Analysis of 1D 2-Body Collisions: Reflection groups

(Ch. 2 to Ch. 4 of Unit 1)

Review: Geometry of 1-D 2-body collisions (Example with masses: m;=49 and m>=1)

Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.

Geometry and algebra of “ellipse-Rotation” group product: R= C+*M
What about that 2" quadratic solution?

Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from m;/mz=3)
Other not-so-symmetric examples: mi/m>=4 and mi/m>=7 and (M1=100, M>=1)
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Review: Geometry of 1-D 2-body collisions (Example with masses: m;=49 and m>=1)
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Flg 5 . 1 Bouncelt Superball Collision Web Simulator:
. . Mi1=49, M>=1 with Newtonian time plot
in Unit 1

Bouncelt Superball Collision Web Simulator:
M1=49, M>=1 with V> vs Vi plot
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Review: Geometry of 1-D 2-body collisions (Example with masses: m;=49 and m>=1)
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. . Mi=49, M>=1 with Newtonian time plot
in Unit 1
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Bouncelt\Superball Collision Web Simulator:
M1=49, M>=1 with V> vs V1 plot
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Review: Geometry of 1-D 2-body collisions (Example with masses: m;=49 and m>=1)
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Fig. 5.1
in Unit 1

Kinetic Energy Ellipse
1 1 49 1
KE=—mV +-m\V; =—+—=25
2 2 2 2
v v xx

- 2KE/m, 2KE/m, - a a

Ellipse radius 1 Ellipse radius 2

a,=2KEIM,  a,=.2KE/m,

= [2KE/49 = [2KE/
_ M =./50/1

=1.01 =7.07



Multiple collisions calculated by matrix operator products

>\ {11 OF [ENSOT algebra of 1-D 2-body collisions
What about that 2" quadratic solution?

“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product. R= C+M
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Multiple Collisions by Matrix Operator Products

FIN IN
yeou _ vV +vV m1v1+m2v2[ 1 }

T-Symmetry & Momentum Axioms give: 5 moam, | 1
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Multiple Collisions by Matrix Operator Products

. . FIN
T-Symmetry & Momentum Axioms give: yeon _ V" +V" _my +myy, ( 1 ]:[ ye j: %[ v

2 m, +m, 1 yeom
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Multiple Collisions by Matrix Operator Products

]_

T-Symmetry & Momentum Axioms give:

Gives vV in terms of v¥...

FIN coMm IN
v, 2V -V,

FIN | coMm N |
Vv, 2V -V,
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Multiple Collisions by Matrix Operator Products

. . FIN
T-Symmetry & Momentum Axioms give: yeow _ V" +VZ _my+my, [ 1 _[ v ||
) m, +m, 1 ycom 2 FIN

Gives vV in terms of v¥...

IN IN
my, +n,v, IN
VFIN 2VC0M . VIN 2 -,
1 . 1 . m, +m,
FIN COM _ _IN N N
V) 2V V) ) my, +n,v, IN
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Multiple Collisions by Matrix Operator Products

. . FIN
T-Symmetry & Momentum Axioms give: yeow _ V" +V" _my +myv, ( 1 ]:[ yeor j:% Y
FIN

2 m, +m, 1 y oM v
Gives vV in terms of v/V... Finally as a matrix operation: v//N =NMev/V,
IN IN IN IN
IN IN my, —m,v, +2m,v m,—m 2m %
FIN coM _ _IN y R L M N P - N 2 ?N A 2 llN
Vi _ 2V —V _ m, +m, : 2myvy +myv,t —my, 2m, nm, —m, 123
vy VM I 5 myy +my, L - m, +m, - m, +m,
m, + m, ?

IN IN IN IN
2my, +2m,v, —my, —m,,

m, +m2

IN IN IN IN
2my,; +2m,v, —my, —m,v,

m1+m2
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Multiple Collisions by Matrix Operator Products

. . FIN
T-Symmetry & Momentum Axioms give: yeow _ V" +V" _my +myv, [ I j:[ ve ): %[ i }r%
FIN

2 ml —+ m2 1 VCOM V2
Gives vV in terms of v/V... Finally as a matrix operation: ( vV =MevY, )
FIN COM N ) mlvllN + m2V§N Y mlvllN - mzvllN + 2m2V£N m, —m, 2m2 vllN
g | Ve | m, +m, K 2my” +mvi —myl 2m,  m,—m, y
V?W ZVCM4_vf ZmWF+w5%N_vW B m, +m, B m, +m,
m, +m, ? - N
m,—m 2m
2myy +2myv, —my —my” FIN 1 : : IN
— m, +m, Vi _ m, + m, nm, + m, V|
- FIN B .
2m1v1’N + 2m2v£1\’ _ mlvéN _ mzvéN vl 2m1 m, —m, ¥
N J
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Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
—p  What about that 2 quadratic solution?

“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product. R= C+M

Tuesday, August 30, 2016
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Multiple Collisions by Matrix Operator Products

FIN IN
oM _ | VA V4 _ m\v, + m,v,

T-Symmetry & Momentum Axioms give:

2 m, +m,
Gives vV in terms of vV, . Finally as a matrix operation: ( v/™N =Mev/V )
v 4 oy my —myv" +2m,v; m, —m, 2m, v
FIN YoM _ |, IN 2— 22y Y N IN ) _ N
Vi _ Vi _ m, +m, 2myv;” +myvy —mv, me Va
V§IN 2VC0M — VéN ) mlvllN + mzvéN W - m,+m, - m,+m,
m, +m, ’ 4 )
m, —m, 2m,
d : - pi m+m, m+m v
What about that 2" quadratic solution? L T e !
FIN 2 _ IN
) . . . 1% m, m, —m V
Linear formula vV =Mev’" gives just one solution ? - ?
. .« . . 1 2 1 2
to quadratic collision equations. N Y
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Multiple Collisions by Matrix Operator Products

T-Symmetry & Momentum Axioms give:

Gives V'™V in terms of v/V. ..

