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How to say NewtonOs OF=maO in Generalized Curvilinear Coords.

Use Cartesian KE quadratic forKE=T=1/2vdMw and F=Mwa (o get GCC force
Lagrange GCC trickery gives Lagrange force equations
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)
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Quick Review of Lagrange Relations in Lectures 7-8
=) 0" and F'equations of Lagrange and Hamilton
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Quick Review of Lagrange Relations in Lectures 7-8
0 and Ftequations of Lagrange and Hamilton

Starts out with simple demands for explicit-dependence, OloyaltyO or Ofealty to the colorsO

Lagrangian andEstrangian
haveno explicit dependence

Hamiltonian andEstrangian
haveno explicit dependence

Lagrangian andHamiltonian
haveno explicit dependence

onmomentump onvelocityv 0N speedinunmV
! ! ! ! ! !
—LII Oll £ ill Oll £ ill OII i
' Dy ' Dy v, v, LV, 'V,

Such non-dependencies hold in spite of Ounder-the-tableO matrix and partial-differential conne

, W ) D
L= = = viMiv Lo H=v= "H = - pIM™ip (Forget Estrangian for now)
"v "v 2 p "p 2
=Miv=p =M™ip=v
s 1L L LH %
§!V'$m O%Vl.%zu p A §!p1'=$mfl Oz%;plfyo:;\’lfy(
i'ﬁomz&ﬁvz&ﬁpz& ﬂ'ﬁo m' oh Pog BV2g
P v e e p. 25 of
LagrangeOsstlequation(s) HamiltonOsstequation(s)
N N - . Lecture 8
—— = or —= — =y, or —=V
v, K v " lp, F Ip
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FiLgJ;r.“izl.z p. 28 of

Lagrangian plot Lecture 8
(a) L(v)=const.=v¥V ¥//2 (b) /
Vfp, Im, =
L=constE E |h,,_¢E
4\
\ |
] \ (C) Overlapping plots
[ \
DA BY _ _
// /\\7 ‘\ L=const = E
/ | \
( Vi~ | !
| 5= % \I} pl /ml E
\[/ - :
I /
\ /
\ / 4(d) Less mass/ | Hantiltonif tangené momentum p
\ / - ) Isnormal to velocity v
I | { \\

(€) More mass
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Unit 1

Fig. 12.2 p. 28 of
Lagrangian plot b Lecture 8
L(v)=const.=v¥M ¥//2 ( ) p2|: m,v,,
T
%\ .
V / = J2Em —
2|:p2 m o i/ =My Vq
Li=constE E |,, E,
/ I\ ||
\ I
[ \ (C) Overlapping plots Lagrangian tangent at velocity v
{ \ - : iSnormal to momentum p
Ry == |15t equation of Lagrange
//\\v ‘\ L=const=E \
A )
{I V= |15t equation of Hamilto 7
2K M-1$
b= = \I} pl /ml -
\/ ns 0
WY /
\ /
\ | 4|(d) Less mass | Haniltonif tangené momentum p
\ / | /\\ is normal to velocity v
I |
L |
e \
(€) More mass
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Using differential chain-rules for coordinate transformations

=P 0lar coordinate example of Generalized Curvilinear Coordinates (GCC)
Getting the GCC ready for mechanics: Generalizeldcity and Jacobian Lemma 1
Getting the GCC ready for mechanics: Generalizeckleration and Lemma 2
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Using differential chain-rules for coordinate transformations
A pair of 2-variable functionsx(y) and gk,y) can define a coordinate system a&y)-space

| f | f for example: polar coordinates 3 oy

df (x,y) = 'I—de+ 'I—ydy 2(xry)= x¢+y2 and " (x,y)=atan2(y,x) dr(x,y)= &dx+ a—ydy
| I

dg(x,y) = %dx+ ;—gdy ( Not in text. Recall Lecture 8 p. 15-19) do(x,y) = %dx+ g—idy

Wednesday, September 21, 2016 7



Using differential chain-rules for coordinate transformations
A pair of 2-variable functionsx(y) and gk,y) can define a coordinate system @jy)-space

| f | f for example: polar coordinates "
df (x,y) = —de+ Wdy 2(xry)= x¢+y2 and " (x,y)=atan2(y,x) dr(x,y) = —de+ Wdy
I I
dg(x,y) = ;—gdx+ gdy ( Not in text. Recall Lecture 8 p. 15-19) d"(x,y) = ;—dX+ 'I—dy
I X Ly I X
Easy to invert differential chain relations (even if functions are not easily inverted)
| x lx
dx::—?df + | ydg X =r cos/ dx:;d’“"!Td
' J y= rLan/ ~ ! y | y
dy_ ydf"‘—ydg dy—;dl"‘kl—d
'g P x 'x 9
Lax $ #5008 g $ 1 ocogt )rsin( 8! ar $
Pay ey 'y et o & ¥ sn( roos 8 o B
# oy ( %
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Using differential chain-rules for coordinate transformations
A pair of 2-variable functionsx(y) and gk,y) can define a coordinate system @jy)-space

| f | f for example: polar coordinates "
df (x,y) = —de+ Wdy 2(xry)= x¢+y2 and " (x,y)=atan2(y,x) dr(x,y) = —de+ Wdy
I I
dg(x,y) = ;—gdx+ gdy ( Not in text. Recall Lecture 8 p. 15-19) d"(x,y) = ;—dX+ 'I—dy
I X Ly I X
Easy to invert differential chain relations (even if functions are not easily inverted)
I X I'X .,
dx= :—?df + | ydg X =r cos/ dx= !—rdr +!Td
' J y= ran/ ~ ! y ! Vo
dy= ydf +1dg dy—!—rdr+Fd
'g iy iy $
Lax $ # 0& g 8 1 oyt )rsn( 8! or 8
Pay ey 'y et o & ¥ sn( roos 8 o B
# oy ( %

Notation for dlfferentlal GCQGenerallzed Curvilinear Coordmates {, &E,..0)

J T 1 '— m Del:l nlng amonhmd hat does stand for?
dx’ = dq & # dq dummy-index m-sum ) \évnetguessgeéo
| q % m=11 q And theydo get pretty queer!

