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particles from Au+79 nucleus at O 
Assume “Dead-On” closest approach 2a. 
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         (tiny)

a

a

a

a
baε

aε
ε =4/3 (Hyperbola)

bb
d
ir
e
c
tr
ix

d
ir
e
c
tr
ix

a

a

a
a

b
aε

aε

ε =4/3
(H
yp
erb
o
la
)b

b

d
ir
e
c
tr
ix

d
ire
c
trix

Alpha-particle beam direction →

Gold nuclear target →

Rutherford scattering geometry... 
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Rutherford scattering of α+2 
particles from Au+79 nucleus at O 
Assume “Dead-On” closest approach 2a. 
             (E=k/2a)        a~10-11m >>7.3·10-15m

 Au radius~7.3·10-15m  
         (tiny)

Pick an “impact parameter” line y =b. 
Draw circle of radius a around  
center point C=(-a,b) tangent to y-axis. 
Draw “focus-locus” line OCF. 
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Rutherford scattering of α+2 
particles from Au+79 nucleus at O 
Assume “Dead-On” closest approach 2a. 
             (E=k/2a)        a~10-11m >>7.3·10-15m

 Au radius~7.3·10-15m  
         (tiny)

Pick an “impact parameter” line y =b. 
Draw circle of radius a around  
center point C=(-a,b) tangent to y-axis. 
Draw “focus-locus” line OCF. 

Copy angle ∠BCF (equal to Φ/2) 

to make angle ∠FCB′ (also equal to Φ/2) 

Resulting line CB′ is outgoing asymptote 
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particles from Au+79 nucleus at O 
Assume “Dead-On” closest approach 2a. 
             (E=k/2a)        a~10-11m >>7.3·10-15m

 Au radius~7.3·10-15m  
         (tiny)

Pick an “impact parameter” line y =b. 
Draw circle of radius a around  
center point C=(-a,b) tangent to y-axis. 
Draw “focus-locus” line OCF. 

Locate secondary focus O′ by drawing 
circle around point C of diameter CO  
thru point O. Diameter O′CO is 2aε. 
Hyperbolic orbit points P now found 
using constant 2a=PO-PO′

Copy angle ∠BCF (equal to Φ/2) 

to make angle ∠FCB′ (also equal to Φ/2) 
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http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=Rutherford
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Particle-circle-center 
creeps toward focus?

F C

CoulIt Web Simulation 
Rutherford Scattering

http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=p19
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=p19


b=
impact parameter

db

2a

Θ(b)

dΘ

Rutherford scattering geometry

r´r
2a

F

F´

2a =r-r´ contact point
P

2a 2a

r´

r-r´ =2a applies
to each point on
upper hyperbola
and to the contact
point P for the
envelope parabola

r

b hy
pe
rb
ol
ic

Fo
cu
sL
oc
us

hyperbolic
impact
parameter

aε

incoming
asymptote

outg
oing

asy
mpt
ote

p=2a circle of curvature
at min-point
of parabola

parabola
focal-directrix
ttaannggeenntt--kkiittee

“Kite” geometry of envelope parabola

en
ve

lo
pe

 p
ar

ab
ol

a 
di

re
ct

ri
x 

r′

aε

2a

Hyperbola 
2nd focus F′  
is (-2a,+2b)

Envelope parabola 
2nd focus F′  
is (-∞,+2b)

-∞

p

p

slope=1/2
y =-p

0

p

2p

3p

4p

x =0 p 2p 3p 4p

Parabola
4p·y =x2=2λ·y

tangent slope=-5/2

Recall parabolic “ kite” geometry

(Unit 1 Chapter 9)



Rutherford scattering geometry “Kite” geometry of envelope parabola

b=
impact parameter

db

2a

Θ(b)

dΘ

aε

a

Hyperbola 
2nd focus F′  
is (-2a,+2b)

Envelope parabola 
2nd focus F′  
is (-∞,+2b)

