
Lecture  4 
Thur. 9.01.2015

Kinetic Derivation of 1D  Potentials and Force Fields
(Ch. 6, and Ch. 7 of Unit 1)

Review of (V1,V2)→(y1,y2) relations      High mass ratio M1/m2 =49

Force “field” or “pressure” due to many small bounces 
Force defined as momentum transfer rate
The 1D-Isothermal force field F(y)=const./y and the 1D-Adiabatic force field F(y)=const./y3
 

Potential field due to many small bounces 
Example of 1D-Adiabatic potential U(y)=const./y2 

Physicist’s Definition F=-ΔU/Δy    vs.  Mathematician’s Definition F=+ΔU/Δy
Example of 1D-Isothermal potential U(y)=const. ln(y)

“Monster Mash”classical segue to Heisenberg action relations
Example of very very large M1 ball-wall(s) crushing a poor little m2 

How m2 keeps its action 
An interesting wave analogy: The “Tiny-Big-Bang” [Harter, J. Mol. Spec. 210, 166-182 (2001)]; [Harter, Li IMSS (2013)]

A lesson in geometry of fractions and fractals: Ford Circles and Farey Sums 
[Lester. R. Ford, Am. Math. Monthly 45,586(1938)];  [John Farey, Phil. Mag.(1816) Wolfram];  [Li, Harter, Chem.Phys.Letters (2015)]    
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http://www.sciencedirect.com/science/article/pii/S0022285201984498
http://www.sciencedirect.com/science/article/pii/S0022285201984498
http://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/MorseRevivals5.31.pdf
http://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/MorseRevivals5.31.pdf
http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
http://mathworld.wolfram.com/FareySequence.html
http://mathworld.wolfram.com/FareySequence.html
http://www.sciencedirect.com/science/article/pii/S0009261415003784
http://www.sciencedirect.com/science/article/pii/S0009261415003784


Review of (V1,V2)→(y1,y2) relations 
High mass ratio M1/m2 =49
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Geometric “Integration” (Converting Velocity data to Space-time trajectory)
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Fig. 5.1
in Unit 1

Example with masses: m1=49  and  m2=1
Kinetic Energy Ellipse

KE = 1
2

m1v1
2 + 1

2
m2v2

2 = 49
2

+1
2
= 25

1= v1
2

2KE /m1

+ v2
2

2KE /m2

= x1
2

a1
2 +

x2
2

a2
2

Ellipse radius 1

a1 = 2KE /m1

   = 2KE /49

   = 50/49
   = 1.01

Ellipse radius 2

a2 = 2KE /m2

   = 2KE /1

   = 50/1
   = 7.07

* Link to BounceIt: Yi(t) animation

* Link to BounceIt: Vy2 vs Vy1 animation
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010


Force “field” or “pressure” due to many small bounces 
Force defined as momentum transfer rate
The 1D-Isothermal force field F(y)=const./y and the 1D-Adiabatic force field F(y)=const./y3
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       and
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This
introduction
of Force...

...is more of a
definition
than another
axiom
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Force “field” or “pressure” due to many small bounces 
Force defined as momentum transfer rate
The 1D-Isothermal force field F(y)=const./y and the 1D-Adiabatic force field F(y)=const./y3
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Potential field due to many small bounces 
Example of 1D-Adiabatic potential U(y)=const./y2 

Physicist’s Definition F=-ΔU/Δy    vs.  Mathematician’s Definition F=+ΔU/Δy
Example of 1D-Isothermal potential U(y)=const. ln(y)
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Y

mm
22mm

22mm
22mm

22mm
22m

1
mm
22

mm
22

mm
22

mm
22

Small momentum transfer

“Low pressure“

Big momentum transfer

“High pressure“

V2 small V2 large

            A 
"Double-Whammy"
         system

22Monday, September 5, 2016



  
const.= E = 1

2
m1v1

2 + 1
2

m2v2
2 = 1

2
m1v1

2 + 1
2

m2
const.

Y
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⎝⎜

⎞
⎠⎟

2

Big mass-m1 ball feeling “potential-field” or “gradient” 
due to small (m2 << m1) rapidly (v2 >>v1) bouncing ball

In adiabatic case where                    the total energy E is strictly conserved.v2 =
const.
Y

Define for big mass m1 :  Kinetic energy KE(v1) vs Potential energy PE(Y)=U(Y) 

Potential energy PE(Y)=U(Y)=                  relates to Force F(Y) thru Work relations F·dY=±dU

Q?Another axiom?  A: No.     
  

1
2

m2
const.

Y
⎛
⎝⎜

⎞
⎠⎟

2

m
1

Low energy

“Cool“

(a) Uncompressed

(Large Y-space)
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1
=H-Y
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High energy
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(Small Y-space)
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const.= E = 1

2
m1v1

2 + 1
2

m2v2
2 = 1

2
m1v1

2 + 1
2

m2
const.

Y
⎛
⎝⎜

⎞
⎠⎟

2

Big mass-m1 ball feeling “potential-field” or “gradient” 
due to small (m2 << m1) rapidly (v2 >>v1) bouncing ball

In adiabatic case where                    the total energy E is strictly conserved.v2 =
const.
Y

Define for big mass m1 :  Kinetic energy KE(v1) vs Potential energy PE(Y)=U(Y) 

Potential energy PE(Y)=U(Y)=                  relates to Force F(Y) thru Work relations F·dY=±dU

Q?Another axiom?  A: No.     
  

