U(2)~R(3) algebra/geometry in classical or quantum theory

(Classical Mechanics with a BANG! Units 4-6, Quantum Theory for Computer Age - Ch. 104-B of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 5 and Ch. 7 )

Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(0fy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications) ¢
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Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

»Euler—deﬁned state |0y described by Stoke's S-vector, phasors, or ellipsometry
Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) -t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa
Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)

A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = i D
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
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http://www.uark.edu/ua/modphys/markup/ColorU2Web.html?cInd=2&polAngle=84&aziAngle=68
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Each point {E,E>} defines 2D-HO phase space or analogous W-space given by 2D amplitude array:
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U(2) World : Complex 2D Spinors Ellipsometry of U(2) states
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Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry
»Darboux defined Hamiltonian H[@O®]=exp(-i§2+S) t and angular velocity Q(@Y)t=0O-vector

Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa
Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)
A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = i D
+i
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Euler R(oyy) versus Darboux R[@YO]
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Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O].
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Euler R(oyy) versus Darboux R[@YO]
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Euler R(oyy) versus Darboux R[@YO]
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Euler R(oyy) versus Darboux R[@YO]
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Euler R(oyy) versus Darboux R[@YO]
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Euler R(oyy) versus Darboux R[@YO]
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Euler R(oyy) versus Darboux R[@YO]
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Euler R(oyy) versus Darboux R[@YO]
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e eeemmeemmeeemeeeemesiiiiiiiiiiiiiiiaiiiiseeiiesesisseeiseesiceeenceeenn | : cos® sind Sin@ sin® cos®’
Euler R(cef}y) is simpler to form than ©-axis Darboux R[@¥0O]. : E : 5 b :
.. ' " ' cos——icos¥sin— —sin—(sin@sin ¥} +icos@sin ¥
Euler state definition lets us relate R(ofy) = R[@0¥0O] ... : ! P 2 2 (sing psin?)

sing(singosinz?—icosq)sim?) cos9+icos19sin9
2 2 2

_la+y _la_y x+lp ---------------------- A SEEEEEEEE=
2 ﬁ 2 . ﬁ 1 1 1 . . ~' . . .
e cos—~ —e sin"> -p, = sin[(y=0)/2] sinf/2;= O sin®/2 = cos@ sin¥ sinO/2
2L g LA B x, =:cos[(y—0)/2] sinf/2i= ©, sin®/2 =sing sin® sin®/2
e 2 sinz e 2 cos 0 X, +ip, T TTTTTTTTTTTmmImmmmmmmamamsssns s



Euler R(oyy) versus Darboux R[@YO]

e Euler Angle Dial An
Euler Angle Dial B astronomer’s
Y (Polar coordinate) diagram
(Twist coordinate)

X3

B

(a)

Euler

angle _
goniometer

,"’A S

_——

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R@0O)  Second rotation R(030) R(OOy)

| aBy)= R(aPy)|000) (opymake better coordinates)

I
A Sets the 3 dial From Lecture 22
/) page 62 to 70
%
Sets the Q dial Lecture 22 Axis-Angle Scale
- page 92 to 93 9
(w—Axis Azimuth)
R((x around Z)
o B - B cosg—i(:) sing —isin—(C:) —i® )
i e sin’ s 2 277" 9 Y —iH¢
R(apy)=| ¢~ » _ R[6 |- o . o =R[pv0|=¢
0 e . 2 Cosg —ismz(@ +i®Y) cosz+i®zsm5
— COs +7COSE 1o 0 Sinaﬂ/cosé ZECOSQ 10 -1 6 sing—i 0 = ¢) sing—i b0 ¢) s1n9
. 2 2001 -1 ); 2 o200 1 2 P00 )2 01 )2
D eeemoeeemeeeemceeeesoesiiiliiiiiiiiiiiiiiiiiiiiasesiisaeeiiseeesiseeesioen i : cos@ sind sing sin9 [cosd
Euler R(cef}y) is simpler to form than ©-axis Darboux R[@¥0O]. : ¥ : 5 kbl :
.. ' t ' cos— —icosvsin— —sin—(sin@sin? +icos@sin ¥}
Euler state definition lets us relate R(ofy) = R[@0¥0O] ... : ¥ P 2 2 (sing psin?)

_ &Y &7 1 x1+ip1 ................
e ? cosﬁ —e 2 s1nﬁ -p, = sin[(y—t)/2]

o=y oty B x, =:cos[(y—01)/2]
e 2 sinﬁ e 2 cosﬁ 0 X, +ip, B

Axis-Angle Dial

O=821

(Angle of Crank Rotation)

Axis-Angle Scale

)

(—Axis Polar Angle)

4 o
e_iE COSE
y2
‘TaﬁY> -
o
eZE sinﬁ
\: R(aﬁ}/)| Too()>

sing(singosinz?—icosq)sim?) cos9+icos19sin9
2 2 2

.......... U(2) operator vs(x,p)
x+ip,  -x,tip,
=:sin@ sind sin©O/2 i

=cos( sind sin®/2

X,+ip,



Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) -t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)

A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = i D
+i



Euler R(apy) related to Darboux R[@OO](So:R(a3y)=R[@HO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eVO]|1)

;oY B ;oY B i oty B X +ip, x, = cos[(y+w)/2]cos f/2 = cos®/2
e 2 cos— —e 2 sin— e 2 cos— . : A B : :
) ) _ 2 | —P,= sin[(y—o)/2]sin3/2 = O, sin®/2 = cos@sin?} sin®/2
<L g LB 2T g x,= cos[(y—)/2]sinf/2 = O, sin®/2 = sing sin®) sin©®/2
e sin— e COS— e sin— : _
2 2 0 2 24Py ) _p =sin[(y+a)2]cosf/2 =0, sin®/2=  cosd) sin®/2



Euler R(apy) related to Darboux R[@OO](So:R(a3y)=R[@HO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eVO]|1)

—ia?’ B —i“;’ B 1 _i“;y B X +ip, omzeos[(yro)2]cos 2= cosO/2
€ COSE ¢ Sm? B € COSE B —p,=sin[(y—a)/2]sin§/2 = ©. sin®/2 = cospsin® sin®/2
A B A oA . x,=cos[(y—)/2]sin3/2 = O, sin®/2 = sing sin® sin®/2

e 2 sin- e % cos— 0 e 2 sin- X,+ip, | . . _
2 2 2 2202 ) —p=sin[(y+a)/2]cos /2 =@, sin@/2 = cosV sin@/2



Euler R(apy) related to Darboux R[@OO](So:R(a3y)=R[@HO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eVO]|1)

= T S g xpkip, | M=eos{(yro)2]eosf2= c0sO/2
e 2 cos— —e 2 sin— e 2 cos— 5 L : A B : .

) 2 _ 2 | L —Dy= sin[(y—o)/2]sinf3/2 = O, sin®/2 = cos@sint} sin®/2

r B S B 2T g . x,=cos[(y—a)/2]sin/2 = O., sin®/2 = sing sind) sin©/2:

e S1In — e COS— e S1In— ; : —~ .

2 2 N O 22 ) —p=sinf(y+0)/2]cosp/2 = O, sin@2 = cost sin@/2



Euler R(apy) related to Darboux R[@OO](So:R(a3y)=R[@HO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eVO]|1)

oty oy Loty Yot+i = cos[(y+a)/2]cos /2 = cos®/2
e : 2 Cosﬁ _e : 2 Sinﬁ 1 e : 2 Cosﬁ 1 pl I----- T ---------------------: ------------------------------------
9) ) B 2 | —p2—51n[()/—05)/2]sm[3/ =0, sin®/2 =cos@sint} sin®/2
g M g L g § x,=cos[(y—)/2]sin /2 = O., éiﬁéfz':'s'fri},}'sf{rl}é"éiﬁé)'}i
e 2 sin= e 2 cos— 0 e 2 sin— x+ip, |
2 2 2702 ) —py=sin[(y+a)/2]eosp/2 =0, sin@/2= ¢ 9_8_1_9___8_19@_/2
tan[(7+0)/2] = cos tan®/2 tan[(7—)/2]= cote = tan[ - — @]

T
(y+00)/2 = tan"[cos P tan© /2] (y—)/2 = >0



Euler R(apy) related to Darboux R[@OO](So:R(a3y)=R[@HO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eVO]|1)

oty o=y oty Yot i x, = cos[(y+o)/2]cos /2 = cos®/2
I (I T B T i
7 7 B 2 | . —py=sin[(y—)/2]sinf}/2 = O sinO/2 = cospsin?} sinO/2
i A I A A L . x,=cos[(y—a)/2]sin/2 = O., sin®/2 = sing sind) sin©/2:
e 2 sin— e % cos— 0 e % sin— X,+ip, | . . _ :
2 2 202 Ji—p=sin[(y+a)2]cosfl2 =0, sin®2 = cosd sin®/2

tan[(7+)/2] = costan©/2 | tan(/-c:)/2]= cotp = tan[ > ~ ]
........................................................................... soereneennen

(y+o)/2 = tan_l[cosﬁtan®/2] (y—o)/2= 5 ¢

T
. O . . _ 2 _ . T _
[his gives Euler angles (opy) in terms of Darboux angles [¢00] sin[(y—0)/2] = sin[ - =] = cos



Euler R(apy) related to Darboux R[@OO](So:R(a3y)=R[@HO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eVO]|1)

oty o oty Yti x, = cos[(y+o)/2]cos /2 = cos®/2
e : 2 Cosﬁ —e : Slnﬁ 1 e l 2 Cosﬁ ! pl S ---------------------: ------------------------------------
7 7 B 2 | —p2—51n[()/—05)/2]sm[3/ =0, sin®/2 =cos@sint} sin®/2
i A I A A L E x,= cos[(y-)/2]sinfi/2 = O sin©/2 = sinp sind) sin©/2;
e 2 sin- e % cos— 0 e 2 sin- X,+ip, |

2 2 2 2 tf?l_—_f%r_l_[ﬁm)_/%_?95[?_/_2__?___ smO2= .8 9_8_1_9___8_19@_/2

t'a}i'[(y'l&j}'z']'"E&s'{é'tél}ié'/z" tan[(y—c/)/2]= cotg = tan[ = — @]
........................................................................... B L

(y+0)/2 = tan_l[cosﬁtan®/2]--------------------é-------------------- (7/—06)/2=5—§0

: e
This gives Euler angles (ofy) in terms of Darboux angles | (pﬁ@] sin[(y—0)/2] = sin[ - =] = cos

(x (p_n/z —|—tan I(COSﬂ tan@/Z) ..................................................

v =m/2—@+tan"'(cosV tan®/2)



Euler R(apy) related to Darboux R[@OO](So:R(a3y)=R[@HO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eVO]|1)

S g el g | 27 g xpbipy | AEeosl(zre)Rleospla= c0s0/2
e 2 cos— -—e sin— e 2 cos— )= @
2 2 ~ 2 | . —p,=sin[(y—a)/2]sinf3/2 = O sin®/2 = cospsiny sin®/2
i B OFY B it B 5 X, = cos[(y—a)/2]sinf3/2 = YsmG)/2 sing sin?) sm@/Zi
e 2 sin— e % cos— 0 e % sin— X,+ip, | :
2 2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ O,sm02=_ ¢ 9_8_1_9___8_19@_/215
téri'[(y'léjfzj'"Eé{s'{éia}ié'/z" tan[(y—01)/2]= cote = tan[ = — ]
........................................................................... T
(y+o)/2 = tan_l[cosﬁtan®/2]--------------------5-------------------- (V—OC)/2=5—§D
E sin[(y—o)/2] = sin[z —@]=cos@
This gives Euler angles (opy) in terms of Darboux angles | cpﬁ@] | 2 :
0= @—Tt/2 +tan" (cosOtan@/2) e SINB2 = sN0 SNO2 _=
B = 2sin" {(SING®/2 SIN) oo

v=1/2—@+tan(cosHtan®/2) ...



