverse order

Bouncelt Web Animation - Scenarios:
Generic Scenario: 2-Balls dropped no Gravity (7:1) - Vvs V Plot (Power=4)
1-Ball dropped w/Gravity=0.5 w/Potential Plot: Power=1, Power=4

RelaWavity Web Simulation: Contact Ellipsometry
BoxIt Web Simulation: Elliptical Motion (A-Type)

CMwBang Course: Site Title Page 7-1 - Vvs V Plot: Power=1
Pirelli Relqtivitv Challenge: Describing Wave Motion With Complex Phasors 3-Ball Stack (10:3:1) w/Newton plot (v vs t) - Power=4
UAF Physics UTube channel 3-Ball Stack (10:3:1) w/Newton plot (v vs t) - Power=1
3-Ball Stack (10:3:1) w/Newton plot (v vs t) - Power=1 w/Gaps
Velocity Amplification in Collision Experiments Involving Superballs - Harter, 1971 4-Ball Stack (27:9:3:1) w/Newton plot (v vs t) - Power=4
MIT OpenCourseWare: High School/Physics/Impulse and Momentum 4-Newton's Balls (1:1:1:1) w/Newtonian plot (v vs t) - Power=4 w/Gaps
Hubble Site: Supernova - SN 19874 6-Ball Totally Inelastic (1:1:1:1:1:1) w/Gaps: Newtonian plot (t vs x), V6 vs V5 plot

5-Ball Totally Inelastic Pile-up w/ 5-Stationary-Balls - Minkowski plot (t vs x1) w/Gaps
1-Ball Totally Inelastic Pile-up w/ 5-Stationarv-Balls - Vx2 vs VxI plot w/Gaps

Bounceltlt Web Animation - Scenarios:

, Bouncelt Dual plots

49:1yvst 49:1 V2 vs V1, 1:500:1 - 1D Gas Model w/ faux restorative force (Cool), mimy =3:1

1:500:1 - 1D Gas (Warm), 1:500:1 - 1D Gas Model (Cool, Zoomed in), vovsviand V2vs Vi, (vi, va)=(1, 0.1), (vi, v2)=(1, 0)
Farey Sequence - Wolfram v2vs y1plots: (vi, va)=(1, 0.1), (vi, v2)=(1, 0), (vi, va)=(1, -1)
Fractions - Ford-AMM-1938 Estrangian plot V> vs Vi: (v, v2)=(0, 1), (vi, v2)=(1, -1)
Monstermash Bounceltlt Animations: micmz =4:1

1000:1 - V2 vs V1, 1000:1 with t vs x - Minkowski Plot v2vsvl, y2vs vl
Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-2013 m:mz =100:1, (v, v2)=(1, 0): V2 vs VI Estrangian plot, y2 vs vl plot

Quantum_Revivals_of Morse_Oscillators_and_Farey-Ford_Geometry - Li-Harter-cpl-2015 _ .
Quant. Revivals of Morse Oscillators and Farey-Ford Geom. - Harter-Li-CPL-2015 (Publ.) Wl_th g=0and 70:10 IMass ratio ' _
Velocity Amplification in Collision Experiments Involving Superballs-Harter-1971 With non zero g, velocity dependent damping and mass ratio of 70:35
Wavelt Web Animation - Scenarios: - - Mi=49, Mo=1 with Newtonian time plot
Quantum_Carpet, Quantum_Carpet wMBars, Mi=49. M .:1 W.lth, V2vs V) plot
Quantum_Carpet_BCar, Quantum_Carpet_BCar wMBars Lxample with friction : . _
Wave Node Dynamics and Revival Symmetry in Quantum Rotors - Harter-JMS-2001 Low force constant with drag displaying (@ Pass —{hr u, Fall 'T hru, Bounce-Off
Wave Node Dynamics and Revival Symmetry in Quantum Rotors - Harter-jms-2001 (Publ.) ml:m2=3:1 and (v1. v2) = (1. 0) Comparison with Estrangian

X2 paper: Velocity Amplification in Collision Experiments Involving Superballs - Harter, et. al. 1971 (pdf)
Car Collision Web Simulator: https.//modphys.hosted.uark.edu/markup/CMMotionWeb.html

AJP article on superball dynamics Superball Collision Web Simulator: https://modphys.hosted.uark.edu/markup/BounceltWeb.html; with Scenarios: 1007
AAPT Summer Reading List Bouncelt web simulation with g=0 and 70.10 mass ratio
Scitation.org - AIP publications With non zero g, velocity dependent damping and mass ratio of 70:35
HarterSoft Youtube Channel Elastic Collision Dual Panel Space vs Space: Space vs Time (Newton) , Time vs. Space(Minkowski)

Inelastic Collision Dual Panel Space vs Space: Space vs Time (Newton), Time vs. Space(Minkowski)
Matrix Collision Simulator:M1=49, M>=1 V> vs Vi plot <<Under Construction>>

More Advanced QM and classical references at the end of this Lecture


http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=1,2
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/CMwBang_TitlePage.html
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/BounceItWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2072
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2073
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2075
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2176
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2177
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2179
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3106
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3107
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4011
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4012
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4020
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
http://ocw.mit.edu/high-school/physics/exam-prep/systems-of-particles-linear-momentum/impulse-and-momentum/
http://hubblesite.org/newscenter/archive/releases/2007/10/image/a/
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20003
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20005
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20004
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20006
https://modphys.hosted.uark.edu/markup/BounceMatWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1009
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1111
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1111
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1112
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1113
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1214
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1224
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1016
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1026
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1024
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1015
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1025
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1009
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2081
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=20810
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=20811
http://mathworld.wolfram.com/FareySequence.html
http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3000
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3004
http://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/MorseRevivals5.31.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Quantum_Revivals_of_Morse_Oscillators_and_Farey-Ford_Geometry_-_Li-Harter-cpl-2015.pdf
http://www.sciencedirect.com/science/article/pii/S0009261415003784
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_wMBars
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_BCar
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_BCar_wMBars
http://www.sciencedirect.com/science/article/pii/S0022285201984498
http://www.sciencedirect.com/science/article/pii/S0022285201984498
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://aip-info.org/37VS-QW7L-1462CY2628/cr.aspx?v=1
https://www.scitation.org/
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA

Quick Review of Lagrange Relations in Lectures 7-8
) () and 15! equations of Lagrange and Hamilton



Quick Review of Lagrange Relations in Lectures 7-8
0 and 15t equations of Lagrange and Hamilton

Starts out with simple demands for explicit-dependence, “loyalty” or ‘‘fealty to the colors”™

Lagrangian and Estrangian Hamiltonian and Estrangian Lagrangian and Hamiltonian
have no explicit dependence have no explicit dependence have no explicit dependence
on momentum p on velocity v On speedinum V

9L _=9F o _n29F L _n291

dp,  Op, v, v, ov, a9V,

-1
VL= gf; — aav v 1\2/1 M V H=v= %[; = aap P N; P (Forget Estrangian for now)
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Lecture 8
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Unit 1
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Fig. 12.2
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Using differential chain-rules for coordinate transformations

