Formerly Lect. 23 for Unit 3
Classical Constraints: Comparing various methods

(Ch. 9 of Unit 3)

Some Ways to do constraint analysis

Way 1. Simple constraint insertion
Way 2. GCC constraint webs
Find covariant force equations
Compare covariant vs. contravariant forces

Other Ways to do constraint analysis

Way 3. OCC constraint webs
Sketch of atomic-Stark orbit parabolic OCC analysis
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers

Cycloid-like curves for rolling constraints
Quickest intra-planetary subways



Some Ways to do constraint analysis
Way 1. Simple constraint insertion
Way 2. GCC constraint webs

Find covariant force equations
Compare covariant vs. contravariant forces



Ways to analyze a particle m constrained to parabola y="22kx’
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion

Way_ 1. Lagrangian has the constraint(s) simply 1nserted.
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L =3 (mx2 + myz) — mgy Let: ¥ =§ o and: y = kxx
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Fig. 3.9.1

Web Simulation
OscillatorPE - Parabolic
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Ways to analyze a particle m constrained to parabola y="22kx’
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion Wy |. ] Lagranglan has the constraint(s) simply inserted.
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_|L L=5 (mx + my ) mgy Let: .y =5 kx and:-y = kxx
Y= R
Lagrang1an then has one d1_1_1_1_e_n310n'x""6fie momentum py, and one force f..
""" i JL _oL
L== (mx +m(kxx) )— mx gkx D= % Ji = Ix
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Ways to analyze a particle m constrained to parabola y="22kx’
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion My ] Lagranglan has the constraint(s) simply inserted.
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Lagrang1an then has one d1_1_1_1§n310n'x""6fie momentum py, and one force f..
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Ways to analyze a particle m constrained to parabola y="22kx’
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion  Way . Lagrangian has the constraint(s) simply inserted.
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(a) Constrained motion

Ways to analyze a particle m constrained to parabola y="22kx’
on (x,y)-plane with gravitational potential V(r)=mgy.
Way_ 1. Lagrangian has the constraint(s) simply inserted.
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Ways to analyze a particle m constrained to parabola y="22kx’
on (x,y)-plane with gravitational potential V(r)=mgy.
(a) Constrained motion  Way I. Lagrangian has the constraint(s) simply inserted.
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Ways to analyze a particle m constrained to parabola y="22kx’
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion  Way . Lagrangian has the constraint(s) simply inserted.
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Fig. 3.9.1 = (X7 +EXXT —ghkx™) =m(x+k“x“x = m(k"xx" — ghx)
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Web Simulation

OscillatorPE - Parabolic
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Some Ways to do constraint analysis

Way 1. Simple constraint insertion
=) Wary 2. GCC constraint webs
Find covariant force equations
Compare covariant vs. contravariant forces
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My 2. GCC constraint webs.
b) GC

(a) Constrained motion C constraint web |

—kx2 +0
(Y_ \ 1 2
Y—- \\ — Ekx -]
(Y=-2 \\\ Y= éka +Y
\\\
CMusana! \\
Fig. 3.9.1 NN X
X \ \
Cartesian =13 N—
X = X A\ x=X
(fy) N
2 transform to - =X
kx Y GCC (X)Y) "

Incorporate the constraint curve y="2"kx’ into any matching GCC web.

Web Simulation - OscillatorPE
Parabolic w/grid
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Way 2. GCC constraint webs.

(a) Constrained motion  (b) GCC constraint web | 2
2

(Y=10
(Y=-1 =L ko1
(Y=-2 =Sk +Y

CM.BanG!
Fig. 3.9.1 X
X
Cartesian

X ;}X )

_ 1 3. 2 transform to
y= ket GCC (XY)
Incorporate.the constraint curve y=/2kx? into any matching GCC web.

x=¢'=x T y="%kx? +q°= kX?/2+Y

Web Simulation - OscillatorPE
Parabolic w/grid

we define shorthand:

X=¢' and Y=¢" to
avoid ertlng queerlndices
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Way 2. GCC constraint webs.

(a) Constrained motion  (b) GCC constraint web |

-
e

N

(c) GCC E-vectors
\

E\\ foc2+Y \ \\ /
N\ W
CMusana! >< \ \\\/
Fig. 3.9.1 \\ \\\\ 7/
Y Cartesian X =x T \\_/ /
X = (x.y) a4 X=X
— L2y wansformio "y, Lix? — o~
Y= RXTL GCC (X.Y) y P we define shorthand:
el : : — ] 2
Incorporate the constraint curve y=7/2kx? into any matching GCC web. X=q' and T=q [t; |
x=q¢'=x y=0kx? +q°= kX?/2+Y avold WIItng Gucer
Find: Co?afiapt Er 1n colu;nl)jé"'éf Jacobian J matrix
S N ]
G ke 2L 21 v
0X oY

Web Simulation - OscillatorPE
Parabolic w/erid & basis vectors
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Way 2. GCC constraint webs.
(a) Constrained motion  (b) GC

constraint web |

-
e

N

(c) GCC E-vectors
\

(Y=10 \\
=N
(Y=-2 \\ ko +Y \ \\ ]
[y (=2y=2k) \\ \ \\\
- maps to
CMusana! (X=2,Y=0) >< \ \\\/
Fig. 3.9.1 \ N\~ | A/
XX\ \ A \ /
Y Cartesian X =x = \ \\/
X = (x.y) 47 ¢
L 2qy mansformio Ty, Ly 4 xs P
Y= RXTL GCC (X.Y) y P _ we define shorthand:
RS , . . . ] 2
Incorporate the constraint curve y=7/2kx? into any matching GCC web. X=q' and Y=¢ [t; |
x=¢'=X y=0ekxt +q°= kX?/2+Y avold writing e
Find: Covariant Ex in column$-of Jacobian J matrix Contravariant E* in rows of Kajobian K
or  da 0X 0X
—=1 — =0 .- =1 ZZ==0 X
| ax aY_,—"Q |1 0 Oz oy B k" = ( 10 )
J= o EX = : EY = K .
@:—i—/ﬁv'"'@:i kx 1 oy _ ., oY E :( L 1 )
0X oY Oz Ay

Web Simulation - OscillatorPE
Parabolic w/erid & basis vectors

17


http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2

Way 2. GCC constraint webs.
(a) Constrained motion  (b) GC

constraint web |

(c) GCC E-vectors
\

N

-
e

(Y=10 \\
(Y=-1 \\ X
(Y=-2 \\ ko +Y \\ ]
[y (=2y=2k) \\ \ \\\
- maps to X
CMusana! (X=2,Y=0) >< \ \\\/ E
Fig. 3.9.1 \ \N| A/ X
x+X \ A \ /
Y Cartesian X =x = \ \\/
X = (x.y) 47 ¢
L 2qy mansformio Ty, Ly 4 xs P
Y= RXTL GCC (X.Y) y P _ we define shorthand:
Incorporate the Constraint curve y="%2kx* into any matching GCC web. X=q¢' and Yzq2[t§
X=q =y e y= 1 Joc2 + g 2 X204 Y avold writing q..cer
Find: Coiigifiant Ex in column$-of Jacobian J matrix Contravariant E* in rows of Kajobian K
Ox N Oz 0X 0X
—=1  —=0" .~ — =1 —=—=0 X =
| ax oy | |1 0 Oz oy B E ( 10 )
J= et EX = : EY = K .
@:—i—ka:'"/@:i kx 1 oy _ ., oY E :( L 1 )
0X oY Ox Ay .
. . . . . . i 1 0| x Xl 1 0=
Find: 1% coordinate differentials and velocity relations: P il B | I v g 1| g

Web Simulation - OscillatorPE
Parabolic w/grid & basis vectors
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My 2. GCC constraint webs.
G C constraint web |

L o2g (c) GCC E-vectors
— 1 kx2 ( h \ \\ \\
Y 2 ( =-] \\_/
(Y=-2 \\\/ fx2+Y \ \\ /
[y (x=2,y=2k) \\/ \ \\
=2k maps to </ |
CMusana! (X=2,Y=0) >< A \\
Cartesian \\/ \\/ /
X = X (x.y) X_x XZX N~ N
1 =2 __ L
hz"‘K__jZ@ZOg YSO Y= —V- kX2 T 70 " we define shorthand:
Incorporate the oo.ﬁ"s'tram_t_ curve y=":kx? into any matching GCC web. X=q' and Y=¢’ to
x= q -y e = Ulox? + qg_ X2/ 0+Y avoid writing ¢ e,/
Find: Covarlant Eiin columns of Jacobian J matrix Contravariant E* in rows of Kajobian K
@ _ 8:6 B D D .
J— ox Y .- Q/,x" E | 1 | g - 0] or ' oy 5 B :(1 0)
VI B ) B oY _ . Y, B =( s 1
c 4. st : ' 1 d Y : . | 1 0 X [ % ][ w1 ) 5
Find: 1%t coordinate differentials an ~yoloc\1ty relations: | e 1l Y v T

Find: Kinetic coefficients y4s=mgupfroni-metric tensor g4p or Jacobian square gss=JucJpc=(JJ') 5
E .k E -E Txx  Txy 1 —|— Kx® kx
E -E  E «E Tyx  Tyy ka 1

m
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My 2. GCC constraint webs.
G C constraint web |

, (c) GCC E-vectors
- —kx +0 \
— 1 o2 ( - \ \ \ \
Y=2 (Y=-1 \\\/ X
(Y=-2 \\\/ fx2+Y \ \\ /
/2ky(x 2,y=2k) \\\/ \ \\\
V= maps to — X
CMuana! (X=2,Y=0) ><</C \ \\\/ E
Fig. 3.9.1 5 X \\\ M \\\\ // , X
Cartesian \\/ \\/ /
X = X (x.y) X X XZX N~ N
t t o L y2 =2 4= =
kx2+ Y’gggo(g? Y)O Y —V- kX T 70 " we define shorthand:
........... — — 2
Incorporate the’ constram_t__ourve y="%kx? into any matching GCC web. X=q' and Y=¢ o
x q _X ........ y ]/kaz _|_q2_ kX2/2_|_Y avoid ertlng Queer
Find: Covarlant Eiin columns of Jacobian J matrix Contravariant E* in rows of Kajobian K
Ox 3:6 0X 0X
— =1 = R —=1 —=0 X:
| ox Y .- = |1 0 Oz dy B E ( 10 )
J= EX = : EY, = K .
W _ g OY s k) U 9 e 2Ly B =( ko 1)
0X oY Oz dy .