FIN

FIN
V)

CcoM IN
VT =y

coM IN
VT =y,

2

IN IN
myv;, + m,v,

2

m, +m2

IN IN
my;, + m,v,

What about that 2" quadratic solution?

Linear formula vV =Mev’" gives just one solution

to quadratic collision equations.

Vv

IN
1

IN
2

FIN IN
com _ | VA V4 _ m\v, + m,v,

2 m, +m,

Finally as a matrix operation: (v/N =Mev/N )

IN IN IN IN
my, —m,v, +2m,v, m, —m, 2m, v
IN IN IN _ IN

m, + m, m, + m,
4 )
m, —m, 2m,
pi m,+m, m +m, v
vy 2m, m, —m, vy
m,+m, m+m,
. J

Q: What 1s the second solution and to what simple process would 1t correspond?

Tuesday, August 30, 2016

Example with friction
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m?
enters
mji

NOTE:

Low For
2.5

Time =0.736 s
AT =+40.001 s
KE = +2.500 erg
Force constant
Force power =/+4.000
Drag (Collision) = +0.500

NOTE:
A lot of drag
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§ S S T —
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center of m>
approaches
center of

mj 4

-3

constant allows deeper penetration and pass-thru. |

2.5

Time =0.924 s
AT =+40.001 s
KE = +2.082 erg I
Force constant # +100.000 |
Force power 5+4.000
Drag (Collisjon) = +0.500

NOTE:
A lot of drag
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VIN

center of m>
just past
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mi

4

Time = 1.066 s
AT =+0.001 s
KE = +1.447 erg
Force constant =
Force power =/44.000
Drag (Collision) = +0.500
NOTE:

A lot of/drag
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Bouncelt Web Simulation - Low force constant with drag displaying a Pass-thru

...and quickly
accelerates
downward...

...thru drag until em

m; with | vi'V| less

Time = 1.460 s
AT =+0.001 s
KE = +1.678 erg
Force constant
Force power % +4.000
Drag (Collisfon) = +0.500
NOTE:

A lot of drag
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. V2y=-1.000 cm/s
-6.371y=+1.000 cm/s

k=215.85
_—6 Time = 1.454 s lets
: AT =+40.001 s mpy
f KE = +2.500 er 2] fall thru
-5.5 I Force constant = +215.850 | mj
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Bouncelt Superball Collision Web Simulations
with Low force constant & Zero drag

[ V2y=+2.200 cm/s
-6.371y=+0.200 cm/s

k=216.00
Time = 1.424 s . makes
AT =+0.001 s \ mp
_ -2 |bounce off
IForce constant = +216.000 [ \ mji
Force power = +4.000 \
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NOTE: [ \
Zero drag 1 \
s\
~ \
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1112
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Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
What about that 2" quadratic solution?

ey |\ [ass-bang " matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product. R= C+M

Tuesday, August 30, 2016

17



Multiple Collisions by Matrix Operator Products

FIN IN
oM _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give:

2 m, +m,
Gives vV in terms of v/V... Finally as a matrix operation: vV =Mev¥
myv" —my™ +2mv m, —m 2m N
FIN com I 2mlvfw +m,vy W 11 2V V2 1M, ) X
Vi _ 2V g _ m, +m, ! 2m1va + mzvéN - mlvéN 2m, m, —m, véN
vy VM —y ¥ 5 myy +my, e - m, +m, m, +m,
m, +m, ?

Matrix operations include...
Floor-bang F of m;:

S
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V 5 ——
1 2
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
. o Sy N 4y o my —myv" +2m,v; m—-m,  2m, v
Vi _ 2V -V _ m, + m, ! 2my" +myvs —myy’ ~ 2m, my, —m, vy
V§ " 2V — VéN ) my; +my, m, +m, m, +m,
moam,

Matrix operations include...
Floor-bang F of m;: Ceiling-bang € of mo:

(31 S

Tuesday, August 30, 2016 19



Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
N N my" —m,v" +2m,vi m,—m 2m vt
FIN coM IN 2m1V1 +m2v2 —VIN N IN N IN i jN 1 2 2 1IN
12 B VT =y, B m, +m, ! 2my" +m,v, —myv, 2m;  m,—m, v,
V§ " 2V — VéN ) my, +my,’ W B m, +n, B m; +m,
. . _ m, +m, ?
Matrix operations include...
Floor-bang F of m;: Mass-bang M of m; and m; : Ceiling-bang C of m>:
( A
m, —m, 2m,
-1 0 m, +m m,+m 1 0
F — M _ 1 2 1 2 C —
0 1 2m,  m,—m, 0 -1
m,+m, m +m,

\

Tuesday, August 30, 2016 20



Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/'V in terms of v/V... Finally as a matrix operation: vV =Mev",
m N L, my —myv" +2m,v; m—-m,  2m, v
v — 2V = — m, +m, o ~ 2mv" +myyy —my, B 2m my—m, vy
V;IN ZVCOM — V;N ) mlvllN + mzva _ N - m, +m, m, +m,
2
) . ] m, +m,
Matrix operations include...
Floor-bang F of mj: Mass-bang M of m;and m> : Ceiling-bang € of m>:
m, —m, 2m, )
—1 m +m, m +m 1
F — O M _ 1 2 1 2 C — O
0 1 2m, m, —m, 0 -1
| mtmy mytm,
(096 004
Let: mi=49 and m>=1 M= '
| 196 -0.96

Tuesday, August 30, 2016 21



Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
What about that 2" quadratic solution?

“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.

