Hamiltonian vs. Lagrangian mechanics

in Generalized Curvilinear Coordinates (GCC)
(Unit 1 Ch. 12, Unit 2 Ch. 2-7, Unit 3 Ch. 1-3)

Review of Lectures 8-9 procedures:
Lagrange prefers ~ Covariant gmn with Contravariant velocity — q"

Hamilton prefers Contravariant gmn with Covariant momentum pm
Deriving Hamilton s equations from Lagrange s equations
Expressing Hamiltonian H(pm,q") using gmn and covariant momentum pm
Polar-coordinate example of Hamilton s equations compared to Lagrange s
Hamilton's equations in Runga-Kutta (computer solution) form

Examples of Hamiltonian mechanics in effective potentials
Lsotropic Harmonie Oscinaior I polar coordinates and effective potential (Web Simulation: OscillatorPE - IHO)
Coulomb orbits in polar coordinates and effective potential (Web Simulation: OscillatorPE - Coulomb)

Examples of Hamiltonian mechanics in phase plots (Mostly for next Lecture 11)
1D Pendulum and phase plot (Web Simulations: Pendulum, Cycloidulum,)



https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=2
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=3
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html

This Lecture s Reference Link Listing

Web Resources - front page Quantum Theory for the Computer Age 2017 Group Theory for QM
UAF Physics UTube channel Principles of Symmetry, Dynamics, and Spectroscopy 2018 Adv CM
Classical Mechanics with a Bang! 2018 AMOP
Modern Physics and its Classical Foundations 2019 Advanced Mechanics
Lecture #10

Links to previous lecture: Page=74, Page=75, Page=79

Pendulum Web Sim
Cvcloidulum Web Sim

Jerklt Web Simulations: Basic/Generic: Inverted, FVPlot
OscillatorPE Web Simulation:

Coulomb-Newton-Inverse_Square,
Hooke-Isotropic Harmonic,
Pendulum-Circular_Constraint

Select, exciting, and related Research & Articles of Interest:
An_sp-hybridized Molecular _Carbon_Allotrope-_cvclo-18-carbon -_Kaiser-s-2019
An_Atomic-Scale View_of Cvclocarbon_Synthesis - Maier-s-2019
Discovery_Of Topological Weyl Fermion_Lines_And_Drumhead Surface States_in_a_

Room_Temperature Magnet - Belopolski-s-2019
"Weyl"ing_away_Time-reversal_Symmetry - Neto-s-2019
Non-Abelian_Band_Topology _in_Noninteracting Metals - Wu-s-2019
What Industry Can_Teach_Academia - _Mao-s-2019

Rovibrational _quantum_state_resolution_of the C60_fullerene - Changala-Ye-s-2019 (Alt)
A_Degenerate Fermi_Gas _of Polar_molecules - DeMarco-s-2019

From last lecture listing:
Burning a hole in reality—design for a new laser may be powerful enough to pierce space-time - Sumner-Daily KOS-2019
Trampoline mirror may push laser pulse through fabric of the Universe - Lee-ArsTechnica-2019
Achieving Extreme Light Intensities using Optically Curved Relativistic Plasma Mirrors - Vincenti-prl-2019

A_Soft Matter Computer_for Soft Robots - Garrad-sr-2019
Correlated_Insulator _Behaviour _at_Half-Filling in_Magic-Angle Graphene_Superlattices - cao-n-2018



https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2018.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2019.html
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
https://modphys.hosted.uark.edu/ETC/MISC/An_sp-hybridized_Molecular_Carbon_Allotrope-_cyclo-18-carbon_-_Kaiser-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_Atomic-Scale_View_of_Cyclocarbon_Synthesis_-_Maier-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Discovery_Of_Topological_Weyl_Fermion_Lines_And_Drumhead_Surface_States_in_a_Room_Temperature_Magnet_-_Belopolski-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Discovery_Of_Topological_Weyl_Fermion_Lines_And_Drumhead_Surface_States_in_a_Room_Temperature_Magnet_-_Belopolski-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/-Weyl-ing_away_Time-reversal_Symmetry_-_Neto-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Non-Abelian_Band_Topology_in_Noninteracting_Metals_-_Wu-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/What_Industry_Can_Teach_Academia_-_Mao-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Rovibrational_quantum_state_resolution_of_the_C60_fullerene_-_Changala-Ye-s-2019-Alt.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Degenerate_Fermi_Gas_of_Polar_molecules_-_DeMarco-s-2019.pdf
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=74
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=75
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=79
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=FVPlot
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=3
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=2
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=0
https://www.dailykos.com/stories/2019/9/14/1885432/-Burning-a-hole-in-reality-design-for-a-new-laser-may-be-powerful-enough-to-pierce-space-time
https://arstechnica.com/science/2019/09/trampoline-mirror-may-push-laser-pulse-through-fabric-of-the-universe/
https://modphys.hosted.uark.edu/ETC/MISC/Achieving_Extreme_Light_Intensities_using_Optically_Curved_Relativistic_Plasma_Mirrors_-_Vincenti-prl-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Soft_Matter_Computer_for_Soft_Robots_-_Garrad-sr-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Correlated_Insulator_Behaviour_at_Half-Filling_in_Magic-Angle_Graphene_Superlattices_-_cao-n-2018.pdf

Running Reference Link Listing

Lectures #9 through #7

In reverse order

CMwithBang [ecture 8, page=20
WWW.sciencenewsforstudents.org: Cassini - Saturnian polar vortex

“RelaWavity” Web Simulations: , o NASA Astronomy Picture of the Day -

2-CW laser wave, Lagrangian vs Hamiltonian, lo: The Prometheus Plume (Just Image)

Physical Terms Lagrangian [(u) vs Hamiltonian H(p) NASA Galileo - Jo's Alien Volcanoes
Coullt Web Slmulatlon ?f the Volcanoes of lo New Horizons - Volcanic Eruption Plume on Jupiter's moon 10
Bohrlt Multi-Panel Plot: NASA Galileo - A Hawaiian-Style Volcano on Io

Relativistically shifted Time-Space plots of 2 CW light waves

AMOP Ch 0 Space-Time Symmetry - 2019
Seminar at Rochester Institute of Optics, Aux. slides-2018

BoxIt Web Simulations: RelaWavity Web Elliptical Motion Simulations:

Generic/Default ) )
: f Orbits with b/a=0.125
Most Basic A-Tvpe . ; —
. ; ) Orbits with b/a=0.5
Basic A-Tvpe w/reference lines . . ~
Basic A T\;De A-Tvpe with Potential energy Orbits with b/a=0.7
* § Exegesis with b/a=0.125

A-Tvpe with Potential energy and Stokes Plot
A-Type w/3 time rates of change

A-Tvpe w/3 time rates of change with Stokes Plot
B-Tvpe (A=1.0, B=-0.05, C=0.0, D=1.0)

Exegesis with b/a=0.5
Exegesis with b/a=0.7
Contact Ellipsometry

Pirelli Site: Phasors animimation
CMwithBang Lecture #6, page=70 (9.10.18)

realization _Qf Maxwell's_ Demon - Kumar-n_-2§218

Older ones:

Optical_Vortex_Knots_-_One_Photon__At_A_Time - Tempone-Wiltshire-Sr-2018

Barvon_Deceleration_by Strong Chromofields in_Ultrarelativistic_,
Nuclear Collisions - Mishustin-PhysRevC-2007, APS Link & Abstract

Hadronic Molecules - Guo-x-2017

Hidden-charm_pentaquark _and_tetragquark states - Chen-pr-2016



https://modphys.hosted.uark.edu/markup/BoxItWeb.html
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0&wantBallsNItsPhi2=0&wantBallsNItsPhi2=0&wantPELevels=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantStokes=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3&wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?&AU2=1.0&BU2=-0.05&CU2=0.0&DU2=1.0
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.5&velocity=0.85
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,2
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=70
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_0_SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Rochester_Auxilary_Slides.pdf
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
http://apod.nasa.gov/apod/ap970818.html
http://apod.nasa.gov/apod/image/9708/prometheus_gal_big.jpg
https://science.nasa.gov/science-news/science-at-nasa/1999/ast04oct99_1/
https://www.youtube.com/watch?v=wmQHOUFIuzQ
https://science.nasa.gov/science-news/science-at-nasa/1999/ast05nov99_2/
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2019/CMwithBang_Lect.8_9.23.19.pdf#page=22
https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow%22
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Wave-particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Optical_Vortex_Knots_-_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.76.011603
https://modphys.hosted.uark.edu/ETC/MISC/Hadronic_molecules-_Guo-x-2017.pdf
https://modphys.hosted.uark.edu/ETC/MISC/hidden-charm_pentaquark_and_tetraquark_states-_chen-pr-2016.pdf