Euler R(apy) related to Darboux R[@OO](So:R(a3y)=R[@HO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eVO]|1)

S g el g | 27 g xpbipy | AEeosl(zre)Rleospla= c0s0/2
e 2 cos— -—e sin— e 2 cos— )= @
2 2 ~ 2 | - —py=sin[(y—0)/2]sin}/2 =0 sinO/2 = cospsiny sinO/2
i B OFY B it B 5 x,= cos[(y—a)/2]sin3/2 = O, sin®/2 = sing sin?} sm@)/Zi
e 2 sin— e % cos— 0 e % sin— X,+ip, | :
2 2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/% ______ ?%f}_(f)_@_: _______ c 9_8_1_9___8_19@_/215
tan[(7+0)/2] = cosV ia}ié'/z" tan[(7—0/)/2]= cote = tan[ = — @]
........................................................................... Ty B
(7/.'.&)/2: tan_l[cosﬁtan(h)/z] (y—a)/2:5—¢ ---------------------------
E sin[()/—oc)/2]—sin[z—(p]—COS(p
This gives Euler angles (opy) in terms of Darboux angles | cpﬁ@] | 2 v
0= Q—/2-+an" (costtan@y2) I snBR s 02
B ZSIH 1(Sln®/2 Slnﬁ) ......................................... :

v=1/2—@+tan(cosHtan®/2) ...

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy) N 5
0= (0L—y+Tm)/2 cos[(y—)/2] = cos[E—q)] =sing .



Euler R(oPy) related to Darboux R[@OO](So:R(0y)

Euler state definition lets us relate R(a/37) to R[@¥0O] ...

| ay)= R(afy)|000) ofymake better coordinates but: R(afy)|000) =

R(ofy) [1) = R[eVO]|1)

=R[0v0O])

cos®/2

Y sin®/2 = sin@ sint} 31n®/2

cost) sm®/2-

-=L g -i=L B 1 -=L g xptip, |- oxzeos[(yra)/2Jcosfr2=
e 2 cos— -—e sin— e 2 cos— 7 =@
2 9) _ 2 |_ —p2—51n[()/—05)/2]sm[3/ =0, sin®/2 =cos@sint} sm®/2
oy o+y o=y : N N e N S
o sinﬁ echosﬁ ) e sinﬁ L . X= cos[(y—)/2]sinf3/2 =
2 2 2 2 —pi=sinl(r+0)/2Jcospl2 = O, sin0/2 =

(7/4-05)/2 — tan_l[cosﬁtan@/z]

This gives Euler angles (opy) in terms of Darboux angles [¢00]

o= (p—71:/2+tan 1(cosﬂtan®/2) .................................................. N 81n,3/2:sm19s1n®/2

B 281N 1(sm®/2 Sll’lﬁ) .........................................................
V=T/2—@+tan ! (cosOtan®/2) ...

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)
0= (0L—y+Tm)/2
O = tan "![tan 3/2/ sin(o+7)/2] cos[(y—ar)/2]sin3/2

tan 3/2

...................................................... - = sin(p tan =
.................. sin[(y+o)/2]cos3/2

sin[(y+a)/2]

sin[(y—o)/2] = Sin[% —@]=cosp .:;{:

COS[(]/—OC)/z] = COS[% — (p] = Sin(p



Euler R(apy) related to Darboux R[@OO](So:R(a3y)=R[@HO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eVO]|1)

S g el g | 27 g xpbipy | AEeosl(zre)Rleospla= c0s0/2
e 2 cos— -—e sin— e 2 cos— )= @
2 2 ~ 2 | . —p,=sin[(y—a)/2]sinf3/2 = O sin®/2 = cospsiny sin®/2
i B OFY B it B 5 X, = cos[(y—a)/2]sinf3/2 = Ys1nG)/2 sing sin?) sm@)/Zi
e 2 sin— e % cos— 0 e % sin— X,+ip, | :
2 2 2 2 T!?l:-?l‘.l_[_(?ffﬁq_)_/_z__?_(??ﬁ_/_z_ ______ O,sm02=_ ¢ 9_8_1_9___8_19@_/215
t;ri'['('y'léjfz'j"E&s'{éia}ié'/z" tan[(y—c1)/2]= cote = tan[ = — @]
........................................................................... T
(y+o)/2 = tan_l[cosﬁtan®/2]--------------------5-------------------- (}/—OC)/2=5—§D
E sin[(y—o)/2] = sin[z —@]=cos@
This gives Euler angles (opy) in terms of Darboux angles | (pﬁ@] | 2 :
0= @—Tt/2 +tan" (cosOtan@/2) e SINB2 = sN0 SNO2 _=
B = 2sin" {(SING®/2 SIN) oo

v=1/2—@+tan(cosHtan®/2) ...

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)

0= (0—Y+T)/2 cos[(7-0:)/2] = cos[ >~ g] = sinp
O = tan"[tan B/2/ sin(oty)2] cosl(y=0)2sinf2_ oo a2
© =2 cos '[cos B/2 cos(o+y)/2] sin[(y+0r)/2]cos3/2 sin[(y+0)/2]

----------------------------------------------------------------------------
0

............................. x,= cos[(y+a)/2]cos /2 = cos®/2



Euler R(apy) related to Darboux R[@OO](So:R(a3y)=R[@HO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eVO]|1)

oty _a- _aty Yti x,=cos[(y+)/2]cos3/2 = cos®/2
W e I B oy |- 1 e BT
R T R - p,=sinl(y-)2sinB/2 =6 sinO/2 = cospsin® sin®/2.
2 g & g g E x,= cos[(y—0r)/2]sin5/2 = © ; 'éiﬁéfz""s'{ﬁ}b'sf{f{é"éiﬁé)'iii
e 2 sin- e % cos— 0 e 2 sin- X,+ip, |

2 2 22 T!?l:-?l‘.l_[_(?ffﬁq_)_/_z__?_(??ﬁ_/_z_ ______ O,sm02=_ c 9_8_1_9___8_19@_/2.

t;r;'[(y'léj}'zj'"E&s'{s"ta}ié'/z" tan[(7—)/2]= cote = tan[ - — @]
___________________________________________________________________________ SRR -

(y+o)/2 = tan_l[cosﬁtan®/2]--------------------é-------------------- (}/—OC)/2=5—§D

: e
This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@] sin[(y—0)/2] = sin[ - =] = cos

o= @—Tt/2+tan"! (cosO tan@/2) ~ — o SN2 =SNG SNO2 :

B 281N 1(sm®/2 Sll’lﬁ) .........................................................
V=T/2—@+tan ! (cosOtan®/2) ...

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)

O= (0—7+T)/2 cos[(7-0:)/2] = cos[ >~ g] = sinp
O = tan~'[tan [5/2/ sin(oy)2] cosl(y=0)/20sinpl2 _ gy 0B
0 =2 6081 s 8 sobt 3T snl(re Rleosfiz il
Example: Euler angles (0=50° f=60° y=70°) . %= cosl(y+a)2]cos pr2 = cos©/2
= (50°=70° +180°)/2 = 80°

O = tan'[tan 60°/2/ sin(50°+Y)/2]  =33.7°
© =2 cos'[cos 60°/2 cos(50°+Y)/2]  =128.7°



Euler R(apy) related to Darboux R[@OO](So:R(a3y)=R[@HO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eVO]|1)

S g Lo gy 27 g xpbipy | AEeosl(zre)Rleospla= c0s0/2
e 2 cos— -—e sin— e 2 cos— A
2 2 _ _ | —py=sin[(y-)2]sin /2 = O sin®/2 = cospsiny sin®/2
g M g 2L g i x,= cos[(y—0r)/2]sin5/2 = © ; 'éiﬁé}'z""s'iri}b'sf{ﬁ'é"éiﬁé)'}i
e 2 sin- e % cos— 0 e 2 sin- X,+ip, |
2 2 2 T!?l:-?l‘.l_[_(?ffﬁq_)_/_z__?_(??ﬁ_/_z_ ______ O,sin02=__ c 9_8_1_9___8_19@_/2:.
t;ri'[(y'léjfzj'"E&s'{éia}ié'/z" tan[(7—)/2]= cote = tan[ - — @]
e 7.1_ e
(y+o)/2 = tan_l[cosﬁtan®/2]--------------------5-------------------- (}/—OC)/2=5—§D
sin[(y—o)/2] = sin[z —@]=cos@
This gives Euler angles (opy) in terms of Darboux angles [¢90] 2
(x (p_n/z —|—tan I(COSﬂ tan@/Z) .................................................. : Slnﬁ/z — Slnﬁ Sln®/2

I e R
----------
TR

B= 231n1(51n®/2 SIY) oo S
v=T/2—-@+tan!(cos¥tan®/2)

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)

O= (0—7+T)/2 cos[(7-0:)/2] = cos[ >~ g] = sinp
O = tan "![tan 3/2/ sin(o+7)/2] cgs[(y—a)/z]sinﬁ/z  sin tand = anf2  _ o
© =2 cos "'[cos B/2 cos(o+Y)/2] sin[(y+c)/2]cos 3/2 sin[(y+c)/2]

Example: Euler angles (0=50° =60° y=70°) . heck: (o3 .

. o Mo o _ Q0 everse check: (o3y) in terms of [
= (501 707 +130 ?/2 30 0.=80°-90°+tan!(tan (128.7°/2) c0s33.7° )=50.007°
U= tan~[tan 60°/2/smn(50°+Y)/2]  =33.7° g =2sin(sin128.7°/2 5in33.7°)=60.022°
© =2 cos '[cos 60°/2 cos(50°+Y)/2] = 128.7° y=mn2-128.7°+tan(tan (128.7°/2)=70.007°



Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry
Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) -t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa
»Euler R(aBy) rotation ® =0-4m-sequence [@O] fixed (and “real-world” applications)
A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = i D
+i



Euler R(o}y) rotation ® =0-4m-sequence [@O] fixed
®=128.7° ©=180° ©=240°

(e) @ = 240°

Operator: R[¢ 6 ©] =
R[80° 33.69° 240°]

(c) ® = 128.68° (d) @ =180°

Operator: R[¢ 0 ] = 4 Operator: R[¢ 6 @] =
RI80° 33.69° 128.65° . 8 R[80° 33.69° 180°]

W

: v
: 7

Operator: R[$ 6 o] =
R[80° 33.69° 300°]

Operator: R[¢ 6 0] = P
R[80° 33.69° 0°]=1

Position State:

< o Position State:
PR =R oal) - i) = R[6 8 w]i1) =

Position State:

lBy) = R[¢ 6 @]|1) =

Position S:
lefy) = R[$ 6 w]|1) =

Position State:
loBy) = R 8 @)1} =

Position State:

lofy) = R($ 6 0]|1) =
|-10° 0° 10° ) =|1)
L(lnilial Position State) £

| 15.7° 32.20° 35.7°)

|50° 60° 70°)

| 80° 67.4° 100°) | 114.8° 57.4° 134.8°)

| 144.3° 32.2° 164.3%)

