
Lecture  16  
Mon. 10.28.2019

Hamilton Equations for Trebuchet and Related Things 
(Ch. 5-9 of Unit 2) 

 Review of Hamiltonian equation derivation (Elementary trebuchet)  
Hamiltonian definition from Lagrangian and γmn tensor 
Hamilton’s equations and Poincare invariant relations 
Hamiltonian expression and contravariant γmn tensor 

Hamilton pµ equation log-jam  
 Hamiltonian energy and momentum conservation and symmetry coordinates 

Coordinate transformation helps reduce symmetric Hamiltonian  
Free-space trebuchet kinematics by symmetry 

Algebraic approximate approach 
Direct approximate approach and Superball analogy 

Trebuchet vs Flinger and sports kinematics 
The multiple approaches to Mechanics (and physics in general) 
A simplified trebuchet approximation (but unfinished) 



This Lecture’s Reference Link Listing
Web Resources - front page
UAF Physics UTube channel

Classical Mechanics with a Bang!
Principles of Symmetry, Dynamics, and Spectroscopy

Quantum Theory for the Computer Age

Modern Physics and its Classical Foundations
2018 AMOP

2019 Advanced Mechanics

2017 Group Theory for QM
2018 Adv CM

Select, exciting, and related Research 
Clifford_Algebra_And_The_Projective_Model_Of_Homogeneous_Metric_Spaces - 

Foundations - Sokolov-x-2013 
Geometric Algebra 3 - Complex Numbers - MacDonald-yt-2015 
Biquaternion -Complexified Quaternion- Roots of -1 - Sangwine-x-2015 
An_Introduction_to_Clifford_Algebras_and_Spinors_-_Vaz-Rocha-op-2016 
Unified View on Complex Numbers and Quaternions- Bongardt-wcmms-2015 
Complex Functions and the Cauchy-Riemann Equations - complex2 - Friedman-
columbia-2019 
An_sp-hybridized_Molecular_Carbon_Allotrope-_cyclo-18-carbon_-_Kaiser-s-2019 
An_Atomic-Scale_View_of_Cyclocarbon_Synthesis_-_Maier-s-2019 
Discovery_Of_Topological_Weyl_Fermion_Lines_And_Drumhead_Surface_States_in_a_ 
         Room_Temperature_Magnet_-_Belopolski-s-2019 
"Weyl"ing_away_Time-reversal_Symmetry_-_Neto-s-2019 
Non-Abelian_Band_Topology_in_Noninteracting_Metals_-_Wu-s-2019 
What_Industry_Can_Teach_Academia_-_Mao-s-2019 
RoVib-_quantum_state_resolution_of_the_C60_fullerene_-_Changala-Ye-s-2019 (Alt) 
A_Degenerate_Fermi_Gas_of_Polar_molecules_-_DeMarco-s-2019

Recent Articles of Interest:  
(Many of these may be a bit beyond this course,  

but are included to lend added insight): 
Springer handbook on Molecular Symmetry and Dynamics - Ch_32 - Molecular Symmetry 
Tunable and broadband coherent perfect absorption by ultrathin blk phos metasurfaces - Guo-josab-2019 
Quantum_Supremacy_Using_a_Programmable_Superconducting_Processor_-_Arute-n-2019 
Vortex Detection in Vector Fields Using Geometric Algebra - Pollock-aaca-2013.pdf

Lectures #12 through #16
In reverse order

An assist from Physics Girl (YouTube Channel):
Posted this year: 

How to Make VORTEX RINGS in a Pool 
Crazy pool vortex (new inclusion with more background) 

Crazy pool vortex - pg-yt-2014 
Posting with the best visuals: 

Fun with Vortex Rings in the Pool - pg-yt-2014 
She covers it beautifully!

Pirelli Relativity Challenge (Introduction level) - Visualizing Waves:  
Using Earth as a clock,  
Tesla's AC Phasors ,  
Phasors using complex numbers. 

CM wBang Unit 1 - Chapter 10, pdf_page=135 
Calculus of exponentials, logarithms, and complex fields,  

RelaWavity Web Simulation - Unit Circle and Hyperbola (Mixed labeling) 
Smith Chart, Invented by Phillip H. Smith (1905-1987)

Excerpts (Page 44-47 in Preliminary Draft) from the  
Geometric Algebra- A Guided Tour through Space and Time - Reimer-www-2019 

Trebuchet Web Animations: 
Default/Generic URL, Montezuma's Revenge, Seige of Kenilworth,  
"Flinger", 
Position Space (Course), Position Space (Fine) 

Wacky Waving Solid Metal Arm Flailing Chaos Pendulum - Scooba_Steeve-yt-2015 
Triple Double-Pendulum - Cohen-yt-2008  
Punkin Chunkin - TheArmchairCritic-2011 
Jersey Team Claims Title in Punkin Chunkin - sussexcountyonline-1999 
Shooting range for medieval siege weapons. Anybody knows? - twcenter.net/forums 
The Trebuchet - Chevedden-SciAm-1995 
NOVA Builds a Trebuchet

https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2018.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2019.html
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
https://modphys.hosted.uark.edu/ETC/MISC/Clifford_algebra_and_the_projective_model_of_homogeneous_metric_spaces_-_Foundations_-_Sokolov-x-2013.pdf#page=20
https://modphys.hosted.uark.edu/ETC/MISC/Clifford_algebra_and_the_projective_model_of_homogeneous_metric_spaces_-_Foundations_-_Sokolov-x-2013.pdf#page=20
https://youtu.be/f3zM6THQDRA?list=PLLvlxwbzkr7igd6bL7959WWE7XInCCevt&t=65
https://modphys.hosted.uark.edu/ETC/MISC/Biquaternion_-Complexified_Quaternion-_Roots_of_-1_-_Sangwine-x-2015.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_Introduction_to_Clifford_Algebras_and_Spinors_-_Vaz-Rocha-op-2016.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Unified_View_on_Complex_Numbers_and_Quaternions-_Bongardt-wcmms-2015.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Complex_Functions_and_the_Cauchy-Riemann_Equations-_complex2.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Complex_Functions_and_the_Cauchy-Riemann_Equations-_complex2.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_sp-hybridized_Molecular_Carbon_Allotrope-_cyclo-18-carbon_-_Kaiser-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_Atomic-Scale_View_of_Cyclocarbon_Synthesis_-_Maier-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Discovery_Of_Topological_Weyl_Fermion_Lines_And_Drumhead_Surface_States_in_a_Room_Temperature_Magnet_-_Belopolski-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Discovery_Of_Topological_Weyl_Fermion_Lines_And_Drumhead_Surface_States_in_a_Room_Temperature_Magnet_-_Belopolski-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/-Weyl-ing_away_Time-reversal_Symmetry_-_Neto-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Non-Abelian_Band_Topology_in_Noninteracting_Metals_-_Wu-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/What_Industry_Can_Teach_Academia_-_Mao-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Rovibrational_quantum_state_resolution_of_the_C60_fullerene_-_Changala-Ye-s-2019-Alt.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Degenerate_Fermi_Gas_of_Polar_molecules_-_DeMarco-s-2019.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_32_MolSymm.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Tunable_and_Broadband_Coherent_Perfect_Absorption_by_Ultrathin_Black_Phosphorus_Metasurfaces_-_Guo-josab-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_Supremacy_Using_a_Programmable_Superconducting_Processor_-_Arute-n-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Vortex_Detection_in_Vector_Fields_Using_Geometric_Algebra_-_Pollock-aaca-2013.pdf
https://www.youtube.com/channel/UC7DdEm33SyaTDtWYGO2CwdA
https://www.youtube.com/watch?v=_18avidXxqY
https://www.youtube.com/watch?v=pnbJEg9r1o8
https://youtu.be/72LWr7BU8Ao
https://pirelli.hosted.uark.edu/html/clocks_segue.html
https://pirelli.hosted.uark.edu/html/phasors_segue.html
https://pirelli.hosted.uark.edu/html/complex_phasors_1.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Text_2012/CMwBang_Unit_1_2019.pdf#page=135
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=0,9&taLinesInd=2&ctLinesInd=2&refSquareInd=-1&showInstructions=0&labelingInd=3
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2017/Smith_Chart.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Geometric_Algebra-_A_Guided_Tour_through_Space_and_Time_-_Reimer-www-2019.pdf#page=44
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=AnimateFlinger
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=PlotPosSpaceCourse
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=PlotPosSpaceFine
https://www.youtube.com/watch?v=zvIY1z0xcek
https://www.youtube.com/watch?v=foZHjI8Lydo
http://thearmchaircritic.blogspot.com/2011/11/punkin-chunkin.html
http://www.sussexcountyonline.com/news/photos/punkinchunkin.html
http://www.twcenter.net/forums/showthread.php?358315-Shooting-range-for-medieval-siege-weapons-Anybody-knows
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Trebuchet-SciAm_273_66_July_1995_chevedden1.pdf
https://www.pbs.org/wgbh/nova/lostempires/trebuchet/builds.html


BoxIt Web Simulations: 
Generic/Default 
Most Basic A-Type 
Basic A-Type w/reference lines 
Basic A-Type A-Type with Potential energy 
A-Type with Potential energy and Stokes Plot 
A-Type w/3 time rates of change 
A-Type w/3 time rates of change with Stokes Plot 
B-Type (A=1.0, B=-0.05, C=0.0, D=1.0)

RelaWavity Web Elliptical Motion Simulations: 
Orbits with b/a=0.125 
Orbits with b/a=0.5 
Orbits with b/a=0.7 
Exegesis with b/a=0.125 
Exegesis with b/a=0.5 
Exegesis with b/a=0.7 
Contact Ellipsometry

Pirelli Site: Phasors animimation 
CMwithBang Lecture #6, page=70 (9.10.18)

Running Reference Link Listing
Lectures #11 through #7

In reverse order

AMOP Ch 0 Space-Time Symmetry - 2019
Seminar at Rochester Institute of Optics, Aux. slides-2018

“RelaWavity” Web Simulations: 
          2-CW laser wave, Lagrangian vs Hamiltonian,  
          Physical Terms Lagrangian L(u) vs Hamiltonian H(p) 
CoulIt Web Simulation of the Volcanoes of Io 
BohrIt Multi-Panel Plot:  
          Relativistically shifted Time-Space plots of 2 CW light waves

NASA Astronomy Picture of the Day -  
          Io:  The Prometheus Plume  (Just Image) 
NASA Galileo - Io's Alien Volcanoes 
New Horizons - Volcanic Eruption Plume on Jupiter's moon IO 
NASA Galileo - A Hawaiian-Style Volcano on Io

CMwithBang Lecture 8, page=20
WWW.sciencenewsforstudents.org: Cassini - Saturnian polar vortex

Select, exciting, and related Research & Articles of Interest: 
Burning a hole in reality—design for a new laser may be powerful enough to pierce space-time - Sumner-KOS-2019 
Trampoline mirror may push laser pulse through fabric of the Universe - Lee-ArsTechnica-2019 
Achieving_Extreme_Light_Intensities_using_Optically_Curved_Relativistic_Plasma_Mirrors_-_Vincenti-prl-2019 
A_Soft_Matter_Computer_for_Soft_Robots_-_Garrad-sr-2019 
Correlated_Insulator_Behaviour_at_Half-Filling_in_Magic-Angle_Graphene_Superlattices_-_cao-n-2018 
Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_ 

          realization_of_Maxwell's_Demon - Kumar-n-2018
Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom - Barredo-n-2018
Older ones:
Wave-particle_duality_of_C60_molecules - Arndt-ltn-1999
Optical_Vortex_Knots_-_One_Photon__At_A_Time - Tempone-Wiltshire-Sr-2018

Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_, 
          Nuclear_Collisions - Mishustin-PhysRevC-2007, APS Link & Abstract 
Hadronic Molecules - Guo-x-2017  
Hidden-charm_pentaquark_and_tetraquark_states - Chen-pr-2016

Links to previous lecture: Page=74, Page=75, Page=79 
Pendulum Web Sim
Cycloidulum Web Sim
JerkIt Web Simulations: Basic/Generic: Inverted, FVPlot 

OscillatorPE Web Simulation: 
          Coulomb-Newton-Inverse_Square, 
          Hooke-Isotropic Harmonic, 
          Pendulum-Circular_Constraint

CoulIt Web Simulations: 
Basic/Generic 
Exploding Starlet 
Volcanoes of Io (Color Quantized) 

JerkIt Web Simulations: 
Basic/Generic 
Catcher in the Eye - IHO with Linear Hooke perturbation - Force-potential-Velocity Plot

Eric J Heller Gallery: 
Main portal, Consonance and Dissonance II, Bessel 21, Chladni 

The Semiclassical Way to Molecular Spectroscopy - Heller-acs-1981 
Quantum_dynamical_tunneling_in_bound_states_-_Davis-Heller-
jcp-1981 