Running Reference Link Listing

Lectures #6 through #1

In reverse order

, , , , Bouncelt Web Animation - Scenarios:
RelaWavity Web Simulation: Contact Ellipsometry Generic Scenario: 2-Balls dropped no Gravity (7:1) - V.vs V Plot (Power=4)

BoxlIt Web Simulation: Elliptical Motion (A-Type) [-Ball dropped w/Gravity=0.5 w/Potential Plot: Power=1, Power=4
CMwBang Course: Site Title Page 7:1 - Vvs V Plot: Power=1

Pirelli Relativity Challenge. Describing Wave Motion With Complex Phasors 3-Ball Stack (10:3:1) w/Newton plot (v vs t) - Power=4

UAF Physics UTube channel 3-Ball Stack (10:3:1) w/Newton plot (y vs t) - Power=1
3-Ball Stack (10:3:1) w/Newton plot (v vs t) - Power=1 w/Gaps

Velocity Amplification in Collision Experiments Involving Superballs - Harter, 1971 4-Ball Stack (27:9:3:1) w/Newton plot (v vs t) - Power=4
MIT OpenCourseWare: High School/Physics/Impulse and Momentum 4-Newton's Balls (1:1:1:1) w/Newtonian plot (v vs t) - Power=4 w/Gaps
Hubble Site: Supernova - SN 19874 6-Ball Totally Inelastic (1:1:1:1:1:1) w/Gaps: Newtonian plot (t vs x), V6 vs V5 plot

5-Ball Totally Inelastic Pile-up w/ 5-Stationary-Balls - Minkowski plot (t vs x1) w/Gaps
1-Ball Totally Inelastic Pile-up w/ 5-Stationarv-Balls - Vx2 vs VxI plot w/Gaps

Bounceltlt Web Animation - Scenarios:

_ Bouncelt Dual plots

49:1yvst 49:1 V2 vs VI, 1:500:1 - 1D Gas Model w/ faux restorative force (Cool), mimy =3:1

1:500:1 - 1D Gas (Warm), 1:500:1 - 1D Gas Model (Cool, Zoomed in), vovsviand V2vs Vi (vi, v2)=(1, 0.1), (vi. v2)=(1, 0)
Farey Sequence - Wolfram y2vs yiplots: (vi, vo)=(1, 0.1), (v, v2)=(1, 0), (vi, vJ)=(1, -1)
Fractions - Ford-AMM-1938 Estrangian plot V> vs V. (vi, v2)=(0, 1), (vi, v2)=(l, -1)
Monstermash Bounceltlt Animations: mpmz=4:1

1000:1 - V2 vs VI, 1000:1 with t vs x - Minkowski Plot v2vsvl, y2vs yl
Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-2013 mp:my =100:1, (v, v2)=(1, 0): V2 vs VI Estrangian plot, y2 vs yI plot

Quantum_Revivals_of Morse_Oscillators _and _Farey-Ford Geometry - Li-Harter-cpl-2015 . .

Quant. Revivals of Morse Oscillators and Farey-Ford Geom. - Harter-Li-CPL-2015 (Publ,) Yith g=0 and 70:10 mass ratio . _
Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971 With non zero g, velocity dependent damping and mass ratio of 70:35
Wavelt Web Animation - Scenarios: - - M,=49, M>=1 with Newtonian time plot

Quantum_Carpet, Quantum_Carpet wMBars, Mi=45. M .:] W.lth. V2 vs V) plot

Quantum_Carpet_BCar, Quantum_Carpet BCar_wMBars Lxample with fr zctzon. . _

Wave Node Dynamics and Revival Symmetry in Ouantum Rotors - Harter-JMS-2001 Low force constant with drag displaying a Pass—{hru, Fall—fhru, Bounce-Off

Wave Node Dynamics and Revival Symmetry in Quantum Rotors - Harter-jms-2001 (Publ.) ml:m2=3:1 and (vL. v2) = (1. 0) Comparison with Estrangian

X2 paper: Velocity Amplification in Collision Experiments Involving Superballs - Harter, et. al. 1971 (pdf)
Car Collision Web Simulator: https://modphys.hosted.uark.edu/markup/CMMotionWeb. htm!

AJP article on superball dynamics Superball Collision Web Simulator: https://modphys.hosted.uark.edu/markup/BounceltWeb.html; with Scenarios: 1007
AAPT Summer Reading List Bouncelt web simulation with g=0 and 70:10 mass ratio
Scitation.org - AIP publications With non zero g, velocity dependent damping and mass ratio of 70:35
HarterSoft Youtube Channel Elastic Collision Dual Panel Space vs Space: Space vs Time (Newton) , Time vs. Space(Minkowski)

Inelastic Collision Dual Panel Space vs Space: Space vs Time (Newton), Time vs. Space(Minkowski)
Matrix Collision Simulator:M =49, M>=1 V> vs Vi plot <<Under Construction>>

More Advanced QM and classical references will soon be available through our: Mechanics References Page
(Now in Development)


http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=1,2
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/CMwBang_TitlePage.html
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/BounceItWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2072
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2073
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2075
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2176
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2177
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2179
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3106
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3107
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4011
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4012
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4020
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
http://ocw.mit.edu/high-school/physics/exam-prep/systems-of-particles-linear-momentum/impulse-and-momentum/
http://hubblesite.org/newscenter/archive/releases/2007/10/image/a/
https://modphys.hosted.uark.edu/markup/CMwBang_Refs_2019.html
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20003
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20005
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20004
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20006
https://modphys.hosted.uark.edu/markup/BounceMatWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1009
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1111
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1111
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1112
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1113
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1214
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1224
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1016
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1026
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1024
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1015
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1025
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1009
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2081
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=20810
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=20811
http://mathworld.wolfram.com/FareySequence.html
http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3000
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3004
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Quick Review of Lagrange Relations in Lectures 8-9

0 and 15t equations of Lagrange and Hamilton

Starts out with simple demands for explicit-dependence, “loyalty” or ‘‘fealty to the colors”™

Lagrangian and Estrangian
have no explicit dependence
on momentum p

=0 =—

apk apk

Hamiltonian and Estrangian

have no explicit dependence

on velocity v

Lagrangian and Hamiltonian
have no explicit dependence
ON speedinum V

IL o291
ov, a9V,

Such non-dependencies hold in spite of “under-the-table” matrix and partial-differential connections

VVL:aL: 0 VeMev
dv odv 2
:MoV:p
oL
a_"l om0 i || P
aL | | o m, Vv, - 2
,

Lagranges Ist equation(s)
JdL oL

—= or. —=
ov, Lk ov P

dH 0 psMep

VpH=V=

op Jdp 2
= M_lop =V
9
I _ ml_l 0 Pro_|h
a_H 0 mz_l Py V)
dp,

oH

— =V, or
dp,

Hamilton's 15t equation(s)

9

R

Estrangian is neglected for now.
(It is related to dual ellipse geometry
in Lecture 8 p. 71-79 and 99-101 )

tnon-dependency due to
stationary-value effects
as shown on p. 28-31
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(Review of Lecture 9)

Review of Lagrange Equations in Lecture 9

Lagrange prefers Covariant gmn with Contravariant velocity ¢"

GCC Lagrangian definition
GCC “canonical” momentum pm definition
= GCC “canonical”  force Fu definition

Coriolis “fictitious” forces (... and weather effects)




Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity. ( Review Of Lecture 9 )
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_ Covariant gm, metric (1-page back) [ 8 8w }z[ E
8or  8op

This gives polar GCC form (Actually it's an OCC or Orthogonal Curvili
L(7,0) ——M(grrr + g¢¢q) ) =U(r,0) ——M(l 724 r?