Under Construction: Web based U(2) Calculator - Euler
& Darboux Angles



http://www.uark.edu/ua/modphys/markup/ColorU2Web.html?cInd=3&polAngle=84&aziAngle=68
http://www.uark.edu/ua/modphys/markup/ColorU2Web.html?cInd=3&polAngle=84&aziAngle=68

Euler R(aPy) rotation ®@=0-4m-sequence

O=0°"

(a) m=0°
Operator: R[¢ 8 @] =
R[80° 33.69° 0°]=1

Position State:

lofy) = R($ 6 0]|1) =
[-10° 0° 10° ) =|1)
( Initial Position State)

(g) ®=360°
Operator: R[¢ 0 ©] =
R[B0° 33.69° 360°)

Position State:
leBy) = R(¢ 6 o]|1) =
| 170° 0° 190°)

(2nd Initial State)

O=360°

O=00" ©=128.7°

| 15.7° 32.20° 35.7°)

(c) = 128.68°

Operator: R[¢ 0 ] =
R[80° 33.69° l28,68“]

Position State:
lofy) = R(¢ 6 w]|1) =

Position State:

lBy) = R[¢ 6 @]|1) =

| 50° 60° 70°)

Position State:

lofy) = R[¢ 6 ]|1) =

| 195.7° -32.2° 215.7°)

Position State:
lafy) = R(o 0 0]|1) =

| 230° -60° 250°)

O=1380°

(d) o= 180°
Operator: R[¢ 6 @] =
R[80° 33.69° 180°]

Position State:
leBy) = RI$ 6 w]|1) =

| 80° 67.4° 100°)

(i) ® = 540°
Operator: R[$ 6 0] =
R[80° 33.69° 540°]

Position State:

lofy) = R[¢ 8 wlll) =

| 260° —-67.4° 280°)

©=420°  @©=488.7° @=540°

OO fixed

(f) ® = 300°
Operator: R[$ 6 @] =
R[80° 33.69° 300°]

Operator: R[$ 6 ©]
R[80° 33.69° 240°]

Position State:
leBy) = Rl¢ 8 @]|1) =

i) = R[6 6 i) =

[114.8° 57.4° 134.8°) [ 144.3° 32.2° 164.3%)

(k) @ = 600°
Operator: R[¢ 6 @] =
R[80° 33.69° 600°]

(1) o = 660°
Operator: R[0 6 @] =
R([80° 33.69° 660°]

Position State:

jaPy) = R(9 6 w)i1) = jaPy) = R(6 0 @]i1) =

| 294.8° -57.4° 314.8°) | 324.3° =32.2° 344.3%)

O=600" O©=660°




Some “real-world” applications of
the U(2)-R(3) spinor-vector topology

Sequential models of D. A. Adams’ antitwister mechanism

From Scientific American
December 1975-p.120-125



Some “real-world” applications of
the U(2)-R(3) spinor-vector topology

Sequential models of D. A. Adams’ antitwister mechanism

From Scientific American
December 1975-p.120-125

Wires do not get twisted up as
the turntable rotates
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Some “real-world” applications of
the U(2)-R(3) spinor-vector topology

Sequential models of D. A. Adams’ antitwister mechanism

From Scientific American
December 1975-p.120-125

Wires do not get twisted up as
the turntable rotates

obabing howsma |
L}

S

~ |

; [xEl Conyial

Periscope allows
Stationary outside
viewer to see into a
rotating frame that
appears fixed as the
turntable rotates
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Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) -t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)

)Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = B A'C B;)iC
+i



Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t
Hamiltonian H

B+iC D



Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t
Hamiltonian H

A BoiC g AXDE L0y pylf L0l 00T el
B+iC D 2 {01 0 -l 10




Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t
Hamiltonian H

A BiC g AXDE L0 oyt 0l 00T el
B+iC D 2 {01 0 -I 10 '

H= QO 1 + Q S + Qp Sy +QC



Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= @, 1 + Q, S, +Qp S, +Q. S, =Q)l+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (lp=cosy sin, (lc=Csiny sin})
A+ D

and: € =\/£2A2 +QB2 +Q, % = \/(A—D)2+ 4B*+4C?

where: Q=



Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (lp=cosy sin, (lc=Csiny sin})
A+ D

and.: =\/§2A2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?

where: Q=

@igenvalues: Qs =Q0=0Q/2)
_ A+DJ_r\/ (A—D)2+ 4B%+4C?
\_ 2 Y,




Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (lp=cosy sin, (lc=Csiny sin})
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where: Q=

@igenvalues: Qs =Q0=0Q/2)
_ A+DJ_r\/ (A-D) 24 4B+ 4C?
\_ 2 Y,
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (lp=cosy sin, (lc=Csiny sin})
A+ D

where: Q= and: € =\/QA2 + QBz +Q .2 = \/(A—D)2+ 4B%+4C?

Eigenvalues: Qu=Qut Q) and: 9= cos 1 (QL/Q), and: p= cos (/) sind)= cos1[Lshl2,24Q 2 )
_ A+DJ_r\/ (A-D)*+4B*+4C?
- 2 y,

Q1 =20+2/2




Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (lp=cosy sin, (lc=Csiny sin})
A+ D

where: Q= and: € =\/QA2 + QBz +Q .2 = \/(A—D)2+ 4B%+4C?

Eigenvalues: Qu=Qut Q) and: 9= cos 1 (QL/Q), and: p= cos (/) sind)= cos1[Lshl2,24Q 2 )
_ A+DH(A-D) 2+ 4B+ 4C7
- 2 y,

or: 9= cos[(4-D) / \/(A—D)2+ 4B*+4C* |, o= cos I [BNB*+C? ]

Q1 =20+2/2




Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t

Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0
H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (lp=cosy sin, (lc=Csiny sin})

and.: =\/§2A2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?
and: V= cos1({24/82), and: o= cos-1({1x/{) sinV)= cos-l[QB/\/Q BZ+QC2 ]

o= cos ! [BNB*+C? ]

A+ D

where: Q=

@igenvalues: Qs =Q0=0Q/2)
e A N2 a P2 42
= A+D“/(A D) +45 +4C or: 9= cos[(4-D) / \/(A—D)2+4Bz+4C2 ],

. 2 J
Step 3.To find eigenvectors replace Euler angles (azimuth o, polar 3 ) of Euler-state  |Tas,)=
Q4 =Q0+Q/2
g el% sinﬁ
B EeY)) 2
{o S =R(@pBy)| Togo)
S| -2
Ny




Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t

Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0
H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (lp=cosy sin, (lc=Csiny sin})

and.: =\/§2A2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?
and: V= cos1({24/82), and: o= cos-1({1x/{) sinV)= cos-l[QB/\/Q BZ+QC2 ]

o= cos ! [BNB*+C? ]

A+ D

where: Q=

@igenvalues: Qs =Q0=0Q/2)
e A N2 a P2 42
= A+D“/(A D) +45 +4C or: 9= cos[(4-D) / \/(A—D)2+4Bz+4C2 ],

. 2 J
Step 3.To find eigenvectors replace Euler angles (azimuth o, polar 3 ) of Euler-state  |Tas,)=
with the Darboux axis polar angles (azimuth ¢ , polar v ) of H-matrix N cosg
Q=0 +Q/2
4 el% sinﬁ
" +02 2
o S =R(@pBy)| Togo)
S| -2
Ny




Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t

Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0
H= @, 1 + Q, S, +Qp S, +Q. S, =Q)l+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (lp=cosy sin, (lc=Csiny sin})
and: € =\/QA2 +QB2 +Q, % = \/(A—D)2+ 4B*+4C?
and: V= cos1(£24/82), and: = cos-1({1/€) sin})= COS'l[QB/\/Q 27 ]

o= cos ! [BNB*+C? ]

A+ D

where: Q=

@igenvalues: Qs =Q0=0Q/2)
e A N2 a P2 42
= A+D“/(A D) +45 +4C or: 9= cos1[(4-D) / \/(A—D)2+4Bz+4C2 ],

. 2 J
Step 3.10 find eigenvectors replace Euler angles ar 3 ) of Euler-state  |Tasy)=
with the Darboux axis polar angles (azimuth ¢ , polar v ) of H-matrix N cosg
Q=0 +Q/2
," |Q+> = e? sing
Q2
o S =R(@pBy)| Togo)
S| -2
Ny




Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t

Hamiltonian H
A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
0 -1 1 0O i 0

B+iC D 2 0 1
H= @, 1 + Q, S, +Qp S, +Q. S, =Q)l+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (lp=cosy sin, (lc=Csiny sin})
A+ D and.: € =\/QA2 +QB2 +Q 2 = \/(A—D)2+4Bz+4c2

where: Q=

\_

@igenvalues: Q1 =0Q0+0/2)

and: 9= cos1(Q4/Q0), and.: p= cos-1({)z/£) sinl)= cos-l[QB/\/Q 32+QC2 ]

o= cos ! [BNB*+C? ]

— 2 2 2
A+DJ_r\/(A D)*+4B°+4C or Y= cos-l[(A—D)/\/(A—D)2+4Bz+4C2 ],

2 J
Step 3.10 find eigenvectors replace Euler angles ar 3 ) of Euler-state  |Tasy)=
with the Darboux axis polar angles (azimuth @ , polar 9 or v+w) of H-matrix o2 cosB
0, =0 +Q2 : N
S @)= ¢? sinL
I R rasl,]
| ™ o |
Q-m2 )= e Dsnlfglr;lik




Quick U(2) way

to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,$25,C2c)of crank vector 2=0 /t

Hamiltonian H

A B—iC | _
B+iC D

H=2E2F 10 oyl 10 | opth O 1| Helf O -
2 {01 0 -I 10 i 0

H= @, 1 + Q, S, +Q S, +Q. S, =Q)l+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (lp=cosy sin, (lc=Csiny sin})

where: Q=

@igenvalues: Q1 =0Q0+0/2)
_ A+DJ_r\/ (A—D)2+ 4B%+4C?

A+ D

\_ 2 Y,

and: € =\/QA2 +QB2 +Q, % = \/(A—D)2+ 4B*+4C?
and: Y= cos1(£24/2), and: o= cos1({25/€2 sin})= COS'l[QB/\/Q 27 ]

o= cos ! [BNB*+C? ]

or: 9= cos![(4-D) / \/(A—D)2+ 4B*+4C? |,

i

S B

e 2sin—
2

= R(Otﬁ}/)‘ Tooo>
More reliable computation:
¢ = atan2(C, B)

Spln -S [tanfl(c / ) is unreliable]

Dn-Crank

¥ = atan2(2\ B*> + C*, A-D)



Quick U(2) way example for 2-by-2 H

Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 Je—i

H=
J6(1+i) 8

A B —iC
B+iC D



Quick U(2) way example for 2-by-2 H
Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 6—1)
Joi+i) 8
A=12, B=+6, C=+6, D=3

H=

A B —iC
B+iC D



Quick U(2) way example for 2-by-2 H
Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 6—1)
Joi+i) 8
A=12, B=+6, =6, D=8

H=

A B —iC
B+iC D

Step 2.Convert Cartesian to polar form: (C04=82cost, {1z =Lcosy sin?}, (lc=(lsiny sin)

QO:A+D:10
2

2 2
and: Q =\/QA2+Q32+Q 2=\/(A—D)2+432+4(:2:\/(4)2+4\£ v a6 = 16424424 =+J64 =3




Quick U(2) way example for 2-by-2 H
Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 6—1)
Joi+i) 8
A=12, B=+6, C=+6, D=3

H-—

A B —iC
B+iC D

Step 2.Convert Cartesian to polar form: (C04=82cost, {1z =Lcosy sin?}, (lc=(lsiny sin)
A+ D

Qy="——=10
and: Q :\/QA2+Q32+Q 2 _ J(4-D)2+ 4 B2+ 4C2 =\/(4)2+4\£2+4f2 16424424 =64 =38
() = +$2/2
a /|
o -n
“._Y_
Vez'genfvalue —1 ergenvalue — 2 Q_:QO-Q/ 2
“’T:“”\/# +(*/8)2+(\/E)2 wl—lO—\/[$ +(JE)2+(JE)2
=10+4=14

=10-4=6



Quick U(2) way example for 2-by-2 H
Can you write down all eigensolutions to the following H -matrix in 60 seconds?