Thesex are plain old CC (Cartesian Coordinatesidx, d»=dy, dx=dx, dx*=dt})
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Using differential chain-rules for coordinate transformations
A pair of 2-variable functionsx(y) and gk,y) can define a coordinate system @jy)-space

| f | f for example: polar coordinates o oy
df (x,y) = —dx+—dy 2(xry)= x¢+y2 and " (x,y)=atan2(y,x) dr(x,y)= N ix+ —dy
I X Ly 0X oy
| I
dg(x,y) = ;—gdx+ gdy ( Not in text. Recall Lecture 8 p. 15-19) do(x,y) = B_de_l_ g—edy
I X Ly y
Easy to invert differential chain relations (even if functions are not easily inverted)
I X I'X .,
dx::—?df + | ydg X =r cos/ dx:!—rdr+!7d
' J y= ran/ ~ ! y ! Vo
dy= ydf +idg dy= Wdr +!Td
| g oy 'x $
Lae $ FTD 08 48 oyt )rdn( 8! ar 8
t dy &_% 'y 'y g:i d( & # sn(  rcos( % d( &
ro(

Notation for dlfferentlal GC((?Generallzed Curvilinear Coordmates {, &E,..0)

] — m g - m ) Defining ashorthand At does 6D stand for?
dx’ = dq & # dq {durrmy—inde( mrsum [ ) \évr?etgiess%etetadf
Norl % m=1l g

And theydo get pretty queer!
Connection lines may help to indicate summag@mon scratch paper...Difficult in text)

Thesex are plain old CC (Cartesian Coordinatesidx, d»=dy, dx=dx, dx*=dt})
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Using differential chain-rules for coordinate transformations

Polar coordinate example of Generalized Curvilinear Coordinates (GCC)
= Getting the GCC ready for mechanics: Generalizeldcity and Jacobian Lemma 1
Getting the GCC ready for mechanics: Generalizeckleration and Lemma 2

Wednesday, September 21, 2016
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Getting the GCC ready for mechani

Generalizedrelocityrelation follows from GCC chain rujedx! -I—dq
q
m
Same kind of linear relation exists between CC velogityx!! 3% and GCC veldat) Sti
I "
=g
'q

Wednesday, September 21, 2016



Getting the GCC ready for mechani

lemma-1

Generalizedrelocityrelation follows from GCC chain rujedx! = l—dq
q
m
Same kind of linear relation exists between CC velogityx!! ;bt( and GCC veldat) jti
S xl—!qum PUNNI'Y?
This is a key ®mma-D for setting up mechanics: o g™ g 1g™

Wednesday, September 21, 2016
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Getting the GCC ready for mechani

Generalizedrelocityrelation follows from GCC chain rujedx! -I—dq
q

m

m
Same kind of linear relation exists between CC velogityk! ! ;bt( and GCC veldat) Sti
.. ~ z ) ] XJ :iqm Ik] = IXJ lemma-1
This is a key Bmma-D for setting up mechanics: g™ g 1g™
Jacobian # matrix gives each CCC differentiak’  or velocity In terms of GEC ¢ or
#1x 1x
cos” )rsn” &

"xd ok Defining Jacobian
m* ., m "d]m matrix component

Wednesday, September 21, 2016

Recall polar coordinateerr 1~
transformation matrix: !

'y

&{O!r P

y

" rcos”
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Getting the GCC ready for mechanigs:—

Generalizedelocityrelation follows from GCC chain rujedx —a—mdq
g

m
Same kind of linear relation exists between CC velogityx!! ;bt( and GCC velbaity=—"—
N A ol il
.. ~ z ) ] XJ - —q = lemma-1
This is a key Bmma-D for setting up mechanics: g™ " 1gM

Jacobian # matrix gives each CCC differentiak’  or velocity In terms of GEC ¢ or

. " J n J . ; #1x Ix &
31 X" _ X Defining Jacobian Recall polar coordinateir 1 {_# cos yrsn &
m ..qm ..qm matrix component transformation matrix: ?!_y !_yg ©sn"  rcos”
olr 1"
. . . . . . . . # v & # Ir &
Inverse (so-calledXajobian K™ matrix is flipped partial derivatives dfy. ;— ;—f( ;— —yg
%ly ly( %" 1"
m, g™ g™ Defining Polar coordinate inverse®'r 1" $ix 1y !
Kit - i T i \linverseto Jcobian) transformation matrix:  # rcos" rsin” &
X X ©ysn” cos" ﬁjCOS gn” &
= =% sn" cos" §
(detJ =r) gj) ; T(
Defining 2x2 matrix inverse:(always test inverse matrice
D -B
A B _l_ -C A
C D)  AD-BC

15
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Getting the GCC ready for mechani

Generalizedrelocityrelation follows from GCC chain rujedx! = | dqm
q"
m
Same kind of linear relation exists between CC velogityx!! ;bt( and GCC veldaity- jti
- . _ _ X! = — = emma-
This Is a key Bmma-D for setting up mechanics: g™ igm 1 gm
Jacobian # matrix gives each CCC differentiak’  or velocity In terms of GEC ¢ or
. llXj ||kj ef . b _ # 1y i&
3] - _” Detining Jacobian Recall polar coordinaterr 1= { _# cos' )ran” &
m- ..qm ..qm matrix component transformation matrix: ?g/O!y | “®sn” reos’
olr |
Inverse (so-calledXajobian K™ matrix is flipped partial derivatives 6f. | & & 55
9y 9y 90 90
KMy "qm _ "qm Defining Polar coordinate inverse. o 9 X dy
| o] o, j (inverse to Jacobian) transformation matrix: rcosd rsing |
X X —-sn® cosb 00_59 sino
T dea=r) | -3¢ o
r r

Defining 2x2 matrix inverse:(always test inverse matrice

A4 BS #rc A&
AD' BC

#

ol
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!
#
—#

D 'p 3
&

AD'" BC AD'’ BC&

D

D

-C A

# ' C A &
# AD' BC AD' BC %
AD— BC 0 j

-B
0 AD - BC

H
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Getting the GCC ready for mechani
Generalizedselocityrelation follows from GCC chain rujedx! -I—dqm
q
Same kind of linear relation exists between CC velogityx/! ;bt( and GCC veldaity" Sti
¥ = iqm %) 1x]
N . ~ T = lemma-1
This is a key Bmma-D for setting up mechanics: g™ g 1g™

Jacobian # matrix gives each CCC differentidk’  or velociy In terms of @GC  4"or

. n J n J .. . #1x I1x &
3] X _ X Defining Jacobian Recall polar coordinaterr 1= { _# cos' )ran” &
m uqm ..qm matrix component transformation matrix: ;{/o!y ly /A “®sn" reos”
olr |
. . . . . . . . . : IX X - or or
Inverse (so-calledXajobian K™ matrix is flipped partial derivatives dfi. {ar 89} { = ayJ
m m Iy 9y 96 90
KM | ‘g _"q Defining or 9 ox  dy
b g e (inverse to Jacobian) (rcose rgnej |
X X —-sn® cosb cosy  sind
T (@ed=r) { _Sné COSG]
r r

Product of matrixl.d andK;™is a unit matrix by definition of partial derivativ@gays test inverse matrice
# cos!  "rsin! &% COSII Smll ((&
¥sn/  rcos (f’$/0 Sn- L8 ¢

] m —_— r r '
KmlJ]"#q #x _#q =$" = lfm " #1 0&
el #Hg"  #g" " (O if m%m "0 1
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Using differential chain-rules for coordinate transformations

Polar coordinate example of Generalized Curvilinear Coordinates (GCC)
Getting the GCC ready for mechanics: Generalizeldcity and Jacobian Lemma 1
-3 Getting the GCC ready for mechanics: Generalzeceleration and Lemma 2

Wednesday, September 21, 2016
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Getting the GCC ready for mechanicgd(@art)

Generalizedhccelerationrelations are a little more complicated (ItOs curved coords, after all!)

