
Lecture  9  
Wed. 9.25.2019

Equations of Lagrange and Hamilton mechanics 
in GeneralizedCurvilinear Coordinates (GCC) 

(Ch. 12 of Unit 1 and Ch. 1-5 of Unit 2 and Ch. 1-5 of Unit 3) 
Quick Review of Lagrange Relations in Lectures 7-8 

  

Using differential chain-rules for coordinate transformations 
Polar coordinate example of Generalized Curvilinear Coordinates (GCC)  
Getting the GCC ready for mechanics:  Generalized velocity and Jacobian Lemma 1 
Getting the GCC ready for mechanics:  Generalized acceleration and Lemma 2  

How to say Newton’s “F=ma” in Generalized Curvilinear Coords.  
Use Cartesian KE quadratic form KE=T=1/2v•M•v and F=M•a to get GCC force 
Lagrange GCC trickery gives Lagrange force equations  
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2) 

GCC Cells, base vectors, and metric tensors  

Polar coordinate examples:  Covariant Em  vs.  Contravariant Em             
Covariant gmn  vs.  Invariant δmn  vs.  Contravariant gmn 

Lagrange prefers Covariant gmn with Contravariant velocity  
GCC Lagrangian definition 
GCC “canonical” momentum pm definition 
GCC “canonical”       force    Fm definition 

Coriolis “fictitious” forces (… and weather effects)



Lecture #9

This Lecture’s Reference Link Listing
Web Resources - front page
UAF Physics UTube channel

Classical Mechanics with a Bang!
Principles of Symmetry, Dynamics, and Spectroscopy

Quantum Theory for the Computer Age

Modern Physics and its Classical Foundations
2018 AMOP

2019 Advanced Mechanics

2017 Group Theory for QM
2018 Adv CM

Select, exciting, and related Research & Articles of Interest: 
     These are hot off the presses.  Out in MISC for quick reference. 
Burning a hole in reality—design for a new laser may be powerful enough to pierce space-time - Sumner-Daily KOS-2019 
Trampoline mirror may push laser pulse through fabric of the Universe - Lee-ArsTechnica-2019 
Achieving_Extreme_Light_Intensities_using_Optically_Curved_Relativistic_Plasma_Mirrors_-_Vincenti-prl-2019 
A_Soft_Matter_Computer_for_Soft_Robots_-_Garrad-sr-2019 
Correlated_Insulator_Behaviour_at_Half-Filling_in_Magic-Angle_Graphene_Superlattices_-_cao-n-2018

Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_
          realization_of_Maxwell's_Demon - Kumar-n-2018
Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom - Barredo-n-2018
Older ones:
Wave-particle_duality_of_C60_molecules - Arndt-ltn-1999
Optical_Vortex_Knots_-_One_Photon__At_A_Time - Tempone-Wiltshire-Sr-2018
Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_, 
          Nuclear_Collisions - Mishustin-PhysRevC-2007, APS Link & Abstract 
Hadronic Molecules - Guo-x-2017  
Hidden-charm_pentaquark_and_tetraquark_states - Chen-pr-2016

CMwithBang Lecture 8, page=20
WWW.sciencenewsforstudents.org: Cassini - Saturnian polar vortex

https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2018.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2019.html
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
https://www.dailykos.com/stories/2019/9/14/1885432/-Burning-a-hole-in-reality-design-for-a-new-laser-may-be-powerful-enough-to-pierce-space-time
https://arstechnica.com/science/2019/09/trampoline-mirror-may-push-laser-pulse-through-fabric-of-the-universe/
https://modphys.hosted.uark.edu/ETC/MISC/Achieving_Extreme_Light_Intensities_using_Optically_Curved_Relativistic_Plasma_Mirrors_-_Vincenti-prl-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Soft_Matter_Computer_for_Soft_Robots_-_Garrad-sr-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Correlated_Insulator_Behaviour_at_Half-Filling_in_Magic-Angle_Graphene_Superlattices_-_cao-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Wave-particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Optical_Vortex_Knots_-_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.76.011603
https://modphys.hosted.uark.edu/ETC/MISC/Hadronic_molecules-_Guo-x-2017.pdf
https://modphys.hosted.uark.edu/ETC/MISC/hidden-charm_pentaquark_and_tetraquark_states-_chen-pr-2016.pdf
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2019/CMwithBang_Lect.8_9.23.19.pdf#page=22
https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow%22


BoxIt Web Simulations: 
Generic/Default 
Most Basic A-Type 
Basic A-Type w/reference lines 
Basic A-Type A-Type with Potential energy 
A-Type with Potential energy and Stokes Plot 
A-Type w/3 time rates of change 
A-Type w/3 time rates of change with Stokes Plot 
B-Type (A=1.0, B=-0.05, C=0.0, D=1.0)

RelaWavity Web Elliptical Motion Simulations: 
Orbits with b/a=0.125 
Orbits with b/a=0.5 
Orbits with b/a=0.7 
Exegesis with b/a=0.125 
Exegesis with b/a=0.5 
Exegesis with b/a=0.7 
Contact Ellipsometry

Pirelli Site: Phasors animimation 
CMwithBang Lecture #6, page=70 (9.10.18)