™ ™ . T ... T, T
12 \/6(1—2') 1044 cos— 4 cos —sin — — 74 sin —sin —

H=
Joi+4i) 8

B+1iC D

A B—iC ]:

4(:08%8&1%—i—z'élsinzsimz 10—4(:08z

A=12, B=+6, C=+6, D=8

Step 2.Convert Cartesian to polar form: (C04=82cost, {1z =Lcosy sin?}, (lc=(lsiny sin)
A+ D

Qy="——=10
and: Q :\/QA2+Q32+Q 2 _ J(4-D)2+ 4 B2+ 4C2 =\/(4)2+4\£2+4f2 16424424 =64 =38
or: 9= cos[(4-D) / \/(A—D)2+4Bz+4c2 |= cos1[(4) /8] = /3, QJF'ZAQOJFQ/ 2
= cos-1[B/N B2+ % ] =cos![V6/v/12]=n/4 O +0/2
o -n
Vez'genfvalue —1 ergenvalue — 2 Q_:QO-Q/ 2
0223 o] + o] 0 25 (] (]
=10+4=14

=10—-4=6



Quick U(2) way example for 2-by-2 H

Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 V61 —1)

H—
Joi+4i) 8

A B—iC |_
B+iC D

A=12, B=+6, C=+6, D=8

1()—|—4lcosz 4 cos—sin — — 74 sin —sin —

élcosgsim%—i—z'élsinzsimz 10—4008z

s s s s

Step 2.Convert Cartesian to polar form: (C04=82cost, {1z =Lcosy sin?}, (lc=(lsiny sin)

A+D
2

Q, = 10

2 2
and: Q =\/QA2+QBZ+Q 2:\/(A—D)2+4Bz+4C2=\/(4)2+4\/g vao” =\16+24424 =Jo4 =3

or: Y= cos1[(4-D)/ \/(A—D)2+ 4B%*+4C? |= cos1[(4) /8] =m /5, QJr'ZAQOJFQ/ 2
p= cos  [B B+ % ] =cos[6/7/12]=m/4 Q 4 |t
Step 3.To find eigenvectors replace Euler angles (azimuth o, polar 3 ) of Euler-state T~ Q/2
with the Darboux axis polar angles (azimuth ¢ , polar ¥ or V+m) of H-matrix L

‘eigenfvalue —1 ‘ez’gem}alue —2 Q_=00-2/2
_ 12-8) : : 128\ : 2

WT_MJ (Vo] +(o) %Zlo‘\/[T +(Yo) + (Vo)
=10+4=14 —10—-4=6

‘eigenvector —1

e_%cos% 1 6—@%
=l L D Ak
3

+_ .
e %sin—

‘ez’genvector —2

Vi
IR T
—€ S1n —

9-| 8

it T
e 8 cos—
6




Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry
Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) -t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)
A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = e D
+i

The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion é
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion




The A C :S' Of U(2) dynamlCS Density operator p (Seep.]28-147)-(

[<<;||:||11>> e ][ A CRI R SR S e P

i 2 0 -1 N
A+D A-D Q
In general: H = 1 + B o, + Co. + —=o, 3 A
2 2 Q= Q
A+D Q Q Q
H = — 0 t— oyt TC o. + —2A o, Qc
Asymmetric Diagonal A-Type motion

[g:g fll:lzi }[31 g):AZD[é ”+A_TD(1 O ) B

0 -1




The ABC's of U(2) dynamics

[ () (1]H[2) ]
(2H[1) (2H]2)

In general.:

-
Density operator p (see p.128-147)

l

Q
N N e Rt A W e
+iC D 2 0 1 0

2 0 -1
_ Q
H= A2 o, + C o, + A—DGA B A A-D
A+ D Q Q Q
H = (o] +— O + Lo + A o Q 2C
2 0 2 p € 2 A ¢

Asymmetric Diagonal A-Type motion

AW AW ) (o | aen
[<2HA1> (2|H"|2) }[ 0 1(;}_ 2 [(1)

QA
Crank : Q=| Q =

Qc

A-D

} Eigen— Spin : S=
0

- Q
0 +A D1 0 |_ A+DGO N _AGA
1 2 0 -1 2 2



The ABC's of U(2) dynamics

([H[1) (1]H[2) :[ A4 B-iC ]:A+D(
(2|H[1) (2|H|2) +iC D 2
In general.: H = A;D
H:='A+D

2

Asymmetric Diagonal A-Type motion

AW W) ) (4 o | aen
[ (2[H 1) (2]H"|2) }[ 0 1(; )_ 2 [ (1) (1) )

Q) A—D SA
Crank : Q=] Q = Eigen—Spin:S=| §

0

®)

1 0
0 1

1

)

A—
2

]+

_|_

(

o
Q

— O
2

1 0

0 -1

C SC
N =] =
J = o2
o L N\——— | Lasy
‘ x1 "3 T *
\\___ 0s
T :ﬂﬁ -S,-l,?W _e=_ L
(O asd T T,
2
| p2 I , P2
I S, s 2 x2
‘I’1=O \PZ__

Rt

-
Density operator p (see p.128-147)

—i A-—D
+
0 2

1 0
0 -1

|




The A C :S' Of U(Z) dynamlcs Density operator p (Seep.]28-147)-(

[<<;||:||11>> <<;||:||Z>> ][ B R T et P A o0l

A-D Q
In general: H- 22 ¢ 4 c, + C o + —o, 3 A A-D
2 2 Q= Q, |(=| 275
Q Q Q
H- A0 o 25 2o 40 a4 o 2C
2 2 2
Asymmetric Diagonal A-Type motion
A A
(1) (1jH)2) _[ 40 ]_A+D[ 10 }+A—D[ 10 )_ A+D 9 G
y 4 = - ) —2 e ) 0 5 UA cran A vector
Ry ez | Lo o 0 1 0 - AT Piorip -0
Q\ A—D B Sa S
Crank : Q= Q, |= 0 Eigen—Spin:S=| Sp |=| 0 - _ _B
Q. 0 Sc 0
= ] _ IL)
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Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry
Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) -t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)
A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = e D
+i

The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion

) Bilateral-Balanced B-Type motion é
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The ABC's of U(2) dynamics

(H|) - (1H2)

4 ~
Density operator p (see p.128-147)1+>»p = %N1+ Seo

_; _; - H=Q 1+—e
| A4 B=iC |_A+DL 1 0 |, 0 1 | o] 0 =i} A=D1 0 L 0 Y
(2H[1) (2[H|2) B+iC D 2 {01 1 0 i 0 2 L0 -1 =
A+D A-D Q
In general: H = 1 + 50, + Co. + —Zo0, . A A-D
2 2 Q= Q, |(=| 275
A+D Q, Q0 Q, 2
S I N SR Pc ) b
Bilateral-Balanced B-Type motion
IH”11)  (1lH” |2 Q. B 0 1S H crank-() vector
uaipute | G L PHE R AT S
CIAUNCED o A
Q, 0 Sy 0 -
Crank : Q= Q, (=] 258 Eigen— Spin :S = Sy |=| +S > S(O _B
L
Q 0 S 0 |
¢ ¢ (=)
| (+))
. R
Beat dynamics: ¥ B R)
¥~ @
Pho —_— Mixed | ] _
v [ = ) - A BoxIt (B-Type)
1o N o5 o =1 0 ode Web Simulation
N ! 7 S
] 4:150 :‘ a(t)n
| Y
o .
‘\\ i 1| ‘;: =1 U e
Hz Ny
‘}’2 | Fan s R :_1'!'
10 .04 X ! a2 ol Beat -
a5 period



http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

The ABC's of U(2) dynamics

[ 4 B-ic |_4+D[ 1
BE+iC D 2 0

(H|) - (1H2)
(2H|1) {2H[2)

O+BOI
1 1 0

A+ D
In general: H= 222 1
A+ D
H = 5 o,
Bilateral-Balanced B-Type motion
B B
(R (H72) | [ @ & _Q( 10 JH{ 0
o =20
(2[H"|1) (2|H"|2) B 0 1 1
A 0 R 0
Crank : Q=| Q, 28 Eigen—Spin:S=| Sp |[=| +§
Q- 0 Sc 0
Beat dynamics.: Q,
_ 2
S — o
P10 r—:::—__ Mixed Q 7
- )+ 1) 0
40 &N 05 x, MAT.__X_L(QH mode
05 X Xa(0)
-10 9:5\1

ol

Xy ! Lo-ia

Beat
period

e

4 ~
Density operator p (see p.128-147)1+>»p = %N1+ Seo

_j — H=Q . 1+—e
ro| 0 AR 0 9 0 c
i 0 2 0 -1 —
A-D
+ 2 o, + C o, + —]o0, . A A=D
2 Q= o= 25
Q, Qc Q, )
TR TR T g c )t
) H I
0 crank- vector
: ]= Q,0,+ ——0, A |X>f01r negative \/
0
A
— b
S(0) -B
IL)
=)
)
ﬂ B LR
Total beat
ly)
frequency
0 - A BoxIt (B-Type)
Web Simulation
() ¥-0] o5 —— (b)
Quarter Wave Lo o) Half Wave
( Right-Circular ('Y Ppldrization)
Polarization)
50,100 150 20 — . a fbnln SO0 0.0 150 20
s 4 A e
¥, 'i
e Beat
2 period



http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

xl = -0527 3.5
pl/@ = 0.686 [

x2 =0.562 Wis

p2/@ = -0432 il ny o

x1(0) = 1.000 / . \ - -
p1(0)/w=0000 / |
x2(0) = 0.000 ;’ o . \ {. |

p2(0)/w = 0.500 - = #, l v
A =2.1000 1 5 p2 b
B =-0.2100 _ pl ; ~

C =0.0000

B-Type elliptical polarized motion

Pt

time = 30.980

ﬂ i

E=1312

A0 .

s @0\/ 5 | B0 3
/ o

AR

Stokes Vector ABC-Space

,
1) 30 s

0.