. L d
First applygt to velocitk!  and use product rufﬁ(y!V)=d—l:!V+u'd—V

"t
_ d _ d#nxj & d#nxj& qu
W1 =% =—g (T "+ "
dt dt%‘“qmq( dt%‘“qm(dI "q”‘q

Wednesday, September 21, 2016
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Getting the GCC ready for mechanicgd(@art)

Generalizedhccelerationrelations are a little more complicated (ItOs curved coords, after all!)

First applygt to velocm}!(J and use product rufg(wv —'V+u'—

. d _ d#" J & d#" J n ]
W1t = "+
dt dt%‘“ ”"é (™ dt%‘“ ’””(4 " ’"g

Apply derivative chain sum to Jacobian.

d"Ix1% | "Ix%g " !°X Ydq’
dt# q"& 'q'#lgr&dt #q'lgr& dt

Wednesday, September 21, 2016
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Getting the GCC ready for mechanicgd(@art)

Generalizedhccelerationrelations are a little more complicated (ItOs curved coords, after all!)

First applyat to velocm}!(J and use product ruf\e(wv —'V+u'—
. d . d#llXJ & d#nxj& ||Xj
B — ¥ =
it “a¥qt Caeg(Urg

( Not in text. Recall Lecture 9 p. 15-19)
Apply derivative chain sum to Jacobian. Partial derivatives are reversible= ! n! i,

d"IxX'% ! "1xodg " 1°x %dd’ " 1% dg’ ! "1 dg' %
dt# 1 qn& 'q#lgr&dt B glgi&dt Plgilg'&dt g # q" dt &

Wednesday, September 21, 2016 21



Getting the GCC ready for mechanicgd(@art)

Generalizedhccelerationrelations are a little more complicated (ItOs curved coords, after all!)

First applyat to velocm}!(J and use product rufg(wv —'V+u'—
. d . d#llXJ & d#nxj& ||Xj
B — ¥ =
it “a¥qt Caeg(Urg

( Not in text. Recall Lecture 9 p. 15-19)
Apply derivative chain sum to Jacobian. Partial derivatives are reversible= ! n! i,

d"Ix % ! "Ixvdg " 1% g " 1% g’ _ ! " 1x) dg' %
dt¥ "8 1q"Blgq"&dt Plglgi&dt Rlqilg&dt !q"#lg dt &

| .
By chain-rule def. of CC velocity: = — ()!(J )
Nol

Wednesday, September 21, 2016
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Getting the GCC ready for mechanicgd(@art)

Generalizedhccelerationrelations are a little more complicated (ItOs curved coords, after all!)
First applyd to velocm}!(J and use product rufﬁ(wv —'V+u'—

ixf— ox’ . _ ox’ ,m+ax -
dt~  di aqmq dt\ 9q" 1 aqmq

( Not in text. Recall Lecture 9 p. 15-19)
Apply derivative chain sum to Jacobian. Partial derivatives are reversible=' ' m

i

d"Ix % ! "Ixvdg " 1% g " 1% g’ _ ! " 1x) dg' %
dt¥ "8 1q"Blgq"&dt Plglgi&dt Rlqilg&dt !q"#lg dt &
| |
By chain-rule def. of CC velocity: = — ()!(J)
Nol

This is the keyl®mma-D for
setting up Lagrangian mechanics .

d" !Xj %_ IXJ Iemmfl
lg"& !'q" i

Wednesday, September 21, 2016
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Getting the GCC ready for mechanicgd(@art)

Generalizedhccelerationrelations are a little more complicated (ItOs curved coords, after all!)

d
First applygt to velocm}!(J and use product rufg(u'v —‘:'v+u'—V

dt
od . d#"x & d#"x & "xj
W1 S gl =
dt-  dt¥q =l (F dt¥q w4

CI

( Not in text. Recall Lecture 9 p. 15-19)
Apply derivative chain sum to Jacobian. Partial derivatives are reversiblez ! n'! i,

d"Ix1% | "Ix%g" " !’x) %dg" " 1*X O/cdq” IR Y dq”o/
afige TePged Balgad Blgiasd TqBg dts
! |
By chain-rule def. of CC velocity: =+ — ()!(J)
- 0
The @2mma-D was in the GCC velocity This is the keyl@mma-D for
analysis just before this one for acceleration. setting up Lagrangian mechanics .

'XJ B !Xj lemmad d” !Xj %_ I*J Iemmf]
g™ 1gqm g"& !q

Wednesday, September 21, 2016 24
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How to say NewtonOs OF=maO in Generalized Curvilinear Coo

=3 | Jse Cartesian KE quadratic forkE=T=1/2vMw and F=Mwa to get GCC force

Lagrange GCC trickery gives Lagrange force equations
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)

Wednesday, September 21, 2016 25



Deriving GCC mechanics from Cartesian Coord. (CC) Newton |

Start with stuff we know...(sort of)

Multidimensional CC version of kinetic energ%flvi MV

T = 1 M\ vIvK = 1 M i y ) yK where:Mjx are CC inertiaconstants
2

Multidimensional CC version of Newt-IFEMa) usingMijk constants

_ K _ Kk

Wednesday, September 21, 2016 26



Deriving GCC mechanics from Cartesian Coord. (CC) Newton |

Start with stuff we know...(sort of)

Multidimensional CC version of kinetic energ%flvi MV

T = 1 My vIvK = 1 M xIxK  where:Mj are inertiaconstantghat aresymmetricMjx=My

Multidimensional CC version of Newt-IFEMa) usingMijk constants
k
fi=M a“=M; &

Multidimensional CC vers\l\ir: of work- ene\l% dlﬁerentldw FydXx). Insert GCC differentialslg™

B (ItOs time to bring in the quedt
dW = f, dx! = f. $ =M }tk$—dq
jk
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Deriving GCC mechanics from Cartesian Coord. (CC) Newton |

Start with stuff we know...(sort of)

Multidimensional CC version of kinetic energ%flvi MV

T = 1 My vIvK = 1 M xIxK  where:Mj are inertiaconstantghat aresymmetricMjx=My

Multidimensional CC version of Newt-IFEMya) usingMjx constants
_ k _ k
Multidimensional CC vers\l\ir: of work-enelgy differentidW= Fxdx). Insert GCC differentialslg™

. "y % "y % (1tGs time to bring in the quedt iy
AW = f.de! = f,$—dg" = MY ¥ g dg™
J g e

dg™ are independent st"-sum Is true term-by-term.