Pendulum Web Simulation 
Cycloidulum Web Simulation

https://modphys.hosted.uark.edu/markup/BoxItWeb.html
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0&wantBallsNItsPhi2=0&wantBallsNItsPhi2=0&wantPELevels=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantStokes=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3&wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?&AU2=1.0&BU2=-0.05&CU2=0.0&DU2=1.0
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.5&velocity=0.85
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,2
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=70
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_0_SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Rochester_Auxilary_Slides.pdf
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
http://apod.nasa.gov/apod/ap970818.html
http://apod.nasa.gov/apod/image/9708/prometheus_gal_big.jpg
https://science.nasa.gov/science-news/science-at-nasa/1999/ast04oct99_1/
https://www.youtube.com/watch?v=wmQHOUFIuzQ
https://science.nasa.gov/science-news/science-at-nasa/1999/ast05nov99_2/
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2019/CMwithBang_Lect.8_9.23.19.pdf#page=22
https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow%22
https://www.dailykos.com/stories/2019/9/14/1885432/-Burning-a-hole-in-reality-design-for-a-new-laser-may-be-powerful-enough-to-pierce-space-time
https://arstechnica.com/science/2019/09/trampoline-mirror-may-push-laser-pulse-through-fabric-of-the-universe/
https://modphys.hosted.uark.edu/ETC/MISC/Achieving_Extreme_Light_Intensities_using_Optically_Curved_Relativistic_Plasma_Mirrors_-_Vincenti-prl-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Soft_Matter_Computer_for_Soft_Robots_-_Garrad-sr-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Correlated_Insulator_Behaviour_at_Half-Filling_in_Magic-Angle_Graphene_Superlattices_-_cao-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Wave-particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Optical_Vortex_Knots_-_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.76.011603
https://modphys.hosted.uark.edu/ETC/MISC/Hadronic_molecules-_Guo-x-2017.pdf
https://modphys.hosted.uark.edu/ETC/MISC/hidden-charm_pentaquark_and_tetraquark_states-_chen-pr-2016.pdf
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=74
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=75
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=79
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=FVPlot
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=3
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=2
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=0
https://modphys.hosted.uark.edu/markup/CoulItWeb.html
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=ExplodingStarlet
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo_ColorQuant
https://modphys.hosted.uark.edu/markup/JerkItWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=FVPlot
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/slides/Consonance%20and%20DissonanceII.html
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/slides/Bessel%2021.html
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/slides/Chladni.html
http://homepage.univie.ac.at/mario.barbatti/papers/heller/heller_acs_14_368_1981.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_dynamical_tunneling_in_bound_states_-_Davis-Heller-jcp-1981.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_dynamical_tunneling_in_bound_states_-_Davis-Heller-jcp-1981.pdf
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html


RelaWavity Web Simulation: Contact Ellipsometry 
BoxIt Web Simulation: Elliptical Motion (A-Type) 
CMwBang Course: Site Title Page 
Pirelli Relativity Challenge: Describing Wave Motion With Complex Phasors 
UAF Physics UTube channel

BounceIt Web Animation - Scenarios: 
Generic Scenario: 2-Balls dropped no Gravity (7:1) - V vs V Plot (Power=4) 
1-Ball dropped w/Gravity=0.5 w/Potential Plot: Power=1, Power=4 
7:1 - V vs V Plot: Power=1 
3-Ball Stack (10:3:1) w/Newton plot (y vs t) - Power=4 
3-Ball Stack (10:3:1) w/Newton plot (y vs t) - Power=1 
3-Ball Stack (10:3:1) w/Newton plot (y vs t) - Power=1 w/Gaps 
4-Ball Stack (27:9:3:1) w/Newton plot (y vs t) - Power=4 
4-Newton's Balls (1:1:1:1) w/Newtonian plot (y vs t) - Power=4 w/Gaps 
6-Ball Totally Inelastic (1:1:1:1:1:1) w/Gaps: Newtonian plot (t vs x), V6 vs V5 plot 
5-Ball Totally Inelastic Pile-up w/ 5-Stationary-Balls - Minkowski plot (t vs x1) w/Gaps 
1-Ball Totally Inelastic Pile-up w/ 5-Stationary-Balls - Vx2 vs Vx1 plot w/Gaps

Velocity Amplification in Collision Experiments Involving Superballs - Harter, 1971 
MIT OpenCourseWare: High School/Physics/Impulse and Momentum 
Hubble Site: Supernova - SN 1987A

Running Reference Link Listing
Lectures #6 through #1

More Advanced QM and classical references will soon be available through our: Mechanics References Page

X2 paper: Velocity Amplification in Collision Experiments Involving Superballs - Harter, et. al. 1971 (pdf) 
Car Collision Web Simulator: https://modphys.hosted.uark.edu/markup/CMMotionWeb.html 
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Chapter 1. The Trebuchet: A dream problem for Galileo? 

θ
φ rb

l

m M
R

Fig. 2.1.1 An elementary ground-fixed trebuchet Trebuchet simulator

(a) What Galileo Might

Have Tried to Solve
(b) What Galileo Did Solve

Fig. 2.1.2 Galileo's (supposed) problem

(Simple pendulum dynamics)

The Atlatl 
(Cahokia, IL 12th Century)

https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html

https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html


Review of Hamiltonian equation derivation (Elementary trebuchet)  
Hamiltonian definition from Lagrangian and γmn tensor 
Hamilton’s equations and Poincare invariant relations 
Hamiltonian expression and contravariant γmn tensor 



   
dL θ ,φ, !θ , !φ,t( ) = ∂L

∂θ
dθ + ∂L

∂φ
dφ + ∂L

∂ !θ
d !θ + ∂L

∂ !φ
d !φ + ∂L

∂t
dt

X=-Rsinθ

θ

θ

Y= 
-Rcosθ

R

r
φ
ℓ

M

m
θ

θ

   

Total KE = T = 1
2

M !X 2 + M !Y 2 + m!x2 + m!y2⎡
⎣

⎤
⎦ =

1
2

( MR2 + mr2 ) !θ 2 − 2mrℓcos(θ −φ) !θ !φ + mℓ2 !φ2⎡
⎣

⎤
⎦

T = 1
2
!θ !φ( ) MR2 + mr2 −mrℓcos(θ −φ)

−mrℓcos(θ −φ) mℓ2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

1
2
γ mn !q

m !qn

Dynamic metric tensor 
 γmn 

in GCC θ and φ    

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

γ θ ,θ γ θ ,φ

γ φ ,θ γ φ ,φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟
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Lagrangian function of GCC and velocities:  L θ ,φ, !θ , !φ,t( ) = T θ ,φ, !θ , !φ,t( )−V θ ,φ,t( )
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Review of Hamiltonian equation derivation (Elementary trebuchet)  
Hamiltonian definition from Lagrangian and covariant γmn tensor 
Hamilton’s equations and Poincare invariant relations 
Hamiltonian expression and contravariant γmn tensor 
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Lagrangian function of GCC and velocities:  L θ ,φ, !θ , !φ,t( ) = T θ ,φ, !θ , !φ,t( )−V θ ,φ,t( )
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Lagrangian function of GCC and velocities:  L θ ,φ, !θ , !φ,t( ) = T θ ,φ, !θ , !φ,t( )−V θ ,φ,t( )

velocity chain
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Review of Hamiltonian equation derivation (Elementary trebuchet)  
Hamiltonian definition from Lagrangian and γmn tensor 
Hamilton’s equations and Poincare invariant relations 
Hamiltonian expression with contravariant γmn tensor 

Hamilton pµ equation log-jam 
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!θ + γ φφ

!φ( ) !φ − 12 γ θθ
!θ !θ + γ θφ

!φ !θ + γ φθ
!θ !φ + γ φφ

!φ !φ( )  +V
H = 1

2
γ θθ
!θ !θ + γ θφ

!φ !θ + γ φθ
!θ !φ + γ φφ

!φ !φ( )+V           = T +V ≡ E     ( Only correct
numerically! ) 



X=-Rsinθ

θ

θ

Y= 
-Rcosθ

R

r
φ
ℓ

M

m
θ

θ

   

Total KE = T = 1
2

M !X 2 + M !Y 2 + m!x2 + m!y2⎡
⎣

⎤
⎦ =

1
2

( MR2 + mr2 ) !θ 2 − 2mrℓcos(θ −φ) !θ !φ + mℓ2 !φ2⎡
⎣

⎤
⎦

T = 1
2
!θ !φ( ) MR2 + mr2 −mrℓcos(θ −φ)

−mrℓcos(θ −φ) mℓ2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

1
2
γ mn !q

m !qn

Covariant metric tensor 
 γmn

  

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

γ θθ γ θφ
γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟

   
Lagrangian function of GCC and velocities:  L θ ,φ, !θ , !φ,t( ) = T θ ,φ, !θ , !φ,t( )−V θ ,φ,t( )
   
Hamiltonian function of GCC and momenta:  H θ ,φ, pθ , pφ ,t( ) = pθ !θ + pφ !φ − L Poincare-Legendre relation

H =     pθ !θ           +         pφ !φ                             −T                                    +V

H = γ θθ
!θ + γ θφ

!φ( ) !θ + γ φθ
!θ + γ φφ

!φ( ) !φ − 12 γ θθ
!θ !θ + γ θφ

!φ !θ + γ φθ
!θ !φ + γ φφ

!φ !φ( )  +V
H = 1

2
γ θθ
!θ !θ + γ θφ

!φ !θ + γ φθ
!θ !φ + γ φφ

!φ !φ( )+V           = T +V ≡ E     ( Only correct
numerically! ) 

  

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

γ θθ γ θφ

γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

T = 1
2

pθ pφ( ) mℓ2 mrℓcos(θ −φ)

mrℓcos(θ −φ) MR2 + mr2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

mℓ2 MR2 + mr2 sin2(θ −φ)⎡
⎣

⎤
⎦

= 1
2
γ mn pm pn

Contravariant metric tensor 
 γmn

Hamiltonian must be explicit function  
of momenta pm  not velocities

Constant Energy if 
no explicit t-dependence



X=-Rsinθ

θ

θ

Y= 
-Rcosθ

R

r
φ
ℓ

M

m
θ

θ

   

Total KE = T = 1
2

M !X 2 + M !Y 2 + m!x2 + m!y2⎡
⎣

⎤
⎦ =

1
2

( MR2 + mr2 ) !θ 2 − 2mrℓcos(θ −φ) !θ !φ + mℓ2 !φ2⎡
⎣

⎤
⎦

T = 1
2
!θ !φ( ) MR2 + mr2 −mrℓcos(θ −φ)

−mrℓcos(θ −φ) mℓ2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

1
2
γ mn !q

m !qn

Covariant metric tensor 
 γmn

  

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

γ θθ γ θφ
γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟

   
Lagrangian function of GCC and velocities:  L θ ,φ, !θ , !φ,t( ) = T θ ,φ, !θ , !φ,t( )−V θ ,φ,t( )
   
Hamiltonian function of GCC and momenta:  H θ ,φ, pθ , pφ ,t( ) = pθ !θ + pφ !φ − L Poincare-Legendre relation

  

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

γ θθ γ θφ

γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

T = 1
2

pθ pφ( ) mℓ2 mrℓcos(θ −φ)

mrℓcos(θ −φ) MR2 + mr2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

mℓ2 MR2 + mr2 sin2(θ −φ)⎡
⎣

⎤
⎦

= 1
2
γ mn pm pn

Contravariant metric tensor 
 γmn

Constant Energy if 
no explicit t-dependence

H =     pθ !θ           +         pφ !φ                             −T                                    +V

H = γ θθ
!θ + γ θφ

!φ( ) !θ + γ φθ
!θ + γ φφ

!φ( ) !φ − 12 γ θθ
!θ !θ + γ θφ

!φ !θ + γ φθ
!θ !φ + γ φφ

!φ !φ( )  +V
H = 1

2
γ θθ
!θ !θ + γ θφ

!φ !θ + γ φθ
!θ !φ + γ φφ

!φ !φ( )+V           = T +V ≡ E     ( Only correct
numerically! ) 

Hamiltonian must be explicit function  
of momenta pm  not velocities



X=-Rsinθ

θ

θ

Y= 
-Rcosθ

R

r
φ
ℓ

M

m
θ

θ

   

Total KE = T = 1
2

M !X 2 + M !Y 2 + m!x2 + m!y2⎡
⎣

⎤
⎦ =

1
2

( MR2 + mr2 ) !θ 2 − 2mrℓcos(θ −φ) !θ !φ + mℓ2 !φ2⎡
⎣

⎤
⎦

T = 1
2
!θ !φ( ) MR2 + mr2 −mrℓcos(θ −φ)

−mrℓcos(θ −φ) mℓ2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

1
2
γ mn !q

m !qn

Covariant metric tensor 
 γmn

  

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

γ θθ γ θφ
γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟

   
Lagrangian function of GCC and velocities:  L θ ,φ, !θ , !φ,t( ) = T θ ,φ, !θ , !φ,t( )−V θ ,φ,t( )
   
Hamiltonian function of GCC and momenta:  H θ ,φ, pθ , pφ ,t( ) = pθ !θ + pφ !φ − L Poincare-Legendre relation

H = 1
2
γ θθ pθ pθ + γ

θφ pθ pφ + γ
φθ pφ pθ + γ

φφ pφ pφ( )+V   = T +V      ( Correct formally
and numerically )

  

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

γ θθ γ θφ

γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

T = 1
2

pθ pφ( ) mℓ2 mrℓcos(θ −φ)

mrℓcos(θ −φ) MR2 + mr2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

mℓ2 MR2 + mr2 sin2(θ −φ)⎡
⎣

⎤
⎦

= 1
2
γ mn pm pn

Contravariant metric tensor 
 γmn

Constant Energy if 
no explicit t-dependence

H =     pθ !θ           +         pφ !φ                             −T                                    +V

H = γ θθ
!θ + γ θφ

!φ( ) !θ + γ φθ
!θ + γ φφ

!φ( ) !φ − 12 γ θθ
!θ !θ + γ θφ

!φ !θ + γ φθ
!θ !φ + γ φφ

!φ !φ( )  +V
H = 1

2
γ θθ
!θ !θ + γ θφ

!φ !θ + γ φθ
!θ !φ + γ φφ

!φ !φ( )+V           = T +V ≡ E     ( Only correct
numerically! ) 

Hamiltonian must be explicit function  
of momenta pm  not velocities



X=-Rsinθ

θ

θ

Y= 
-Rcosθ

R

r
φ
ℓ

M

m
θ

θ

   

Total KE = T = 1
2

M !X 2 + M !Y 2 + m!x2 + m!y2⎡
⎣

⎤
⎦ =

1
2

( MR2 + mr2 ) !θ 2 − 2mrℓcos(θ −φ) !θ !φ + mℓ2 !φ2⎡
⎣

⎤
⎦

T = 1
2
!θ !φ( ) MR2 + mr2 −mrℓcos(θ −φ)

−mrℓcos(θ −φ) mℓ2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

1
2
γ mn !q

m !qn

Covariant metric tensor 
 γmn

  

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

γ θθ γ θφ
γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟

   
Lagrangian function of GCC and velocities:  L θ ,φ, !θ , !φ,t( ) = T θ ,φ, !θ , !φ,t( )−V θ ,φ,t( )
   