A

BoxIt Web Simulation:
B-Type with A, D=2.1; B=-0.21



http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.21&CU2=0.0&DU2=2.1&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.21&CU2=0.0&DU2=2.1&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0

B-Type elliptical polarized motion Note that one 360°=2m rotation of S leaves (x;,x2) at -(x;,x2)

x1 =-0.999
pl/w =0.021
x2 =-0.011

p2/w = -0.502

x1(0) = 1.000
pl(0)w =0.000 /
x2(0)=0.000 |

3.5
Y]
13

@
p2(0)w =0.500

A =2.1000
B =-0.2100

'\_\_' ’.’:
C =0.0000 P >
. e, -~ L -~ ~ L Y
/ 4 ” -~ o~ - . L
A NN\ W2 (Rotated 90°
Py I." / -~ . \ \ \\ v\ \ \\ ( otate
/ s 4 - - ~ N\ \ \ 4\
) ",'!, o N o "_Q.S K \ ". \ \ |\ | . o
Iy F SN/ P - ~— \ | \ - .
1'(_/'{ /‘(,f / - - C : B . \'\ » ‘| 11| ! \ ’,"' h\_
{ . v v - . N
- i, {4 . e ]| | [/ \
1.5 N [ 70, P 5 | (11] 1{' - A5
[ L | “l" L 5 ’lx I [ ol ¥, Lul L |
| | | Y, | 7 f ;' |4 N,
‘ | | | ' - /"._‘. "I " [/ /' ) 1) " l‘ "
i '\ \ | / \ /
[ | R N P
PUOTR D AN - A\
| \ \ \ \ N o 4 V — -
SRRRT TR\ 9/5 .
— VAR PR - > e —
- -~ N N\ ~ - > -
-~ .\ — A ) .
- K S - I Sy ™
/ R \
NS T s "/ \
/ el \
‘o \\ - —5 - |. ‘
|

wl =1.890
w2 =2.310
© = 45.000

~-2 A\ V4

\\

-3

Vi

3.5

e 210

time = 14.970 E=1312

25 30 35 40 - 45

Y2

C
Stokes Vector ABC-Space

BoxIt Web Simulation:
B-Type with A, D=2.1; B=-0.21



http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.21&CU2=0.0&DU2=2.1&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.21&CU2=0.0&DU2=2.1&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0

To assess the rationality of any number we approximate it using successive levels of continued fractions.

o =n,+ 1
I/l1+
1
n2+ 1
. . +
Example 1: the number © = 3.1415926..., and recipe for getting »; "3 ..
4
= =3.000.
Ay = o = 3.14159265... ny = INT (4g) =3 S
| T=3+—=""=31428
. 7= 3+ —— = =3.141509
A, = ~15.99... 74+ 106
Al—nl ns :INT(A2)215 15
Ay=—L 1003, £z 34— — = 33 _ 3 14159292
A= ny=INT(A3)=1 7+ 13
15+1
Example 2: the Golden Mean G=(1+5)/2=1.618033989. ..
G= =1.000..
Ay =G =1.618033989... ny = INT (Ay) =1 .
Gz=l+-=—=2.000 .
A = L _i6180.. L1 Note:
Ay —ny ny =INT(A)=1 1 3 Fibonacci
| 1 150 G51+—1 ] =—=1.500 numbers:
= =1.6180... +
2 Al_nl n2=INT(A2):1 1 1929395989'“
1 5
Ay = 1 —1.6180... G=1+ T 25:1.666...
Ay =1y ny=INT(A3)=1 ”ﬁ
_|_

The most 1rrational number 1s closest to being rational!
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Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry
Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) -t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)
A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = e D
+i

The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion
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Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) -t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

5+iC D
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

B-Type motion and Wigner s Avoided-Symmetry-Crossings ‘
ABC-Type elliptical polarized motion



The ABC's of U(2) dynamics-Mixed modes [ p= %NH?-G

[<<;||:||11>> <<;||:||i>> ][ B R T et P A 0G|

_ Q
In general: H=- 22 ¢ c, + C o. + A—DGA 3 A A-D
2 2 Q= Q, |(=| 275
Q Q Q
H= 5% o v3o v fec v o, Pc ) b
Tilted-plane polarization AB-Type motion
1IHA71) (|H* 2 _ 0 0
(HY) - (p™]2) _| A4 B 4D 0 | [ 0 1 A=D1 0 Q0.+ g, + 2y
(2H"[1) (2[H""|2) B D 2 {01 1 0 2 Lo -1 2 2
Q5 A-D
Crank : Q= Q, |= 25 Eigen— Spin :S = +S& Q)
Qe 0 T
7 N %] A x) —
(a) CA-symmetry ((a-b) CAB-symmetry ) . .
(A 0) X, [X(15°)) S
0D fgst ] T
S -B &
X i 30°| W3
[X(30°)) g? g i
) O I
 \ )) [x@57)=|(+)) C S
Beat dynamics: - i
B H crank-Q vector
for negative B=-5
e and pE = -Bv3

VA NQ

BoxIt (AB-Type Motion)
Web Simulation



http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=5.086&BU2=-0.27&CU2=0.0&DU2=2.024&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=5.086&BU2=-0.27&CU2=0.0&DU2=2.024&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

AB-Type elliptical polarized motion

x1 =0.920 ~3.5 -3.5 tlme = 54-370 E= 1.602

e 0360 i |

x2 =-0. e !

p2/w=-0218 ' I 3 | \ ( /\ q f\ \ ( P | {\ /\ d
x1(0) = 0.990 pl P #2 125 / / \ /\ ”
p1(0)/w = -0.263 7N PN :

x2(0) =-0.004 e | . \ lpI:. A8 101 A 21 o O N A e B S 410. e
p2(0)w =0.526 . } 1@2 ’ »_

Stokes Vector ABC-Space

= B I L AR RN

|
Dbl o)

ml =2.067
w2 =3433
® =81.048

BoxIt Web Simulation:
AB-Type with A=2.1; B=-0.21; D=3.4



http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.21&CU2=0.0&DU2=3.4&xInitial=0.99&yInitial=-0.004&pxInitial=-0.263&pyInitial=0.526&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.21&CU2=0.0&DU2=3.4&xInitial=0.99&yInitial=-0.004&pxInitial=-0.263&pyInitial=0.526&wantBoxLines=0

B -4

A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ao 4 +BO'B=H=( oy }
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The failure of perturbation methods to get exact hyperbolic eigenvalues
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10.3.1 (a) Two state eigenvalue "diablo" surfaces and conical intersection and pendulum eigenstates.

(Also known as a “Dirac-point™)



A view of a conical intersection: Any vertical cross-section is hyperbolic avoided-crossing
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Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) -t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

5+iC D
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

AB-Type motion and Wigner s Avoided-Symmetry-Crossings
»ABC-Type elliptical polarized motion




ABC-Type elliptical polarized motion
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ABC-Type elliptical polarized motion

(from Principles of Symmetry, Dynamics, and Spectroscopy)
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of birefringence is present in Figure 7.11(a); i.e., ¢ oscillates slightly. Pure Faraday 758 Evolution of states for various mixtures of A and C components.

rotation is difficult to achieve on an analog computer.
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ABC-Type elliptical polarized motion
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Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) -t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

B+iC D
The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry and related coordinates
Conventional amp-phase ellipse coordinates

Euler Angle (a(37) ellipse coordinates




Ellipsometry using U(2) symmetry coordinates
Conventional amp-phase ellipse coordinates and related to Euler Angles (a37)
2D elliptic frequency o orbit has amplitudes
Ajand A2, and phase shifts p; and p2==p;.

x;1=Aicos(wt+p;)

-p1=A;sin(wt+p;)

x2= Axcos(wt—p;)

-p2=A>sin(wt—p;)

Amp-phase parameters (A1,A2, ©t,P1)

. X +ip)
A]e_l(wt"'p]) B
A e—i((l)f'l)])

2 :
X,+ip,




p1=—A1Sin((!)t+p1l

p2=-A2sin(®t=pj)

x;=Aicos(wt+p;)

x2= A2cos(®t=pPi)

2p1=60°
(phase lag is 2 hr.)

E '15000
+15°
+30°

2PM +45°

WQ —~ +60°
time

+75°

p2 =V } / €)) = +90°

+105°

11
7

+120°

+135°

+150°

+165°
180°

10
9
8



e i
@ \ 11 1
pJZ—Azsin((z)Hp]l {:0

1) 2 IS
por=-Axsin(wt—pi) 3PM
x1=Aicos(Wt+p;) 3 ox =y,
x2= A2cos(®t=pi) 5PM

o !PI
2p1=60 time
(phase lag is 2 hr.)
000
+15°
) +30°
3PM +45°
2 / 600
time
+75°
p2=v, /o = +90°

+105°

11
7

+120°

+135°

o
— O

@ +150°

s o +165°

180°



p1=—A1Sin((!)t+p1l

p2=-A2sin(®t=pj)

x;=Aicos(®t+pi)

x2= Azcos(wt—p)

2p1=60°
(phase lag is 2 hr.)

4PM

time

11

e

v
7
N

Y

10

-175°

180%150°-135°

11 1

3PM

6PM

time

=105° -60° _1500

-:/-\ +150
------------ %@@

+45°
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2 +75°
Lx ] +90°

+105°
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+150°
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o i
QEE? \ 11 1
pJZ—Azsin((z)Hp]l =0

10 2 is
por=-Axsin(wt—pi) o, 3PM
VP!
x1=Aicos(Wt+p;) 9 o 3 ox =y,
x2= Axcos(®t=pi) +P1 7PM
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2p1=60 time
(phase lag is 2 hr.)
E i/~ il )
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ftime X
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O
@ va 3 +150°
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p1=—A1Sin((!)t+p1l

p2=-Asin(®0t=p1)

x1=Aicos(Wt+p;)

x>=Axcos(®wt=p1)

2p1=60°
(phase lag is 2 hr.)

6PM

lime

— s
p2=v, /®

11

p]— /(D

e P
\ 11 1

=0
10 2 IS
3PM
il O
V?pl Vx =D] p
ﬁ 9 X=XT 3 X =xj
2, 01 8PM
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- 4 L d
\ : fime
7 5
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p1=—A1Sin((!)t+p1l

p2=-Asin(®0t=p1)

x1=Aicos(Wt+p;)

x>=Axcos(®wt=p1)

2p1=60°
(phase lag is 2 hr.)

7PM

time

11

e

4175° -15°
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\ 11 1
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10 > N
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time
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+150°
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p]:—A]Sin((Dt+p]l

t=0
LS
por=-Axsin(wt—pi) 3PM
x1=Aicos(Wt+p;) | 3 ox =y,
x2= Axcos(®t=pi) Q, P71 10PM
. : v,

2p1=60°

5 s 4 :
: [ ; fime
(phase lag is 2 hr.) \ E /

— - 21759 -15°
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time
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""""""""""" 1
RSRIIAS
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p1=—A1Sin(0)t+p1l

=0
2 LS
p2=-Asin(wt=pj) —0; 3PM
x1=Aicos(®t+pi) X=x 3 x=x
x2= Azcos(wt=py) 01 12PM

i i v,
2p1=60° j |8 § Y time
(phase lag is 2 hr.) \ J
. / 7 ! 5

_ 1750 ; 150
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time
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p1=—AJSin(0)t+p1l

=0
: 2 is
p2=-Asin(wt=pj) —0; 3PM
x1=Aicos(Wt+p;) 3 ox =y,
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2p1=60° ! 8

5 | 5 Y time
(phase lag is 2 hr.) 5 y 5
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2p1=60° |
(phase lag is 2 hr.) \ f
E / 7 5

_ 175° :
M/ 180°150°135° -120° -105° 6 -60° 1300
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pir=-Asin(wt+p;
p2=-Asin(®0t=p1)

x1=Aicos(Wt+p;)

x>=Axcos(®wt=p1)

2p1=60°
(phase lag is 2 hr.)