GCC Lagrange equations follow. It L-equation is momentum pm definition for each coordinate q™:

oL Nothing too surprising; 9L . ~ Wow! gy gives moment-of-inertia
p.=—=Mg r=Mr radial momentum p, has the Py ==7=Mg,0= Mrl¢  factor Mr? automatically for the

Jr usual linear M-v form 9 angular momentum po=Mro.

2nd [ -equation invglves total time derivative pm for each momentum pm:

oL Mag¢¢¢ a_U . oU Centrifugal . dL oU

Pr= dr 2 0 Br_Mr(p_g Jorce Mro? Fe ¢

.7 g : : w_ d
Find pn, directly from 15t L<equation:p,, = o M(g,,d") =M (8,4 8.d") |[Equate it to P,,in 2 L-equation
iy d ................................... T l p
) =2 — M ¥ . . . L ﬂ .- lorque relates to two distinct parts:
Pr dt Centrifugal (center-fleeing) force Py = dt 2MW¢+ Mr 0 Corzolzs and angular. acceleration
equals total - T s St et
=M r¢ ——  Centripetal (center-pulling) force =0—— Angular momentum py is conserved if
or 99 potential U has no explicit O-dependence



(Review of Lecture 9)

Rewriting GCC Lagrange equations :

dp - d Torque rel sti -
) =L = M¥ . . . 4Dy . 2. Torque relates to two distinct parts.
Pr dt Centrifugal (center-fleeing) force Py = dr 2M}:"r¢+ Mr ¢ Coriolis and angular. acceleration
oy equals total . T et ittt cessett
=M r¢2— — Centripetal (center-pulling) force =0—— Angular momentum py is conserved if
dr o9 potential U has no explicit ¢-dependence
Conventional forms U U
radial force: M#= M r¢°— o> angular force or torque: Mr*g = =2 Mri¢ — %
r

Field-free (U=0) ”

radial acceleration: i = r¢52 angular acceleration: ¢ = -2

r

Coriolis acceleration with 8 >() and 7’< 3 Effect on
= .2 o
0 ro r akes ¢ pagsitive) Nor.thern
Hemisphere
Inward flow|to pressyre Low
. local weather
r<0
..makes\wind| turnfo the right _
Y Cyclonic flow

Cool North around lows
> L < winds OV @/ varmSotuth

storms ‘ mdsoli Zfscede Deep quantum rule:
l Flow tries to mimic
0)

(with & = Northérn hemjisphereNcotation the external r.otatlon
‘ >0 (least relative v)

Northern hémisphere systemy drift West to East



Hamilton prefers Contravariant gmn with Covariant momentum p,

—)Deriving Hamilton's equations from Lagrange's equations
Expressing Hamiltonian H(pm,q") using gmn and covariant momentum pm




Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocityq ...
e e L
dg™

m - M
L(q,q‘,t): dL _ JL dq + oL dg GCCvelocity: gm="4__
dt — ggm dt  ygm di dt




Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq\

e ane e
] m - M m
L(q,q',t)z dL _ JL dq + oL dg GCC velocity: q'm:dq—

dt g dt gy di dt

...OfCOOVdinal‘eS and velocity and time, too. (You can safely drop last chain-rule factor [1=dt/dt])

T T
dL 0L dqm+ oL dq‘m+E)L dt
dt  gg™m dit  9ggm dt ot di

L(g.4.1)=



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyqﬁ\‘

\
L(q q ) dL _ oL dq” + oL dg” GCC velocity: 'm:%
dr ag" dt g™ dt T

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U(t)-dial.)

\
_ oL dg" oL %L

£(g..t)="2 ;
(4:4.1) dt g™ di aq-m dt ot ‘3,, &

...smaller!

NO,BIGGER!
..NO,smaller!

o,

Cartoonish way to imagine
explicit time dependence



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyqﬁ\‘

\
L(q q ) dL _ oL dq” + oL dg” GCC velocity: 'm:%
dr ag" dt g™ dt T

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

\
_ dL dq" aL dq™ oL

L . { 4 o 8 — ...smaller! '
(q’q’ ) dt og™ dt aq-m dt ot ‘3,, OED N ol
4 ¥ -
. 0L oL o 1l \
Recall Lagrange equations: | Pm =3 4 | [Pm™= T, e
dq dg"" &
L(guiat) = dL ldq bagm , 9L " .
D)= = P Py, ot

Cartoonish way to imagine
explicit time dependence



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity g ...
dL 9L dg™ L di™ | dg"

Llg,q, |]=—= GCC velocity: gm="4__
(9.4. ) dt  gqm dt +aqm dt vetocty g dt

L( . t) . dL . aL dqm n aL dqm n aL gy — ...smaller!
D)= T og™ dt  ggm di ot DED & | Nosmallrt
v ¥ = -
. dL oL %
Recall Lagrange equations: | Pm=3 w [|Pm= ", " il
dq g™ o EEE A
Y dL l dqg™ ! dq™ oL {\ BSPN A ,,' \
L(QaQat) __pm pm + Al B e
U , dt dt dt ot
se product rule. g
dv dv d dL d oL ‘
U—+u—=—~uv) =—= p q +—— . S
dt dt dt dt  de\’m ot Cartoonish way to imagine

explicit time dependence



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity 9 ...

-m
dL _ oL dq” 8L 4q GCC velocity: q'm:_m

La-d- ):dt og™ dt aqm dt dt

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L . ) = 4 - (= ...smaller! '
(q’q’ ) dt og™ dt aq-m dt ot ‘3,, 2@ 4 e
4 ) <
. 0L oL n 1
Recall Lagrange equations: | Pm= 3" Py = 8— s
q r R R
o dL l dg" ! dq" oL O - ¢ m
L(QaQat) __pm pm + % SACAY '
U . dt dt dt ot -
se product rule. Shrineriz
dv dv d dL—d 7oL W B %y P
U—+u—=—(uv) = —(P q ) = | e
dt dr dt dt < dz‘ . m y at Cartoonish way to imagine

explicit time dependence

and switch the dL/dt and OL /0t to define the Hamiltonian function H(p)=pe*v— L(V)

d d/. .
dt(pmq —L):—E where: H=p ¢" -1



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity 9 ...

-m
dL _ oL dq” 8L 4q GCC velocity: q'm:_m

La-d- ):dt og™ dt aqm dt dt

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L ' t)= + - (= ...smaller! '
(avdt)= G =3 ar g dr e et
4 ) i
oL oL n 1]
Recall Lagrange equations: | ¥m= 3" pm=a-— sl
q A |
Loovdr bagm Lagm oar {1
L(QaQat) = pm pm +
U , dt dt dt ot
se product rule.
dv dv d dL d oL w2 3% ¢
i —+u— = — (uv) =—= —(pq ) +— ke R
dt dr dt dt < dz‘ . m y at Cartoonish way to imagine

explicit time dependence

and switch the dL/dt and OL /0t to define the Hamiltonian function H(p)=pe*v— L(V)

E(pmq'm—L):——ET where: H=p ¢" — |



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL 0L dg™
_I_

La.d. )= dt og™ dt  ggm dt

m -m
o) e AL L A0
Q+ q+
[, a[ oL
Recall Lagrange equations: | ¥m " P 2"
o dL b dg™ b agm AL
L(QaQat):_:pm 1 +pm 1 +
, dt dt dt ot
Use product rule. N
bldv+udv— d(uV) :%Z i(p qm) +a_L
dt  dr dr dt «—dt-"—"1— ot

Define the Hamiltonian function H(p)=pe*v — L(V)

d .
4, -

dt o dt

...smaller!

NO,BIGGER!

..NO,smaller!