——) (;comelry and algebra of “ellipse-Rotation” group product: R= C*M

Tuesday, August 30, 2016
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
v 4 oy my —myv" +2m,v; m—-m,  2m, v
V?N B 2VamFﬂ@I B 2 z%+m22—w 2my?+myf—my? 2m1 m, —m, V?
V§ " 2V — VéN ) my, +m,v, N ) m, +m, ) m, +m,
. . _ mom,
Matrix operations include...
Floor-bang F of mj: Mass-bang M of m;and m> : Ceiling-bang € of m>:
m, —m, 2m, )
F: _1 O M: m1+m2 m1+m2 C: 1 O
0 1 2m,  m,—m, 0 -1
| mtmy mytm,
)
096 0.04
Let: m;=49 and m>=1 M=
: ’ | 196 —0.96 )
o 17 S D . 1 0 || 09 004 |_| 096 0.04
Define “ellipse-Rotation” R as group product: R= C N|=£ 0 _1 ) ( 106 096 j ( o6 096 ]

Tuesday, August 30, 2016 23



= C
v {1 0
vé«‘IN—9 0 -1

Tuesday, August 30, 2016

i

096 0.04
196 -0.96

i

096 0.04
196 -0.96

I

0.96
1.96

M

0.04
-0.96

i

0
-1

i

0.96
1.96

M

0.04
—0.96

(INITIAL (0))

24



)= € - M

e z[ 10 MO% 0.04 )
-9 7o -1 ) 196 -0.96

"
|FIN®) = B

FIN-9
i _ 096 0.04
yFIN=9 ~1.96 0.96

Tuesday, August 30, 2016

- C - M

(1 0 096 0.04
0 -1 J{ 196 -0.96
W

. R

096 0.04
-1.96 0.96

° C ° M ° C ° M ° F |INO>

(1 0 )(09% 004 J(1 0 )09 004 (-1 0 ) v =-1
0 -1 196 -0.96 0 -1 196 -0.96 0 +1 )| Vo4
- S —— (INITIAL (0))
. R . R « FIn)
0.96 0.04 _ 0.96 0.04 | ow=l
-1.96 0.96 -1.96 0.96 v, =-1
(after Bang-1)

“ellipse-Rotation” group product. R= C*M
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FINYY= G M . C - M - C - M . C - M . F [IN°)

Ml (10 ) (09 004 Y[ 1 0 (09 004 J[1 0 (09 004 J(1 0 )09 004 J[ -1 0 ) v =-1

N9 0 -1 ) 196 096 )\ 0 -1 ) 196 -096 )\ 0 -1 ) 196 ~096 )| 0 -1 ) 196 —096 )| 0 +1 ) ,w__
|\ U \ U \ U (INITIAL (0))

|FIN’) = R . R R . R « FIn)

-9

o) 096 0.04 | 096 0.04 | 096 004 . 096 0.04 [ w=t

V-9 196 0.96 ~196 0.96 ~196 0.96 ~196 096 vy =1
[ v =02925
| vy =-6.768

(after Bang-1)

](aﬁerBang@) “ellipse-Rotation” group product: R= C*M
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1.96

[ 096 004
N

M - C- M -+ F [|n

096 0.04

096 004 (1 0 \[ 096 004 (-1 0 ) v =-1
196 -0.96 0 -1 196 -0.96 0 +1 )| IN__
- S —— (INITIAL (0))
° R ° F‘INO>
. 0.96 0.04 | om=l
-1.96 0.96 -1.96 0.96 vy =-1
(after Bang-1)

“ellipse-Rotation” group product. R= C*M

Collisions for
mass ratio
mimo= 49:1

Fig. 5.1a
(revised)
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[FINY= C M e C - M - C M -« C - M - F |IN")
FIN-9 IN —
I (1 0 )[09 004 \[1 0 )[09 004 J[1 0 |[096 004 J[ 1 0 \( 096 004 |[ -1 0 ) v =1
FIN-9 0 -1 196 -096 | 0 -1 196 —096 || 0 -1 196 -096 | 0 -1 196 —0.96 0 +1 )| JWN_o_
| U U \ U (INITIAL (0))

|FIN®) = R . R . R . R - FIn°)
M| 096 0.04 | 096 004 096 0.04 . 0.96 004 ot
JFIN-9 ~1.96 0.96 ~1.96 0.96 ~1.96 0.96 ~196 0.96 vy =—1
) (after Bang-1)

r;Z Ij:locityaxis 10 _O 2

ym 704 8 _ V=V, 925

| v, =-6.768 U S,
(after Banged) ellipse-Rotation” group product. R= C*M

\ Bang—6(]‘>)

1.0 ml Vdlocity axi.

Start at
(1.0,-1.0)

AY¥5Y 1
/Dult(g-l

R

\Bang-3 (20)

01)

) Bang53(20) 5 7 9-1!{31=5 {7

19

*

Pl A FIN—-11 FIN-9
E; -;E :;: .E::; _.](,)1_2 s '5: ji Vl _ 096 004 vl
Bang(; w,—\ VglN -1 -1.96 0.96 vé’lN—9
;: Bang44 ~~'-,‘18 m2—] _ 00100
C/ >(\ | v =-7071
/ (after Bang-11)
/ k E‘; Collisions for
'z,i;.}@,g) mee mass ratio
/ mi:my= 49:1
Bang-101) : Mo
tiime

Bouncelt Superball Collision Web Simulator:

Mi1=49, M>=1 with Newtonian time plot

Bouncelt Superball Collision Web Simulator:

M1=49, M>=1 with V> vs Vi plot

Fig. 5.1a-b
(revised)

Tuesday, August 30, 2016
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http://www.uark.edu/ua/modphys/markup/BounceMatWeb.html

Ellipse rescaling-geometry and reflection-symmetry analysis

—- Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7

Tuesday, August 30, 2016
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Ellipse rescaling geometry and reflection symmetry analysis

Convert to rescaled velocity: V,=v, \/E , V,=v, \/E , symmetrize: KE =% mﬂ’f"‘% m2v22 :% V12 "'% sz