Running Reference Link Listing
Lectures #8 through #7

In reverse order

AMOP Ch 0 Space-Time Symmetry - 2019
Seminar at Rochester Institute of Optics, Aux. slides-2018

“RelaWavity” Web Simulations: 
          2-CW laser wave, Lagrangian vs Hamiltonian,  
          Physical Terms Lagrangian L(u) vs Hamiltonian H(p) 
CoulIt Web Simulation of the Volcanoes of Io 
BohrIt Multi-Panel Plot:  
          Relativistically shifted Time-Space plots of 2 CW light waves

NASA Astronomy Picture of the Day -  
          Io:  The Prometheus Plume  (Just Image) 
NASA Galileo - Io's Alien Volcanoes 
New Horizons - Volcanic Eruption Plume on Jupiter's moon IO 
NASA Galileo - A Hawaiian-Style Volcano on Io

https://modphys.hosted.uark.edu/markup/BoxItWeb.html
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0&wantBallsNItsPhi2=0&wantBallsNItsPhi2=0&wantPELevels=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantStokes=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3&wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?&AU2=1.0&BU2=-0.05&CU2=0.0&DU2=1.0
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.5&velocity=0.85
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,2
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=70
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_0_SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Rochester_Auxilary_Slides.pdf
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
http://apod.nasa.gov/apod/ap970818.html
http://apod.nasa.gov/apod/image/9708/prometheus_gal_big.jpg
https://science.nasa.gov/science-news/science-at-nasa/1999/ast04oct99_1/
https://www.youtube.com/watch?v=wmQHOUFIuzQ
https://science.nasa.gov/science-news/science-at-nasa/1999/ast05nov99_2/


RelaWavity Web Simulation: Contact Ellipsometry 
BoxIt Web Simulation: Elliptical Motion (A-Type) 
CMwBang Course: Site Title Page 
Pirelli Relativity Challenge: Describing Wave Motion With Complex Phasors 
UAF Physics UTube channel

BounceIt Web Animation - Scenarios: 
Generic Scenario: 2-Balls dropped no Gravity (7:1) - V vs V Plot (Power=4) 
1-Ball dropped w/Gravity=0.5 w/Potential Plot: Power=1, Power=4 
7:1 - V vs V Plot: Power=1 
3-Ball Stack (10:3:1) w/Newton plot (y vs t) - Power=4 
3-Ball Stack (10:3:1) w/Newton plot (y vs t) - Power=1 
3-Ball Stack (10:3:1) w/Newton plot (y vs t) - Power=1 w/Gaps 
4-Ball Stack (27:9:3:1) w/Newton plot (y vs t) - Power=4 
4-Newton's Balls (1:1:1:1) w/Newtonian plot (y vs t) - Power=4 w/Gaps 
6-Ball Totally Inelastic (1:1:1:1:1:1) w/Gaps: Newtonian plot (t vs x), V6 vs V5 plot 
5-Ball Totally Inelastic Pile-up w/ 5-Stationary-Balls - Minkowski plot (t vs x1) w/Gaps 
1-Ball Totally Inelastic Pile-up w/ 5-Stationary-Balls - Vx2 vs Vx1 plot w/Gaps

Velocity Amplification in Collision Experiments Involving Superballs - Harter, 1971 
MIT OpenCourseWare: High School/Physics/Impulse and Momentum 
Hubble Site: Supernova - SN 1987A

Running Reference Link Listing
Lectures #6 through #1

More Advanced QM and classical references at the end of this Lecture 

X2 paper: Velocity Amplification in Collision Experiments Involving Superballs - Harter, et. al. 1971 (pdf) 
Car Collision Web Simulator: https://modphys.hosted.uark.edu/markup/CMMotionWeb.html 
Superball Collision Web Simulator: https://modphys.hosted.uark.edu/markup/BounceItWeb.html; with Scenarios: 1007 
BounceIt web simulation with g=0 and 70:10 mass ratio 
With non zero g, velocity dependent damping and mass ratio of 70:35 
Elastic Collision Dual Panel Space vs Space: Space vs Time (Newton) , Time vs. Space(Minkowski)  
Inelastic Collision Dual Panel Space vs Space: Space vs Time (Newton), Time vs. Space(Minkowski) 
Matrix Collision Simulator:M1=49, M2=1 V2 vs V1 plot <<Under Construction>>

With g=0 and 70:10 mass ratio 
With non zero g, velocity dependent damping and mass ratio of 70:35 
M1=49, M2=1 with Newtonian time plot 
M1=49, M2=1 with V2 vs V1 plot 
Example with friction 
Low force constant with drag displaying a Pass-thru, Fall-Thru, Bounce-Off 
m1:m2= 3:1 and (v1, v2) = (1, 0) Comparison with Estrangian

m1:m2 = 4:1 
          v2 vs v1, y2 vs y1 
m1:m2 = 100:1, (v1, v2)=(1, 0): V2 vs V1 Estrangian plot, y2 vs y1 plot

v2 vs v1 and V2 vs V1, (v1, v2)=(1, 0.1), (v1, v2)=(1, 0) 
y2 vs y1 plots: (v1, v2)=(1, 0.1), (v1, v2)=(1, 0), (v1, v2)=(1, -1) 
Estrangian plot V2 vs V1: (v1, v2)=(0, 1), (v1, v2)=(1, -1)

m1:m2 = 3:1
BounceIt Dual plots BounceItIt Web Animation - Scenarios: 