- |
— ] — m_ ¢ m_ g uk_ m
dwW = fjdx =F. dg = fj rndq = Mjki{ dg
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Deriving GCC mechanics from Cartesian Coord. (CC) Newton |

Start with stuff we know...(sort of)

Multidimensional CC version of kinetic energ%flvi MV

T = 1 M\ vIvK = 1 M i y ) yK where:Mjk are inertiaconstants

Multidimensional CC version of Newt-IFEMya) usingMjx constants
_ k _ K
Multidimensional CC version of work-energy differentidW{= Fxdx). Insert GCC differentialslg™

j “1x! % kl | %/ % (1tGs time to bring in the queét iy
dW = f;dx —f$—dq =M Ks— dg™
wa" & #q" &

dg™ are independent st"-sum is true term-by-term. (Still holds if alij™ are zero but one.)

dw = f;dx) = F, dg™ f—mdqm:Mjkkk'—dqm R =M
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Deriving GCC mechanics from Cartesian Coord. (CC) Newton |

Start with stuff we know...(sort of)

Multidimensional CC version of kinetic energ%flvi MV

T = 1 M\ vIvK = 1 M i y ) yK where:Mjk are inertiaconstants

Multidimensional CC version of Newt-IFEMya) usingMjx constants
_ k _ k
Multidimensional CC version of work-energy differentidW{= Fxdx). Insert GCC differentialslg™

. "y % "yl % (ItOs time to bring in the quedt
dW= fdx = f. g-~—dg™ =M., g —dg™
J V7 Am J | M
#1q & #1Q &

dg™ are independent st"-sum is true term-by-term. (Still holds if alij™ are zero but one.)
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How to say NewtonOs OF=maO in Generalized Curvilinear Coo

Use Cartesian KE quadratic forKE=T=1/2vdMw and F=Mxa to get GCC force

= | agrange GCC trickery gives Lagrange force equations
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)
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Now Lagrange GCC trickery begins

Obvious stuff...(sort of, if youOve looked at it for a century!)

5]
LagrangeOs clever end ganférst setA= My #< and B—— with calc. formul{a{\h

1"

}A\% A) AB
! \J% NI

= Cgm KMk S gt X
g™ dtg Ik 19™& Ik

dtz gMg

Wednesday, September 21, 2016
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Now Lagrange GCC trickery begins

Obvious stuff...(sort of, if youOve looked at it for a century!)

d/. .. U

x "
LagrangeOs clever end ganfirst setA= My ¢ and B—I— with calc. formulg’%ﬁa(AB)! AB'&
q
}A\% A) AB
1 1] \ O/ \ll 1 0/
| x d I x)70 d _1xl”
Fm:fj—:MJk}t = $MJX (MJX '
g g dtg T Mg dtargTe

CartesianMik
must be constant
for this to work

(Bye, Bye relativistic mechanics or QM!)
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Now Lagrange GCC trickery begins

Obvious stuff...(sort of, if youOve looked at it for a century!)

5 ..
LagrangeOs clever end ganFirst setA= M, # and B—I— with calc. formulg@ki()\B
q
}A\% A) AB
- 1 \ ()/ \ll H 0/
| x d I x)70 d _1xl”
Fm:fj—:MJkit =M KT (M X -
g g dtg T Mg At gTe

Then convertl X! tbx! bhymma 1 andLemma Zon2dterm.

CartesianMix J v
must_be constant o d M. k*k oX M 'k*k X
for this to work m~ 4t 94M J g™

(Bye, Bye relativistic mechanics or QM!)

Wednesday, September 21, 2016
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Now Lagrange GCC trickery begins

Obvious stuff...(sort of, if youOve looked at it for a century!)

LagrangeQOs clever end ganfirst setA= My #< and B=

g™
AQ‘ A) AB
i ] \i 0 N g
| x! . d A d’1x] %
Fm:fjizlvljkk $M. Xk—(MJX R
g g dtg T Mg At gTe
Then convertl X!  tbX! bhymma 1 andLemma Zon2dterm.
CartesianMik ) " ) _0/
must be constant - _d v gk P %! 0( M kk$ | X!
for thi rk ul JK
or this o work dty 14" #1978,
IVJ | ' J0/0
Simplify using: %I\/I v ——I\/I”I——' where q may be ¢ or g"
q 2 g

K Ky ]
- _d J Mjki( X! B Mij X
modtggm 2 ag™ 2

Wednesday, September 21, 2016
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Now Lagrange GCC trickery begins

Obvious stuff...(sort of, if youOve looked at it for a century!)

oo ) d
LagrangeOs clever end ganférst setA= My % and B—I— with calc. formulg.*B:a(AB
q
}A\% AB) AB
| ] vl d” ] \‘% ‘k/\‘" J N
n =S = M = g Mt (M s
| " dig 14" & L#lg" &

Then convert X!  tbX! hymma 1 and Lemma 2on 2"d term.
[ 1] I J % n . 0/
Fo=9am (kX M kk$—k
m— dt j K
# NURF #10"&
IVJ | ' J%
Simplify using: %M v ——I\/IJ——' where g may be ¢™ or g"
| Iq 2 '8L
! Ky % k JO/
|:_d! $Mjk**,0! Mkk

m_dt!qm§ 2 '&|q§ 2

The result id.agrangeOs GCC force equatinierms ofkinetic energy T = % My XX

T T | I
__daT 0 opodiT

) AB
&

m dtog™ 9g™ | Cdt!lv Iy
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How to say NewtonOs OF=maO in Generalized Curvilinear Coo

Use Cartesian KE quadratic forKE=T=1/2vdMw and F=Mxa to get GCC force

Lagrange GCC trickery gives Lagrange force equations
- | agrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)
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But, Lagrange GCC trickery Is not yet done...

(Still another trick-up-the-sleeve!)

