Hamilton Equations for Trebuchet and Related Thing
(Ch. 5-9 of Unit 2)

Review of Hamiltonian equation derivation (Elementary trebuchet)
Hamiltonian definition from Lagrangian arighntensor
HamiltonOs equations and Poincare invariant relations
Hamiltonian expression and contravaridmntensor

Hamilton . equation log-jam |

Hamiltonian energy and momentum conservation and symmetry coor !
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

Algebraic approximate approach

Direct approximate approach and Superball analogy
Trebuchet vs Flinger and sports kinematics

The multiple approaches to Mechanics (and physics in genera

A simplified trebuchet approximation (but unfinished)

Begm-normal
relatiye azimuthal

Beam-normal
vertical-absolute

polar angle Op




This LectureOs Reference Link Listing

Web Resources - front page Quantum Theory for the Computer Age 2017 Group Theory for QM
UAF Physics UTube channel  Principles of Symmetry, Dynamics, and Spectroscopy 2018 Adv CM
Classical Mechanics with a Bang! 2018 AMOP

Modern Physics and its Classical Foundations 2019 Advanced Mechanics

Lectures #12 through #16

In reverse order

TrebuchetWeb Animations: Pirelli Relativity Challenge (Introduction level) - Visualizing Waves:
Default/Generic URI Montezuma's Reveng8eige of Kenilworth Using Earth as a clo¢k
"Flinger", Tesla's AC Phasors
Position Space (Coursdjosition Space (Fine) Phasors using complex numhers
Wacky Waving Solid Metal Arm Flailing Chaos Pendulum - Scooba_Steeve-yt-2015 CM wBang Unit 1 - Chapter 10, qu bage=135 :
Triple Double-Pendulum - Cohen-yt-2008 Calculus of exponentials, logarithms, and complex fields
Punkin Chunkin - TheArmchairCritic-2011 RelaWavity Web Simulation - Unit Circle and Hyperbola (Mixed labeling)
Jersey Team Claims Title in Punkin Chunkin - sussexcountyonline-1999 Smith Chart, Invented by Phillip H. Smith (1905-1987)
Shooting range for medieval siege weapons. Anybody knows? - twcenter.net/forums
The Trebuchet - Chevedden-SciAm-1995 Excerpts (Page 44-47 Rreliminary Drafy from the
NOVA Builds a Trebuchet Geometric Algebra- A Guided Tour through Space and Time - Reimer-www-2019

Recent Articles of Interest:
(Many of these may be a bit beyond this course,
but are included to lend added insight)

Select, exciting, and related Research

Clifford Algebra And The Projective Model Of Homogeneous Metric Spaces -
Foundations - Sokolov-x-2013

Springer handbook on Molecular Symmetry and Dynamics - Ch_32 - Molecular Symmetry Geometric Algebra 3 - Complex Numbers - MacDonald-yt-2015

Tunable and broadband coherent perfect absorption by ultrathin blk phos metasurfaces - Guo-josab-2018iguaternion -Complexified Quaternion- Roots of -1 - Sangwine-x-2015

Quantum_Supremacy Using_a Programmable Superconducting Processor - Arute-n-2019 An_Introduction _to_Clifford Algebras and Spinors - Vaz-Rocha-op-2016

Vortex Detection in Vector Fields Using Geometric Algebra - Pollock-aaca-2013.pdf Unified View on Complex Numbers and Quaternions- Bongardt-wcmms-2015
Complex Functions and the Cauchy-Riemann Equations - complex2 - Friedman-

An assist fronPhysics Girl(YouTube Channel): columbia-2019

An sp-hybridized Molecular Carbon Allotrope- cyclo-18-carbon - Kaiser-s-2019

Posted this year: An_Atomic-Scale View of Cyclocarbon Synthesis - Maier-s-2019

How to Make VORTEX RINGS in a Pool Discovery Of Topological Weyl Fermion Lines And Drumhead Surface States_in
Crazy pool vortex (new inclusion with more background) Room Temperature Magnet - Belopolski-s-2019

Crazy pool vortex - pa-yt-2014 "Weyl"ing_away_Time-reversal_Symmetry - Neto-s-2019

Non-Abelian Band Topology in Noninteracting Metals - Wu-s-2019
What Industry Can Teach Academia - Mao-s-2019

_ _ RoVib-_quantum_state resolution_of the C60_fullerene_-_Changala-Ye-s-2019 (Alt)
She covers it beautifully! A_Degenerate_Fermi_Gas_of Polar_molecules - DeMarco-s-2019

Posting with the best visuals:
Fun with Vortex Rings in the Pool - pg-yt-2014



https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2018.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2019.html
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
https://modphys.hosted.uark.edu/ETC/MISC/Clifford_algebra_and_the_projective_model_of_homogeneous_metric_spaces_-_Foundations_-_Sokolov-x-2013.pdf#page=20
https://modphys.hosted.uark.edu/ETC/MISC/Clifford_algebra_and_the_projective_model_of_homogeneous_metric_spaces_-_Foundations_-_Sokolov-x-2013.pdf#page=20
https://youtu.be/f3zM6THQDRA?list=PLLvlxwbzkr7igd6bL7959WWE7XInCCevt&t=65
https://modphys.hosted.uark.edu/ETC/MISC/Biquaternion_-Complexified_Quaternion-_Roots_of_-1_-_Sangwine-x-2015.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_Introduction_to_Clifford_Algebras_and_Spinors_-_Vaz-Rocha-op-2016.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Unified_View_on_Complex_Numbers_and_Quaternions-_Bongardt-wcmms-2015.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Complex_Functions_and_the_Cauchy-Riemann_Equations-_complex2.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Complex_Functions_and_the_Cauchy-Riemann_Equations-_complex2.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_sp-hybridized_Molecular_Carbon_Allotrope-_cyclo-18-carbon_-_Kaiser-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_Atomic-Scale_View_of_Cyclocarbon_Synthesis_-_Maier-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Discovery_Of_Topological_Weyl_Fermion_Lines_And_Drumhead_Surface_States_in_a_Room_Temperature_Magnet_-_Belopolski-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Discovery_Of_Topological_Weyl_Fermion_Lines_And_Drumhead_Surface_States_in_a_Room_Temperature_Magnet_-_Belopolski-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/-Weyl-ing_away_Time-reversal_Symmetry_-_Neto-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Non-Abelian_Band_Topology_in_Noninteracting_Metals_-_Wu-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/What_Industry_Can_Teach_Academia_-_Mao-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Rovibrational_quantum_state_resolution_of_the_C60_fullerene_-_Changala-Ye-s-2019-Alt.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Degenerate_Fermi_Gas_of_Polar_molecules_-_DeMarco-s-2019.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_32_MolSymm.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Tunable_and_Broadband_Coherent_Perfect_Absorption_by_Ultrathin_Black_Phosphorus_Metasurfaces_-_Guo-josab-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_Supremacy_Using_a_Programmable_Superconducting_Processor_-_Arute-n-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Vortex_Detection_in_Vector_Fields_Using_Geometric_Algebra_-_Pollock-aaca-2013.pdf
https://www.youtube.com/channel/UC7DdEm33SyaTDtWYGO2CwdA
https://www.youtube.com/watch?v=_18avidXxqY
https://www.youtube.com/watch?v=pnbJEg9r1o8
https://youtu.be/72LWr7BU8Ao
https://pirelli.hosted.uark.edu/html/clocks_segue.html
https://pirelli.hosted.uark.edu/html/phasors_segue.html
https://pirelli.hosted.uark.edu/html/complex_phasors_1.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Text_2012/CMwBang_Unit_1_2019.pdf#page=135
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=0,9&taLinesInd=2&ctLinesInd=2&refSquareInd=-1&showInstructions=0&labelingInd=3
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2017/Smith_Chart.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Geometric_Algebra-_A_Guided_Tour_through_Space_and_Time_-_Reimer-www-2019.pdf#page=44
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=AnimateFlinger
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=PlotPosSpaceCourse
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=PlotPosSpaceFine
https://www.youtube.com/watch?v=zvIY1z0xcek
https://www.youtube.com/watch?v=foZHjI8Lydo
http://thearmchaircritic.blogspot.com/2011/11/punkin-chunkin.html
http://www.sussexcountyonline.com/news/photos/punkinchunkin.html
http://www.twcenter.net/forums/showthread.php?358315-Shooting-range-for-medieval-siege-weapons-Anybody-knows
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Trebuchet-SciAm_273_66_July_1995_chevedden1.pdf
https://www.pbs.org/wgbh/nova/lostempires/trebuchet/builds.html

Running Reference Link Listing
Lectures #11 through #7

Eric J Heller Gallery:
Main portal] Consonance and DissonanceBéssel 21Chladni

The Semiclassical Way to Molecular Spectroscopy - Heller-acs-1981
Quantum_dynamical_tunneling_in_bound_states -_Davis-Heller-

jcp-1981

Pendulum Web Simulation
Cycloidulum Web Simulation

Links to previous lecture: Page=74 Page=75 Page=79
Pendulum Web Sim
Cycloidulum Web Sim

Jerklt Web Simulations:Basic/Generic: InvertedFVPIot

CMwithBang Lecture 8, page=20
WWW.sciencenewsforstudents.org: Cassini - Saturnian polar vortex

ORelaWavityO Web Simulations:
2-CW laser waveLagrangian vs Hamiltonian
Physical Terms Lagrangian L(u) vs Hamiltonian H(p)
Coullt Web Simulation of the Volcanoes of 1o
Bohrlt Multi-Panel Plot:
Relativistically shifted Time-Space plots of 2 CW light waves

BoxIt Web Simulations:
Generic/Default

In reverse order

Coullt Web Simulations:
Basic/Generic
Exploding Starlet
Volcanoes of |o (Color Quantized)

Jerklt Web Simulations:
Basic/Generic
Catcher in the Eye - IHO with Linear Hooke perturbation - Force-potential-Velocity

OscillatorPEWeb Simulation:

Coulomb-Newton-Inverse_Square

Hooke-lsotropic Harmonic
Pendulum-Circular_Constraint

AMOP Ch 0 Space-Time Symmetry - 2019
Seminar at Rochester Institute of Optics, Aux. slides-2018

NASA Astronomy Picture of the Day -
lo: The Prometheus Plum@ust Image)
NASA Galileo -10's Alien Volcanoes
New Horizons Molcanic Eruption Plume on Jupiter's moon 10
NASA Galileo - A Hawaiian-Style Volcano on 1o

Pirelli Site: Phasors animimation
CMwithBang Lecture #6, page=70 (9.10.18)

Most Basic A-Type Select, exciting, and related Research & Articles of Interest:

Basic A-Type wi/reference lines Burning a hole in realityNdesign for a new laser may be powerful enough to pierce space-time - Sumner-KO:
Basic A-Type A-Type with Potential energy Trampoline mirror may push laser pulse through fabric of the Universe - Lee-ArsTechnica-2019

A-Type with Potential energy and Stokes Plot Achieving_Extreme_Light_Intensities_using_Optically Curved_Relativistic_Plasma_Mirrors_-_Vincenti-prl-2
A-Type w/3 time rates of change A_Soft_Matter Computer_for_Soft_Robots_-_Garrad-sr-2019

A-Type w/3 time rates of change with Stokes Plot

Correlated Insulator Behaviour at Half-Filling in Magic-Angle Graphene Superlattices - cao-n-2018

B-Type (A=1.0, B=-0.05, C=0.0, D=1.0)

Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a

RelaWavity Web Elliptical Motion Simulations:
Orbits with b/a=0.125
Orbits with b/a=0.5
Orbits with b/a=0.7
Exegesis with b/a=0.125
Exegesis with b/a=0.5
Exegesis with b/a=0.7
Contact Ellipsometry

realization_of Maxwell's Demon - Kumar-n-2018
Synthetic three-dimensional atomic_structures assembled atom by atom - Barredo-n-2018
Older ones:
Wave -particle_duality of C60_molecules - Arndt [tn-1999

Barvon Deceleratlon bv Strong Chromoflelds in Ultrarelatlwstlc

Nuclear Collisions - Mishustin-PhysRevC-2087S Link & Abstract
Hadronic Molecules - Guo-x-2017
Hidden-charm pentaguark and tetraquark states - Chen-pr-2016



https://modphys.hosted.uark.edu/markup/BoxItWeb.html
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0&wantBallsNItsPhi2=0&wantBallsNItsPhi2=0&wantPELevels=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantStokes=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3&wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?&AU2=1.0&BU2=-0.05&CU2=0.0&DU2=1.0
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.5&velocity=0.85
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,2
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=70
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_0_SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Rochester_Auxilary_Slides.pdf
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
http://apod.nasa.gov/apod/ap970818.html
http://apod.nasa.gov/apod/image/9708/prometheus_gal_big.jpg
https://science.nasa.gov/science-news/science-at-nasa/1999/ast04oct99_1/
https://www.youtube.com/watch?v=wmQHOUFIuzQ
https://science.nasa.gov/science-news/science-at-nasa/1999/ast05nov99_2/
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2019/CMwithBang_Lect.8_9.23.19.pdf#page=22
https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow%22
https://www.dailykos.com/stories/2019/9/14/1885432/-Burning-a-hole-in-reality-design-for-a-new-laser-may-be-powerful-enough-to-pierce-space-time
https://arstechnica.com/science/2019/09/trampoline-mirror-may-push-laser-pulse-through-fabric-of-the-universe/
https://modphys.hosted.uark.edu/ETC/MISC/Achieving_Extreme_Light_Intensities_using_Optically_Curved_Relativistic_Plasma_Mirrors_-_Vincenti-prl-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Soft_Matter_Computer_for_Soft_Robots_-_Garrad-sr-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Correlated_Insulator_Behaviour_at_Half-Filling_in_Magic-Angle_Graphene_Superlattices_-_cao-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Wave-particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Optical_Vortex_Knots_-_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.76.011603
https://modphys.hosted.uark.edu/ETC/MISC/Hadronic_molecules-_Guo-x-2017.pdf
https://modphys.hosted.uark.edu/ETC/MISC/hidden-charm_pentaquark_and_tetraquark_states-_chen-pr-2016.pdf
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=74
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=75
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=79
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=FVPlot
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=3
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=2
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=0
https://modphys.hosted.uark.edu/markup/CoulItWeb.html
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=ExplodingStarlet
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo_ColorQuant
https://modphys.hosted.uark.edu/markup/JerkItWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=FVPlot
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/slides/Consonance%20and%20DissonanceII.html
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/slides/Bessel%2021.html
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/slides/Chladni.html
http://homepage.univie.ac.at/mario.barbatti/papers/heller/heller_acs_14_368_1981.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_dynamical_tunneling_in_bound_states_-_Davis-Heller-jcp-1981.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_dynamical_tunneling_in_bound_states_-_Davis-Heller-jcp-1981.pdf
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html

Running Reference Link Listing
Lectures #6 through #1

In reverse order
Bouncelt Web Animation - Scenarios:

Relawavity Web Simulation: Contact Ellipsometry Generic Scenario2-Balls dropped no Gravity (7:1) - V vs V Plot (Power=4)
Boxit Web Simulation: Elliptical Motion (A-Type) 1-Ball dropped w/Gravity=0.5 w/Potential Pldower=1, Power=4
CMwBang Course: Site Title Page 71 -V vs V Plot: Power=1

Pirelli Relativity Challenge: Describing Wave Motion With Complex Phasors 3-Ball Stack (10:3:1) w/Newton plot (y vs t) - Power=4

UAF Physics UTube channel 3-Ball Stack (10:3:1) w/Newton plot (y vs t) - Power=1

3-Ball Stack (10:3:1) w/Newton plot (y vs t) - Power=1 w/Gaps

Velocity Amplification in Collision Experiments Involving Superballs - Harter, 1971 4-Ball Stack (27:9:3:1) w/Newton plot (y vs t) - Power=4

MIT OpenCourseWare: High School/Physics/Impulse and Momentum 4-Newton's Balls (1:1:1:1) w/Newtonian plot (y vs t) - Power=4 w/Gaps

Hubble Site: Supernova - SN 1987A 6-Ball Totally Inelastic (1:1:1:1:1:1) w/Gap$lewtonian plot (t vs xV6 vs V5 plot
5-Ball Totally Inelastic Pile-up w/ 5-Stationary-Balls - Minkowski plot (t vs x1) w/C
1-Ball Totally Inelastic Pile-up w/ 5-Stationary-Balls - Vx2 vs Vx1 plot w/Gaps

Bounceltlt Web Animation - Scenarios:
Bouncelt Dual plots
49:1y vs 149:1 V2 vs V11:500:1 - 1D Gas Model w/ faux restorative force (Cpol) mems = 3:1 g

1:500:1 - 1D Gas (Warm):500:1 - 1D Gas Model (Cool, Zoomed,in) v2vs M and Vb vs M, (vi, w)=(1, 0.1), (v1, w)=(1, 0)
Farey Sequence - Wolfram y2 vs ¥ plots: (va, w)=(1, 0.1), (v1, W)=(1, 0), (v1, W)=(1, -1)
Fractions - Ford-AMM-1938 Estrangian ploV2 vs M: (v1, W)=(0, 1), (v1, w)=(1, -1)
Monstermash Bounceltlt Animations: mimz = 4:1

1000:1 - V2 vs V11000:1 with t vs x - Minkowski Plot v2vsvly2vsyl
Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-2013 my:m2 = 100:1,(v1, w)=(1, 0): V2 vs V1 Estrangian plpy2 vs y1 plot

Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-cpl-2015 _
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Chapter 1. The Trebuchet: A dream problem for Galileo?
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(a) What Galileo Might
Have Tried to Solve

(Cahokia, IL 12th Century).. »¥
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Review of Hamiltonian equation derivation (Elementary trebuchet)

=3 Hamiltonian definition from Lagrangian arightensor
HamiltonOs equations and Poincare invariant relations
Hamiltonian expression and contravaridmntensor
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Review of Hamiltonian equation derivation (Elementary trebuchet)
Hamiltonian definition from Lagrangian arighntensor
HamiltonOs equations and Poincare invariant relations
Hamiltonian expression with contravariaitntensor

=3 Hamilton p, equation log-jam
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Hamilton equatlons for elementary trebuchet
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Hamilton equatlons for elementary trebuchet
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A lesson in Hamiltonian OeleganceOE
...may be elegant formally...babt be so elegant algebraically!



Hamiltonian energy and momentum conservation and symmetry coordinates
=P COordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry
Algebraic approach
Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics



Coordinate transformation helps reduce symmetric Hamiltonian
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Fig. 2.9.6

Lab(!,") andbeamnormal(! ,"s)

relative coordinates for trebuchet.
(Each value is positive.)
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i PP o’ . pf Lp S gid dg By $
| O _ | O —# s 5 .
pm:piEm: ip'Em :iﬁm * p2 # Iql qu g# 2 &




Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angles =" #! #%/2and!B=! +$/2  Previouslab absolute
Jacobian Lemma-1 definition: "B =l + " #$/2 trebuchet coordinate Beym-normal
angles! and" relathve azmuthal
)l )y coordiRate angle " g
#,) & /0), IE (# P& g &# & compared to
g (3 (11 (@ |
go'!a %) / B )_B g%’ f*l 1 %’ new angles
£ ) lgand " g. " A
Kajobian of inverse transforfie =" #! #%/2and! =!B -$/2
9 9 "=IB+'B
6 _ 0y Py ée (10 éB Beam-nor mal
& | dp I é 111 & vertical-absolute
% % 0 0 polar angle! g
B B

Pm transform isrransrose inverse 10 gntransform
#) ) &

0p— —
p/ O/g)’ ) B g;(l; p: ?:# 1 1&?} p/ (
(

0 I | - N
%{Op (7% )1 ) (%) %0 1 (gp { Poincare invariance isrucial r\
@) )B E L X
#)/ )" & /
0./ /)8
ﬁ;}pf‘(ﬁ)l )! (fp,&#l 1&0/,8‘(?‘
%/op(;/o)' )B(g{op(f’ %B( ' B
)" !
_ B /' B
Resulting momentumtrans‘orm. p.=p’ -p. (/! '! )%)/B ), (g/o Y gf;) o296
_ 5 BB J% )y ) (9%)! ) (% p. Lab(!,") andbeamnormal (! s," )
P.-= P %)T )T g(?éo)_nB )_"B (% ( relative coordinates for trebuchet.
. . . . . . . (Each value is positive.)
Poincare invariance isrucial! W
1 09



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angleB =" #! #%$/2and! B =! +$/2  Previouslab absolute
Jacobian Lemma-1 definition: "B =l + " #$/2 trebuchet coordinate Beg-normal
angles! and" relathve azmuthal
)l )y coordiRate angle " g
#h& 0;0), IE (# P& 4 g g &# f& compared to
0/0 0
80", 2 %) )'s )'e g% 2 $r1 1 (9,{0 2 new angles
£ ) lgand " g. " A

Kajobian of inverse transforiB =

" H#! #$/2and ! =1B -9$/2

99 9 "=1B+'B
6 _ d0g  IPg ée |10 éB Beam-normal
& B dp I dq 11 1 e vertical-absolute
26, d0, polar angle! g
Pm transform isrransrose inverse 10 gntransform
# & :
pB & /0),—' v (% & 4, ;g p & Be careful with momentum!
L (=00te e fonP (g % " i N
%p %)) (%p” LT %o0 1(%{0@ ( Poincare myangnce iIsrucial r\
S R
#)/_ )_ & /
0P (3001 I (50 (1 1 g e
g{op(?)' )B(g{op(fﬁOlg{oB( ' B
)" )" )
Resulting momentumtranform: p, = p/-p’ (I' | )%)!B )i, (2 ) gfj . o 206
— B BB % )’ ) (%).i & (ggp? ( Lab(!,") andbeamnormal (! s," =)
P P o )" )T g%o )" )" ( relative coordinates for trebuchet.
. . . . . B B (Each value is positive.)
Poincare invariance isrucial N~V —~ S
Recall Lect.12 p.50 discussion of differential Acton ! 1 o0 $
#
dS=Lait=pividt” Hidt=pidr” Hidk 0 1%
_ AdpirtH) _ J(kir"$#)