-∞ r´r
2a

F

F´

2a =r-r´ contact point
P

2a 2a

r´

r-r´ =2a applies
to each point on
upper hyperbola
and to the contact
point P for the
envelope parabola

r

b hy
pe
rb
ol
ic

Fo
cu
sL
oc
us

hyperbolic
impact
parameter

aε

incoming
asymptote

outg
oing

asy
mpt
ote

p=2a circle of curvature
at min-point
of parabola

parabola
focal-directrix
ttaannggeenntt--kkiittee

en
ve

lo
pe

 p
ar

ab
ol

a 
di

re
ct

ri
x aε

r′
a

a

a



60°

-30°

30°

0°

-90°

150°

-120°

80°
70°

50°

40°

20°

10°

90°100°

-20°

-40°

-50°

-60°

-70°
-80°

-100°
-110°

-130°

-140°

-150°

-160°

-170°

180°

170°

160°

140°

130°

120°

110°

F
-10°

10°

20°

30°

40°

50°

60°

70°
80°

-10°

-20°

-30°

-40°

-50°

-60°

-70°
-80°

b=3 hyberbola contacts parabola

b=3

b=4

b=6

b=5

b=2

b=1

b=0

b
a
= tanΦ

2
Φ
2
= tan−1 b

a

71.57° = tan−1 3
1



b=
impact parameter

db

2a

Θ(b)

dΘ

Rutherford scattering geometry

r´r
2a

F

F´

2a =r-r´ contact point
P

2a 2a

r´

r-r´ =2a applies
to each point on
upper hyperbola
and to the contact
point P for the
envelope parabola

r

b hy
pe
rb
ol
ic

Fo
cu
sL
oc
us

hyperbolic
impact
parameter

aε

incoming
asymptote

outg
oing

asy
mpt
ote

p=2a circle of curvature
at min-point
of parabola

parabola
focal-directrix
ttaannggeenntt--kkiittee

“Kite” geometry of envelope parabola

en
ve

lo
pe

 p
ar

ab
ol

a 
di

re
ct

ri
x 

r′

aε

2a

Hyperbola 
2nd focus F′  
is (-2a,+2b)

Envelope parabola 
2nd focus F′  
is (-∞,+2b)

-∞

(Unit 1 Chapter 9)

hy
pe

rb
ol

ic
 

ce
nt

er
 lo

cu
s

p

p

slope=1/2
y =-p

0

p

2p

3p

4p

x =0 p 2p 3p 4p

Parabola
4p·y =x2=2λ·y

tangent slope=-5/2

Recall parabolic “ kite” geometry



r´

r

2a

F

F´

contact

point

Parabola

contacts

Rutherford

Hyperbolas

of various b

at the point

where they

intersect with

equal slope2a

p=2a

2a

incoming

asymptote

o
u
tg
o
in
g

a
sy
m
p
to
te

bhyperbolic

impact

parameter

Special case: b=2a

Contact tangent

has unit slope

P

b=
impact parameter

db

2a

Θ(b)

dΘ

Rutherford scattering geometry

r´r
2a

F

F´

2a =r-r´ contact point
P

2a 2a

r´

r-r´ =2a applies
to each point on
upper hyperbola
and to the contact
point P for the
envelope parabola

r

b hy
pe
rb
ol
ic

Fo
cu
sL
oc
us

hyperbolic
impact
parameter

aε

incoming
asymptote

outg
oing

asy
mpt
ote

p=2a circle of curvature
at min-point
of parabola

parabola
focal-directrix
ttaannggeenntt--kkiittee

“Kite” geometry of envelope parabola

en
ve

lo
pe

 p
ar

ab
ol

a 
di

re
ct

ri
x 

r′

aε

2a

Hyperbola 
2nd focus F′  
is (-2a,+2b)

Envelope parabola 
2nd focus F′  
is (-∞,+2b)