) (o : -‘. /-
o
e
1*,‘:
6\,‘(;
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‘e
. r
|
m G / o \‘
0 o NE
Fare [ |
) y Ji |
| £
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Ul | = smums
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(Thats the old Legendre transform)

/

Ll====— where:H=p " -1



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.
dL 9L dg™ L di™ | dq"

Llg,q, |]=—= GCC velocity: gm="4__
(4.4, ) dt  gqm dt +aqm dt vetocty g dt

L( . t) . dL . aL dqm n aL dqm n aL - ...smaller!
BT og™ dt  ggm di ot ‘3 Nosmalent
y ¥
. dL JL n 1
Recall Lagrange equations: | #m =5 | |Pm = 0 |77 g o
q g™ & S
AL bdgm Vagm ar (0
L(@.0.t)= "= Pyt Pyt =
, dt dt dt ot
Use product rule. O
udv+udv—d(uv) _dL_ i(p q‘m) +a—L5
dt  dr dr dt «—et—"—y 8t5 __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pe*v — L(V) ( Thats the old Legengz’lie tmnsfornfz
N Recall: —=0 and.
d aL dH ------ / ap,, g™ =0)
pmq — L |l=——=——  where: H P4 m_L
dt Jat  dt



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

-m
dL oL dq aL dq GCC VQIOCilj/.' qm:_m

Lad- ):dt og™ dt aqm dt dt

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ JL

Z(q,q',t) = + 58 B NGBIGGER!
dt aqzﬂ dt aq-i% dt ot , 498 ~NOsmaller!
. dL JL n 1
Recall Lagrange equations: | Pm = 5 ||(Pm =, |77 ; v 7B
dq g™ & S
o d b odg” L bdgm oL (4
, Tdt Mo dt ot
Use product rule. |
D d U TS
dt  dt i dt «——dt\—"—, ati __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pe*v — L(V) ( Thats the old Legengz’lie tmnsfornfz
5 Recall: —=0 and.: I
d aL dH ------ / apm aq )
D4 ML= = where: H P4 "-L dH 9
dt Jat  dt 50: 2L =P ym_

dp,, 9P,



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

L(q,q’, ):dL oL dq” 8L dq” GCC velocity: q'm:—m
di g di  ggm dr dt

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

Y dL  JL d oL di™ oL )
Lad:1)= dt g™ Z’t 3" Z’t ol ;
9 q,; , AYE ..
. 0L oL
Recall Lagmnge equatians; Py = aq—m D,=——

...smaller!

NO,BIGGER!
..NO,smaller!

7. dn
% N
A 3 (
. “‘ v
a ] : AR
' {
.. Y \EEal | |e.  EEmEae
' \
q . )
:
‘ .

AL bdgm Vagm ar ' m
L(4:4:1)= ar Pm Z’t " Pm Zt o y W“ '
Use product rule:
L'tdv+udv—d(m>) :@Z i(p ; ) _:E)_L )
dt dr dt dt «—dt—""1—, ati __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pe*v — L(V) ( That'’s the old Legengz’lie tmnsfornfz
5 Recall: —=0 and.: I
d aL dH ------ / apm g™ )
pmq —L|=——=—— where: H pmq — L .
dt ot dt so: 20 _Pmm_,
Hamilton's Ist GCC equationé

—q

Jp,




Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

-m
dL _ oL dq” 8L 4q GCC velocity: q'm:_m

La-d- ):dt og™ dt aqm dt dt

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L(q,q',t): + 5 &= NGBIGGER!
dt  3,m dt Mmoo dt ot . 298 [ .NOsmaller!
ac]+ 8q+ P o
. dL oL n 1L
Recall Lagrange equations: | Pm _8_’" Pm="n | ; -
q g™ & S
Lo dL ) odg” l di™ L {4
, Tdt Mo dt ot
Use product rule. |
AL _4k_ i(p q ) LoL
dt  dr dt dt «—dt """, ati __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pe*v — L(V) ( Thats the old Legengz’ze tmnsfornfz
5 Recall: —=0 and.: I
d aL dH ------ / apm g™ )
pmq — L |=——=—  Where: H P4 Ly .
dt ot dt so: 20 _Pmm_,
Hamilton's It GCC equatiori | Note: aL_O and: 99" _
aqm aqm

—q

Jp,




Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

-m
dL oL dq aL dq GCC VQIOCilj/.' qm:_m

Lad- ):dt og™ dt aqm dt dt

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ JL

Z(q,q',t) = + 5 &= NGBIGGER!
dt  3,m dt Mmoo dt ot . 298 ., [ .NOsmaller!
ac]+ 8q+ o 2
. _dL dL n 1
Recall Lagrange equations: | Pm= o [(Pm =0 | ; v 7B
q g™ & S
oo d b ag” L bdgm oL (4
, Tdt Mo dt ot
Use product rule. |
D d U TS
dt dr dt dt «—dt—""1—, ati __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pe*v — L(V) ( That's the old Legengz’lie tmnsfornfz
5 Recall: —=0 and.: I
d aL dH ------ / apm aq )
pmq —L|=——=— where: H P4 m_L .
dt ot dt so: 20 _Pmm_,
Hamilton's It GCC equatiori | Note: aL_O and: aL_O
,x"" an E aqm :
aH - M S I
—q - oH . JdL ,
dp =00y,
m g dq




Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

-m
dL _ oL dq” 8L 4q GCC velocity: q'm:_m

La-d- ):dt og™ dt aqm dt dt

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

. ...smaller!
L ,',t = + : —~ 1 !
(9-4:t)=—"= S o di TR
* 3

. 0L oL
Recall Lagrange equations: | Pm= aq_’" p,=——

7. dn
% N
A 3 (
. “‘ v
a ] : AR
' {
.. Y \EEal | |e.  EEmEae
' \
q . )
:
‘ .

oA bagm Lagm oo ' m
La.000)= da m Z’t " P Zt Yo Y W“ '
Use product rule:
PR _4k_ i(p q ) LoL
dt  drdt dt «—eat\ ", ati __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pe*v — L(V) ( Thats the old Legengz’lie tmnsfornfz
5 Recall: —=0 and.: I
d aL dH ------ / apm g™ )
pmq — L |=——=—  Where: H P4 Ly .
dt ot dt so: 20 _Pmm_,
Hamilton s 1st GCC equation; Note: aL_O and: aL_O Hamilton's 2nd GCC equation
Wy | 0y
aH . m S | aH . .
m dg" i og" |0




Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

-m
dL _ oL dq” 8L 4q GCC velocity: q'm:_m

La-d- ):dt og™ dt aq”” dt dt

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L(q,q',t) = -+ ol NGBIGGER!
dt  3,m dt mdt ot PR & [ NOsmaer
aQ¢ aq+ P =
. 0L oL o 1l \
Recall Lagrange equations: | Pm = 5 ||(Pm =, |77 ; -
dq dg"" &
N AR L bdgm oL (1) ‘
, Tdt Mo dt ot
Use product rule. |
i 2 = Ly L i(19 q") oL
dt  dr dt dt «—dt ", ati __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pe*v — L(V) ( Thats the old Legengz’lie tmnsformz
5 Recall: —=0 and.: I
d aL dH ------ ( apm aq )
D4 " _|=-—="—| where: H P, q" — L )
dt at dt a most peculiar relation SO IH — P q‘{”_o
M imvolving partialystotal 9Py OPm__
Hamilton's Ist GCC equationé Hamilton's 2nd GCC equation
q — =~ Py
0 g™
P q




Hamilton prefers Contravariant gmn with Covariant momentum p,

Deriving Hamilton s equations from Lagrange's equations
) [xpressing Hamiltonian H(pm,q") using gmn and covariant momentum pm
Polar-coordinate example of Hamilton s equations compared to Lagrange s
Hamilton s equations in Runga-Kutta (computer solution) form




Hamilton prefers Contravariant g with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pw

We already have: H=p ¢"—L and:1(q)=;Mg,q"q"-U and: p,= 3" =Mg g

Now we combine all these:



Hamilton prefers Contravariant g with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

-

We already have: H = p, q m_ [ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"

Now we combine all these:

H=p,q" = L= Mgmnq Cund 4~ U

= Mg, i"q"-5 Mg, qm4”+U



Hamilton prefers Contravariant g with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

-

We already have: H = p, q m_ [ and:L(§)= Mg q g -U and:._-p, =

=Mg,,.q"
Now we combine all these:
H=p,q" = L= Mgmnq Cund 4~ U
= Mg, ¢"q"—3 Mg, q"q"+U

This gives an “illegal dependence” for the Hamiltonian (It musn't be “explicit” in velocityq™)
1 -m - n _ Numerically
H 2 Mgmnq g +U=1I+U ( correct ONLY! )



Hamilton prefers Contravariant g with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

-

We already have: H = pmq — L and:L(¢)=, Mg q g -U and:._-p, =

=Mg,.q"
Now we combine all these:

H=p,q" = L= Mgm,,,q Cund 4~ U

= Mg, i"q"-5 Mg, q""é”+U

This gives an “illegal dependence” for the Hamiltonian (It musn't be “explicit” in velocityq".)