Egives quantum phaseH (r t) e



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angles =" #! #%/2and!B=! +$/2  Previouslab absolute
Jacobian Lemma-1 definition: "B =l + " #$/2 trebuchet coordinate Beym-normal
angles! and" relathve azmuthal
)l )y coordiRate angle " g
¥ & /0), IE (# P& g &# & compared to
% & (=% 1 O (
0", 2 %) )% ). g% 2 P11 %" 2 new angles
£ ) lgand " g. " A
Kajobian of inverse transforfig =" #! #$/2and! =!B - $/2 L
90 96 "=IB+'B
6 _ d0y Py ée (10 éB Beam-normal
& | dp I é 11 1 é vertical-absol ute
20 % 0 0 polar angle! g
B B .
Pm transform isrransrose inverse to gqn B€ careful with momentum!
#y1 )r & Poincare invariance isrucial'
%y, oy (# & # & o7
p/ %)’ )B(O/p: ( #1 1& P, P
" = % X
%p ( %)! (go ( g{op ( | | \
ﬁ)"B ) ] E Rincare invariant mug remain invaiant 3 X
# &;;)I—L((&# & oF & [ '—(/' ')%p' /
0 [
AR VL S A S gp
%/op(%)' )B(g{op(f’ %B( ' B
) ; LI f‘i; ) g ,
— B A ]
Resulting momentumtrans‘orm. p.=p’ -p. ( L )%) TS ¥ STRRY g%p! ( o 206
D.= pB BB % )’ ) (%).i & (% p,',3 ( Lab(!,") andbeamnormal (! s," =)
! ! o)uB )'—’B g%o )" )" ( relative coordinates for trebuchet.
(Each value is positive.)
mi ? +(MR® +mr?)p. p. +2mr! p, p. coq! #" - .
H = PP, *( )PP P, p- cost! #7) +V Original (*,') Hamiltonian

2m!* VR +nr’sin’(! # )&



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angles =" #! #%/2and!B=! +$/2  Previouslab absolute
Jacobian Lemma-1 definition: "B=-1 +"H#$/2 trebuchet coordinate
4 ) ), angles! and"
5(’;0!!5 & O;g), IE (# P& 4 g g &# f& compared to
%"IB I %) / B )_B (%" I 50*1 1 (9,{0 I new angles
$ )" -( I gand " g.

Kajobian of inverse transforfie =" #! #%$/2and! =!B - $/2

d0  Jo

7 2 "=IB+'B
6 _ d0g  IPg éB _[l O] Ibe
GHE S A

00,  Jdo,

Pm transform isrranspose inverse tO N Be careful with momentum!

Beam-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle! g

I
I
I
I
I__

# ) ) & Poincare invariance isrucial! )
AR OTR Bg#p, f‘_#l 1&fj0p.,f‘
%p %) )" tgap (%0 1lgp { X
ﬁ)"B )—E Rincare invariant mug remain invariant I X
#)/ )" & P, & /
#p & % )_'Iﬁ’jp! & 41 1%/ P pI”"_I"! | Ig?ﬁp..I: ot P
ggp(%)’ )" (op(f’Ol oBI .
Vo (g %P B
£) ) ) ﬁj)’ e ) &
— - 0 - -
Resultingmomentumtrans‘orm. p.=p’ -p. (:! ’! )%) TR (02), ) g%p_, g 296
— B BB % )’ )" (%)i & (% p,',3 ( Lab(!,") andbeamnormal (! s," =)
P P o ) ] ):—:B g%o )’ )" ( relative coordinates for trebuchet.
2 + MR2 + mrz n +2mr! o , # /" o (Eac.h value is positive.)
H = PP, *( )PP _ P, p- cost! #7) +V Original (*,') Hamiltonian
2m!“ VR +nr’sin’(! # )&
(Use "B=%/2(-") )
m|2 BII 2+ MR2+ 2 B 2 2 I Bll B - # " . .
L oo P mr< || p, mrip; | p”" pgsin Y Transformed@,!' s) Hamiltonian

m 2£,$)0\/IR2 + mrzcosz#B.



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angléeg =" #! #$/2and! B =! +$/2  Previouslab absolute
Jacobian Lemma-1 definition: "B=-l + " #$/2 trebuchet coordinate Beqm-normal
angles! and" relative azimuthal

)l )l & coordiate angle " g
# ro& é)), ) (# P& g &# & compared to

0
%) 2 ?f_a )_Bg%) 2 1 1(% 2 new angles

)I )" ' !Band"B. " #!
Kajoblan of inverse transforirB =" #! #%/2and! =!B - $/2 o
9 &b "=IB+'B
8 _ 0y doy és (10 és Beam-normal
(}) - o é 111 (}) vertical-absolute
3—93 5’7% ® ® polar angle! g
Pm transform isrransrose nverse to gn B€ careful with momentum!

#) ) & Poincare invariance isrucial!

% -
O/DB&O/S!B )’ g’tj &#1 1&#p,‘(g‘ -
%p(%)' %)p(f" (g0p. ( o f

f . Rincare invaiant mug remain invariant . X

0) B ) B |

#)r, )" & TR /

# & %o =2 # & # PP & I+ —( I )%
Oop, _on ) )! ( p, # 1 1& P ( SR % p. (
gop %) )B(g{op(f) 1 (g pr ¢ ' B
é ) B B f; V) f‘# e
=D - %, #
Resulting mormentumtranstom: p, = pP-p (4, )O/g) RTINS TR T S
_ 5 "B B Jop )I ) (%)! s )'s (%o p,'? ( Lab(!,") andbeamnormal (! s,"c)
P-= P e K%y e | relative coordinates for trebuchet.
0) ) )" )
5 > ) . B B (Each value is positive.)
mi2p, p, +(MRE+mr?)p. p. +2nr! p, p. cog! #") ,,
H = — > > T2 B +(MR# nmr)gcos/ + mg! cos
2m' WR Tmr-an ( # )& I - " =-%/2-" B F, =" MgRsin/ + mgrsin/

2 F,="mg! sn#

2
m!Z(pB" p#) +(MR2+mr2)(p§) 2mrlp#(p'3" pE)sin#B
m!25$)0\/IR2+rrrzcosz#B.

H= ! (I\/IR" mr)gsm' " mg! cos(# +/ )



Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

- Algebraic approach
Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics



(using last line of p. 36

Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2 Assume zero-gravit
m!Z(p_,B" p#'?) +(MR2+rrr2)(pE) Bw ( J Y

" 2mr!p§(p_, pE)sin#B

H = : " (MR" nr)
m (;$)o\/IR2 + mrzcosz#B.&
Previous lab ab_sol ute
For zero-gravity H is not a function bg gfggﬁe"a‘;‘;"rd'”a‘e
SO . I!),B = “H = and p_/B =" =condg. compared to

new angles

H is not an explicit function dfso :H=const.=E ande

Beam-normal
vertical-absol ut

polar angle! g

Lab(!,") andbeamnormal (! &," &
relative coordinates for trebuch
(Each value is positive.)



Free-space trebuchet kinematics by symmetry: Algebraic approach (using last line of p. 36
2 2 Assume zero-gravit
m!Z(p_,B " p#'?) +(MR2+rrr2)(p§’) ( gravity

t2nr! p#'f’( p.,B ! pE)sin#B

H = e . " (MR nr)
m 2 EMR? + % 008 7,
Previous lab absolute
. . . ebuch di
For zero-gravity H is not a function b et e
. " H B —_n .
SO pB =1 = and p° =" =condg. compared to
" B
H is not an explicit function dfso :H=const.=E [*/&d<
5 5 : Beam-normal
2 n B 2 2 B n B n B . Vertical'abSOIUU
mi (! p#) +(MR +mr )(p#) 2nmr!p, (! p#)sn#B |
H = —cond. = E polar angle! g

ml 2(;$A)\/IR2 + mrzcosz#B&

ir____

Lab(!,") andbeamnormal (! &," &
relative coordinates for trebuch
(Each value is positive.)



(using last line of p. 36

Free-space trebuchet kinematics by symmetry: Algebraic approach
Assume zero-gravit
m!z(p_,B" p5)2+(MR2+rrr2)(pE)2 ( graviy

t2nr! p#'?( p_,B ! pE)sin#B

H = TP . " (MR" nr)
m 2 EMR? + % 008 7,
Previous lab absolute
: : : ebuch di
For zero-gravity H is not a function b et e
. " H B N | B .
SO pB =1 = and p° =" =condg. compared to
"B
H is not an explicit function dfso :H=const.=E [*/&d<
5 5 Beam-normal
|2 L B 2 2 B 1] I B L Bl vertical-absol ut
’ =m. ( p#) +(MR +nr )(p#) 2mr.p#(. p#)sn#B_ ~ solar angle !

ml 2a)\/IR2 + mrzcosz#B.&

Rewrite H=E as a quadratic equationm :
m 2(! 20 I (p§)+(p§’)2)+(MR2 + mrz)(p#'f’)z" 2! (p;f)(! " pE)sin#B = Em 2(;$)0\/IR2+mrzcosz#B.

Lab(!,") andbeamnormal (! s," &)

Throwing-momenturpB is a function of beam-relative angle, total E, and =pB. . relative coordinates for trebuch

(Each value is positive.)



(using last line of p. 36

Free-space trebuchet kinematics by symmetry: Algebraic approach
Assume zero-gravit
m!z(p_,B" p5)2+(MR2+rrr2)(pE)2 ( graviy

t2nr! p#'f’( p.,B ! pE)sin#B

H = e . " (MR nr)
m 2 EMR? + % 008 7,
Previous lab absolute
: : : ebuch di
For zero-gravity H is not a function b et e
. " H B N | B .
SO pB =1 = and p° =" =condg. compared to
"B
H is not an explicit function dfso :H=const.=E [*/&d<
5 5 Beam-normal
|2 L B 2 2 B n I B L Bl vertical-absolut
’ =m. ( p#) +(MR +nr )(p#) 2mr.p#(. p#)sn#B_ ~ solar angle !

ml 2(;$A)\/IR2 + mrzcosz#B.&

Rewrite H=E as a quadratic equationm : )
m!j! 20 Dl (p77§'f3)+(p;‘7'f’)2)+(MF22+mr2 )2" rrr!(p;’)(! " pEJ_sin#B = Em'26$)0\/IR2+mrzcosz#B. 'X X

- - IR S :
12720 ,/2, B \,2 2,\\2 "2\, . .By2a ,\, : By —Emi 23MRZ+1mr 2002 &
m el = 2m =l (py) + | m =+ 2! anZ g+ MR+ < ) (p, )7 2mr! T sin# (p,’) =Em! 0)()\/IR +Mr “COS 7 ¢
|
i B
Fig. 2.9.6

Lab(!,") andbeamnormal (! s," &)

Throwing-momenturmB; Is a function of beam-relative anghe, total E, and =pB- . relatve coordinates for trebuch

(Each value is positive.)




(using last line of p. 36

Free-space trebuchet kinematics by symmetry: Algebraic approach
2 (Assume zero-gravity

2
L m!Z(p,B " p#'?) +(MR2+rrr2)(pE) " 2nrlp, (p,B " pE)sin#B "
m 2 SMR? + nr # cos’ #, &
Previous lab absolute
For zero- grilwty H is not a function b& oot s T
SO : p!B =1 —=0 and p, =" =cong. compared to
"B
H is not an explicit function dfso :H=const.=E [*/&d<
5 5 Beam-normal
2 n B 2 2 B " B n B . vertical-absolut
I_|=m! (! p#) +(MR +mr )(p#) 2mr!p#(! p#)sn#B_ ~ solar angle !

ml 2(;$A)\/IR2 + mrzcosz#B.&

Rewrite H=E as a quadratic equationm :
m!j! 2 2l (p77§'f3)+(p;‘7'f’)2)+(MF22+mr2 2y2e rrr'(p#)(' " p#an# = Em'2$)\/IR2+mr “cos#,

mi 22 2m 2l (pg )+(mI 24 2y T sing +MRZ+n_1r--)(p#)2“ 2mr!! sin# (p#) EmI 2$)\/IR2+mr “cos#, &

-

-- --
- - -
- -

-
-
-
L4
I

-
- --
----------
--------
----------
-- -
-----

20 24 ¥l sin] +m'2)(p, yrml %4 2" Em 2$)V|R2+m2" v *sin®/

( 2+2mr! sin! +MR2+rTr )(p,)

Fig. 2.9.6
Lab(!,") andbeamnormal (! s," &)
— p B. relative coordinates for trebuch

Throwing-momenturmBx is a function of beam-relative angte, total E, and =
(Each value is positive.)