Hamiltonian function of GCC and momenta:  H θ ,φ, pθ , pφ ,t( ) = pθ !θ + pφ !φ − L Poincare-Legendre relation

H = 1
2
γ θθ pθ pθ + γ

θφ pθ pφ + γ
φθ pφ pθ + γ

φφ pφ pφ( )+V   = T +V      ( Correct formally
and numerically )

H =
mℓ2pθ pθ + 2mrℓcos(θ −φ)pθ pφ + (MR

2 +mr2 )pφ pφ
2mℓ2 MR2 +mr2 sin2(θ −φ)⎡⎣ ⎤⎦

+V

  

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

γ θθ γ θφ

γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

T = 1
2

pθ pφ( ) mℓ2 mrℓcos(θ −φ)

mrℓcos(θ −φ) MR2 + mr2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

mℓ2 MR2 + mr2 sin2(θ −φ)⎡
⎣

⎤
⎦

= 1
2
γ mn pm pn

Contravariant metric tensor 
 γmn

Constant Energy if 
no explicit t-dependence

H =     pθ !θ           +         pφ !φ                             −T                                    +V

H = γ θθ
!θ + γ θφ

!φ( ) !θ + γ φθ
!θ + γ φφ

!φ( ) !φ − 12 γ θθ
!θ !θ + γ θφ

!φ !θ + γ φθ
!θ !φ + γ φφ

!φ !φ( )  +V
H = 1

2
γ θθ
!θ !θ + γ θφ

!φ !θ + γ φθ
!θ !φ + γ φφ

!φ !φ( )+V           = T +V ≡ E     ( Only correct
numerically! ) 

Hamiltonian must be explicit function  
of momenta pm  not velocities



Review of Hamiltonian equation derivation (Elementary trebuchet)  
Hamiltonian definition from Lagrangian and γmn tensor 
Hamilton’s equations and Poincare invariant relations 
Hamiltonian expression with contravariant γmn tensor 

Hamilton pµ equation log-jam 



   

∂H
∂pθ

= !θ=  γ φθ pθ +γ φφ pφ                                                            ∂H
∂pφ

= !φ=  γ θθ pθ +γ θφ pφ    

X=-Rsinθ

θ

θ

Y= 
-Rcosθ

R

r
φ
ℓ

M

m
θ

θ
  

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

γ θθ γ θφ

γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

T = 1
2

pθ pφ( ) mℓ2 mrℓcos(θ −φ)

mrℓcos(θ −φ) MR2 + mr2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

mℓ2 MR2 + mr2 sin2(θ −φ)⎡
⎣

⎤
⎦

= 1
2
γ mn pm pn

Contravariant metric tensor 
 γmn

Hamilton equations for elementary trebuchet

Coordinate equations 

  

!θ = γ θθ pθ + γ
θφ pφ

!φ = γ φθ pθ + γ
φφ pφ

  

pθ = γ θθ !θ + γ θφ !φ

pφ = γ φθ !θ + γ φφ !φ



   

∂H
∂pθ

= !θ=  γ φθ pθ +γ φφ pφ                                                            ∂H
∂pφ

= !φ=  γ θθ pθ +γ θφ pφ    

   

!pθ = − ∂H
∂θ

= ∂L
∂θ

= ∂T
∂θ

− ∂V
∂θ

                                                          !pφ = − ∂H
∂φ

= ∂L
∂φ

= ∂T
∂φ

− ∂V
∂φ

     = mrℓ !θ !φ sin(θ −φ)+ Fθ                                                                  =   -mrℓ !θ !φ sin(θ −φ)+ Fφ
  

X=-Rsinθ

θ

θ

Y= 
-Rcosθ

R

r
φ
ℓ

M

m
θ

θ
  

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

γ θθ γ θφ

γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

T = 1
2

pθ pφ( ) mℓ2 mrℓcos(θ −φ)

mrℓcos(θ −φ) MR2 + mr2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

mℓ2 MR2 + mr2 sin2(θ −φ)⎡
⎣

⎤
⎦

= 1
2
γ mn pm pn

Contravariant metric tensor 
 γmn

Hamilton equations for elementary trebuchet

Coordinate equations 

Momentum/force equations 
(May just use Lagrange results… 
...but to be formally correct… 
...must convert contra-velocities  
to covariant momenta!)

  

!θ = γ θθ pθ + γ
θφ pφ

!φ = γ φθ pθ + γ
φφ pφ

  

pθ = γ θθ !θ + γ θφ !φ

pφ = γ φθ !θ + γ φφ !φ



   

∂H
∂pθ

= !θ=  γ φθ pθ +γ φφ pφ                                                            ∂H
∂pφ

= !φ=  γ θθ pθ +γ θφ pφ    

   

!pθ = − ∂H
∂θ

= ∂L
∂θ

= ∂T
∂θ

− ∂V
∂θ

                                                          !pφ = − ∂H
∂φ

= ∂L
∂φ

= ∂T
∂φ

− ∂V
∂φ

     = mrℓ !θ !φ sin(θ −φ)+ Fθ                                                                  =   -mrℓ !θ !φ sin(θ −φ)+ Fφ

     = mrℓ(γ θθ pθ + γ
θφ pφ )(γ φθ pθ + γ

φφ pφ ) sin(θ −φ)+ Fθ                 = -mrℓ(γ θθ pθ + γ
θφ pφ )(γ φθ pθ + γ

φφ pφ ) sin(θ −φ)+ Fφ   

X=-Rsinθ

θ

θ

Y= 
-Rcosθ

R

r
φ
ℓ

M

m
θ

θ
  

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

γ θθ γ θφ

γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

T = 1
2

pθ pφ( ) mℓ2 mrℓcos(θ −φ)

mrℓcos(θ −φ) MR2 + mr2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

mℓ2 MR2 + mr2 sin2(θ −φ)⎡
⎣

⎤
⎦

= 1
2
γ mn pm pn

Contravariant metric tensor 
 γmn

Hamilton equations for elementary trebuchet

Coordinate equations 

Momentum/force equations 
(May just use Lagrange results… 
...but to be formally correct… 
...must convert contra-velocities  
to covariant momenta!)

  

!θ = γ θθ pθ + γ
θφ pφ

!φ = γ φθ pθ + γ
φφ pφ

  

pθ = γ θθ !θ + γ θφ !φ

pφ = γ φθ !θ + γ φφ !φ



   

∂H
∂pθ

= !θ=  γ φθ pθ +γ φφ pφ                                                            ∂H
∂pφ

= !φ=  γ θθ pθ +γ θφ pφ    

   

!pθ = − ∂H
∂θ

= ∂L
∂θ

= 
∂T
∂θ

− ∂V
∂θ

                                                          !pφ = − ∂H
∂φ

= ∂L
∂φ

= 
∂T
∂φ

− ∂V
∂φ

     = mrℓ !θ !φ sin(θ −φ)+ Fθ                                                                  =   -mrℓ !θ !φ sin(θ −φ)+ Fφ

     = mrℓ(γ θθ pθ + γ
θφ pφ )(γ φθ pθ + γ

φφ pφ ) sin(θ −φ)+ Fθ                 = -mrℓ(γ θθ pθ + γ
θφ pφ )(γ φθ pθ + γ

φφ pφ ) sin(θ −φ)+ Fφ   

     = mrℓ(γ θθγ φθ p2
θ + [γ θθγ φφ + (γ θφ )2]pφ pθ + γ

θφγ φφ p2
φ ) sin(θ −φ)+ Fθ                 = -[messy factor] sin(θ −φ)+ Fφ   

  

!θ = γ θθ pθ + γ
θφ pφ

!φ = γ φθ pθ + γ
φφ pφ

X=-Rsinθ

θ

θ

Y= 
-Rcosθ

R

r
φ
ℓ

M

m
θ

θ
  

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

γ θθ γ θφ

γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

T = 1
2

pθ pφ( ) mℓ2 mrℓcos(θ −φ)

mrℓcos(θ −φ) MR2 + mr2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

mℓ2 MR2 + mr2 sin2(θ −φ)⎡
⎣

⎤
⎦

= 1
2
γ mn pm pn

Contravariant metric tensor 
 γmn

Hamilton equations for elementary trebuchet

Coordinate equations 

Momentum/force equations 
(May just use Lagrange results… 
...but to be formally correct… 
...must convert contra-velocities  
to covariant momenta!)

  

pθ = γ θθ !θ + γ θφ !φ

pφ = γ φθ !θ + γ φφ !φ

same



   

∂H
∂pθ

= !θ=  γ φθ pθ +γ φφ pφ                                                            ∂H
∂pφ

= !φ=  γ θθ pθ +γ θφ pφ    

   

!pθ = − ∂H
∂θ

= ∂L
∂θ

= 
∂T
∂θ

− ∂V
∂θ

                                                          !pφ = − ∂H
∂φ

= ∂L
∂φ

= 
∂T
∂φ

− ∂V
∂φ

     = mrℓ !θ !φ sin(θ −φ)+ Fθ                                                                  =   -mrℓ !θ !φ sin(θ −φ)+ Fφ

     = mrℓ(γ θθ pθ + γ
θφ pφ )(γ φθ pθ + γ

φφ pφ ) sin(θ −φ)+ Fθ                 = -mrℓ(γ θθ pθ + γ
θφ pφ )(γ φθ pθ + γ

φφ pφ ) sin(θ −φ)+ Fφ   

     = mrℓ(γ θθγ φθ p2
θ + [γ θθγ φφ + (γ θφ )2]pφ pθ + γ

θφγ φφ p2
φ ) sin(θ −φ)+ Fθ                 = -[messy factor] sin(θ −φ)+ Fφ   

X=-Rsinθ

θ

θ

Y= 
-Rcosθ

R

r
φ
ℓ

M

m
θ

θ
  

!θ
!φ

⎛

⎝
⎜

⎞

⎠
⎟ =

γ θθ γ θφ

γ φθ γ φφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

T = 1
2

pθ pφ( ) mℓ2 mrℓcos(θ −φ)
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Hamilton equations for elementary trebuchet

Coordinate equations 

Momentum/force equations 

A lesson in Hamiltonian “elegance”… 
...may be elegant formally...but not be so elegant algebraically!

  

!θ = γ θθ pθ + γ
θφ pφ

!φ = γ φθ pθ + γ
φφ pφ

  

pθ = γ θθ !θ + γ θφ !φ

pφ = γ φθ !θ + γ φφ !φ

same



Hamiltonian energy and momentum conservation and symmetry coordinates 
Coordinate transformation helps reduce symmetric Hamiltonian  
Free-space trebuchet kinematics by symmetry 

Algebraic approach 
Direct approach and Superball analogy 

Trebuchet vs Flinger and sports kinematics 
Many approaches to Mechanics 
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Coordinate transformation helps reduce symmetric Hamiltonian

Lemma-1 from Lect.9 p.13 used in Lect.14 p.63 
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(Same Jacobian for coordinates and velocities) 
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Kajobian of inverse  transform φB = φ  − θ  − π/2  and  θ = θB  -π/2   
φ = θB + φB 

Coordinate transformation helps reduce symmetric Hamiltonian
Define beam-relative angle  φB = φ  − θ  − π/2  and  θB = θ              +π/2  
Jacobian Lemma-1 definition:                                 φB =-θ + φ −π/2
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       Poincare invariant must remain invariant

      pθ !θ + pφ !φ = !θ !φ( ) pθ
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Kajobian of inverse  transform φB = φ  − θ  − π/2  and  θ = θB  -π/2   
φ = θB + φB 

Coordinate transformation helps reduce symmetric Hamiltonian
Define beam-relative angle  φB = φ  − θ  − π/2  and  θB = θ              +π/2  
Jacobian Lemma-1 definition:                                 φB =-θ + φ −π/2

Be careful with momentum! 
Poincare invariance is crucial!
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       Poincare invariant must remain invariant

      pθ !θ + pφ !φ = !θ !φ( ) pθ
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Kajobian of inverse  transform φB = φ  − θ  − π/2  and  θ = θB  -π/2   
φ = θB + φB 

Coordinate transformation helps reduce symmetric Hamiltonian

pm transform is TRANSPOSE INVERSE to qm transform

Define beam-relative angle  φB = φ  − θ  − π/2  and  θB = θ              +π/2  
Jacobian Lemma-1 definition:                                 φB =-θ + φ −π/2

Be careful with momentum! 
Poincare invariance is crucial!

Transform contravariant velocity                to "barred"                  by“chain-saw-sum rule”!q1, !q2,"{ } !q 1 , !q 2 ,"{ }
From Lect.14 p.98:
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pm transform is TRANSPOSE INVERSE to qm transform

Define beam-relative angle  φB = φ  − θ  − π/2  and  θB = θ              +π/2  
Jacobian Lemma-1 definition:                                 φB =-θ + φ −π/2

Be careful with momentum! 
Poincare invariance is crucial!
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Be careful with momentum! 
Poincare invariance is crucial!

Transform contravariant velocity                to "barred"                  by“chain-saw-sum rule”!q1, !q2,"{ } !q 1 , !q 2 ,"{ }
From Lect.14 p.98:

Em= ∂qm

∂r
= ∂qm

∂r
= ∂qm

∂qm
∂qm

∂r
, or: Em = ∂qm

∂qm
Em

φB , θB

.           .
φ  , θ
.           .

V m=ViEm= ∂qm

∂qm
ViEm= ∂qm

∂qm
V m

Transform  covariant momentum                to "barred"                 by“chain-saw-sum rule”p1, p2,!{ } p1 , p2 ,!{ }

Em = ∂r
∂qm

=
∂qm

∂r = ∂qm

∂qm
∂r
∂qm

, or: Em=
∂qm

∂qm
Em

pθ  ,   pφ                              pθ
B  ,  pφ

B



Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

 

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂θ
∂φB

∂φ
∂θB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

1 1
⎛
⎝⎜

⎞
⎠⎟
!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂θB

∂φ
∂φB
∂θ

∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

−1 1
⎛
⎝⎜

⎞
⎠⎟
!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂φ
∂θB

∂θ
∂φB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂φB
∂θ

∂θB

∂φ
∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 −1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

       Poincare invariant must remain invariant

      pθ !θ + pφ !φ = !θ !φ( ) pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= pθ

B !θB + pφ
B !φB

Kajobian of inverse  transform φB = φ  − θ  − π/2  and  θ = θB  -π/2   
φ = θB + φB 

Coordinate transformation helps reduce symmetric Hamiltonian

pm transform is TRANSPOSE INVERSE to qm transform

Define beam-relative angle  φB = φ  − θ  − π/2  and  θB = θ              +π/2  
Jacobian Lemma-1 definition:                                 φB =-θ + φ −π/2

Be careful with momentum! 
Poincare invariance is crucial!