, t , , R S , 1 o ll x X|_| 1 o0} <
Find: 1%t coordinate differentials aI\‘l‘d‘VSlO(Elty relations: | e 1l Y v T
Find: Kinetic coefficients y4s=mgas frontmetric tensor g4s or Jacobian square gup=JuacJsc=(JJ )5
m EX ¢ EX EX ° EY | Vxx Txy 1 —|— Ka®  kr l E'«E' E'«E" _ ’VXX ’YXY _ i 1 —kz

. . N B m| E' «E" E'.E" WA m| —kz 14 k%
B, -E, E B, Tvx Ty ko 1 (Need contra-~ “for HZmiltJn or’Riemann equations)
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My 2. GCC constraint webs.
G C constraint web |

5 (c) GCC E-vectors
- —kx +0 \
— 1 o2 ( - \ \ \ \
Y70 (Y=-1 \\\/ X
(Y=-2 \\\/ fx2+Y \ \\ /
/2ky(x 2,y=2k) \\\/ \ \\\
V= t |
i A1 | EX
CMusana! (X=2,Y=0)
Fig. 3.9.1 5 X \\\ M \\\\ // , X
Cartesian \\/ \\/ /
X = X (x.y) X X XZX N~ N
t t o L y2 =2 4= =
kx2+Y’ggg0(§? Y)O Y= —V- kX T 70 x: we define shorthand:
_________ ] =2
Incorporate the’ constram_t__ourve y="%kx? into any matching GCC web. A=q" and I=¢7to
x q _X ________ y ]/kaz _|_q2_ kX2/2_|_Y avoid ertlng Queer
Find: Covarlant Eiin columns of Jacobian J matrix Contravariant E* in rows of Kajobian K
Ox 3:6 0X 0X
— =1 = R —=1 —=0 X:
| ax Y .- = |1 0 Oz oy B E ( 10 )
J= EX = : EY, = K .
WOy sk U O - e 2r=1 B =( ko 1)
0X oY Oz dy .

, , , R S , 1 o ll x X|_| 1 o0} <
Find: 1% coordinate differentials and-velocity relations: | e 1l Y v g 1@
Find: Kinetic coefficients y4s=mgas frontmetric tensor g4s or Jacobian square gup=JuacJsc=(JJ )5
m EX ° EX EX ° EY B /YXX /YXY 1 _i_ ]*?2372 kﬂ? ] l EX . EX EX . Ey _ ’YXX ,}/XY _ i 1 - ]

. . N B m| E'«E" E'.E" e vy —kzr 1+ k%2
E +E, E E, Tyx - vy k$”_1'* _________ (Need contra-~ for HZmzltJn or Rlemann equattons)

-----
- -
- o

Find: Kinetic energy: T =L m(i® +9%) =L X+ 27y XV 735 ¥ D) = m UHEXH)X +RXKY +5 ¥

21



My 2. GCC constraint webs.
G C constraint web |

, (c) GCC E-vectors
- —kx +0 \
— 1 o2 ( - \ \ \ \
Y=2 (Y=-1 \\\/ X
(Y=-2 \\\/ fx?+Y \ \\ /
/2ky (x =2 V= 2k) \\\/ \ \\\
V= maps to — X
CMuana! (X=2,Y=0) ><</C \ \\\/ E
Fig. 3.9.1 5 X \\\ M \\\\ // , X
Cartesian \\/ \\/ /
X = X (x.y) X X XZX N~ N
t t o L y2 =-2 = =
hz"‘K____Z@ZOg Y)O Y —V- kX T 70 " we define shorthand:
........... 1 — 2
Incorporate the’ oonstram_t__ourve y="%kx? into any matching GCC web. leq and Y=¢ o
x q _X ________ y ]/kaz _|_q2_ kX2/2_|_Y avold writing qu.cer
Find: Covarlant Eiin columns of Jacobian J matrix Contravariant E* in rows of Kajobian K
oz " 8:6 _ Q oX _, 9X_, E* = ( 10 )
| 00X (9Y |1 10 Oz Dy B
J= E, = , By = =K v
W _ g OY s k) U GRS B =( ko 1)
0X oY Oz dy .

) . ) ) . N ) 1 0 X X |_| 1 0 z
Find: 1%t coordinate differentials al\‘l‘d‘yo‘loolty relations: | e 1l Y v T
Find: Kinetic coefficients y4s=mgas frontmetric tensor g4s or Jacobian square gup=JuacJsc=(JJ )5
- E «.E E <E | Y Vay 1 + K2k ] 1| EY.EX EY.E" |_ A XY 1 _kf 2

. . B B m| E'«E" E'.E" A m| —kr 14k
E +E, E E, Tyx fYYY kﬂ;*l* __________ (Need contra-~ for HZmilt(?n or’Riemann equations)

-----
- -
- o

Find: Kinetic energy: T =1 m(? +3%)=1 (&sz +2yXYXY+j7YYY )= m[ (1+K2X%) X2 + kXXY +1 YZ}

...and Lagrangian: L:T—V:m|: (1+k2X )X > +kXXY+ y2 ooy & Xz] V=mgy=mg(Y+kX?/2)
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Some Ways to do constraint analysis

Way 1. Simple constraint insertion
Way 2. GCC constraint webs
= Find covariant force equations
Compare covariant vs. contravariant forces
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Find: Lagrange equations from Lagrangian L=T -V = m[ %(l +k°X*)X? + kXXY +% YZ2—gv —%k X 2}

(metric Y4s)
. oL
2 2 JL ,
Px\_ | 1HE°X° kXX |} ox (I°' Lagrange equations) p, =%
y dL g™

(c) GCC E-vectors

N

CMBanat
Fig. 3.9.1

Web Simulation - OscillatorPE
Parabolic w/erid & basis vectors

24


http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2

Find: Lagrange equations from Lagrangian L=T -V = m[ %(l +k°X*)X? + kXXY +% YZ2—gv —%k X 2}
(metric ~y4B)
. JL
Px |_ | 1+K°X° kX ( X ): 0x (15! Lagrange equations) P, =§%m
Py kX 1 Y Py q

(metric ~4p)

. - : JL
Px |_d ml 1T X? kx x| g);( (2"¢ Lagrange equations) p,, zg;m n Fniov
py | dt 19'¢ 1 y oL

(c) GCC E-vectors

CMBanat
Fig. 3.9.1
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http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2

Find: Lagrange equations from Lagrangian L=T-V = m[ %(1 +k*X*)X* + kXXY +% Y?—gV —%k X,z}

(metric ) 5L . ‘
2 2 ' == . N
Px || XS kXX 9x (15" Lagrange equations) Doy =Q%m
Py kX 1 Y 37 dq

(metric “~4p)

. . N AL ooy
by | d [m[ 2 Ry )( ¥ )]:£g§( ] (2" Lagrange equatzons)\‘ pm\“—aqm +F

< -
SiIeeal
- -
~ -
~ -
-~ e
-~ e
e -
- e

N
-
-~

(c) GCC E-vectors

\

4
NANINAN

CMBanat
Fig. 3.9.1
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http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Parabolic&overlayInd=2

Find: Lagrange equations from Lagrangian L=T -V = m[ %(l +k°X*)X? + kXXY +% Y?—gV —%k X,Z}
(metric ~Y4B) ' : :
.\ (2L -
Px |_ | 1+K°X° kX ( X ): 0x (1* Lagrange equations) LDy =§]fm
pY kX | Y 5? ' k q

(metric “~4p)

- . L Y’ -
2% :i[m[ 1+k2X% kX )( v ]L[g; ] (2" Lagrange equations), - py= . +F,"}
5, | di ' :

< -~
......
~ -
~ -

~ -
-~ -
______
~aa -
~
~aa
-~

QU IV
~ <t~

Py |- [ eiiw? w4 &), df ertx? oy | X \_[ 3, [ KR ekiy S gey
Py kX 1 Jdtl Y dt kX 1 Y S g
No constraints added yet to these equations (only gravity in L) so covariant force F °¥ is zero(Fy” =0=F,""