2AM

time

11
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1

/ 7
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ﬁ ~ @ 12
’ \ ' 11 1
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10
por=-Axsin(wt—pi)
x1=Aicos(Wt+p;) 5
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pir=-Asin(owt+p;) |
por=-Axsin(wt—pi)

x1=Aicos(Wt+p;)

x>=Axcos(®wt=p1)

2p1=60°
(phase lag is 2 hr.)




Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) -t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

B+iC D
The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry and related coordinates
Conventional amp-phase ellipse coordinates

Euler Angle (a(37) ellipse coordinates




Ellipsometry using U(2) symmetry coordinates
Conventional amp-phase ellipse coordinates related to Euler Angles (a37)
2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
A;and A2, and phase shifts p; and p>==p;. ar=xr+ipr depend on Euler angles (o) and A4.
ey | X7 Ajcos(wt+pi)
A, OrPD) -p1=A;sin(wt+p;)
Aye P ] x2= Azcos(wt=pj)
-p2=A>sin(wt—p;)

x2+lp2



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes

Ajand A2, and phase shifts p; and p2==p;.

A]e_i(wﬁ'p])

Aze_i(wt'p])

|

x1+zp1

x2+lp2

x;1=Aicos(wt+p;)
-p1=A;sin(wt+p;)
x2= Axcos(wt—p;)
-p2=A>sin(wt—p;)

Real xx and 1maginary py parts of phasor amplitudes
ar=xr+ipr depend on Euler angles («37) and A4.

x,= Acos[3/2cos[(y+a)/2]
—p,= Acos3/2sin[(y+0)/2]
x,= Asin[3/2cos[(y—c)/2]
—p,= Asin[3/2sm[(y—o)/2]

x1+zpl

.Xf2+lp2

Oo+y
—1

Ae 2

p

COS—

X1+lp1

X2+lp2




Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes

Ajand A2, and phase shifts p; and p2==p;.

A]e_i(wﬁ'p])

Aze_i(wt'p])

|

x1+zp1

x2+lp2

_____

X2= Azcos((ot—pz)é
-p2=A2sin(®t=pi)

Real xx and 1maginary py parts of phasor amplitudes
ar=xr+ipr depend on Euler angles («37) and A4.

X, = Acosﬁ/chos[(}/+oc)/2]
— D= AcosB/2sin[(y+a)/2]
x,= Asin[3/2cos[(y—c)/2]
—p,= Asin[3/2sm[(y—o)/2]

x1+zpl

.Xf2+lp2

Oo+y
—1

Ae 2

p

COS—

X1+lp1

X2+lp2




Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Arand Az, and phase shifts p;and p2==p;. ar=x,tipx depend on Euler angles («/7) and 4.
| X+, X]— AI:COS((D t+p1) x1: Acosﬁ/Zécos[(}/+oc)/2] _ia;ry ﬁ x1+ip1
4,7 OPD -pi=Ajsin(0t+py) | . —p,= Acos/2sin[(y+o)/2] de = cos )
4,7 @PD) - x2= Aicos(®t—pi): = Asin B-/-Z-Ecos [(y—o)/2] =L B
KRN 2=A2§Sin((x)l‘—p1) de 2 —_— XyFip,
pP2=42 5 —P,= As1n[3/281n[(7/—05)/2]

| X +ipy
i) }

sin — :
X, +ip,




Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Arand Az, and phase shifts p;and p2==p;. ar=x,tipx depend on Euler angles («/7) and 4.
| X+, X]— AI:COS((D t+p1) X = Acosﬁ/Zécos[(}/+oc)/2] _ia;ry ﬁ x1+ip1
AP -p1=A _]'Sln((l)l‘+p 1) . —p,= Acos/2sin[(y+a)/2] Ae Sy
4,7 @PD) - x2= Aicos(®t—pi): = Asin B-/-Z-'cos (}/—05)/2]‘ =L B
Xy +ip, _ 2=A2§Sin((x)t—p1) Ae 2 slnE X, tip,
P22 5 oS As1n[3/281n[(7/—05)/2]
Let:ids =Acos3/2  Ler ot4pi :(7.#994_)/2
Az =Asin¥/2

A e—i(wt-p])

| X +ipy
@) }

sin — ;
X, +ip,




Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes

Ajand A2, and phase shifts p; and p2==p;.

_____
--------------

- x2= Ajcos(®t—py)i
;-p2=A25Sin((Dt—p1) :

A e_i(wt'p])

X, t+ip

—i(a)t+p]) 1 ! _ _A :

Aje p1=Ai; Szn((ot+p1) .
2

x2+lp2

= Acosﬁ/chos[(}/+oc)/2]
— D= AcosB/2sin[(y+a)/2]

______________

L Asm,B/Zcos (}/—0()/2]
g hE As1n[3/2s1n[(7/—oc)/2]

ar=xr+ipr depend on Euler angles («37) and A4.

,OH-'}/ .
_ X +ip,
Ae 2 cosﬁ
2
o=y
i B
Ae 2 sin— :
> X, +ip,

A e—i(G)l+P])

A e—i(wt-p])

x1+zpl

X2+lp2

Let: (ot+p I —(’y—l—oz)/Z




Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency o orbit has amplitudes
Ajand A2, and phase shifts p; and p2==p;.

A]e_i(wt+p])

Aze_i(wt'p])

|

x1+zp1

x2+lp2

Real xx and 1maginary py parts of phasor amplitudes
ar=xr+ipr depend on Euler angles («37) and A4.

x1=Aicos(wt+pi) = Acos3/2cos[(y+0)/2] aty L
3 AL p| |

-p1 —ffl__]'Sln((Dl‘+p]) . —p,= Acos 3/2sin[(y+0)/2] Ae e

L X2= Agcas(mt—pl)é ‘ /-I-S-I-I-l-B-/i'COS (7/—05)/2]‘ ) i“;V N

-pz—Azlsm((Dt—pz) © ke

o= As1n[3/2s1n[(7/—oc)/2]

Let: (ot+p I —(’y—l—oz)/Z

tan3/2=A/A;  A2=A;2+A? ou=2p; Y=2mt

Euler parameters (o, 3,7, A) in terms of amp-phase parameters (A1,A2, ©t,p1)

oty H
= IB X tip;
Ae 2 cos— —i(wt+p;)
2 |_ [ Aje ! }
o=y —i(wt-p;)
i . B A,e
Ae ? sin— X, +ip,




Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@) -t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

B+iC D
The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry and related coordinates
Conventional amp-phase ellipse coordinates
Euler Angle (a(37) ellipse coordinates «



The A-view in {X1,X2}-basis o
—iot, Ba ,
Angles o=p=p2=2p1, Bu=2tan-14:/A1, y4=20-t [ a )_ A ¢ c083 0t =[ Xy +1p ]

define ellipses with intensity /=42=4,2+A52. a, gtioal2 sin%" Xp +1py
(8) (X, Xy) Space | ) (b) (ABO)Space -
Azimuth
angle
A 20=0L,=60°

A or Z-axis Euler angles

0=04= P1-P2=2p1=60°

B=PB4=2tan-'4:/4:1=60°

phase lag V=201

20=0.,=6




The A-view in {X1,X2}-basis .
—io, Ba ,
Angles o=p=p2=2p1, Pa=2tan-142/A1, y4=20>t [ a ) A ¢ €083 ot =[ X1 TP )

define ellipses with intensity /=A42=4,2+A>2. ap g2 sinz" Xy +ipy
(8) (¥}, Xp) Space | 3 (b) (ABO)Space g
Azimuth
angle
A 20=01,=60°

A or Z-axis Euler angles

0=04= P1-P2=2p1=60°

B=PB4=2tan-'4:/4:1=60°

phase lag V=201

20=0.,=6

(a) (X1,X,) Space | *2 C-axis ~ (b) (A,B,C) Space ., ;s
polar , C— polar
A AN elevation angle
1 - L \If\< 2y= Bo=41.4°
A b AN Y S
‘I / ? /1| | X
: ,/ a/
| N —ioe 12 . Pe .
: \\ // - ap » e COSE e_i%/c B Xgp +1pp
i azim?th a; ioel2 g Be Xg +IpR
: azlq(;)g_e \“ 2
| B \
| V1 0,-=40.9° }/I/




Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of A, B, and C polar formulas

Il I . : I :
Asymmetry SAZECOSﬁA ZESHIOCBSlnﬁBZECOSOCC sin B~

I , Il I . :
Balance  Sp= ECOSOCA sin 3, = ECOSﬁB = Esmac sin B~

1 1 1
Chirality S, =—sino , sin 3, = —coso  sin 3, = —cos
C=5 A AT B B~ 5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).

(a) (x1,Xp) Space | *2 Ciavis (b) (A,B,C) Space

polar

\ elevation
Al \|I< 2y=

// a
- C-axis
NS /’

C-axis

: — polar
angle
‘ Bo=41.4°




Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of A, B, and C polar formulas

Il I . : I :
Asymmetry SAZECOSﬁA ZESHIOCBSlnﬁBZECOSOCC sin B~

I , Il I . :
Balance  Sp= ECOSOCA sin 3, = ECOSﬁB = Esmac sin B~

1 1 1
Chirality S, =—sino , sin 3, = —coso  sin 3, = —cos
C=5 A AT B B~ 5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).

Angles (0.c, Bc): C-axial polar angle B¢ from above.

1, : 4 N3 V3
sinc , sin 34 = cos B3~ or: B =cos ' (sincax, sin B,)=cos 1(%-%) =41.4°
(a) (xl’xz) Space xz C-axis (b) (AaBaC) Space C-axis
polar i C— polar
Al \ ele;at_lbn >< angle
L — w\< V= “' BC:41.40

// a
- C-axis
NS /’




Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of A, B, and C polar formulas

Il I . : I :
Asymmetry SAZECOSﬁA ZESHIOCBSlnﬁBZECOSOCC sin B~

I , Il I . :
Balance  Sp= ECOSOCA sin 3, = ECOSﬁB = Esmac sin B~

1 1 1
Chirality S, =—sino , sin 3, = —coso  sin 3, = —cos
C=5 A AT B B~ 5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).
Angles (0.c, Bc): C-axial polar angle B¢ from above.

V3 V3

sinc , sin 34 = cos B3~ or: B =cos (sina, sin B )= cos_1(7 : 7) =41.4°
C-axis azimuth angle o relates to A-axis angles o4 and B4 . See oic =2¢ below.

: 1 V3 1
cosa,sinfy _ tano or: o =ATN2(cosa sinfi, /cos )= ATN2(=- £ /5)=40.9"
cos 34 2 2 2

(a) (x{,X,) Space | *2

Caxis  (b) (A,B,C) Space (s
polar

: — polar
A AN elevation angle
' 1 \If< 2y= ‘ B=41.4°
m/2—.=48.6° “
Azé//g § E N (
| x,

// a
- C-axis
NS /’

SR/ —




(a) (xX1,X,) Space

(a) (xX1,X,) Space

A Xy
Y \ |
VoA :
\ /: X1 P2 \
| // |
| |
| I A N N r—————-
| |
| |
| —r ~ | —r
phase lag phase lag | phase lag
29=0,,=60)° 20=0,=60° i 20=0,=6)°
|
|

| P1

—

=

| P1

| D1

A

phase lag
20=0,=60°




N\
oy /

phase lag

T

~

:(XA
=

' phase lag




The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xr,xz}-bases using angles (o.c, Bc, Yc).