_l M -7 _ Numerically
H 2 Mgmnq g +U=1I+U ( correct ONLY'! )
An inverse metric relation ¢" = % g™ p, gives correct form that depends on momentum pm.
1 ( Formally and Numerically )
H = 2Mg pmpn+U r+U==Et correct
details on next pages




Details of metric tensor algebra:

_____

Given: H :%Mg I qmqn +U

__________

_________

________________

-
-
-
-
-
-
-
-
-

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

Metric tensor symmetry:

gmn = gnm

mn’ __  n'm
§ =8
(Always applies)



Details of metric tensor algebra:

_____

Given: H :%Mg I qmqn +U

__________

_________

-
-
-
-
-
-
-
-
-

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

Metric tensor symmetry:
Emn = Enm
mn’ __  n'm
§ =8
(Always applies)

Metric inversion symmetry:

M : / ’

T gmngmn =5"

n



Details of metric tensor algebra:

o 1 ,
. . _l | -m - N . m . mn
Given: H =5 Mgn.mq\ q + U Letq = IY; g pn
=1 Mg i _ _llg_ ’;/Im,pqn-l-U Metric tensor symmetry:
2emn " 8mn = Enm
1A na ' gl
=388 | Pyd" +U 5 =8
! . 1 (Always applies)
_len’  n_ 7 .on_ L m'n . | |
= 5n P49 +U where: q = Y, g pm/ Metric inversion S),/mmet,ry.
] / Emn& n
mn



Details of metric tensor algebra:

oy - _1 M T Let: " = — mn ,
Given:. H =3 Mgmnqq e eq M 8 pn
7 Mg 1 gmn,pqn+U Metric tensor symmetry:
2 mn M n Emn = Enm
—zgmng | Pyd"+U S
i (Always applies)
——5 n P n/q +U where: q M g m . pm/ Metric inversion S),/mmet,ry.'
| . 1 1 Emn& n
=5D,4 —|—U:§pnMg pm/+U
1
8" pyp,+U

2M



Hamilton prefers Contravariant g with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

-

We already have: H = p, q m_ [ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"
Now we combine all these:

H=p,q" = L= Mgm,,,q Cund 4~ U

= Mg, i"q"-5 Mg, q'm4”+U

This gives an “illegal dependence” for the Hamiltonian (It musn't be “explicit” in velocityq".)

_l M -7 _ Numerically
H 2 Mgmnq g +U=1I+U ( correct ONLY'! )
An inverse metric relation ¢" = % g™ p, gives correct form that depends on momentum pm.
1 ( Formally and Numerically )
H = ZMg pmpn+U r+U==Et correct

Polar coordinate Lagrangian was given as:

LFgrg)=  sM(g,7* +8,0")—U(r.9)



Hamilton prefers Contravariant g with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

-

We already have: H = p, q m_ [ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"
Now we combine all these:

H=p,q" = L= Mgmnq Cund 4~ U

= Mg, i"q"-5 Mg, q"”é”+U

This gives an “illegal dependence” for the Hamiltonian (It musn't be “explicit” in velocityq™)

_l M -7 _ Numerically
H 2 Mgmnq q +U=T+U ( correct ONLY! )
An inverse metric relation ¢" = % g™ p, gives correct form that depends on momentum pm.
1 ( Formally and Numerically )
H = 2Mg "pup,*U=T+U=E correct
Polar coordinate Lagrangian was given as: See covariant polar metric g, on next page (p35)

Lgrg)=  sM(g,F*+8,0)-Ur@)= ;MG +r*¢>)-U(r.9)



Covariant polar metric g [from p53 of Lecture 9]

Contravariant polar metric gt

Covariant gmn ~ vs. Invariant s, vs. Contravariant gmn
al’ al’ n m n
Em.En = - ° . Egmn Em‘En — arm ‘ aq :5:1 Em.En — aq o aq Egmn
dq" dq dqg” or or or
Covariant Invariant Contravariant
metric tensor Kroneker unit tensor metric tensor
Emn - gmn
1 ifm=n
5:15 3 f
0O ifm#n
Polar coordinate examples (again):
(1 1)
dx  ox ( A ( N
1 2 a—x=COS¢ a—x=—rsinq) izcosqb %:Sinq) «E =E
<J>= aq aq _ or a¢ <K>:<J_1>: ox 8y
2 2 00 —si 0
axl ax2 g_yzsin(P §—y=rcos¢ \af:: S;n¢ a(ypzcofd) —E=E°
\dg' 09g> ) \ U / /
TE, TE, TE, TE,
Covariant gmn Invariant §" Contravariant gmn
& 8 | | EE  EE, 6/ 8! | | EFE" EqE g" g” :[ E'«E E .E’ )
8or  8oo - Eq) ‘E, E¢ ° Eq) 5¢r 5¢¢ - Eq).E’ E¢°E¢ g¢r g¢¢ E’«E" E’.E’
_| 0 (10 (1 0
Lo 2 B 1 0 1/r°



Hamilton prefers Contravariant g with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

-

We already have: H = p, q m_ [ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"
Now we combine all these:

H=p,q" = L= Mgmnq Cund 4~ U

= Mg, i"q"-5 Mg, q””é”+U

This gives an “illegal dependence” for the Hamiltonian (It musn't be “explicit” in velocityq™)

_l M -7 _ Numerically
H 2 Mgmnq q U=T+U ( correct ONLY'! )
An inverse metric relation ¢" = % g™ p, gives correct form that depends on momentum pm.
1 ( Formally and Numerically )
H = 2Mg "pup,*U=T+U=E correct
Polar coordinate Lagrangian was given as: See covariant polar metric g, on p39
L(I;,(b,l",(l)) — %]‘4(&7”;2 T g¢¢¢2)_ U(I",¢) — %M(rz T 1”2‘¢2)— U(l’,¢)
Polar coordinate Hamiltonian is given here:
1
H(p,,p,.r9)=——(&"p, + 8" p,)+U(r,0)

2M



Hamilton prefers Contravariant g with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

-

We already have: H = p, q m_ [ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"
Now we combine all these:

H=p,q" = L= Mgmnq Cund 4~ U

= Mg, i"q"-5 Mg, q””é”+U

This gives an “illegal dependence” for the Hamiltonian (It musn't be “explicit” in velocityq")

_l M -7 _ Numerically
H 2 Mgmnq q U=T+U ( correct ONLY'! )
An inverse metric relation ¢" = % g™ p, gives correct form that depends on momentum pm.
1 ( Formally and Numerically )
H = 2Mg "pup,*U=T+U=E correct
Polar coordinate Lagrangian was given as: See covariant polar metric g, on p39
o 1 .2 12 1 2, 2 02
L(l’,(b,l",(l)): EM(grrr +g¢¢¢ )—U(l",¢): EM(F Tr ¢ )—U(l’,¢)
Polar coordinate Hamiltonian is given here: Contravariant polar metric g*° on p35

1 1 1
H(p. ,p,r0)=—(~" 0 +2"p)H)+U@r,0)=——(p> +—p )+ U(r,
(P, Dy>T9) Y, (& pr+8 p)+UT,0) Y, (p; > p)+UT.0)



Hamilton prefers Contravariant gmn with Covariant momentum p,

Deriving Hamilton s equations from Lagrange's equations
Expressing Hamiltonian H(pm,q") using gmn and covariant momentum pm
Polar-coordinate example of Hamilton s equations compared to Lagrange s
Hamilton s equations in Runga-Kutta (computer solution) form




Polar coordinate example of Hamilton s equations

1 1 1
H(p ,p. . r,0)=—(2"0°+ 2"+ U(r,0)=—(p* +— )+ U(r,
(P,sDysT>0) 2M(g p,+8 p)+UT.0) 2M(pr > p;)+U(r,9)
Hamiltonian — H(p,,p,,r,§)= ﬁ( p’ +ri2 -p§)+ U(r,0) in 2D-polar coordinates satisfies:
oH a1

Hamilton's 2nd equations.: =—D,,

. m
—q
dg"

Hamilton s 1st equations:

Jp,,



Polar caom’ina{e example of Hamiltonliv equatlions
H(p.,p,r.0)=—— (" p>+¢"pH+U(r,0)=——(p’ +— p)+U(r,
(P,sDysT>0) 2M(g p,+8 p)+UT.0) ZM(pr > p;)+U(r,9)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= W( pr+— -p§)+ U(r,0) in 2D-polar coordinates satisfies:
r

=g Hamilton's 2nd equations.: =~ Py

apm aqm

Hamilton s 1st equations:




Polar caom’ina{e example of Hamiltonliv equatlions

H(pr,p¢,r,¢)—m(grrpf+g¢¢ p)+U(r, (b)_z—(l?r +— p)+U(r,0)

: . 1 1 . : .
Hamiltonian — H(p,,p,.r.¢)= W(p +—2 p¢)+U(r ¢) in 2D-polar coordinates satisfies:

oH . JH

=g Hamilton's 2nd equations.: == Pm

apm aqm

Hamilton s 1st equations:

doH . doH oH . dH

a, apy or 0 1o




Polar coordinate example of Hamilton s equations

1 1 1
H(p ,p. . r,0)=—(2"0°+ 2"+ U(r,0)=—(p* +— )+ U(r,
(P,sDysT>0) Y, (& pr+g p,)+Ur,9) Y, (p; > p;)+U(r,9)
Hamiltonian — H(p,,p,,r.¢)= ﬁ(pf +ri2 -p§)+U (r,9) in 2D-polar coordinates satisfies:
n T, | o
Hamiltonis 1st equations: =q Hamilton's 2nd equations.: == Dy,
' apm dq
OH | oH oH oH
— =y E — = = _ =
o0p, 00 or o
J0H p,f
dp, M




Polar coom’ina{e example of Hamiltonliv equatlions

H(p,,p;»r9)= ﬁ(g”pf + 8" p)+U(r.¢)= 2—(1% +— p)+U(r,0)
Hamiltonian — H(p,,p,,r,§)= ﬁ( p: +i2 p¢)+U (r,9) in 2D-polar coordinates satisfies:
OH o & | - aH
Hamilton's 1st equations. =q Hamilton's 2nd equations.: == Dy,
apm dq
OH _. 9H . S| aH_ o _
dp, opy — F ar o9 0
oH _ rf 0H Py
op, M Ay My




Polar coom’ina{e example of Hamiltonliv equatlians

H(p ,p. . r,0)=—(2"0°+ 2"+ U(r,0)=—(p* +— )+ U(r,
(P,sDysT>0) Y, (& pr+g p,)+Ur,9) Y, (p; > p;)+U(r,9)
Hamiltonian — H(p,,p,,r,§)= ﬁ( p’ +rig'-p§)+U ({",gb) in 2D-polar coordinates satisfies.:
. : . aH -m i .‘\‘ . aH .
Hamiltonis 1st equations: =q " ~ Hamilton s 2nd equations: = P
- Dy dq
d0H o0H d0H 0H 5
= = 2 Z =
ap, 0, or o ¢
gH L am by IH _ . Py 9U(r9)
Py 8p¢ Mr? or 9 A3 or




Polar coordinate example of Hamilton s equations

1 1 1
H(p.,p.,r0)=— (2" 0°+ 2" pH+U@r,0)=—(p° +— p)+U(r,
(P,sDysT>0) 2M(g p,+8 p)+UT.0) 2M(pr > p;)+U(r,9)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= — (P’ +— -p§)+ U(r,0) in 2D-polar coordinates satisfies:
r‘\:' ‘\ ~“~~~~

2M 5
Hamlltangs 1st equations. =q “\Hamzlta{/l S Zﬂd@guatzans.' = — pm
of | o . OH ™ S OH
—_— :I/' _— ', —_— \_ . ~ —_—
a p 7 E a p ¢ ,",' al” \\\ \\\ “agi
i < 1 ) b H\‘A
gH _ 1;; o1 _ Py 01 __y P, U(9) g * U (r.9)
b 0Py Mr? o QMO Or ¢




Polar coordinate example of Hamilton s equations

1 1 1
H(p.,p.,r0)=— (2" 0°+ 2" pH+U@r,0)=—(p° +— p)+U(r,
(P,sDysT>0) 2M(g p,+8 p)+UT.0) 2M(pr > p;)+U(r,9)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= — (P’ +— -p§)+ U(r,0) in 2D-polar coordinates satisfies:
r‘\:' ‘\ ~“~~~~

M
Hamlltangs 1st equations: =q “\Hamzlta{/l S Zﬂd@guatzans.' =~ Py
: 0 P, ; . . J qm
M . oH _ ./ oOH . ™ b OH _
v Y N ) 1 T

oH _ipy o _ Py 01 __g Po U(9) gH G
P, M 8p¢ Mr? or S M or 0

p,.=Mr




Polar coordinate example of Hamilton s equations

1 1 1
H(p.,p.,r0)=— (2" 0°+ 2" pH+U@r,0)=—(p° +— p)+U(r,
(P,sDysT>0) 2M(g p,+8 p)+UT.0) 2M(pr > p;)+U(r,9)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= — (P’ +— -p§)+ U(r,0) in 2D-polar coordinates satisfies:
r\,' ‘\ ~“~~~~

2M E
Hamiltanéi&* 1st equations: oH =qm Hami;ib\n SNZNﬁd\equatiOnss oH =—p
: 0 P, ; g™ m

Yo a_H y 5 _ ~ oH
OH _ip; OH _ P 3 P aUre) 0~ oU(r.9)
%, D, M ) Py _Mrz 3 S + o do

i pr="Mr%
p; =Mr




Polar coordinate example of Hamilton s equations

1 1 1
H(p.,p.,r0)=— (2" 0°+ 2" pH+U@r,0)=—(p° +— p)+U(r,
(P,sDysT>0) 2M(g p,+8 p)+UT.0) 2M(pr > p;)+U(r,9)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= — (P’ +— -p§)+ U(r,0) in 2D-polar coordinates satisfies:
r\,' ‘\ ~“~~~~

M
Hamiltonis 1st equations: =q ~ Hamilton s 2rd.equations: == Py,
, J D, ; . . g™
OH _, oH ./ OH 5 ™ T 9H
57 e =P N
: v X ) 1 Tea
oH _ipy o _i Py 01 __g Po U(9) gH G
9P, M Ip ¢ M r? or 2 My dr ¢
& Py =Mre S
Gy Py oU(r
pr =Mr pr — ¢ o ( ,¢)




Polar coordinate example of Hamilton s equations

1 1 1
H(p ,p. . r,0)=—(2"0°+ 2"+ U(r,0)=—(p* +— )+ U(r,
(P,sDysT>0) Y, (& pr+g p,)+Ur,9) Y, (p; > p;)+U(r,9)
Hamiltonian — H(p,,p,,r,¢)= ﬁ( P+ riz ’°p;)+ U ({f,ﬁb) in 2D-polar coordinates satisfies.:
Hamiltonis 1st equations: =q ~ Hamilton s 2rd.equations: ==PD,,
OH . OH . S| aH s Tl M
D ) b T, 01 iU
gH :1;\9; o1 _ ,.»p¢ 9aH _ o Py N U (7,9) 5 ;r,(b)
Pr apq) M 2 or S 3 (?r ¢ ¢
. p,,': Ml"zé 2v b = _¢8U(r,¢)
an v . p M ¢ 0
pr =Mr pr — Y . aU(V,¢) ¢




Polar coordinate example of Hamilton s equations

1 1 1
H(p ,p,r,0)=— " p>+¢"p)+U(r,0)=——(p’ +—p)+U(r,
(P,sDysT>0) Y, (& pr+g p,)+Ur,9) Y, (p; > p;)+U(r,9)
Hamiltonian — H(p,,p,,r,¢)= ﬁ( P+ riz ’°p;)+ U ({f,ﬁb) in 2D-polar coordinates satisfies.:
Hamiltonis 1st equations: =q "/ ~ Hamilton s 2rd.equations: ==D,,
a_H:,; a_H: a_H_ [~ dH .
0Py § | oy i F or -39 0
D ) bR, 01 19U
gH =LE | aH P o __§ Po _UG9) - g’”"”
pl/' ',:'E apQ) '/ "MFZ ar \2.M73 alr ¢ ¢
py="Mr*¢ 2 py = U (r,9)
g B \4 . p aU \4 a
R L p =M= ‘f’3 _9U(,9) ?
My or