          49:1 y vs t, 49:1 V2 vs V1, 1:500:1 - 1D Gas Model w/ faux restorative force (Cool),  
          1:500:1 - 1D Gas (Warm), 1:500:1 - 1D Gas Model (Cool, Zoomed in),  
Farey Sequence - Wolfram 
Fractions - Ford-AMM-1938 
Monstermash BounceItIt Animations: 
          1000:1 - V2 vs V1, 1000:1 with t vs x - Minkowski Plot 
Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-2013 
Quantum_Revivals_of_Morse_Oscillators_and_Farey-Ford_Geometry - Li-Harter-cpl-2015 
          Quant. Revivals of Morse Oscillators and Farey-Ford Geom. - Harter-Li-CPL-2015 (Publ.) 
Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971 
WaveIt Web Animation - Scenarios: 
          Quantum_Carpet, Quantum_Carpet_wMBars,  
          Quantum_Carpet_BCar, Quantum_Carpet_BCar_wMBars 
Wave Node Dynamics and Revival Symmetry in Quantum Rotors - Harter-JMS-2001 
          Wave Node Dynamics and Revival Symmetry in Quantum Rotors - Harter-jms-2001 (Publ.)

AJP article on superball dynamics 
AAPT Summer Reading List 

Scitation.org - AIP publications 
HarterSoft Youtube Channel

In reverse order

http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=1,2
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/CMwBang_TitlePage.html
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/BounceItWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2072
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2073
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2075
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2176
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2177
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2179
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3106
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3107
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4011
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4012
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4020
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
http://ocw.mit.edu/high-school/physics/exam-prep/systems-of-particles-linear-momentum/impulse-and-momentum/
http://hubblesite.org/newscenter/archive/releases/2007/10/image/a/
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20003
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20005
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20004
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20006
https://modphys.hosted.uark.edu/markup/BounceMatWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1009
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1111
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1111
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1112
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1113
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1214
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1224
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1016
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1026
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1024
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1015
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1025
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1009
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2081
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=20810
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=20811
http://mathworld.wolfram.com/FareySequence.html
http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3000
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3004
http://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/MorseRevivals5.31.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Quantum_Revivals_of_Morse_Oscillators_and_Farey-Ford_Geometry_-_Li-Harter-cpl-2015.pdf
http://www.sciencedirect.com/science/article/pii/S0009261415003784
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_wMBars
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_BCar
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_BCar_wMBars
http://www.sciencedirect.com/science/article/pii/S0022285201984498
http://www.sciencedirect.com/science/article/pii/S0022285201984498
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://aip-info.org/37VS-QW7L-1462CY2628/cr.aspx?v=1
https://www.scitation.org/
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA


Quick Review of Lagrange Relations in Lectures 7-8 
0th and 1st equations of Lagrange and Hamilton 



Quick Review of Lagrange Relations in Lectures 7-8 
0th and 1st equations of Lagrange and Hamilton 

Starts out with simple demands for explicit-dependence, “loyalty” or “fealty to the colors”  
 

∂L
∂pk

≡ 0 ≡ ∂E
∂pk

∂H
∂vk

≡ 0 ≡ ∂E
∂vk

∂L
∂Vk

≡ 0 ≡ ∂H
∂Vk

Lagrangian and Estrangian  
have no explicit dependence  
on momentum p

Hamiltonian and Estrangian  
have no explicit dependence  
on velocity v

Lagrangian and Hamiltonian  
have no explicit dependence  
on speedinum V

Such non-dependencies hold in spite of “under-the-table” matrix and partial-differential connections 

 

∇vL = ∂L
∂v

= ∂
∂v
viMiv
2

=M iv= p  

∇ pH = v = ∂H
∂p

= ∂
∂p
piM−1ip
2

=M−1ip = v

(Forget Estrangian for now)

Lagrange’s 1st equation(s)                  Hamilton’s 1st equation(s)
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= pk      or:       
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v1

v2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

p1

p2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  

∂H
∂p1

∂H
∂p2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=
m1
−1 0

0 m2
−1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

p1

p2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

v1

v2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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Using differential chain-rules for coordinate transformations 
Polar coordinate example of Generalized Curvilinear Coordinates (GCC)  
Getting the GCC ready for mechanics:  Generalized velocity and Jacobian Lemma 1 
Getting the GCC ready for mechanics:  Generalized acceleration and Lemma 2 



df (x, y) = ∂ f
∂x
dx + ∂ f

∂y
dy

dg(x, y) = ∂g
∂x
dx + ∂g

∂y
dy

Using differential chain-rules for coordinate transformations 
A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space  
                                                     for example:        polar coordinates  
                                                    r2(x,y)= x2+y2  and  θ(x,y)=atan2(y,x)  dr(x, y) = ∂r

∂x
dx + ∂r

∂y
dy

dθ(x, y) = ∂θ
∂x
dx + ∂θ

∂y
dy( Not in text. Recall Lecture 8 p. 6-22)†

†

https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2019/CMwithBang_Lect.8_9.23.19.pdf#page=22


df (x, y) = ∂ f
∂x
dx + ∂ f

∂y
dy

dg(x, y) = ∂g
∂x
dx + ∂g

∂y
dy

Using differential chain-rules for coordinate transformations 
A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space  
                                                     for example:        polar coordinates  
                                                    r2(x,y)= x2+y2  and  θ(x,y)=atan2(y,x)  dr(x, y) = ∂r