(using last line of p. 36

Free-space trebuchet kinematics by symmetry: Algebraic approach
2 (Assume zero-gravity

2
m!Z(p,B " p#'?) +(MR2+rrr2)(p§’) " 2mr!p#(p,B " pE)sin#B
H — "
m 2?)()\/IR2 +nr?cos™#, &
Previous lab ab_sol ute
For zero-gravity H is not a function bg gf;ﬁ}eta‘;‘;ofd'”ate
SO : p!B =1 %:o and p, =" =cond. compared to
"B
H is not an explicit function dfso :H=const.=E [‘Z";jg?'es
5 5 Bea_mnormal
L m!Z(! " p;f) +(MR2+mr2)(pE) " 2mr!p§(! " pE)sin#B_ Zﬁﬁgfingf?';’t
m 2(;$A)\/IR2 +nr?cos™#, &
Rewrite H=E as a quadratic equation m : P
m!j! 2n 9 (p77§'f3)+(p;‘7'f’)2)+(MF22+mr2 rrr'(p#)( p#Js_pﬁ-‘ = Eml 5 'X X
U NG N T
m 21 2" 2m 2! (P )+(mI +2r'nr'sm# “FVIRZ+ (p#) gmr|| sin# (p#) EmI /

L4

)( D )+l “# 2 Emfza\ﬂ R%+nr 2" mr %s n2!

(m' “+2nr! sin! B+MR2+rTr2)(p!B)

12(r1)sin/ o+ J)(pP)2" 2# ((r11)sin/ .+1)(pB)+# 2 E " mrZsin® . &=0 Fig. 2.9.6

( ( ) B )(p' ) (( ) B )(p' ) % B Lab(!,") andbeamnormal (! &," )
Throwing-momenturmB; Is a function of beam-relative anghe, total E, and =pB- . relatve coordinates for trebuch

(Each value is positive.)

"2# | ! sm!B+m!2

. MRZ+mr 2
with: 1= IR R+ 2

m!2




(using last line of p. 36

Free-space trebuchet kinematics by symmetry: Algebraic approach
2 (Assume zero-gravity

2
m!Z(p,B " pjf) +(MR2+rrr2)(p§’) " 2mr!p#(p,B " pE)sin#B
H — "
m 2?)()\/IR2 +nr?cos™#, &
Previous lab ab_sol ute
For zero-gravity H is not a function bg gfggﬁeta‘;‘;"rd'”ate
SO : p!B =1 %:o and p, =" =cond. compared to
"B
H is not an explicit function dfso :H=const.=E [‘Z";jg?'es
5 5 Bea_mnormal
L m!Z(! " p;f) +(MR2+mr2)(pE) " 2mr!p#B(! " pE)sin#B_ ‘F’;rlgrcjngrj':t
m 2(;$A)\/IR2 +nr?cos™#, &
Rewrite H=E as a quadratic equation m : P
m!j! 2n 9 (p77;'f3)+(p;‘7'f’)2)+(MF22+mr2 nr'(p#)( p#Js_pﬁ-‘ = Em “$) 2 5 'X X
U NG N T
m 21 2" 2m 2! (P )+(mI +2r'nr'sm# “FVIRZ+ (p#) gmr|| sin#, (p#) EmI /

(m|2+2mr! sin!B+MR2+rTr2)(p!B) )(p! )+ml 242" Eml 2$)\/IR2+rTr2 nr %sin?! &—O
(T2(r1)sint g+ I)(pPY? 2# ((r/)sin! g #2) (P )+# 2 EF" mr?sin® [ &=0  (sng uarmic suson 27742 Fig. 29.6
' : 0 Lab(!,") andbeamnormal(!s," s

Throwing-momenturmB; Is a function of beam-relative anghe, total E, and =pB- . relatve coordinates for trebuch

(Each value is positive.)

"2# | ! sm!B+m!2

1" - 1" - 2 - ll2 2 2
2" ((r/M)sin! ,+1 i\/4 2((rmysin! 1) # 4(2+2(r/1 )sin! +J( #E D #nr %sin’/ 8) _ 2 1 mr 2
2 ) ( ) # 4 o+ ) % 5] with: 9= MR ) R4y 2

b= 2(w2(r/)sin! y+ J) mi 2
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Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

Algebraic approach
=3 Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
Energy for zero-gravity

Total KE=T = %%MRZ +r?) 2" 2met cog! " A) M+ m R &

B,

Py

_(

(!
_(T

=

2= (MR?+nmr?)! " mr#cog! " #)

=% et eog! " #)

(Assume zero-gravity)

Previous |ab absolute

trebuchet coordinate Beam-normal
relative azimuthal

angles! and"

coordinate angle" g
compared to
new angles o
l'gand"g. #'

Beam-normal
vertical-absol ut

polar angle! g

-
-~
-
-
-
|

7 x
/




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
Energy for zero-gravity (Assume zero-gravity)

Total KE=T = %%MRZ +r?) 2" 2met cog! " A) M+ m R &

(T 2 AYIRT n n Previous |lab absolute
P = T (MR®+mr=)F ™ mr #COE(! #) trebuchet coordinate Beqm-normal
( angles! and" relative azimuthal
T 2 L " " coordinate angle" g
P, = (— =m'%%" mr" ! coyq! " #) compared to

f(o# . .
Transform to beam-relative coordinates and momentaew angles

— B B ! d" .. //,”
=1g -$2) (1g= +§/2 p=p-p B e :
"=1B+'B "B+ HSI2 0= p° R AN |

|- =B $12

Beam-normal
vertical-absol ut

polar angle! g

-
-~
-
-
-
|

7 x
/




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(Assume zero-gravity)

Energy for zero-gravity

Total KE=T = %%MRZ +r?) 2" 2met cog! " A) M+ m R &

o :E—,-I!-: (MR? + mr ) mr"#cogq! " #)
p#:(—T = m"%#" mr"/ cog! " #)

f(o# . .
Transform to beam-relative coordinates and momentaew angles

Previous |ab absolute
trebuchet coordinate

angles! and"

compared to

l=IB -$/2| (1= +$/2 p=p -p
"=IB+'B "B=-1 + " #$/2 0.= pe

J lgand " g.

| =B $12
2E = (MR® +nmr?)! 2+ 2my" sin” | +m'#!% = cong.

-
-~
-
-
-
|

Beam-normal
rel ative azimuthal

Beam-normal
vertical-absol ut

polar angle! g

7 x
/



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(Assume zero-gravity)

Energy for zero-gravity

Total KE=T = %%MRZ +r?) 2" 2met cog! " A) M+ m R &

o :%—: (MR? + mr ) mr"#cogq! " #)

D, =L 2 coy! " #)

f(o# . .
Transform to beam-relative coordinates and momentaew angles

Previous |ab absolute
trebuchet coordinate

angles! and"

compared to

l=IB -$/2| (1= +$/2 p=p -p
"=!B+'B "B ==+ #$/2 p= p

J lgand " g.

-1 =-"B-$/2
2F = (MR2 + mr? )92 +2mrl 0 sIng , + m€2¢2 = const.

pg =A=const.=  p, + Py

= ((MR2 +mr*)0 +mrldsing,, ) + (m€2q5 +mr(6 sinq)B)

Beam-normal

-
-~
-
-
-
|

relative azimuthal

Beam-normal
vertical-absol ut

polar angle! g

7 x
/



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(Assume zero-gravity)

Energy for zero-gravity

Total KE=T = %?%MRZ +r?) 2" 2met cog! " A) M+ m R &

o :%—: (MR? + mr ) mr"#cogq! " #)

D, =L 2 coy! " #)

f(o# . .
Transform to beam-relative coordinates and momentaew angles

Previous |ab absolute
trebuchet coordinate

angles! and"

compared to

l=IB -$/2| (1= +$/2 p=p -p
"=IB+'B "B=-1 + " #$/2 0.= pe

J lgand " g.

-1 =-"B-$/2
2F = (MR2 + mr? )92 +2mrl 0 sIng , + m€2¢2 = const.

pg =A=const.=  p, + Py

= ((MR2 +mr*)0 +mrldsing,, ) + (m€2q5 +mr(6 sinq)B)

Case of equal arms r!=(easier algebra)

$
og/LO(For: r=")
# = MR?! +mr2(1+sin"B)(!! +'!) &

2E = MR?! 2+mr2(!! “+2'sin"  + '!2)

Beam-normal
rel ative azimuthal

Beam-normal
vertical-absol ut

polar angle! g

-
-~
-
-
-
|

7 x
/



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

a) |, —#"/2 b) ' . —0
5 9 o'clock (b) g

Case of equal arms r!=(easier algebr

6 o'clock
: Starting point e = _
2E=|\/|R2!! 2+mr2(!! 2+2'!!! sm”B+ '!2) ?L For (C) ! + /2 Maximum KE of m
0 ] "B

0
# = MR +mr?(1+sin”, )(F +1) & r=" 3 o'clock R
( B)( ) &o _______ ' & Mid point

Optimum rel ease point




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

_ a) lg —#"12 (b) 'g—0
Case of equal arms r!:(eaS|er algebr 9 o'clock 6 o'clock
Sartihg point G 2 .
— 22 2( 12 iyl ,I2
2E=EMR°F “+nmr (!- +2°F9n" g+ & For  (C) ! B—»+"/2 Maximum KE of m

#: MR2"+mI’2(1+SIn"B)(’|+") &r— &3CO)IC|OCK _______ .
_ Optimum release point . l Mid point
Start at9 oOcloclith #g~-90j (beam r and throwing armrotating together at! )
Conserved
2 initial 2E
;o # ( 2E = MR, #/2+m2( PPN #/2) éIZE MR?* 2 , e
l=- or: For: $. ., =* =1,
S _ 2 %= MR (%= MR 7 "
in/g=1 § Iz initial |



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

| _ a) lg —#"/12 dock (b) 'g—0
Case of equal arms r!=(easier algebr 9 o'cloc 6 o'clock
o2 24 w2120 ot ) g 4 a2) B Starting point GC’ .
0 — ) 1
# = MRZI!+mr2(1+sin”B)(!!+'!) &= doclock .
- & Optimum release point $ Mid point
Start at9 oOcloclith #g~-90j (beam r and throwing armrotating together at! )
Conserved
& . 2 initial 2E
, o "#(2E= MR%$2,,, + mz(_,!" o #/2) Or.él 2E = MR?* 2 For & =% =/
‘BT o o= MRZS o= MR CPUH2 TN #12
in/g=1 | om MRS e il

Move to6 oOcloclwith #s~ 0j (beam r slowing, throwing ariaccelerating)

— 2112 2(02 4 12
g 2E=MR'$+nr (!!O+-O)



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

_ a) lg —#'12 (b) '5—0
Case of equal arms r!=(easier algebr _ 9 o'clock 6 o'clock
o2 20 e 2 (120 ot g o 42) B Sarting point &C’
0]

Maximum KE of m

[¢]

# = MR?! + mr2(1+sin"B)(,l! + '!) &"=" %BO'CIOCK

N — — — — — gf\
Optimum rel ease point & Mid point

Start at9 oOcloclwith #s~-90; (beam r and throwing armrotating together at! )

Conserved

&
o _# ( 2E=MRAZ,, (!
S 2

w 2 initial 2E -
#/2 Twgl2 #/2) U 2E=MR™ : |

H B Or FOr. $l#/2_ _!"#/2

L %= MR?$. %= MR?*
in/g=1 #z initial |
Move to6 oOcloclwith #s~ 0j (beam r slowing, throwing ariaccelerating)
g 2E = MR™'$ + er(ﬁg + '!g)
I'5=0:0

Move to3 oOclochith #s~ +90j (beam r slowed, throwing arhreleasing)

Conserved
% 2 initial 2E
e 2E= MR e (L o) I
Ig="12:& , » 2
sin/ =+ ( $ = MR%, ,+2mr2 (4., + 4. ,) = MR

Initial !