. "U
If the force is conservative itOs a gradiest—VU In GGG ! — —
q

=" "Um: d "Tm! "“m
"q dt "d‘ "O

Wednesday, September 21, 2016
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But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)

. | N ||U
If the force is conservative itOs a gradient! " U In G:\’,;G: ! —
g
. U _d"T
11 m 11 m 11 m
g™ dtvg™ g

Becomed.agrangeOs GCC potential equatwith a new definition for théagrangian: L=T-U

d!L ,!IL
0= L™, q™) =T(¢".q™)! U(q™)
L d) I C
" U(r) has
This trick requires: —=" 0 NQ explicit
= velocity

dependence!
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But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)

. | o ||U
If the force is conservative itOs a gradiert! " U In GGG ! — —
q
Po= U _ da"T | T
m ||qm dl‘ ||4m |lqm

Becomed.agrangeOs GCC potential equatwith a new definition for théagrangian: L=T-U

d!L , IL
0= dtigm 1qn L(@™,q") =T(¢™,a™)! U(Q™)
U(r) has
This trick requires: % 0 NOexplicit
| velocity
dependence!
LagrangeOsIGCC equation| 41 1L LagrangeOs"2GCC equatioj
(Deﬁnlng GCC momentum) dtygm 1g™M (Change of GCC momentu )
L "
p =2 dp, | p = L
mo (yn Recall : dt m w.m
! - q
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GCC Cells, base vectors, and metric tensors
=P Polar coordinate examplesCovariantEm vs. Contravariant E™
Covariantgmn Vs. Invariant! i, vs. Contravariantgm”

Wednesday, September 21, 2016
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A dual set ofguasi-unit vectorshow up in Jacobian J and Kajobian K.

J-Columns areovariant vectorfE,=E, E,=E} K-Rows areontravariant vector§E'=E" E°=E’ }
! | Xl | Xl % " | | 0/ n " 1
- = Xoos( ZX=yrsn() z—r:cos# —r:sin#)* E' =E!
<J>:$!q !q::$!r L( , <K>=<J”>:&"X "y )
%!x2 x>, $ly _ ly _ ’ &'# |sin# "# cos#
| ﬁl——sm( |——rcos(-& % = — = * E7 = E2
B q !g°& 7T ' X r y r
TETE T E T Inverse polar definition:
Derived from polar definitionx=r cos# andy=r sin# r’=x2+y? and#=atan2y,x)

(@) Polar coordinate bases
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A dual set ofguasi-unit vectorshow up in Jacobian J and Kajobian K.

J-Columns areovariant vectorfE,=E. E,=E}

it % ey I oy G .
1 > '_:cos( l—:)rsm(. & wo=Cos# L —=
<J>:$.q 'q.:$'r L( ' <K>=<J!1>:& X y )
$!X2 X, $!—y:sin( !—y:rcos(: &'# _lan# "# cos#
@lql !qz'& ﬁlr L ( & %,X " "y r

"E K, " E, *E(

Derived from polar definitionx=r cos# andy=r sin#

(@) Polar coordinate bases

/

Wednesday, September 21, 2016

=E (C) Contravar

K-Rows areontravariant vector§E'=E' E°=E' }

sn#. * E =EL
)

Inverse polar definition:

(b) Covariant bases{ E, E.}
(Tangent) dr=E,dq'+ E,do?

=10 E,
ant bases{ E*E?}
(Normal)

F \F=FE+F,E?

r2:)(2+y2 and#=atan ZY,X)

NOTE:These
are 2D drawings!
No 3D perspective

Unit 1
Fig. 12.10
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l'r
g™

ComparisonCovariant &,= vs. Contravariant =

geometricunit

Covariant bases { E, E,} match,cell walls
(Tangent)

lr=E/ ql+ E.)! q2 is based on chain ruledr :a—r1 dq1+a—r

oq oq’

Wednesday, September 21, 2016

m

e
I'r

m

="q

dg’=E,dq +E.dq’

NOTE:These
are 2D drawings!
No 3D perspective
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m

“~ vs. Contravariant =" =" g

oq™

ComparisonCovariant g,

geometricunit

Covariant bases{ E, E,} match cell walls
(Tangent)

' ! !
lr= E1| ql+ E2| q2 is based on chain ruledr :é dq%% dg’=E,dq +E,dqg’

E1 followstangentto ¢f=const....

. - - or
since only §varies in P

while ¢f, 0°,... remain constant

NOTE:These
are 2D drawings!
No 3D perspective

Wednesday, September 21, 2016
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m

! vs. Contravariant em=-9" =+ ¢

Mol Ly

ComparisonCovariant &=

geometricunit

Covariant bases{ E, E,} match cell walls
(Tangent)

lr= E1| ql+ E2| q2 is based on chain ruledr :% dq%% dg’=E,dq +E,dqg’

E1 followstangentto ¢f=const....

. - - or
since only §varies in P

while ¢f, remain constant

E,, are convenient bases fexensive quantities like distance and velocity.

| |
V = VlEl +V2E2 :Vl'—rl +V2L
|

1 g I g°

NOTE:These
are 2D drawings!
No 3D perspective
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m

ComparisonCovariant &=

= Vvs. Contravariant e="-="q

geometricunit

Covariant bases{ E, E,} match cell waIIs
(Tangent)

! = E1| ql+ E | q is based on chain ruledr _I—dq1+—dq =E,dq'+E. dof
q q

E1 followstangentto qz—const

since only §varies in —

while ¢f, remain constant

K, are convenient bases fextensive quantities like distance and velocity.
lr lr

V=VE+VE,=V—+V'—
g !¢
Contravariant { E* E2} match reciprocal cells
(Normal) NOTE:These
2 — 1 2 are 2D drawings!
!I? =" :EZ\ F F_ F]_E + FZE No 3D perspective
. . #on ql
" g Elis normalto g'=const.since %

><

gradient of gtis vector sum ' =
of all its partial derivatives %
$

n 1

@)

&
(
(
(
(
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m

ComparisonCovariant &,=

vs. Contravariant e=-%-="

I
q"
geometricunit

Covariant bases{ E, E,} match cell waIIs
(Tangent)

lr |
! = E1| q1+ E | q is based on chain ruledr —qdq +7rdq =E.dq'+E dg*
E1 followstangentto qz—const
since only gvaries in —

while ¢f, remain constant

E,, are convenient bases fextensive quantities like distance and velocity.
I
V =VE, +VZE, vl— Vaas
g’ 1q°
Contravariant { E* E2} match reciprocal cells
(Normal) NOTE:These

F: F1E1_|_ F2E2 are 2D drawings!

No 3D perspective

H ul
g _. . Elisnormalto g'=const.SINnCE€ % -

&
(
gradient of fis vector sum q'= Xlg
of all its partial derivatives o/g q \

$

@)

0?=200

E™ are convenient bases fotensive quantities like force and momentum.
| I
F=FRE'+FE*=F 'q +F, lq =F" ¢ +F"
I I
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ComparisonCovariant e

geometricunit

Covariant bases{ E, E,} match cell walls
(Tangent)

Tr= E,! q™+E,! g?