∂x
dx + ∂r

∂y
dy

dθ(x, y) = ∂θ
∂x
dx + ∂θ

∂y
dy

Easy to invert differential chain relations (even if functions are not easily inverted)

dx = ∂x
∂ f

df + ∂y
∂g
dg

dy = ∂y
∂ f

df + ∂y
∂g
dg

dx = ∂x
∂r
dr + ∂x

∂θ
dθ

dy = ∂y
∂r
dr + ∂y

∂θ
dθ

x = r cosθ
y = r sinθ

dx
dy

⎛

⎝
⎜

⎞

⎠
⎟ =

∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

dr
dθ

⎛
⎝⎜

⎞
⎠⎟
= cosθ −r sinθ

sinθ r cosθ
⎛

⎝⎜
⎞

⎠⎟
dr
dθ

⎛
⎝⎜

⎞
⎠⎟

†

( Not in text. Recall Lecture 8 p. 6-22)†
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dx j = ∂x j

∂qm
dqm ≡ ∂x j

∂qm
dqm   dummy-index m-sum

Defining a shorthand { }
m=1

N
∑

⎛

⎝
⎜

⎞

⎠
⎟

df (x, y) = ∂ f
∂x
dx + ∂ f

∂y
dy

dg(x, y) = ∂g
∂x
dx + ∂g

∂y
dy

Using differential chain-rules for coordinate transformations 
A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space  
                                                     for example:        polar coordinates  
                                                    r2(x,y)= x2+y2  and  θ(x,y)=atan2(y,x)  dr(x, y) = ∂r

∂x
dx + ∂r

∂y
dy

dθ(x, y) = ∂θ
∂x
dx + ∂θ

∂y
dy

Easy to invert differential chain relations (even if functions are not easily inverted)

dx = ∂x
∂ f

df + ∂y
∂g
dg

dy = ∂y
∂ f

df + ∂y
∂g
dg

dx = ∂x
∂r
dr + ∂x

∂θ
dθ

dy = ∂y
∂r
dr + ∂y

∂θ
dθ

x = r cosθ
y = r sinθ

dx
dy

⎛

⎝
⎜

⎞

⎠
⎟ =

∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

dr
dθ

⎛
⎝⎜

⎞
⎠⎟
= cosθ −r sinθ

sinθ r cosθ
⎛

⎝⎜
⎞

⎠⎟
dr
dθ

⎛
⎝⎜

⎞
⎠⎟

Notation for differential GCC (Generalized Curvilinear Coordinates {q1, q2, q3,...})

These xj are plain old CC (Cartesian Coordinates {dx1=dx, dx2=dy, dx3=dx, dx4=dt} )

What does “q” stand for? 
One guess: “Queer” 
And they do get pretty queer!

†

( Not in text. Recall Lecture 8 p. 6-22)†
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dx j = ∂x j

∂qm
dqm ≡ ∂x j

∂qm
dqm   dummy-index m-sum

Defining a shorthand { }
m=1

N
∑

⎛

⎝
⎜

⎞

⎠
⎟

df (x, y) = ∂ f
∂x
dx + ∂ f

∂y
dy

dg(x, y) = ∂g
∂x
dx + ∂g

∂y
dy

Using differential chain-rules for coordinate transformations 
A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space  
                                                     for example:        polar coordinates  
                                                    r2(x,y)= x2+y2  and  θ(x,y)=atan2(y,x)  dr(x, y) = ∂r

∂x
dx + ∂r

∂y
dy

dθ(x, y) = ∂θ
∂x
dx + ∂θ

∂y
dy

Easy to invert differential chain relations (even if functions are not easily inverted)

dx = ∂x
∂ f

df + ∂y
∂g
dg

dy = ∂y
∂ f

df + ∂y
∂g
dg

dx = ∂x
∂r
dr + ∂x

∂θ
dθ

dy = ∂y
∂r
dr + ∂y

∂θ
dθ

x = r cosθ
y = r sinθ

dx
dy

⎛

⎝
⎜

⎞

⎠
⎟ =

∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

dr
dθ

⎛
⎝⎜

⎞
⎠⎟
= cosθ −r sinθ

sinθ r cosθ
⎛

⎝⎜
⎞

⎠⎟
dr
dθ

⎛
⎝⎜

⎞
⎠⎟

Notation for differential GCC (Generalized Curvilinear Coordinates {q1, q2, q3,...})

These xj are plain old CC (Cartesian Coordinates {dx1=dx, dx2=dy, dx3=dx, dx4=dt} )

What does “q” stand for? 
One guess: “Queer” 
And they do get pretty queer!