V)
\/‘[Iljtangent
slope
-m /m,= -49
Vil
—I_J"
P
\‘\3 //fv?;[/)e
W 1/1
4 v Collisions for
I mass ratio
1 stope
21 N4 mp:m2= 49:1
19 5
17 >
15 7
13\./9
11

Tuesday, August 30, 2016
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y M 1| m-my 2m, v VRN 1| m-my 2m, V) /{my
=— becomes: =
vglNl M 2my my—my V2 VzFlN1 /\Jm, V, /\m,

M

2m1 m2 - ml

V2
[11]-tangent
slope
-m /m,= -49
VA
‘IJ}
L
| fv?;;)e
1/1
Collisions for
Vi :
W mass ratio
w‘ \sope
21 N4 mp:m2= 49:1
19
17 >
15 7
13

9
11
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-my, 2m, V| VRN 1| m-my 2m, V) /I {my
=— becomes: =
VgINl M 2ml m2 - ml V2

VZFINI /\/mz 2m1 mz_ml Vz/\,mz

M
or: v/ _ L mmmy 2ymmy Ny v _ L] memmy2ymmy VG
VNI M| 2 mm, my—m, v, ’ v, N2 M\ 2mmy  m;—m, Vs

V)
[11]-tangent
slope
-m /m,= -49
VAl
—I_J"
7
\‘\3 //v?ope
W 1/1
N ’) Collisions for
I mass ratio
It slope
21 N4 mp:m2= 49:1
19 ]
17 S
15 7
13\/9
11
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-m 2m, V| VN Tm, 1| m—-my 2m, V, /(my,
=— becomes:
VgINl M 2ml m2 - ml V2

VZFINI /\/mz 2m1 mz_ml Vz/\,mz

M
VlFINl ] ny—mp 2 mymo, Vl - VIFINz ] nmy—mop 2 mym, Vl ~
or: [ VFINI =M 2 [mm e —m V2 =M.V , OrI VFINZ =M o ~ V =CeMeV
2 17742 2 1 2 1My my; —niy 2
Then collisions become reflections ( cos0 - sind } and double-collisions become rotations | ° "° ]

sin@ —cos@

—sin@® cosf
2 2 2) ?
— m,m — m,m
where: | cos@=| 22| and: sing=| SNMM | e [T ) A,
K2 m, +m, m, +m, m, +m, m, +m,
[11]-tangent
slope
-m /m,= -49
/
—U"
7]
\‘\3 //v?ope
W 1/1
N Collisions for
e .
7 NN mass ratio
I slope
210 I mima= 49:1
19 ]
17 S
15 7
13

9
11
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: V,=v,-fm, , V,=v,-Jm, , symmetrize:KE =y myv, +;m,v, =, V" +; V,

Vf e 1| mmmy 2my Vi b . VlFlNl /\my 1| mmmy 2my Vi /ymy
-, ccomes: -
vy b M 2myp my—my vy VM g | M Zm = N [y
vFIN _ ) Vv ~ VARL — 2 V -
or: 1 _ R nmym,; N YR  or: 1 _ R ) nmymy, L2 CaMeV
Vf Ny M\ 2 /mm, m,—my Vv, V; N2 M\ 2 mm, m—m, Vv,
Then collisions become reflections ( cos§  sing } and double-collisions become rotations | <% ]

sin@ —cos@ —sin@ cos@

2 2
m,—m 2. mm m,—m 2mm
. cosf=| ——=2 and: sinf=| Y12 with: s LR ) i i e By Y |
where: % [ml+m2} Vo (ml-l-m2 } (m1+m2] (ml+m2
[11]-tangent
slope
-m ,/m,= -49
y _Mmp-m; 48
my+m,
12 _14
| 50
(| ~5lope
W 1/1
| Collisions for
Vi /
7NN mass ratio

1 stope

21 N4 mp:m2= 49:1

19f J]IIN 15 Fig. 5.2a-c

17 S (revised)

15 7

13\./9
11
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-my, 2m, V| VRN 1| m-my 2m, V) /I {my
=— becomes:
VgINl M 2ml m2 - ml V2

VZFINI /\/mz 2m1 mz_ml Vz/\,mz

M
o | V(g mme 2mm Ve g W2 e 2y [V
Vlel M\ 2 /mm, m,—my Vv, , V;INZ M\ 2 mm, m—m, Vv,
cos®  sin® } and double-collisions become rotations _C;’fe 2;“:;]

Then collisions become reflections ( b o
Sin —COS

h COSQ_[ml_mZ} and: siné?—[2 mlmzl with: (ml_m2]2+[2 elie T 1
WS X T, ) NV e ) M ) e, |
o e momy s
j 4 WA 50 2\/m] m,
‘: Cmytmy
P ! 14
| =50
1, Collisions for
vl
Ve . mass ratio
21 <! mp:m2= 49:1
1of [N Fig. 5.2a-c
17 S 5 5 (revised)
Note: If mi-m: is perfect-square, then 0-triangle is rational (32+4=5 eic.)
35
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: V,=v,-fm, , V,=v,-Jm, , symmetrize:KE =y myv, +;m,v, =, V" +; V,

Then collisions become reflections | <=0 "% ] and double-collisions become rotations

_ 2
V2 cosO = MM, and: sinf= SN V2 with:
where: m, +m, m, +m,
[11]-tangent
slope
-m ;/m,= -49
]|
k
12
:w { /@;(;pe
. \ 11
VI
V4 \\\L I
N slope
21 1 F\-\m
19 \33
17 >
15 7
13 o 9 (revised)
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[11]-tangent
slope
-m ;/m,= -49

11

Tuesday, August 30, 2016

[11]-tangent slope

(revised)
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Ellipse rescaling-geometry and reflection-symmetry analysis

—

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7

Tuesday, August 30, 2016
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What ellipse rescaling leads to...