Transform contravariant velocity                to "barred"                  by“chain-saw-sum rule”!q1, !q2,"{ } !q 1 , !q 2 ,"{ }
From Lect.14 p.98:

Em= ∂qm

∂r
= ∂qm

∂r
= ∂qm

∂qm
∂qm

∂r
, or: Em = ∂qm

∂qm
Em

φB , θB

.           .
φ  , θ
.           .

V m=ViEm= ∂qm

∂qm
ViEm= ∂qm

∂qm
V m

Transform  covariant momentum                to "barred"                 by“chain-saw-sum rule”p1, p2,!{ } p1 , p2 ,!{ }

Em = ∂r
∂qm

=
∂qm

∂r = ∂qm

∂qm
∂r
∂qm

, or: Em=
∂qm

∂qm
Empm=piEm=

∂qm

∂qm
piEm = ∂qm

∂qm
pm

pθ  ,   pφ                              pθ
B  ,  pφ

B



Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

 

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂θ
∂φB

∂φ
∂θB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

1 1
⎛
⎝⎜

⎞
⎠⎟
!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂θB

∂φ
∂φB
∂θ

∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

−1 1
⎛
⎝⎜

⎞
⎠⎟
!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂φ
∂θB

∂θ
∂φB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂φB
∂θ

∂θB

∂φ
∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 −1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

       Poincare invariant must remain invariant

      pθ !θ + pφ !φ = !θ !φ( ) pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= pθ

B !θB + pφ
B !φB

Kajobian of inverse  transform φB = φ  − θ  − π/2  and  θ = θB  -π/2   
φ = θB + φB 

Coordinate transformation helps reduce symmetric Hamiltonian

pm transform is TRANSPOSE INVERSE to qm transform

Define beam-relative angle  φB = φ  − θ  − π/2  and  θB = θ              +π/2  
Jacobian Lemma-1 definition:                                 φB =-θ + φ −π/2

Be careful with momentum! 
Poincare invariance is crucial!

Transform contravariant velocity                to "barred"                 !q1, !q2,"{ } !q 1 , !q 2 ,"{ }
From Lect.14 p.98: φB , θB

.           .
φ  , θ
.           .

V m=ViEm= ∂qm

∂qm
ViEm= ∂qm

∂qm
V m

Transform  covariant momentum                to "barred"                p1, p2,!{ } p1 , p2 ,!{ }

pm=piEm=
∂qm

∂qm
piEm = ∂qm

∂qm
pm

pθ  ,   pφ                              pθ
B  ,  pφ

B

by matrix:

!q1

!q2
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂q1

∂q 1
∂q1

∂q 2

∂q2

∂q 1
∂q2

∂q 2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

!q 1

!q 2
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

p1
p2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

∂q 1

∂q1
∂q 2

∂q1

∂q 1

∂q2
∂q 2

∂q2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

p1
p2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟



Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

 

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂θ
∂φB

∂φ
∂θB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

1 1
⎛
⎝⎜

⎞
⎠⎟
!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂θB

∂φ
∂φB
∂θ

∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

−1 1
⎛
⎝⎜

⎞
⎠⎟
!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂φ
∂θB

∂θ
∂φB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂φB
∂θ

∂θB

∂φ
∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 −1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

       Poincare invariant must remain invariant

      pθ !θ + pφ !φ = !θ !φ( ) pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= pθ

B !θB + pφ
B !φB

!θB
!φB( )

∂θ
∂θB

∂φ
∂θB

∂θ
∂φB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

∂θB

∂θ
∂φB
∂θ

∂θB

∂φ
∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Kajobian of inverse  transform φB = φ  − θ  − π/2  and  θ = θB  -π/2   
φ = θB + φB 

Resulting momentum transform:  pθ = pθ
B-pφ

B

                                                      pφ =     pφ
B

Coordinate transformation helps reduce symmetric Hamiltonian
Define beam-relative angle  φB = φ  − θ  − π/2  and  θB = θ              +π/2  
Jacobian Lemma-1 definition:                                  φB =-θ + φ −π/2

Be careful with momentum! 
Poincare invariance is crucial!

pm transform is TRANSPOSE INVERSE to qm transform

1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

Poincare invariance is crucial!



Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

 

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂θ
∂φB

∂φ
∂θB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

1 1
⎛
⎝⎜

⎞
⎠⎟
!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂θB

∂φ
∂φB
∂θ

∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

−1 1
⎛
⎝⎜

⎞
⎠⎟
!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂φ
∂θB

∂θ
∂φB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂φB
∂θ

∂θB

∂φ
∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 −1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

       Poincare invariant must remain invariant

      pθ !θ + pφ !φ = !θ !φ( ) pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= pθ

B !θB + pφ
B !φB

!θB
!φB( )

∂θ
∂θB

∂φ
∂θB

∂θ
∂φB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

∂θB

∂θ
∂φB
∂θ

∂θB

∂φ
∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Kajobian of inverse  transform φB = φ  − θ  − π/2  and  θ = θB  -π/2   
φ = θB + φB 

Resulting momentum transform:  pθ = pθ
B-pφ

B

                                                      pφ =     pφ
B

Coordinate transformation helps reduce symmetric Hamiltonian
Define beam-relative angle  φB = φ  − θ  − π/2  and  θB = θ              +π/2  
Jacobian Lemma-1 definition:                                  φB =-θ + φ −π/2

Be careful with momentum! 
Poincare invariance is crucial!

pm transform is TRANSPOSE INVERSE to qm transform

1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

Poincare invariance is crucial!
Recall Lect.12 p.50  discussion of differential Action S

dS = L·dt = p iv ⋅dt − H ⋅dt = p i dr − H ⋅dt
…gives quantum phase… ψ (r,t) = e

iS /! = ei(pir−H ⋅t )/! = ei(kir−ω ⋅t )



 
H =

mℓ2pθ pθ + (MR2 +mr2 )pφ pφ + 2mrℓ pθ pφ cos(θ −φ)
2mℓ2 MR2 +mr2 sin2 (θ −φ)⎡⎣ ⎤⎦

             +V

Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

 

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂θ
∂φB

∂φ
∂θB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

1 1
⎛
⎝⎜

⎞
⎠⎟
!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂θB

∂φ
∂φB
∂θ

∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

−1 1
⎛
⎝⎜

⎞
⎠⎟
!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂φ
∂θB

∂θ
∂φB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂φB
∂θ

∂θB

∂φ
∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 −1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Kajobian of inverse  transform φB = φ  − θ  − π/2  and  θ = θB  -π/2   
φ = θB + φB 

Coordinate transformation helps reduce symmetric Hamiltonian

Resulting momentum transform:  pθ = pθ
B-pφ

B

                                                      pφ =     pφ
B

 

       Poincare invariant must remain invariant

      pθ !θ + pφ !φ = !θ !φ( ) pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= pθ

B !θB + pφ
B !φB

!θB
!φB( )

∂θ
∂θB

∂φ
∂θB

∂θ
∂φB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

∂θB

∂θ
∂φB
∂θ

∂θB

∂φ
∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pm transform is TRANSPOSE INVERSE to qm

Original (φ,θ) Hamiltonian

Define beam-relative angle  φB = φ  − θ  − π/2  and  θB = θ              +π/2  
Jacobian Lemma-1 definition:                                  φB =-θ + φ −π/2

Be careful with momentum! 
Poincare invariance is crucial!



 
H =

mℓ2pθ pθ + (MR2 +mr2 )pφ pφ + 2mrℓ pθ pφ cos(θ −φ)
2mℓ2 MR2 +mr2 sin2 (θ −φ)⎡⎣ ⎤⎦

             +V

Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

 

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂θ
∂φB

∂φ
∂θB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

1 1
⎛
⎝⎜

⎞
⎠⎟
!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂θB

∂φ
∂φB
∂θ

∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

−1 1
⎛
⎝⎜

⎞
⎠⎟
!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂φ
∂θB

∂θ
∂φB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂φB
∂θ

∂θB

∂φ
∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 −1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

H =
mℓ2 pθ

B − pφ
B( )2 + MR2 + mr2( ) pφ

B( )2 − 2mrℓpφ
B pθ

B − pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

+V

Kajobian of inverse  transform φB = φ  − θ  − π/2  and  θ = θB  -π/2   
φ = θB + φB 

Coordinate transformation helps reduce symmetric Hamiltonian

Resulting momentum transform:  pθ = pθ
B-pφ

B

                                                      pφ =     pφ
B

 

       Poincare invariant must remain invariant

      pθ !θ + pφ !φ = !θ !φ( ) pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= pθ

B !θB + pφ
B !φB

!θB
!φB( )

∂θ
∂θB

∂φ
∂θB

∂θ
∂φB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

∂θB

∂θ
∂φB
∂θ

∂θB

∂φ
∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pm transform is TRANSPOSE INVERSE to qm

Original (φ,θ) Hamiltonian

Transformed (φB,θB) Hamiltonian
(Use                        )φB =π/2-(θ - φ)  

Define beam-relative angle  φB = φ  − θ  − π/2  and  θB = θ              +π/2  
Jacobian Lemma-1 definition:                                  φB =-θ + φ −π/2

Be careful with momentum! 
Poincare invariance is crucial!



 
H =

mℓ2pθ pθ + (MR2 +mr2 )pφ pφ + 2mrℓ pθ pφ cos(θ −φ)
2mℓ2 MR2 +mr2 sin2 (θ −φ)⎡⎣ ⎤⎦

+ (MR −mr)gcosθ +mgℓcosφ    

Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

 

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂θ
∂φB

∂φ
∂θB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

1 1
⎛
⎝⎜

⎞
⎠⎟
!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

!θB

!φB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂θB

∂φ
∂φB
∂θ

∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

−1 1
⎛
⎝⎜

⎞
⎠⎟
!θ
!φ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θ
∂θB

∂φ
∂θB

∂θ
∂φB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

∂θB

∂θ
∂φB
∂θ

∂θB

∂φ
∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 −1

0 1
⎛
⎝⎜

⎞
⎠⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

H =
mℓ2 pθ

B − pφ
B( )2

+ MR2 + mr2( ) pφ
B( )2

− 2mrℓpφ
B pθ

B − pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

− MR − mr( ) g sinθB  − mgℓcos φB +θB( ) 

Kajobian of inverse  transform φB = φ  − θ  − π/2  and  θ = θB  -π/2   
φ = θB + φB 

 

Fθ = −MgRsinθ +mgr sinθ
Fφ = −mgℓsinφ

Coordinate transformation helps reduce symmetric Hamiltonian

Resulting momentum transform:  pθ = pθ
B-pφ

B

                                                      pφ =     pφ
B

 

       Poincare invariant must remain invariant

      pθ !θ + pφ !φ = !θ !φ( ) pθ
pφ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= pθ

B !θB + pφ
B !φB

!θB
!φB( )

∂θ
∂θB

∂φ
∂θB

∂θ
∂φB

∂φ
∂φB

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

∂θB

∂θ
∂φB
∂θ

∂θB

∂φ
∂φB
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

pθ
B

pφ
B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

pm transform is TRANSPOSE INVERSE to qm

θ - φ = -π/2- φB 

Define beam-relative angle  φB = φ  − θ  − π/2  and  θB = θ              +π/2  
Jacobian Lemma-1 definition:                                  φB =-θ + φ −π/2

Be careful with momentum! 
Poincare invariance is crucial!



Hamiltonian energy and momentum conservation and symmetry coordinates 
Coordinate transformation helps reduce symmetric Hamiltonian  
Free-space trebuchet kinematics by symmetry 

Algebraic approach 
Direct approach and Superball analogy 

Trebuchet vs Flinger and sports kinematics 
Many approaches to Mechanics 



Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

   

H =
mℓ2 pθ

B − pφ
B( )2

+ MR2 + mr2( ) pφ
B( )2

− 2mrℓpφ
B pθ

B − pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

− MR − mr( ) g sinθB  − mgℓcos φB +θB( )  

For zero-gravity H is not a function of θB  
so :                         and :    pθ

B = Λ = const.

Free-space trebuchet kinematics by symmetry: Algebraic approach 
 (Assume zero-gravity) 

(using last line of p. 36)

H is not an explicit function of t so : H=const.=E

 !pθ
B = − ∂H

∂θB
= 0



Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

   

H =
mℓ2 pθ

B − pφ
B( )2

+ MR2 + mr2( ) pφ
B( )2

− 2mrℓpφ
B pθ

B − pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

− MR − mr( ) g sinθB  − mgℓcos φB +θB( )  

For zero-gravity H is not a function of θB  
so :                         and :    pθ

B = Λ = const.

   

H =
mℓ2 Λ− pφ

B( )2
+ MR2 + mr2( ) pφ

B( )2
− 2mrℓpφ

B Λ− pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

 = const. = E

Free-space trebuchet kinematics by symmetry: Algebraic approach 
 (Assume zero-gravity) 

(using last line of p. 36)

H is not an explicit function of t so : H=const.=E

 !pθ
B = − ∂H

∂θB
= 0



Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

   

H =
mℓ2 pθ

B − pφ
B( )2

+ MR2 + mr2( ) pφ
B( )2

− 2mrℓpφ
B pθ

B − pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

− MR − mr( ) g sinθB  − mgℓcos φB +θB( )  

For zero-gravity H is not a function of θB  
so :                         and :    pθ

B = Λ = const.