« Vs. Contravariant ! ?” g

is based on chain ruledr ——dq1+—dq =E,dq'+E. dof

g g’

E1 followstangentto q2—const
since only §varies in -

1

while ¢f, ¢f°,... remain constant
E ., are convenient bases fexensive quantities like distance and velo¢ |t*§; o-Contradot
V =VE, +V7E, Vlaa_r Vzaar products:=.«e" are
. i orthonormal
Contravariant { E* E2} match reciprocal cells |
(Normal) E iE"= : q —nn

9q° 2 = 1 2 m | m ! m
a? =Va'=E3 F=F E+FE q =T

0?=200

AL

|
FerE+RE =R T4,
L'r

1|r

Elis normalto g'=const.since

gradient of dlis vector sunvqg' =
of all its partial derivatives

E™ are convenient bases fotensive quantities like force and momentum.

— Fln ql + F2" q2

oq"
0X
oq"
ay

Wednesday, September 21, 2016
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GCC Cells, base vectors, and metric tensors
Polar coordinate examplesCovariantEm vs. ContravariantE™
— Covariantgmn Vs. Invariant! i, vs. Contravariantgm”

Wednesday, September 21, 2016
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Covariantgmn VvS. Invariantis®  VS.
| |
E IE = 'rmi .rn,, O E E"= r 'q =L
g !q m |qm Iy 7
Covariant Invariant
metric tensor Kroneker unit tensor
I §L1 if m=n
' 0%

&O if m#n

Wednesday, September 21, 2016

Contravariantgmn

| g™ |
EmIEn q q n
Ir Iy

g

Contravariant
metric tensor

gmn
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Covariantgmn  VS.

. lr . Ir _ lr 14"
EE,=——i—" O E iE'=——j- L ="
g 9 Lg™ Ir
Covariant Invariant
metric tensor Kroneker unit tensor
Omn ( .
1 if m=n
O, =1 _
O ifm#n
Polar coordinate examples (again):
I e by I X % $
3 g qu: W:cos( Vz)rsm(. N &
_ - . -3 . . &)= J! - &
<J> $|x2 1 %2, %ly : ly ' < > < > &
$: 2 ﬁl—:sm( l—:rcos(- &
ﬁ!ql !q2& Ly L( &
* El * E2 * Er * E(

Wednesday, September 21, 2016

Invariantty™  VvS.

Contravariantgmn

g™ | g"
EmiEn:' q : q " gmn
lr Ir

Contravariant
metric tensor

gmn
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Covariant gmn
| |
EmiEn: I. rmi I. rn" gmn
g (g
Covariant
metric tensor
Omn

Polar coordinate examples (again):

Cixt %

, Ix
Siq 1 Sy o
<J>:$ 2 2! :$
$!X !X ' $I_yzsn(
ﬁ!ql !qz'& ﬁ'r
*El *EZ *Er
Covariant gmn
) rr gr/ % ) E IE EriE! ?A
%g,r g, %ElE E,iE,&
"1 0%
“$o0 2y

Wednesday, September 21, 2016

vs. Invariantin” vs. Contravariantgm
. r.! .o 00".0
EmIEn m q nrr:] EmIEn q q Eg
!q Ly or  or
Invariant Contravariant
Kroneker unit tensor metric tensor
gmn
o ® 1 if m=n
0)
8/:)() If m#n
0/ " '
%:)lfSin(-c 3 zizcos# —; #y* E" =E!
' — V=&
ly <K> <J > &'# _lsn# "#_cos )
— =T cos( Sy 1 "y s* E7 = E?
* E(
Invariant !’ Contravariantg™"
Bup1 & FEE EE & L9 g P EiE EE %
=Y% oo — [ e —1
go_/,,f I, E %(,E,,.Er E..E %g g & EIE EIE &
_#1 0& —, 1 0
"% 1 ( $o0 ur
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Lagrange prefer€ovariant gmn with Contravariantvelocity ¢

GCC Lagrangian definition
GCC OcanonicalO momentpadefinition
GCC OcanonicalO  forcdm definition
Coriolis OfictitiousO force& and weather effects)

Wednesday, September 21, 2016
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Lagrange prefer€ovariant gmn With Contravariant velocity
Lagrangian L=KE-U is supposed to be explicit functiowvelbcity

LIV)=sMvivI U =MtV U = M(E §"I(E&)NU=M(g, 4" &) U=L(4)

Wednesday, September 21, 2016
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Lagrange prefer€ovariant gmn With Contravariant velocity
Lagrangian KE-U is supposed to be explicit functionalbcity

L(v)=;MviviU=oMtit!U =M (E, ¢4Mi(E.4") U =:M(g,..4"¢") U =L(d)

Use polar coordinat€ovariant gmn metric (page 53)° @, ¢, ® ' EE EJiE ® " 1 g 9%
9, 9 % %ElE E,iE, '&_ﬁo 2 g
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Lagrange prefer€ovariant gmn With Contravariant velocity
Lagrangian KE-U is supposed to be explicit functionalbcity

L(v)=;MviviU=oMtit!U =M (E, ¢4Mi(E.4") U =:M(g,..4"¢") U =L(d)

Use polar coordinat€ovariantgms metric (page 53). g, @, » ~ EE EIiE %" o 9
J: 9/ g gEIE E,IE,

This gives polar GCC form (Actually itOs an OCC or Orthogonal C ' Coordinate form)

L(r,/)=EM(g, 17 +g, /)" U(r,! ) =EM (142 + 1780 U(r,/)

Wednesday, September 21, 2016
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Lagrange prefer€ovariant gmn with Contravariant velocity ¢~

GCC Lagrangian definition
=3 GCC OcanonicalO momentprdefinition
GCC OcanonicalO forcd=m definition
Coriolis OfictitiousO force$E and weather effects)

Wednesday, September 21, 2016
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Lagrange prefer€ovariant gmn With Contravariant velocity
Lagrangian KE-U is supposed to be explicit functionalbcity

L(v)=;MviviU=oMtit!U =M (E, ¢4Mi(E.4") U =:M(g,..4"¢") U =L(d)

Use polar coordinat€ovariantgms metric (page 53) g, @, ®  EE, E+E % " 1 g ¥
g!rgH&gEEEEI

This gives polar GCC form (Actually itOs an OCC or Orthogonal C ' Coordinate form)

L(E,1)=EM(g, 17 +g, 17" U(r,) ) =iM(d2 + 732" U (1)

(From preceding page)

Wednesday, September 21, 2016
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Lagrange prefer€ovariant gmn With Contravariant velocity
Lagrangian KE-U is supposed to be explicit functionalbcity

L(V)=tMvivIU = IMEiFTU = IM(E_¢™i(E.¢")!' U =M (g 4 a")! U = L(d)

Use polar coordinat€ovariant gmn metric (page 53)° g, @, ” °~ EE, E/IiE Y " 1 g %
g 9, g %ElE E, I E