=P 0lar coordinate example of Generalized Curvilinear Coordinates (GCC)
Getting the GCC ready for mechanics: Generalized velocity and Jacobian Lemma [
Getting the GCC ready for mechanics: Generalized acceleration and Lemma 2



Using differential chain-rules for coordinate transformations

A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space
for example: polar coordinates 3 3

df (x,y) = g—zdx + g—]y[dy r2(x,y)= x?+y? and o(x,y)=atan2(y,x) dr(x,y)= ga’x + B_ydy
dg(x,y)= a—gdx + a—gdy ( Not in text. Recall Lecture 8 p. 6-22)7 dO(x,y)= a—edx + a—edy

ox dy dx dy


https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2019/CMwithBang_Lect.8_9.23.19.pdf#page=22

Using differential chain-rules for coordinate transformations
A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space

for example: polar coordinates
Jdf f or or
df (x,y)=——dx +— r2(x,y)= x?+y? and o(x,y)=atan2(y,x) dr(x,y)=—dx+—dy
ox ay dx dy
dg(x,y)= a—dx + agdy ( Not in text. Recall Lecture 8 p. 6-22)7 dO(x,y)= a—edx + a—edy
ox dy ox dy
Easy to invert differential chain relations (even if functions are not easily inverted)
0x ox
dx —%df_kay x=rcosf dx = a—dl’+a—d9
of 0g . r
05 4o D 4 Yo dy=2ar+ 2 ap
r
dy=2=df +== or " 90
af ag ox 0Jx

dx | _ I 90 dr |_| cos@® -rsinf dr
dy dy dy do sin@ rcos0O do

Jdr 096



https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2019/CMwithBang_Lect.8_9.23.19.pdf#page=22

Using differential chain-rules for coordinate transformations
A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space

for example: polar coordinates
Jdf f or or
df (x,y)=——dx +— r2(x,y)= x?+y? and o(x,y)=atan2(y,x) dr(x,y)=—dx+—dy
ox ay 0x dy
dg(x,y)= a—dx + agdy ( Not in text. Recall Lecture 8 p. 6-22)7 dO(x,y)= a—edx + a—edy
ox dy ox dy
Easy to invert differential chain relations (even if functions are not easily inverted)
0x ox
dx _%df-l- ay x=rcosfb dx = a—dl’+a—d9
of ag . r
05 4o D 4 Yo dy=2ar+ 2 ap
r
dy=2=df +== or " 90
af ag ox 0Jx
dx | ar 0 dr | | cos@ —rsinf dr
dy | dy dy do | | sin® rcos6 do
or 00

NOfCltiOl’lfO?' dzﬁerential GCC (Generalized Curvilinear Coordinates {g/, ¢4, ¢3,...})

: N :
dx] — ax d q 2 ax d m Deﬁnlng a shorthand What does “g” stand for?
dummy-index m-sum One guess: “Queer”
aq m=1 aq And they do get pretty queer!

These ¥/ are plain old CC (Cartesian Coordinates {dx!=dx, dx’=dy, dx3=dx, dx*=dt} )
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Using differential chain-rules for coordinate transformations
A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space

for example: polar coordinates
Jdf f or or
df (x,y)=——dx +— r2(x,y)= x?+y? and o(x,y)=atan2(y,x) dr(x,y)=—dx+—dy
ox ay ox dy
dg(x,y)= a—dx + agdy ( Not in text. Recall Lecture 8 p. 6-22)7 dO(x,y)= a—edx + a—edy
ox dy ox dy
Easy to invert differential chain relations (even if functions are not easily inverted)
0x ox
dx _%df-l- ay x=rcosf dx = a—dl’+a—d9
of Bg . r
05 4o D 4 Yo dy=2ar+ 2 ap
r
dy=2=df +== o " 30
af ag dx dx
dx | _ ar 0 dr | | cos@ —rsinf dr
dy | dy dy do | | sin® rcos6 do
or 00

Index m REPEATED on SAME side of = is SUMMED
Notation fO?‘ dzﬁerential GCC (Generalized Curvilinear Coordinates {g/, ¢4, ¢3,...})

d ] — ax d m ]z\"] ax d m Deﬁning a shorthand What does “q” stand for?
X 3" q 194" dummy-index 7-sum
q | \ m=Laq

Connection lines may help to indicate summation (OK on scratch paper...Difficult in text)

These ¥/ are plain old CC (Cartesian Coordinates {dx!=dx, dx’=dy, dx3=dx, dx*=dt} )

One guess: “Queer”
And they do get pretty queer!


https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2019/CMwithBang_Lect.8_9.23.19.pdf#page=22

Using differential chain-rules for coordinate transformations

Polar coordinate example of Generalized Curvilinear Coordinates (GCC)
=P Getting the GCC ready for mechanics: Generalized velocity and Jacobian Lemma I
Getting the GCC ready for mechanics: Generalized acceleration and Lemma 2



Getting the GCC ready for mechanics:

. . . . O
Generalized velocity relation follows from GCC chain rule| dx’ = aimdqm
q
Same kind of linear relation exists between CC velocity v/=x/ EZL and GCC velocity v"=4¢" EZL
t t
o = O
dg"" !




Getting the GCC ready for mechanics:

Generalized velocity relation follows from GCC chain rule

Same kind of linear relation exists between CC velocity /=x/=

This is a key “lemma-1"" for setting up mechanics:

dg"

Z;C and GCC velocity v"=4¢" =
i ox’ ox/  ox’
X —q =

dg™ or: | d¢" dq"

m

_dq

dt

lemma-1




Getting the GCC ready for mechanics:

Generalized velocity relation follows from GCC chain rule

Same kind of linear relation exists between CC velocity /=x/=""—

This is a key “lemma-1"" for setting up mechanics:

J
dx’ = aidqm
dg"
dx’
e and GCC velocity v"=4¢" =
t
i ox’ ox/  ox’
X —q =
dg™ or: | d¢" dq"

m

_dq

dt

lemma-1

Jacobian J,/ matrix gives each CCC differential dx’ or velocity x’/ in terms of GCC dg" or 4" .

dx” _ dx’ Defining Jacobian
g™ B 3™ matrix component
q q

Recall polar coordinate
transformation matrix:

ar b
81’802
o ay

Jr 90

cosf@ -—rsinf

sin@

rcoso ]




Getting the GCC ready for mechanics:

Generalized velocity relation follows from GCC chain rule

Same kind of linear relation exists between CC velocity /=x/=""—

This is a key “lemma-1"" for setting up mechanics:

Jacobian J,/ matrix gives each CCC differential dx’ or velocity x’/ in terms of GCC dg" or 4" .

ox’ ox”/ Defining Jacobian

J/ = = { r A }
m . matrix Componen
ag""  dg™

dx/
dx”’ =qum
aq”™"
m
dx! and GCC velocity v"=4¢" _dL
dt dt
o ox’ , %) Jx/
X —q = lemma-1
dg™ or: | 9¢™ oq™
dx dx
Recall polar coordinate | 3 26 :[ 030 _rsingj
transformation matrix: ? g_y sin  rcosé
r do

Inverse (so-called) Kajobian K;» matrix 1s flipped partial derivatives of J,/.

