Hamilton Equations for Trebuchet and Other Things
(Ch. 5-9 of Unit 2)
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Chapter 1. The Trebuchet: A dream problem for Galileo?
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Trebuchet simulator

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html

(a) What Galileo Might
Have Tried to Solve

The Atlatl
(Cahokia, IL 12th Century)


http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html
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Py =— =—= — ...but to be formally correct... p¢ =— =—= —
0 90 00 06 30 3 0 o

...must convert contra-velocities
to covariant momenta!)

= mrl0¢ sin(6 — )+ F,

VPP

Po= 7’999 + Veqqu
Py= yq)eé + ?/m)(b

-mrl0g sin(0 —§) + F,



Hamilton equations for elementary trebuchet

....................................................

;]

y 00 7,9¢ Do
r? oy ) P

Contravariant metric tensor

rymn

e A : 9
X=-Rsin0 () .~ o 0=y%py+y ¢P¢
( b m/ mrlcos(6 — ) Py _ 00 00
1 v mrlcos(0—¢)  MR* + mr* Py 1 . o=Y Py TV
I'=> 2 2 2.2 SV Pl
2 me [MR + mr? sin (e—cp)}
Po= 7’999 + Veqqu
Py= Vg0 + 7999
Coordinate equations
JH 0 JoH _ . o9 6
a_:e y‘P p9+y¢¢ 5 =0= 7 " DpytY ¢p¢
Py Py
Momentum/force equations
. aH oL 3T oV (Z\;l)a);{usg u;e Lagl;ange restults... . dJH 9L 9T oV
= ...0Ul lo be jorma correct... - — = = -
Po="26 "6 6 a0 g Po="30 90 90 a0

...must convert contra-velocities
to covariant momenta!) =

= mrl0¢ sin(6 — )+ F, -mr 000 sin(6 — @) + F,

=mrl(y% py+7% p )1 * py+ 7% p,) sin(6 - 9) + F, =-mrl(y% py + 7% )7 py + 7% py) sin(6 - 9) + F,



Hamilton equations for elementary trebuchet

....................................................

;]

y 00 7,9¢ Do
r? oy ) P

Contravariant metric tensor

fymn

o — : 0
X=-Rsin0 () .~ o 0=y%py+y ¢P¢
( b m/ mrlcos(6 — ) Py _ 00 00
1 v mrlcos(0—¢)  MR* + mr* Py 1 . o=Y Py TV
=5 2 vp2 22 5/ PPy
2 me [MR + mr? sin (e—cp)}
Po= 7’999 + Veqqu
Py= Vg0 + 7999
Coordinate equations
JH 0 JoH _ . o9 6
a_:e y‘z’ p9+y¢¢ 5 =0= 7 " DpytY ¢p¢
Py Py
Momentum/force equations
. BH oL 8T oV (May just use Lagrange results... | dH oL 9T oV
Py = ...but to be formally correct... Py=- =—= —
0 00 00 o6 30 00 00 oo

...must convert contra-velocities
to covariant momenta!) =

= mrl0¢ sin(6 — )+ F, -mr 000 sin(6 — @) + F,

=mrl(y% py+7% p )1 * py+ 7% p,) sin(0 - 9) + F, =-mrl(y% py + 7% p )7 py + 7% py) sin(6 - 9) + F,

= mri(y 99y¢9 2 4 [y00y9? 4 (}/H"))2 1p,py + y9¢y¢¢p(2b) sin(60—¢)+ F, = -[messy factor] sin(6 — @) + F,



Hamilton equations for elementary trebuchet

....................................................

6 ) | v % || po | Contravariant metric tensor
: o | 7,(1)9 },fl’(P Py Aymn
X=-Rsin0 () .~ o 0=y%py+y ¢P¢
( b ) m/ mr{cos(6 — @) Pg _ 06 "
1 v mrlcos(0—¢)  MR* + mr* Py 1 O=V"PotY Py
== 22, 22 },mnp P
2 - [MR + mrtsin (e—cp)}
Po= 7’999 + Veqqu
Py= yq)eé + ?/m)(b
oH
—=¢=r"p,+7"p,
d Py
Momentum/force equations
. OH 9L_JT 9V . 0H 0L_9JT dv
Po="30 90 96 o6 Po="30 "0 9o oo
= mrl0¢ sin(6 — )+ F, = -mr/(0¢ sin(6 —¢)+ F,
=mri(y% py+7% p )1 " py+ 7% py) sin(0 - 9) + F, =-mrl(y% py + 7" p )7 o + 7" py) sin(6 - 9) + F,
=mrt(y 907" pg + 1y 7% + (r")1pypy + 77" py) sin(6 - 9) + F, = -[messy factor] sin(6 —¢)+ F

A lesson on Hamiltonian “elegance” ...
...may be very elegant formally...but may not be so elegant algebraically!



Hamiltonian energy and momentum conservation and symmetry coordinates
=P Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry
Algebraic approach
Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

26, 96,
6, | | 90 dp | 6 _(
6y ) | % 905 |6 |
6 I

Lemma-1 from Lect.9 p.13

3, %, | ( 9, 2%,
0 dp | | O I
9, A, | | %
b I 9 I

(Used in Lect.14 p.60)

1

+7t/2
OB =-0+0¢ —7/2

Previous lab absolute
trebuchet coordinate

angles © and ¢

Begm-normal
relative azimuthal

compared to

new angles
0p and p.

Beam-normal
vertical-absolute

polar angle Oy

fjr//// \/ X
B

I
0

Lab (6,0) and beam-normal (0s,¢s)
relative coordinates for trebuchet.

(Each value is positive.)



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

|

6
0

H

1
-1

0

1

I

6
0

1

+7t/2
OB =-0+0¢ —7/2

Kajobian of inverse transform ¢p =¢ —0 —m/2 and =08 -m/2

20, 90,
0, | | 90 9o
by | | 9 90y
0
0  do
0 | | 99, 99,
o6 | | %
db, Ip,

|

0,
0y

H

I 0

1

|

I

0,
0y

J

d=0B+0R

Previous lab absolute
trebuchet coordinate

angles © and ¢

compared to

new angles
0p and p.

A

-
-
-
-
P’
U

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle Oy

s\
eB

\_:j‘
e

Lab (6,0) and beam-normal (0s,¢s)
relative coordinates for trebuchet.

(Each value is positive.)



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

Kajobian of inverse transform ¢p =¢ —0 —m/2 and =08 -m/2

0, 96,
0, | | 90 9o
i 9, 90y
0  J¢
0  do
0 | | 99, 99,
0 % I
d0, do,

|

6
0

0,
0y

H
{

1
-1

0

1

I 0

1

|

I
|

6
0

0,
0y

1

Previous lab absolute
trebuchet coordinate

angles © and ¢

+7t/2
OB =-0+0¢ —7/2

compared to

new angles
0p and p.

d=0B+0R

Be careful with momentum.

|

|

|

|
Poincare invariance is crucial! —

Poincare invariant must remain invariant

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle Oy

-
-

-
P’
U

b\

:P593+Pf¢33

b +pé =6 o )

| D7,
D B 4
9

B
Fig. 2.9.6

Lab (6,0) and beam-normal (0s,¢s)
relative coordinates for trebuchet.

(Each value is positive.)



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =0 —0 —m/2and 63 =0  +7m/2 Previous lab absolute
Jacobian Lemma-1 definition: OB =-0+0¢ —m/2 trebuchet coordinate
angles © and ¢
a0, d0,
9’3 00 I 0 ( 1 0 j 0 compared to
‘IIB ) % % 0 - 0 new angles
89 &¢ GB and (I)B'
Kajobian of inverse transform ¢ =0 —6 —m/2 and 6=0B -m/2 o
0 |_| 90, 90, | 6, :( 10 ] 0,
0 9 9 || 9, R
06, 9Py

Dm transform IS TRANSPOSE INVERSE [0 g™

Be careful with momentum.