Connection lines may help to indicate summation (OK on scratch paper...Difficult in text) 

†

Index m REPEATED on SAME side of = is SUMMED

( Not in text. Recall Lecture 8 p. 6-22)†
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Using differential chain-rules for coordinate transformations 
Polar coordinate example of Generalized Curvilinear Coordinates (GCC)  
Getting the GCC ready for mechanics:  Generalized velocity and Jacobian Lemma 1 
Getting the GCC ready for mechanics:  Generalized acceleration and Lemma 2



Same kind of linear relation exists between CC velocity                    and GCC velocity 
 

Getting the GCC ready for mechanics: 
Generalized velocity relation follows from GCC chain rule

  
v j≡ !x j≡ dx j

dt   
υm≡ !qm ≡ dqm

dt

 
dx j = ∂x j

∂qm
dqm

   
!x j = ∂x j

∂qm
!qm   



Same kind of linear relation exists between CC velocity                    and GCC velocity 
 

Getting the GCC ready for mechanics: 
Generalized velocity relation follows from GCC chain rule

  
v j≡ !x j≡ dx j

dt   
υm≡ !qm ≡ dqm

dt

 
dx j = ∂x j

∂qm
dqm

   
!x j = ∂x j

∂qm
!qm   

This is a key “lemma-1” for setting up mechanics:                                            or:    

∂ !x j

∂ !qm
= ∂x j

∂qm
  lemma-1



Jacobian Jmj matrix gives each CCC differential       or velocity       in terms of GCC        or       . 

Same kind of linear relation exists between CC velocity                    and GCC velocity 
 

Getting the GCC ready for mechanics: 
Generalized velocity relation follows from GCC chain rule

  
v j≡ !x j≡ dx j

dt   
υm≡ !qm ≡ dqm

dt

 
dx j = ∂x j

∂qm
dqm

   
!x j = ∂x j

∂qm
!qm   

dx j  !x j dqm  !q
m

   
Jm

j ≡ ∂x j

∂qm
= ∂!x j

∂ !qm
   matrix component

Defining Jacobian{ } ∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= cosθ −r sinθ
sinθ r cosθ

⎛

⎝⎜
⎞

⎠⎟

This is a key “lemma-1” for setting up mechanics:                                            or:    

∂ !x j

∂ !qm
= ∂x j

∂qm
  lemma-1

Recall polar coordinate 
transformation matrix:



Jacobian Jmj matrix gives each CCC differential       or velocity       in terms of GCC        or       . 

Same kind of linear relation exists between CC velocity                    and GCC velocity 
 

Getting the GCC ready for mechanics: 
Generalized velocity relation follows from GCC chain rule

  
v j≡ !x j≡ dx j

dt   
υm≡ !qm ≡ dqm

dt

 
dx j = ∂x j

∂qm
dqm

   
!x j = ∂x j

∂qm
!qm   

dx j  !x j dqm  !q
m

   
Jm

j ≡ ∂x j

∂qm
= ∂!x j

∂ !qm
   matrix component

Defining Jacobian{ }
Inverse (so-called) Kajobian Kjm matrix is flipped partial derivatives of Jmj. 

   
K j

m ≡ ∂qm

∂x j
= ∂ !qm

∂!x j
   (inverse to Jacobian)

Defining "Kajobian"{ }   

∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= cosθ −r sinθ
sinθ r cosθ

⎛

⎝⎜
⎞

⎠⎟

This is a key “lemma-1” for setting up mechanics:                                            or:    

∂ !x j

∂ !qm
= ∂x j

∂qm
  lemma-1

Recall polar coordinate 
transformation matrix:

∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

−1

=

∂r
∂x

∂r
∂y

∂θ
∂x

∂θ
∂y

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

r cosθ r sinθ
−sinθ cosθ

⎛

⎝⎜
⎞

⎠⎟

(det J = r)
=

cosθ sinθ

− sinθ
r

cosθ
r

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Polar coordinate inverse 
transformation matrix:

A B
C D

⎛
⎝⎜

⎞
⎠⎟

−1

=

D −B
−C A

⎛
⎝⎜

⎞
⎠⎟

AD − BC

Defining 2x2 matrix  inverse: (always test inverse matrices!)



Jacobian Jmj matrix gives each CCC differential       or velocity       in terms of GCC        or       . 

Same kind of linear relation exists between CC velocity                    and GCC velocity 
 

Getting the GCC ready for mechanics: 
Generalized velocity relation follows from GCC chain rule

  
v j≡ !x j≡ dx j

dt   
υm≡ !qm ≡ dqm

dt

 
dx j = ∂x j

∂qm
dqm

   
!x j = ∂x j

∂qm
!qm   

dx j  !x j dqm  !q
m

   
Jm

j ≡ ∂x j

∂qm
= ∂!x j

∂ !qm
   matrix component

Defining Jacobian{ }
Inverse (so-called) Kajobian Kjm matrix is flipped partial derivatives of Jmj. 

   
K j

m ≡ ∂qm

∂x j
= ∂ !qm

∂!x j
   (inverse to Jacobian)

Defining "Kajobian"{ }   

∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= cosθ −r sinθ
sinθ r cosθ

⎛

⎝⎜
⎞

⎠⎟

This is a key “lemma-1” for setting up mechanics:                                            or:    

∂ !x j

∂ !qm
= ∂x j

∂qm
  lemma-1

Recall polar coordinate 
transformation matrix:

∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

−1

=

∂r
∂x

∂r
∂y

∂θ
∂x

∂θ
∂y

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

r cosθ r sinθ
−sinθ cosθ

⎛

⎝⎜
⎞

⎠⎟

(det J = r)
=

cosθ sinθ

− sinθ
r

cosθ
r

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Polar coordinate inverse 
transformation matrix:

A B
C D

⎛
⎝⎜

⎞
⎠⎟

−1

=

D −B
−C A

⎛
⎝⎜

⎞
⎠⎟

AD − BC
=

D
AD − BC

−B
AD − BC

−C
AD − BC

A
AD − BC

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

Defining 2x2 matrix  inverse:

A B
C D

⎛
⎝⎜

⎞
⎠⎟

D −B
−C A

⎛
⎝⎜

⎞
⎠⎟
= AD − BC 0

0 AD − BC
⎛
⎝⎜

⎞
⎠⎟

(always test inverse matrices!)