KM = dq"" _ 9" Defining
J - I/ N 35/ (inverse to Jacobian)
X X

Polar coordinate inverse
transformation matrix:

Defining 2x2 matrix inverse:

|

A B
C D

N

D -B
-C A
AD - BC

dx
or
dy
or

or
dx
00

x

(always test inverse matrices

rcos@ rsinf )

—sin@ cosfO cos®  sin6
= sin@ cosf
(detJ =r) -

r r

|

*/

r



Getting the GCC ready for mechanics:

. . . . _
Generalized velocity relation follows from GCC chain rule| dx’ = aimdqm
q
Same kind of linear relation exists between CC velocity v/=x/ EZL and GCC velocity v"=4¢" EZL
t t
)'cj—%q'm a)'cj_axj P
This is a key “lemma-1"" for setting up mechanics: og" or: | 9¢™ 9g™

Jacobian J,/ matrix gives each CCC differential dx’ or velocity x’/ in terms of GCC dg" or 4" .

. ] ] . . dx dx
JJ = ox — ox {De?plng Jacabzalta} Recall polar coordinate | or 96 |_( cos6 —rsin6
n m . m Mmatrix componen transformation matrix: | 9 3 | \ sind rcos6
aq aq f ar 960
. . . .. . . . . . ox  ox - or  oJr
Inverse (so-called) Kajobian K matrix 1s flipped partial derivatives of .J,/. > % | | o o
W Iy | | 0 00
K — aqm aqm {Deﬁning } Polar coordinate inverse \ or 9 dx dy
;= - . 1 1 4 1 trix: rcos@® rsin
J P (inverse to Jacobian) ransformation matrix ( _Smg o g j cosh  sing
= et/ =1) =| _sinf@ cos6

Defining 2x2 matrix inverse: (always test inverse matrices!,

C D AD-BC -C A
AD-BC AD-BC

A B D -B |_| AD-BC 0
C D -C A 0 AD - BC

( D —B) D _B
-1
[A Bj _\-C A ) | AD-BC AD-BC




Getting the GCC ready for mechanics:

. . . . _ ox/
Generalized velocity relation follows from GCC chain rule| dx’ = aimdqm
q
. . m
Same kind of linear relation exists between CC velocity v/=x/ —Z’x and GCC velocity v"=g —ZL
t t
v = ox/ g™ ox/ B ox/ P
This is a key “lemma-1"" for setting up mechanics: dq”" or: |ag™ ag™

Jacobian J,/ matrix gives each CCC differential dx’ or velocity x’/ in terms of GCC dgq" or 4¢".

. ] ] . . Jdx Ox
JJ = ox — ox {De{iplng Jacabzalta} Recall polar coordinate | or 96 |_( cos6 —rsin6
m m .M matrix componen transformation matrix: | 9 v | \ siné rcos6
aq aq f or d60
. . .. . . . . . ox  ox . or or
Inverse (so-called) Kajobian K matrix 1s flipped partial derivatives of .J,/. o s | | o
- . W | | W 2
KM= dq _ ag {Deﬁning } o %0 v
J W ol (inverse to Jacobian) ( :c:jg rcsolzlg j sl sind
= et/ =1) = sin@ cos6

Product of matrix J,/ and Ky 1s a unit matrix by definition of partial derivatives. (always test inverse matrices!)

cos9 —rsm@ [ cosd  sinf J

aqm | a_x] B aqm B 51’1’1 B {1 zf m=n sin@ rcos@ sinf - cos6

K™ J/ =
; .
/ ox/ dq" 9q"

O
1

0 if m#n —(1)



Using differential chain-rules for coordinate transformations

Polar coordinate example of Generalized Curvilinear Coordinates (GCC)
Getting the GCC ready for mechanics: Generalized velocity and Jacobian Lemma [
= Getting the GCC ready for mechanics: Generalized acceleration and Lemma 2



Getting the GCC ready for mechanics (2" part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

d du dv

First apply gt to velocity %’ and use product rule: — (u-v)=—"-v+u-—

),C,J.:ixj_d ox’ ., | d ox’ ,m+axf o
dt dt aqmq dt\ 9q" 1 aqmq




Getting the GCC ready for mechanics (2" part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

d du dv

First apply gt to velocity %’ and use product rule: Sl v)==r v

N ixf—d ox’ ., | d ox’ ,m+axf o
dt dt aqmq dt\ 9q" 1 aqmq

Apply derivative chain sum to Jacobian.

d{ox’ ) 0 (dx) \dg" ([ 9°x’ \dq"
dt\ 9g" | 9q"\ 9¢" ) dt \ 9q"9q" ) di




Getting the GCC ready for mechanics (2" part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

. ] d d d
First apply gt to velocity X’ and use product rule: —-(«-v)= d—b;-vw-d—:

),C_J.:ixj_d ox’ ., | d ox’ ,m+axf o
dt dt aqmq dt\ 9q" 1 aqmq

( Not in text. Recall Lecture 9 p. 15-19)%
Apply derivative chain sum to Jacobian. Partial derivatives are reversible. 9,,9,=9,9,,

d{ox’ ) 0 (dx) \dg" ([ 9°x) \dq" ([ 9°x’ \d¢" 9 (dx'dq"
dt\ dq™ )] dq"\ dq™ | dt dq" dq™ ) dt 09" dq" ) dt dqg"\ dq" dt
Important thing
about mechanics
to recall.:
coordinates  q"
independent of

velocities  dq” _ .,

i




Getting the GCC ready for mechanics (2" part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

. ] d d d
First apply gt to velocity X’ and use product rule: —-(«-v)= d—b;-vw-d—:

),C_J.:ixj_d ox’ ., | d ox’ ,m+axf o
dt dt aqmq dt\ 9q" 1 aqmq

( Not in text. Recall Lecture 9 p. 15-19)%
Apply derivative chain sum to Jacobian. Partial derivatives are reversible. 9,,9,=9,9,,

d{ox’ | 9 (dx'\d¢" (| 9°x) \d¢" ([ 9°x’ \d¢" 9 (9x’dq"
dt\ dq" ) dq"\ dq" | dt dq" dq" ) dt 09" dq" ) dt dq"\ dq" dt

Important thing By chain-rule def. of CC velocity: = am (56] )
about mechanics dq

to recall.:

coordinates  q"

independent of

velocities dq” g
dt



Getting the GCC ready for mechanics (2" part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

. L d d d
First apply gt to velocity X’ and use product rule: Sluv)= d—b;-vw-d—:

),C,J.:ixj_d ox’ ., | d ox’ ,m+axf o
dt dt aqmq dt\ 9q" 1 aqmq

( Not in text. Recall Lecture 9 p. 15-19)%
Apply derivative chain sum to Jacobian. Partial derivatives are reversible. 9,,0,=9,9,,

d{ox’ | 9 (dx'\d¢" (| 9°x) \d¢" ([ 9°x’ \d¢" 9 (9x’dq"
dt\ dq™ ) dq"\ dq™ ) dt dq" dq™ | dt dq"dq" ) dt  dqg"\ dq" dt

o .
Important thing By chain-rule def. of CC velocity: = (56] )
about mechanics dq
to recall.: This is the key “lemma-2" for

coordinates  q"
independent of
velocities dq” .,

dr ! d ( axj \ . ax] lemma

dt\ dq" - g™ )

setting up Lagrangian mechanics .