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle Oy

I
I
I
I
L

6  dp Poincare invariance is crucial! | ’
Py 20, 39, | po (1 1I P,
= e ) /N
pf ﬁ % P . i Poincare invariant must remain invariant . ] ON
} 8¢B a¢B (3‘ - l X
20, dp, . . o » | | /
Py &_QB % pf ( I -1 ) pﬁ Pe¥ + P9 :( 0 ¢ ) pe :pgeB-I_pdqu)B \
- B - B ¢
p¢ % a(bB p¢ 0 1 p(p eB
v o a3, B )
( 0, ¢ ) Dy 9, 9 d0 Po Fig. 2.9.6
’ ’ 8_9 ﬂ % 8¢B pf Lab (0,0) and beam-normal (050s)
5’¢B 8¢B &’¢ 8¢ relative coordinates for trebuchet.

(Each value is positive.)



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

0,
Oy

]z

|

E

+71/2

OB =-0+0¢ —7/2

Kajobian of inverse transform ¢p =¢ —0 —m/2 and =08 -m/2

:

I:

|

e

Dm transform IS TRANSPOSE INVERSE [0 g™

Resulting momentum transform: p,= p, —pf

N— N,
Il Il

20, 90,
0 o
9, 9,
Ear
d0  JO
0, Jp,
I
0, 9,
0
20, 96,
0
%, 9,
863 a¢B
Er )
0, 99,
% A

|

e
R -

py= P,

d=0B+0R

Be careful with momentum.
Poincare invariance is crucial! |

Poincare invariant must remain invariant

pb+pd=(6 9 |

(6, 6, |

Previous lab absolute
trebuchet coordinate

angles © and ¢

Begm-normal
relative azimuthal

compared to

new angles
0p and p.

Beam-normal
vertical-absolute

polar angle Oy

I
I
I
I
L

A

-
-
-
-
-
P’
U

| D7,
D B 4
9

IP;Q = pg 93 + pf (bB \
0 eB
9 9 | 90, 9, k/
90y 0, 8_9 5’_9 p g Fig. 2.9.6
8_9 ﬂ % 8¢B pf Lab (6,0) and beam-normal (0s,¢s)
aq)B 8¢B &)(p 8¢ relative coordinates for trebuchet.

(Each value is positive.)



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

Previous lab absolute
trebuchet coordinate

+7t/2
OB =-0+0¢ —7/2

Begm-normal

angles 0 and ¢ relatiye azimuthal

d0, b, coordixate angle Op
9’3 00 I 0 ( 1 0 j 0 compared to
QSB ) % % ¢ - ¢ new angles

89 &Qb GB and q)B. q)—@

Kajobian of inverse transform ¢p =¢ —0 —m/2 and =08 -m/2

06 9 0=0B+0B
0 | | 9, 9, || 6, _[1 0] 0,
o || 9 |4 ) L1 1) 4

d6, do,

Dm transform IS TRANSPOSE INVERSE [0 g™

Beam-normal
vertical-absolute

polar angle Oy

|

|
Be careful with momentum. |
L

6 Poincare invariance is crucial! )
[pf ]_ 90, 0, (pe ]_(1 1}[%
Pl 90 dp Lo PR
Py 0-,— a— Po Po Poincare invariant must remain invariant _ -7 \ X
} ¢B ¢B & - |
o, 9, N O /
Do _ 00 90 pg _ 1 —1 pf PO +p¢¢ :( 0 ¢ )[ P, = Py +p¢¢3 \
P DBy 9 || P 0 1 ) p 05
L ) » » | 2
Resulting momentum transform: p,=p, Dy ( 6 b ) 0, 90, 0 00 2 Fig 2.9.6
= b 2 B B @ ﬂ % % pf Lab (9,¢) and %)eam-normal (05,05)
¢ ¢ aq)B 8¢B &)(p 8¢ relatl;zEe cohord;nat'es Zj;or‘ii.’ebjchet.
2 2 2 acn valtue is posiiive.
mit +(MR” + mr + 2mr/ cos(6 — . : .
g =" PePe ( )PsPs PP, €08 ~9) +V Original (9,6) Hamiltonian

2m0*| MR® +mr’sin® (6 ¢) |



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

Previous lab absolute
trebuchet coordinate

angles © and ¢

+7t/2
OB =-0+0¢ —7/2

Begm-normal
relative azimuthal

20, d0, coordixate angle Op
93 0 o 0 ( . 0 j 0 compared to
(IIB ) % % ¢ - ¢ new angles
89 &Qb GB and (I)B' q)-@
Kajobian of inverse transform ¢3 =¢ — 6 — /2 and 6 =0 -m/2 - e
| Jd0  JO | _ OG=0B+0R
[ 6 ] B 0, dJop, [ 0, ] B [ 1 0O ][ 0, ] : Beam-normal
S N 9 - 111 : | vertical-absolute
0 5’9¢ % P P polar angle 0
B B

Dm transform IS TRANSPOSE INVERSE [0 g™

Be careful with momentum.

I
I
I
I
L

6 Poincare invariance is crucial! )
pg _ 893 aQB Py _( 1 1 j Po /,”’
Py 99 I 2 0 1 Dy Poi variant must - invariant L ’ N\
} 8¢B a¢B omcare mvariant must remain imvarian )\ - | X
20, dp, : : . P : , /
AR pé+né=( 0 II b I:”593+”5"’B \
= = 0
P, 90, 9y | p; 0 1 )| p; eB
L ) o %\ 2, »
Resultmg momentum transform: Po=DPo Dy ( 6 ¢ ) 0, 90, 90 90 2 Fig 2.9.6
— B 5 b 8_9 ﬂ % % pf Lab (0,0) and beam-normal (050s)
p ) p ¢ aq)B 8¢B &)(p 8¢ relative coordinates for trebuchet.
(Each value is positive.)
me’ +(MR* + mr* + 2mrt cos(0 — . . :
H == PP ( — )pq)pz - PoP, €08(0 ~9) +V Original (,6) Hamiltonian
2m0*| MR® +mr’sin® (6 ¢) |
) (Use ¢B=n/2-(6-0) )
o( B BV 2 2\( B\ B( B _B\. . :
ml™\pg —py | +| MR +mr”|(p, | —2mrip;|py — p, |singy Transformed (¢565) Hamiltonian
H= +V

ml? [MR2 + mr? cos? ¢BI



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p=¢ —0 —m/2and 6B =0  +1w/2 Previous lab absolute
Jacobian Lemma-1 definition: OB =-6+0 —m/2 rebuchet coordinate Beéquu-normal
angles 0 and ¢ relatye azimuthal
% % coordikate angle Op
9’3 00 I 0 ( 1 0 j 0 compared to
‘753 ) % % ¢ - ¢ new angles
89 &¢ GB and q)B. q)—e
Kajobian of inverse transform ¢ =¢ —6 —m/2 and 6=0B -m/2 N
[ 0 ] _ &98 &¢B [ OB ] . [ I O ][ QB ] : Beam-normal
j B 0 0 i 111 A | vertical-absolute
¢ 89¢ % O O polar angle 65
B B

Dm transform IS TRANSPOSE INVERSE fO g™

|

|
Be careful with momentum. |
L
|

0 I Poincare invariance is crucial! )
pi | | 96, 96, || p _(1 lj P, |
Py 9 9 | p 01T p Dot are ivar o @\
} 00, 00, olncare invariant must remain invariant - . ‘ X
a919 8¢B . . . . 1% . . /
Dy 20 o0 || ps [ 1 1 j pe peO +p,9 =( 0 ¢ )[ pe = POy + Dy 0 \
= B = B ¢
adp  dp 90 Jp 0, I
Result; form: p,=pZ-p” % o0 | 20 oo 5
esulting momentum transform: p,= p, -p, ( 0 ) 20, 90, 0 90 P Fie 296
B 3 B ¥B 90 aq) % % pf Lab (0,0) and beam-normal (05,¢s)
p ¢ p ¢ % % &(D 8¢ relative coordinates for trebuchet.