Polar coordinate example of Hamilton s equations

1 1 1
H(p ,p. . r,0)=—(2"0°+ 2"+ U(r,0)=—(p* +— )+ U(r,
(P,sDysT>0) Y, (& pr+g p,)+Ur,9) Y, (p; > p;)+U(r,9)
Hamiltonian — H(p,,p,,r,¢)= ﬁ( P+ riz ’°p;)+ U ({f,ﬁb) in 2D-polar coordinates satisfies.:
Hamiltons st equations: =q ~ Hamilton s 2rd.equations: =" Pp
01 _ . oH _ OH ™, b OH
op | S T g
D ) b I, o1 i dU(r,
p]/- '."E apq) . 'Mrz a]/' XMF3 alr ¢ ¢
v p(;=7\4r2¢ 5 v by = YU Egr,(p)
N Py oU
pl" —MV '"'"""'"""'"""'"""'::;:::;“*pr :M’,. — ¢3 _ (7",¢) ¢
~~~~~~~~~~~~~ Mr or



Polar coordinate example of Hamilton s equations

1 1 1
H(p.,p.,r0)=— (2" 0°+ 2" pH+U@r,0)=—(p° +— p)+U(r,
(P,sDysT>0) 2M(g p,+8 p)+UT.0) 2M(pr > p;)+U(r,9)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r.¢)= W(pf +— -p§)+ U(r,0) in 2D-polar coordinates satisfies:
AR

Hamiltonis 1st equations: =q v Hamilton's 2nd.equations: =—DPu
aH :r E aH _ . "",,' a—H_ “‘:\“ “‘\‘\ \,“\\\\ aH o
v ¥ 3 N T
o _ 0H _i Py A __§ Pi, dU(.9) gH :;aUg’“‘P)
apr M ap¢ Mrz 7 \XMI”3 a’, ¢ ¢
pl="Mr’¢ ; Py = FU(r,9)
ay T Py oU(r 0
pl” =My oo "pr =My = ¢3 — (V,¢) ¢
T Mr dr
= Mrg?-0,U(r9)
\ . » 2. i
L — . Dy =2Mrig+Mrog=-0,U(r.9)

Compare these Hamilton s equations to Lagrange s on next page...



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity. ( Review Of Lecture 9 )
L(v)=;Mvev=U = ; Mit-t-U = ;M(E,q")E,§")-U=;M(g,,q"q")-U=L(q)

Use polar coordinate_ Covariant gm, metric (1-page back) [ 8 8w }z[ E
8or  8op

This gives polar GCC form (Actually it's an OCC or Orthogonal Curvili
L(7,0) ——M(grrr + g¢¢q) ) =U(r,0) ——M(l 724 r?

GCC Lagrange equations follow. It L-equation is momentum pm definition for each coordinate q™:

oL Nothing too surprising; 9L . ~ Wow! gy gives moment-of-inertia
p.=—=Mg r=Mr radial momentum p, has the Py ==7=Mg,0= Mrl¢  factor Mr? automatically for the

Jr usual linear M-v form 9 angular momentum po=Mro.

2nd [ -equation invglves total time derivative pm for each momentum pm:

oL Mag¢¢¢ a_U . oU Centrifugal . dL oU

Pr= dr 2 0 Br_Mr(p_g Jorce Mro? Fe ¢

.7 g : : w_ d
Find pn, directly from 15t L<equation:p,, = o M(g,,d") =M (8,4 8.d") |[Equate it to P,,in 2 L-equation
iy d ................................... T l p
) =2 — M ¥ . . . L ﬂ .- lorque relates to two distinct parts:
Pr dt Centrifugal (center-fleeing) force Py = dt 2MW¢+ Mr 0 Corzolzs and angular. acceleration
equals total - T s St et
=M r¢ ——  Centripetal (center-pulling) force =0—— Angular momentum py is conserved if
or 99 potential U has no explicit O-dependence



Hamilton prefers Contravariant gmn with Covariant momentum p,

Deriving Hamilton s equations from Lagrange's equations
Expressing Hamiltonian H(pm,q") using gmn and covariant momentum pm
Polar-coordinate example of Hamilton s equations compared to Lagrange s
=y Hamilton's equations in Runga-Kutta (computer solution) form




Polar coordinate example: Hamilton's equations in Runga-Kutta form

2
Py dU(r,9)
M or
= Mr¢*>—0,U(r,0)

p,=Mr p,. =My =
p¢=Mr2¢5 p(p =2Mrfq5+ Mr2(5=—a¢U(r,¢)

Runga-Kutta form.
X=X (X, X5, X3,...)

Xy =X (X1,X5,X3,...)
X3=X5(X],X5,X3,...)



Polar coordinate example: Hamilton's equations in Runga-Kutta form

2
Py dU(r,9)
M or
= Mr¢*>—0,U(r,0)

p,=Mr p,. =My =

p¢=Mr2¢5 p¢ =2Mrfq5+ Mr2(5=—8¢U(r,¢)

Hamiltonian egs. in Runga-Kutta form:
Runga-Kutta form: X =% (X1,X,X7,...)
1 I\ 2207300

- _&
r V(rapr9¢9p(p) — M xzzxz(x1,x29x3,”.)
) .o
P =P 10,50, 0y) = 3 =0, U(r.9)
. p¢
O=0(r,p,..0,py) =
r ¢ M2

p¢=p¢(r,pr,¢,p¢) = _8¢U(79¢)



Examples of Hamiltonian mechanics in effective potentials

» Lsotropic Harmonie Oscinator I polar coordinates and effective potential (Web Simulation: OscillatorPE - IHO)
Coulomb orbits in polar coordinates and effective potential (Web Simulation: OscillatorPE - Coulomb)



https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=2
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=3

Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pm-conservation

Consider polar coordinate Hamiltonian for Lovopic Humone Oscinaor potential U(r) =kr?/2:
1 1 1 k-r’

Hp ,p..r.0)=— (" p>+0"p N+ kr’/2=—(p° +—p. )+ ——=FE = const.
(D,sDyst ) 2M(g P +gpy) 2M(pr > Ps) >



Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Humonic Oscinaor potential U(r) =kr?/2:

1 1 1 k-r’
Hp ,p..r.0)=— (" p>+0"p N+ kr’/2=—(p° +—p. )+ ——=FE = const.
(D,sDyst ) 2M(g P +gpy) 2M(pr > Ps) >
H is not explicit function of ¢ , and so Hamilton's 2nd says: p¢ = —aa—fp[ =0

Thus momentum pg is conserved constant. p o= ¢ = const.



Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Humonic Oscinaor potential U(r) =kr?/2:
1 1 1 k-r’

Hp ,p.,r,0)=— (" p°+"p N+ kr’2=—(p°+—p. )+ ——=E = const.
(D,sDyst ) Y (& p +8 py) Y (p, > Ps) >
H is not explicit function of ¢ , and so Hamilton's 2nd says: qu = —aa—[(—p[ =0

Thus momentum pg is conserved constant. p o= ¢ = const.

2 ) 2 2 ) 2
k- 14 k-
p_” p(P -+ d — P, + + ; = E = const.




Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Humonic Oscinaor potential U(r) =kr?/2:

1 1 1 k-r’
H(p ,p,,r.0)=—("p>+"p )+ kr’2=—(p°+—p,°)+——=FE = const.
PysDystsQ Sy 8 Pt E P VAR 5
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: qu = —aa— =0 | Same applies to any
Thus momentum p is conserved constant. p y = L= const. ? radial potential U(r)
_______________________________ “effectiye” PE
2 -2 fe-72 2 [;z fe-72 5 . 5 “real” PE
r r
pr+ p¢2+ =pr+ -+ = E = const. E:p” + £ +U(r)
2M  2Mr 2 2M  2Mr 2 M  2Mr?

“centifugal-barrier” PE




Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Humonic Oscinaor potential U(r) =kr?/2:

1 1 1 k-r’
H(p ,p,,r.0)=—("p>+"p )+ kr’2=—(p°+—p,°)+——=FE = const.
PysDystsQ Sy 8 Pt E P VAR 5
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: qu = —aa— =0 | Same applies to any
Thus momentum p is conserved constant. p y = L= const. ? radial potential U(r)
“effective” PE
2 2 2 2 2 red
k-r 4 k-r . ?
Py p¢2+ =Ly -+ = E = const. E=f_4 ‘ +U(r)
2M  2Mr* 2 2M  2Mr* 2 2M  2Mr’

2
“centifugal-barrier” PE

Solving for momentum : p> = 2ME — — = Mk-r?
r



Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Humonic Oscinaor potential U(r) =kr?/2:

1 1 1 k-r’
H(p ,p,,r,0)=—(g"p>+2"p )+ kr’/2=—(p° +— Y+ — = E = const.
PysDystsQ Sy 8 Pt E P VAR 5
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: qu = —aa— =0 | Same applies to any
Thus momentum p is conserved constant. p y = L= const. ? radial potential U(r)