Getting the GCC ready for mechanics (2" part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

First apply gt to velocity %’ and use product rule: %(M'V)= %'vﬂt'%
Ld o dox ., df ox ,m+axf o
dt dt\ dq dt\ dq dq

( Not in text. Recall Lecture 9 p. 15-19)%
Apply derivative chain sum to Jacobian. Partial derivatives are reversible. 9,,0,=9,9,,

d{ox’ | 9 (dx'\d¢" (| 9°x) \d¢" ([ 9°x’ \d¢" 9 (9x’dq"
dt\ dq™ ) dq"\ dq™ ) dt dq" dq™ | dt dq"dq" ) dt  dqg"\ dq" dt

%) .
By chain-rule def. of CC velocity: = " (56] )
q
The “lemma-1"" was in the GCC velocity This is the key “lemma-2"" for
analysis just before this one for acceleration. setting up Lagrangian mechanics .

a).Cj _ axj lemma d ( axj \ _ ax] lemma

og"  dg" di\ 9¢" | 9q"




How to say Newton's “F=ma " in Generalized Curvilinear Coords.

== [ /se Cartesian KE quadratic form KE=T=1/2veMev and F=Mea to get GCC force

Lagrange GCC trickery gives Lagrange force equations
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)



Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

T = 1 M vk = 1 M w3k where: M are CC inertia constants

Multidimensional CC version of Newt-II (F=Me-a) using M constants

_ k Lk
fj—Mjka —Mjkx



Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

T = 1 M, pIyk = 1 M /3% where: My are inertia constants that are symmetric. My=My;

Multidimensional CC version of Newt-I1 (F=M-a) using Mjx constants
f k a* =
Multidimensional CC versio of work—energy differential (d W= Fedx). Insert GCC differentials dg™

ax] axj (It s time to bring in the queer g™ !)
dW =, dxf —



Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

=1 M sk =1 P /3% where: My are inertia constants that are symmetric. My=My;

Multidimensional CC version of Newt-I1 (F=M-a) using Mjx constants
f M k Cl —
Multidimensional CC versio of work—energy differential (d W= Fedx). Insert GCC differentials dg™

ax] axj (It s time to bring in the queer g™ !)
dW =, dxf —

dq are independent so dg-sum 1s true term-by-term.

. J J
dW = fidx/ = F,dq" = f aidq M it X

79" dg""



Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

T = 1 M vk = 1 P w3k where: M are inertia constants
2

Multidimensional CC version of Newt-II (F=Me-a) using M constants

_ k Lk
fj—Mjka —Mjkx

Multidimensional CC version of work-energy differential (dW= F«dx). Insert GCC differentials dg™

dx” (It s time to bring in the queer g™ !)

Jj axj m .k m

dq are independent so dg7-sum 1s true term-by-term. (Still holds 1f all dg” are zero but one.)

| Ix/ . ox/ ox/  0x/
dW = fjdx] — Fmdqm — f]aq—mdqm = Mjk xk a—qm dqm = Fmej —aqu jkxk aqm



Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

T = 1 M vk = 1 P w3k where: M are inertia constants
2

Multidimensional CC version of Newt-II (F=Me-a) using M constants

_ k Lk
fj—Mjka —Mjkx

Multidimensional CC version of work-energy differential (dW= F«dx). Insert GCC differentials dg™

dx” (It s time to bring in the queer g™ !)

Jj axj m .k m

dq are independent so dg7-sum 1s true term-by-term. (Still holds 1f all dg” are zero but one.)

| Ix/ . ox/ ox/  0x/
dW = fjdx] — Fmdqm — f]aq—mdqm = Mjk xk a—qm dqm = Fmej —aqu jkxk aqm

Here generalized GCC force component F, 1s defined:

ox’ L ox/
where: F =f.——= jkxk—

m J aqm



How to say Newton's “F=ma " in Generalized Curvilinear Coords.

Use Cartesian KE quadratic form KE=T=1/2veMev and F=Mea to get GCC force

= | agrange GCC trickery gives Lagrange force equations
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)



Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

' o d
Lagrange's clever end game: Firstset A=M #* and B= aai with calc. formula: {AB = E(AB)_ AB }
q .
i AB
dx’ »(k%xj d [ A/8x ] ‘k/a’\( dx’ }
F, = = M-y

Jaqm J aqm dt J dt aqm




Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

. i o d
Lagrange's clever end game: Firstset A=M # and B=2" with calc. formula: {AB =—(4B)- 4B }

aq dt
Yy AB
ox’ »(k%xj d A/8x ‘k/c> dx/
Fop = fy—r = My & == | M= = M ,
dg dg dt dg dt dg

Cartesian M
must be constant
for this to work

(Bye, relativistic mechanics or QM!)



Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

’ . J J . . d /. ..
Lagrange’s clever end game: Firstset A= M ;, #* and B= BL’" with calc. formula: {AB = E(AB )- 4B }
q

Al{‘ (4B) A€
ox’ / ox’ d 4;‘] ‘k/ d ( ox’
aqm dg"" dt dg"" dt \aqm

Then convert dx” to dx’ by Lemma|l  and Lemma|Z on 2nd term.

Cartesian M v v
~J ~J
(Bye, Bye relativistic mechanics or OM!) dt aq aq
¢/ J (i ) .
ax . ax lemma d ax ax lemma

" og" dt\ 9¢" ) 9q"




Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

. i o d
Lagrange's clever end game: Firstset A=M #* and B= aL with calc. formula: {AB = E(AB)_ AB }

AQ AB

ox’ /k ox/ d L/Gx ‘k/ c}‘ ( ox’

Fm_fJ m jkx m:dt ka m Mjkx dt m
dg dq dq Xz

Then convert dx” to dx’ by Lemma|l  and Lemma|Z on 2nd term.

Cartesian Mjy v
d 8 J dx’
b b= 0 2 || 2
(Bye, Bye relativistic mechanics or QM) ! aq aq
Simplify using: OV 9 VY P
implity using: | A v a_q:le@ 5 where ¢ may be ¢ or g
_d o Myl |y [ Mt
o dt 9" 2 dg"" 2
¢/ J (i ) .
ax . ax lemma d ax ax lemma

2

" og" dt\ 9¢" ) 9q"




Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

| . d,. .
Lagrange's clever end game: Firstset A=M i* and B= aa% with calc. formula: {AB = E(AB)— AB}
q
A (4B) AB
ox/ /kéxi i A { af ax/
= L5 = M = g M S M g S
dq dq dq 99

Then convert dx” to dx’ by Lemma|l  and Lemma|Z on 2nd term.
J 95/ 9%/
Fp=<| Myt S |- M ih | =
dt 95" dg""
. . . . i avj a ViVj - m m
Simplify using: | M/ v —=M — where ¢ may be ¢~ or ¢
" dgq Yoq 2
o_d 0 L 9 L
" dt 9" 2 dg"" 2
The result 1s Lagrange’s GCC force equation in terms of kinetic energy T = %M i il i
d oT dT d oT OJT
f m = dt - L or: K= —
t9g™ g dt dv  or




How to say Newton's “F=ma " in Generalized Curvilinear Coords.