Y

(c) GCC E-vectors

CMBanat
Fig. 3.9.1
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Find: Lagrange equations from Lagrangian L=T-V = m[ %(1 +k*X*)X* + kXXY +% Y?—gV —gzk X,Z}

(metric ~Y4B) 51 .
22 ' = . N
Px 12 m[ L+ X" kX ]( X ): ( 3)5] (I°" Lagrange equations) D=

SS==a
Se s Nmea
~ -
~ -
-
~~ ~eaa
-~ LI
-~ -
-~ -
~ -
~ -
~ - -
~ -

(metric ~y4g)
) , C g . _dL cov
[ Py |_d m[ 1+ £2x2 kY }( X ]] _ [ g)é( ] (2" Lagrange equatzons)\‘ Py= +F

Py |_ [ 142X kx |d[ X +m£ x| X _[9%]_, k%kX%kf(ﬁ,;gka
Py kX 1 )dt Y di\  kx 1 Y L ;

oY —g ’

-
-="
-
-
-
-

_—
-
-
-

pX aX ( 1+k2X2 kX ][ X ]_'_m( 2k2XX kX )[ X ]_m[ k2XY2+kXY—gkX ]:( 0 ): F)?Ov
py ay kX 1 Y kX 0 Y -g 0 F;OV
(c) GCC E-vectors

\ 7
\SF7

CMBanat
Fig. 3.9.1

—~
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Find: Lagrange equations from Lagrangian L=T-V = m[ %(1 +k*X*)X* + kXXY +% Y2 - gy - X,z}

¥
|

Py
Py

(metric ) 2
1+k2X* kX || X o4 t L oL
=m| 1T =] 9F (1*" Lagrange equations) P =
kX 1 Y 5];; dq
(metric “~4p) oL

, L cov:'-,
d m[ e i2x? iy )( % ] :[gg} ] (2" Lagrange equatzons)\‘ Pui = +F,

SS==a
Se s Nmea
- -~
~ --
~ -
-~ -
~a ~.ea.
Sea -
-~ -
~ -
~ -
~ - -
- -
~
~

_ ol X kX |4 X +mi 1+k2X% kX || X |_
kX 1 jdt\ Y dr\ kX 1 Y

QU QI

Y]
U I
N
[l
w‘l\)
=
_|_
E
<

-
-

-

No constraints added yet to these fequatign’é (only gravity in L) so covariaiit force F." is-zero(Fy " '=0=Fy"")

|

- 9L ' .

Py —3y 2 y2 \ 2 vy : '

X 22{ =m( 1+k°X kX][X]er( 2k20~(\ kX][X]_m
Py —ov kX 1 Y KX 0 ) Y

5| [ 1ekx? ok ( b )+ | kXA g :( 0 ]: “
_g)% kX 1 Y ~kX2 + g"" 0 F;OV \\ P EX
\
L
NP

-
-
-
- -
______
-----
- -

{ X0 0T ]( o)

B cov
-8 F§

u;(f'an’c:e_l)_::, (c) GCC E-vectors

—~

4

CMBanat
Fig. 3.9.1
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Find: Lagrange equations from Lagrangian L=T-V = m[ 51+ k2X )X + kXXY + Y2 - gy =% Xz}

(metric ~Yap) - 2
2 2 ' =73
Px Al 1+k°X° kx| X |} ox (15t Lagrange equatmns) L p =9
oL R
(metric ~y4p) 9L o
. : 3 oL —9L v
by | d eex ( ¥ ] N (2" Lagrange equations), pm\“—gqm +F,
= > |7 oL
a| o1 )UY o
""" . -----.-"""'----..- . oL 2 2 : . ,"'
_ | XY R |4l X | Al 14X kY || X || ox |o,,| KX HRXY S gkX
X 1 dt Y dt kX 1 Y g% —g,"'
No constramts added yet to these: equatlons (only gravrty in L) so covariaiit force " is-zer0(Fy” ' =0=F;"")
[ Py~ aX =m( 1+ 12x2 kx ][ X )_'_m( 262 XX kX J[ X ]_m k2XX'2+kXY—gkX =( 0 ): F)C(OV
Y kX 0 Y _ ----- 0 oy
Py =3 X I : LT T8
! Y ; h (Cf"fceg)x" ! (c) GCC E-vecto:s
AL iy T '
L - N2
35( (1 + k2X2)X FrXY + k2XX2+ gkX 0 FyY
S — m , = = CMusanG:!
oL XK+ Y + kX g 0 o Fig. 3.9.1
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Find: Lagrange equations from Lagrangian L=T7 -V = m[ (1+ k2X )X + kXXY + Y2 - gy - XZ}

(metric ~y4B) . 51 ‘ 2
P |_ | 14K°X7 kX ( X ): g);( (1°" Lagrange equatmns) v D, =Q%m
Py kX 1 Y Py dq
. (metric Yap) oL d . . oL COVI:'-
[ Py |_d s 2x? rx ( X ] _[ 5% (2" Lagrange equatzons)\‘ pni‘ng;m +F
py | dt| 9'¢ I Y 9L : :
[ 1+K°X> kX i[ X ]eri 1+K2x% kY ( X }z )| KXY g
kX 1o jdi Y dt kX 1 Y 9t g/

-
-

No constralnts added yet to these: equatlons (only grav1ty in L) so covariant force F, " 1s-zero(Fy” =0=F;""

-
-
-
- _—
______
_____
- -

Py~ aX LR x| X[ 2wk kx| &) | xRy -gky | (0 | | By
kX 1 Y Y _g F;ov

Tel (cance Lo (c) GCC E-vectors
~ . ~“, ', 'l " N

\ 7
7

k2)0(2+ gkX
m
kX 2y g."

A Y N
QJIQ) Q)IQJ
SIS eI
7~ N\
[E—
+
E: N
K ><l\)
I"' N
I"'H .E
I" _‘_‘"
/ll N\
=<t :><:
,"\_/
+
|
7~ N\
o o
N——
|
Sk
< <
= N
=< !

Py=5% | s k2X2)X+ KXY + k2XX2+ ok (o) | FY
|7 m ) = = CM.BanG!
Py —ay XK+ Y kX g 0 Fo Fig. 3.9.1

Use 18 to get contra-(Riemann) equations. (Contra-force F.  is zero until we turn on constraint Y=cons.)
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Find: Lagrange equations from Lagrangian L=T-V = m[ 51+ k2X )X + kXXY + Y?—gV —%k Xz}

(metric )

: oL ‘
2 12 9L s
Px || XS kXX 9x (1" Lagrange equatmns) 2. =Q%m
Py kX 1 Y 57 g
(metric ~y4s) 9L :
Py | d k22 gy ( be ] oL (2" Lagrange equations) pn‘;\:g—m +F0
=—\1m . = * v dq S
oL | \ ;
ap \ 1 JUY o | '
..... . oL o) o) .
_ | XY R |4l X | Al 14X kY || X || ox |o,,| KX HRXY S gkX
kX 1 )d Y a1 Y gg _g,x

-
="
-
- _—
______
_____
- -

. oL _.: 2 _ _ . 2 e .. cov

Px=ox |_ | 1+k°x% kx |[ X |, [ 2k%xx kx | X |_ | EXXT+RXY-gkX |_[ 0 |_| fx

pY —gIL, kX 1 Y kX h 0 - \ Y ' _g 0 F;ov

h " T (cancel)'_' (c) GCC E-vecto:s

p 9L 22 U k2H2+ /CX oy \ / X

X oXx | _ " 1+k°X"° kX X + m g _| 0 |_ X

. QL ~~\\ S. - Y ',' . . 2 ':': 0 cov v
Py ~oy kX 1 kXt Fy EY

NN\ ’—’,:¢:~~‘—“_—‘ \\\\ ':',i .......... ,"'," ~~~\\ \ 7
) oL e S e N T cov
Py —ox (1 + k2X2)X FRXY + k2XX2+ kY 0 FS
|7 . m ) = 0 = CMusana:
Dy =y g cov .
Py —3y W-F Y—I— k)( +g FY Fig. 3901

Use 48 to get contra- (Rlemann) gquations. (Contra-force- F TS zero until we turn on constraint ¥Y=cons.)

(inverse of ) - oL RN (inverse of Y1) 5 ‘ Y
1 1 —kx Px=ox |_[ X )| 1 -k kX (KX "+g) [ o ]| Feon
m\ —kX 1+k*X2 by gé Y —kX 1+k*X° kX %+ g 0 .
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Find: Lagrange equations from Lagrangian L=T-V = m[ 51+ k2X )X + kXXY + Y?—gV —%k Xz}

(metric )

. JL ‘
p 2 2 P \ aL
X 1HECXT kXX ) ax (15! Lagrange equatmns) . p =5
oL v 9™
(metric “~4p) 9L '
. ' <N covV .
Py | d s 2 gy ( be ] B %ﬁ—; (2" Lagrange equations) pmx“zg—m +F00
7 I ) v o4
dt \ kX 1 Y V% ‘ :
TN TR . oL ) [
_ | XY R |4l X | Al 14X kY || X || ox |o,,| KX HRXY S gkX
kX 1 )dt Y | kxo1 Y oL gt
No constralnts added yet to these: equatlons (only grav1ty in L) so covariait force " is-zerd(Fy” =0=F;""
L Y N v e
Px —ox =m( 1+ kX M][X)er( 2k XX kX][X]—m kXX + kXY — gkX _(0}_ X
Y .o el ; et = =
Pr o oA A o i E o) | &
o T (cance) s (c) GCC E-vectors
\\\ x\ Treett .’ '/ A/ /
5 9L ‘s 02 2 cov \ X
‘“\\\ ’—/Zn::‘:‘__—" ”\,\\ ":',4 .......... :,:":' \\\\ \ 7
, oL ’ Mo e b N
Px—3x (1+k2X2)X+kXY+ k2XX2+gkX 0 F
o = o om ) = = CM.sanG!
Py —ay XX+ Y + kK g 0 Fo Fig. 3.9.1

Use 48 to get contra- (Rlemann) gquations. (Contra-force- F TS zero until we turn on constraint ¥Y=cons.)