1
2

m2
const.

Y
⎛
⎝⎜

⎞
⎠⎟

2

F ⋅dY = dp
dt

⋅dY∫∫ = dY
dt

⋅dp∫ = V ⋅dp = V ⋅d(mV )∫∫ = mV
2

2
+ const =U

m
1

Low energy

“Cool“

(a) Uncompressed

(Large Y-space)

Yy
1
=H-Y

mm
22

High energy

“Hot“

(b) Compressed

(Small Y-space)

Y

mm
22mm

22mm
22mm

22mm
22m

1
mm
22

mm
22

mm
22

mm
22

Small momentum transfer

“Low pressure“

Big momentum transfer

“High pressure“

V2 small V2 large

  (Here: V = v2)

            A 
"Double-Whammy"
         system
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const.= E = 1

2
m1v1

2 + 1
2

m2v2
2 = 1

2
m1v1

2 + 1
2

m2
const.

Y
⎛
⎝⎜

⎞
⎠⎟

2

Big mass-m1 ball feeling “potential-field” or “gradient” 
due to small (m2 << m1) rapidly (v2 >>v1) bouncing ball

In adiabatic case where                    the total energy E is strictly conserved.v2 =
const.
Y

Define for big mass m1 :  Kinetic energy KE(v1) vs Potential energy PE(Y)=U(Y) 

Potential energy PE(Y)=U(Y)=                  relates to Force F(Y) thru Work relations F·dY=±dU

Q?Another axiom?  A: No.     
  

1
2

m2
const.

Y
⎛
⎝⎜

⎞
⎠⎟

2

F ⋅dY = dp
dt

⋅dY∫∫ = dY
dt

⋅dp∫ = V ⋅dp = V ⋅d(mV )∫∫ = mV
2

2
+ const =U

or else :       F ⋅ dY
dt

= dp
dt

⋅V = d(mV )
dt

⋅V = d(mV 2 ) / 2
dt

= dU
dt

m
1

Low energy

“Cool“

(a) Uncompressed

(Large Y-space)

Yy
1
=H-Y

mm
22

High energy

“Hot“

(b) Compressed

(Small Y-space)

Y

mm
22mm

22mm
22mm

22mm
22m

1
mm
22

mm
22

mm
22

mm
22

Small momentum transfer

“Low pressure“

Big momentum transfer

“High pressure“

V2 small V2 large

  (Here: V = v2)

            A 
"Double-Whammy"
         system
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Potential field due to many small bounces 
Example of 1D-Adiabatic potential U(y)=const./y2 

Physicist’s Definition F=-ΔU/Δy    vs.  Mathematician’s Definition F=+ΔU/Δy
Example of 1D-Isothermal potential U(y)=const. ln(y)
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const.= E = 1

2
m1v1

2 + 1
2

m2v2
2 = 1

2
m1v1

2 + 1
2

m2
const.

Y
⎛
⎝⎜

⎞
⎠⎟

2

Big mass-m1 ball feeling “potential-field” or “gradient” 
due to small (m2 << m1) rapidly (v2 >>v1) bouncing ball

In adiabatic case where                    the total energy E is strictly conserved.v2 =
const.
Y

Define for big mass m1 :  Kinetic energy KE(v1) vs Potential energy PE(Y)=U(Y) 

Potential energy PE(Y)=U(Y)=                  relates to Force F(Y) thru Work relations F·dY=±dU  
  

1
2

m2
const.

Y
⎛
⎝⎜

⎞
⎠⎟

2

U(Y)

Y

m1m2m2m2 m2

F phys (Y ) = − dU
dY

U phys (Y ) = − F phys dY∫

The “Physicist” View of Force
U(Y)

Y

m1m2m2m2m2
Fmath (Y ) = + dU

dY

U(Y ) = + F phys dY∫

The “Mathematician” View of Force

ΔU
ΔY
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const.= E = 1

2
m1v1

2 + 1
2

m2v2
2 = 1

2
m1v1

2 + 1
2

m2
const.

Y
⎛
⎝⎜

⎞
⎠⎟

2

Big mass-m1 ball feeling “potential-field” or “gradient” 
due to small (m2 << m1) rapidly (v2 >>v1) bouncing ball

In adiabatic case where                    the total energy E is strictly conserved.v2 =
const.
Y

Define for big mass m1 :  Kinetic energy KE(v1) vs Potential energy PE(Y)=U(Y) 

Potential energy PE(Y)=U(Y)=                  relates to Force F(Y) thru Work relations F·dY=±dU  
  

1
2

m2
const.

Y
⎛
⎝⎜

⎞
⎠⎟

2

U(Y)

Y

m1m2m2m2 m2

F phys (Y ) = − dU
dY

U phys (Y ) = − F phys dY∫

The “Physicist” View of Force
U(Y)

Y

m1m2m2m2m2
Fmath (Y ) = + dU

dY

U(Y ) = + F phys dY∫

The “Mathematician” View of Force

ΔU
ΔY

        For the 
"Double-Whammy"
         system(OK, But, is this consistent with the F=(const.)2/Y3 (on p.18)?)
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const.= E = 1

2
m1v1

2 + 1
2

m2v2
2 = 1

2
m1v1

2 + 1
2

m2
const.