(Each value is positive.)

_ ml’p,p, +(MR* + mr’ )Py P, +2mrl p,p,cos(0—¢)

H
2ml’ [MR2 + mr” sin® (6 — (P):I

+ (MR —mr)gcos@+ mglcoso
0-0=-m/2-0B

F, =—MgRsin6 + mgrsin0

) F, =—mglsing

2
ml? (pg —pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sinq’)B

mt* [MR2 + mr? cos’ ¢)B}

H —(MR—mr)gsin@B —mgﬁcos(¢B+93)



Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

- Algebraic approach
Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics



Free-space trebuchet kinematics by symmetry: Algebraic approach (using last line of p. 36)

2 2 (Assume zero-gravity)

ml? (péB —pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB -
H = —(MR—mr)gsm
me? [MR2 + mr? cos” (])B}

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0p angles 0 and o

SO ! pg = =0 and: pg = A = const.

compared to

90,

. o . D IT— _ new angles
H is not an explicit function of t so : H=const.=E 6, and oy,

Beam-normal
vertical-absolut

polar angle Oy

Lab (0,0) and beam-normal (05,05,
relative coordinates for trebuchet.

(Each value is positive.)



Free-space trebuchet kinematics by symmetry: Algebraic approach (using last line of p. 36)

2 2 (Assume zero-gravity)

ml? (péB —p(f) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB -
H = —(MR—mr)gsm
me? [MR2 + mr? cos” ¢B}

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0p angles 0 and o

. B B A=
SO . Pg = ﬁ =0 and P = A = const. compared to
B
. .. . I — _ new angles
H is not an explicit function of t so : H=const.=E 6, and o,
5 ) Beam-normal
2 B 2 2 B B B\.: vertical-absolut
. my (A—pq) ) +(MR + mr )(p¢ ) _zmrép(p (A_pq) )Sln¢Bzconst _F polar angle Oy

mt? [MR2 + mr? cos” q)B}

Lab (0,0) and beam-normal (05,05,
relative coordinates for trebuchet.

(Each value is positive.)



Free-space trebuchet kinematics by symmetry: Algebraic approach (using last line of p. 36)
2 2 (Assume zero-gravity)
ml? (péB —pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB

me? [MR2 + mr? cos” (])B}

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0p angles 0 and o

SO ! pg = =0 and: pg = A = const.

compared to

90,

. o . D IT— _ new angles
H is not an explicit function of t so : H=const.=E 6, and oy,

Beam-normal
vertical-absolut

polar angle Oy

2

2
ml? (A—pf) +(MR2 +mr2)(pf) —Zmrépf(A—pf)singbB

H =
mt? [MR2 + mr? cos” (])B}

= const.= ?

Rewrite H=E as a quadratic equation in py :

mt? (Az— 2A(pf)+ (pf)2)+ (MR2 + mrz)(pf)z— 2mr€(pf)(A—pf)sin¢B = Em/? [MRz-I—mrzcosz(/)B

Lab (0,0) and beam-normal (05,05,
Throwing-momentum p5 is a function of beam-relative angle ¢p, total E, and N=pBg . relatve coordinates for trebuchet

(Each value is positive.)



Free-space trebuchet kinematics by symmetry: Algebraic approach (using last line of p. 36)
2 2 (Assume zero-gravity)
ml? (péB —pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB

me? [MR2 + mr? cos” (])B}

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0p angles 0 and o

SO ! pg = =0 and: pg = A = const.

compared to

90,

. o . D IT— _ new angles
H is not an explicit function of t so : H=const.=E 6, and oy,

Beam-normal
vertical-absolut

polar angle Oy

2

2
ml? (A—pf) +(MR2 +mr2)(pf) —Zmrépf(A—pf)singbB

mt? [MR2 + mr? cos” (])B}

H = = const.= ?

Rewrite H=E as a quadratic equation in py :

mEj/Az— 2A(pf)+(pf)2)+(MR2 + mr? (pf)z— 2mr€(pf)(A—pf)sin¢B = Em/? MR2+mrzcosz(/)B

)
B

ng A —2]7/2151 \ + \g +2 ’ -7_[5 ’-‘ -::-‘l‘- MI 3- +- -I- AN -{- —2 / f\' I n E g lw R +myr - C \

Lab (0,0) and beam-normal (05,05,
Throwing-momentum p5 is a function of beam-relative angle ¢p, total E, and N=pBg . relatve coordinates for trebuchet

(Each value is positive.)



Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2
méz(pg—pf) +(MR2+mr2)(pf)

H

—2mr€pf (pg —pf)sin(pB

(using last line of p. 36)

(Assume zero-gravity)

me? [MR2 + mr? cos” ¢B}

For zero-gravity H is not a function of 0p

SO ! pgzﬁzo and : pngzconst.
B

H is not an explicit function of t so : H=const.=E

2

2
ml? (A—pf) +(MR2 +mr2)(pf) —Zmrépf(A—pf)singbB

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

compared to

new angles
GB and q)B.

Beam-normal
vertical-absolut

olar angle 0
= const.= ? P &8

mt? [MR2 + mr? cos” q)B}
Rewrite H=E as a quadratic equation in py :

m@Az— 2P (P )+

mZzAz—mezA(pf) +£m€2+2mr€ sin'q)B+MR2-+mr2)(pf )2—2mr2\ sing , (pf)

——

-- -
___________
- - -
-- - -
----------
- -
=

-
-
—'

Throwing-momentum p5 is a function of beam-relative angle ¢p, total E, and A=p?By .

Fint? )(pf )—I—mszz—Emfz[ MR2+mr2—mrzsin2(pB }

2,2 2
_MR +mr-cos (/)B_

/]

s\
eB

Lab (0,0) and beam-normal (05,05,

relative coordinates for trebuchet.

-
-
-
-
-
U

:Ezinéz MR2+mr2cosz(j) B

L4 24

=0

(Each value is positive.)



Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2
méz(pg—pf) +(MR2+mr2)(pf)

H

—2mr€pf (pg —pf)sin(pB

(using last line of p. 36)

(Assume zero-gravity)

me? [MR2 + mr? cos” ¢B}

For zero-gravity H is not a function of 0p

SO ! pgzﬁzo and : pngzconst.
B

H is not an explicit function of t so : H=const.=E

2

2
ml? (A—pf) +(MR2 +mr2)(pf) —Zmrépf(A—pf)singbB

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

compared to

new angles
GB and q)B.

Beam-normal
vertical-absolut

olar angle 0
= const.= ? P &8

mt? [MR2 + mr? cos” q)B}
Rewrite H=E as a quadratic equation in py :

m@Az— 2P (P )+

mZzAz—mezA(pf) +£m€2+2mr€ sin'q)B+MR2-+mr2)(pf )2—2mr2\ sing , (pf)

——

-- -
___________
- - -
-- - -
----------
- -
=

-
-
—'

(H2(r10)sing 7 ) (pE Y= 28 ((r/0)sing ,41) (pf )—kAz—E[l—mrzsin2¢ . } )

Throwing-momentum p5 is a function of beam-relative angle ¢p, total E, and A=p?By .

Fint? )(pf )—I—mszz—Emfz[ MR2+mr2—mrzsin2(pB }

2,2 2
_MR +mr-cos (/)B_

/]

b\
0

Lab (0,0) and beam-normal (05,05,

relative coordinates for trebuchet.

-
-
-
-
-
U

:Ezinéz MR2+mr2cosz(j) B

L4 24

=0

(Each value is positive.)