Use Cartesian KE quadratic form KE=T=1/2veMev and F=Mea to get GCC force

Lagrange GCC trickery gives Lagrange force equations
- | agrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)



But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)
If the force is conservative it’s a gradient F =-VU In GCC: F,

o __ QU _dor _ar

m aqm_dtaq-m aqm




But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)

. . . . aU
If the force is conservative it’s a gradient F =-VU In GCC: F =-— -
q
o __0U _ddr 9T
L =— _

Becomes Lagrange's GCC potential equation with a new definition for the Lagrangian: L=T-U.

d 0L dL
O: _ L-m,m:T-m,m_U m
d 9™ g™ (¢7,q7)=T(q¢",q")-U(g")
o | U U(r) has
This trick requires: Py NO explicit
1 velocity

dependence!



But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)

. . . . aU
If the force is conservative it’s a gradient F =-VU In GCC: F =-— -
q
o __0U _ddr 9T
L =— _

Becomes Lagrange s GCC potential equation with a new definition for the Lagrangian: L=T-U.

d JL oL : .m _m m
0= — L(q",q")=T(G",q")-U(q")
£9¢™ oq
o | U U(r) has
This trick requires: S = NO explicit
1 velocity
dependence!
Lagr ange s 15t GCC equation d AL _ 3L Lagrange s 24 GCC equation
(Defining GCC momentum) a3q™ " (Change of GCC momentum)
» = oL ap,, . 0oL
m - M Recall : dt = Pm = m
dq o dq
~ v




But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)

If the force is conservative it’s a gradient F = -VU

F =-

oU  d oT

InGCC: F, =-

Becomes Lagrange's GCC potential equation with a new definition for the Lagrangian: L=T-U.

LG",q")=T(G".,9")-U(q™)

U(r) has
NO explicit
velocity
dependence!

,_d AL oL

dt 0 qm D qm
This trick requires: aim =

dq
Lagranges 1st GCC equation i A
(Defining GCC momentum) A ggm g
oL
p - —
" aqm Recall

__dL

P —dv

Lagrange s 24 GCC equation
(Change of GCC momentum)

dp, dL

If L has no

explicit "
dependence
then:
Py=0
or .
P, =const.



GCC Cells, base vectors, and metric tensors
wp Polar coordinate examples: Covariant En vs. Contravariant Em
Covariant gmn vs. Invariant dn" vs. Contravariant gmn



A dual set of quasi-unit vectors show up in Jacobian J and Kajobian K.

J-Columns are covariant vectors {E,=E, E,=Ej

( ! ox! \
aql an
=l
ox“ ox
\d¢'  9q” )
TE, TE,

( Ox ox

or ol

TE,

— =CO0S¢) —=-—rsing

TE¢

\

(K)={s)-

K-Rows are contravariant vectors {E'=E" E’=E’}

Derived from polar definition: x=r cos ¢ and y=r sin ¢

() Polar coordinate bases

=K

%
XD

2

I
r

( A
QZCOS¢ i Sil’l¢ %Er:El
ox dy
d0p —singg d¢ coso ,
\ Ox r )y ro

Inverse polar definition:
r2=x2+y2 and ¢ =atan2(y,x)

Unit 1
Fig. 12.10



A dual set of quasi-unit vectors show up in Jacobian J and Kajobian K.

J-Columns are covariant vectors {E,=E, E,=Ej

( ! ox! \
aql an
=l
ox“ ox
\d¢'  9q” )
TE, TE,

( Ox ox

or ol

TE,

—=COSQ) —=-

TE¢

¥ sin ¢

\

K-Rows are contravariant vectors {E'=E" E’=E’}

Derived from polar definition: x=r cos ¢ and y=r sin ¢

() Polar coordinate bases

K, (C) Contmr

4

(Tangent)

(Normal)

g'=100

dqg'=1.0

1ant bases {E!' E?}
F \F=F,E'+F,E

( A
QZCOS¢ i Sil’l¢ %Er:El
ox dy
d0p —singg d¢ coso ,
\ Ox r )y ro

Inverse polar definition:
r2=x2+y2 and ¢ =atan2(y,x)

(b) Covariant bases {E E,}
dr=E dq'+E.dg’

E,

NOTE:These
are 2D drawings!
No 3D perspective

Unit 1
Fig. 12.10



or

Comparison: Covariant E,- VS Contravariant E:%Cf- =Vq"
' geometric unit
Covariant bases {E, E,} match,cell walls
(Tangeny) AI‘IElAql ‘|‘E2Aq2 is based on chain rule: dr :% dql+% dqzzEldq1+E2dq2
q q
NOTE:These

are 2D drawings!
No 3D perspective




J . .

a;m vs. Contravariant E:aa‘i V"
- geometric unit

Covariant bases {E, E,} match,cell walls

(Tangent) Al‘ IElAql —|—E2Aq2 is based on chain rule: dr :aa—qu dql-l'aa—qrz dqzzEldql+E2dq2

Comparison: Covariant E,=

E; follows tangent to g?=const. ...
: ..

since only g! varies in a_qu

while g2, ¢-,... remain constant

NOTE:These
are 2D drawings!
No 3D perspective




or

Comparison: Covariant E,- VS Contravariant E:?;f- =Vq"
. geometric unit
Covariant bases {E, E,} match,cell walls
(Tangeny) AI‘ZElAq] ‘|‘E2Aq2 is based on chain rule: dr :aa—qu dq1+aa—qr2 dqzzEldq1+E2dq2

E; follows tangent to g?=const. ...

. L0
since only q! varies in a_qu
while g2, remain constant

K, are convenient bases for extensive quantities like distance and velocity.