How this relates to Lagrangian, and Hamiltonian mechanics later on

(a)vLagmngian L=L(v,v,

Collision line and velocity v, rescaled to momentum: p, =m,v,
COM tangent slope velocity v, rescaled to momentum:  p, =m,v,
= -m I/m 5 =-16
|
COM Bisector
Jlope | /Slope = 1/1
m d
\/— = || A
s )
I Vi
, - c) Hamiltonian H = H(p ,,
. () (p] pZ) Collision line and
COM Bisector slope B COM 1 ‘ol
=mym,; =1/16 Py=Myv; vé i”g]e/’; siope
\>+\ \sz v
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. . Fig. 12.1
What ellipse rescaling leads to... (Unit 1
How this relates to Lagrangian, and Hamiltonian mechanics later on
(a) Lagrangian L = L(v,v,)

v Collision line and velocity v, rescaled to momentum: p, =m,v,
COM tangent SlOpe velocity v, rescaled to momentum: p, =m,v,
=-m,/m,=-16

|
L, 1 2
COM ?isector sl L1 graN g1 L(V,,v,) = KE = Emlv1 + Emzv2
Jlope ‘ /SlOpe =1/ rescaled to
m d 2 2
. A o p p
— Iy , _ _ 2
’ \/mz | Hamiltonian H(p,,p,)= KE o + om,
g |
N Vi l
- : : _
g (¢c) Hamiltonian H H(pl P 2) Collision line and
COM Bisector slope COM tangent slope
— — PHr=m,v
my/m, =1/16 72.|Lv< — /]
\>+ N \<]=m v

Tuesday, August 30, 2016
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. . Fig. 12.1
What ellipse rescaling leads to... (Unit 1
How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics later on
(a) Lagrangian L = L(v,,v,) (b) Estrangian E = E(V V)
v Collision line and Collision line and
COM tangent slope COy \t/angf/nt S iop ¢
=-m,/m,=-16 o m]/ m,=-4
/ -
COM Bisector \
Jlope ‘ /Sl()pe = 1/1 V]:\/mlvl
1/11:4 1 ’ /
m, | 147 COM Bisector slope
’ 2|1 | (Now we call this one
/\ vV, “I’Etrangian”)
) T c) Hamiltonian H = H(p ,,
. () (p] pZ) Collision line and
COM Bisector slope B COM 1 Lo
=mym,; =1/16 Py=Myv; vé i”ig]e/’; siope
\>+\ \sz v
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
e R oflections in the clothing store: “It’s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7

Tuesday, August 30, 2016
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Reflections in clothing store mirrors

IIII.'-_lII [ IE: &

fa) o==120° rotations

rifated |'I-f_|.

|I.\_-II|. |.||I|ll.li|_:-\_- Illil-:-llll. I_Illlll.lil_:-\_.

'] . 1 i i ] Ik
|'|'.'||,I|._'|_||l='I |.-.-||_I|,_._II--,

ellected

image F lg .
5.4a-b

e

W

(b} o==180° rotations

Y90

y

>
lef indage || maht imaue

Foldited -II.:l'I_I-"

robaied |'i_ !
b =+ 180"

Ihkrge

g ]
| .II'Ii|_'I_|I|.|I

L oirend

Tuesday, August 30, 2016
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Symmetry: It s all done with mirrors!
(a)Reflections 6 ,=(,9), -6,4=(, ] (b)Reﬂe()CﬁOHS 05=(} 1) -05=(
y=(DA == -0,y y=(1) [3x05x
0,5 n x=(;)
,

Ii:i:::i:i:ﬁr:::::::llr<:
Mirror plane =
X

— (edge-on)

— A-y
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Symmetry: It s all done with mirrors!

(a)Reflections 6 ,=(,"), -0y =1 ")

(b)ReﬂectzonS oz=01), -o5=(57,

y=()4 y=()f]= -0,y
X=0, -x=(§)
" -
NPrrorrle. -x=())
_y=((;) (edge-on) ='(7A X
=5, v¥
cos¢ sing
(c) o) reflection (qu) cosd
of x- vector

(COS
X_ Sing

Tuesday, August 30, 2016
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>

...of y-vector:
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Symmetry: It s all done with mirrors!

(a)Reflections 6 ,=(,9), -6,4=(, ] (b)ReﬂectzonS og=(7 0> -05=(57
0 _ -
y=()A y=Ol = -0,y y=(7)
"
Trorpire -x=())
_y=(‘(§) (edge-on) _ 'GA x
=0,V
cosp sing —

(c) o) reflection (Sm b -cosd y=())

= -GB X
of x- vector (cos
X_

y sing .
| sing Flg'
{ ™ \JOS‘P S.3a-¢
cosQ >

Sing
q)y_( cosQ
cosQ -sing cosQ sing
(d)gotatwn R+¢ OpO4= (ym(p wsp)  (e)Rotation:R ¢—GAG¢ (Sm(p coso

IGA acts
]St
A AA
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Why reflections underlie all symmetry analyses

They work in 1D, 2D, 3D,......ND

Product of odd number of reflections is a reflection

... even number of reflections is a rotation (or unit-op 1 )

Product of rotations just give rotations

Classical objects are semi-rigid and rotate easily
Waves patterns are non-rigid and reflect easily

Tuesday, August 30, 2016
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Why reflections underlie all symmetry analyses

They workin 1D, 2D, 3D,.....,ND

Product of odd number of reflections is a reflection

... even number of reflections is a rotation (or unit-op 1 )

Product of rotations just give rotations

Classical objects are semi-rigid and rotate easily
Waves patterns are non-rigid and reflect easily

-+ ...wave reflections underlie modern physics

Tuesday, August 30, 2016
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
ey [ 11t1r0duCing hexagonal symmetry De~Cs, (Resulting for mi/m2=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7

Tuesday, August 30, 2016
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Collisions for