MR2+mr2

> I=MR?*+mr?

with: /=

mt



Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2
méz(pg—pf) +(MR2+mr2)(pf)

H

—Zmrépf (pg —pf)sin(pB

(using last line of p. 36)

(Assume zero-gravity)

me? [MR2 + mr? cos” ¢B}

For zero-gravity H is not a function of 0p

SO ! pgzﬁzo and : pngzconst.
B

H is not an explicit function of t so : H=const.=E

2

2
ml? (A—pf) +(MR2 +mr2)(pf) —2mr€pf(A—pf)sin¢B

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

compared to

new angles
GB and q)B.

Beam-normal
vertical-absolut

olar angle 0
= const.= ? P &8

mt? [MR2 + mr? cos” q)B}
Rewrite H=E as a quadratic equation in py :

m@Az— 2P (P )+

m€2A2—2m€2A(pf) +£m€2+2mr€ Sin¢B+MR2-+mr2)(pf )2—2mr2\ sing , (pf)

/ \ \\ T o a5 7
_ :bimé _MR +mr-cos (Z)B_ \
Fint? )( pf )—I—mszz—Enfiéz[ MR2+mr2—mrzsin2(p 2 } =0
(H2(r/0)sing g+ 7 ) (py )= 2A((r/0)sing . +1) (p, )+A2—E[I—mrzsin2¢ B} —0 bENbdac, Fig 296

——

-- -
___________
- - -
-- - -
----------
- -
=

-
-
—'

Throwing-momentum p5 is a function of beam-relative angle ¢p, total E, and A=p?By .

2,2 2
_MR +mr-cos (/)B_

-
-
-
-
-
A
U

(using quadratic solution: x=

2
¢ Lab (0,0) and beam-normal (05,05,

relative coordinates for trebuchet.

2A((r/0)sing ;1) % \/ 42 ((r/0)sing +1) —4(12(r/0)sing ,+ J)(Az—E[I—mrzsinqu . ])

(Each value is positive.)

MR2+mr2

with: J= . [=MR*+mr?

B _
Fo 2(H2(ri0)sing .+ J

me?



Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

Algebraic approach
=3 Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity (Assume zero-gravity)
Total KE=T = E[(MR2 + mr2)92 —2mrlcos(60—¢) 6¢ + mfngz}
oT _ 9 N . Previous lab absolute
Py = % B (MR +mr )6 B mrﬂq)cos(@ - ¢) trebuchet coordinate Begm-normal
angles 0 and ¢ relaiye azimuthal
oT o . coordixate angle Op
Py =55 =mt*=mrtbeos(9—9) compared 10
new angles
GB and (I)B. q)—e

Beam-normal
vertical-absolut

polar angle Oy

B x
/
Op



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity (Assume zero-gravity)
1 . . .
Total KE=T = 5[(MR2 + mr2)92 —2mrlcos(60—¢) 6¢ + mfngz}
_ oT _ 9 N . Previous lab absolute
Pg = g_ (MR +mr )6 - mrﬁq)cos(@ - ¢) trebuchet coordinate Beqm-normal
angles 0 and ¢ relaiye azimuthal
oT o . coordixate angle Op
Py = @ =ml~¢p—mrl6cos(6 — ) compared to
Transform to beam-relative coordinates and momenta new angles
_ B_B 05 and 0. —
[9 =08 —71:/2] [OB =0 +71;/2j Po=DPo Py pand §p (1) e
®»=0B+0B OB =-0+0 —m/2 p,= Pf
0-0=-05-1/2

Beam-normal
vertical-absolut

polar angle Oy

B x
/
Op



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity
Total KE=T = [(MRz +mr*)6* = 2mricos(6 —¢) 06 + mz%bz}

Dy = %= (MR2 + mr2)9 — mrﬁécos(@ —0)
oT . .
Py = @ = mfch— mrl6cos(6 — )

Transform to beam-relative coordinates and momenta

6= -m?2 §)
OG=0B+0R (0

0-0=-05-1/2

Pe=Dg P,

B =0 +7t/2j
=_ — B
B =-0+0 —1/2 Py= D,

2F = (MR2 + mr? )92 +2mrloo sSIng , + m€2q52 = const.

(Assume zero-gravity)

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

Begm-normal
relative azimuthal

compared to

new angles
GB and q)B.

Beam-normal
vertical-absolut

polar angle Oy

B x
/
Op



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity

(Assume zero-gravity)

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

Begm-normal
relative azimuthal

compared to

new angles
GB and q)B.

Total KE=T = %[(MR2 + mr2)92 — 2mrlcos(6 — @) 0 + mfngz}
oT ) 5 .
Dy = £= (MR* +mr~)0 —mrlpcos(6 — )
Py = g—g = mfz(ﬁ — mrlBcos(6 — )
Transform to beam-relative coordinates and momenta
B _ B
[6=OB —71:/2] Cage +7t/2j Po=Po Py

0-0=-05-1/2
2F = (MR2 + mr? )92 +2mrl 0 sIng , + m€2¢2 = const.

pg =A=const.=  p, + Py

= ((MR2 +mr*)0 +mrldsing,, ) + (m€2q5 +mr(6 sinq)B)

Beam-normal
vertical-absolut

polar angle Oy

B x
/
Op



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity (Assume zero-gravity)
1 . . .
Total KE=T = 5[(MR2 + mr2)92 —2mrlcos(60—¢) 6¢ + mfngz}
oT . . Previous lab absolute
Py = % - (MRZ T mrz )6 - mrﬁq)cos(@ - ¢) trebuchet coordinaz‘é Begm-normal

angles 0 and ¢ relaiye azimuthal
oT o . coordixate angle Op
p(p = % =ml (P —mrl6 COS(Q — ¢) compared to
Transform to beam-relative coordinates and momenta  new angles WK
_ B B 03 and Op. e (1)_9
[6=OB —n/zj 0B =6 +n/2j Po=Po P, /.
= —_ _ B N N N A N 1
®»=0B+0B OB =-0+¢ —1/2 p,= P,
0-0=-05-1/2

Beam-normal
vertical-absolut

2F = (MR2 + mr? )92 + 2mr€¢59 sIng , + m€2¢2 = const. polar angle 05

pg =A=const.=  p, + Py

= ((MR2 +mr*)0 +mrldsing,, ) + (m€2q5 +mr(6 sinq)B)

Case of equal arms r ={ (easier algebra)

N

X
0l x
05

2E = MR*6+mr? (9’2+2¢9 sing, + gbz)

> (For: r=1)
A:MR29+mr2(1+sin¢B)(9+¢5)




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 (b) 6, —0

Case of equal arms r ={ (easier algebra)

2 E= MR26*+ mr” (92+2q59 sing + q32)

A = MR*60 + mr? (1+sin¢B)(9+(b)

.

For:

r=/{

c 9 o'clock
0
Starting point

(c) Oy —+1/2

e 6 o'clock

Maximum KE of m

$ Mid point



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 (b) 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

2E:MR292+mr2(92+2q595in¢3+q32 ) For:  (c) G, —+1/2

.

2 2 - ) L r=/ '
A= MR*+mr*(1+sing,, ) (6 +0) c330106k _______ N
’ Optimum release point
Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)
) Conserved
: : : 2 initial 2F
| 2E=MR*6* _+mr*(¢__,,—¢ 2E = MR w2 . .
¢B:7:< 72 2.( 72 ”/2) or: 2(0 For:6__,=w=¢__,

b =1 A= MRO__, A= MR"w

singg=-1 | initial \

Maximum KE of m

$ Mid point



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 (b) 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

2E:MR292+mr2(92+2q595in¢3+q32 ) For:  (c) G, —+1/2

.