—ioe 2 . Be .
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Polarization ellipse and spinor state dynamics

(a)
Stokes Vector
ABC-Space

(b)
Polarization
Xy-Space

Iy>[

S(0
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< H crank-Q vector

¢

for negativeﬁy2

-B

)

IR)

Fig. 10.5.5 Time evolution of a -type beat. S-vector rotates from A to C to -A to -C and back to A.

Fig. 10.5.6 Time evolution of a C-type beat. S-vector rotates from A to B to -A to -B and back to A.
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Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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U(2) World : Complex 2D Spinors Ellipsometry of U(2) states

2-State ket |¥)= described by Two “Worlds”
P1 .
YH=x +1p U(Z) 07’R(3)
U(2) World labeled by N T D= Xty
two complex phasors _;
and driven S — o 1Y/2
by complex operator v N |
y B_iC | T2]  |WNel%Zsinf/2
H=
[ B+iC D )
R(3) World : Real 3D Vectors /4 B-iC
V) State | fombeos H-Operator &wc D
Spin Vector Sc | =(Nsinpsina. |1 Angular velocity
S Sy Ncos Q: Qp 2B QsinBcosQ
[
(for 0=15° B=45°) —TRy15%)) |x 150°)\> Qc|=|2¢ |=|Qsindsing
é i \ Q 4-D cos
R(3) World labeled by Ly -~ 645 ﬁb =1 | ™ o
real 3-D “spin” vector S _ ¥ S(0 iﬁﬁ )
of angular momentum 1X(30°)) ## : H crank-Q vector
and driven by (for @=75° ¥=65°)
[x(@59)=I(+))
real 3-D “‘spin” vector 2 1 C
of angular velocity L J B A -~ R

. A wo)

|X(60°)) -




Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2*S) t and angular velocity (@) t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

B+iC D
The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry and related coordinates
Conventional amp-phase ellipse coordinates

Euler Angle (a(37) ellipse coordinates

)Addenda: U(2) density matrix formalism «

Bloch equation for density operator



U(2) density operator approach to symmetry dynamics

x;=cos[(y+a)/2]cos[3/2
p;=-sin[(+0)/2]cosP/2

Euler phase-angle coordinates (o, 3,7) |\P>:[ ¥, ]: \/ﬁ[ X +ip, ]: \/ﬁ( 102 s B ]e_i 5

W ¥ ' io/2 =cos[("y—0t)/2]sin[3/2
and norm N of quantum state |V) , Xy+ip, ¢%'2 Gin B2 ng—sin[[(&—oc))Q]]sin%Q
1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

* * 1 0 ‘Pl 2 2 2 2
(lilw)= v = v ¥ )( A R e R
2
4DYnorm=1
(o |wh=as, = wr we | L O | = N(p?+x? - p, -3
Z =0y = 1 ) 0 1 v, =N\ P 1 P 2

scaled 1 ) 5 N
by 1 EO\PJ +[¥) ):7
led 1 N . N
) ng; SZ:SA=§O‘P1‘2—|‘P2|2)=E(Coszg—sm2§jzjcosﬁ



U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (o, 3,7)
and norm N of quantum state |V)

1/2 times o-operator expectation values (\V|c,|V)

_ _ * * I O ¥
SITRRE CARS IR
N T O 4

(¥]o, | ¥)=25, = ¥; ¥} )( A

x;=cos[(y+a)/2]cos[3/2

. i p;=-sin[(+0)/2]cosP/2
|‘P>= ¥, _JN X Tipy _Jn| € cos 3/2 V12
¥, Xy +ip, %2 sin B2 x,=cos[(y—0)/2]sin[3/2
po=-sin[(y—0)/2]sin[3/2
gives:  Spin S-vector components:
scaled 1 2 2y N
U 2 2
4DYnorm=1 od 1 ; ;
scale 2 2 N . N
:N(p12 +x12—p22—x22) by%: SZ:SA:EU\PJ —|‘{12| j:?(cofg_smzajzzcosﬁ
= 2N (x5, + Py, ) scaled g S —ReWw =N Pinf N eosas
= XXy + PPy by %: =5,=Re¥,|¥, = N cos o cos 5 sin 5 =5 cosc sin 3



U(2) density operator approach to symmetry dynamics
Euler phase-angle coordinates (o, 3,7) |T>_[ P, ]_ \/ﬁ[ X +ip,

and norm N of quantum state |V) P

2
1/2 times o-operator expectation values (\V|o,|V)  gives:

¥ scaled

* * 1 0 1 2 2 2 2
<‘P|1“I’>= N =( ‘Pl ‘{’2 ) =N P X+ py+x, 1
0 1 ¥ L J by 5:

4DYnorm=1

b scaled

Wy w)long :( x * ) 1 0 1 =N( 2 2 2 2)
(Plo,|¥)=25,=| ¥] ¥ 0 1) w, L & R by L.
. . b g scaled
(P|o |¥)=25 =( S O ) { \P; ] =2N(xpx, + p,p,) byl
% ¥ — v scaled
<‘P|6Y|‘P>:2SC=( RO O ) (1 ol )[ ‘Pl J =2N(x,p, —x,1,) by 1.

X2+lp2

x;=cos[(y+a)/2]cos[3/2
p;=-sin[(+0)/2]cosP/2

]:\/ﬁ( e_ia/zcosﬁ/2 ]e_i o)

A02 o B2 x,=cos[(y—a)/2]sin3/2

po=-sin|(y—0)/2]sin[3/2
Spin S-vector components:

1 N
Ao e )=

S,=8,= %U‘PIF —|‘I’2|2) = g(coszg—smz g] = %cosﬁ

S . =S,=Re¥,¥ =Ncosacos£sinﬁ =Ecosocsinﬁ
b2 272 2
x : . N . :
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U(2) density operator approach to symmetry dynamics  x—cosioay2leosp

=-si /2 /2
Euler phase-angle coordinates (o, 3,7) ) ¥ /v X +ip, 7 200550 | i p,=-sin[(7+0.)/2]cosP
and norm N of quantum state |V) ¥, X, +ip, /2 sin B2 gjzzcs?rsl[[(&:%%]ﬁiﬁ%

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

* % 1 0 ¥, 2 2 2 ,\ scaled 1 2 2 N
el v =(wp w0 | e e Y oo )=
2 —~— Y 5
” 4Dnorm=1 od 5 5
* * 1 0 1 2., .2 2 2\ Scdie 1 2 2 N ) .9 N
(#lo,|w)=25,=( ¥ ¥, )(0 L |t estenten?) s s =i A )5 o S L Feoss
5 :
. ¥, scaled . B.B _ N :
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. . 0 —i Y, scaled . . . N . _
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5 ;

The density operator p = |¥X¥P|= | ! ®( vy ): WY, e e || Y LY
¥, SO0 8 Y, YW,



U(2) density operator approach to symmetry dynamics x=cosicpay2icoss2
Euler phase-angle coordinates (0., 3,7) { ¥, ]:\/ﬁ[ X Hip, ]:\/ﬁ 012 o i p=-sin[(y+0)/2]cos/2

¥)= .
and norm N of guantum state |V | +i o2 x,=cos[(y—0.)/2]sinf3/2
f q ¥) Yo+ip) e “sin§/2 Day=-sin[(y=0)/2]sinB/2

¥,

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

* # 1 0 ¥, 2 2 2 ,\ scaled 1 2 2 N
el v =(wp w0 | e e Y oo f) -
2 —~— V2-
” 4Dnorm=1 od 5 5
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. ¥, scaled . B.B _ N :
<‘P| |‘P>=ZS =( Y, Y, ) v, =2N(x1x2+p1p2) by%: S, =8,=Re¥ ¥, =Ncosacoszsm5 =?cosasmﬁ
. . 0 —i Y, scaled . . . N . _
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¥,

The density operator p = |¥YXW|= { ! ]@( S ): R :( P Pz ]: 1rr T2t
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2
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, 1
=S5 +iS,| ==N-§

2 ‘ T

<« :
Norm: N =¥1*¥1 +¥2*¥2  ...2-by-2 density operator p




U(2) density operator approach to symmetry dynamics
]:Jﬁ

Euler phase-angle coordinates (o, 3,7) ) P, N X +ip,
= — N
and norm N of quantum state |V) ¥, X, +ip,
1/2 times o-operator expectation values (\V|o,|V)  gives:
¥ led
T B o I N R R s
0 1 \P2 by 7
. 4DYnorm=1 o
. . 1 0 scale
(¥|o,|¥)=25, :( ¥, 1, )( 0 —I ‘P; :N(p12+x12_1’22_x22) by L. Sz=54
(¥|o | ¥)=2s ( SR ) L T T B
= = = XX
2 v, 1%2 T P1P by %:

* * 0 —i Y, scaled
<\P|GY|\P>:2SC :( \Pl ‘PZ )( l Ol )[ le ] :2N(x1p2_x2p1) by %: SY
The density operator p = Y )XW|= { i ]@9( S ): it

- N 1 v, Y,

P =Y |pp =YY, |

B o SN+S, So-iSy |

=-N+S,| =S.-iSy, | _| 2 | =§N( (1) (1) }LS [
Py =YY, Py =Y, Sy TiSy EN_SZ

1
=S, +iS =-N-5
+iSy, 5 . T p

Norm: N =¥Y1*¥1 + WY2*¥2

¢ 12 o B2
2 in B2

x;=cos[(y+a)/2]cos[3/2
p;=-sin[(+0)/2]cosP/2
—iy/2
e :
x,=cos[(y—a)/2]sin3/2
po=-sin|(y—0)/2]sin[3/2

Spin S-vector components:

1 N
Ao e )=

...S0 state density operator p has o-expansion

2|2) N cos’ b_ sin’ b = Ecosﬁ
2 2 2 2
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U(2) density operator approach to symmetry dynamics

x;=cos[(y+a)/2]cos[3/2

. . =-sin[(‘y+o)/2]cosP/2
Euler phase-angle coordinates (o, 3,7) N X+ip 2 0sp | s b (o) P
|‘P>z 1 :\/ﬁ 1T :\/ﬁ | o /2 .
and norm N of quantum state |V) ¥, X, +ip, %2 gin B12 xy=cos[(y—01)/2]sin3/2
po=-sin|(y—0)/2]sin[3/2
1/2 times o-operator expectation values (V|o, WV 1ves: Spin S-vector components:
/4 P n g p p
R 1o | Y scaled 1 2 2y N
<‘P|1‘\P>: N :( ¥, ¥, )[ 0 1 ¥, =N(p’+x’+p,) +x,° by L. 5(‘?’1‘ +|\P2| ):3
e
” 4DInorm=1 od 5 5
. 1 0 1 2. 2 2 _ 2\ Scale 1 2 2\_ N[ 2 . 2 N
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Wlo [wy=2s. = we owr ) O | | Zaw sealed G 5 —mww = Nsi nf =Ygnas
< |GY| >— c=\ ¥, Y, : 0 ¥, = (xlpz—xzpl) by%: y =90 =ImY¥, ¥, = smacoszsmg —?sma sin 3
The density operator p = |¥X¥P|= | ! ®( S ): SRR TSR T U TR O U R SR T A
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pp =YY, |pp =", |
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Norm: N =¥Y1*¥1 + WY2*¥2