_______________________________ “effectiye” PE
2 2 2 2 2 2 > B > “real)’ Pk
k-r 14 k-r Son
—pr+ p¢2+ :pr+ -+ = E = const. E:pr + ¢ +U(r)
2M  2Mr* 2 2M  2Mr* 2 2M  2Mr’
f g “centifugal-barrier” PE
Solving for momentum : p> = 2ME —— — Mk-r’ ‘

2
prsz:\/ZME—g——Mkr =2 \/E— _k

r OMr* 2



Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Humonic Oscinaor potential U(r) =kr?/2:

1 1 1 k-r’
Hp ,p.,r,0)=— (" p°+"p N+ kr’2=—(p°+—p. )+ ——=E = const.
(D,sDyst ) 2M(g po+gDpy) 2M(pr > Ps) >
H is not explicit function of ¢ , and so Hamilton's 2nd says: qu = —aa—H =0 | Same applies to any
Thus momentum p is conserved constant. p y = L= const. ? radial potential U(r)
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Humonic Oscinaor potential U(r) =kr?/2:

1 1 1 k-r’
Hp ,p.,r,0)=— (" p°+"p N+ kr’2=—(p°+—p. )+ ——=E = const.
(D,sDyst ) 2M(g po+gDpy) 2M(pr > Ps) >
H is not explicit function of ¢ , and so Hamilton's 2nd says: qu = —aa—H =0 | Same applies to any
Thus momentum pg is conserved constant: p yp =L = const. ? radial potential U(r)
2 - ()ﬁe%v% Pf’PE
2 2 2 2 2 red
k- ¢ k- 2 2
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p,=Mr = 2ME ——— Mk-r” =~N2M ,|E - =
r 2Mr= 2
.2 2
Radial KE is: Mr =F — ! > = E-1’2
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Humonic Oscinaor potential U(r) =kr?/2:

1 1 1 k-r’
Hp ,p.,r,0)=— (" p°+"p N+ kr’2=—(p°+—p. )+ ——=E = const.

(D,sDyst ) 2M(g po+gDpy) 2M(pr > Ps) >
H is not explicit function of ¢ , and so Hamilton's 2nd says: qu = —aa—H =0 | Same applies to any
Thus momentum pg is conserved constant: p yp =L = const. ? radial pofential u(r)
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Humonic Oscinaor potential U(r) =kr?/2:

1 . 1 1 k-r’
H(p,spysrs®) =~ (s p,+8%p )+ kr?2= ﬁ(pf t )+ — = E=const.
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: qu = —aa—(p =0 Same appliesoto any
Thus momentum pg is conserved constant: p yp =L = const. radial potential U(r)
............................... _ljectiye PE_
2 ) 2 2 ) o) “real” PE
k-r / k-r 2 2
Pr_ + p¢2+ o + -+ = E = const. E:pr + +U(r)
2M  2Mr* 2 2M 2Mr® 2 2M  2Mr’
2
. “centifugal-barrier”
Solving for momentum : p> = 2ME — — = Mk-r? e -
r
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Radial KE is- Mr _E_ 14 B E-}"z r<=0 and r>=max amplitude
2 2Mr® 2 (- : A
Radial velocity: Time vs v for any radial U(r):
Cdr 2E P ko, . " i dr
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https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=2

Examples of Hamiltonian mechanics in effective potentials

Lsotropic Harmonie Oscinator I polar coordinates and effective potential (Web Simulation: OscillatorPE - IHO)
» Coulomb orbits in polar coordinates and effective potential (Web Simulation: OscillatorPE - Coulomb)



https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=2
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=3
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From p. 74 Lect. 6, on next page



https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=74
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https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=75

Sophomore-physics-Earth\inside and out: “3-steps to Hell”
crushed to 1/2: (R.=6.4-10m crushed to R-/2=3.2-106m )

Suppose Earthradius

Fromp. 79 Lect. 6 /
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https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=79

Next Hamiltonian Lecture 11 ...

Examples of Hamiltonian mechanics in phase plots
1D Pendulum and phase plot (Web Simulations: Pendulum, Cycloidulum, Jerklt (Vertically Driven Pendulum))
ID-HO phase-space control (Classic Simulation of “Catcher in the Eye”, Web Simulation:Jerklt)

Web Simulation of atomic classical (or semi-classical) dynamics using varying phase control

Normally we’d stop here



https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=FVPlot
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=FVPlot

1D Pendulum and phase plot
(a) Force geometry (b) Energy geometry (c) Time geometry

=-MgRcos0

! /Z(Mg/R)x2

x=R sin0) X
____________ h
xX°=h(2R-h) ~ 2hR
(Euclid mean)

NOTE: Very common
loci of £ sign blunders

|

Lagrangian function L= KE - PE = T - U where petential energy is U(0) = —MgRcos0

L(,6)= %192 —U(9) = %192 + MgR cos6




1D Pendulum and phase plot
(a) Force geometry (b) Energy geometry (c) Time geometry

=-MgRcos0

! /Z(Mg/R)x2

x=R sin®

2 NOTE: Very common
x“=h(2R-h) ~ 2hR loci of + sign blunders

(Euclid mean) — l

Lagrangian function L= KE - PE = T - U where petential energyis U(0) = —MgRcos0

L(,6)= %192 —U(9) = %192 + MgR cos6

Hamiltonian function H= KE + PE = T +U where potential energy is U(0) = —MgR cos0

1 1
H(pg,0) = Epez +U(0) = Epez — MgRcos6 = E =const.



1D Pendulum and phase plot
(a) Force geometry (b) Energy geometry (c) Time geometry

=-MgRcos0

! /Z(Mg/R)x2

x=R sin®

2 NOTE: Very common
x“=h(2R-h) ~ 2hR loci of + sign blunders

(Euclid mean) — l

Lagrangian function L= KE - PE = T - U where petential energyis U(0) = —MgRcos0

L(,6)= %192 —U(9) = %192 + MgR cos6

Hamiltonian function H= KE + PE = T +U where potential energy is U(0) = —MgR cos0

1 1
H(pg,0) = Epez +U(0) = Epez — MgRcos6 = E =const.

lWZleeS Pg = \/2I(E+ MchosQ)
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.- Stable
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Example of plot of Hamilton for 1D-solid pendulum in its Phase Space (0,pg)

H(pQ,Q):Ezz—llpez—Mchosé?, or: pQ:\/ZI(E+Mchos(9)

6

6=0




O=+m

S]‘}ggf f Saddle
Point
69 0=0
Stable
Point
Example of plot of Hamilton for 1D-solid pendulum in its Phase Space (0,pg)

H(pQ,Q):Ezz—llpez—Mchosé?, or: pQ:\/ZI(E+Mchos(9)

Funny way to look at Hamilton's equations.

i dJ,H .
=g T enX (~VH )=(H-axis) X (fall line), where:
P Vg

(H-axis)=ey=e X e,
(fall line)=-VH

(unstable
“balancing”

point)



Fig.2.7.2 Phase portrait or topography map for simple pendulum

(Unit 2 Chapter 7 Fig. 2)



U(Y)=(1/2)kY?+Mg Y

y=-6

u=>s /

u(v)= (1/4)y° + /
u=2 :

f)=-(1/2)y -1 uly)=y
=T 7
Ysjift: Mg /k ¢
y=-5  y=AN_ [yT3 vy yaL o oy e
Ushifi= -(Mgﬁw\/

Unit 1
Fig. 7.4

Web Simulation of atomic classical (or semi-classical) dynamics using varying phase control

gt atom K™

Reset Field



https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=FVPlot