Y
⎛
⎝⎜

⎞
⎠⎟

2

Big mass-m1 ball feeling “potential-field” or “gradient” 
due to small (m2 << m1) rapidly (v2 >>v1) bouncing ball

In adiabatic case where                    the total energy E is strictly conserved.v2 =
const.
Y

Define for big mass m1 :  Kinetic energy KE(v1) vs Potential energy PE(Y)=U(Y) 

Potential energy PE(Y)=U(Y)=                  relates to Force F(Y) thru Work relations F·dY=±dU  
  

1
2

m2
const.

Y
⎛
⎝⎜

⎞
⎠⎟

2

U(Y)

Y

m1m2m2m2 m2

F phys (Y ) = − dU
dY

U phys (Y ) = − F phys dY∫

The “Physicist” View of Force
U(Y)

Y

m1m2m2m2m2
Fmath (Y ) = + dU

dY

U(Y ) = + F phys dY∫

The “Mathematician” View of Force

F phys = m2
const.( )2

Y 3       consistent

with :
      F phys = - ΔU

ΔY
=- d
dY

1
2
m2

const.
Y

⎛
⎝⎜

⎞
⎠⎟

2

= m2
const.( )2

Y 3

ΔU
ΔY

(Hurrah!)

        For the 
"Double-Whammy"
         system(OK, But, is this consistent with the F=(const.)2/Y3 (on p.18)?)
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Potential field due to many small bounces 
Example of 1D-Adiabatic potential U(y)=const./y2 

Physicist’s Definition F=-ΔU/Δy    vs.  Mathematician’s Definition F=+ΔU/Δy
Example of 1D-Isothermal potential U(y)=const. ln(y)
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const.= E = 1

2
m1v1

2 +U Y( ) where :U Y( )=-m2v2
2 ln Y( )

Define for big mass m1 :  Kinetic energy KE(v1) vs Potential energy PE(Y)=U(Y) 

Potential energy PE(Y)=U(Y)=                      relates to Force F(Y) thru Work relations F·dY=±dU  

U(Y)

Y

m1m2m2m2 m2

F phys (Y ) = − dU
dY

U phys (Y ) = − F phys dY∫

The “Physicist” View of Force
U(Y)

Y

m1m2m2m2m2
Fmath (Y ) = + dU

dY

U(Y ) = + F phys dY∫

The “Mathematician” View of Force

F phys= m2v2
2

Y
= const.

Y
      consistent

with :
      F phys= - ΔU

ΔY
=- d
dY

-const.ln Y( )( ) = const.Y

ΔU
ΔY

(Hurrah! again)

(Same integral/differential relations)

1D-Isothermal Force Law (assume v2 is constant for all Y): F = m2v2
2

Y
= const.

Y

         Not a 
"Double-Whammy"...
     ...only a 
"Single-Whammy"

F phys = m2v2
2

Y
= - ΔU

ΔY
     implies :     U Y( )= -F physdY= -m2v2

2

Y
dY=∫∫ -m2v2

2 ln Y( )

  
-m2v2

2 ln Y( )
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Potential field due to many small bounces 
Example of 1D-Adiabatic potential U(y)=const./y2 

Physicist’s Definition F=-ΔU/Δy    vs.  Mathematician’s Definition F=+ΔU/Δy
Example of 1D-Isothermal potential U(y)=const. ln(y)
Example of oscillator with opposing Isothermal potentials
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F phys = m2v2
2

Y
= - ΔU

ΔY
           implies :          U=-m2v2

2 ln Y( )

1D-Isothermal Force Law (assume v2 is constant for all Y): F = m2v2
2

Y
= const.

Y

mm22 mm22

(Y-x)

mm22mm22mm22mm22mm22mm22m1mm22 mm22

mm22mm22mm22mm22mm22mm22 mm22 mm22 mm22 mm22 m1

(Y+x)
x

x=0
YY

“Hot““Cool“

“Medium“ “Medium“

x =0

x

Utotal(x)

Potential
Utotal

Ftotal(x)

Force
Ftotal

“High pressure““Low pressure“

“Medium pressure“ “Medium pressure“

(a) Off center x>0: Negative restoring force

(b) Equilibrium x=0: Balanced

YY

Ftotal = f
1+ x

− f
1− x

= f 1− x + x2 − x3...⎡⎣ ⎤⎦ − f 1+ x + x2 + x3...⎡⎣ ⎤⎦ = −2 f ·x − 2 f ·x3 − ...

Harmonic
oscillator

termTwo opposing 1D-Isothermal Force fields

Anharmonic
oscillator
terms...

 
FHO = −k·x = − ∂UHO

∂x
UHO = 1

2
k·x2 = − FHO dx∫ HO frequency: ω = k

m1

= 2πυ

Unit 1
Fig. 6.2

Example of oscillator with opposing Isothermal potentials
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F phys = m2v2
2

Y
= - ΔU

ΔY
           implies :          U=-m2v2

2 ln Y( )

1D-Isothermal Force Law (assume v2 is constant for all Y): F = m2v2
2

Y
= const.