]ntrocgucing Symmetry Operators mass ratio

mi:ma= 3:1

T 2N S
r s g '
H :L :_0‘5; \. :
r ]-:‘ 0.5 : ns
[...-.l.'. | [

i s

r -

[ 05 . -

i v E

'

= 2
X

1
[ -15 q .
- 1o make KE e
Bouncelt Simulator V, = Vz/ n, .'-.

ml:m2=3:1
i, v2)=(10)

Here:
IAmi=1N3=0.577
IAm>=1AN1=1.0

-120°

Bouncelt Web Simulator
o < ml:m2=3:1and (vI, v2) = (1, 0)
Comparison with Estrangian

/////
/1)
iy TN [T
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014

Bouncelt Simulator

o q To make KE'e

v, =V,/\/m, !

ml:m2=3:1
i, v2)=(10)

Tuesday, August 30

, 2016

1

]ntrocgycing Symmetry Operators

Collisions for
mass ratio
mi:my= 3:1

-120°

n

L/
// /////////

TN [T

6 = 60°

Here:

IAmi=1N3=0.577
IAm>=1AN1=1.0

ml 1
m-—m, _m, _2_1
m,
Bouncelt Web Simulator
Comparison with Estrangian
51


http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014

Collisions for

]ntrocgucing Symmetry Operators mass ratio

- mi:my= 3:1
-} .
r-.‘..‘ - ..'h“ - .‘.... AR -
L] - . ! s
e i \ : T
. i t 05 o 3
— - i ;.-1. E *
[ 1 Y os A 0s [ . = <
Lt I L1 1 -I I .I [ | n i_.]'.-‘. I_o;-‘_.—,. ; Io:_.—, [
r % . a
- . -
- - _-_—0.5
[ 0.5 . 2
i - =L -
. - i o
' -- e s A L] -e HT 1.. -e -n aw --] 'r_-l-s
T :
- L

VL '
o q 1o make KE ‘@f‘pses into circles I’Etrangian plot reduces v; scale by 1/Nm; ,etc.

_— T
Bouncelt Simulator V, = Vz/ m, " H
ere.

mil:m2=3:1
Wi v2) = (1.0) IAmi=1N3=0.577
INm=INI=1.0

m, 1+cosO _ 3/2_3
m, l—cos@ 1/2

Vi =viyfm, =v\/3

ml 1

m—m m 2 1

1 2 2
cosO = = =—=—
U\ F120° mtm,  h o4 2

5 1 ) % '60 \\\\\\\ mz

==V +ZV Ll . A 0 = 60° Bouncelt Web Simulator
2 2 Uy im mt\\\\\\\\\\\\

Comparison with Estrangian
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014

“ Collisions for

In trocgucm g Symmetry Operators mass ratio

) my:my= 3:1
r- ;......1.-._ | gl\ E__“ ) A :;;.54

. '._05 \. b 5_05 . \ _ ;____ 1 3 L

i_l..‘.-. fos . |D5. L [ ! Eos . Ps ._1 305 :

i : _&5 | z hides ;

1 05 -'.‘.. S < '_;.._1-.- é _ 1:Tsl -

- T
Bouncelt Simulator V, = Vz/ nm, " 0 l.\' L
ml:m2=3:1 TN N Hel"e.'

vl v2) = (1.0) ]/\/m1=]/\/3=0.577
IANm>=1~N1=1.0

\: } | s
o q To make KE ‘@f‘pses into circles I’Etrangian plot reduces v; scale by 1/Nm; ,etc.

m, 1+cosO _ 3/2_3
m, l—cos@ 1/2

Vi =viyfm, =v\/3

- m, l+cosf sin‘a

2
= = =tan" o
I\m, m, l—cos® cos’o
o=0/2
m_
cosf="1""2 =T 2.1
% N m
2\ k1200 mem, Mg 42
2 1 2 % -60 \\\\\ m2
= EVI + Evz o Uil | b L WA 0 = 60° Bouncelt Web Simulator
HOEENS

Comparison with Estrangian
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1013

Collisions for ,l—--f-"-._--'_ -:-4 “Generic” initial velocity “Symmetric” 1nitial velocity
mass ratio i (v;=1.0, v2 0. 1) (v;=1,v,=0) or (v;=1,v,=-1)
mi:mz= 3:1 -. / = ien R

Vl 1

/3
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
——- (;roup multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7
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Epc'q efc'ez €€ er¢€, [ 1 O )
Effects of Ceiling Bang Matrix - = = _ =
g g C GZ { e,Cee, e,Cee, ] [ €€ e€,¢ J 0 -1

e e 5 —C.
2 2 eICe]

O c-reflected
=Gz.e ]=e ] state
C)=C|1)

1)=1[1)

Generic
Initial
state
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e1'C'el el'C'ez €€ er¢€, [ 1 O )
Effects of Ceiling Bang Matrix - = = _ =
g g C GZ [ e, Cee, e,Cee, ] [ €€ e€,¢ ] 0 -1

¢ €

_ _ O c-reflected
_Gz.e ]_e ] state
C)=C|1)

1)=1[1)

Generic
Initial
state

€,=L.¢,=0 ¢ ,=-e
2 2 Tz 72 2
Known as matrix elements or components Known as relative direction cosines

Eff t fM B M t . M e]’MO el e]’Mo e2 61061 61062 COS6OO Sin600
C€ClS O 4SS bang atrix __G = — B B — .
300 ezoMo el e2OMo 62 ez' el ez. e2 sin60° —cos60° 0300-reﬂected
state

1)=1[1)

Generic
Initial
state
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. eee eee, -1 0
Effects of Floor Bang Matrix F=_G = 0T  e.0C - 0 1
z 2 1 2 2

Ie2

B

A

-0 ; -reflected

—_ state
| €= ¢ F)=F|1) D=1)1)
I Generic
I Initial
state
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€€ ere€, -1 0
Effects of Floor Bang Matrix —_ = _ _ =
g F GZ { €€ €6, ] ( 0 1 ]