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

_ a) lg —#"12 (b) 'g—0
Case of equal arms r!=(easier algebr _ 9 o'clock 6 o'clock
o2 20 e 2 (120 ot g o 42) B Sarting point G °

Maximum KE of m

[¢]

# = MR?! + mr2(1+sin”B)(!! + ’!) '& r=" &30'C|0Ck

N — — = — g"\
Optimum release point $ Mid point

Start at9 oOcloclwith #s~-90; (beam r and throwing armrotating together at! )

Conserved

&
o _# ( 2E=MRAZ,, (!
S 2

.l 2 initial 2E ”. o
#12 Trg2 #/2) or - 2E = MR™* For & =% =1
"B 5 O op= MR2* CPeg2 T T2
sin/ ;=-1 § %= MRS, ,, 0=

initial ! KE of projectile m
- KE(m) =
Move to6 oOclocwith#g~ 0 (beam r slowing, throwing ariaccelerating)

2
(#2122t i)
g 2E= MRZ’!§+m"2(ﬁg+'!§) 2 5(
/. =0:5 : T(!!#'-) ;J—'or:!B:#E)
. =g & #=MR* +mr?(/ +" :
Sn/g 0 0 ( 0 0) = MTZ(!!Z-'-’!Z) (For:!B:O)
Move to3 oOclocwith#s~+90; (beam r slowed, throwing arhreleasing) - 2, . 0, 5
Conserved - 7(*) g oF B =53
% 5 1o ) 2 initial 2E 7
= ujpi, 2EZMR A2 (L, + 4 ) = MRS 2
" B - .

' - 2 2( — 2
sn/ =+l ( $ = MR%, ,+2mr2 (4., + 4. ,) = MR

Initial !



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

_ a) lg —#"12 (b) 'g—0
Case of equal arms r!=(easier algebr 9 o'clock 6 o'clock
o2 20 e 2 (120 ot g o 42) B Sarting point G °
0]

Maximum KE of m

[¢]

# = MR?! + mr2(1+sin”B)(!! + ’!) '& r=" &30'C|0Ck

N — — = — g"\
Optimum release point $ Mid point

Start at9 oOcloclwith #s~-90; (beam r and throwing armrotating together at! )

Conserved

&
o _v#( 2E=MRAZ, (!
T2

o 2 initial 2E
#12 PPRRL #/2) Or.él 2E = MR%* 2 For & =% =1
"B Yom MRZS O op= MR2* S22 T T H2
. _ 0= . 0—
sn/ =1 § #lz initial |

KE of projectile m
y KE(m) =
Move to6 oOclocwith#g~ 0 (beam r slowing, throwing ariaccelerating)

T

"TTZ(!!Z+'!2+2!!'!sin!B)
§ 28 = MRV e (1341 e e S
I',=0:0 —("#") -%or:!B:#—i
S0 & #= MR e (A4 ) PO
i — o n +m I: +'. -
sn’/ =0 0 0~ 0 = mrTz(l'Z+’!2) (For. /5 =0)
Move to3 oOclocwith#g~+90; (beam r slowed, throwing arhreleasing) - 2, . 0, 5
o Divide byMRe and subtract 'Cq'nslezrl\zled 5 , i T( +) g '8
0 2 initia : mr- (. -
/ —"/2-2&ZE:MRZ#?/2+MZ(!!"/2+#"/2) = MR > —~ (wz_ez/z): (¢n/2+9n/2)
-B_ .

MR?
2
- W((ﬁnﬂ T 97:/2)

' = 2 2(/ —
sn/g=+1 ( $7 R%A, ot 2me 2 (L, 44 p,) = M



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

_ a) lg —#"12 (b) 'g—0
Case of equal arms r!=(easier algebr 9 o'clock 6 o'clock
o2 20 e 2 (120 ot g o 42) B Sarting point G °
0]

Maximum KE of m

[¢]

# = MR?! + mr2(1+sin”B)(!! + ’!) '& r=" &30'C|0Ck

N — — = — g"\
Optimum release point $ Mid point

Start at9 oOcloclwith #s~-90; (beam r and throwing armrotating together at! )

Conserved

&
o _# ( 2E=MRAZ,, (!
S 2

o 2 initial 2E
#12 PPRRL #/2) Or.él 2E = MR%* 2 For & =% =1
"B Yom MRZS O op= MR2* S22 T T H2
. _ 0= . 0—
sn/ =1 § #lz initial |

y KE(m) =
Move to6 oOclocwith#g~ 0 (beam r slowing, throwing ariaccelerating)

"TTZ(!!Z+'!2+2!!'!sin!B)
g‘ 2= MR2’!§+MZ('A§+,!§) Tt % $(
!B:OZ% - T(!!#'-) &?—'or:!B:#E)
. =g & #=MR* +mr?(/ +" :
sn!/ ;=0 0 ( 0 0) = WTZ(!!Z+,!2) (For: !B:O)
Move to3 oOclocwith#g~+90; (beam r slowed, throwing arhreleasing) - 2, . w | s
o Divide byMR2 and subtract 'Cp'nslezrl\zled 5 ) - T( +1) A =3
0 2 Initia - mr- . .
I .o ;& 2E = MRZ#?/2+ rrrz(!!,,/2 +#./2) “MRY 2__— (a)z— 972[/2):_MR2 (¢n/§+(j6n/% {
g~ 14 ivide . SN O :
) _ 2 2(/ — MDR2 >(w+6_,,) ¢_,.,+0
sin/ g=+1 ( $=MR #.,/2+ 2mr (!-,,/2 +#,,/2) _inl\i/ItiFEEﬂ!' —_ (-6 ) . Y n/2 2( n/2 7r/2)
-~ Vn/2

- W((pnﬂ + 97:/2)



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

_ a) lg —#"12 (b) 'g—0
Case of equal arms r!=(easier algebr 9 o'clock 6 o'clock
o2 20 e 2 (120 ot g o 42) B Sarting point G °
0]

Maximum KE of m

[¢]

# = MR?! + mr2(1+sin”B)(!! + ’!) '& r=" &30'C|0Ck

N — — = — g"\
Optimum release point $ Mid point

Start at9 oOcloclwith #s~-90; (beam r and throwing armrotating together at! )

Conserved

&
o _# ( 2E=MRAZ,, (!
S 2

o 2 initial 2E
#12 PPRRL #/2) Or.él 2E = MR%* 2 For & =% =1
"B Yom MRZS O op= MR2* S22 T T H2
. _ 0= . 0—
sn/ =1 § #lz initial |

y KE(m) =
Move to6 oOclocwith#g~ 0 (beam r slowing, throwing ariaccelerating)

"TTZ(!!Z+'!2+2!!'!sin!B)
$ - _ \p2i12 2(412 , 12
&ZE—MR !O+nT (ﬁ0+!0) :l-m,z ,I#.IZ (y?__ , _#$£
I5=0:04 2.1 2 o T( ) & " BT
: _n & = T+ Lo+ i
sn/5=0 # = MR™ +nr ( 0 0) =" m_z(,!2+,!2) (For: / 5 =0)
N | | | Bral )
Move to3 oOclocwith #s~+90; (beam r slowed, throwing arheleasing) - w2, . o s
o Divide byMR2 and subtract 'Cp'nslezrl\zled 5 ) - T( +1) A =3
0 2 initia : mre ;. :
I .o ;& 2E = MRZ#?/2+ n‘rz(!!,,/2+#./2) “MRY 2__— (a)z— 972[/2):_MR2 (¢n/§+(j6n/% {
g~ 14 ivide . SN O :
) _ 2 2(/ — MDR2 >(w+6_,,) ¢_,.,+0
et S W k) S @)l
(w_en/z)— WR2 (¢n/2 +97r/2)

C-'! 12 gt 2$>




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

_ a) lg —#"12 (b) 'g—0
Case of equal arms r!=(easier algebr 9 o'clock 6 o'clock
o2 20 e 2 (120 ot g o 42) B Sarting point G °
0]

Maximum KE of m

[¢]

# = MR?! + mr2(1+sin”B)(!! + ’!) '& r=" &30'C|0Ck

N — — = — g"\
Optimum release point $ Mid point

Start at9 oOcloclwith #s~-90; (beam r and throwing armrotating together at! )

Conserved

&
o _# ( 2E=MRAZ,, (!
S 2

o 2 initial 2E
#12 PPRRL #/2) Or.él 2E = MR%* 2 For & =% =1
"B Yom MRZS O op= MR2* S22 T T H2
. _ 0= . 0—
sn/ =1 § #lz initial |

y KE(m) =
Move to6 oOclocwith#g~ 0 (beam r slowing, throwing ariaccelerating)

"TTZ(!!Z+'!2+2!!'!sin!B)
g‘ 2E= MR2’!§+MZ('A§+,!§) L ST TPRICE $(
!B:OZ% - T(!!#'-) &?—'or:!B:#E)
. =g & #=MR* +mr?(/ +" :
Sn/g 0 0 ( 0 0) = WTZ(!!Z+,!2) (For: !B:O)
Move to3 oOclocwith#g~+90; (beam r slowed, throwing arhreleasing) - 2, . w | s
o Divide byMR2 and subtract 'Cp'nslezrl\zled 5 ) - T( +1) A =3
0 2 Initia : mr- /. :
I .o ;& 2E = MRZ#?/2+ rrrz(!!,,/2 +#./2) “MRY 2__— (a)z— 972[/2):_MR2 (¢n/§+(j6n/% {
g~ 14 ivide . SN O :
) _ 2 2(/ — MDR2 >(w+6_,,) ¢_,.,+0
sin/ g=+1 ( $=MR #.,/2+ 2mr (!- ‘o +#,,/2) _inl\i/ItiFEEﬂ!' —_ ; } 2, byé n/2 l 2( n/2 7r/2)
(0- 7r/2)_ 2 (¢fz/2 T 7r/2)

C-'! 12 gt 2$>




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

_ a) lg —#"12 (b) 'g—0
Case of equal arms r!=(easier algebr 9 o'clock 6 o'clock
o2 20 e 2 (120 ot g o 42) B Sarting point G °
0]

Maximum KE of m

[¢]

# = MR?! + mr2(1+sin”B)(!! + ’!) '& r=" &30'C|0Ck

N — — = — g"\
Optimum release point $ Mid point

Start at9 oOcloclwith #s~-90; (beam r and throwing armrotating together at! )

Conserved

&
o _v#( 2E=MRAZ, (!
T2

o 2 initial 2E
#12 PPRRL #/2) Or.él 2E = MR%* 2 For & =% =1
"B Yom MRZS O op= MR2* S22 T T H2
. _ 0= . 0—
sn/ =1 § #lz initial |

y KE(m) =
Move to6 oOclocwith#g~ 0 (beam r slowing, throwing ariaccelerating)

”TTZ(!!Z+'!2+2!!'!sin!B)
g 26= MRS+ (15 +7) TR |
in/ =0 & #=MR™ +mr?(} +" :
Sn/g 0 0 ( 0 0) = MTZ(!!Z-'-’!Z) (For: !B:O)
Move to3 oOclocwith#g~+90; (beam r slowed, throwing arhreleasing) - 2, . 0, 5
o Divide byMR2 and subtract 'Cq'nslezrl\zled ) , i T("Jr ) g OB =)
0 2 Initia 2 /2 o mre :
i 2E =|MR%Z ,+ mr?(L, , 44 ) = WRE 2 (@707 v ((P”ﬁ-fgg% 1
lo="12: Vi . YN ([ :
| N 2() — MR > (0+0,))7 502+ 07
sn/g=+1 ( $ = R#.,/2+2m" (-'"/2+#"/2) inl\i/ltiF;I'l — (=0 )_2mr2(. *iYé ) " l2( " g )
w/2) 2 ¢fz/2 m/2 _ C.,!" 4 +2$>
. substitute 127712
l 2nr?