   

H =
mℓ2 Λ− pφ

B( )2
+ MR2 + mr2( ) pφ

B( )2
− 2mrℓpφ

B Λ− pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

 = const. = E

Free-space trebuchet kinematics by symmetry: Algebraic approach 
 (Assume zero-gravity) 

(using last line of p. 36)

   
mℓ2 Λ2− 2Λ( pφ

B )+ ( pφ
B )2( ) + MR2 + mr2( )( pφ

B )2− 2mrℓ( pφ
B ) Λ−pφ

B( )sinφB = Emℓ2 MR2+mr2cos2φB
⎡
⎣

⎤
⎦

H is not an explicit function of t so : H=const.=E

Throwing-momentum pBφ is a function of beam-relative angle φΒ, total E, and Λ=pBθ .   

Rewrite H=E as a quadratic equation in pφ :

 !pθ
B = − ∂H

∂θB
= 0



Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

   

H =
mℓ2 pθ

B − pφ
B( )2

+ MR2 + mr2( ) pφ
B( )2

− 2mrℓpφ
B pθ

B − pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

− MR − mr( ) g sinθB  − mgℓcos φB +θB( )  

For zero-gravity H is not a function of θB  
so :                         and :    pθ

B = Λ = const.

   

H =
mℓ2 Λ− pφ

B( )2
+ MR2 + mr2( ) pφ

B( )2
− 2mrℓpφ

B Λ− pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

 = const. = E

Free-space trebuchet kinematics by symmetry: Algebraic approach 
 (Assume zero-gravity) 

(using last line of p. 36)

   
mℓ2 Λ2− 2Λ( pφ

B )+ ( pφ
B )2( ) + MR2 + mr2( )( pφ

B )2− 2mrℓ( pφ
B ) Λ−pφ

B( )sinφB = Emℓ2 MR2+mr2cos2φB
⎡
⎣

⎤
⎦

   
mℓ2Λ2−2mℓ2Λ( pφ

B )+ mℓ2+2mrℓsinφB+MR2+mr2( )( pφ
B )2−2mrℓΛsinφB( pφ

B ) =Emℓ2 MR2+mr2cos2φB
⎡
⎣

⎤
⎦

H is not an explicit function of t so : H=const.=E

Throwing-momentum pBφ is a function of beam-relative angle φΒ, total E, and Λ=pBθ .   

Rewrite H=E as a quadratic equation in pφ :

 !pθ
B = − ∂H

∂θB
= 0



Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

   

H =
mℓ2 pθ

B − pφ
B( )2

+ MR2 + mr2( ) pφ
B( )2

− 2mrℓpφ
B pθ

B − pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

− MR − mr( ) g sinθB  − mgℓcos φB +θB( )  

For zero-gravity H is not a function of θB  
so :                         and :    pθ

B = Λ = const.

   

H =
mℓ2 Λ− pφ

B( )2
+ MR2 + mr2( ) pφ

B( )2
− 2mrℓpφ

B Λ− pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

 = const. = E

   
mℓ2+2mrℓsinφB+MR2+mr2( )( pφ

B )2− 2Λ mrℓsinφB+mℓ2( )( pφ
B )+mℓ2Λ2−Emℓ2 MR2+mr2−mr2sin2φB

⎡
⎣

⎤
⎦ =0

Free-space trebuchet kinematics by symmetry: Algebraic approach 
 (Assume zero-gravity) 

(using last line of p. 36)

   
mℓ2 Λ2− 2Λ( pφ

B )+ ( pφ
B )2( ) + MR2 + mr2( )( pφ

B )2− 2mrℓ( pφ
B ) Λ−pφ

B( )sinφB = Emℓ2 MR2+mr2cos2φB
⎡
⎣

⎤
⎦

   
mℓ2Λ2−2mℓ2Λ( pφ

B )+ mℓ2+2mrℓsinφB+MR2+mr2( )( pφ
B )2−2mrℓΛsinφB( pφ

B ) =Emℓ2 MR2+mr2cos2φB
⎡
⎣

⎤
⎦

H is not an explicit function of t so : H=const.=E

Throwing-momentum pBφ is a function of beam-relative angle φΒ, total E, and Λ=pBθ .   

Rewrite H=E as a quadratic equation in pφ :

 !pθ
B = − ∂H

∂θB
= 0



Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

   

H =
mℓ2 pθ

B − pφ
B( )2

+ MR2 + mr2( ) pφ
B( )2

− 2mrℓpφ
B pθ

B − pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

− MR − mr( ) g sinθB  − mgℓcos φB +θB( )  

For zero-gravity H is not a function of θB  
so :                         and :    pθ

B = Λ = const.

   

H =
mℓ2 Λ− pφ

B( )2
+ MR2 + mr2( ) pφ

B( )2
− 2mrℓpφ

B Λ− pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

 = const. = E

   
mℓ2+2mrℓsinφB+MR2+mr2( )( pφ

B )2− 2Λ mrℓsinφB+mℓ2( )( pφ
B )+mℓ2Λ2−Emℓ2 MR2+mr2−mr2sin2φB

⎡
⎣

⎤
⎦ =0

Free-space trebuchet kinematics by symmetry: Algebraic approach 
 (Assume zero-gravity) 

(using last line of p. 36)

   
mℓ2 Λ2− 2Λ( pφ

B )+ ( pφ
B )2( ) + MR2 + mr2( )( pφ

B )2− 2mrℓ( pφ
B ) Λ−pφ

B( )sinφB = Emℓ2 MR2+mr2cos2φB
⎡
⎣

⎤
⎦

   
mℓ2Λ2−2mℓ2Λ( pφ

B )+ mℓ2+2mrℓsinφB+MR2+mr2( )( pφ
B )2−2mrℓΛsinφB( pφ

B ) =Emℓ2 MR2+mr2cos2φB
⎡
⎣

⎤
⎦

H is not an explicit function of t so : H=const.=E

   
1+2(r/ℓ)sinφB+ J( )( pφ

B )2− 2Λ (r/ℓ)sinφB+1( )( pφ
B )+Λ2−E I−mr2sin2φB

⎡
⎣

⎤
⎦ =0

Throwing-momentum pBφ is a function of beam-relative angle φΒ, total E, and Λ=pBθ .   

Rewrite H=E as a quadratic equation in pφ :

   
 with: J = MR2+mr2

mℓ2
,  I=MR2+mr2

 !pθ
B = − ∂H

∂θB
= 0



Fig. 2.9.6  
Lab (θ,φ) and beam-normal (θB,φB)  
relative coordinates for trebuchet.  

(Each value is positive.)

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

   

H =
mℓ2 pθ

B − pφ
B( )2

+ MR2 + mr2( ) pφ
B( )2

− 2mrℓpφ
B pθ

B − pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

− MR − mr( ) g sinθB  − mgℓcos φB +θB( )  

For zero-gravity H is not a function of θB  
so :                         and : !pθ

B = − ∂H
∂θB

= 0    pθ
B = Λ = const.

   

H =
mℓ2 Λ− pφ

B( )2
+ MR2 + mr2( ) pφ

B( )2
− 2mrℓpφ

B Λ− pφ
B( )sinφB

mℓ2 MR2 + mr2 cos2φB
⎡
⎣

⎤
⎦

 = const. = E

   
mℓ2+2mrℓsinφB+MR2+mr2( )( pφ

B )2− 2Λ mrℓsinφB+mℓ2( )( pφ
B )+mℓ2Λ2−Emℓ2 MR2+mr2−mr2sin2φB

⎡
⎣

⎤
⎦ =0

Free-space trebuchet kinematics by symmetry: Algebraic approach 
 (Assume zero-gravity) 

(using last line of p. 36)

   
mℓ2 Λ2− 2Λ( pφ

B )+ ( pφ
B )2( ) + MR2 + mr2( )( pφ

B )2− 2mrℓ( pφ
B ) Λ−pφ

B( )sinφB = Emℓ2 MR2+mr2cos2φB
⎡
⎣

⎤
⎦

   
mℓ2Λ2−2mℓ2Λ( pφ

B )+ mℓ2+2mrℓsinφB+MR2+mr2( )( pφ
B )2−2mrℓΛsinφB( pφ

B ) =Emℓ2 MR2+mr2cos2φB
⎡
⎣

⎤
⎦

H is not an explicit function of t so : H=const.=E

   
1+2(r/ℓ)sinφB+ J( )( pφ

B )2− 2Λ (r/ℓ)sinφB+1( )( pφ
B )+Λ2−E I−mr2sin2φB

⎡
⎣

⎤
⎦ =0

   
pφ

B =
2Λ (r/ℓ)sinφB+1( ) ± 4Λ2 (r/ℓ)sinφB+1( )2 − 4 1+2(r/ℓ)sinφB+ J( ) Λ2−E I−mr2sin2φB

⎡
⎣

⎤
⎦( )

2 1+2(r/ℓ)sinφB+ J( )

Throwing-momentum pBφ is a function of beam-relative angle φΒ, total E, and Λ=pBθ .   

Rewrite H=E as a quadratic equation in pφ :

   
 with: J = MR2+mr2

mℓ2
,  I=MR2+mr2

  
(using quadratic solution: x=

−b± b2 − 4ac
2a

)



Hamiltonian energy and momentum conservation and symmetry coordinates 
Coordinate transformation helps reduce symmetric Hamiltonian  
Free-space trebuchet kinematics by symmetry 

Algebraic approach 
Direct approach and Superball analogy 

Trebuchet vs Flinger and sports kinematics 
Many approaches to Mechanics 



   

Total KE = T = 1
2

( MR2 + mr2 ) !θ 2 − 2mrℓcos(θ −φ) !θ !φ + mℓ2 !φ2⎡
⎣

⎤
⎦

pθ = ∂T
∂ !θ

= ( MR2 + mr2 ) !θ − mrℓ !φ cos(θ −φ)

pφ = ∂T
∂ !φ

 = mℓ2 !φ − mrℓ !θ cos(θ −φ)

Energy for zero-gravity

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
 (Assume zero-gravity) 



   

Total KE = T = 1
2

( MR2 + mr2 ) !θ 2 − 2mrℓcos(θ −φ) !θ !φ + mℓ2 !φ2⎡
⎣

⎤
⎦

pθ = ∂T
∂ !θ

= ( MR2 + mr2 ) !θ − mrℓ !φ cos(θ −φ)

pφ = ∂T
∂ !φ

 = mℓ2 !φ − mrℓ !θ cos(θ −φ)

θ = θB      -π/2
φ = θB + φB    

Energy for zero-gravity

Transform to beam-relative coordinates and momenta
θB = θ              +π/2  
φB =-θ + φ −π/2

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

 pθ = pθ
B-pφ

B

pφ =     pφ
B

 (Assume zero-gravity) 

θ -φ =-φB-π/2



   

Total KE = T = 1
2

( MR2 + mr2 ) !θ 2 − 2mrℓcos(θ −φ) !θ !φ + mℓ2 !φ2⎡
⎣

⎤
⎦

pθ = ∂T
∂ !θ

= ( MR2 + mr2 ) !θ − mrℓ !φ cos(θ −φ)

pφ = ∂T
∂ !φ

 = mℓ2 !φ − mrℓ !θ cos(θ −φ)

θ = θB      -π/2
φ = θB + φB    

    2E = ( MR2 + mr2 ) !θ 2 + 2mrℓ !φ !θ sinφB + mℓ2 !φ2 = const.

Energy for zero-gravity

Transform to beam-relative coordinates and momenta
θB = θ              +π/2  
φB =-θ + φ −π/2

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

 pθ = pθ
B-pφ

B

pφ =     pφ
B

 (Assume zero-gravity) 

θ -φ =-φB-π/2



   

Total KE = T = 1
2

( MR2 + mr2 ) !θ 2 − 2mrℓcos(θ −φ) !θ !φ + mℓ2 !φ2⎡
⎣

⎤
⎦

pθ = ∂T
∂ !θ

= ( MR2 + mr2 ) !θ − mrℓ !φ cos(θ −φ)

pφ = ∂T
∂ !φ

 = mℓ2 !φ − mrℓ !θ cos(θ −φ)

θ = θB      -π/2
φ = θB + φB    

   

 2E = ( MR2 + mr2 ) !θ 2 + 2mrℓ !φ !θ sinφB + mℓ2 !φ2 = const.

pθ
B = Λ = const. =       pθ             +         pφ

= ( MR2 + mr2 ) !θ + mrℓ !φ sinφB( ) + mℓ2 !φ + mrℓ !θ sinφB( )

Energy for zero-gravity

Transform to beam-relative coordinates and momenta
θB = θ              +π/2  
φB =-θ + φ −π/2

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

 pθ = pθ
B-pφ

B

pφ =     pφ
B

 (Assume zero-gravity) 

θ -φ =-φB-π/2



   

Total KE = T = 1
2

( MR2 + mr2 ) !θ 2 − 2mrℓcos(θ −φ) !θ !φ + mℓ2 !φ2⎡
⎣

⎤
⎦

pθ = ∂T
∂ !θ

= ( MR2 + mr2 ) !θ − mrℓ !φ cos(θ −φ)

pφ = ∂T
∂ !φ

 = mℓ2 !φ − mrℓ !θ cos(θ −φ)

θ = θB      -π/2
φ = θB + φB    

   

 2E = ( MR2 + mr2 ) !θ 2 + 2mrℓ !φ !θ sinφB + mℓ2 !φ2 = const.

pθ
B = Λ = const. =       pθ             +         pφ

= ( MR2 + mr2 ) !θ + mrℓ !φ sinφB( ) + mℓ2 !φ + mrℓ !θ sinφB( )

Energy for zero-gravity

Transform to beam-relative coordinates and momenta

Case of equal arms r =ℓ (easier algebra)

   

2E = MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB + !φ2( )
Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

 (For:  r = ℓ)

θB = θ              +π/2  
φB =-θ + φ −π/2

l

θ

θ

θB

θB

φ

φB
φ−θ

θ

R

rb

X

Y

Beam-normal
relative azimuthal
coordinate angle φB

Beam-normal
vertical-absolute
polar angle θB

Previous lab absolute
trebuchet coordinate
angles θ and φ

compared to

new angles
θB and φB.