(inverse of ~y4B) - oL too (z_nverve of Y48) ) ’ X
[T S (S B I G s e S e e o (0] fn
m\ —kX 1+ k2X2 pY g )[; Y kX +k2~7¥ 2 kX 2-I- g 0 C);n
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Find: Lagrange equations from Lagrangian L=T-V = m[ 51+ k2X )X + kXXY + Y?—gV —%k Xz}

(metric )

: oL ‘
2 2 =3 '\
Px || XS kXX 9x (1" Lagrange equatmns) 2. =Q%m
Py kX 1 Y 7 . dq
(metric ~Y4p) 31 :
Py | d k22 gy ( be ] oL (2" Lagrange equations) pn;‘ng_m +F0
=—\1m . = * v dq S
oL | \ ;
ap \ 1 JUY o | '
..... . oL o) o) ..
_ | XY R |4l X | Al 14X kY || X || ox |o,,| KX HRXY S gkX
kX 1 )d Y a1 Y gg _g,x

—"'
—————
—————
______
- -

. oL _.: 2 _ _ . 2 e .. cov
Px ~ox - 1+k2X2 kX X +m 2k2XX kX X o kXX +kXY—gkX _ 0 _ FX
pY —gIL, kX 1 Y kX h 0 - \ Y ' _g 0 F;OV
h A (Cf"_weg)," (c) GCC E-vecto:s
p _QL 2 v2 \’ \\ k2)0(2+ kX FCOV \
X 0X |_ ml 1t k" X" kX X n " g _| 0 |_ X
. _QL ~~\\ S. - Y ',' . . 2 ':': 0 cov J
Py ~oy kX 1 L kX & Fy
~~~\\ ’_,;w:\“___—‘ \\\\ ':',i .......... :,"',' \~\\ \ / ‘
) oL e SN e cov
Py —ox (1 + k2X2)X FRXY + k2XX2+ gkX 0 Fy
|7 . m ) = 0 = CMusana:
; oL ’ cov .
Py —3y W-F Y—I— k)( +g FY Fig. 3.9.1

Use 48 to get contra- (Rlemann) gquations. (Contra-force- ol ’ TS zero until we turn on constraint ¥Y=cons.)

(inverse of v4s) - L . X . (z_nverve of Y4B) 5 d ¥
11 —kX Px—ax | [ X ClimeesgX || KX (RX T4 g) (o | | feon
; ) . 5L = 7 T (]ck;z;}celaltzonlé) XZ 5 = 0 = v
—kX 1+k°X Py =37 + Z k){,}"g con
. 9L . N 3} x ) .
l[ I —kx } Py—5% _[ % ]+ L0 ) X _( 0 ]_ FX i=0=X
_ 2 2 ) aL - .o o e '2»' - . . 2 - - Y
m kKX 1+k“x Py —5¢ Y KX+ g Y+kX +g 0 F
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Some Ways to do constraint analysis
Way 1. Simple constraint insertion
Way 2. GCC constraint webs

Find covariant force equations
_) Compare covariant vs. contravariant forces
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOv contravariant Components Fcon
_ covp X covpY _ cov cov .4 Y _ ~X or Y or
F=FyE° +F,7E =Fy VX+FY VY F=F E v+ Ey=F_ > +F. 5y
(F4 are coefficients of normal vectors E4) (F4 are coefficients of tangent vectors E,)

(c) GCC E-vectors

N g X
=
N A./
General case repeated from p.34 7 EX
, ) ) . N | X
Py—5% 1+ k2 X)X + kXY + k2 XX 2+ ghX Fe \C V4
. 9L - SHRY ) - cov . g CM.sana
Py —oy XX +Y + kX +g Fy P Fig. 3.9.1
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOv contravariant Components Fcon
_ covp X covpY _ cov cov .4 Y _ ~X or Y or
F=FyE° +F,7E =Fy VX+FY VY F=F E v+ Ey=F_ > +F. 5y
(F4 are coefficients of normal vectors E4) (F4 are coefficients of tangent vectors E,)

Frictionless constraint of mass m by parabola Y=const.
1s normal to parabola (along its gradient VY.)

F(Y = const.) = F*"E* + FEVE”
=0-VX + FOVY

=0-E + FEEY

(c) GCC E-vectors

N X
=
N A./
N EX
General case repeated from p.34
, ) ) . N | X
Py—5% 1+ k2 X)X + kXY + k2 XX 2+ ghX Fe \C V4
. 9L - SHRY ) - cov . g CM.sana
Py —oy XX +Y + kX +g Fy P Fig. 3.9.1
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces haV%
covariant Components FgOv contravariant Components Fcon
_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F ;FX ? +fFY lE _EF;X VX + FY VY F;_ FcoJIZ}EX _;FconEY - f)con ox T Fcon oY
1 are coefficients of normal vectors E4 F4 are coefficients of tangent vectors E4
L : - (c) GCC E-vectors
Frictionless constraint of mass m by parabola Y=const. \
1s normal to parabola (along its gradient VY.) -
_ _ pecovp X covgpY Y|
F(Y =const)=Fy "E* + Fy 'E
=0-VX+ FS"VY .
- Y N
X covpY e
=0-E° +F,E
oETesw N
So constraint requirements 1n covariant equations | .
cov _ cov e V(U . .. MiBanG!
are F?'=0 and F?"#0 . (with: y=0=Y ). Y=0=Y Fig. 3.9.1

General case repeated from p.34

Px=5% |_ | QRO X kXY + X0 g F

py 3k XX + Y + kX 2+ g FEo
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOV contravariant Components Fcon
_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F;FX ,E +fFY lE _EF;X V‘X_|_FY VY F;_FCOJI;EX_I;FconEY_f)con X £ eon )4
1 are coefficients of normal vectors E4 F4 are coefficients of tangent vectors Ey4
o . a (c) GCC E-vectors
Frictionless constraint of mass m by parabola Y=const. \ B/
1s normal to parabola (along its gradient VY.) | v
_ _ pcovp X covgpY Y
F(Y =const)=Fy "E* + Fy 'E
=0-VX+ FS°'VY .
N Y N EX
X covpY ~ | X
=0-E* +F,"'E
e N
So constraint requirements in covariant equations %
cov _ cov e VN : .. CMBaNG!
are Fi7¥=0 and F°"#0 . (w1thY_ 0=Y ). Y=0=7 Fig. 3.9.1
"""""""""""""""" PN 2 yy2 2
(1+ K2 X)X + 05 K2 X2+ glex R i = AT KTy
m Lo =l Lcov 1+k°X 1+k°X°
kXX +0+ kX 2+g by
oy
FINALLY ! We get the Way 1. solution of p.12
Recall: x=X
.2
.. kT —g
General case repeated from p.34 X=X = > - kx
"""" . 1+ k“x
Py (+ k> X)X + kXVi+ k> XX+ ghX F
=m BELE =
py 3k kXX +V i kX g FEo
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOV contravariant Components Fcon
_ covp X covpY _ cov cov .4 Y _ ~X or Y or
F=Fy"E° +F,7E" =Fy VX+FY VY F=F E +F Ey=F_ - +F, . 5y
(F4 are coefficients of normal vectors E4) (F4 are coefficients of tangent vectors E,) GCCE ;
. . . Wi r
Frictionless constraint of mass m by parabola Y=const. (<) \ V;O >
1s normal to parabola (along its gradient VY.) L v
F(Y = const.) = F*"E* + FEVE”
=0-VX+ FS"VY -
o Y N EX
X covgpY N | X
=0-E° +F,E
ew NP
So constraint requirements in covariant equations %
cov _ cov e VN : .. CMBaNG!
are F?¥=0 and Fy®" #0 . (w1thY_ 0=Y ). Y=0=Y Fig. 3.9.1
"""""""""""""""" A ) 2 2 2
(1+ k> X)X + 04 k> XX >+ ghX e R > =X 2+g2kX S Sk
m LT = cov 1+k°X 1+ X"
kXX +0+ kX 2+g by
"
F= FEo EY
.............. _).
= m(kXX +0+ kX +g)£ | ] Recall: x= X
2
—kx* —g
. General case repeated from p.34 X=X = > - kx
"""" . 1+ k%x
Py _ | X)X+ KXYt k> XX+ ghkX _ F

py 3k kXX HY i kX 7+ g FEo
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOV contravariant Components Fcon
_ covp X covpY _ cov cov .4 Y _ ~X or Y or
F=F,"'E° +F,7E" =Fy, "VX+F,7VY F=F Ey+F Ey=F_ = +F v
(F4 are coefficients of normal vectors E4) (F4 are coefficients of tangent vectors E,) GCCE
. . . Wi r
Frictionless constraint of mass m by parabola Y=const. (<) \ v;to >
1s normal to parabola (along its gradient VY.) L v
_ _ peovp X covpY
F(Y =const)=Fy "E* + Fy 'E
=0-VX + FVY -
o Y N EX
X covpY el X
=0-E° +F, 'E
e N
So constraint requirements in covariant equations -
cov _ cov e VN : .. CMBaNG!
are F?¥=0 and Fy®" #0 . (w1thY_ 0=Y ). Y=0=Y Fig. 3.9.1
------------ 2 yvv2 2
.. ye . XX X
(14 K2 X)X+ 04 k2 XX 2+ ghx R i = AT KTy
m - = cov I+k°X I+k7X"
KXX+0+ kX +g Fy
,\
Y
F= FEo E
.............. _).
- m(k)ﬁ_){‘-l—()ﬁ-"k)_(t_-!-_% [ ] Recall: x=X
g T V22 2
_ | o g) | (kP o)1+ k2K (—kx) e -8,
1+ k> X2 1+ k2 X2 1
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FCOV contravariant Components Fcon
_ peovep X covgY _ pcov cov X Y X or Y or
F=FyE° +F,7E =Fy VX+FY VY F=F_ E,+F E,=F_ e FconaY
(F4 are coefficients of normal vectors E4) (F4 are coefficients of tangent vectors E

A/c) GCC E-vectors

Frictionless constraint of mass m by parabola Y=const. \
1s normal to parabola (along its gradient VY.) -
F(Y = const.) = F*"E* + FEVE” u
=0-VX + F°"VY S~
N |
—0-EX + FEEY ‘ R\/
. . : : : N
So constraint requirements in covariant equations
cov _ cov . . CMBanat
are FP¥ =0 and F/% #0 (w1thY 0=Y ). Y=0=Y Fig. 3.9.1
-------------- o KPXX ek kX
(1+ k23X X +0F k> XX+ ghX R K=t T o 2+g 5%
m 5 cov 1+k°X 1+k°X
kXX +0+ kX +¢2 Fy
"
Y
F= Fo E
_m(m+0+"k)_(_2_-_|—_g)[ ];X ]
. ch(}c}("ii'g') 2 )1+ KX ( Lk
1+ k%X 1+ k% x> 1 .
- . Centripetal
[ Fx ] - [:[ sz ]J --------------- force WZkV2+mg d’ (]sz Y)
. it i
Y MRS ) atx=o (what roller-coaster rider feels at bottom) —° . “°

= kX2 + kXX + Y (= kX? +Y for X =0)
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Other Ways to do constraint analysis

=) Way 3. OCC constraint webs
Sketch of atomic-Stark orbit parabolic OCC analysis
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)

: : : 2 2 2 2 2.2 4 4 2.2 CMusana!
z=x+zy=(u+zv)2=u2—v2+12uv ro=zkz=xT4+y =W +HvT) = +v +2uy Fig. 3.9.2
u=0.3 =0 4 ks’ e v=0.3

u=0.2

u=0.1
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)

: . N2 2 2. 2 _ 2,22, 22 4, 4 2.2 CMugana!
z2=x+iy=(u+iv) =us=v +12uv ro=z¥z=x"+y =W +v ) =u +v +2uv Fig. 3.9.2
____________________________ u=0.3 u=Q4 u=045=v v=0.4 v=0.3
_ 2 T2 T Y
A= =V u=0.2
y=2uv’
u=0.1
2 .2

45



Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)
2

. .2 2 2 . 2 2 2 2 2\2 4 4 2