Product of matrix Jmj and Kjm is a unit matrix by definition of partial derivatives. 

Jacobian Jmj matrix gives each CCC differential       or velocity       in terms of GCC        or       . 

Same kind of linear relation exists between CC velocity                    and GCC velocity 
 

Getting the GCC ready for mechanics: 
Generalized velocity relation follows from GCC chain rule

  
v j≡ !x j≡ dx j

dt   
υm≡ !qm ≡ dqm

dt

 
dx j = ∂x j

∂qm
dqm

   
!x j = ∂x j

∂qm
!qm   

dx j  !x j dqm  !q
m

   
Jm

j ≡ ∂x j

∂qm
= ∂!x j

∂ !qm
   matrix component

Defining Jacobian{ }
Inverse (so-called) Kajobian Kjm matrix is flipped partial derivatives of Jmj. 

   
K j

m ≡ ∂qm

∂x j
= ∂ !qm

∂!x j
   (inverse to Jacobian)

Defining "Kajobian"{ }   

  
K j

m⋅Jn
j ≡ ∂qm

∂x j
⋅ ∂x j

∂qn
= ∂qm

∂qn
= δn

m =
1  if  m = n
0  if  m ≠ n
⎧
⎨
⎩

∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= cosθ −r sinθ
sinθ r cosθ

⎛

⎝⎜
⎞

⎠⎟

This is a key “lemma-1” for setting up mechanics:                                            or:    

∂ !x j

∂ !qm
= ∂x j

∂qm
  lemma-1

Recall polar coordinate 
transformation matrix:

∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

−1

=

∂r
∂x

∂r
∂y

∂θ
∂x

∂θ
∂y

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

r cosθ r sinθ
−sinθ cosθ

⎛

⎝⎜
⎞

⎠⎟

(det J = r)
=

cosθ sinθ

− sinθ
r

cosθ
r

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

cosθ −r sinθ
sinθ r cosθ

⎛

⎝⎜
⎞

⎠⎟
cosθ sinθ

− sinθ
r

cosθ
r

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

= 1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

(always test inverse matrices!)



Using differential chain-rules for coordinate transformations 
Polar coordinate example of Generalized Curvilinear Coordinates (GCC)  
Getting the GCC ready for mechanics:  Generalized velocity and Jacobian Lemma 1 
Getting the GCC ready for mechanics:  Generalized acceleration and Lemma 2 



Getting the GCC ready for mechanics (2nd part) 
Generalized acceleration relations are a little more complicated (It’s curved coords, after all!)

 
!!x j ≡ d

dt
!x j = d

dt
∂x j

∂qm
!qm

⎛
⎝⎜

⎞
⎠⎟
= d
dt

∂x j

∂qm
⎛
⎝⎜

⎞
⎠⎟
!qm+ ∂x

j

∂qm
!!qm

First apply    to velocity      and use product rule:dt
d x j d

dt
u ⋅v( ) = du

dt
⋅v + u ⋅ dv

dt



Apply derivative chain sum to Jacobian.   

Getting the GCC ready for mechanics (2nd part) 
Generalized acceleration relations are a little more complicated (It’s curved coords, after all!)

 
!!x j ≡ d

dt
!x j = d

dt
∂x j

∂qm
!qm

⎛
⎝⎜

⎞
⎠⎟
= d
dt

∂x j

∂qm
⎛
⎝⎜

⎞
⎠⎟
!qm+ ∂x

j

∂qm
!!qm

First apply    to velocity      and use product rule:dt
d x j d

dt
u ⋅v( ) = du

dt
⋅v + u ⋅ dv

dt

d
dt

∂x j

∂qm
⎛
⎝⎜

⎞
⎠⎟
= ∂
∂qn

∂x j

∂qm
⎛
⎝⎜

⎞
⎠⎟
dqn

dt
= ∂2 x j

∂qn ∂qm
⎛
⎝⎜

⎞
⎠⎟
dqn

dt



Apply derivative chain sum to Jacobian.  Partial derivatives are reversible. 

Getting the GCC ready for mechanics (2nd part) 
Generalized acceleration relations are a little more complicated (It’s curved coords, after all!)

 
!!x j ≡ d

dt
!x j = d

dt
∂x j

∂qm
!qm

⎛
⎝⎜

⎞
⎠⎟
= d
dt

∂x j

∂qm
⎛
⎝⎜

⎞
⎠⎟
!qm+ ∂x

j

∂qm
!!qm

First apply    to velocity      and use product rule:dt
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Apply derivative chain sum to Jacobian.  Partial derivatives are reversible. 