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

 pθ = pθ
B-pφ

B

pφ =     pφ
B

 (Assume zero-gravity) 

θ -φ =-φB-π/2



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ



Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 

   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

Conserved 
initial 2E 

initial Λ  sinφB=-1



   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Move to 6 o’clock with φB~ 0°  (beam r slowing, throwing arm ℓ accelerating) 

   

φB = 0 :
2E = MR2 !θ0

2 + mr2 !φ0
2 + !θ0

2( )
Λ = MR2 !θ0 + mr2 !φ0 + !θ0( )

⎧

⎨
⎪

⎩
⎪

   

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

Conserved 
initial 2E 

initial Λ  sinφB=-1

  sinφB=0

Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 



Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Move to 6 o’clock with φB~ 0°  (beam r slowing, throwing arm ℓ accelerating) 

   

φB = 0 :
2E = MR2 !θ0

2 + mr2 !φ0
2 + !θ0

2( )
Λ = MR2 !θ0 + mr2 !φ0 + !θ0( )

⎧

⎨
⎪

⎩
⎪

   

Move to 3 o’clock with φB~ +90°  (beam r slowed, throwing arm ℓ releasing) 

   

φB = π /2 :
2E = MR2 !θπ /2

2   + mr2 !φπ /2 + !θπ /2( )2

Λ = MR2 !θπ /2+ 2mr2 !φπ /2 + !θπ /2( )

⎧

⎨
⎪

⎩
⎪   

= MR2ω 2

= MR2ω

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra)

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

Conserved 
initial 2E 

initial Λ

Conserved 
initial 2E 

initial Λ

  sinφB=-1

  sinφB=0

  sinφB=+1

Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 



   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Move to 6 o’clock with φB~ 0°  (beam r slowing, throwing arm ℓ accelerating) 

   

φB = 0 :
2E = MR2 !θ0

2 + mr2 !φ0
2 + !θ0

2( )
Λ = MR2 !θ0 + mr2 !φ0 + !θ0( )

⎧

⎨
⎪

⎩
⎪

   

Move to 3 o’clock with φB~ +90°  (beam r slowed, throwing arm ℓ releasing) 

   

φB = π /2 :
2E = MR2 !θπ /2

2   + mr2 !φπ /2 + !θπ /2( )2

Λ = MR2 !θπ /2+ 2mr2 !φπ /2 + !θπ /2( )

⎧

⎨
⎪

⎩
⎪

 

KE(m) =

mr2

2
!φ2 + !θ 2 + 2 !φ !θ sinφB( )

=

mr2

2
!φ − !θ( )2     For: φB = − π

2
⎛
⎝⎜

⎞
⎠⎟

mr2

2
!φ2 + !θ 2( )     For: φB = 0( )

mr2

2
!φ + !θ( )2     For: φB = π

2
⎛
⎝⎜

⎞
⎠⎟

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

  

= MR2ω 2

= MR2ω

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

Conserved 
initial 2E 

initial Λ

Conserved 
initial 2E 

initial Λ

  sinφB=-1

  sinφB=0

  sinφB=+1

Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 

KE of projectile m



   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Move to 6 o’clock with φB~ 0°  (beam r slowing, throwing arm ℓ accelerating) 

   

φB = 0 :
2E = MR2 !θ0

2 + mr2 !φ0
2 + !θ0

2( )
Λ = MR2 !θ0 + mr2 !φ0 + !θ0( )

⎧

⎨
⎪

⎩
⎪

   

Move to 3 o’clock with φB~ +90°  (beam r slowed, throwing arm ℓ releasing) 

   

φB = π /2 :
2E = MR2 !θπ /2

2   + mr2 !φπ /2 + !θπ /2( )2

Λ = MR2 !θπ /2+ 2mr2 !φπ /2 + !θπ /2( )

⎧

⎨
⎪

⎩
⎪

 

KE(m) =

mr2

2
!φ2 + !θ 2 + 2 !φ !θ sinφB( )

=

mr2

2
!φ − !θ( )2     For: φB = − π

2
⎛
⎝⎜

⎞
⎠⎟

mr2

2
!φ2 + !θ 2( )     For: φB = 0( )

mr2

2
!φ + !θ( )2     For: φB = π

2
⎛
⎝⎜

⎞
⎠⎟

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

  

= MR2ω 2

= MR2ω

   

(ω 2− !θπ /2
2   )= mr2

MR2
!φπ /2 + !θπ /2( )2

(ω − !θπ /2 ) = 2mr2

MR2
!φπ /2 + !θπ /2( )

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

Conserved 
initial 2E 

initial Λ

Conserved 
initial 2E 

initial Λ

  sinφB=-1

  sinφB=0

  sinφB=+1

Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 

KE of projectile m

Divide by MR2 and subtract 



   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Move to 6 o’clock with φB~ 0°  (beam r slowing, throwing arm ℓ accelerating) 

   

φB = 0 :
2E = MR2 !θ0

2 + mr2 !φ0
2 + !θ0

2( )
Λ = MR2 !θ0 + mr2 !φ0 + !θ0( )

⎧

⎨
⎪

⎩
⎪

   

Move to 3 o’clock with φB~ +90°  (beam r slowed, throwing arm ℓ releasing) 

   

φB = π /2 :
2E = MR2 !θπ /2

2   + mr2 !φπ /2 + !θπ /2( )2

Λ = MR2 !θπ /2+ 2mr2 !φπ /2 + !θπ /2( )

⎧

⎨
⎪

⎩
⎪

 

KE(m) =

mr2

2
!φ2 + !θ 2 + 2 !φ !θ sinφB( )

=

mr2

2
!φ − !θ( )2     For: φB = − π

2
⎛
⎝⎜

⎞
⎠⎟

mr2

2
!φ2 + !θ 2( )     For: φB = 0( )

mr2

2
!φ + !θ( )2     For: φB = π

2
⎛
⎝⎜

⎞
⎠⎟

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

  

= MR2ω 2

= MR2ω

   

(ω 2− !θπ /2
2   )= mr2

MR2
!φπ /2 + !θπ /2( )2

(ω − !θπ /2 ) = 2mr2

MR2
!φπ /2 + !θπ /2( )   

(ω + !θπ /2 )= 1
2
!φπ /2 + !θπ /2( )

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

Conserved 
initial 2E 

initial Λ

Conserved 
initial 2E 

initial Λ

  sinφB=-1

  sinφB=0

  sinφB=+1
divide 2E 
    by Λ  

Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 

Divide by MR2 and subtract 



   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Move to 6 o’clock with φB~ 0°  (beam r slowing, throwing arm ℓ accelerating) 

   

φB = 0 :
2E = MR2 !θ0

2 + mr2 !φ0
2 + !θ0

2( )
Λ = MR2 !θ0 + mr2 !φ0 + !θ0( )

⎧

⎨
⎪

⎩
⎪

   

Move to 3 o’clock with φB~ +90°  (beam r slowed, throwing arm ℓ releasing) 

   

φB = π /2 :
2E = MR2 !θπ /2

2   + mr2 !φπ /2 + !θπ /2( )2

Λ = MR2 !θπ /2+ 2mr2 !φπ /2 + !θπ /2( )

⎧

⎨
⎪

⎩
⎪

 

KE(m) =

mr2

2
!φ2 + !θ 2 + 2 !φ !θ sinφB( )

=

mr2

2
!φ − !θ( )2     For: φB = − π

2
⎛
⎝⎜

⎞
⎠⎟

mr2

2
!φ2 + !θ 2( )     For: φB = 0( )

mr2

2
!φ + !θ( )2     For: φB = π

2
⎛
⎝⎜

⎞
⎠⎟

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

  

= MR2ω 2

= MR2ω

   

(ω 2− !θπ /2
2   )= mr2

MR2
!φπ /2 + !θπ /2( )2

(ω − !θπ /2 ) = 2mr2

MR2
!φπ /2 + !θπ /2( )   

(ω + !θπ /2 )= 1
2
!φπ /2 + !θπ /2( )

  
!φπ /2= !θπ /2 + 2ω

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

Conserved 
initial 2E 

initial Λ

Conserved 
initial 2E 

initial Λ

  sinφB=-1

  sinφB=0

  sinφB=+1
divide 2E 
    by Λ  

Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 

Divide by MR2 and subtract 



   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Move to 6 o’clock with φB~ 0°  (beam r slowing, throwing arm ℓ accelerating) 

   

φB = 0 :
2E = MR2 !θ0

2 + mr2 !φ0
2 + !θ0

2( )
Λ = MR2 !θ0 + mr2 !φ0 + !θ0( )

⎧

⎨
⎪

⎩
⎪

   

Move to 3 o’clock with φB~ +90°  (beam r slowed, throwing arm ℓ releasing) 

   

φB = π /2 :
2E = MR2 !θπ /2

2   + mr2 !φπ /2 + !θπ /2( )2

Λ = MR2 !θπ /2+ 2mr2 !φπ /2 + !θπ /2( )

⎧

⎨
⎪

⎩
⎪

 

KE(m) =

mr2

2
!φ2 + !θ 2 + 2 !φ !θ sinφB( )

=

mr2

2
!φ − !θ( )2     For: φB = − π

2
⎛
⎝⎜

⎞
⎠⎟

mr2

2
!φ2 + !θ 2( )     For: φB = 0( )

mr2

2
!φ + !θ( )2     For: φB = π

2
⎛
⎝⎜

⎞
⎠⎟

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

  

= MR2ω 2

= MR2ω

   

(ω 2− !θπ /2
2   )= mr2

MR2
!φπ /2 + !θπ /2( )2

(ω − !θπ /2 ) = 2mr2

MR2
!φπ /2 + !θπ /2( )   

(ω + !θπ /2 )= 1
2
!φπ /2 + !θπ /2( )

  
!φπ /2= !θπ /2 + 2ω

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

Conserved 
initial 2E 

initial Λ

Conserved 
initial 2E 

initial Λ

  sinφB=-1

  sinφB=0

  sinφB=+1
divide 2E 
    by Λ  

Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 

Divide by MR2 and subtract 



   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Move to 6 o’clock with φB~ 0°  (beam r slowing, throwing arm ℓ accelerating) 

   

φB = 0 :
2E = MR2 !θ0

2 + mr2 !φ0
2 + !θ0

2( )
Λ = MR2 !θ0 + mr2 !φ0 + !θ0( )

⎧

⎨
⎪

⎩
⎪

   

Move to 3 o’clock with φB~ +90°  (beam r slowed, throwing arm ℓ releasing) 

   

φB = π /2 :
2E = MR2 !θπ /2

2   + mr2 !φπ /2 + !θπ /2( )2

Λ = MR2 !θπ /2+ 2mr2 !φπ /2 + !θπ /2( )

⎧

⎨
⎪

⎩
⎪

 

KE(m) =

mr2

2
!φ2 + !θ 2 + 2 !φ !θ sinφB( )

=

mr2

2
!φ − !θ( )2     For: φB = − π

2
⎛
⎝⎜

⎞
⎠⎟

mr2

2
!φ2 + !θ 2( )     For: φB = 0( )

mr2

2
!φ + !θ( )2     For: φB = π

2
⎛
⎝⎜

⎞
⎠⎟

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

  

= MR2ω 2

= MR2ω

   

(ω 2− !θπ /2
2   )= mr2

MR2
!φπ /2 + !θπ /2( )2

(ω − !θπ /2 ) = 2mr2

MR2
!φπ /2 + !θπ /2( )   

(ω + !θπ /2 )= 1
2
!φπ /2 + !θπ /2( )

  
!φπ /2= !θπ /2 + 2ω

   
ω − !θπ /2 = 2mr2

MR2 2ω + 2 !θπ /2( )

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

Conserved 
initial 2E 

initial Λ

Conserved 
initial 2E 

initial Λ

  sinφB=-1

  sinφB=0

  sinφB=+1
divide 2E 
    by Λ  

substitute

Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 

Divide by MR2 and subtract 



   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Move to 6 o’clock with φB~ 0°  (beam r slowing, throwing arm ℓ accelerating) 

   

φB = 0 :
2E = MR2 !θ0

2 + mr2 !φ0
2 + !θ0

2( )
Λ = MR2 !θ0 + mr2 !φ0 + !θ0( )

⎧

⎨
⎪

⎩
⎪

   

Move to 3 o’clock with φB~ +90°  (beam r slowed, throwing arm ℓ releasing) 

   

φB = π /2 :
2E = MR2 !θπ /2

2   + mr2 !φπ /2 + !θπ /2( )2

Λ = MR2 !θπ /2+ 2mr2 !φπ /2 + !θπ /2( )

⎧

⎨
⎪

⎩
⎪

 

KE(m) =

mr2

2
!φ2 + !θ 2 + 2 !φ !θ sinφB( )

=

mr2

2
!φ − !θ( )2     For: φB = − π

2
⎛
⎝⎜

⎞
⎠⎟

mr2

2
!φ2 + !θ 2( )     For: φB = 0( )

mr2

2
!φ + !θ( )2     For: φB = π

2
⎛
⎝⎜

⎞
⎠⎟

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

  

= MR2ω 2

= MR2ω

   

(ω 2− !θπ /2
2   )= mr2

MR2
!φπ /2 + !θπ /2( )2

(ω − !θπ /2 ) = 2mr2

MR2
!φπ /2 + !θπ /2( )   

(ω + !θπ /2 )= 1
2
!φπ /2 + !θπ /2( )

  
!φπ /2= !θπ /2 + 2ω

   
ω − !θπ /2 = 2mr2

MR2 2ω + 2 !θπ /2( )

   
ω − 4mr2

MR2 ω = !θπ /2 +
4mr2

MR2
!θπ /2

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

Conserved 
initial 2E 

initial Λ

Conserved 
initial 2E 

initial Λ

  sinφB=-1

  sinφB=0

  sinφB=+1
divide 2E 
    by Λ  

substitute

Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 

Divide by MR2 and subtract 



   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Move to 6 o’clock with φB~ 0°  (beam r slowing, throwing arm ℓ accelerating) 

   

φB = 0 :
2E = MR2 !θ0

2 + mr2 !φ0
2 + !θ0

2( )
Λ = MR2 !θ0 + mr2 !φ0 + !θ0( )

⎧

⎨
⎪

⎩
⎪

   

Move to 3 o’clock with φB~ +90°  (beam r slowed, throwing arm ℓ releasing) 

   