V=V'E +V’E, = vla—r1 + VZB—‘;
dg dg

NOTE:These
are 2D drawings!
No 3D perspective




or

Comparison: Covariant E,- VS Contravariant E=aa‘i =Vq"
' geometric unit
Covariant bases {E, E,} match,cell walls
(Tangeny) AI‘ZElAq] ‘|‘E2Aq2 is based on chain rule: dr :aa—qu dq1+aa—qr2 dqzzEldq1+E2dq2

E; follows tangent to g?=const. ...
since only q! varies in =

aq'
while g2, remain cozgzstant
K, are convenient bases for extensive quantities like distance and velocity.
VoVE+VE, =2 20
dq dq
Contravariant {E' E?} match reciprocal cells
(Normal) NOTE:These
aqz i are 2D drawings!
I =Vgq :]3:2k No 3D perspective

. . oq'

E! is normal to gl=const. Since aq
. . X
gradient of g’is vector sum Vq' = o
of all its partial derivatives aq
y




J . .

a;m vs. Contravariant E:aa‘i V"
- geometric unit

Covariant bases {E, E,} match,cell walls

Comparison: Covariant E,=

(langent) AI‘ZElAq] ‘|‘E2Aq2 is based on chain rule: dr :aa—qu dq1+aa—qr2 dqzzEldq1+E2dq2
ar E; follows tangent to g?=const. ...
dg° since only q! varies in j—;
while g2, remain constant
K, are convenient bases for extensive quantities like distance and velocity.
VoVE,+VE, =V 120
dq dq
Contravariant {E' E?} match reciprocal cells
(Normal) NOTE:dThese
9g° — 1 2 are 2D drawings!
861{ = Vq ’ :]3:2k /F F FI E —I_FZ E No 3D perspective
{
dq'
_v, E! is normal to gl=const. Since
= . : | ox
gradient of g!is vector sum Vq' = o
. . . . q
7200 of all its partial derivatives 3y

E" are convenient bases for intensive quantities like force and momentum.

9" . 9q

F=FE' +EE’=F . +Fz¥:FIVq1+FZVq2



or . aq"
Comparison: Covariant E,= o VS Contravariant &=>"-=Vq'
geometric unit
Covariant bases {E E,} matchAcell walls
(langent) Ar= ElAq ‘|‘E2Aq is based on chain rule: dr —% dq +aal‘2 dqzzEldq1+E2dq2
ar E; follows tangent to g?=const. ...
g’ since only q! varies in ; -~
while g2, ¢-°,... remain constant
K, are convenient bases for extensive quantities like distance and velocity. Co-Contra dot
VZVE +V°E, =V 5)_1‘ v ;_r products k.- Er are
q q
, orthonormal:
Contravariant {E' E?} match reciprocal cells o g
(Normal) E JF'= r 99 ="
0 ’ = 1 2 m m
aci Vg =E2 F F=F E'+F,E 0q" “or
\
. . dq’
vl E! is normal to gl=const. Since
=V . : | ox
gradient of g!is vector sum Vq' = 1
of all its partial derivatives Jq
E" are convenient bases for intensive quantities like force and momentum. da"

dg' . 9q’ By chain rule: 1__g"
L+ F, 2 —FVq' +F N om Om
o + o Vq' + EVq’ aq

F=FE'+FE =F




GCC Cells, base vectors, and metric tensors
Polar coordinate examples: Covariant E,, vs. Contravariant Em

— Covariant gmn vs. Invariant dn" vs. Contravariant gmn



Covariant gmn ~ VS.

E O — ar.’ar

= gmn

Covariant
metric tensor

Emn

Invariant s,  vs.

E .E'= Jar_dg ="
dqg” or
Invariant

Kroneker unit tensor

-

1 ifm=n
" 0 ifm#n

Contravariant gmn
propr=94" 99" _ o
or or

Contravariant
metric tensor

gmn



Covariant gmn ~ vs. Invariant s, vs. Contravariant gmn
Jr or ar dJq”" dg" dq"
Em.En: m. . Egmn Em‘En: m‘ q :5:1 Em.En: q o q Egmn
dq" dq dqg” or or or
Covariant Invariant Contravariant
metric tensor Kroneker unit tensor metric tensor
Emn - gmn
1 ifm=n
5:15 3 4
0O ifm#n
Polar coordinate examples (again):
(1 1)
d %) ( ) ( A
xl x2 a—x:cosq) a—xz—rsinq) chosq) i:sinq) «—E =FE'
<J>= aq aq _ or a¢ <K>:<J_1>: ox 8y
W2 ol a—yzsinq) a—y:rcosq) aq):—sinq) 8¢:cos¢ -
1 2 or 0 ) \ ox 4 o r )T T
\dg  9dg~ ) \
TE, TE, TE, TE,



vs. Contravariant gmn
dg" dq"
5:}11 Em.En: q o q Egmn
Jr or
Contravariant
metric tensor
gmn
( A
&:cosq) @:sinq) «—E =E
J‘1> _ ox dy
d0p —sing d@ coso
= = —E? =E’
\ Ox r dy ro)
Contravariant gmn
g" E .E" E .E’

Covariant gmn  vs. Invariant su"
or oJr or 94g"
Em.En: m. nEgmn EmoEn: m‘ q =
dq" dq dg" or
Covariant Invariant
metric tensor Kroneker unit tensor
Emn (
1 ifm=n
0=+ /
0O ifm#n
Polar coordinate examples (again):
(o ') (a A
<J>_ an aqz i g—cosq) a—¢——r51nq) <K>:<
2 2
8x1 E)xz %zsinq) g—yzrcosq)
(g 9g?) /
TE, TE, TE, TE,
Covariant gmn Invariant §"
8+ & | | EE E-K 5/ &' | | E+E" E.E
2 8 | | E,E, E,-E, 5, 8 | | EpE EpE

{3

o)

) |

8

or

g" [
g¢¢>

1 0
0 1/r°

E’-E E’.E’

J

J



Lagrange prefers Covariant gmn with Contravariant velocity ¢

GCC Lagrangian definition
GCC “canonical” momentum py, definition
GCC “canonical”  force Fy definition
Coriolis “fictitious” forces (... and weather effects)




Lagrange prefers Covariant gmn with Contravariant velocity
Lagrangian L=KE-U is supposed to be explicit function of velocity.

L(V)=;Mvev=U = ; Mi+ir-U = ;M (E, ¢")(E, ¢")-U=;M(g,,q"¢")-U=L(q)



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_ Covariant gm, metric (page 53) g 8w E +E E - E, 1 0
Sor  Ego E,-E E -E, 0 r°



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gqbr




Lagrange prefers Covariant gmn with Contravariant velocity ¢"

GCC Lagrangian definition
)y GCC “canonical” momentum pm definition
GCC “canonical”  force Fy definition
Coriolis “fictitious” forces (... and weather effects)




Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gqbr

(From preceding page)



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
8or

L(7,0) =3 M(g,,7* + 8,01)—U(r,9) = M (17> + r**¢*) = U(r,9)

GCC Lagrange equations follow. It L-equation is momentum pm definition for each coordinate q™:

oL Nothing too surprising,
p, = T =Mg r=Mr radial momentum p, has the
r usual linear M-v form



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
8or

GCC Lagrange equations follow. It L-equation is momentum pm definition for each coordinate q™:

oL . . Nothing too surprising; 9L . ~ Wow! gy gives moment-of-inertia
p, = 5 =Mg r=Mr radial momentum p, has the Py = % = Mg,,0 = Mr’¢  factor Mr? automatically for the
usual linear M-v form

angular momentum py=Mr o.