z=x+iy=(u+iv)" =u"—v~+i2uy ro=z¥z=x"+y =W +v) =u +v +2uv
-------------------------- u=0.3
_o2 e
ATH Y 2 > u=0.2
y=2uv" :2u =r+x=+x"+y +x
0.1
— 20,2 2 2 .2 ’
F=U"+TV 2y =r—x=4x"+y —x

CMBANG!

Fig. 3.9.2
v=0.3
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

: . N2 2 2. 2 _ 2,22, 22 4, 4 2.2 CMugana!
z=x+iy=(u+1iv) = U=V +12uv ro=zxz=x"+y" =W +v° ) =u +v +2u’v Fig. 3.9.2
_______________________ u=0.3 v=0.3
_o2 oy e
XS U —v __________ 2 — u=0.2 ) v=0.2
ey =2uv T 2u =r+x=+x"+y +x
5 2 u=0.1 ' Y
r=utHtve 2t =r—x= x2+y2—x

y2 = 4u*v? = 4u* (U —x) !

=4t =4 (VP +x) |

Gives confocal parabolics
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

: . N2 2 2. 2 _ 2,022 22 4, 4 2.2 CMusana!
z=x+iy=W+iv) =u’—-v"+i2uy ro=zxz=x"+y =W +v) =u +v +2u’v Fig. 3.9.2
_______________________ u=0.3 v=0.3
_o2 T
----- X=U —V v=0.2
. yzzuv """"" =2u2=r+x=\/x2+y2+x
v=0.1

Gives confocal parabolics

(a_xa_x)‘ ------------------------- du du 2u v
ou Jv :( E E ):( 2u  2v J dx dy | | E* | \ =2v 2u
dy dy Y +2v  2u N v £ 4(u2 +V2)
ou dv x @
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)
4

4 2 2 CMusana!
+vi+2uty Fig. 3.9.2
v=0.3

. 2 2 2 2 2\2
2—v2+1_2,uv ro=z¥z=x"+y" =W +v°) =u
“““ u=0.3

-="
-

- -
-----
-----
- -
—————
—————
- -
—————
- -
- -

Gives confocal parabolics

(a_xa_x)‘ ------------------------- du du 2u  2v
ou dJv :( E E ):( 2u  2v J ox dy | [ E* | \ -2v 2u
dy dy Y +2v  2u N v £ 4(u2+v2)
du Jv ax ov

. . y . L
Metric giw=E.*E, and g%’ are diagonal. Lagrangian L uses g.,=0u4r. Hamiltonian H uses g*/=0""/4r.

2 2
g :Eu.Eu: Ev.Ev =g, = du +4v- =4r guu —F4EY=E R’ = gvv _ : ; _
4u+4v-  4r

guv:Eu°Ev = Ev°Eu — 8w = 0 g =E"E'=E"E"=g"=0
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

: . N2 2 2. 2 _ 2,022 22 4, 4 2.2 CMusana!
z=x+iy=(u+1iv) = U=V +12uv ro=zxz=x"+y" =W +v° ) =u +v +2u’v Fig. 3.9.2
______________________ u=0.3 v=0.3
_o2 T
----- X=ut=vt 0
. y:2uv """" =2u2=r+x=\/x2+y2+x
v=0.1

Gives confocal parabolics

(a_xa_x)\ ------------------------- du du 2u  +2v
ou dJv :( E E ):( 2u  2v J ox dy | [ E* | \ -2v 2u
dy dy ooy 2v  2u 3 9 B 4(u2 N v2)
ou dv 9x ov

. : Y .
Metric g.w~E.,*E, and g*” are diagonal. Lagrangian L uses guv=0u4r. .
L= %l(gabqaq'b) -V=7 (guub'tz + gvv\'/z) —V =2m@* + vz)(bff v -V

g,~E E =EE =g = qu +4v° =4r

guv:Eu.Ev = EV.EU = gvu = O
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)
4

4 2 2 CMusana!
+vi+2uty Fig. 3.9.2

. . . 2 2 2 2 2\2
Z—X+ZV—(M+ZV)2—u2_V2+12MV r —Z*Z—X +V —(l/l +V) =Uu
v=0.3

u=0.3

-
—————

-

- -

- -
-----
_______
- -
—————
—————
- -
—————
- -
- -

Gives confocal parabolics

(a_xa_x)‘ ------------------------- du du 2u  2v
ou dJv :( E E ):( 2u  2v } ox dy | [ E* | \ -2v 2u
dy dy Y +2v  2u N v £ 4(u2+v2)
du Jv ax ov

. : Y . . :
Metric giw=E.*E, and g%’ are diagonal. Lagrangian L uses g.,=0u4r. Hamiltonian H uses g*/=0""/4r.
L= %l(gabqaq'b) -V=7 (guub'tz + gvv\'/z) -V = 21;1(1}12 ;— v ) +v3) -V
p,*ph,

1 1 2 2
H=35 (g"p p)+V=2r (&"p>+g" p)+V =

-
-
-
-
-
-
-
-
-
-
- -
-
-
_____
-
-~ -
-
-
-
- -
- -
-
-
-
-
-
-
-
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
> Sketch of atomic-Stark orbit parabolic OCC analysis
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

: . N2 2 2. 2 _ 2,22, 22 4, 4 2.2 CMugana!
z=x+iy=W+iv) =u’—-v"+i2uy ro=z¥Fz=x"+y" =W +v ) =u +v +2uv Fig. 3.9.2
_______________________ u=0.3 v=0.3
_o2 Ty e
AT U u=0.2 ‘ v=0.2
; il A2 _ 2 2 \
Ly =20y S2UTt=r+x=axT+y" +x
o u=0.1 . v=0.1
P ) .
L r=EuUCE Ve 2 v2=r—x= xz.;ljyz—x
y2 = 4u”v? = dut (u* =Xyt , ,
s 5 o o i Qives confocal parabolics
y =duv =4v (v +x): T
o o b | f...z.e #25 ]
du v 2u —2v dx dy |_| E' |_\ 22V %) i [u v
:( £, E ): - B 2,2\ 2l
ay ay o 2y 2u o | LB 4 el A
du _dv C Lo oy : T :
Metric giw=E.*E, and g*” are diagonal. Lagranglan L uses giv=0m4r. Hamiltonian H uses g*’=0""/4r.
m .a - b m %) %) 2 22 2 2 RN
L= i(gabq qg') —-V= 5 (guuu +8,,V ) -V =21;1(u ;—v Yu"+v )=V RN
H_l ab _|_V_l uu 2_|_ w2 +V = pu+pv +V V=eéex+klir .
=om (8 PPp)+V =3, (8P, +8 P)+V= Sm(u® 1+ v2) Stark-Coulomb potential
m\u Vv
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

_ o e N2 2 2 . 2 2 2 .2 22 _ 4 4 2 2 CMusana!
z=x+iy=W+iv) =u’—-v"+i2uy ro=z¥z=x"+y" =W +v) " =u +v +2uv Fig. 3.9.2
_______________________ u=0.3 v=0.3
_o2 ey e
AU T Ve T u=0.2 ‘ v=0.2
; il A2 _ 2 2 \
L ey =20 S2UT =+ Xx=AxT+ Yy +x
o u=0.1 \___v=0.1
D _ 2.2 .
A A N S 2 Vi=r—x= xz.;ljyz—x
y2 — 4u2v2 — 4u2(u2 _\.'X:.)._E ......... . .\\\. .
s 5 o o i Qives confocal parabolics
=4 =4 + v T R
y u-v veovt+x)r o T -
o ox o | fz 2 ]
u v 2u —2v dx dy |_| E* |_\ 2V 2w ) g Tu
:( £, K ): - - 2, 2\ e
dy dy oo +2v  2u v dv E’ 4(u +v ) Vel ) /]
Y v o Jy | T

au . 8\/ . . ..:::::.z. . .
Metric giw=E.*E, and g*” are diagonal. Lagranglan L uses guww=0w4r. Hamiltonian H uses g"'=06""/4r.
m .a . b m %) %) 2 22 2 RN
L=7358,949) V=73 (gu +g,v) =V =2m@" +v")u"+v)=-V e

1 ab 1 uu 2 w2 _ plf_l_p\% V:8X+k/l” .
H=;, (& p,p,)tV =5, P, +8 p)+V= S 1 v7) +V Stark-Coulomb potential

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and Sepamb/l,eﬂiﬁfo u an('i,ov"parts.

k : k-
4 +vHE :2%41 (pi +p5)+4(u4 —vYe+4k for H=E and: V=ex+—=e(u’ - v2)+2—2/
r u-+v
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

: . N2 2 2. 2 _ 2,22, 22 4, 4 2.2 CMugana!
z=x+iy=W+iv) =u’—-v"+i2uy ro=z¥Fz=x"+y" =W +v ) =u +v +2uv Fig. 3.9.2
_______________________ u=0.3 v=0.3
_o2 Ty e
ATV u=0.2 ‘ v=0.2
; il A2 _ 2 2 \
L ey =20 S2UTt=r+x=axT+y" +x
o u=0.1 ‘ v=0.1
L 2.2 .
L r=EuUCE Ve 2 v2=r—x= xz.;ljyz—x
y: = 4utv = 4ut =Xy , ,
s 5 o o i Qives confocal parabolics
y =duv =4v (v +x): T
dx ox o | f...%{t P2y }
u v 2u 2v dx dy | | E* |_\ 2V %) g Tu
:( E, E ): - B 2, 2\ 2
ay ay o 2y 2u o | LB 4 el A
du _dv C Lo oy : T :
Metric giw=E.*E, and g*” are diagonal. Lagranglan L uses giv=0m4r. Hamiltonian H uses g*’=0""/4r.
m .a b m %) .2 2 2N 22 [N
L= i(gabq qg') —-V= 5 (guuu +8,,V ) -V =21;1(u ;—v Yu"+v )=V RN
H_l ab _|_V_l uu 2+ w2 LY = p, T D, VY V:8X+k/7‘ .
=om (& PPtV =5, (& P, +8 PV = Sm(u® 1+ v2) Stark-Coulomb potential

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and Sepamb/l,eﬂiﬁfo u an('i,ov"parts.

k : k-
4(%2, + YZ)E =2%n (Pj + pf) + 4(Lt4 — Vﬁ)8+ 4k for H=F and: V=¢ex+—= S(u2 — v2) t——

- e r
Each sub-Hamiltonian pait /u-aiid.fiy 1s a constant, Together they sum to zero total energy 0=h,+h..

Y
S
~

-
o TEees

"""" 3

b

~ S

I~
* ~
\..._

-~
~ -~

S
~
~
~ ~s

S
~
- Y
~ - ~ ~
~ ~.a ~ ~

Y
Y
~

12 g2 g R S e
0=, p, —4Eu”+4¢u +  Sop.—4Ev ev'+4k = h, + h
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Sketch of atomic-Stark orbit parabolic OCC analysis
== Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Stark orbit parabolic OCC analysis

Metric gw=E.*E, and g*’ are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*'=0""/4r.

L= 5(849°9") =V =5 (8" +8,9") =V =2m(@* +v*)u’+v*)-V
_ 1 ab 1 uu 2 w2 _ P5+P3 V=ex+kl/r .
H=;, (& p,pp)+V=5,("D,*8 pv)+V—8 W 2)+V Stark-Coulomb potential
mu 1%

57



Stark orbit parabolic OCC analysis

Metric gw=E.*E, and g*’ are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*'=0""/4r.

L= %(g,4°") -V="2 (g, i°+g,v°) -V =2m@* +v*)u*+v*)-V
Pi"‘l?f V=ex+klr
> +V Stark-Coulomb potential

uu 2

1 b 1 2
H=; (“p p)+V=5 ("p, +8" p))+V=

8m(u’ +v?)

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and separable in,to"'u and v/parts.

4(”2+V2)E:2%n (p5+p5)+4(u4—v4)8+4k for: H=F and: V = ex+— = e(u” —v*)+ 7

r u +v*
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Stark orbit parabolic OCC analysis

Metric gw=E.*E, and g*’ are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*'=0""/4r.

p§+pf V=ex+klr
> +V Stark-Coulomb potential

uu 2

1 b 1 2
H=; (“p p)+V=5 ("p, +8" p))+V=

8m(u’ +v?)

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and separable in,to"'u and \{,"i)arts.

~

k k
4(u?~ + V.z._)_E =2%% (p,i + pf) + 4(uft — vft)g +4k forr H=F and: V=ex+—= g(u2 — v2) + S
~“~\ ............. '."__ ’~.\~ ',' ~“~\\ "‘\\ v U + v

Each sub-Hamiltgnian pait-#.-4nd A, is a constant. Fogether they sum to zero total energy 0=h,+h,.

2

-
.
-
~
~ao
~ e
.....
.
-
-
-~
-

102 2 a4 b2 T 2 a4 i
0=, p;—4Eu” +4eu +  5ops—4Ev —4evi+4k = h + h

v
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Stark orbit parabolic OCC analysis

Metric gw=E.*E, and g*’ are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*'=0""/4r.