L(#,")=3M (g,#* + g, 1" U(r, ) =; M (1&* + r*&%)" U(r,! )

GCC Lagrange equations followst L-equation is momentupa definition for each coordinatg™

| L Nothing too surprising;
P = T =Mg, t=Mt radial momentunp, has the
- b usual linearMaviorm

Wednesday, September 21, 2016
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Lagrange prefer€ovariant gmn With Contravariant velocity
Lagrangian KE-U is supposed to be explicit functionalbcity

L(V)=tMvivIU = IMEiFTU = IM(E_¢™i(E.¢")!' U =M (g 4 a")! U = L(d)

Use polar coordinat€ovariant gmn metric (page 53)° g, g, ° = E,iE, EIiE " 1 g 9%
g & & §EIE E, I E

This gives polar GCC form (Actually itOs an OCC or Orthogonal C ' Coordinate form)
L(LA)=3M(g, 12 +g, 42" U,/ ) =iM (2 + 282" U(r,/ )

GCC Lagrange equations followst L-equation is momentupa definition for each coordinatg™

oL Nothing too surprising; "L Wow! gu gives moment-of-inertie
p==r= Mg #=M#t  radial momentunp: has the p =7 = Mg, =Mr?!  factorMr2 automatically for the
: usual linearMéavform g angular momentumgp Mr?s.

LagrangeOstIGCC equation| 41 11 |
(Defining GCC momentum)| diigm 1 |

L dpy, "L

P = Tt PmTom
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Lagrange prefer€ovariant gmn with Contravariantvelocity ¢

GCC Lagrangian definition
GCC OcanonicalO momentpadefinition
=3P GCC OcanonicalO  forcd m definition
Coriolis OfictitiousO force$E and weather effects)

Wednesday, September 21, 2016
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Lagrange prefer€ovariant gmn With Contravariant velocity
Lagrangian KE-U is supposed to be explicit functionalbcity

L(V)=tMvivIU = IMEiFTU = IM(E_¢™i(E.¢")!' U =M (g 4 a")! U = L(d)

Use polar coordinat€avariant gmn metric (page 53)| 9, G,
gq)r g¢¢

This gives polar GCC form (Actually itOs an OCC or Orthogonal C
L(#,")=3M (g,#* + g, 1" U(r, ) =; M (1&* + r*&%)" U(r,! )

GCC Lagrange equations followst L-equation is momentupa definition for each coordinatg™

L Nothing too surprising; "L Wow! gu gives moment-of-inertie
p=r= Mg t=Mt radial momentunp: has the p =7 = Mg, ! = Mr?}  factor Mr2 automatically for the
- b usual linearMéavform g angular momentumgp Mr?s.

(From preceding page)
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Lagrange prefer€ovariant gmn With Contravariant velocity
Lagrangian KE-U is supposed to be explicit functionalbcity

L(V)=tMvivIU = IMEiFTU = IM(E_¢™i(E.¢")!' U =M (g 4 a")! U = L(d)

Use polar coordinat€ovariant gmn metric (page 53)° g, @, ® ~ E.+E, E<E, %" 1 o Y
5. 8 % JEE E-E

This gives polar GCC form (Actually itOs an OCC or Orthogonal C ' Coordinate form)
L(LA)=3M(g, 12 +g, 42" U,/ ) =iM (2 + 282" U(r,/ )

GCC Lagrange equations followst L-equation is momentupa definition for each coordinatg™

L Nothing too surprising; "L Wow! gu gives moment-of-inertie
b= = =Mg,t=Mt radial momentunpr has the b= = Mg, ! = Mr2!  factor Mr2 automatically for the
usual linearMaviorm a angular momentumes Mr2s.

2nd |_-equation involves total time derivatipa for each momentum:

'L _wM'l'g.,,, U _ o 1U Centrifugal b = _L_ #_U Angular momenturps is conservedf
T #W =Mr #W force Mis? S, "J  potentialU has no explici#-dependence
diL 1L LagrangeOs"2GCC equatio’t]
dtigm 1M (Change of GCC momentuim)
d "L
ﬁ | b=
dt m qm
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Lagrange prefer€ovariant gmn With Contravariant velocity
Lagrangian KE-U is supposed to be explicit functionalbcity

L(V)=tMvivIU = IMEiFTU = IM(E_¢™i(E.¢")!' U =M (g 4 a")! U = L(d)

Use polar coordinat€ovariant gmn metric (page 53)° g, @, ” °~ EE, E/IiE Y " 1 g %
g 9, g %ElE E, I E

This gives polar GCC form (Actually itOs an OCC or Orthogonal C ' Coordinate form)
L(LA)=3M(g, 12 +g, 42" U,/ ) =iM (2 + 282" U(r,/ )

GCC Lagrange equations followst L-equation is momentupa definition for each coordinatg™

L Nothing too surprising; "L Wow! gu gives moment-of-inertie
p=r= Mg t=Mt radial momentunp: has the p =7 = Mg, ! = Mr?}  factor Mr2 automatically for the
- b usual linearMéavform g angular momentumgp Mr?s.

2nd |_-equation involves total time derivatipa for each momentum:

'L M!g. 2 4 U U Centrifugal
lr 2 Iy #W_Mr #'r force Mrg2 P =

_L _ #_U Angular momenturp is conservedf
"l "I potentialU has no explici#-dependence

Ibr_

Find pm directly from ¥ L-equationd,,! gtm = dtl\/l(gmnth )=M(4,.4"+9..48") Equate it tab,, in ® L-equation:
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Lagrange prefer€ovariant gmn with Contravariantvelocity ¢

GCC Lagrangian definition
GCC OcanonicalO momentpadefinition
=3P GCC OcanonicalO  forcd m definition
Coriolis OfictitiousO force$E and weather effects)

Wednesday, September 21, 2016
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Lagrange prefer€ovariant gmn With Contravariant velocity
Lagrangian KE-U is supposed to be explicit functionalbcity

L(V)=tMvivIU = IMEiFTU = IM(E_¢™i(E.¢")!' U =M (g 4 a")! U = L(d)

Use polar coordinat€ovariant gmn metric (page 53)° g, @, ” °~ EE, E/IiE Y " 1 g %
g 9, g %ElE E, I E

This gives polar GCC form (Actually itOs an OCC or Orthogonal C ' Coordinate form)
L(LA)=3M(g, 12 +g, 42" U,/ ) =iM (2 + 282" U(r,/ )

GCC Lagrange equations followst L-equation is momentupa definition for each coordinatg™

1], Nothing too surprising; "L Wow! gu gives moment-of-inertie
=T s Mg t=M#  radial momentunp: has the p =7 = Mg, =Mr?!  factorMr2 automatically for the
» P usual linearMéavform g angular momentumgp Mr?s.