P #$/2:W(2! +2#$/2)



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

_ a) lg —#"12 (b) 'g—0
Case of equal arms r!=(easier algebr 9 o'clock 6 o'clock
o2 20 e 2 (120 ot g o 42) B Sarting point G °
0]

Maximum KE of m

[¢]

# = MR?! + mr2(1+sin”B)(!! + ’!) '& r=" &30'C|0Ck

N — — = — g"\
Optimum release point $ Mid point

Start at9 oOcloclwith #s~-90; (beam r and throwing armrotating together at! )

Conserved

&
o _v#( 2E=MRAZ, (!
T2

o 2 initial 2E
#12 PPRRL #/2) Or.él 2E = MR%* 2 For & =% =1
"B Yom MRZS O op= MR2* S22 T T H2
. _ 0= . 0—
sn/ =1 § #lz initial |

y KE(m) =
Move to6 oOclocwith#g~ 0 (beam r slowing, throwing ariaccelerating)

”TTZ(!!Z+'!2+2!!'!sin!B)
$ , :
&ZE:MR2!§+mrz(ﬁ§+!§) e % L8
=0 & # = "o+ L -
Sln!B—O ' #=MR oI ('O 0) =" m_z(,!2+,g2) (For"B:O)
~ - - L] : 2 . .
Move to3 oOclocwith#g~+90; (beam r slowed, throwing arhreleasing) - 2, . 0, 5
o Divide byMR2 and subtract 'Cq'nslezrl\zled ) , i T(+) g OB =)
0 2 Initia : mr— (. '
oy 2E7 MRZHZ ,+ e (1, 44, = REI 2 (@767 e (%g_fgn/% |
lo="12: ivide . N L :
. _ 2 2( — M2 >(w+6_,,) ¢_,.,+0
sin! j=+1 ( $ = R#../2+2ITI’ (""’/2+#"/2) _inl\i/ltiFgllll N _ _2mr2 ~ by! m/2 lz( m/2 7r/2)
(0=0,,,)= 2(‘P /2+97z/2) I =k 408
l MR fj substitute C-'"/z_ "/2 )
. v 2nr?
" Ay _(2' +2’7%$/2)




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

| _ a) lg —#"12 ook (b) 'g—0
Case of equal arms r!=(easier algebr _ 9 o'cloc 6 o'clock
2120 e 2124 il ] 12) 3 Starting point G © |
2E=EMR°F “+nmr (!- +2°F9n" g+ ) OS/LFor: (©) !B_"""/Z Maximum KE of m
0 — ) 1
. MRZI!+mr2(1+sin”B)(!!+'!) &= doclock N
_ & Optimum release point . $ Mid point
Start at9 oOcloclwith #5~-90; (beam r and throwing armrotating together atl )
Conserved
2 initial 2E
| # 2E = MR, #/2+rrr2( " #12 'l'#/z) 2E = MR%* 2 _ e
! or : For. $.,,,=* =1,
B~ 5 . 24 %= MR2* #12 #2
sin/ ;=-1 § /0= MR3. 45 0=

initial !

KE(m) =
Move to6 oOclocwith#g~ 0 (beam r slowing, throwing ariaccelerating)

"TTZ(!!Z+"2+2!!'!sin!B)
$ I I
&ZE:MR2!§+mr2(ﬁ§+!§) e % L8
/5 =0:04 _T(.-#-) ;J—'or.!B—#E)
_ MR :
sn/ =0 & #=MR o rmr2(dg+1)

2

=, WT(!!z+,gz) (For: /5 =0)
Move to3 oOclochith #s~ +90; (beam r slowed, throwing arhreleasing) -
00

2
Divide byMR2 and subtract ~ Conserved

T(!! + '!)2 g?:or: lg= ¢
2 ]
2 |n|t|al 2E mr
Ry ;&ZE MRZE7 ,+ (""/2"'#"/2) “MRY 2_—— (@ =67 )= R ((P”/02|+g”% |
g~ 14 ivide . SN O :
) — MDB2 — M2 >(w+0_,)==¢_,,+06
SR L) M R @bl )
l fj substitute C "12777 )2 )
n f 2 \
! $/2 $/2 1— dmr
s —_ MR?
4rrr \$\ R\ﬂ solve Opin = A2 @

2
" MR™ )




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

| _ a) !B—»#"IZ9 dock (b) 'g—0
Case of equal arms r!=(easier algebr _ o'cloc 6 o'clock
o2 20 w2 [ 124 ot 12 $ Startihg point G > -
2E=EMRF“+mr (!- +2°F9n" g+ ) 0& For- ©) !B_>+../2 Maximum KE of m
0 — | 1
. MRZI!+mr2(1+sin”B)(!!+'!) &= doclock .
_ & Optimum release point . $ Mid point
Start at9 oOcloclith #g~-90j (beam r and throwing armrotating together at! )
Conserved
& 2 initial 2E
7 2E = MR%$, #/2+rrr2( " #12 'l'#/z) 2E = MR?* 2 . e
lg= - , or: , For: $. 4 =* =M 40
0f— *
sin/ g=-1 § %= MRS 11 ‘initi/z(a)tl M
~ | KE(m) =
Move to6 oOcloclith #s~ 0j (beam r slowing, throwing arfnaccelerating)  m? (17412 42015,
(e Meint
$ I I
&ZE:MR2!§+mr2(!!§+!§) Tl % L8
. & — | . _
sn/ _O & #=MR AL ('O+ 0) = m_2(1!2+'!2) (FOI'"B:O)
(. ¥
Move to3 oOcloclith #s~ +90; (beam r slowed, throwing arhreleasing) - w5
Divide byMRe and subtract ~Conserved ) ] T( +) g '8
% 2#2 f L\ initial 2F 2_g2 = 0 '
oy ;&ZE MR+ 2 (1, + 4, ) SRt 2 (07=6 )= MRZ((PﬂgI\:dg% 1
1= ‘ 1y .
) — MDB2 — M2 >(w+0_,)==¢_,,+06
sin/ ;=+1 ( $ = R;L‘;IL‘ +2rn‘ ( " 1 #,/2) —inl\i/ltiF;I!! —_ _ _2mr2 ~ by! m/2 lz( /2 7r/2)
(w_gn/z)— ) ((P /2+97r/2) I =k +2%
. MR fj substitute C-'"/z_ "2 )
Large M' m case (Beam nearly constant !) l ‘ p —
I, ,2:# +2#:3#> I R T 255) | dmr
\l\ R\n O = — MR
'y $ $ 4rrr solve m/2 A2
/2~ 1+O ! MR2 $/2 $/2 I+ —
N MR™ )




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

_ a) lg —#"12 (b) 'g—0
Case of equal arms r!=(easier algebr 9 o'clock 6 o'clock
o2 20 e 2 (120 ot g o 42) B Sarting point G °
0]

Maximum KE of m

[¢]

# = MR?! + mr2(1+sin”B)(!! + ’!) '& r=" &30'C|0Ck

N — — = — g"\
Optimum release point $ Mid point

Start at9 oOcloclwith #s~-90; (beam r and throwing armrotating together at! )

Conserved

&
o _v#( 2E=MRAZ, (!
T2

o 2 initial 2E
#12 PPRRL #/2) Or.él 2E = MR%* 2 For & =% =1
"B Yom MRZS O op= MR2* S22 T T H2
. _ 0= . 0—
sn/ =1 § #lz initial |

y KE(m) =
Move to6 oOclocwith#g~ 0 (beam r slowing, throwing ariaccelerating)

"TTZ(!!Z+'!2+2!!'!sin!B)
§2E:MR2'!§+mr2(!!§+'!§) e % L8
I =0 —("#")" CRorig=#>
Ig= .08/5, . 2(,| l) .2 & BT
inl =0 &% #=MR™" +mr{lf +" _
sn/g=0 0 0~ 0 =, mrTz(!!er,!z) (For: /5 =0)
Move to3 oOclocwith#s~+90; (beam r slowed, throwing arhreleasing) - 2, . % 5
Conserved 5 - 7(+) '&Ot-’B—E)
% 2 initial 2E 2 42 N\ o y )2
" 2E= MR +mr (L, o+ )T 2 R 2 (07 =07)=——=0pp +0
!B:"/Z:& /2 ( /2 /2) —MR2! — m/2 MRZ(ﬂgividg% (w+9 )_1((25 i )
) _ 2 2() - > 1A
sn/g=+1 ( $=MR Hopgt 22 (L ) AR — . 2mrt o DY A
(60—97[/2)——2(‘? /2+97£/2) [k
. _ MR fj substitute C-""/z_ "/2+2$>
Large M' m case  Optimum MR=4mr?case P | 2me? | ok - 7
o, =# +2#:3#> (/!,,/2:0+2#:2#> S AN 2(2 + $/2) 1— 4’”’”2
g —_ MR
N :1#O$ p f _1-1 0 . 4rrr2_r,—_}£f\ %2# sove  |On2 = A2 @
2140 w2 =P LRz st 2 s1 1+

2
" MR™ )




Super-elastic Bounce @

0,
= —]
S =
g7
\ |/
™ ™~ -~
@ — BANG! —
£ AN ya \//@\\\
7]
Y %_-55
Soace Plot s
(XVversusy) t:s
E 5
4.5
me = 10kg E 4 V2= 25 mis
ml= 70kg —  ¥i= 0.5 mis
5_3.5
__3
\elocity Plot —&
(Vy]_ versusVyz)

Anal ogous

Superball
Models

Smilar in some
ways to trebuchet

models

Class of W. G. Harter,
Ovelocity Amplification
in Collision Experiments
Involving Superballs,O
Am. J. Phys.