L= %(g,4°") -V="2 (g, i°+g,v°) -V =2m@* +v*)u*+v*)-V
p§+p§ V=ex+klr
> +V Stark-Coulomb potential

uu 2

1 b 1 2
H=; (“p p)+V=5 ("p, +8" p))+V=

8m(u’ +v?)

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and separable in,to"'u and \{,"i)arts.

~

k k ;
AU’ +v)E=4 (p7+po)+d* —vHe+4k for H=E and: V=gx+—=e(u’ —v’)+——

-~
/e R
~aa
-~ '/'
~-a
-
~aa
-
-l..
-
~ -
~-a
~
~aa
-

Each sub-Hamiltgnian pait-#.-4nd A, is a constant. Fogether they sum to zero total energy 0=h,+h,.

2

-
~a
-
-~
-
~ e
.....
~aa
-
-

102 2 a4 b2 T 2 a4 i
0=, p;—4Eu” +4eu +  5ops—4Ev —4evi+4k = h + h

v

Zero Stark-field (e=0) gives h, or i, harmonic oscillation if £<0. It’s unstable or anharmonic otherwise.

oh oh . Oh

h
hu=—— =—8Eu+16ew’ = 3 =Pl p,=-=r=-8Ev-l6ev’ V=3

1%

=p,/m
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Stark orbit parabolic OCC analysis

time = 6).7856..
x < -0.9362

px/= -0.4925

E =-0.52%
KE/PE = -0.0557

Y= 08745

py = f3933

[T=0250 /

2
\ .
\ . /

.:f.

-1.5"

time = 60/7950. <
x 400178 =065 X
px/=-13908 py =P332
E =-1.2000 ~ /" Lis\
KEFE =00000
[T=a0000 /
YRS
b am T '
" (" 'IV / _ “{' |‘-\; -5 | » ‘ -l-
] |‘ | | ‘
/ | | e LN\ \
l? - 1.5 - -5\ (-’\'. 5 y ‘\" 11:1}111
. l NCEEA |
| | | l N\ / o : <, ) |
‘- '. ; \ W | L‘ 7N j
] “ ‘I »‘.:_ , ‘E.' 37 -<'--:‘:v~'
| Orbit 1 Orbit 2 |
Web Simulations
" Coullt Stark Coulonb g [ |
-1 5
’oordmates

. ‘ning
V.n;ng e (Unptable!)
ints,
u tupnin u tuyning
int?\ ints
1I

y\|E

|E

w? +eu?2 +hl-k o
\v2 — et

Fig. 5.5.2 Effective potentials for parabolic coordinates
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http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=StarkCoulomb
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=StarkCoulomb
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=StarkCoulombII
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=StarkCoulombII

Hs+-ion orbit elliptic-hyperbolic OCC bound trajectories

__2
f Coullt Hy* 3
-1
Orbit 1: Localized on C, os b as 2
ﬁ P
__1 :
2
Orbit 2: Less localized on Ci -+ )
)
(;"’; —-2
Orbit 3a: Sharing Cy and Cy - \
: . R V W'
Orbit 3b: Sharing C; and C» V/’O\%; /
‘\
' 659 ' 2

CMusana! 2
Fig. 5.5.4 Orbit 4: Quasi-Stable Elliptical

+-1.5
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http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=MolIonOrbits_Ring
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=MolIonOrbits_Ring
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=MolIonOrbits_C1_Tight
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=MolIonOrbits_C1_Tight
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=MolIonOrbits_C1_Wide
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=MolIonOrbits_C1_Wide
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=MolIonOrbits_C12Fill
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=MolIonOrbits_C12Fill
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=MolIonOrbits_C12FillII
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=MolIonOrbits_C12FillII

Other Ways to do constraint analysis

Way 3. OCC constraint webs
Sketch of atomic-Stark orbit parabolic OCC analysis
Classical Hamiltonian separability
=) Vay 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y="%"/x’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

* (¢c) GCC E-vectors

\
\

—

S

NANINAN

//
CMwBana!
Fig. 3.9.1
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y="%"/x’ is defined as follows.

----------------------------------------------------------------------------

Cl :1§ kxz —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this is a coordinate line. Its normal constraining force F is along its ¢'-gradient . (F o V¢!)
(c¢) GCC E-vectors

——

SN

([ (]

v

MuwsaNG!

Fig. 3.9.1
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y="%"/x’ is defined as follows.
' =% kx® =y =0 (Back o “Swpid-Parabolic” GCC)

Imagine this is a coordinate line. Its normal constraining force F is along its ¢'-gradient . (F o V')
“(c) GCC E-vectors

e 9
F=AVe' =Vl i? —yy=a| & =){ ke ] Q\\
act | L \\\
> N\
N\
\tj/CMWBANG!

Fig. 3.9.1
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y="%"/x’ is defined as follows.
' =% kx® =y =0 (Back o “Swpid-Parabolic” GCC)

Imagine this is a coordinate line. Its normal consteaining force F is along its ¢'-gradient . (F o V')
“(c) GCC E-vectors

ac! N
F=AVe' =Vl i? —yy=a| & =){ ke ] Qk
act | L \\\
p) N
y T
Proportionality factor A= F" is a Lagrange multiplier. \\\\t ; //
]

CMwBana!
Fig. 3.9.1
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y="%"/x’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate hne Its normal constraining force F is along its ¢ —gradlent (Foc Ve
“(c) GCC E-vectors

oc’
— \
1 1,2 ox kx \Q\
F=AVc :lV(Ekx —y)=A o] =A | \ \
. _
E N\
\ \\/
Proportionality factor A = F “ is a Lagrange multiplier. \\\\\ 1 //
N
It 1s like a covarlant constraint component F; of a contravariant vector E'=V¢! " CMusava:
~ Fig.3.9.1

that arises if ¢!'(x,y) = const. was a coordmate line causing a constraint force F=F CVC
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y="%"/x’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate hne Its normal constraining force F is along its ¢ —gradlent (FocVel)
oc’ “(c) GCC E-vectors

a W\
F=AVe' = AV ke? - y)= 1 axl =){ ’Oi ] \k
. _

e NS
y &5
Proportionality factor A = F “ is a Lagrange multiplier. \\\\t ; //
It 1s like a covarlant constraint component F; of a contravariant vector E'=V¢! " CMusava:
Fig. 3.9.1

that arises if ¢!(x,y)=const. wasa coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —-mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F "Vc

69



Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y="%"/x’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate hne Its normal constraining force F is along its ¢ —gradlent (Foc Ve
“(c) GCC E-vectors

oc’
- \
1 1,2 dx kx \\\\
F=AVe =AVGkx"-y)=4 o] =1 | \ \
. _
B} \k\\
\ \\/
Proportionality factor A = F “ is a Lagrange multiplier. \\\\t ; //
It 1s like a covarlant constraint component F; of a contravariant vector E'=V¢! " CMusava:
that arises if ¢!(x,y)=const. wasa coordmate line causing a constraint force F=FV¢' . Fig.3.9.1

The Newtonian-Cartesian equations mi = —-mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F "Vc

A H ]
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y="%"/x’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate hne Its normal constraining force F is along its ¢ —gradlent (Foc Ve
“(c) GCC E-vectors

oc’
- \
1 1,2 dx kx \Q\
F=AVe =AVGkx"-y)=4 o] =1 | \ \
. _
B} \\\\
\ \\/
Proportionality factor A = F “ is a Lagrange multiplier. \\\\t ; //
It 1s like a covarlant constraint component F; of a contravariant vector E'=V¢! " CMusava:
that arises if ¢!(x,y)=const. wasa coordmate line causing a constraint force F=FV¢' . Fig.3.9.1

The Newtonian-Cartesian equations mi = —-mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F "Vc

A H ]

Constraint function y=":kx? has derivatives y=kxtand ¥ =k(x* + xx)
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=%/kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate hne Its normal constraining force F is along its ¢ -gradlent (FocVel)
“(c) GCC E-vectors

oc!
£ - \\\ %
F=AVc = AVE k* —y) = 1 =){ 1 } X

oc’ \
a N\a
\\/ EX
Proportionality factor A = F “ is a Lagrange multiplier. \\\\t ; // o
It 1s like a covarlant constraint component F of a contravariant vector E'=V¢! " CMusava:
that arises if ¢!(x,y)=const. wasa coordmate line causing a constraint force F=FV¢' . Fig.3.9.1

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

(mHEH) (z;_}(mk:imj )]

-~
-~
~
-
~
-~
-
-~
~o
-~
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=%/kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate line. Its normal constraining force F is along its cl—gréldient (Fec Vel
“(c) GCC E-vectors

oc!
o | o[ & N\
F=AVc =2V ke —y)= A =){ 1 ] X

oc’ \
a NG
\\/ EX
Proportionality factor A = F “ is a Lagrange multiplier. \\\\t ; // o
It 1s like a covarlant constraint component F of a contravariant vector E'=V¢! " CMusava:
that arises if ¢!(x,y)=const. wasa coordmate line causing a constraint force F=FV¢' . Fig.3.9.1

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

(=l HA) wi}(mkm e