2nd |_-equation involves total time derivatipa for each momentum:

| |_ M !Q. 12 U _ U Centrifugal b, = _L_ #_U Angular momenturpg is conservedf
P = lr 2 I #W =Mt i force Mis? S, "] potentialU has no explici#-dependence
Find pm directly from € L-equationp,, ! %‘— (8md")=M(4,.4"+g,.4") Equate it tab, in® L-equation:

(From preceding page)
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Lagrange prefer€ovariant gmn With Contravariant velocity
Lagrangian KE-U is supposed to be explicit functionalbcity

L(v)=tMvivI U = IMtiH U = IM(E, ¢™i(E ¢")! U = IM(g.¢"d")! U = L(d)

Use polar coordinat€ovariant gmn metric (page 53)° g, @, ” °~ EE, E/IiE Y " 1 g %
g 9, g %ElE E, I E

This gives polar GCC form (Actually itOs an OCC or Orthogonal C ' Coordinate form)
L(LA)=3M(g, 12 +g, 42" U,/ ) =iM (2 + 282" U(r,/ )

GCC Lagrange equations followst L-equation is momentupa definition for each coordinatg™

Nothing too surprising; "L Wow! gu gives moment-of-inertie
radial momentunp has the p =7 = Mg, ! = Mr?}  factor Mr2 automatically for the
usual linearMéavform g angular momentumgp Mr?s.

U Centrifugal "L #E Angular momenturps is conservedf

7y  force Mis? b= w1~ 7" np potentialU has no explicit-dependence
.. d d o . . : : :
from ¥ L<equationp,,! %_E (Omd") = M(9,,0"+9.,0") Equate it tgh,, in ® L-equation:

Centrifugal (center-fleeing) force
equals total
Centripetal (center-pulling) force

Wednesday, September 21, 2016 68



Lagrange prefer€ovariant gmn With Contravariant velocity
Lagrangian KE-U is supposed to be explicit functionalbcity

L(V)=tMvivIU = IMEiFTU = IM(E_¢™i(E.¢")!' U =M (g 4 a")! U = L(d)

Use polar coordinat€ovariantgmn metric (page 53)° @, ¢, ® ' EE EIiE ® " 1 g 9%
g 9, g %ElE E, I E

This gives polar GCC form (Actually itOs an OCC or Orthogonal C ' Coordinate form)
L(#,")=3M (g,#* + g, 1" U(r, ) =; M (1&* + r*&%)" U(r,! )

GCC Lagrange equations followst L-equation is momentupa definition for each coordinatg™

Nothing too surprising; "L Wow! gu gives moment-of-inertie
radial momentunp has the p =7 = Mg, ! = Mr?}  factor Mr2 automatically for the
usual linearMéavform g angular momentumgp Mr?s.

M r 12 'J Centrifugal b = "L_ 0 U ngular momenturpg is conservedf
T oM 7p  force Mis? . "] [potentialU has no explici#-dependence
: : . . dp, _d . o . : : :
Find pm directly from € L<€quationp,, %=EM(QWQ )=M(g,,4"F 9.0") [Equate it tab,, in ® L-equation:
do o
| r— _ _ . ap, 21 Torque relates to two distinct parts
b dt Centrifugal (center-fleeing) force b ZM';"'”! + M Coriolis and angular acceleration
equals total - T s ST At et
=Mr"? Centripetal (center-pulling) force =0 = Angular momenturpg is conservedf
$r $ potentialU has no explicit-dependence
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Rewriting GCC Lagrange equations :

dp
| r =
b, dt MH Centrifugal (center-fleeing) force
equals total
=Mr'" 2#? Centripetal (center-pulling) force
A

Conventional forms
radial forceM =M r A2

Field-free (U=0)
radial acceleration:

#U

Hr

H=r/>

Y

.makes wind tu

- dp Tordue relates to two distinct parts:
b =g = 2MIS+MIS Corioiis and angular acceleratior
=0- a_U Angular momenturpg is conservedf
9P potentialU has no explicit-dependence

angular force or toMpie="2Mrr/ " ”

. .
angular accelerditiote—

r
(makes” positive) Effect on
Inward flow|to pressifre Low Nor_thern
’<0 Hemisphere

to the riefit local weather

Cyclonic flow

> | <

7N

:O)

Wednesday, September 21, 2016

lﬁ\

Northérn h.lsphere otation

around lows

11>0
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Rewriting GCC Lagrange equations :

dp d Tor | disti _
| 2 = A _ _ « AP _ | 2 Torque relates to two distinct parts:
b dt Centrifugal (center-fleeing) force b dt ZM;””I *Mr"® Coriolis and angular acceleration
w equals total w :-----------.;.-.-.;.-.-.-..-.: ............................
=Mr'*?#>=  Centripetal (center-pulling) force =0 = Angular momenturpg is conservedf
r %/ . .
potentialU has no explicit-dependence
Conventional forms “ )
radial forceM B=Mr #?" o angular force or toMpiE="2Mri/ " p
r |
Field-free (U=0) "
radial acceleration: H=r 2 angular accelerdittong-—
I
Coriolis acceleration with £>O and <0
I..— ) [ J '. T
2rtir maked ~ pgsitive) Effect on
Inviard flow|to pressre Low Nor_them
’<0 Hemisphere
..make wind tuph to the rigfit local weather
Cool North Cyclonic flow
) L ( winds Tolow O’ Var OU y d I
storms yinds precede around 1ows
¢ ll‘ storms
(with!I" = 0) Northern hemjisphereyotation
11>0
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Rewriting GCC Lagrange equations :

! = M H _ _ V. | 2 Torque relates to two distinct parts:
b dt Centrifugal (center-fleeing) force b T ZM;””I *Mr™™ Coriolis and angular acceleration
o equals total " T s ettt etk
=Mr't?#>Z=  Centripetal (center-pulling) force =0 = Angular momenturpg is conservedf
r $/ : g
potentialU has no explicit-dependence
Conventional forms “ )
radial forceM B=Mr #?" o angular force or toMpiE="2Mri/ " p
I !
Field-free (U=0) ”
radial acceleration: H=r 2 angular accelerdtior =
I
Coriolis acceleration with £>O and <0
I..— ) [ J I. T
2rtir maked ~ pgsitive) Effect on
Inward flow|to pressure Low Nor_them
’<0 Hemisphere
..make wind tuph to the rigfit local weather
Cool North Cyclonic flow
) L ( winds Tolow /O/ VWar OU y d I
storms Ninds precede around lI0ws
¢ storms
Deep quantum rule:
(with " = 0) Northérn hemjisphere\otation Flow tries to mimic
11>0 the external rotation

‘ (least relative v)
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