Ie2

B

A

-0 ; -reflected
state

1)=1[1)

Generic
Initial
state

Effects of Ceiling C after Bang MZ I‘_éog =C°M=GZ'G 30° O 30°-reflected

state
) M)=M|1)
€ , :
n=1]1)
Generic
Initial
state

|r—60°> = C°M| 1> =T oo | 1>

O 30° O 30°-reflected iS q I'_s0°-rotated
state state
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
——- (;roup multiplication and product table —
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7
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_ _ _ _ Note: 1, =1Ir,,, =1, [ =1, , and: [ =r
Do | 1 | 5y Ty {0 Og O, | I | Ty Ty {0y Oy _60 o o ) 180
1| Foog =1Iryy =1, =r,,and: [ =1
T 1 O =103 =031
Fino 1 Og =103 =051
O 1 o =Ilo,=0,1
O 1 O -60° —0z=090° O +60°
0. 1 7 reflection reflection reflection
1 1 plane plcme plane
1 —
@ |”120° = o V=
Te0 1 rotated state re ec3t% state
(o O _30° |6600> — Ii50° | 1> 6300| 1> |r600> =
O T 1 . ) reflected state R rotated itate O +30°
: reflec 0'600|1> SN T |1 -
0. reflection
plane l
Easy to make hexagonal (Ds) symmetry group table: ptane
Example I: Find O030°0-60°=___ 7 180° \ reflected state
. . flipped stat
Solution: Find O 30°-plane and state-|O0 -4(°) |i pi IS| f>e | (yz> — (yz|]>
Operate former on latter to get: 330°0-60°) =|I) o O;=0(°
That gives answer: G 30°50-60° =L reflection plane A reﬂlectlon
plane
Rest of @ 30° row, follows: | 5.)=5|1) 1'>-
}":w 1 Foo oo Ogw O O, ‘ 1 Tso  Teo i 0y Oy 62 reflected state Initial state
O3 ’ O3 | Oy O, To I Ty ‘ O ‘ Os O, i T 1 iy ‘
Example 2: Find Y 60°0 -60° = ? 0-30°
| T O+30° 7 V= _ -
' . | 1’1200> =S |G3OO> —  reflection
Solution: Do Y s0°-rotation Y 60° |G -60°)=|0-30°) reflection rotated state /N = reﬂecteT tate  plane
. : . o . plane 500 | 1> |5600> — 7600> _ O _30 13
That gives answer: Y60°0 -60° =0 -3(0 roflonte T ate ool
O g |1 600 rla>
T +60° —0; O-60°
reflection reflection reflection
plane plane plane
61
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
— (C]qssical collision paths with Dg~Cs, (Resulting from mi/m2>=3)

Other not-so-symmetric examples: mi/m>=4 and mi/mz=7
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-
oL

(v;=1.0,v

-1 “Generic” initial velocity
1: ‘. ! ",

Collisions for
mass ratio
mi:mo>= 3:1

“Symmetric” mnitial velocity
(v;=1,v,=0) or (v;=1,v f-])

(vi, v2)=(1, 0.1)

(vi, v2)=(1, 0.1)
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(vi, v2)=(1, 0)

(vi, v2)=(1, -1)

Corresponding space-space (), y,) paths

(v, v2)=(1, -1)

15 I — -
= i = .
st bl Sl : -
- - .oz = = -
- 1: RS -1 E e
™ N H ~ — 1 i 1
- = = - C = - - -
L - H - - N
- . - - ~ i L -
Cos - " os 4 \ s :05 LY
- - - - T - - -= _1 - ~ ] :_1'_ : -
0. - oS ~as - s = .
i) s PP s e BT [ = o £
A .- - ; i - C
——— ce = Lla : " - E
= - 05 = B - &as : ._415
- - - L z " B -
! . - E - : - : - -1 ~
r- R - _ 1. B " i - — - == -
| = ) = = - i 1'- E :
- - B - = i w i F 1=
- f‘-- - . ---E'- L_ -
1.\; -1.5%, 2 | 1.5 &
[ —1 2

Bouncelt
mip:mz = 3:1

Dual plots
vovsviand V>vs Vi

(v, v2)=(1, 0)

Bouncelt
mip:mz = 3:1

2 vs yi plots

63


http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1016
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1016
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1015
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1015
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1026
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1026
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1024
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1024
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1025
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1025

Scaled y down by
IN3=0.577

-——s
AT\ N Y N
X 'f&‘—‘!f"*‘?
(A A G A )
7 “.". W, Y,
A ‘\;.‘.: e .:,_‘.’.

SR DEPe
TARE
ANV e
) 1‘,"‘-

V : \ 4

K

_“

..or could have scaled x up by
V3=1.732
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/N

Space-space (V;, y,) paths |

(vi, v2)=(1, -1)

Collisions for
mass ratio
mi:mo>= 3:1

Bouncelt
Web Simulations
mimo> = 3:1

(vi, v2)=(1, 0)

v2vs yi plots

Spéc'e-lsﬁace (v;>y,) paths scaled down by' A3,

™~

XN

ected...

A\ /NN
b/
\

/N

\VAVARVA

/\
.
X/

and transforme
by the rest of D...
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for

Collisions

mi:ma= 3:1

<X
YL
DAL
YKL
LSS

ug AVANIAVAN
IO
AVANIVAVAVA WM&M /N

:

>
>

=

<
<
X
DK

c

...they’re just straight lines going forever.