φB = π /2 :
2E = MR2 !θπ /2

2   + mr2 !φπ /2 + !θπ /2( )2

Λ = MR2 !θπ /2+ 2mr2 !φπ /2 + !θπ /2( )

⎧

⎨
⎪

⎩
⎪

 

KE(m) =

mr2

2
!φ2 + !θ 2 + 2 !φ !θ sinφB( )

=

mr2

2
!φ − !θ( )2     For: φB = − π

2
⎛
⎝⎜

⎞
⎠⎟

mr2

2
!φ2 + !θ 2( )     For: φB = 0( )

mr2

2
!φ + !θ( )2     For: φB = π

2
⎛
⎝⎜

⎞
⎠⎟

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

  

= MR2ω 2

= MR2ω

   

(ω 2− !θπ /2
2   )= mr2

MR2
!φπ /2 + !θπ /2( )2

(ω − !θπ /2 ) = 2mr2

MR2
!φπ /2 + !θπ /2( )   

(ω + !θπ /2 )= 1
2
!φπ /2 + !θπ /2( )

  
!φπ /2= !θπ /2 + 2ω

   
ω − !θπ /2 = 2mr2

MR2 2ω + 2 !θπ /2( )

   
ω − 4mr2

MR2 ω = !θπ /2 +
4mr2

MR2
!θπ /2

   

!θπ /2 =
1− 4mr2

MR2

1+ 4mr2

MR2

ω

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

Conserved 
initial 2E 

initial Λ

Conserved 
initial 2E 

initial Λ

  sinφB=-1

  sinφB=0

  sinφB=+1
divide 2E 
    by Λ  

substitute

solve

Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 

Divide by MR2 and subtract 



   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Move to 6 o’clock with φB~ 0°  (beam r slowing, throwing arm ℓ accelerating) 

   

φB = 0 :
2E = MR2 !θ0

2 + mr2 !φ0
2 + !θ0

2( )
Λ = MR2 !θ0 + mr2 !φ0 + !θ0( )

⎧

⎨
⎪

⎩
⎪

   

Move to 3 o’clock with φB~ +90°  (beam r slowed, throwing arm ℓ releasing) 

   

φB = π /2 :
2E = MR2 !θπ /2

2   + mr2 !φπ /2 + !θπ /2( )2

Λ = MR2 !θπ /2+ 2mr2 !φπ /2 + !θπ /2( )

⎧

⎨
⎪

⎩
⎪

 

KE(m) =

mr2

2
!φ2 + !θ 2 + 2 !φ !θ sinφB( )

=

mr2

2
!φ − !θ( )2     For: φB = − π

2
⎛
⎝⎜

⎞
⎠⎟

mr2

2
!φ2 + !θ 2( )     For: φB = 0( )

mr2

2
!φ + !θ( )2     For: φB = π

2
⎛
⎝⎜

⎞
⎠⎟

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

  

= MR2ω 2

= MR2ω

   

(ω 2− !θπ /2
2   )= mr2

MR2
!φπ /2 + !θπ /2( )2

(ω − !θπ /2 ) = 2mr2

MR2
!φπ /2 + !θπ /2( )   

(ω + !θπ /2 )= 1
2
!φπ /2 + !θπ /2( )

  
!φπ /2= !θπ /2 + 2ω

   
ω − !θπ /2 = 2mr2

MR2 2ω + 2 !θπ /2( )

   
ω − 4mr2

MR2 ω = !θπ /2 +
4mr2

MR2
!θπ /2

   

!θπ /2 =
1− 4mr2

MR2

1+ 4mr2

MR2

ω

Large M≫m case (Beam nearly constant ω)
  
!φπ /2=ω + 2ω = 3ω

  
!θπ /2 =

1− 0
1+ 0

ω =ω

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

Conserved 
initial 2E 

initial Λ

Conserved 
initial 2E 

initial Λ

  sinφB=-1

  sinφB=0

  sinφB=+1
divide 2E 
    by Λ  

substitute

solve

Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 

Divide by MR2 and subtract 



   

φB = −π
2

:
2E = MR2 !θ−π /2

2 + mr2 !φ−π /2 − !φ−π /2( )2

Λ = MR2 !θ−π /2

⎧

⎨
⎪

⎩
⎪

 or : 2E = MR2ω 2

Λ = MR2ω

⎧
⎨
⎪

⎩⎪
  For: !θ−π /2 =ω = !φ−π /2

Move to 6 o’clock with φB~ 0°  (beam r slowing, throwing arm ℓ accelerating) 

   

φB = 0 :
2E = MR2 !θ0

2 + mr2 !φ0
2 + !θ0

2( )
Λ = MR2 !θ0 + mr2 !φ0 + !θ0( )

⎧

⎨
⎪

⎩
⎪

   

Move to 3 o’clock with φB~ +90°  (beam r slowed, throwing arm ℓ releasing) 

   

φB = π /2 :
2E = MR2 !θπ /2

2   + mr2 !φπ /2 + !θπ /2( )2

Λ = MR2 !θπ /2+ 2mr2 !φπ /2 + !θπ /2( )

⎧

⎨
⎪

⎩
⎪

 

KE(m) =

mr2

2
!φ2 + !θ 2 + 2 !φ !θ sinφB( )

=

mr2

2
!φ − !θ( )2     For: φB = − π

2
⎛
⎝⎜

⎞
⎠⎟

mr2

2
!φ2 + !θ 2( )     For: φB = 0( )

mr2

2
!φ + !θ( )2     For: φB = π

2
⎛
⎝⎜

⎞
⎠⎟

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

  

= MR2ω 2

= MR2ω

   

(ω 2− !θπ /2
2   )= mr2

MR2
!φπ /2 + !θπ /2( )2

(ω − !θπ /2 ) = 2mr2

MR2
!φπ /2 + !θπ /2( )   

(ω + !θπ /2 )= 1
2
!φπ /2 + !θπ /2( )

  
!φπ /2= !θπ /2 + 2ω

   
ω − !θπ /2 = 2mr2

MR2 2ω + 2 !θπ /2( )

   
ω − 4mr2

MR2 ω = !θπ /2 +
4mr2

MR2
!θπ /2

   

!θπ /2 =
1− 4mr2

MR2

1+ 4mr2

MR2

ω

Large M≫m case
  
!φπ /2=ω + 2ω = 3ω

  
!θπ /2 =

1− 0
1+ 0

ω =ω

Optimum MR2=4mr2 case
  
!φπ /2=0+ 2ω = 2ω

  
!θπ /2 = 1−1

1+1
ω = 0

Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r =ℓ (easier algebra) 9 o'clock

Starting point

3 o'clock

Optimum release point

6 o'clock

Maximum KE of m

Mid point

(c) φ
B

+π/2

(b) φ
B

0(a) φ
B

−π/2

   

2E=MR2 !θ 2+mr2 !θ 2+2 !φ !θ sinφB+ !φ
2( )

Λ = MR2 !θ + mr2 1+ sinφB( ) !θ + !φ( )

⎫

⎬
⎪

⎭
⎪

For:
r=ℓ

Conserved 
initial 2E 

initial Λ

Conserved 
initial 2E 

initial Λ

  sinφB=-1

  sinφB=0

  sinφB=+1
divide 2E 
    by Λ  

substitute

solve

Start at 9 o’clock with φB~-90°  (beam r and throwing arm ℓ rotating together at  ω) 



m2

m1
m1

m2

Bang1!

Bang2!

m1

m2

2-Bang Model

m1

m2

m2

BANG!
m1

Super-elastic Bounce

V 1
=V
2

START
m1-m2
collision

m1:m2
= 7:1

m1:m2
= 3:1

100%
Energy
Transfer

<- m1 turn - around ->

m1
first hits
ground (Bang1) (Bang2)

Space Plot
(x versus y)

Velocity Plot
(Vy1 versus Vy2)

Class of W. G. Harter,
“Velocity Amplification
in Collision Experiments
Involving Superballs,”

Am. J. Phys.
39, 656 (1971)
(A class project )

Analogous
Superball
Models
Similar in some
ways to trebuchet

models

END

END

END 0%
Energy
Transfer

m1:m2
= ∞:1Optimal Throw

FINAL V
is 2 times
INITIAL V

Fastest Throw

FINAL V
is 3 times
INITIAL V

Graphic
Solution



NOVA trebuchet kinematics compared in Unit 2 p. 66: Direct approach and Superball analogy

   https://www.pbs.org/wgbh/nova/lostempires/trebuchet/builds.html

NOVA links from beginning of Lect. 14

https://www.pbs.org/wgbh/nova/lostempires/trebuchet/builds.html


http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html

Typical (Unoptimized) Trebuchet

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth

Here is the system, again, at NCAR.  Four pivot
https://www.youtube.com/watch?v=zvIY1z0xcek
Another rig:
https://www.youtube.com/watch?v=foZHjI8Lydo
Ha! the clock face is a non-neglegable part of the system.

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
https://urldefense.proofpoint.com/v2/url?u=https-3A__www.youtube.com_watch-3Fv-3DzvIY1z0xcek&d=DQMFaQ&c=7ypwAowFJ8v-mw8AB-SdSueVQgSDL4HiiSaLK01W8HA&r=I7RNuwjRDUVPGSI1-fVxVQ&m=vPxm0dCdeYW2beOflaT4rlI7yNllK-GTqL9iuwq4Rlo&s=VtL9CuXZFH00bas6dHer8cLuWtEJeB0elfczGjwm7tU&e=
https://urldefense.proofpoint.com/v2/url?u=https-3A__www.youtube.com_watch-3Fv-3DfoZHjI8Lydo&d=DwMFaQ&c=7ypwAowFJ8v-mw8AB-SdSueVQgSDL4HiiSaLK01W8HA&r=I7RNuwjRDUVPGSI1-fVxVQ&m=euBL7xanyFvfbn3q6RpxX845SMswA4JKrZC-gMY5hNk&s=9KeIAq1yzhf_Lda-gY4hbHO7ziYTUz5yNDCVibxn8W4&e=


Trebuchet in Siege of Kenilworth 1215 ACE 
(Re-enactment shown on NOVA-TV 2005)

Web Simulation: Trebuchet - Seige of Kenilworth

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth


There is a claim that Cortez built a trebuchet to lay siege on Montezuma around 1500... 

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

Web Simulation: Trebuchet - Montezuma's Revenge

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge


There is a claim that Cortez built a trebuchet to lay siege on Montezuma around 1500... 
...and that the first shot went terribly wrong...

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge


There is a claim that Cortez built a trebuchet to lay siege on Montezuma around 1500... 
...and that the first shot went terribly wrong...

...if this story is true, then it gives new meaning 
to the expression “Montezuma’s Revenge”...

Web Simulation: Trebuchet - Montezuma's Revenge

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge


Hamiltonian energy and momentum conservation and symmetry coordinates 
Coordinate transformation helps reduce symmetric Hamiltonian  
Free-space trebuchet kinematics by symmetry 

Algebraic approach 
Direct approach and Superball analogy 

Trebuchet vs Flinger and sports kinematics 
Many approaches to Mechanics 



Bull whip

cracking

Fly-fishing

Tennis serving

Throwing Slinging

Chopping

Cultivating and Digging

Reaping

Splitting

Hammering

Early Human Agriculture and Infrastructure Building Activity

Baseball &

Football

Lacrosse

Batting

Cultivating and Digging

Tennis rallying

Golfing

Later Human Recreational Activity

Water skiing

Hammer throwing

Space Probe “Planetary Slingshot”

“Ring-The-Bell”

(at the Fair)

What Trebuchet mechanics

is really good for...

The Atlatl 
(Cahokia, IL 12th Century)



L

Later on
(Steer or guide)

v

Most velocity v
gained earlier here.

m
F mostly
serves to
steer m here.

r b

Rotation of body rb provides most of energy of arm-racquet lever L.

Early on
(Gain the energy/momentum)

Driving
Force:
Gravity

L F

Large force F
nearly parallel
to velocity v
so v increases
rapidly.
rb

m
v

L

L

Trebuchet analogy with racquet swing - What we learn

Preparation
Center-of-mass for semi-rigid
arm-racquet system L is "cocked."

Energy Input
Most of speed gained early
by arm-racquet system L.

rb r b r b

L
Follow-Through
Arm-racquet system
L flies nearly freely.

Small applied forces
mostly for steering.

Ball hit occurs.

Force F nearly
perpendicular
to velocity v
so v increases
very little. 70

60
50

4010

v =80 mph

0

F
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F mostly
serves to
steer m here.

r b

Rotation of body rb provides most of energy of arm-racquet lever L.

Early on
(Gain the energy/momentum)
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Large force F
nearly parallel
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so v increases
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rb
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L

L

Trebuchet analogy with racquet swing - What we learn
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Center-of-mass for semi-rigid
arm-racquet system L is "cocked."