Y

mm22 mm22

(Y-x)

mm22mm22mm22mm22mm22mm22m1mm22 mm22

mm22mm22mm22mm22mm22mm22 mm22 mm22 mm22 mm22 m1

(Y+x)
x

x=0
YY

“Hot““Cool“

“Medium“ “Medium“

x =0

x

Utotal(x)

Potential
Utotal

Ftotal(x)

Force
Ftotal

“High pressure““Low pressure“

“Medium pressure“ “Medium pressure“

(a) Off center x>0: Negative restoring force

(b) Equilibrium x=0: Balanced

YY

Ftotal= f
Y0 +x

− f
Y0 −x

Unit 1
Fig. 6.2

Example of oscillator with opposing Isothermal potentials

Two opposing 1D-Isothermal Force fields
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F phys = m2v2
2

Y
= - ΔU

ΔY
           implies :          U=-m2v2

2 ln Y( )

1D-Isothermal Force Law (assume v2 is constant for all Y): F = m2v2
2

Y
= const.

Y

mm22 mm22

(Y-x)

mm22mm22mm22mm22mm22mm22m1mm22 mm22

mm22mm22mm22mm22mm22mm22 mm22 mm22 mm22 mm22 m1

(Y+x)
x

x=0
YY

“Hot““Cool“

“Medium“ “Medium“

x =0

x

Utotal(x)

Potential
Utotal

Ftotal(x)

Force
Ftotal

“High pressure““Low pressure“

“Medium pressure“ “Medium pressure“

(a) Off center x>0: Negative restoring force

(b) Equilibrium x=0: Balanced

YY

 

Ftotal= f
Y0 +x

− f
Y0 −x

(Y0 +x)
-1= Y0

-1−xY0
-2+x2Y0

-3−x3Y0
-4...

(Y0 +x)
n= Y0

n+nY0
n−1x + n(n-1)

2
Y0

n−2 x2+ n(n-1)(n-2)
2 ⋅3

Y0
n−3x3+ n(n-1)(n-2)(n-3)

2 ⋅3⋅4
Y0

n−4 x4…

Unit 1
Fig. 6.2

Example of oscillator with opposing Isothermal potentials

Two opposing 1D-Isothermal Force fields

Binomial Theorem
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F phys = m2v2
2

Y
= - ΔU

ΔY
           implies :          U=-m2v2

2 ln Y( )

1D-Isothermal Force Law (assume v2 is constant for all Y): F = m2v2
2

Y
= const.

Y

mm22 mm22

(Y-x)

mm22mm22mm22mm22mm22mm22m1mm22 mm22

mm22mm22mm22mm22mm22mm22 mm22 mm22 mm22 mm22 m1

(Y+x)
x

x=0
YY

“Hot““Cool“

“Medium“ “Medium“

x =0

x

Utotal(x)

Potential
Utotal

Ftotal(x)

Force
Ftotal

“High pressure““Low pressure“

“Medium pressure“ “Medium pressure“

(a) Off center x>0: Negative restoring force

(b) Equilibrium x=0: Balanced

YY

 

Ftotal= f
Y0 +x

− f
Y0 −x

= f 1
Y0

− x
Y0
2 +

x2

Y0
3 −

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ − ...

(Y0 +x)
-1= Y0

-1−xY0
-2+x2Y0

-3−x3Y0
-4...

(Y0 +x)
n= Y0

n+nY0
n−1x + n(n-1)

2
Y0

n−2 x2+ n(n-1)(n-2)
2 ⋅3

Y0
n−3x3+ n(n-1)(n-2)(n-3)

2 ⋅3⋅4
Y0

n−4 x4…

Unit 1
Fig. 6.2

Example of oscillator with opposing Isothermal potentials

Two opposing 1D-Isothermal Force fields

Binomial Theorem
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F phys = m2v2
2

Y
= - ΔU

ΔY
           implies :          U=-m2v2

2 ln Y( )

1D-Isothermal Force Law (assume v2 is constant for all Y): F = m2v2
2

Y
= const.

Y

mm22 mm22

(Y-x)

mm22mm22mm22mm22mm22mm22m1mm22 mm22

mm22mm22mm22mm22mm22mm22 mm22 mm22 mm22 mm22 m1
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x

x=0
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“Hot““Cool“

“Medium“ “Medium“

x =0

x

Utotal(x)

Potential
Utotal

Ftotal(x)

Force
Ftotal

“High pressure““Low pressure“

“Medium pressure“ “Medium pressure“

(a) Off center x>0: Negative restoring force

(b) Equilibrium x=0: Balanced

YY

 

Ftotal= f
Y0 +x

− f
Y0 −x

= f 1
Y0

− x
Y0
2 +

x2

Y0
3 −

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ − f 1

Y0
+ x
Y0
2 +

x2

Y0
3 +

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥

(Y0 +x)
-1= Y0

-1−xY0
-2+x2Y0

-3−x3Y0
-4... (Y0 −x)

-1= Y0
-1+xY0

-2+x2Y0
-3 +x3Y0

-4...

(Y0 +x)
n= Y0

n+nY0
n−1x + n(n-1)

2
Y0

n−2 x2+ n(n-1)(n-2)
2 ⋅3

Y0
n−3x3+ n(n-1)(n-2)(n-3)

2 ⋅3⋅4
Y0

n−4 x4…

Unit 1
Fig. 6.2

Example of oscillator with opposing Isothermal potentials

Two opposing 1D-Isothermal Force fields

Binomial Theorem
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F phys = m2v2
2

Y
= - ΔU

ΔY
           implies :          U=-m2v2

2 ln Y( )

1D-Isothermal Force Law (assume v2 is constant for all Y): F = m2v2
2

Y
= const.