2 2 - ) L r=/ '
A= MR*+mr*(1+sing,, ) (6 +0) c330106k _______ N
’ Optimum release point
Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)
) Conserved
: , : 2 initial 2F
| 2E=MR*6* _+mr*(¢__,,—¢ 2E = MR 0> . .
Pp = ) " ) ( " ﬂ/z) or.. 5 For: 0_p,=0=0_p,

. —_1 A= MR 9_71_/2 A=MR"w

sing=-1 initial A

Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating)

2E = MR?6} +mr? (45 +67

q)B =0:1
2 . 2 . .

sing,=0 | A= MR6,+mr*(9,+6,)

Maximum KE of m

$ Mid point



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r ={ (easier algebra)
ZE:MR292+mr2(92+2q59 sing + q52) For
\
r=={

A = MR*60 + mr? (1+sin¢B)(9+(b)

J

(@) bp »—n/29 ook ) ¢ —0
O clocC
c 5 > 6 o'clock
artng porn &o Maximum KE of m
(c) 05 —+m/2
3 o'clock .
G Optimum release point & Mid point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

) Conserved
242 2( 4 : 2 initial 2E
_—; | 2E=MR*02 ) +mr (60— =0_rs2) | 2E = MR?w? o
Op x . For.60__,=w=¢__,
. —_1 A= MR 9_71_/2 A=MR"w
singp=-1 | initial A

Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating)

2E = MR?6} +mr? (45 +67
q)B =0:1
sing ,=0

A= MR2(9.0 + mr? ((bo + 90)

Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing)

2

) il
P 2E = MR*0; y+mr? (9, +6,,)
B_ .

sing ,=+1 n/2

Conserved
initial 2F

= MR*w?
A= MR*6_,.+2mr? ((f)ﬂ/2 + éﬂ/z) = MR*w

initial A



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 b) dp,—0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr* (92+2(/59 SIng ,+ ¢2) For: () q)B jtjr_tr_’;igmt e
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock R
) c ; Optimum release point $ Mid point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

) Conserved
242 2( 4 : 2 initial 2E
0, = ) 2E= MR, +mr (¢—7r/2 _¢—n/2) | 2E= MR*w? For: 6 . =wm=4
B ) : oy : A= MR2 w2 T T=n/2
sing ,=-1 A=MR"0_, ), . A=MEo
B . initial \
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67407 +26605in0,
mr’ ing,
2

2E = MR26? + 2('2+9’2) o
o THmr ¢0 0 %((2)_9)2 (For:q)B:—z)

ing,=0 A= MR"6,+mr-(¢,+0 ,
singp=0 | 0 00 = %(d)z +2)  (For: 9,=0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Conserved T(<p+9) (For: Op = E)

) 2/ : 2 initial 2F
b, =m/2:] 2E = M0yt mr? (0, + 6, ) = MR’
B - .

— 24 2( : _ 2
sing ,=+1 \ A= MR"0_, +2mr (¢n/2+9n/2) = MR

/2 initial \



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 b) dp,—0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr* (92+2(/59 SIng ,+ ¢2) For: () q)B jtjr_tr_’;igmt e
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock R
) c ; Optimum release point $ Mid point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

) Conserved
242 2( 4 : 2 initial 2E
0, = ) 2E= MR, +mr (¢—7r/2 _¢—n/2) | 2E= MR*w? For: 6 . =wm=4
B ) : oy : A= MR2 w2 T T=n/2
sing ,=-1 A=MR"0_, ), . A=MEo
B . initial \
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67407 +26605in0,
mr’ ing,
2

2E = MR26? + 2('2+9’2) -,
o ¥\ %+ % " (3-6) (For0y=-%)

0 =0: ). i 2
sing =0 | A= MR"6, +mr ((/)0+90) _ m_”2(¢52+92) For: 03 -0}
2 R
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Conserved , T(<p+9) (For: Op = E)
: : : 2 initial 2F 2 42 . Imre o : 2
P 2E = MR*0. y+mr* (9., +6,)5) = MR?w?— (@ —97[/2)——MR2 (9212 +652)
B - .
= A= MR*6_,+2mr? ((p +6 ) = MR*w 2
s ,=+1 /2 /2 /2 B T . 2mre . .
’ ) initial A (60— 67:/2) - (¢77:/2 t 97:/2)

MR?



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 b) dp,—0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr* (92+2(/59 SIng ,+ ¢2) For: () q)B jtjr_tr_’;igmt e
r=={

3 o'clock )
J °c @ O % ___ .
Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

.

A = MR*60 + mr? (1+sin¢B)(9+(b)

$ Mid point

) Conserved
: : : 2 initial 2F
-7 2E=MR*0> ,+mr*(6_on=0_0) | 2E= MR0? bd
(pB y 5 ' b OrLU_g)p =0 _¢—n/2
. —_1 A= MR 9_71_/2 A=MR"w
singg=-1_ 1 initial A
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr (67467 + 2065ing,
, 2 B
2E = MR?6} +mr? (45 +67 T i
¢B =0:4 T((j)—@) (For: ¢B=—5j
5. i
sind =0 A= MR"6,+mr-(¢p,+6 )
P 0 ( 0 0) =1 %(¢2+é2) (For: ¢ =0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Conserved , T(<p+9) (For: Op = E)
: , : 2 initial 2F 2 A2 . mre . : 2
B~ . vide ~ 2 _ (s :
. 2 2/ : . _ 2 > (0)+ 6 ) (P +6
sin¢B=+l A= MR 9717/2+ 2mr (¢n/2 + 9%/2) _l%ﬁla}\ T . _ 2mr2 . by A 72 2( 72 ﬂ/z)
(0w-0_,)= —((pn'/2 T 97:/2)

MR?



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 b) dp,—0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr* (92+2(/59 SIng ,+ ¢2) For: () q)B jtjr_tr_’;igmt e
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock R
) c ; Optimum release point $ Mid point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

) Conserved
242 2( 4 : 2 initial 2E
0, = ) 2E= MR, +mr (¢—7r/2 _¢—n/2) | 2E= MR*w? For: 6 . =wm=4
B ) : oy : A= MR2 w2 T T=n/2
sing ,=-1 A=MR"0_, ), . A=MEo
B . initial \
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67407 +26605in0,
mr’ ing,
2

2E = MR26? + 2('2+9’2) -,
o ¥\ %+ % " (3-6) (For0y=-%)

ing,=0 A= MR"6,+mr-(¢,+0 ,
sing,=0 | 0 0" Y0 = %(d)z +2)  (For: 9,=0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Conserved , T(<p+9) (For: Op = 5)
; : . \2 initial 2F 2 42 L mrt . c\2
¢, =721 2E = MR Gz )y +mr? (@5 + 6, ) = MR? 0> — (@707 R’ ((bn/c%,_'_.gn'/zz |
B~ ' ivide . : 1 :
. 2 2/ : . _ 2 > (0)+ 6 ) (P +6
sing,=t1 | A=MRO+2mr (9, +0,,) =MRo o, . bV A /2 lz( e+ 0rn)

(0- 67:/2) = W((pﬂﬂ + 97:/2)

C(bn/Zzéir/Z + 2(0)




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 b) dp,—0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr* (92+2(/59 SIng ,+ ¢2) For: () q)B jtjr_tr_’;igmt e
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock R
) c ; Optimum release point $ Mid point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

) Conserved
242 2( 4 : 2 initial 2E
0, = ) 2E= MR, +mr (¢—7r/2 _¢—n/2) | 2E= MR*w? For: 6 . =wm=4
B ) : oy : A= MR2 w2 T T=n/2
sing ,=-1 A=MR"0_, ), . A=MEo
B . initial \
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67407 +26605in0,
mr’ ing,
2

2E = MR26? + 2('2+9’2) -,
o ¥\ %+ % " (3-6) (For0y=-%)