Lagrange s It GCC equation d oL oL

(Defining GCC momentum) At g 9"




Lagrange prefers Covariant gmn with Contravariant velocity ¢"

GCC Lagrangian definition
GCC “canonical” momentum py, definition
= GCC “canonical”  force Fu definition

Coriolis “fictitious” forces (... and weather effects)




Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
8or

GCC Lagrange equations follow. It L-equation is momentum pm definition for each coordinate q™:

oL . . Nothing too surprising; 9L . ~ Wow! gy gives moment-of-inertia
p, = 5 =Mg r=Mr radial momentum p, has the Py = % = Mg,,0 = Mr’¢  factor Mr? automatically for the
usual linear M-v form

angular momentum py=Mr o.

(From preceding page)



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gqbr

GCC Lagrange equations follow. It L-equation is momentum pm definition for each coordinate q™:

oL . . Nothing too surprising; 9L . ~ Wow! gy gives moment-of-inertia
p, = 5 =Mg r=Mr radial momentum p, has the Py = % = Mg,,0 = Mr’¢  factor Mr? automatically for the
usual linear M-v form

angular momentum py=Mr o.

2nd [ -equation involves total time derivative pm for each momentum pmp:

oL M ag¢¢ (P oU oU Centrifugal . a_L _0- oU  Angular momentum pq is conserved if

P, = 3 2 or ar =Mr (P - E force Mro’ Po = l0) 8¢ potential U has no explicit O0-dependence
d oL aL Lagrange's 24 GCC equation
dt 9g™ g™ (Change of GCC momentum)
dp,, . dL
— =p =—
m m
dt g




Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
8or

L(7,0) =3 M(g,,7* + 8,01)—U(r,9) = M (17> + r**¢*) = U(r,9)

GCC Lagrange equations follow. It L-equation is momentum pm definition for each coordinate q™:

oL Nothing too surprising; 9L . ~ Wow! gy gives moment-of-inertia
p.=—=Mg r=Mr radial momentum p, has the Py ==7=Mg,0= Mr’¢  factor Mr? automatically for the

Jr usual linear M-v form 9 angular momentum po=Mro.

2nd [ -equation involves total time derivative pm for each momentum pmp:

. _dJdL M ag¢¢ oU _ M oU Centrifugal - a_L _0- oU  Angular momentum pq is conserved if
Pr= o 2 or (P ar a r(P B g force Mro? Pe of 8¢ potential U has no explicit ¢-dependence
_d

m

Find pm directly from 15t L-equation:p,, = M(g,,d") =M (&,.q"+8,.d") Equate it to P,,in 2 L-equation.:

dt dt



Lagrange prefers Covariant gmn with Contravariant velocity ¢"

GCC Lagrangian definition
GCC “canonical” momentum py, definition
= GCC “canonical”  force Fu definition

Coriolis “fictitious” forces (... and weather effects)




Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
8or

GCC Lagrange equations follow. It L-equation is momentum pm definition for each coordinate q™:

oL . . Nothing too surprising; 9L . ~ Wow! gy gives moment-of-inertia
p, = 5 =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  factor Mr? automatically for the
usual linear M-v form

angular momentum py=Mr o.

2nd [ -equation involves total time derivative pm for each momentum pmp:

oL M ag¢¢ (P oU oU Centrifugal . a_L _0- oU  Angular momentum pq is conserved if

P, = or 2 or ar =M r(p B g force Mro? Po = o) aq) potential U has no explicit §-dependence
L : : . d
Find pn, directly from 15t L-equation:p,, = dt’" 0 M(g,,d") =M (&,.q"+8,.d") Equate it to P,,in 2 L-equation.:

(From preceding page)



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
8or

L(7,0) =3 M(g,,7* + 8,01)—U(r,9) = M (17> + r**¢*) = U(r,9)

GCC Lagrange equations follow. It L-equation is momentum pm definition for each coordinate q™:

oL . . Nothing too surprising; 9L . ~ Wow! gy gives moment-of-inertia
p, = 5 =Mg r=Mr radial momentum p, has the Py = % = Mg,,0 = Mr’¢  factor Mr? automatically for the
usual linear M-v form

angular momentum py=Mr o.

2nd [ -equation invglves total time derivative pm for each momentum pm:

. _dJdL M 98,/ :» U M rd? oU Centrifugal . JL _ 0_8_U Angular momentum pg is conserved if
Pr= or 2 0 ? _E =Mro- g force Mro’ Ps o) d¢p  potential U has no explicit ¢-dependence
d

=M (8,4 =M &,,4"8,,d") Equate it 10 Pin 24 L-equation:

m

Find pm directly from Ist L<equation:p,, =

. _dp,
b=

=M7 Centrifugal (center-fleeing) force

equals total

=M r¢}2— E Centripetal (center-pulling) force



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) | &, &

GCC Lagrange equations follow. It L-equation is momentum pm definition for each coordinate q™:

oL Nothing too surprising; 9L . ~ Wow! gy gives moment-of-inertia
p.=—=Mg r=Mr radial momentum p, has the Py ==7=Mg,0= Mrl¢  factor Mr? automatically for the

Jr usual linear M-v form 9 angular momentum po=Mro.

2nd [ -equation invglves total time derivative pm for each momentum pm:

oL M ag¢¢ oU . oU Centrifugal . dL oU
or 2 on - or —Mr(p—g Jorce Mro? Fe d¢

b, =

Find pm directly from 15t L<equation:p,, = dt’" :llt (8" ) =M (8,,4"F ") |[Equate it to P,,in 24 L-equation
- dp, - M . Ldp, | . Torque relates to two distinct parts:
br= dt Centrifugal (center-fleeing) force Py = di] 2MW¢+ Mr 0 Corzolls and angular. acceleration
equals total - T s Tt et
=M r(b - Centripetal (center-pulling) force —(0)— — Angular momentum pq is conserved if
or 99 potential U has no explicit O-dependence



Rewriting GCC Lagrange equations :

dp - d Tor ] _y
» =—L=M7# . _ . p .. Torque relates to two distinct parts.
Pr dt Centrifugal (center-fleeing) force Po="1 2Mrr¢ M Mr 0 Coriolis and angular: acceleration
oy equals total - R S et
=M r¢2— — Centripetal (center-pulling) force =0—— Angular momentum py is conserved if
ar 99 potential U has no explicit ¢-dependence
Conventional forms U U
radial force: M#= M r¢°— o> angular force or torque: Mr*g = =2 Mri¢ — %
r
Field-free (U=0) o
radial acceleration: i = r¢52 angular acceleration: ¢ = -2
r
Coriolis acceleration Wlth (]) >() and r<0 Effect on
— _2 V
(I) I” q) /7' akes d)pcsitive) Northern
Inward flow|to pressyre Low Hemzsp here
° 0 local weather
..makes\wind) turn/fo the right
Y Cyclonic flow
> L < @ around lows

(with d) Northérn hemzsphere otation

6|>0




Rewriting GCC Lagrange equations :