Y

mm22 mm22

(Y-x)

mm22mm22mm22mm22mm22mm22m1mm22 mm22

mm22mm22mm22mm22mm22mm22 mm22 mm22 mm22 mm22 m1
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x

x=0
YY

“Hot““Cool“

“Medium“ “Medium“

x =0

x

Utotal(x)

Potential
Utotal

Ftotal(x)

Force
Ftotal

“High pressure““Low pressure“

“Medium pressure“ “Medium pressure“

(a) Off center x>0: Negative restoring force

(b) Equilibrium x=0: Balanced

YY

 

Ftotal= f
Y0 +x

− f
Y0 −x

= f 1
Y0

− x
Y0
2 +

x2

Y0
3 −

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ − f 1

Y0
+ x
Y0
2 +

x2

Y0
3 +

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥

(Y0 +x)
-1= Y0

-1−xY0
-2+x2Y0

-3−x3Y0
-4... (Y0 −x)

-1= Y0
-1+xY0

-2+x2Y0
-3 +x3Y0

-4...

(Y0 +x)
n= Y0

n+nY0
n−1x + n(n-1)

2
Y0

n−2 x2+ n(n-1)(n-2)
2 ⋅3

Y0
n−3x3+ n(n-1)(n-2)(n-3)

2 ⋅3⋅4
Y0

n−4 x4…

Unit 1
Fig. 6.2

Example of oscillator with opposing Isothermal potentials

Two opposing 1D-Isothermal Force fields

Binomial Theorem
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F phys = m2v2
2

Y
= - ΔU

ΔY
           implies :          U=-m2v2

2 ln Y( )

1D-Isothermal Force Law (assume v2 is constant for all Y): F = m2v2
2

Y
= const.

Y

mm22 mm22

(Y-x)

mm22mm22mm22mm22mm22mm22m1mm22 mm22

mm22mm22mm22mm22mm22mm22 mm22 mm22 mm22 mm22 m1

(Y+x)
x

x=0
YY

“Hot““Cool“

“Medium“ “Medium“

x =0

x

Utotal(x)

Potential
Utotal

Ftotal(x)

Force
Ftotal

“High pressure““Low pressure“

“Medium pressure“ “Medium pressure“

(a) Off center x>0: Negative restoring force

(b) Equilibrium x=0: Balanced

YY

 

Ftotal= f
Y0 +x

− f
Y0 −x

= f 1
Y0

− x
Y0
2 +

x2

Y0
3 −

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ − f 1

Y0
+ x
Y0
2 +

x2

Y0
3 +

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ = -2 f

x
Y0
2 −2 f

x3

Y0
4 − ...

(Y0 +x)
-1= Y0

-1−xY0
-2+x2Y0

-3−x3Y0
-4... (Y0 −x)

-1= Y0
-1+xY0

-2+x2Y0
-3 +x3Y0

-4...

(Y0 +x)
n= Y0

n+nY0
n−1x + n(n-1)

2
Y0

n−2 x2+ n(n-1)(n-2)
2 ⋅3

Y0
n−3x3+ n(n-1)(n-2)(n-3)

2 ⋅3⋅4
Y0

n−4 x4…

Unit 1
Fig. 6.2

Example of oscillator with opposing Isothermal potentials

Harmonic
oscillator

term

Anharmonic
oscillator
terms...

Two opposing 1D-Isothermal Force fields approximate harmonic oscillator

Binomial Theorem
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k=2 f /Y0
2= 2m2v2

2 /Y0
2

F phys = m2v2
2

Y
= - ΔU

ΔY
           implies :          U=-m2v2

2 ln Y( )

1D-Isothermal Force Law (assume v2 is constant for all Y): F = m2v2
2

Y
= const.

Y

mm22 mm22

(Y-x)

mm22mm22mm22mm22mm22mm22m1mm22 mm22

mm22mm22mm22mm22mm22mm22 mm22 mm22 mm22 mm22 m1

(Y+x)
x

x=0
YY

“Hot““Cool“

“Medium“ “Medium“

x =0

x

Utotal(x)

Potential
Utotal

Ftotal(x)

Force
Ftotal

“High pressure““Low pressure“

“Medium pressure“ “Medium pressure“

(a) Off center x>0: Negative restoring force

(b) Equilibrium x=0: Balanced

YY

 
Ftotal= f

Y0 +x
− f
Y0 −x

= f 1
Y0

− x
Y0
2 +

x2

Y0
3 −

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ − f 1

Y0
+ x
Y0
2 +

x2

Y0
3 +

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ = -2 f

x
Y0
2 −2 f

x3

Y0
4 − ...

Harmonic
oscillator

termTwo opposing 1D-Isothermal Force fields

Anharmonic
oscillator
terms...

Unit 1
Fig. 6.2

Example of oscillator with opposing Isothermal potentials

approximate harmonic oscillator

Harmonicoscillator force constant :
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k=2 f /Y0
2= 2m2v2

2 /Y0
2

F phys = m2v2
2

Y
= - ΔU

ΔY
           implies :          U=-m2v2

2 ln Y( )

1D-Isothermal Force Law (assume v2 is constant for all Y): F = m2v2
2

Y
= const.