¢p=0:1 A= MR20 2((/) 9') 2
ind.=0 = + mr + ,
singp=0 | 0 0™ %0 = %(d)z_'_éz) (For: 6~ 0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Conserved , T(<p+9) For: ¢, = 5
242 2(; : 2 initial 2F 2 42 L mr o . o)
o =myp.d 25T M gt (B2t 0r) = MR?0? — (@ =0r)= ((P”%\;gg 7, Yo ve )
B~ : . _1
_ R 2( g : — MR> (040, ,)7 Py T 002
sing ,=-+1 \ A= MR"0_ ,+2mr (¢7[/2+97[/2) —l%ﬁf'}\\) (w_é ):2mr2 ((p [Z")_;é\ ) n lz T T
/2 2 /2 /2 : -
MR fj C(Pn/Z_en/Z +2a)>




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 b) dp,—0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr* (92+2(/59 SIng ,+ ¢2) For: () q)B jtjr_tr_’;igmt e
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock R
) c ; Optimum release point $ Mid point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

) Conserved
242 2( 4 : 2 initial 2E
0, = ) 2E= MR, +mr (¢—7r/2 _¢—n/2) | 2E= MR*w? For: 6 . =wm=4
B ) : oy : A= MR2 w2 T T=n/2
sing ,=-1 A=MR"0_, ), . A=MEo
B . initial \
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67407 +26605in0,
mr’ ing,
2

2E = MR26? + 2('2+9’2) -,
o ¥\ %+ % " (3-6) (For0y=-%)

¢p=0:1 A= MR20 2((/) 9') 2
ino ,=0 = +mr + ,
sing,=0 | 0 0" Y0 = %(d)z_'_éz) (For: 6~ 0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Conserved , T(¢+9) For: g ==
242 2(; : 2 initial 2F 2 42 L mr o . o)
o =myp.d 25T M gt (B2t 6r2)” = MRP0? — (OO~ ((P”%\;gg 7 Yo ve )
B~ : . _1
_ R 2( g : — MR> (040, ,)7 Py T 002
e A Bz (¢ﬂ/2+97t/2) _”%ﬁlla/)\ - (-6 12)= 2 ((P /zl?l)-/GA/z) : lz : ﬂ
T 2 T . I
l R fz substitute C‘Pn/z_en/z + 2(’))
: 2mr? :
w—0,,= (20+26,,)

- MR?



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 b) dp,—0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr* (92+2(/59 SIng ,+ ¢2) For: () q)B jtjr_tr_’;igmt e
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock R
) c ; Optimum release point $ Mid point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

) Conserved
242 2( 4 : 2 initial 2E
0, = ) 2E= MR, +mr (¢—7r/2 _¢—n/2) | 2E= MR*w? For: 6 . =wm=4
B ) : oy : A= MR2 w2 T T=n/2
sing ,=-1 A=MR"0_, ), . A=MEo
B . initial \
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67407 +26605in0,
mr’ ing,
2

2E = MR26? + 2('2+9’2) -,
o ¥\ %+ % " (3-6) (For0y=-%)

¢p=0:1 A R 2(¢ 9) .
' =0 = +mr + 5
Sln¢B N ’ ’ 0 = %(¢2+92) (FOI‘Z (Z)B:O)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Conserved ) T(¢+9) (For: Op = E)
242 2(; : 2 initial 2F 2 42 L mr o . o)
o, =m2:| 25T MR O (a2 +0as2) = MR — (O O™ s ((P”/jijl-gér 7 =X )
B~ : R _ 1 .
_ R 2( g : — MR> (040, ,)7 Py T 002
nesr! ) A 2 (¢n/2+97t/2) _”%ﬁlla/)\ o (60—9 1) = 2L ((P /zl?l)-/GA/z) : lz : E
l MR fj substitute C‘Pn/z_en/z +2(1)>
2mr
0)] 97[/2 = —MR%(_za) + 29:71_/2)
4mr® .- -“’ quz : ,"
w- 0= 671'/2 T 2 9%/2




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 b) dp,—0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr* (92+2(/59 SIng ,+ ¢2) For: () q)B jtjr_tr_’;igmt e
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock R
) c ; Optimum release point $ Mid point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

) Conserved
242 2( 4 : 2 initial 2E
0, = ) 2E= MR, +mr (¢—7r/2 _¢—n/2) | 2E= MR*w? For: 6 . =wm=4
B ) : oy : A= MR2 w2 T T=n/2
sing ,=-1 A=MR"0_, ), . A=MEo
B . initial \
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67407 +26605in0,
mr’ ing,
2

2E = MR26? + 2('2+9’2) e
0 mr ¢0 0 %((2)_9)2 (For:q)B:—E)

¢B:O;< 5

. o
sing,=0 | A= MR6,+mr*(9,+6,)

= m—”2(¢2+e2) (For: ¢ =0)
2
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm ( releasing) 2

Conserved , %(qﬂ 9‘)2 (For: 0y = % )
; ; : 2 initial 2F 2 42 mre ;. : 2
pp=m2: 207 MR 04 mr (0 +0)” = R0 —— (@ _Qﬂ/?:W((P”/jfg’”} 1
B~ : ivide . s L :
_ 2, 2( ° _ 2 >(w+6_,,) ¢ ., +06
sin¢B=+l A= MR 9717/2+ 2mr ((pn/z +97t/2) _l%ﬁla}\ — B B 2mr2 _ byGA /2 l 2( /2 7r/2)
l R fj substitute C‘Pn/z_ a2 T (’))
.Y 2mr? .
0—0,,=""—(20+26,,) 4 Amr?
MR B
2N >%71/2 / > 102 = ME
- ‘W=0_,+——0 sove 4mr?
@ 2 @ /2 2 m/2 1+
MR MK MR?
- /




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 (b) 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

ZE:MR292+mr2(92+2q595in<p3+q32 ) For:  (c) G, —+1/2
r=/{

3 o'clock )
J °c @ O % ___ .
Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

.

A = MR*60 + mr? (1+sin¢B)(9+(b)

Maximum KE of m

$ Mid point

) Conserved
242 2( - 2 initial 2F
¢B—i:< 25 = MRy mr (d)_”/z_(p_”/z) ; 2E = MR’ For: 6 —w=0¢
) 7 _ ) -r/2 -r/2
S A=MR0__, A= MR w
singp=-1 1 g initial A
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67407 +26605in0,
, 2 g
2E:MR29§+mr2((/5§+93) (2 -
¢B =0:4 T((j)—@) (For: ¢B=—5j
5. i
singb =0 A= MR 90+mr (Q)O-I-QO) 2 .
B | | | =1 %(gf)z +92) (For: ¢ =0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Conserved ) T(¢+9) (FOfi $p = 5)
: : : 2 initial 2E 2 A2 mr- . : 2
0 " 2F = MR2972T/2+ mr2 (¢7r/2 + 97:/2) ;%}?20)2 > (0"~ 9”/2)=W(¢ﬂ/j'+'5ﬂ/22 1
B = : ivide N Y N ([ ;
. 2 2/ : . _ 2 > (0)+ 6 ) (P +6
sing =1 A= MR"0_,+2mr (d)n nt0_ /2) = %ﬁl o — 5 ot . by é\ /2 2( /2 7r/2)
: (0—0,,,))= 2(¢ T 7r/2) W 5
R fj substitute C‘Pn/z_ a2t w)
Large M>m case (Beam nearly constant w) | l o p —
C(P H=0+20= 360) 0=0,,= 2 (,2w+297r/2) 1— 4mr
" MRX 0 MR?
. 1_ O 2 .Y 4 2 ] > =—
97:/2 :—1 W= w_4m7’ i5=0 / _|_4 r 0 solve m/2 Amr>
+0 P /2 2 w2 1+
MR MR MR?
N j




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 (b) 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

ZE:MR292+mr2(92+2q595in<p3+q32 ) For:  (c) G, —+1/2
r=/{

3 o'clock )
J °c @ O % ___ .
Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

.