Getting the GCC ready for mechanics (2nd part) 
Generalized acceleration relations are a little more complicated (It’s curved coords, after all!)
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( Not in text. Recall Lecture 9 p. 15-19)†



How to say Newton’s “F=ma” in Generalized Curvilinear Coords.  
Use Cartesian KE quadratic form KE=T=1/2v•M•v and F=M•a to get GCC force 
Lagrange GCC trickery gives Lagrange force equations  
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)  



Multidimensional CC version of kinetic energy

  
f j = M j k ak = M j k !!x

k
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Multidimensional CC version of Newt-II (F=M•a) using Mjk 

Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-II 
Start with stuff we know...(sort of)

   
T = 1

2
M jk v jvk = 1

2
M jk !x

j !xk    where: Mjk are CC inertia constants

constants
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Multidimensional CC version of Newt-II (F=M•a) using Mjk

Multidimensional CC version of work-energy differential (dW= F•dx). Insert GCC differentials dqm

(It’s time to bring in the queer qm !)

   
T = 1

2
M jk v jvk = 1

2
M jk !x

j !xk    where: Mjk are inertia constants that are symmetric:Mjk=Mkj

Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-II 
Start with stuff we know...(sort of)
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Multidimensional CC version of Newt-II (F=M•a) using Mjk

Multidimensional CC version of work-energy differential (dW= F•dx). Insert GCC differentials dqm

dqm are independent so dqm-sum is true term-by-term.   

(It’s time to bring in the queer qm !)

Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-II 
Start with stuff we know...(sort of)
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Multidimensional CC version of Newt-II (F=M•a) using Mjk

Multidimensional CC version of work-energy differential (dW= F•dx). Insert GCC differentials dqm

dqm are independent so dqm-sum is true term-by-term. (Still holds if all dqm are zero but one.)   

(It’s time to bring in the queer qm !)
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Multidimensional CC version of Newt-II (F=M•a) using Mjk

Multidimensional CC version of work-energy differential (dW= F•dx). Insert GCC differentials dqm

dqm are independent so dqm-sum is true term-by-term. (Still holds if all dqm are zero but one.)   

Here generalized GCC force component Fm is defined:

(It’s time to bring in the queer qm !)

where: Mjk are inertia constants

Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-II 
Start with stuff we know...(sort of)
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How to say Newton’s “F=ma” in Generalized Curvilinear Coords.  
Use Cartesian KE quadratic form KE=T=1/2v•M•v and F=M•a to get GCC force 
Lagrange GCC trickery gives Lagrange force equations  
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)  



Lagrange’s clever end game:  First set                    and              with calc. formula: 

Now Lagrange GCC trickery begins 
Obvious stuff...(sort of, if you’ve looked at it for a century!)

  
A = M j k !!x

k
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Cartesian Mjk 
must be constant  
for this to work 
(Bye, Bye relativistic mechanics or QM!)
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The result is Lagrange’s GCC force equation in terms of kinetic energy

Lagrange’s clever end game:  First set                    and              with calc. formula: 

Now Lagrange GCC trickery begins 
Obvious stuff...(sort of, if you’ve looked at it for a century!)
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How to say Newton’s “F=ma” in Generalized Curvilinear Coords.  
Use Cartesian KE quadratic form KE=T=1/2v•M•v and F=M•a to get GCC force 
Lagrange GCC trickery gives Lagrange force equations  
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)  



If the force is conservative it’s a gradient                            In GCC:

But, Lagrange GCC trickery is not yet done... 
(Still another trick-up-the-sleeve!)

  F = −∇U
 
Fm = − ∂U
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Fm = − ∂U
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If the force is conservative it’s a gradient                            In GCC:

But, Lagrange GCC trickery is not yet done... 
(Still another trick-up-the-sleeve!)

  F = −∇U
 
Fm = − ∂U

∂qm

Becomes Lagrange’s GCC potential equation with a new definition for the Lagrangian: L=T-U.

  
Fm = − ∂U

∂qm
= d

dt
∂T

∂ !qm
− ∂T

∂qm

   
0 = d

dt
∂L
∂ !qm

− ∂L
∂qm    L( !qm ,qm ) = T ( !qm ,qm ) −U (qm )

This trick requires:
   

∂U
∂ !qm

≡ 0
U(r) has 

NO explicit  
velocity  

dependence!
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(Change of GCC momentum)

This trick requires:
   

∂U
∂ !qm

≡ 0
U(r) has 

NO explicit  
velocity  

dependence!

Recall :
  p =∂v
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But, Lagrange GCC trickery is not yet done... 
(Still another trick-up-the-sleeve!)
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If L has no
 explicit qm
dependence
   then:
  !pm=0
    or :
pm=const.