39, 656 (1971)

(A class project )

Optimal Throw

100%

Energy
Transfer
FINAL V
1S 2 times
INITIAL V

1 2

2-Bang Model
™
@
@Bangzl
® D@
2ong1 Fastest Throw
END /o Sy
3 Energyd 12
:_FEESNDi Transfer o'
END Z m1:m2 FINAL V
& . =T is 3 times
:_\.5 ' INITIAL V
E\% ' Vv

1 Graphic

<-ml turnf around ->

v Solution

SI' ART
my-myp

(Bangz)
-1

- -2

collision



NOVA trebuchet kinematics compared in Unit 2 p. 66: Direct approach and Superball analog

The reproductions of 13th-century trebuchets in Ref. [2] were based on drawings from ingeniums used in the
1215 Siege of Kenilworth. The modern-day ingeniators used twelve to thirteen thousand pounds of lead and sand to
throw a 250 pound stone ball, that is, M/m~50. Had they used the criterion MR?=4mr? for 100%-energy transfer from
(2.9.24) their trebuchet would have a ratio /R = V50/2=3.5 of the throwing beam to driving beam radii. Instead, the
drawings show that { ~r~42 ft. is about 3.7 times the driving radius R of the sand box M. Using (2.9.22) to (2.9.25) with

100% energy transfer assumption we find the following approximate launch velocity.

Vinal = 207 = 2\/;1' =2 2 42 =137 ft / sec.= 94 mph (2.9.26)
fina M FEYEY

As one might expect, this 100% estimate 1s below the /00 to /120 mph. velocities achieved in Ref. [2]. By assuming the

@ PBS @ PBS.org

correct ratio of radii in using (2.9.22) to (2.9.25), one can bring the estimate closer.
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2. Evan Hadingham and Patrick Ward, "Ready, Aim, Fire!", Smithsonian (January 2000) p. 80.

NOVA links from beginning of Lect. 14

o o

The plan: NOVA and a team of master builders from England,
Germany, France and the United States will reconstruct one of
the most destructive of medieval weapons ever made: a giant
trebuchet. They will raise the weapon in the shadows of Castle
Urquhart, located on the shores of Loch Ness in the Scottish
Highlands.

https://www.pbs.org/wgbh/nova/lostempires/trebuchet/builds. This is one of the castles that English armies attacked during
Edward I's Scottish campaign 700 years ago. As part of the
campaign, the army was said to have built one of the most
monstrous trebuchets ever. Only its name survives: Warwolf.



https://www.pbs.org/wgbh/nova/lostempires/trebuchet/builds.html

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth

Here is the system, again, at NCAR. Four pivot
https://www.youtube.com/watch?v=zvlY1z0xcek

Another rig:
https://www.youtube.com/watch?v=foZHjl8Lydo

Ha! the clock face is a non-neglegable part of the system.

. IWAY

-10
45 v =93.30
-~ Range = -181.

Typical (Unoptimized) Trebuchet

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
https://urldefense.proofpoint.com/v2/url?u=https-3A__www.youtube.com_watch-3Fv-3DzvIY1z0xcek&d=DQMFaQ&c=7ypwAowFJ8v-mw8AB-SdSueVQgSDL4HiiSaLK01W8HA&r=I7RNuwjRDUVPGSI1-fVxVQ&m=vPxm0dCdeYW2beOflaT4rlI7yNllK-GTqL9iuwq4Rlo&s=VtL9CuXZFH00bas6dHer8cLuWtEJeB0elfczGjwm7tU&e=
https://urldefense.proofpoint.com/v2/url?u=https-3A__www.youtube.com_watch-3Fv-3DfoZHjI8Lydo&d=DwMFaQ&c=7ypwAowFJ8v-mw8AB-SdSueVQgSDL4HiiSaLK01W8HA&r=I7RNuwjRDUVPGSI1-fVxVQ&m=euBL7xanyFvfbn3q6RpxX845SMswA4JKrZC-gMY5hNk&s=9KeIAq1yzhf_Lda-gY4hbHO7ziYTUz5yNDCVibxn8W4&e=

Trebuchet in Siege of Kenilworth 1215 ACE
(Re-enactment shown on NOVA-TV 2005)



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth

There is a claim that Cortez built a trebuchet to lay siege on Montezuma around 1500...

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

- E=-192.73
v =81.00
- Range = -21

Web Simulation: Trebuchet - Montezuma's Revenge



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

There Is a clafim.that Cortez built a trebuchet to lay siege on Montezuma around 1500...
...and that the first shot went terribly wrong...

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

o . E=-192.73

; v =81.00
: . Range = -21

= 80



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

There is a claiim.that Cortez built a trebuchet to lay siege on Montezuma around 1500...
...and that the flrst shot went terribly wrong...

..If this story Is true, then It giveé new meaning
to the expression OMontezumaGs RevengeO...

E=-192.73 E=-192.73
v=281.00 v=281.03
Range = -21 Range = -22.

7///

=

Web Simulation: Trebuchet - Montezuma's Revenge



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

Algebraic approach

Direct approach and Superball analogy
=3 Trebuchet vs Flinger and sports kinematics

Many approaches to Mechanics



Early Human Agriculture and Infrastructure Building Activity (Cahokia, IL 12th C

Throwing Slinging
Splitting O

Chopping Reaping
< Cultivating and Digging <
3 ( >

) Hammering

. Bull whi

What Trebuchet mechanics crackiiE
is really good for... Ay fishi e el

Later Human Recreational Activity Tennis serving

Lacrosse

_ Tennis rallying
Hammer throwing
Batting
aseball & Golfing )
Football q‘—y
< Cultivating and Digging <
\

Water skiing

Space Probe “Planetary Slingshot”



Trebuchet analogy with racquet swing - What we learn

Large force F Force F nearly F Y F mosiiy

_ nearly parallel ~ perpendicular | m serves to
Driving to velocity v to velocity v mph  steer m here.
Force: SO0 V increases SO V increases
Gravi - rapidly. very little. 70}
t—y r 2 /I
] 60 7
50 ,/
0 10 40/// \
Most velocity v
gained earlier here.
Early on Later on

(Gain the energy/momentum) (Steer or guide)



Trebuchet analogy with racquet swing - What we learn

Large force F Force F nearly F Y F mosiiy
_ nearly parallel ~ perpendicular - m serves to
Driving to velocity v to velocity v mph  steer m here.
Force: SO V increases so v increases  $O
Gravi - rapidly. very little. 70 /
t—y r 2 III
] /C ] 60 /
50 /
Most veloczly v
gained earlier here. [
Early on Lateron |
(Gain the energy/momentum) (Steer or guide) é

Arm-racquet system
L flies nearly freely. 8

Rotation of body ry, provides most of energy of arm-racquet lever L.
Follow-Through l&
Energy Input Small applied forces
Most of speed gained early mostly for steering.

‘ v
by arm-racquet system L.
Preparation Ball hit occurs.
Center-of-mass for semi-rigid

arm-racquet system L is "cocked."”




An Opposite to Trebuchet Mechanics- The “Flinger”

Early on

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=AnimateFlinger

(Not much happening)
Not much
increase in
Driving velocity v
Force ) k
F
: W= 1‘1

Trebuchet-like experiment

Later on

(Last-minute “cram’” for energy)

- Anti-analogy can be useful pedagogy

w= 5l
Maximum \
increase in v= 4l
velocity v
Jjust before I \ v= Sl
m slides off I'|I1ur — 9]
end !1:{ — 1‘1

Flinger experiment /

) Iy

~ t :(}(m,

"

(o

—

skateboard wheel
slides on pool que-stick

Iy,

Skateboard wheel swings

Generic URL - http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.t



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=AnimateFlinger
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html

Trebuchet model in rotating beam frame

Flinger model in rotating beam frame

( ) V(rf):lmng 1m0027”(')2

.
9 Foo9

. 1
Assume: Constant beam _,m,U? —V
‘/—I\ 2 fbeam
rame
)
beam
g frame

\ /
\
\ . \ g //
AN | R \\ /
6

- \
~Q clock “Imtzal/
"6 o'clock position)

Final

( 3 o'clock
position)

Lo, (trebuchet) = Final Trebuchet KEbeam

2 frame

mme

Assume: Constant beam

P

Q)

1
—mu? (flinger) = Final F linger KE beam

2 frame frame




Trebuchet model in rotating beam frame Flinger model in rotating beam frame

Assume: Constant beam 0 l’m’vg _ V( ) 1% (rf> _ lmu)g 2 _ 1 m(DQT’OQ

S
i 2 Al 2 S 2
o

Assume: Constant beam

beam
14 Jrame Final /1_\
( 3 o'clock )
A position) Initial

\ /
\
\ . \ g //
AN | R \\ /
6

; \
>~ clock

-~ ‘Inztzal/ ;
T (6 o'clock position) \

lmvbeam (trebuchet) = Final Trebuchet KEbeam lmvbeam (flinger) = Final Flinger KE beam

2 frame , frame 2 frame frame
1 1 1 1 1 1

—m(x)g m, + L) — —mmg m, +f = —mO) 21y 4 —m(og(r —|—€) — —m(ogrg = —m(ogﬁ(er +€)
2 2 2 2 b 2 b9 b

Final Initial Final Initial




Trebuchet model in rotating beam frame Flinger model in rotating beam frame

Assume: Constant beam 0 lmvg . (T()) -V (rf> _ lmu)g 2 lm(ogrg

r -
o 2 phose 2 S 2 0
o

Assume: Constant beam

v
beam

/! frame Final /1_\

( 3 o'clock )

A position) Initial

———
\
\\ . \ g //
\ \ /
\ |R \
\\ 6 \
N /
\\Q ,CIOCk\\ ]nltlal’// .
\\s_ ——’/ L. I
‘(6 O’CIOCkPOSltZOFl) \

lmvfwm (trebuchet) = Final Trebuchet K?beam 1mv§eam07inger) = Final Flinger Klj?ﬂ beam

2 frame , rame 2 frame rame
1 1 1 1 2 1 1
gm(;)'? (fr’b + 5) — gmmg (rbg +€2) — gmw'g (2rb 5) —m(x)g(’rb —I—E) - —m(ogrbg — —mo)gﬁ(?ri) + 6)
Final Initial 2 Final 2 Initial 2
3 o’clock 6 o’clock 3 o’clock 3 o’clock
2
R62=1?)2+E ° Flinger KE is "0 gg more than 6 o ’clock trebuchet

o clock 2 but misdirected




Trebuchet model in rotating beam frame

Flinger model in rotating beam frame

I

Assume: Constant beam

frame

1
Lt =) 1y = et Lo

29 1 99

10 ‘Initigl/’
@6 o'clock position)

2  frame

Smo?, (trebuchet) = Final Trebuchet K?beam

rame

6) v Assume: Constant beam
fr%%gl
Y Final /T\
(3 o'clock )
A position) Initial
/
/// = —.— —————— >
\
\\ . \ g //
\ \ /
\ |R \
\\ 6 \
~o clock g

1 .
—mu? (flinger) = Final F linger Kl*]; beam

2 frame rame

o’clock

2
1 1 1 1 2 1 1
gmmg (fr’b + ﬁ) — gmmg (rbg +€2) — gmmg (2rb f) —m(x)g(’rb —I—E) — —m(ogrbg — —mo)gﬁ(?ri) + 6)
Final Initial 2 Final 2 Initial 2
3 o’clock 6 o’clock 3 o’clock 3 o’clock
2
R62=1?)2+E ° Flinger KE is "0 gg more than 6 o ’clock trebuchet
o clock 2 but misdirected
Initial _ lmo)’g (47?) g) ‘
9 o’clock 2 2
2 9 9 Flinger KE is —w(zr /— g’g) less than 9 o’clock trebuchet
R=p"+07-2r/¢ 2 " — .
9 b b and misdirected




Trebuchet model in lab frame

Assume: Constant beam 0

0)‘/1\ (0(7},+

(Y]
frlg%e

E): Urotation

4

U
beam
frame

—

P ((02 (2rb €) half-cocked 6 o'clock
V7o (Trebuchet) =

frame

L(x)g (4'rb 5) fully-cocked 9 o'clock

Vigh frame (t’r’ebuchet) —

r(11)(7“6 + 0+ %Tb) half-cocked 6 o'clock
1

(D(Tb + L+ 2 Erb) fully-cocked 9 o'clock

H Flinger model in lab frame

rotation

m/r\ (o(erré): v

2r;

9 .
Vo (flinger) = w*(2n,

frame

(

+ )

Ylab frame (ﬂ Z'ngefl“) —

_ (,)\/ (rb + 6)2+ E(Qrb + E): (0\/2(75 + 6)2— n”

/ \

L

{5.000) {5.160) / {5.000)

5.820 6.000 5.820
(,=2,0=1),(r, =15,0=15),(r, =1,£=2]

(compare)

A

= 3.740 = 3.960 = 4120
n :2,@:1), (rb :1.5,6:1.5),(rb :1,2:2)




Physics used to be pretty much bi-polar...