A = MR*60 + mr? (1+sin¢B)(9+(b)

Maximum KE of m

$ Mid point

) Conserved
242 2( : 2 initial 2E
(pB_iH 2E=MREO gy mr (d)_”/z_(p_”/z) : 2E = MR’ For: 6 . =w=0¢
2 24 . 2 -r/2 -1t/2
: A = MR-0 A= MR w
singp=-1 1 2 initial A
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) o
r T(¢ +6 +2¢9811’1¢B)
242 2 2 12 (
2E = MR?6} +mr? (45 +67 W (a
¢B:O:< T((j)—@) For: (PB——E
| Y i
sing,=0 | A= MRy +mr (6 +6,) {52 47)  (For 0 -0)
2 BT
Move to 3 o’clock with ¢p~ +90° (beam r slowed, throwing arm ¢ releasin >
g g mr 2 T
Conserved ) T(¢+9) (FOfi ¢p = 5)
: , : 2 initial 2F 2 A2 . mre . : 2
B~ . vide ~ 2 _ (s :
. 2 2/ : . _ 2 > (0)+9 ) (P +6
sing ,=+1 A= MR"0 ,+2mr (¢n/2+97z/2) _l%ﬁ]a/)\ — : B 2mr? . by A 72 2( /2 ﬂ/z)
! (co—é?ﬂ/z)——R2 (¢f,/2+9n/2)b @ —0 +2a)>
) substitute n/2 “m/2
Large M>m case  Optimum MR?>=4mr? case | l ot p —
Cq')n/z:a) +2m= 360) <¢n/2:o+ 2= 200) 0=0y) = M—Bz(zw +26,),) 1 4’”’”2
9 :1_Ow:a) 9 _1_1 _0 4ml"2_,—'_'6-‘/ %I/‘ze SOZVQ > 971'/2: 4j\j/l1:'2 a)
727140 2= %7 - R W = n/2+W /2 I+
N MR™ )




Super-elastic Bounce

.’y

\ |/

™~ e
— BANG! —

)~
L AN L \//l\

d]‘"IIIT

Space Plot
(x versus y)

m= = 10 kg

4 V2= 2.5 mis
ml= 70ke

¥1= 0.5 ms

Velocity Plot —%
( Vy ] versus Vy )

Analogous

Superball
Models

Similar in some
ways to trebuchet
models

Class of W. G. Harter,
“Velocity Amplification
in Collision Experiments
Involving Superballs,”
Am. J. Phys.
39, 656 (1971)
(A class project )

2-Bang Model

@

Fastest Throw

0%
3 Energy
Optimal Throw WVl END/ ransfer
Energy is 3 times
Transfer INITIAL V
FINAL V K
is 2 times <D
INITIAL V

1 . Graphic

v Solution
\L,
I Y

: (Bango) START

C around ->

: mj-m>
-2

collision
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http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
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45 v =93.30

Range = -181.

=90
Typical (Unoptimized) Trebuchet

=80
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http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth

Trebuchet in Siege of Kenilworth 1215 ACE
(Re-enactment shown on NOVA-TV 200)5)

| b= 38.64

L) 0 ';‘\ \s\\
-y A/
) \
~4.0) Range\= -464 .83

Web Simulation: Trebuchet - Seige of Kenilworth



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth

There is a claim that Cortez built a trebuchet to lay siege on Montezuma around 1500...

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

- E=-192.73
v =81.00
- Range = -21

Web Simulation: Trebuchet - Montezuma's Revenge



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

There is a claim that Cortez built a trebuchet to lay siege on Montezuma around 1500...
...and that the f rst, Shot went terribly wrong...

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

N . E=-192.73

; v =81.00
: . Range =-21



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

There is a claim that Cortez built a trebuchet to lay siege on Montezumd around 1500...
...and that the f rsz‘ Shot went terribly wrong... Fn

E=-192.73
v =81.00
Range = -21

...If this story is true, then it éives néw meaning
to the expression “Montezuma's Revenge”...

E=-192.73
v=2381.03
Range = -22.

Yl

Web Simulation: Trebuchet - Montezuma's Revenge



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

Algebraic approach

Direct approach and Superball analogy
=P [rebuchet vs Flinger and sports kinematics

Many approaches to Mechanics



Early Human Agriculture and Infrastructure Building Activity

Throwing Slinging
Splitting O

Chopping Reaping
< Cultivating and Digging <
3 ( >

Hammering

Bull whip

What Trebuchet mechanics crackiig
is really good for... Ay fish e el

Later Human Recreational Activity Tennis serving

Lacrosse

_ Tennis rallying
Hammer throwing
Batting
aseball & Golfing )
Football i"y
< Cultivating and Digging <
\

Water skiing

Space Probe “Planetary Slingshot”



Trebuchet analogy with racquet swing - What we learn

Large force F Force F nearly F Y F mostiy
_ nearly parallel  perpendicular | m  serves to
Driving to velocity v to velocity v mph  sreer m here.
Force: SO V increases SO V increases '
' - rapidly. very little.
Gravity p o y2 ry 70 p
! 60 /I
50 ,/
0 1 0 4’0/ pad \

Most velocity v
gained earlier here.

Early oNn Later on
(Gain the energy/momentum) (Steer or guide)




Trebuchet analogy with racquet swing - What we learn

Large force F Force F nearly F Y F mostiy
_ nearly parallel ~ perpendicular - m serves to
Driving to velocity v to velocity v mph  steer m here.
Force: SO V increases so vV increases O
Gravi - rapidly. very little. 70 |
t:y r 2 /I
] /C ] 60 /
50 )/
Most veloczly \Y
gained earlier here. I'
Early on Later on |
(Gain the energy/momentum) (Steer or guide) %

Arm-racquet system
L flies nearly freely. ¢

Rotation of body ry, provides most of energy of arm-racquet lever L.
%
Follow-Through l&
Energy Input Small applied forces
Most of speed gained early mostly for steering.

‘ v
by arm-racquet system L.
Preparation Ball hit occurs.
Center-of-mass for semi-rigid

arm-racquet system L is "cocked."




An Opposite to Trebuchet Mechanics- The “Flinger”

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=AnimateFlinger

Early on

(Not much happening)
Not much
increase in
Driving velocity v
Force ) k
K
: W= lil

Trebuchet-like experiment

Wﬁ E(}&% Ty

Later on

(Last-minute “cram’” for energy)

- Anti-analogy can be useful pedagogy

Maximum
increase in
velocity v
just before
m slides off

end

Flinger experiment

4

) Iy

O

_— Skateboard wheel swings

t .

‘ >

Skateboard wheel
slides on pool que-stick

Generic URL - http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=AnimateFlinger
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html

Trebuchet model in rotating beam frame

Flinger model in rotating beam frame

( ) V(rf):lm(ogg lmmg’g

5 ’I"f 5 T’O

. 1
Assume: Constant beam _mvg =V
/—I\ 2 f beam
rame
()
beam
g frame

X /
\
\ , \ /€ /
A /
\
6

o« \
‘Q\C;Z?Ck “Inztzal -
) (6 o'clock position)

Final
( 3 o'clock

position)

Smo?, . (trebuchet) = Final Trebuchet KEbeam

2 frame

mme

Assume: Constant beam ()

Q)

1
~muj,,. (flinger) = Final F linger KE beam

2 frame frame




Trebuchet model in rotating beam frame Flinger model in rotating beam frame

Assume: Constant beam lmvg _ V( ) V (rf> _ lmwg 2 _ lma)gr’g

.
i 2 Al 2 S 2
o

Assume: Constant beam ()

beam
14 Jrame Final /1_\
( 3 o'clock )
A position) Initial

1 /
\
\ , \ /€ /
A /
\
6

; \
~<g clock

~__ ‘Ilflll‘ldf’ |
B (6 0] ClOCprSlthl’l) \

lmvbeam (trebuchet) = Final Trebuchet KEbeam lmvbeam (flinger) = Final Flinger KE beam