GCC Cells, base vectors, and metric tensors  

Polar coordinate examples:  Covariant Em  vs.  Contravariant Em             
Covariant gmn  vs.  Invariant δmn  vs.  Contravariant gmn 



A dual set of quasi-unit vectors show up in Jacobian J  and Kajobian K.  
J-Columns are covariant vectors{                     }         K-Rows are contravariant vectors {                    } E1=Er E2=Eφ E1= Er E2= Eφ
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(Tangent)

Unit 1 
Fig. 12.10 

Derived from polar definition: x=r cos φ and y=r sin φ
Inverse polar definition:  
r2=x2+y2 and φ =atan2(y,x)
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dq2=1.0

(Normal)

(Tangent)

Unit 1 
Fig. 12.10 

Derived from polar definition: x=r cos φ and y=r sin φ
Inverse polar definition:  
r2=x2+y2 and φ =atan2(y,x)
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Em are convenient bases for extensive quantities like distance and velocity.
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n

∂qm
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n



GCC Cells, base vectors, and metric tensors  

Polar coordinate examples:  Covariant Em  vs.  Contravariant Em             
Covariant gmn  vs.  Invariant δmn  vs.  Contravariant gmn 



 Covariant gmn     vs.     Invariant δmn     vs.     Contravariant gmn
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i
∂qn
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Covariant  
metric tensor 

 gmn

Invariant  
Kroneker unit tensor 

δm
n ≡
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0 if m ≠ n

⎧
⎨
⎪

⎩⎪

Contravariant 
metric tensor 

 gmn
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grr grφ
gφr gφφ
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⎜
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⎟
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⎜
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⎠
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⎟
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⎜
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⎟
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Lagrange prefers Covariant gmn with Contravariant velocity  
GCC Lagrangian definition 
GCC “canonical” momentum pm definition 
GCC “canonical”       force    Fm definition 

Coriolis “fictitious” forces (… and weather effects) 

 !q
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    Lagrange prefers Covariant gmn with Contravariant velocity 
Lagrangian L=KE-U is supposed to be explicit function of velocity.    

 L(v) =2
1Mviv−U = 2

1M!ri !r−U = 2
1M (Em !q

m)i(En !q
n)−U = 2

1M (gmn !q
m !qn)−U = L( !q)
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1M (Em !q
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This gives polar GCC form (Actually it’s an OCC or Orthogonal Curvilinear Coordinate form)
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    Lagrange prefers Covariant gmn with Contravariant velocity 
Lagrangian KE-U is supposed to be explicit function of velocity.    

 L(v) =2
1Mviv−U = 2

1M!ri !r−U = 2
1M (Em !q

m)i(En !q
n)−U = 2

1M (gmn !q
m !qn)−U = L( !q)

This gives polar GCC form (Actually it’s an OCC or Orthogonal Curvilinear Coordinate form)

 L( !r,
!φ) =2

1M (grr !r
2 + gφφ !φ

2)−U(r,φ) =2
1M (1·!r2 + r2 ·!φ 2)−U(r,φ)

(From preceding page)

Use polar coordinate Covariant gmn metric (page 53)
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    Lagrange prefers Covariant gmn with Contravariant velocity 

This gives polar GCC form (Actually it’s an OCC or Orthogonal Curvilinear Coordinate form)

 L( !r,
!φ) =2

1M (grr !r
2 + gφφ !φ

2)−U(r,φ) =2
1M (1·!r2 + r2 ·!φ 2)−U(r,φ)

GCC Lagrange equations follow.  1st L-equation is momentum pm definition for each coordinate qm:

 
pr =

∂L
∂ !r

= M grr !r = M !r
Nothing too surprising; 
radial momentum pr has the 
usual linear M·v form

Lagrangian KE-U is supposed to be explicit function of velocity.    
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    Lagrange prefers Covariant gmn with Contravariant velocity 

This gives polar GCC form (Actually it’s an OCC or Orthogonal Curvilinear Coordinate form)

 L( !r,
!φ) =2

1M (grr !r
2 + gφφ !φ

2)−U(r,φ) =2
1M (1·!r2 + r2 ·!φ 2)−U(r,φ)

GCC Lagrange equations follow.  1st L-equation is momentum pm definition for each coordinate qm:

 
pr =

∂L
∂ !r

= M grr !r = M !r
 
pφ =

∂L
∂ !φ

= Mgφφ !φ = Mr2 !φ
Nothing too surprising; 
radial momentum pr has the 
usual linear M·v form

Wow! gφφ gives moment-of-inertia 
factor Mr2 automatically for the  
angular momentum pφ=Mr2ω.

Lagrangian KE-U is supposed to be explicit function of velocity.    

 L(v) =2
1Mviv−U = 2

1M!ri !r−U = 2
1M (Em !q
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1M (gmn !q
m !qn)−U = L( !q)

Use polar coordinate Covariant gmn metric (page 53)
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d
dt

∂L

∂ !qm
= ∂L

∂qm

  

dpm
dt

≡ !pm = ∂L
∂qm

  
pm = ∂L

∂ !qm

Lagrange’s 1st GCC equation 
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GOES-16 captured this geocolor image of 
Hurricane Irma approaching Anguilla at about 
7:15 am (eastern), September 6, 2017. Irma's 
maximum sustained winds remain near 185 
mph with higher gusts, making it a category 5 
hurricane on the Saffir-Simpson Hurricane 
Wind Scale. According to the latest information 
from NOAA's National Hurricane Center 
(issued at 8:00 am eastern), Irma was located 
about 15 miles west-southwest of Anguilla and 
moving toward the west-northwest near 16 
miles per hour.



Lecture  9 ends here  
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Science News <link>

https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow

https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow
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Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978

Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-JMP-1979

Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984

Galloping waves and their relativistic properties - ajp-1985-Harter
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