Initial velocity vi=1, v2=0 lnit_l:qurelocin__ vz=1 vo=1

R

L - \. 2 J5 NN

-1.5 0.5 0|.'5“|j- |

lillllnl [

b =Acos(Mi-m3)/(Mi¥ms) NS EA
=Acos(1/3)=70.53° I

> ///

g

Bouncelt Web Simulation
mp:mz = 3:1 (v, v2)=(0, 1)
Estrangian plot V> vs V;

b =60°
=Acos(1/2) -\

‘.\\\\.. ,.f/
mass ratio
mi-m>= 3:1

| \R |
A NNALNY YN
NAL TN RS

f NN
DA W T AT SRR I P NN
VAN N AW VAL VRV B A
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1014

Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)

— Other not-so-symmetric examples: mi/ma=4 and mi/m;=7 Cuuu—
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Geometric “Integration” (Converting Velocity data to Spacetime)

(a)
2| 72 %
/
/
1.0 /
7
. ‘B ng-Z(]Z)
// .5 \ 1.0
VyI
i Bang-3 20)
’ 1.0 )X
Mo Bapg-1(9}) it
(b)
Height y

Bang-l(OI)
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Bang-3 (20)

Ceiling at y=7

Bang-4 (12)

+0.5 27
k Ba”g'Z(IZ) Floor at y=0

Time t

Kinetic Energy Ellipse
(c) ] 1 7 1
L KE=—MV +=-M,V; =—+—-=4
} 2 2 2 2
V.
0 y2 _ ‘/12 + V22 _ x12 + x;
\\ 2KE/M, 2KE/M, a a;
ang-7p}) > . .
A\ \ ) Ellipse radius 1 Ellipse radius 2
&% a,=\2KE/M, | a,=2KE/M,
. n ’—?(]2)
R /4(]‘))\ \ == 1/2KE/7 :\IZKE/I
Bang;i()o)\ Bangxg(j‘) I_/y] — 8/7 = 8/1
Bt \ B =1.07 =2.83
A/éx' -égzg_]( " )
Fig. 4.7a-d
in Unit 1
0
(d)
y Bang-3p0)  Bang-5 20) Bang-§2¢)
Cellifg aty7 Collisions for
mass ratio
~ bang51) mip-ma=7.:1
Bang-4(12) ang—6(12)
Bang-Z(]Z) Floor at y=0

Bang—](oj) Bang—7(01)

Time t
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Start at

m2 Velocity axis

14 ym2

(12)

(fIA(),—I,()i

“Gameover
collision™
occurs ’
way ,
down -
here! /o
V(E)//

7
7/
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Step-2: Extend v(2) line to ceiling point y(3)=(?,7.1) and draw Bang-3(20)

velocity v(3)=(1,-1) line. (Find v(3) using V-V plot.)

Step-3: Extend v(3) line to collision point y(4)=(?,?) and draw Bang-4(12)

velocity v(4)=(0.5,2.5). (Find v(4) using V-V plot.)

Step-4: Extend v(4) line to ceiling point y(4)=(?,7.1) and draw Bang—5(20)

velocity v(5)=(1,-1) line. (Find v(5) using V-V plot.)

Step-5: Extend v(5) line to collision point y(6)=(?,?) and draw Bang-6(12)

velocity v(6)=(0.5,2.5). (Find v(6) using V-V plot.)

m,-Height

yQ-gxig Bang-5.5p  Ceiling aty;=7.1

“oang=o 70

1.0 3 Q
;lejlocityaxis 5’ %
Vym/ E* OQQ
< g
L L
Bang-](()l)
S VAR
, udiig--é('lz‘)
2.0
/,’ Floor at y»=0.0 mJ_Helght
. -axis
.~ Heights <
///, y] &y2-aXiS
| N /// Bang-3(20) Bang-5 )¢
Velocities -~ 7.0
V. & V. taxis o0
sl 2 5.0
H 4.0
;‘Z Bang—/Q/(]2) Bang—4(12) Bang-6(12g 0 7
20| 20 Bang-i12) L (Y4
1.0/// 1.0 Bang-Z(IZ)
P 0
Time Bang-1¢91) Floor at y=0
renelon L t-axis
Bang-30 5
(0| Bang-5 30 floor is penetrated

bym, .

Collisions for
mass ratio
mip:mo=7:1
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)

— Other not-so-symmetric examples: m1/m ;= «uiiiapidisima

Tuesday, August 30, 2016
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First part of Exercise 1.4.1 has pen-ball initial values v,(0)=-1=v,(0) Collisions fO?‘

The ¥/,-¥',-path 7 mass ratio

2
for this problem vand 12 . — .
appears to repeat mip.m?; 4 . ]
steps 1to 4 in 18
steps 11 to 14 \ \ \
4 .

N,

15™ bounce
is off ceiling
(not like 5 bounce off floor)

h
-

7

But, the y -y -steps 1 to 5
are only a scale model of
steps 11 to 15.

Step 4 hits floor but

step 14 hits ceiling.

©o
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Collisions for
mass ratio
mipmor=4:1

—

il \\\\\HHBHMT'
o
9 8

\

7]
/ ///

NI

— T

-90°
/’\’sjﬂuhm T
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The V,-V,-path 3

8,21

2nd part of Exercise 1.4.1 has pen-ball initial velocity values v,(0)=1 and v.(0)=0

for this problem S
repeats steps 0 to 12 S
(more or less!) N
10.23.... 1,14,..
3
S
~
~,
5,18, 1945,. <
&
i
S
\ 3
R
12,25,... 0,13....
) | Start
632 7,20,.
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9,22,..

v2 vs vi plot

Ceiling (y, = 7.0)

at: x,(0)=1.5 and x:(0)=3.0

Collisions for
mass ratio
mi-mo>=4:1

\j N
v [
| -
w by

\|

- v2 vs i plot

4

y; axis (y, = 0)

Bouncelt Web Simulations
mi:mz =4:1 (vi, v2)=(1, 0)
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Estrangian plot
mi/m2=4/1
collision
sequence
shows symmet

(sort of)

c.o.m. lines
(cons. of mom.)
have slope

~NmaANmi=-2/1

COM line
has slope
NmaNmi=1/2
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| \
¥ 90° \)\/)
\ \\\/\\ W
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