2  frame , frame 2 frame frame
1 1 1 1 1 1

~ mo” n +L — —mo® |1 4 +0°] = “me” 2n, € —mwg(r +€) — —me’r’ = —mo)gﬁ(er +€)
2 2 2 b 2 b9 b

Final Initial Final Initial




Trebuchet model in rotating beam frame

Flinger model in rotating beam frame

Assume: Constant beam lmvg —V (T ) I, (7” ) — lmu)g’l”'? _ lma)gr’g Yy
beam 0 f f 0
‘/—I\ 2 frame 2 2
(D v Assume: Constant beam
f beam
f rame Final /1_\
( 3 o'clock )
A position) Initial
/
/ @ >
\\ \\ g //
IR 4
\\ 6 \\
\\ b) \ //
\Q\C;Z?Ck “]nz}z}llf’ ;
1 (6 o'clock position) \
—muvy,, (trebuchet) = Final Trebuchet KEj .y, —mvfeammmger) = Final Flinger KE ycam
2 frame , frame 2 frame frame
1 1 1 1 2 1 1
gmmg (Tb + 5) — émmg (Tbg +€2) — gmwg (2779 5) —m(x)g('rb +€) _ —ma)grb’? — —m(ogﬁ(%) + 6)
Final Initial 2 Final 2 Initial 2
3 o’clock 6 o’clock 3 o’clock 3 o’clock
2
R62=1?)2+€ ¢ Flinger KE is "0 gg more than 6 o ’clock trebuchet
o clock 2 but misdirected




Trebuchet model in rotating beam frame

Flinger model in rotating beam frame

I

Assume: Constant beam

frame

1
gmvbeam: V(r()) V(rf> — imw frf ima) S

22 1 99 i

10 ‘Inz‘tz;al/’
@6 o'clock position)

2 frame

Smo?,, (trebuchet) = Final Trebuchet K?beam

rame

0) v Assume: Constant beam ®
ﬂ%%zgz
f Final /T\
(3 o'clock )
A position) Initial
I/
/ @ >
\ \\ g //
\\ IR \ //
\ I \
\\ 6 \
~<o clock™ g

1 .
~muj,,. (flinger) = Final F linger Kl]s: beam

2 frame rame

1 <1 1 2
—ma)g (fr'b + f) _ —ma)g (rbg +€2) — —mu)g (277) E) lm(g)g (frb —|—€) — lm(DQTbQ — lm(ogf(%é + 6)

o’clock

2 Final Initial 2 2 Final 2 Initial 2
3 o’clock 6 o’clock 3o clock 3 o’clock
2
R62=1%2+€ ¢ Flinger KE is "0 gg more than 6 o ’clock trebuchet
oclock 2 but misdirected
Initial _ lmo)g (47?) g) ‘
9 o’clock 2 .
9 9 9 Flinger KE is —w(2fr /— gg) less than 9 o’ clock trebuchet
RE=r+07-2r¢ 2 " — o
9 b b and misdirected




Trebuchet model in lab frame

Assume: Constant beam Viad
- rame
/I\ (D(Tb‘l’g)_ YUrotation I
6} v
beam
g frame
A

— -

p ©° (2779 €) half-cocked 6 o'clock
V7o (frebuchet) =

frame

L(x)g (4rb f) fully-cocked 9 o'clock

Viah frame (t’r'ebuchet) —

((D(Tb + £+ 257‘6) half-cocked 6 o'clock
1

w(rb + 0+ 2 Erb) fully-cocked 9 o'clock

H Flinger model in lab frame

Z): Urotation

0 /r\ w(rb+

ab

rame

@ —— >

Final vy,
frame

2r;

9 .
Vo (flinger) = w*(2n,

frame

|

+ )

Ylab frame (ﬂ z'nger) —

o (1) 2 )= ool 1)~

/ \

L

{5.00(» {5.16(9 / {5.00(&)

5.820 6.000 5.820
(,=2,0=1),(r, =15,0=15),(r, =1,£=2]

(compare)

A

= 3.740 = 3.960 — 4120
n :2,6:1), (’rb :1.5,6:1.5),@ :1,6:2)




Physics used to be pretty much bi-polar...

Experiment

Now that situation 1s changing...



Many Approaches to Mechanics (Trebuchet Equations)

Each has advantages and disadvantages

* U.S. Approach
Quick’n dirty
Newton F=Ma Equations
Cartesian coordinates

* French Approach
Tres elegant
Lagrange Equations
in Generalized Coordinates

49T OT
N VAN

dt dq dq
e German Approach

Pride and Precision
Riemann Christoffel Equations

&

\

umerics

Iy

graphics

 Unified Approach

1.
Theoretical
Analysis

’Atﬁ oc:x‘

Scientific Method

2. :
Numerical \ g Laboratory
Synthesis Observation

in Differential Manifolds

k_ .k k.m .n
Fr=g" + T "q"q

* Anglo-Irish Appproach

Powerfully Creative
Hamilton’s Equations

: OH
Phase Space P; == —"">

L)

0q]

q

.k OH
0pk

All approaches have one thing in common:
The Art of Approximation
Physics lives and dies by the art of
approximate models and analogs.

dS = Ldt = p,dq" — Hdt

Hamilton-Jacobi-Poincare: ,-%5 -5

9" o




Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC d0 and do in Jacobian) | ¥ || % & [ 49 ): Rsing 0 [ 49 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—9d0+FX—¢d¢ = MX8—9d9+MX8—¢d¢ dy 0 _rsin@  fsing
y Y 224 . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mx§—;d¢
. dy dy . dy . dy
+F, dy + my dy +Fy£d9 +Fy8_¢d¢ +my£d9+mya—¢d¢
STEP 2 2 .2 )
, MX* MY’ Mi® M
Add up first and last columns for each variable 0 and ¢ for: T=—"—+—"—+——+ 2y
Lagrange X ¥ _ox _dy — lox v ox o dy
: .| Let:F,=—+F, —+F Z= +F == Let :Fy——+ b —+F ——+F
trickery. 90 "0 a0 e TR Y
d oT JT d OT OT
dt 96 90 dt 96 9o

FyRcosO +F,Rsinf — F rcos6 — Frsin6 F,-0+F,-0+F./{cos¢ + Fnyln(P
5= S 3T _podor_or
ETETET C drdp o

=f Add F, gravity given
(Fx=0, Fy=-Mg)
(F.=0, F,=-mg)
p_dor_or

| | : 5 =————=—mg/lsin
Fy=—————=—MgRsin0 + mgrsin0 | : Cdtdp dp grsmg

Add Fy gravity given
(Fx=0, Fy=-Mg)
(Fr=0, F,=-mg)

These are competing torques on main beam R... ... and a torque on throwing lever ¢



Forces: total, genuine, potential, and/or fictitious

Coriolis Force ~ éd).
O (

r | ConstrainNFotce

Constraint Force

Centrifugal ’A

Force ) Centrifugal Force
2 2
~6 UPPOTt ang ~ 0
Steadying Foree Gravitational Force
Gravitational Force ~mg .
Y For conservative forces
~ Mg
Acceleration Applied Constraint | }ore- F, = _oV and: B_V _
and ‘Real’ 'Internal’ a0 a0
'Fictitious' Forces: Forces: F oV q oV
. Gravity Stresses =——— 4and:. —=
Forces. Stimuli Support... ¢ 8¢ 8¢

Coriolis .y
Centri ugN Frictipn... g?)onnooiv Zc;ntribute.
' /\BT a—T+I~I+é/ ) Dy =— P
Po= 496 ~ 90 =38 PeT o

d oT _JT oL . _dL

) = — = FE +0 p, =
vesss 0T drop o9 /

(modified)

)
Lagrange Force equations Lagrange Potential equations

(See also derivation Eq. (2.4.7) on p. 23, Unit 2) L — 7"_ V
Compare to derivation Eq (12.25a) in Ch. 12 of Unit I and Eq. (3.5.10) in Unit 3.

oL . 9L

0

0