Experiment

Now that situation i1s changing...



Many Approaches to Mechanics (Trebuchet Equations)

Each has advantages and disadvantages

¥U.S. Approach ¥Unified Approach
Quick® dirty
Newton F=Ma Equations
Cartesian coordinates

1.

¥French Approach Theoretical
Tres elegant A Analys's
L agrange Equations graphi
In Generalized Coordinates
F. = - - ; : e
dt « ¢ g | N4 X/ potMadern \ VY Qo
umerics
¥German Approach — - -
Pride and Precision Numerical Laboratory

Observation

Synthesis

Riemann Christoffel Equations
In Differential Manifolds

k _ 4K k.m4n
=g+ 1 MM

All approaches have one thing in common:

: The Art of Approximation
¥Anglo-lrish Appproach
gowerfm ly Cregﬁﬁ’e Physics lives and dies by the art of
Hamilton@ Equations | |, o approximate models and anal ogs.
Phase Space | = - - ¢« = —. aS=Ldt=p,da"! Hel

| | pK Hamilton-Jacobi-Poincarep -'S -8
q 'p TR



Cheap Trebuchet The - ="

¥ = +Rcos! !

X? =+R?dn?! I?
Y2 =+R%*cos?! I?

x=Rcod +r cos

w=Rcod +r co y=Rsinl - rsin’

y=Rsinl +r sin® X=-Rcad ah
Y=-Rsinl pXxed
JIV(U

X=!Rsn!/ ! rsin! A

¥ =+Rcos! ! +rcos! !



m

Cheap Trebuchet Theoty: .=+

x=Rcod +r cos

w=Rcod +r co y=Rsinl - rsin’

y=Rsinl +r sin" X=-Rcad ab
Y=-Rsinl PXed
JIV(U

X=!Rsn!/ ! rsin! A

¥ =+Rcos! ! +rcos! !

¥ = +Rcos! !

X?=+RPsn?! 12| x? :(—Rsin@é—rsin¢¢)(—Rsin99—rsin¢¢) = R’sin” 00°+ 2RrsinOsingB¢ + r’sin* ! I

2 _ 2 2 : . : . . ny .
¥?=+R*cos’! ! ¥ =(Rcos99+rcos¢¢)(+Rcos! ! + rcos! !)= R°cos’! I *+2Rrcos! cos! "I +rcos’! I'?



Cheap Trebuchet The 1=

r r

R R
!

x=Rcod +r cos

w=Rcod +r co y=Rsinl - rsin’

A y=Rsin! +r sin" X=-Rcad ab
Y Y=-Rsin! PXed
DIV

X =

Y = +Rcos! * X=1Rsin! ! rsin/ !

¥ =+Rcos! ! +rcos! !

X?=+RPsin?! 12| x* = (—Rsin@é—rsin¢q5)(—Rsin99—rsin¢q§) = R’sin” 00°+ 2RrsinOsingB¢ + r’sin* ! I
¥2=+RPcos’/ 2| 2 (Rcos09+rcos¢¢})(+Rcos! I + rcos! !')= R?cos?! I'*+2Rrcos! cos! "I +r?cos’! I'?

X?+¥?= R X*+y°= R  +2Rrcos(0-0¢)8p+r ¢’



Cheap Trebuchet The

I I

R R
!

x=Rcod +r cos

w=Rcod +r co y=Rsinl - rsin’

X y=Rsinl +r sin" X=-Rcad ab
Y Y=-Rsin bxed
X — JIV(U

X=!Rsn!/ ! rsin! A

¥ =+Rcos! ! + rcos! !

¥ = +Rcos! !

X?=+RPsin?! 12| x* = (—Rsin@é—rsin¢q5)(—Rsin99—rsin¢q§) = R’sin” 00°+ 2RrsinOsingB¢ + r’sin* ! I
¥2=+RPcos’/ 2| 2 (Rcos09+rcos¢¢})(+Rcos! I + rcos! !')= R?cos?! I'*+2Rrcos! cos! "I +r?cos’! I'?

X2 4 y2 = 22 X2+)|/2: R 42 +2R1‘COS(9—¢)é(b+I‘2(b2
KE of driver M plus projectile m

T:%M(Xz+Y2)+%m(i{2+}72)=%M(R292)+%m(R2 6° +2chos(9—¢)9(ﬁ+r2(/52)



Cheap Trebuchet The

I I

R R
!

x=Rcod +r cos

w=Rcod +r co y=Rsinl - rsin’

y=Rsinl +r sin" X=-Rcad ab
Y=-Rsinl PXed
JIV(U

X=!Rsn!/ ! rsin! A

¥ =+Rcos! ! +rcos! !

X?=+RPsin?! 12| x* = (—Rsin@é—rsin¢q§)(—RSin99—rsin¢q§) = R’sin” 00°+ 2RrsinOsingB¢ + r’sin* ! I
¥?=+RPcos’! 12 2 (Rcos09+rcos¢¢})(+Rcos! I + rcos! !')= R?cos?! I'*+2Rrcos! cos! "I +r?cos’! I'?

X?+y? = R X+ = R*&? +2Rrcos(0— ¢)é’(b+1‘2(b2

KE of driver M plus projectile m is explicit function of beam-relative coordinate -¢, = (6 —¢) only
T={M(X*+Y*)+im(x* +y )=t M(R*60*)++m(R*6°  +2Rrcos(6—9)6¢+r>¢’)
T=iM(X*+Y)+im(x* +y*) = 1(M + m)(R*6*) + mRr cos(0 - 9) 0+ + mr” ¢’



Cheap Trebuchet The

; [
3 R
!

Xx=Rcod +r cos

X=Rcod +r cos y=Rsin - r sin"

$ y=Rsinl +r sin® X=-Rcad 2 h

v Y=-Rsinl bxeo
X = DIVC
Y = +Rcos! * X=1Rsin! ! rsin/ !

¥ =+Rcos! ! +rcos! !

X?=+RPsin?! 12| x* = (—Rsin@é—rsin¢q§)(—RSin99—rsin¢q§) = R’sin” 00°+ 2RrsinOsingB¢ + r’sin* ! I
¥?=+RPcos’! 12 2 (Rcos09+rcos¢¢})(+Rcos! I + rcos! !')= R?cos?! I'*+2Rrcos! cos! "I +r?cos’! I'?
X2 +Y? =R X*+y°= R  +2Rrcos(0-0¢)8p+r ¢’
KE of driver M plus projectile m is explicit function of beam-relative coordinate -/ , = (! ! ) only
T=1MX?+¥2)+3m(X* + y*) =M (R*F?)+3m(RP 42 +2Rrcos(! | ")AH +r2£2)
T=IM(X?+Y2)+1m(x* + y*)=3(M + m)(R°**)+ mRrcos(! | ") +1mr? #2

For symmetric (R=r) trebuchet: 7= R jMzm 12 + 2%+ mihcos! &,



Force Work, and Acceleration (compare to Cheap Trebuchet Theorx) .

= F, dX+ F dY+ F,dx+ F,_dy o%" ox |  Raw Jacobian
R 0
= MXdX + M‘VdY+ mudx+ miydy a ) | ar ar Reosd 0
Write work-sums in cqum)rgBJsmg GCCdanddﬂn Jacoblan) ar |_| 9 9 [de ): Rsing 0 [de}
dx dx dx do —rcosf  fcosd do
dw= F, dX = MXdX = F,—-d"+F —d# = Mi{—d Mk—d# & )| P rsing fsing

+F, dY  +MYdYy +FY'ITd”+FY'I—#d# +|v|‘¥'7d"+|v|%,—#d#

I'x I'X I'x I'X
+F dx  +mitdx  +F-d +Fx§d# +mit,7d”+mﬁﬁd#

'y .., l'y 'y .. l'y
+F, dy + my dy +Fy,Td +Fygd# +my,7d +mygd#

EP 2 2 2 2

. . MX2 MY? M¥® M

b Add up first and last columns for eacljv/arlabland# for: T=—"-+=—+="+ ;’
Lagrange , & I ,

_ X 1Y X Iy X Y X y
trickery: | MR Rt R HR LR R R R

dIT T _d!T IT
#E =TS ASTT Y

Completes derivation of Lagrange covariant-force equation for each GCC vatiabie .

F,Rcos! +K Rsin!/ " Frcos/

d$T $T
dt $" $"

=f Add F gravity given
(Fx=0, Fv=-Mg)

#F = __"_5 #E =

dt 8§

Add F gravity given
(Fx=0, Fy=-Mg)

(Fx=0 , Fy=-mg) (Fx=0, Fy=-mg)
d"T "T SSUPRLS Ay . m :E_T#_T:# "gn!
F = ——T#—T—#MgRsm'l +mgrsin/ RTET TR AL L.

o [ Y B 2
These are Compe:%g torqges on main beam R... E and a torque on throwing lever



Forces: total, genuine, potential, and/or fictitious

Centrifugal

Force

2

Fig. 2.5.2
(modified)

Corioli

A\

Constraini\Foyce

Constraint Force
S
AN

alng

9(0/0/0)|

~ Mg

—_ Mg
Acceleration Applied
and 'Real’
'Fictitious Forces.
Forces: oy
Cgr?tlrriiollji;N Frictifn...
d 11 T 11 T
Ibl — | —_ — + F, + O
; dt 1] ! ll! .
d 1] T ] T
Ib# — . = - + F# + 0
dt "# "#

Lagrange Force equations
(See also derivation Eq. (2.4.7) on p. 23, Unit 2)

Force ~ ¥l

Centrifugal Force

%

Seadying Force Gravitational Force
Gravitational Force

For conservative forces

Constraint  where:g == Y ag: ﬂl_
'Internal’ ' #l #I
Forces: E oo #V 1d H
- —n " _
oot FHg #e
(Do not contribute.
Do no work.) " "
'L b = L
p’ I !! I Il!
p B I L I!) B 11 L
7 o 7
# #

Lagrange Potential equations

L=T-V

Compare to derivation Eq (12.25a) in Ch. 12 of Unit 1 and Eq. (3.5.10) in Unit 3.