...S0 state density operator p has o-expansion



U(2) density operator approach to symmetry dynamics  x—cosioay2leosp

=-§l /2 /2
Euler phase-angle coordinates (0, 3,7) |T>:{ v, ]: \/ﬁ[ X +ip, ]:\/ﬁ[ 102 o B ] Ch p=-sin[(+0)/2]cosf3

and norm N of quantum state |V) P X, +ip, %2 sin B2 x;=cos[(y—01)/2]sin3/2

2 pr=-sin[(y—-0.)/2]sinp/2

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

b scaled 1 N
£ w 1 0 1 2, .2 2, .2 2 2
(wlilw)= v = w; wz)( R N e R R ey I Ao e )=
2 —~— Y 5
” 4Dinorm=1 od 5 5
. 1 0 1 2. 2 2 _ 2\ Scale 1 2 2\_ N[ 2 . 2 N
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. ¥, scaled . B.B _ N :
<‘P| |‘P>=ZS =( ¥, Y, )( ]{ ¥, ] =2N(x1x2+p1p2) by%: S, =8,=Re¥ ¥, =Ncosacoszsm5 =?cosasmﬁ
. . 0 —i Y, scaled . . B. B N . _
<‘P|GY|‘P>:ZSC=( Y, Y, )( ; 01 )[ ¥, ] :2N(x1p2—x2p1) by%: Sy =8,=Im¥ ¥, =NsmacosEsm5 :?sma sin 3
The density operator p = |¥YXW|= { ! ]@( S ): R :( P Pz ]: 1rr T2t
. . ¥, Y, W, Pa1 Py v, V,Y,
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Iyies | o=s s RV STBY o 0 —i 10
o e - A TR V)
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=5, +iSy =5N—SZ T p = EN 1 +5 ) + Sy c, +§, o0, = §N1+S-0

Norm: N =Y1*¥1+W¥2*¥2  ...so state density operator p has o-expansion like Hamiltonian operator H
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U(2) density operator approach to symmetry dynamics  x—cosioay2leosp

=-§l /2 /2
Euler phase-angle coordinates (0, 3,7) |T>:{ v, ]: \/ﬁ[ X +ip, ]:\/ﬁ[ 102 o B ] Ch p=-sin[(+0)/2]cosf3

x,=cos[(y—a)/2]sin3/2

and norm N of quantum state |V ¥ +i io/2
fq ‘ > e e “sinff2 po=-sin|(y—0)/2]sin[3/2

2

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

* # 1 0 ¥, 2 2 2 ,\ scaled 1 2 2 N
el v =(wp w0 | e e Y oo )=
2 —~— Y 5
” 4Dnorm=1 od 5 5
. 1 0 1 2. 2 2 _ 2\ Scale 1 2 2\_ N[ 2 . 2 N
(#lo,|w)=25,=( ¥ ¥, )(0 L |t estenten?) s s =i A )5 o S L Feoss
5 :
. ¥, scaled . B.B _ N :
<‘P| |‘P>=ZS =( Y, Y, ) v, =2N(x1x2+p1p2) by%: S, =8,=Re¥ ¥, =Ncosacoszsm5 =?cosasmﬁ
. . 0 —i Y, scaled . . . N . _
<‘P|GY|‘P>:ZSC=( Y, Y, )( ; 01 )[ N7 ] :2N(x1p2—x2p1) by% Sy =8,=Im¥ ¥, =Nsmacos§smg :?smasmﬁ
5 ;

SO0 8 Pa1 Py Y, YW,

The density operator p = |[¥)X¥|= ( i ]@)( v ): Y, ]:( Pii P2 ]:( LT 2 ]
7

2 2
pu=YY |p,p=", |
1 B _ —N+§5, S, -iSy i .
_5N+SZ =8, —iSy, _ 2 _ N 1 O +S +S, 0 —i S, 1 O
" " . 1 2 0 1 i 0 0 -1
leijlqu Pzzz‘fz\{lz \) _HSY EN_SZ | W_J W_/l
=S, +iSy ZEN_SZ T p = EN 1 + S o) + Sy c, +§, o0, = §N1+ S0

Norm: N =Y1*¥1+W¥2*¥2  ...so state density operator p has o-expansion like Hamiltonian operator H
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Reviewing fundamental Euler R(O¥Y) and Darboux R|Q@UW| representations of U(Z) and K(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2*S) t and angular velocity (@) t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®@=0-4r-sequence [@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

B+iC D
The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry and related coordinates
Conventional amp-phase ellipse coordinates

Euler Angle (a(37) ellipse coordinates

Addenda: U(2) density matrix formalism
Bloch equation for density operator «




U(2) density operator approach to symmetry dynamics (

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed). \.

i) =H ),

&= Dagga/r = - ih<‘1“ = <‘P|H

] ~
pP= §N1+ Se0

H=Q01+906
)

J

Note: HT = H.



U(2) density operator approach to symmetry dynamics (

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
ih|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V

N . L ~
zhap—zhp—zh|‘P><‘P‘+zh“P><‘P‘—H“P><‘P| ¥)(¥H




U(2) density operator approach to symmetry dynamics( = 1ni+5.0

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed). \o

ih|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [PV pl=p

zhgp:zhp:zh|‘P><‘P‘+zh“P><‘P‘:H“P><‘P|—|\P><\P|H

The result is called &*  Bloch equation. A

. 0 s
ih—-p = zhszp—pH:[H,p])




U(2) density operator approach to symmetry dynamics( = 1ni+5.0

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed). \o

zh|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H

Note: HT = H.
Combining these gives a time derivative of the density operator p = [PV pl=p
ih——p=ihp= in|\P) (| +in| W) (P| = H| W) (|| %) (¥|H
The result is called &*  Bloch equation. A
ihip =ihp=Hp—-pH=[H,p |
ot g
Given p and H in terms spin S-vector and crank 2-vector:

Hp = hQOI+E§00 Ni+Seo =hQOEI+Ehf)oo+hQO§oo+ﬁ(§oo)(§oc)
2 2 2 4 2

—pH= N +5eo hQOI+E§oo =thﬂl+Etho+hQO§oo+E(§o0)(52-0)
2 2 2 4 2




U(2) density operator approach to symmetry dynamics (

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).

zh|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘P|H

Combining these gives a time derivative of the density operator p = [\ )V

The result is called

zhgp:zhpzzh“l’><‘l“+zh“¥><‘{":H‘\P><‘P|—|\P><\P|H

Bloch equation. A

L0
zth—zhp—Hp pH=H,p |

J

Given p and H in terms spin S-vector and crank 2-vector:

Hp =

Last terms don't cancel if the spin S and crank €2 point in different directions.

hQ 1+E§oo E1+§oo
) 2

%1+§-0][h§201+§f)00

= h%+ﬁ%kﬁ§§+@9§o/c+g(fzo 0)(§o 0)
hQy N1+M+W+g(§oo)(ﬁoo)




U(2) density operator approach to symmetry dynamics (

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
zh|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V

zhgp:zhpzzh“l’><‘l“+zh“¥><‘{":H‘\P><‘P|—|\P><\P|H

p= %NH SeG
H=Q01+906
\_ 2 Y,
Note: H' = H.
p'=p

The result is called &*  Bloch equation. A
Aec|)(Beo)=4,B30,05=A4,Bs|0,5+i€,5,0
ihip=ihp=Hp—pH=[H,p] ( )( ) a”B .06 B o ﬁ( op By 7)
ot ’ =A, B, +i€,p, 4,850,
Given p and H in terms spin S-vector and crank €2-vector: “A*B+i(AxB)-o

h = N, - N ~ s hy= . This
Hp = hQOI+EQoo)(71+Soo =h%+%+@980/0+5(900)(800) cancels
—pH= N +5eo hQOI+E§oo =Ml+%+hﬂqoo+ﬁ(§oo)(ﬁoo)
2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.

Hp—pH="(Qe0)(Se0) -2 (Sec)(Ce0)

This
remains



U(2) density operator approach to symmetry dynamics (

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
ih“P>=H“P>, cDaggarT:> -ih<‘{3‘:<‘P‘H
Combining these gives a time derivative of the density operator p = [\ )V

zhap:zhp:zh“P><‘P‘+zh“P><‘P‘:H‘\P><\P|—|\P><\P|H

] ~
pP= §N1+ SeC

H=Q01+906
2

The result is called &*  Bloch equation. A
0 . Aeg|)(Bec|=4 B,o 0,=A B;|0 s+i€ o O
ih—p=ihp=Hp—pH=[H,p] ( )( ) op Of B T ﬁ( off ' “CoPy y)
ot y =4, B, +ig,5, 4, Bs0,
Given p and H in terms spin S-vector and crank (2-vector: ~AeB+i(AxB)-c
h - N, - N. N._ = . ho= . This ' This
Hp = hQOI+EQo0)(71+SOG =hQ071+Zthc+hQOSo0+5(ro)(soc) cancels ' remains

pH= N +5eo hQOI+E§oo =thﬂ1+Ethc+hQO§oc+E(§o6)(52-0)
2 2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.




U(2) density operator approach to symmetry dynamics (

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
ih“P>=H“P>, cDaggarT:> -ih<‘{3‘:<‘P‘H
Combining these gives a time derivative of the density operator p = [\ )V

zhap:zhp:zh“P><‘P‘+zh“P><‘P‘:H‘\P><\P|—|\P><\P|H

] ~
pP= §N1+ SeC

H=Q01+906
2

Note: HT = H.

p'=p

The result is called &*  Bloch equation. A
Aec|)(Beo)=4,B;0,05=A4,B3(0,5+i€,5,0
ihipzihszp—pH:[H,p] (A20)(Be0)=4,B0,0 = 4,85(3,p +iep, y)
ot y —AaBa+zgaBy aBﬁay
Given p and H in terms spin S-vector and crank (2-vector: ~AeB+i(AxB)-c
N This ' This

Hp = hQOI+E§00 Ni+Seo =hQO—1+Ehf)oc+hQO§oc+ﬁ(§oc)(§oc)
2 2 2 4 2

pH= N +5eo hQOI+E§oo =thﬂ1+Ethc+hQO§oc+E(§o6)(52-0)
2 2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.

z'hi ﬂ1+§-c — ihSeo = z‘h(ﬁxs)-c
dr\ 2

cancels v remains




U(2) density operator approach to symmetry dynamics (

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
ih“P>=H“P>, cDaggarT:> -ih<‘P‘:<‘P‘H
Combining these gives a time derivative of the density operator p = [\ )V

zhgp:zhp:zh|‘P><‘P‘+zh“P><‘P‘:H“P><‘P|—|\P><\P|H

p= %NH SeG
H=Q01+906
\_ 2 Y,
Note: H' = H.
p'=p

The result is called &*  Bloch equation. A
Aec)(Beo)=4,B50,05=A4,B3(0,5+i€,5,0
ihip:ihp:Hp_pH:[H,p] ( )( ) B . B ﬁ( B By ?’)
ot y =A, B, +i€,5,4,Bs0,
Given p and H in terms spin S-vector and crank (2-vector: =AsB+i(AxB)-0

Hp = hQOI+E§oo Ni+Seo =hQOEI+Ehf)oc+hQO§oo+ﬁ(§oo)(§oc)
2 2 2 4 2

pH= Ni+Seo hQ01+EQOG =hQOEl+EhQOG+hQO§OG+E(§O0')(5200)
2 2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.

ot

JdlN_, - . -
ih—(71+806) =ihSe 0 = ih(ﬂxs)oc
. . | . _dS
Factoring out *G gives a classical/quantum|gyro-precession equation. —— —=

ot

\_