) =L = M ¥ . _ . 4Dy . 2. Torque relates to two distinct parts.
Pr dt Centrifugal (center-fleeing) force Py = dr 2M}:"r¢+ Mr 0 Coriolis and angular. acceleration
| equals total T i Sttt esent
=M r¢2_ a—U Centripetal (center-pulling) force =0— a_U Angular momentum py is conserved if
or 99 potential U has no explicit ¢-dependence
Conventional forms U U
radial force: M¥=Mr@°— o> angular force or torque: Mr*g = =2 Mri¢ — %
r
Field-free (U=0) o
radial acceleration: ¥ =r¢ angular acceleration: ¢ = -2
r
Coriolis accele.:l.rathn 'Wlt? 8 >() irid r< 8 Effect on
— =< Fr r oo
¢ ¢ akes ¢ pasitive) Nar.thern

Hemisphere

Inward flow|to pressyre Low
0 local weather
..makes\wind) turn/fo the right
Y Cyclonic flow
Cool North around lows
> L < winds follow varm soutr
StOrms ginds precede
ﬁ l orms

(with & = 0) Northern hemjisphereNotation

6|>0




Rewriting GCC Lagrange equations :

dp - d Torque rel sti -
) =L = M ¥ . . . 4Dy . 2. Torque relates to two distinct parts.
Pr dt Centrifugal (center-fleeing) force Py = dr 2M}:"r¢+ Mr 0 Coriolis and angular. acceleration
Y equals total . T s Tt et
=M r¢2— — Centripetal (center-pulling) force =0—— Angular momentum py is conserved if
ar o9 potential U has no explicit ¢-dependence
Conventional forms U oY
radial force: M#= M r¢°— o> angular force or torque: Mr*g = =2 Mri¢ — %
r
Field-free (U=0) ”
radial acceleration: i = r¢52 angular acceleration: ¢ = -2
r
Coriolis acceleration with ¢ >0 and < 0 Effect on
=_) e
d ror akes ® pgsitive) Nor.thern
Hemisphere
Inward flow|to pressyre Low ] ] I
0 ocal weather

..makes\wind| turn/fo the right

Y

¢ l orms
(with d) =0) Northérn hen.fzisphere otation
‘ s

Cool North
> L << winds OV @/ Warm-Somutr
storms ginds precede

Cyclonic flow
around lows

Deep quantum rule:

Flow tries to mimic

the external rotation
(least relative v)

Northern hémisphere systemy drift West to East



GOES-16 captured this geocolor image of
Hurricane Irma approaching Anguilla at about
7:15 am (eastern), September 6, 2017. Irma's
maximum sustained winds remain near 185
mph with higher gusts, making it a category 5
hurricane on the Saffir-Simpson Hurricane
Wind Scale. According to the latest information
from NOAA's National Hurricane Center
(issued at 8:00 am eastern), Irma was located
about 15 miles west-southwest of Anguilla and
moving toward the west-northwest near 16
miles per hour.




Science News <link>

Saturn’s north pole was dark when Cassini arrived in 2004. But as the seasons changed, light illuminated a bizarre six-sided
swirl of gases at the pole (shown here in false color). The hexagon has been known since the 1980s. It is about 30,000

kilometers (18,600 miles) wide with a massive hurricane cent®:ed on the north pole.
JPL-CALTECH/NASA, SPACE SCIENCE INSTITUTE



https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow
https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow

AMORP r ef erence links (Updated list given on 214 and 37 pages of each class presentation)

Web Resources - front page Quantum Theory for the Computer Age 2014 AMOP
UAF Physics UTube channel Principles of Symmetry, Dynamics, and Spectroscopy 2017 Group Theory for OM
Classical Mechanics with a Bang! 2018 AMOP

Modern Physics and its Classical Foundations

Representaions Of Multidimensional Symmetries In Networks - harter-imp-1973
Alternative Basis for the Theory of Complex Spectra

Alternative Basis_for _the Theory of Complex Spectra | - harter-pra-1973

Alternative Basis for the Theory of Complex Spectra Il - harter-patterson-pra-1976
Alternative_Basis_for_the Theory of Complex_Spectra_lll_-_patterson-harter-pra-1977

Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978
Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-dJMP-1979
Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984

Galloping waves and their relativistic properties - ajp-1985-Harter
Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)

Theory of hyperfine and superfine levels in symmetric polyatomic molecules.
l) Trigonal and tetrahedral molecules: Elementary spin-1/2 cases in vibronic ground states - PRA-1979-Harter-Patterson (Alt scan)
ll) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981 (Alt scan)

Rotation-vibration spectra of icosahedral molecules.

) lcosahedral symmetry analysis and fine structure - harter-weeks-jcp-1989 (Alt scan)
ll) Icosahedral symmetry, vibrational eigenfrequencies, and normal modes of buckminsterfullerene - weeks-harter-jcp-1989 (Alt scan)
l1) Half-integral angular momentum - harter-reimer-jcp-1991
Rotation-vibration scalar coupling zeta coefficients and spectroscopic band shapes of buckminsterfullerene - Weeks-Harter-CPL-1991 (Alt scan)
Nuclear spin weights and gas phase spectral structure of 12C60 and 13C60 buckminsterfullerene -Harter-Reimer-Cpl-1992 - (Alt1, Alt2 Erratum)
Gas Phase Level Structure of C60 Buckyball and Derivatives Exhibiting Broken Icosahedral Symmetry - reimer-diss-1996
Fullerene symmetry reduction and rotational level fine structure/ the Buckyball isotopomer 12C 13C59 - jcp-Reimer-Harter-1997 (HiRez)
Wave Node Dynamics and Revival Symmetry in Quantum Rotors - harter - jms - 2001
Molecular Symmetry and Dynamics - Ch32-Springer Handbooks of Atomic, Molecular, and Optical Physics - Harter-2006

Resonance and Revivals

Resonance and Revivals in Quantum Rotors - Comparing Half-integer Spin and Integer Spin - Alva-ISMS-0hio2013-R777 (Talk
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Int.J Mol.Sci, 14, 714(2013), QTCA Unit8 Ch. 23-25, QTCA Unit 9 Ch. 26,

(PSDS - Ch. 5, 7)
PSDS Ch. 5, PSDS Ch. 7

Intro spin % coupling Irrep Tensor building
Unit 8 Ch. 24 p3 Unit 8 Ch. 25 p).
H atom hyperfine-B-level crossing
Unit 8 Ch. 24 pl5 Irrep Tensor Tables

Unit 8 Ch. 25 pl2.

Hyperf. theory Ch. 24 p48.

Hyperf. theory Ch. 24 p48. Wigner-Eckart tensor Theorem.
Deeper theory ends p33 Unit 8 Ch. 25 pl7.
Intro 2p3p coupling
Unit 8 Ch. 24 pl7. Tensors Applied to d,f-levels.
Intro LS-jj coupling Unit 8 Ch. 25 p21.
Unit 8 Ch. 24 p22.
CG coupling derived (start) Tensors Applied to high J levels.
Unit 8 Ch. 24 p39. Unit 8 Ch. 25 p63.

CG coupling derived (formula)
Unit 8 Ch. 24 p44.

Lande’ g-factor
Unit 8 Ch. 24 p26.

Intro 3-particle coupling.
Unit 8 Ch. 25 p28.

Intro 3,4-particle Young Tableaus
GrpThLect29 p42.

Young Tableau Magic Formulae
GrpThlLect29 p46-48.
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