Y

mm22 mm22

(Y-x)

mm22mm22mm22mm22mm22mm22m1mm22 mm22

mm22mm22mm22mm22mm22mm22 mm22 mm22 mm22 mm22 m1

(Y+x)
x

x=0
YY

“Hot““Cool“

“Medium“ “Medium“

x =0

x

Utotal(x)

Potential
Utotal

Ftotal(x)

Force
Ftotal

“High pressure““Low pressure“

“Medium pressure“ “Medium pressure“

(a) Off center x>0: Negative restoring force

(b) Equilibrium x=0: Balanced

YY

 
Ftotal= f

Y0 +x
− f
Y0 −x

= f 1
Y0

− x
Y0
2 +

x2

Y0
3 −

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ − f 1

Y0
+ x
Y0
2 +

x2

Y0
3 +

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ = -2 f

x
Y0
2 −2 f

x3

Y0
4 − ...

Harmonic
oscillator

termTwo opposing 1D-Isothermal Force fields

Anharmonic
oscillator
terms...

FHO = −k·x = − ∂UHO

∂x

Unit 1
Fig. 6.2

Example of oscillator with opposing Isothermal potentials

approximate harmonic oscillator

Harmonicoscillator force constant :
HarmonicOscillator Force           
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k=2 f /Y0
2= 2m2v2

2 /Y0
2

F phys = m2v2
2

Y
= - ΔU

ΔY
           implies :          U=-m2v2

2 ln Y( )

1D-Isothermal Force Law (assume v2 is constant for all Y): F = m2v2
2

Y
= const.

Y

mm22 mm22

(Y-x)

mm22mm22mm22mm22mm22mm22m1mm22 mm22

mm22mm22mm22mm22mm22mm22 mm22 mm22 mm22 mm22 m1

(Y+x)
x

x=0
YY

“Hot““Cool“

“Medium“ “Medium“

x =0

x

Utotal(x)

Potential
Utotal

Ftotal(x)

Force
Ftotal

“High pressure““Low pressure“

“Medium pressure“ “Medium pressure“

(a) Off center x>0: Negative restoring force

(b) Equilibrium x=0: Balanced

YY

 
Ftotal= f

Y0 +x
− f
Y0 −x

= f 1
Y0

− x
Y0
2 +

x2

Y0
3 −

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ − f 1

Y0
+ x
Y0
2 +

x2

Y0
3 +

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ = -2 f

x
Y0
2 −2 f

x3

Y0
-4 − ...

Harmonic
oscillator

termTwo opposing 1D-Isothermal Force fields

Anharmonic
oscillator
terms...

FHO = −k·x = − ∂UHO

∂x
UHO = 1

2
k·x2 = − FHO dx∫

Unit 1
Fig. 6.2

Example of oscillator with opposing Isothermal potentials

approximate harmonic oscillator

Harmonicoscillator force constant :
HarmonicOscillator Force                Potential                        
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F phys = m2v2
2

Y
= - ΔU

ΔY
           implies :          U=-m2v2

2 ln Y( )

1D-Isothermal Force Law (assume v2 is constant for all Y): F = m2v2
2

Y
= const.

Y

mm22 mm22

(Y-x)

mm22mm22mm22mm22mm22mm22m1mm22 mm22

mm22mm22mm22mm22mm22mm22 mm22 mm22 mm22 mm22 m1

(Y+x)
x

x=0
YY

“Hot““Cool“

“Medium“ “Medium“

x =0

x

Utotal(x)

Potential
Utotal

Ftotal(x)

Force
Ftotal

“High pressure““Low pressure“

“Medium pressure“ “Medium pressure“

(a) Off center x>0: Negative restoring force

(b) Equilibrium x=0: Balanced

YY

 
Ftotal= f

Y0 +x
− f
Y0 −x

= f 1
Y0

− x
Y0
2 +

x2

Y0
3 −

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ − f 1

Y0
+ x
Y0
2 +

x2

Y0
3 +

x3

Y0
4 +

⎡

⎣
⎢

⎤

⎦
⎥ = -2 f

x
Y0
2 −2 f

x3

Y0
4 − ...

Harmonic
oscillator

termTwo opposing 1D-Isothermal Force fields

Anharmonic
oscillator
terms...

 
FHO = −k·x = − ∂UHO

∂x
UHO = 1

2
k·x2 = − FHO dx∫ HO frequency: ω = k

m1

= 2m2

m1

v2

Y0

=2πυ

Unit 1
Fig. 6.2

Example of oscillator with opposing Isothermal potentials

approximate harmonic oscillator

k=2 f /Y0
2= 2m2v2

2 /Y0
2Harmonicoscillator force constant :

HarmonicOscillator Force                Potential                         Frequency

43Monday, September 5, 2016



What does Harmonic mean?