-∞

hy
pe

rb
ol

ic
 

ce
nt

er
 lo

cu
s



xρ−

y

b=impact
parameter

F

Θ=scattering angle

a

bΘ/2

Φ/2

Φ/2

Φ = π − Θ2 2 2

backwardforeward

a

aa

F′

r

r′

Recall parabolic “ kite” geometry

b=
impact parameter

db

2a

Θ(b)

dΘ

Rutherford scattering geometry

r´r
2a

F

F´

2a =r-r´ contact point
P

2a 2a

r´

r-r´ =2a applies
to each point on
upper hyperbola
and to the contact
point P for the
envelope parabola

r

b hy
pe
rb
ol
ic

Fo
cu
sL
oc
us

hyperbolic
impact
parameter

aε

incoming
asymptote

outg
oing

asy
mpt
ote

p=2a circle of curvature
at min-point
of parabola

parabola
focal-directrix
ttaannggeenntt--kkiittee

“Kite” geometry of envelope parabola

en
ve

lo
pe

 p
ar

ab
ol

a 
di

re
ct

ri
x 

r′

aε

2a

Hyperbola 
2nd focus F′  
is (-4a,+2b)

Envelope parabola 
2nd focus F′  
is (-∞,+2b)

-∞

r´

r

2a

F

F´

contact

point

Parabola

contacts

Rutherford

Hyperbolas

of various b

at the point

where they

intersect with

equal slope2a

p=2a

2a

incoming

asymptote

o
u
tg
o
in
g

a
sy
m
p
to
te

bhyperbolic

impact

parameter

Special case: b=2a

Contact tangent

has unit slope

P

(Unit 1 Chapter 9)

hy
pe

rb
ol

ic
 

ce
nt

er
 lo

cu
s



Rutherford scattering and hyperbolic orbit geometry 
        Backward vs forward scattering angles and orbit construction example 
        Parabolic “kite” and orbital envelope geometry 
        Differential and total scattering cross-sections 
Eccentricity vector ε and (ε,λ)-geometry of orbital mechanics 
Projection ε•r geometry of ε-vector and orbital radius r 
          Review and connection to usual orbital algebra (previous lecture) 
Projection ε•p geometry of ε-vector and momentum p=mv 
General geometric orbit construction using ε-vector and (γ,R)-parameters 
         Derivation of ε-construction by analytic geometry 
Coulomb orbit algebra of ε-vector and Kepler dynamics of momentum p=mv 
         Example of complete (r,p)-geometry of elliptical orbit 

Connection formulas for (γ,R)-parameters with (a,b) and (ε,λ)  

      



Incremental window dσ=b·db  normal to beam axis at x=-∞ scatters to area 
onto a sphere at R=+∞ where  is called the incremental solid angle                          
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Fig. 5.3.2 Family of iso-energetic Rutherford scattering orbits with varying impact parameter.

  dA = R2 sinΘdΘdϕ = R2dΩ

  dΩ = sinΘdΘdϕ

Rutherford scattering geometry 

Also: Approximate 
model of deep-space 
H-atom scattering 
from solar wind 
as our Sun travels 
around galaxy. 
Lyman-α shock wave 
found just inside Mars 
orbital radius 2a~1.2Au.
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Rutherford scattering geometry 

Rutherford (Coulomb) scattering 
has infinite (∞) total cross section

Two Extremes:

σ = dΩ∫
dσ
dΩ

= dΩ∫
k4

16E2
sin−4 Θ

2
= ∞

Hard-sphere scattering has  
finite (2πr2 here) total cross section

CoulIt Web Simulation 
Hard Sphere

http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=p32
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=p32
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for momentum functions:

   

 Px =m!x = −mk
L

sinφ

and  

Py =m!y =mk
L

(cosφ− ε )
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CoulIt Web Simulation 
Elliptical with 

Momentum

http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=p92
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=p92
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=p92
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Now we relate a 4th pair: 4.Initial (γ,R)
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