~~~~~~~~~~~ mk(x2
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=%/kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate line. Its normal constraining force F is along its cl—gréldient (Fec Vel
“(c) GCC E-vectors

oc’
o o N\
F=AVc =2V ke —y)= A g =){ 1 ] N\ X
c _
3 N\
\\/ EX
Proportionality factor A = F “ is a Lagrange multiplier. \\\\\ = // o
N
It 1s like a covarlant constraint component F of a contravariant vector E'=V¢! " CMusava:
~ Fig.3.9.1

that arises if ¢!(x,y)=const. wasa coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

(s Hs) (A ka‘"ixxJ (A H )

............. mk(i% +x¥)=—A—mg ‘-
Constraint function y=%kx? has derivatives y = kxt and ¥ = k(x* +x) Now solve for multiplier A. :

A = m(—ki? — kxi — 2)
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=%/kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate line. Its normal constraining force F is along its cl—gréldient (Fec Vel
“(c) GCC E-vectors

oc’
o o N\
F=AVc =2V ke —y)= A g =){ 1 ] N\ X
c _
3 N\
\\/ EX
Proportionality factor A = F “ is a Lagrange multiplier. \\\\\ = // o
N
It 1s like a covarlant constraint component F of a contravariant vector E'=V¢! " CMusava:
~ Fig.3.9.1

that arises if ¢!(x,y)=const. wasa coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

SRRCELIEEECITEEEED mx kx 0 mx _ mx Akx _ 0
ny =4 -1 ) mg my mk(x t xx) -2 mg )--=--meme- r
T T mk(i% + x¥)= -1 — mg e -
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=%/kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate line. Its normal constraining force F is along its cl—gréldient (Fec Vel
“(c) GCC E-vectors

oc’
o o N\
F=AVc =2V ke —y)= A g =){ 1 ] N\ X
c _
3 N\
\\/ EX
Proportionality factor A = F “ is a Lagrange multiplier. \\\\\ = // o
N
It 1s like a covarlant constraint component F of a contravariant vector E'=V¢! " CMusava:
~ Fig.3.9.1

that arises if ¢!(x,y)=const. wasa coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