Given total energy E = KE+PE = 1
2
mV 2 + 1

2
kY 2

E   is same constant for any amplitude A of sine-oscillation where:
             Y = Asinωt       with velocity       V = Aω cosωt

Because then:   E = 1
2
m Aω cosωt( )2    + 1

2
k(Asinωt)2

                          = 1
2
mω 2A2 cosωt( )2  + 1

2
kA2 (sinωt)2

                         = 1
2
mω 2A2 cos2ωt + sin2ωt( )2

  if:  mω 2 =  k

                         = 1
2
mω 2A2                                  if:  ω = k

m
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Unit 1
Fig. 6.3

Simulation of

the adiabatic case

BounceIt Superball Collision Web Simulator: 1:500:1 mass ratios (Small Amplitude)

 
HO frequency: ω = k

m1

= 2m2

m1

v2

Y0

=2πυ

Frequency

Switch
m1=m3

with
m2

to match
formula m1

m2=0.1kg 
m1=50kg
m2=0.1kg

Sample problem: Compute isothermal frequency and/or period
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Unit 1
Fig. 6.3

Simulation of

the adiabatic case

BounceIt Superball Collision Web Simulator: 1:500:1 mass ratios (Small Amplitude)

 
HO frequency: ω = k

m1

= 2m2

m1

v2

Y0

=2πυ

Frequency

Period :    τ = 1
υ

 =2π m1

k
=2π m1

2m2

Y0

v2

Switch
m1=m3

with
m2

to match
formula m1

m2=0.1kg 
m1=50kg
m2=0.1kg

Sample problem: Compute isothermal frequency and/or period
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Unit 1
Fig. 6.3

Simulation of

the adiabatic case

Sample problem: Compute isothermal period given m1=50, m2=0.1=m3, v2=20, Y0=3.5
BounceIt Superball Collision Web Simulator: 1:500:1 mass ratios (Small Amplitude)

 
HO frequency: ω = k

m1

= 2m2

m1

v2

Y0

=2πυ

Frequency

Period :    τ = 1
υ

 =2π m1

k
=2π m1

2m2

Y0

v2
Period :    

τ =2π m1

2m2

Y0

v2

= 6.28 50
2 ⋅(0.1)

3.5
20

   =17.38

Switch
m1=m3

with
m2

to match
formula

Switch
m1=m3

with
m2

to match
formula m1

m2=0.1kg 
m1=50kg
m2=0.1kg
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Simulation of

the adiabatic case

BounceIt Superball Collision Web Simulator: 1:500:1 mass ratios (Small Amplitude)

 
HO frequency: ω = k

m1

= 2m2

m1

v2

Y0

=2πυ

Frequency

Period :    τ = 1
υ

 =2π m1

k
=2π m1

2m2

Y0

v2
Period :    

τ =2π m1

2m2

Y0

v2

= 6.28 50
2 ⋅(0.1)

3.5
20

   =17.38

Switch
m1=m3

with
m2

to match
formula

That’s about √3 times too big!

m1
m2=0.1kg 
m1=50kg
m2=0.1kg

Sample problem: Compute isothermal period given m1=50, m2=0.1=m3, v2=20, Y0=3.5
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BounceIt Superball Collision Web Simulator: 
1:500:1 mass ratios (Large Amplitude)

49Monday, September 5, 2016

http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=20810
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=20810
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=20810
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=20810


Unit 1
Fig. 6.3

Simulation of

the adiabatic case

See Homework problem 1.6.5: Compute frequency and/or period for both isoT and adiabatic cases

* Link to BounceIt animation with 1:500:1 mass ratios (Small Amplitude) 
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* Link to BounceIt animation with 
1:500:1 mass ratios (Large Amplitude) 
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* Link to BounceIt animation with 1:500:1 mass ratios (Small Amplitude) 
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Note drift of center for M1

Note drift of total E
from 64.052

to 63.917

* Link to BounceIt animation with 1:500:1 mass ratios (Small Amplitude) 
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“Monster Mash”classical segue to Heisenberg action relations
Example of very very large M1 ball-walls crushing a poor little m2 

How m2 keeps its action 
An interesting wave analogy: The “Tiny-Big-Bang” [Harter, J. Mol. Spec. 210, 166-182 (2001)],[Harter, Li IMSS (2012)]

A lesson in geometry of fractions and fractals: Ford Circles and Farey Sums 
[Lester. R. Ford, Am. Math. Monthly 45,586(1938)          [John Farey, Phil. Mag.(1816)]      
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2

-2

4

-4
6

-6

Δx=1.5

Δx=0.75
Δx=0.5

Δx=3.0

Δx=0.375

Δx=1.5

Δx=0.75
Δx=0.5

Δx=3.0

Δx=0.375

11//11

11//22

11//33

11//44
11//55
11//66
11//77

v2=0

v2=2

v1=1

Time

Space

The Wall

Time

Space

(a) Big ball moves in and traps small ball between it and The Wall

(b) Trajectory geometry exposed

Y Y

V
y2

V
y2

(a) Big space

Low speed

Bang (1)
12

Bang (2)
20

(b) Decreasing space

Increasing speed

Y

V
y2(c) Small space

High speed

Bang (n)
12

Bang (n+1)
20

V
y
Y = const.