Energy Input
Most of speed gained early
by arm-racquet system L.
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An Opposite to Trebuchet Mechanics- The “Flinger”

F

Not much

increase in

velocity vDriving

Force

:Gravity

F v

Maximum

increase in

velocity v
just before

m slides off

end

Later on
(Last-minute “cram” for energy)

Early on
(Not much happening)

Anti-analogy can be useful pedagogy

l

rb
lTrebuchet-like experiment Flinger experiment

rb

α

skateboard wheel
slides on pool que-stick

skateboard wheel swings

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=AnimateFlinger

Generic URL - http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=AnimateFlinger
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html


lrbl-rb

R l

ω

Initial
( 6 o'clock position)

Final
( 3 o'clock
position)

Trebuchet model in rotating beam frame

l
ω

rb Initial Final

Flinger model in rotating beam frame
Assume: Constant beam ω

1
2
mv =

1
2
mω rb + l( ) −

1
2
mω rb =

1
2
mω l 2rb + l( )

1
2
mv =

1
2
mω rb + l( ) −

1
2
mω rb + l( ) = 1

2
mω 2rb l( )

Assume: Constant beam ω

Initial
6 o’clock

R2=r2+l26
o’clock

6
o’clock

Final
3 o’clock

Initial
3 o’clock

Final
3 o’clock

Final Trebuchet KE Final Flinger KE

R9
o’clock

Initial
9 o’clock

R2=r2+l2-2rl
9

o’clock

=
1
2
mω 4rb l( )

beamframe beamframe
(flinger)(trebuchet) beamframe beamframe

v
beamframe

v
beamframe

1
2
mv =V r0( )-V rf( ) = 12mω rf -

1
2
mω r0beamframe

2
mω

l2rb −l( )

Flinger KE is more than 6 o’clock trebuchet
but misdirected2

mω l

Flinger KE is less than 9 o’clock trebuchet
and misdirected

2

2 2 2 2 2

2

2
2

2 2 2 2

2

2 2 2 2 2

2
2

2 2
b

b b

- -              r
Centrifugal
     barrier
        PE

PE:   V(r)=−2
1mω 2r 2

final  KE
= V(r0 )
    −V(rf )

      = 2
1mv2
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lrbl-rb

R l

ω

Trebuchet model in lab frame

l
ω

rb
Initial Final

Flinger model in lab frame
Assume: Constant beam ω

v = ω2l 2rb + l( )v2 =
ω2 2rb l( )

6
o’clock

R9o’clock

beamframe

beamframe
(flinger)(trebuchet)

v
beamframe

v

vrotation
labframe
v

vrotation

labframe
v

ω rb+l( )=

vlab frame trebuchet( ) =
ω rb + l+ 2lrb

2 lrb

( ) half -cocked 6 o'clock
ω rb + l+( ) fully-cocked 9 o'clock

ω2 4rb l( )
half -cocked 6 o'clock

fully-cocked 9 o'clock

beamframe

2

vlab frame flinger( ) =

= ω l 2rb + l( )+rb + l( )2 = ω 2 rb + l( )2 − rb2

ω rb+l=( )

=
5.00ω
5.82ω

=
5.16ω
6.00ω

=
5.00ω
5.82ω

rb = 2 , l= 1( ), rb = 1.5 , l= 1.5( ), rb = 1 , l= 2( )
= 3.74ω = 3.96ω = 4.12ω

rb = 2 , l= 1( ), rb = 1.5 , l= 1.5( ), rb = 1 , l= 2( )

(compare)



Physics used to be pretty much bi-polar...

Now that situation is changing...

Theory

Experiment



Many Approaches to Mechanics (Trebuchet Equations)
Each has advantages and disadvantages (Trebuchet exposes them)

• French Approach

Tres elegant
Lagrange Equations

in Generalized Coordinates

• German Approach

Pride and Precision
Riemann Christoffel Equations

in Differential Manifolds

• Anglo-Irish Appproach

Powerfully Creative
Hamilton’s Equations

Phase Space

• U.S. Approach

Quick’n dirty
Newton F=Ma Equations

Cartesian coordinates

F
k= &&qk + Γ

mn

k &qm &qn

&p
j
=-

∂H

∂q j
, &qk =

∂H

∂pk
.

Fl =
d

dt

∂T

∂ &q l
-
∂T

∂q l

• Unified Approach

F
k= &&qk + Γ

mn

k &qm &qn

1.
Theoretical
Analysis

2.
Numerical
Synthesis

3.
Laboratory
Observation

A
Post-Modern

Scientific Method

All approaches have one thing in common:

The Art of Approximation
Physics lives and dies by the art of

approximate models and analogs.

graphics

numerics

Hamilton-Jacobi-Poincare: 
dS = Ldt = pµdq

µ − Hdt

           pµ=
∂S
∂qµ ,  -H=∂S

∂t
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fixed 
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Cheap Trebuchet Theory 
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!X 2 + !Y 2 = R 2 !θ 2
!x 2 + !y 2 =     R 2 !θ 2      + 2Rr cos θ −φ( ) !θ !φ + r 2 !φ 2

θ

θ

-φ

r
r

R

R

x=Rcosθ + r cosφ
y=Rsinθ  -  r sinφ

X=-Rcosθ 
Y=-Rsinθ 

M

m

-φ+θ
=-φB

Lab 
fixed 
pivot

Lab 
fixed 
pivot

KE of driver M  plus projectile m
T = 1

2M ( !X 2 + !Y 2 )+ 1
2m( !x 2 + !y 2 ) = 1

2M (R 2 !θ 2 )+ 1
2m R 2 !θ 2      + 2Rr cos θ −φ( ) !θ !φ + r 2 !φ 2( )

Cheap Trebuchet Theory 



θ

θ

φ φ-θ=φB

r
r

R

R

X=-Rcosθ 
Y=-Rsinθ 

M

m

x=Rcosθ + r cosφ
y=Rsinθ + r sinφ

!x = −R sinθ !θ − r sinφ !φ
!y = +R cosθ !θ + r cosφ !φ

!X = +R sinθ !θ
!Y = +R cosθ !θ

!x 2 = −R sinθ !θ − r sinφ !φ( ) −R sinθ !θ − r sinφ !φ( ) = R 2 sin2θ !θ 2+ 2Rr sinθ sinφ !θ !φ + r 2 sin2φ !φ 2

!y 2 = R cosθ !θ + r cosφ !φ( ) +R cosθ !θ + r cosφ !φ( ) = R 2 cos2θ !θ 2+ 2Rr cosθ cosφ !θ !φ+r 2cos2φ !φ 2
!X 2 = +R 2 sin2θ !θ 2

!Y 2 = +R 2 cos2θ !θ 2

!X 2 + !Y 2 = R 2 !θ 2
!x 2 + !y 2 =     R 2 !θ 2      + 2Rr cos θ −φ( ) !θ !φ + r 2 !φ 2

θ

θ

-φ

r
r

R

R

x=Rcosθ + r cosφ
y=Rsinθ  -  r sinφ

X=-Rcosθ 
Y=-Rsinθ 

M

m

-φ+θ
=-φB

Lab 
fixed 
pivot

Lab 
fixed 
pivot

KE of driver M  plus projectile m  is explicit function of beam-relative coordinate -φB = θ −φ( )  only  

T = 1
2M ( !X 2 + !Y 2 )+ 1

2m( !x 2 + !y 2 ) = 1
2M (R 2 !θ 2 )+ 1

2m R 2 !θ 2      + 2Rr cos θ −φ( ) !θ !φ + r 2 !φ 2( )
T = 1

2M ( !X 2 + !Y 2 )+ 1
2m( !x 2 + !y 2 ) = 1

2 (M +m)(R 2 !θ 2 )+mRr cos θ −φ( ) !θ !φ + 1
2mr 2 !φ 2

Cheap Trebuchet Theory 



θ

θ

φ φ-θ=φB

r
r

R

R

X=-Rcosθ 
Y=-Rsinθ 

M

m

x=Rcosθ + r cosφ
y=Rsinθ + r sinφ

!x = −R sinθ !θ − r sinφ !φ
!y = +R cosθ !θ + r cosφ !φ

!X = +R sinθ !θ
!Y = +R cosθ !θ

!x 2 = −R sinθ !θ − r sinφ !φ( ) −R sinθ !θ − r sinφ !φ( ) = R 2 sin2θ !θ 2+ 2Rr sinθ sinφ !θ !φ + r 2 sin2φ !φ 2

!y 2 = R cosθ !θ + r cosφ !φ( ) +R cosθ !θ + r cosφ !φ( ) = R 2 cos2θ !θ 2+ 2Rr cosθ cosφ !θ !φ+r 2cos2φ !φ 2
!X 2 = +R 2 sin2θ !θ 2

!Y 2 = +R 2 cos2θ !θ 2

!X 2 + !Y 2 = R 2 !θ 2
!x 2 + !y 2 =     R 2 !θ 2      + 2Rr cos θ −φ( ) !θ !φ + r 2 !φ 2

θ

θ

-φ

r
r

R

R

x=Rcosθ + r cosφ
y=Rsinθ  -  r sinφ

X=-Rcosθ 
Y=-Rsinθ 

M

m

-φ+θ
=-φB

Lab 
fixed 
pivot

Lab 
fixed 
pivot

KE of driver M  plus projectile m  is explicit function of beam-relative coordinate -φB = θ −φ( )  only  

T = 1
2M ( !X 2 + !Y 2 )+ 1

2m( !x 2 + !y 2 ) = 1
2M (R 2 !θ 2 )+ 1

2m R 2 !θ 2      + 2Rr cos θ −φ( ) !θ !φ + r 2 !φ 2( )
T = 1

2M ( !X 2 + !Y 2 )+ 1
2m( !x 2 + !y 2 ) = 1

2 (M +m)(R 2 !θ 2 )+mRr cos θ −φ( ) !θ !φ + 1
2mr 2 !φ 2

For symmetric (R=r ) trebuchet: T = R 2 M +m
2
!θ 2 + m

2
!φ 2 +m !θ !φ cosφB⎡⎣ ⎤⎦

Cheap Trebuchet Theory 



 

dW = FX dX  + FY dY + Fx dx + Fx dy
= M!!X dX  +  M !!Y dY +  m!!xdx +  m!!ydy

 

dW = FX dX = M!!X dX = FX
∂ X
∂θ

dθ + FX
∂ X
∂φ

dφ = M!!X ∂ X
∂θ

dθ +M!!X ∂ X
∂φ

dφ

+ FY dY   +M !!Y dY + FY
∂Y
∂θ

dθ + FY
∂Y
∂φ

dφ +M !!Y ∂Y
∂θ

dθ +M !!Y ∂Y
∂φ

dφ  

+ Fx dx   + m!!x dx + Fx
∂ x
∂θ

dθ + Fx
∂ x
∂φ

dφ +m!!x ∂ x
∂θ

dθ +m!!x ∂ x
∂φ

dφ   

+ Fy dy    + m!!y dy + Fy
∂ y
∂θ

dθ + Fy
∂ y
∂φ

dφ +m!!y ∂ y
∂θ

dθ +m!!y ∂ y
∂φ

dφ

   

dX
dY
dx
dy

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

∂ X
∂θ

∂ X
∂φ

∂Y
∂θ

∂Y
∂φ

∂ x
∂θ

∂ x
∂φ

∂ y
∂θ

∂ y
∂φ

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

dθ
dφ

⎛

⎝
⎜

⎞

⎠
⎟ =

Rcosθ 0
Rsinθ 0
−r cosθ ℓcosφ
−r sinθ ℓsinφ

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

dθ
dφ

⎛

⎝
⎜

⎞

⎠
⎟

Raw Jacobian

Lagrange 
 trickery:

D Add up first and last columns for each variable θ and φ for:
STEP

 
T = M !X 2

2
+ M
!Y 2

2
+ M
!x2

2
+ M
!y2

2

ℓ

θ

θ

R

r φ

M

m
θ

θ

Write work-sums in columns:(Using GCC dθ and dφ in Jacobian)

Force, Work, and Acceleration

Completes derivation of Lagrange covariant-force equation for each GCC variable θ and φ .
 

Let :FX
∂ X
∂φ

+ FY
∂Y
∂φ

+ Fx
∂ x
∂φ

+ Fy
∂ y
∂φ

≡ Fφ =
d
dt

∂T
∂ !φ

− ∂T
∂φ 

Let :FX
∂ X
∂θ

+ FY
∂Y
∂θ

+ Fx
∂ x
∂θ

+ Fy
∂ y
∂θ

≡ Fθ =
d
dt

∂T
∂ !θ

− ∂T
∂θ

 

FX ⋅0 + FY ⋅0 + Fxℓcosφ + Fyℓsinφ

≡ Fφ =
d
dt

∂T
∂ "φ

− ∂T
∂φ 

FXRcosθ + FY Rsinθ − Fxr cosθ − Fyr sinθ

≡ Fθ =
d
dt

∂T
∂ !θ

− ∂T
∂θ

Add Fθ gravity given 
  (FX =0 , FY =-Mg) 
  (Fx =0 , Fy =-mg)

-mg sin φ

F=-M g

-m g = f
-Mg sin θ

θ

φ Add Fφ gravity given 
  (FX =0 , FY =-Mg) 
  (Fx =0 , Fy =-mg)

 
Fθ =

d
dt

∂T
∂ !θ

− ∂T
∂θ

= −MgRsinθ +mgr sinθ  
Fφ =

d
dt

∂T
∂ !φ

− ∂T
∂φ

= −mgℓsinφ

These are competing torques on main beam R... … and a torque on throwing lever ℓ

-θ Fig. 2.4.2 

r

R

ℓ

(compare to Cheap Trebuchet Theory) 



rR
l

Centrifugal Force
~ φ2

Gravitational Force
~ mgGravitational Force

~ Mg

Constraint Force

Constraint Force

Centrifugal
Force
~ θ2

d
dt
∂T
∂φ

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

= ∂T
∂φ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

+Fφ +0

d
dt
∂T
∂θ̇

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
= ∂T
∂θ

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
+Fθ +0

=

=pθ
•

pφ
•

•

•

Acceleration
and

'Fictitious'
Forces:
Coriolis
Centrifugal

Applied
'Real'
Forces:
Gravity
Stimuli
Friction...

Constraint
'Internal'
Forces:
Stresses
Support...

(Do not contribute.
Do no work.)

Coriolis Force ~ θφ

Support and
Steadying Force

•

• •

•

Forces: total, genuine, potential, and/or fictitious

Fig. 2.5.2 
(modified) Lagrange Potential equations 

L=T-V 
    

 

pθ =
∂L
∂ !θ

        !pθ =
∂L
∂θ

pφ =
∂L
∂ !φ

        !pφ =
∂L
∂φ

For conservative forces 

where:  
    

 

!pθ =
d
dt

∂T
∂ !θ

= ∂T
∂θ

+ Fθ + 0

!pφ =
d
dt

∂T
∂ !φ
= ∂T
∂φ

+ Fφ + 0

 

Fθ = − ∂V
∂θ

   and:  ∂V
∂ !θ

= 0

Fφ = − ∂V
∂φ

   and:  ∂V
∂ !φ

= 0

Fig. 2.5.2 
(modified) Lagrange Force equations 

(See also derivation Eq. (2.4.7) on p. 23 , Unit 2)
Compare to derivation Eq (12.25a) in Ch. 12 of Unit 1 and Eq. (3.5.10) in Unit 3. 