Y

V
y2

Y

V
y2

Y

Vy2

Unit 1
Fig. 6.4

The Classical
“Monster Mash”

Classical introduction to

Heisenberg “Uncertainty” Relations

 

v2 = const.
Y

   or:    Y ⋅v2 = const.

is analogous to:   Δx ⋅ Δp = N ⋅

* Link to BounceIt “Monster Mash” x2(t) animation 
(Note: Time sense is inverted)
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* Link to BounceIt “Monster Mash” Vx2 vs x2 animation 
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-3

-5
7

-7 8-8

Δx=2.0

Δx=1.5
Δx=1.2

Δx=3.0

Δx=1.0

v2=3

Time

v2=-1

5

2

-2

-4
4

6
-6

11//11

11//22

11//33

11//44
11//55
11//66
11//77

9-9

v2=+1

v2=0 v2=0

V1=+1 V1=-1

v2=-0.2

v2=+2.2

Unit 1
Fig. 6.5

Double “Monster Mash”

See Homework problem 1.6.2: Construct related spacetime case
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-3

3

The Wall-1

5

3

-1

5

-3

0

4

-2
6

2

-2

-4

4

6-6

The Wall
(a) Galilean shift by V=1 (b)

−vIN
vFIN=vIN+2V

1

+vIN

V
1
=1V
1
=1

V
1
=1V
1
=1

V
1
=1V
1
=1

V
1
=1V
1
=1

V
1

V
1
=1V
1
=1

V
1
=1V
1
=1

B− B0 B+

A−
A0 A+

C

O

V
1
=1V
1
=1

V
1
=1V
1
=1

(a) (b)

(c)

V
1
V
1

vFIN2

+4

+3

+2

+1

0

-1

-2

-3

+5
B− B0 B+

Unit 1
Fig. 6.6

and
Fig. 6.7
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“Monster Mash”classical segue to Heisenberg action relations
Example of very very large M1 ball-walls crushing a poor little m2 

How m2 keeps its action 
An interesting wave analogy: The “Tiny-Big-Bang” [Harter, J. Mol. Spec. 210, 166-182 (2001)],[Harter, Li IMSS (2012)]

A lesson in geometry of fractions and fractals: Ford Circles and Farey Sums 
[Lester. R. Ford, Am. Math. Monthly 45,586(1938)          [John Farey, Phil. Mag.(1816)]      
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Δm = 9

2Δx = 4 %

-15 -10 -5 0 5 10 15 = m

1/1

0/1
1/1

2Δx = 4 % 0/1
Time t (units of fundamental period     ) τ1

Coordinate     φ   (units of 2π )

0/1

1/10

1/5

3/10

2/5

1/2

3/5

7/10

4/5

9/10

1/1

3/4

1/4

1/21/40-1/4-1/2

1/2
1/4

0
-1/4

-1/2

(Imagine "wrap-around" φ-coordinate) 
+π /2

−π /2

+π−π

3/4

1/4

0/1

1/2

1/1

Time t 
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WaveIt Web simulation

Click here….

..then here….

http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet

Starts with Gaussian Ψ(φ,t)
at  φ=0 on Bohr wave ring
that expands and “beats”

φ=0

φ=0

φ=0

φ=±π

φ=+πφ=-π

φ=+πφ=-π
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Click here….

..then here….

time 
t=0.29Tmax

t=0.25Tmax

t=0.20Tmax

t=0.10Tmax

φ=0

φ=0

φ=±π

φ=+πφ=-π

WaveIt Web simulation http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=Quantum%20Carpet
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Set this and then click here….
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Δm = 9

2Δx = 4 %

-15 -10 -5 0 5 10 15 = m

1/1

0/1

1/2

1/4

1/6
1/7

1/3

1/5

2/5

2/7

3/7

1/8

Wave packet starts hereZeros start here Zeros start here

Time t
(units of τ1)

Coordinate φ
(units of 2π)

1/1

0/1
0 1/4 1/2-1/2 -1/4

N-level-system and revival-beat wave dynamics 
(9 or10-levels (0, ±1, ±2, ±3, ±4,..., ±9, ±10, ±11...)  excited) Zeros (clearly) and “particle-packets” (faintly) have paths 

labeled by fraction sequences like: 0
7
, 1
7
, 2
7
, 3
7
, 4
7
, 5
7
, 6
7
,1
1

1
7

2
7

3
7

4
7

5
7

6
7

4
7

5
7

6
7

1
1

0
1
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator
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n1+n2
d1+d2

tx=

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

n2/d2
- t

1/2 -φ
= 1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

n1/d1 - t
1/2 -φ = -1/d1

(φx ,tx)

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

x

n1/d1 and n2/d2 path
intersection time

(Farey-Sum)

•
•
•

•
•
•

d1n2-n1d2
d1+d2

φx=
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 [John Farey, Phil. Mag.(1816)] 
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http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
http://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/MorseRevivals5.31.pdf
http://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/MorseRevivals5.31.pdf


“Monster Mash”classical segue to Heisenberg action relations
Example of very very large M1 ball-walls crushing a poor little m2 

How m2 keeps its action 
An interesting wave analogy: The “Tiny-Big-Bang” [Harter, J. Mol. Spec. 210, 166-182 (2001)],[Harter, Li IMSS (2012)]

A lesson in geometry of fractions and fractals: Ford Circles and Farey Sums 
[Lester. R. Ford, Am. Math. Monthly 45,586(1938)          [John Farey, Phil. Mag.(1816)]      
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[Li, Harter, Chem.Phys.Letters (2015)]
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U of A Physics Day 2000
(Quantum computer simulation)

That makes an ∞-ly deep “3D-Magic-Eye” picture
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Fig. 4.9
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Fig. 4.8
in Unit 1
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This is a construction
of the energy ellipse in a
Largangian (v1,v2) plot
given the initial (v1,v2).

The Estrangian (V1,V2) plot
makes the (v1,v2) plot and 
this construction obsolete.

(Easier to just draw circle
through initial (V1,V2).)
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