SRRCELIEEECITEEEED mx kx 0 mx _ mx Akx _ 0
ny =4 -1 ) mg my mk(x t xx) -2 mg )--=--meme- r
T T mk(i% + x¥)= -1 — mg e -
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=%/kx’ is defined as follows.
cl :1§ kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate line. Its normal constraining force F is along its cl—gréldient (Fec Vel
“(c) GCC E-vectors

x Y
1 1,.2 ox fx
F=AVce =AVG k™ -y)=A4 =1 X
oc’ —1
dy N
N1 EX
Proportionality factor A = F “ is a Lagrange multiplier. l T\\lj7 X
It 1s like a covarlant constraint component F of a contravariant vector E'=V¢! " CMusava:

that arises if ¢ (x y) = const. wasa coordmate line causing a constraint force F=F CVC . Fig.3.9.1

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

s (5 H o 2

~~~~~~~~~~ mk(i% +x¥)=—A—mg ‘-
Constraint function y=%kx? has derivatives y = kxt and ¥ = k(x* +x) Now solve for multiplier A. :

A= —m(kx2 +kxX+ 2)

. Then the A function gives the new constrained x-equation of motion.

1+ k2x2))’c' = (—ki* — 9)kx
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=%/kx’ is defined as follows.
cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate line. Its normal constraining force F is along its cl—gréldient (Fec Vel
¢! “(c) GCC E-vectors

F=AVel = AVl k2 —y)=4| & =){ ke ] X
oc’ —1
dy N
N1 EX
Proportionality factor A = F “ is a Lagrange multiplier. l T\\lj7 X
It 1s like a covarlant constraint component F of a contravariant vector E'=V¢! " CMusava:

that arises if ¢ (x y) = const. wasa coordmate line causing a constraint force F=F CVC . Fig.3.9.1

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

s (5 H o 2

~~~~~~~~~~ mk(i% +x¥)=—A—mg ‘-
Constraint function y=%kx? has derivatives y = kxt and ¥ = k(x* +x) Now solve for multiplier A. :

A= —m(kx2 +kxX+ 2)

. Then the A function gives the new constrained x-equation of motion

............................. (Same equation as on p.12)

. . .o —g
(1+k2x2)x=(—kx2—g)kx X = 1+ k242 kx
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Sketch of atomic-Stark orbit parabolic OCC analysis
Classical Hamiltonian separability
Way 4. Lagrange multipliers
=y [ agrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Lagrange multiplier basics

Suppose you need to find maximum of H=(Ax’+Bxy+A4y?)/2 subject to constraint: C=(x’+y?)/2=const.

By geometry you are finding the largest ellipse (1f A>B>0) to centactthecircle C or the smallest.

The contact points satisfy
gradient proportionality equations:

VH=A1-VC

0.1 | [ aC
o,H | 7| 9,C
Ax+ By _1 X
Bx+ Dy - Y

Extreme cases occur only at contact points
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Lagrange multiplier basics

Suppose you need to find maximum of H=(Ax’+Bxy+A4y?)/2 subject to constraint: C=(x’+y?)/2=const.

By geometry you are finding the largest ellipse (1f A>B>0) to centactthecircle C or the smallest.

The contact points satisfy
gradient proportionality equations:

VH=A1-VC
Jd_H d.C
— 1
d,H d,C
Ax+ By _1 X
Bx+Dy | y
This amounts to a A-eigenvalue-eigenvector equation

A B
( B D ]( i ):A [ ; ] (More about this in Units 4-6)

Extreme cases occur only at contact points

(Perhaps, this 1s why we often label eigenvalues A with a Greek “L”)
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Lagrange multiplier basics

Suppose you need to find maximum of H=(Ax’+Bxy+A4y?)/2 subject to constraint: C=(x’+y?)/2=const.

By geometry you are finding the largest ellipse (1f A>B>0) to centactthecircle C or the smallest.

The contact points satisfy
gradient proportionality equations:

VH=A1-VC

Jd_H . d.C
o,H | 7| 9,C
Ax+ By _1 X
Bx+Dy | y
This amounts to a A-eigenvalue-eigenvector equation

A B
( B D ]( i ):A [ ; ] (More about this in Units 4-6)

Extreme cases occur only at contact points

(Perhaps, this 1s why we often label eigenvalues A with a Greek “L”)

Eigenvalues \ are extreme matrix “own’-values (1| M|10) subject Norm-constraint (\p|1\)=1

Eigen - LEQ Online German Dictionary

82


http://dict.leo.org/ende/index_de.html%23/search=eigen&searchLoc=0&resultOrder=basic&multiwordShowSingle=on
http://dict.leo.org/ende/index_de.html%23/search=eigen&searchLoc=0&resultOrder=basic&multiwordShowSingle=on

Other Ways to do constraint analysis

Way 3. OCC constraint webs
Sketch of atomic-Stark orbit parabolic OCC analysis
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues

= \[ultiple multipliers
“Non-Holonomic” multipliers
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Lagrange multipliers also work for constraints c(g*) = const. that cut across GCC lines.
It is only necessary to express the gradient of ¢(¢¥) in terms of the GCC using chainsaw sum rule.

Vc—iéj—iEk Bc: ac:axf ac:ar.ac:E.VC_
o og" dg*  9g" o o/ agt or "

Then the Lagrange equations for each GCC ¢* will share a A-multiplier on its c-gradient component.

bood! %' oL dc
. 9L | = dc p,———=A——
A k
2 9’ g aqk aqk
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Lagrange multipliers also work for constraints c(g*) = const. that cut across GCC lines.
It is only necessary to express the gradient of ¢(¢¥) in terms of the GCC using chainsaw sum rule.

. J
cha_c.éfziEk dc dc_ox! dc  or Bc:Ek.VC

ox’ o~ o 9g*  9g* ax/ agt or

Then the Lagrange equations for each GCC ¢* will share a A-multiplier on its c-gradient component.

/ L Y (g
boog' 9’ oL ac
o |=| jec P —— = A——
A k
\ J J
Two or more constraints ¢ (g*) = const., ¢*(g¥) =const.,--- add two or more terms to the equations.
q
( aL\(Aacl\(la&\
Pray g’ 2 9q' . dL 1 dc’
_ Pk —— 7 =AY —
. JdL |= L+ 2 |+, k k
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢? surface functions.

Integral constraint differentials

General differential constraint relations
oc’ oc’
0=dc' =—dq' +—dq° +... 0=C,dq' +Cldg* +...
dq dq
2 2
O:dczzaidq1+aidq2+... 0:C2dq1+C2dq2+...
1 2 1 2
dq dq

_ . dL 1 2
p——=A—t A, —+... p——=AC; +A,C; +...
| aql 1aq1 2aq1 1 8q1 11 271
oL ., oc' . o’ JL 1 2
PRI Y R = A ACE
9) aqz 1aq2 2aq2 2 2 1-2 2V2

dgq
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Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢? surface functions.

Integral constraint differentials

General differential constraint relations
oc’ oc’
0=dc' =—dq' +—dq° +... 0=C,dq' +Cldg* +...
dq dq
dc” dc”
O:dczz%dq1+%dq2+... O:Cqu1+C22dq2+...
dq dq

: Constrained equations of meotion
. oL, dc' . oc . oL
p——=A—+A,—+...

aql aql aql Dy —a—q1= /'LlCll +2,2C12 +...
) oc! oc? . oL
pz_QZ%Q—FAzQ—F.” p2—$=/11C5+2,2C22+...

If a differential can’t be integrated to give a constraint function 1t’s called a non-holonomic constraint.
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Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢ surface functions.

Integral constraint differentials

General differential constraint relations

1,1, 02
. 5 0=C,dq +C,dg~ +...
dq dq

O:Cqu1+C2dq2+...
Bql aqz 1 2

Constrained equations of meotion

_ . oL 1 2
p——=A—t A, —+... p——=AC, +A,C +...
| aql 18q1 28q1 1 aql 11 271
oL . o' . o’ JL ! 2
PRI Y R = A ACE
2 aqz laqz 2aq2 2 aqz 12 2V2

If a differential can’t be integrated to give a constraint function 1t’s called a non-holonomic constraint.

I guess that means that integrable ones are Zolonomic. (But why do we need the bi ZL2CI words?)

A requirement for integrability (or “holonomicty”) 1s that double differentials are symmetric.
0°c” 9°c”

dq’9g* - dg* g’
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Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢ surface functions.

Integral constraint differentials

General differential constraint relations
1 1
0=de' =2 ag' + 2 ag? 4. 0=Cldg' +Cldg? +...
1 2 1 2
dq dq
2 2
O:dczza%dq1+aiqu2+... OzClqu1+C22dq2+...
dq dq

_ . oL 1 2
p——=A—t A, —+... p——=AC, +A,C +...
| aql 18q1 28q1 1 aql 11 271
oL . o' . o’ JL ! 2
PRI Y R = A ACE
2 aqz laq2 2aq2 2 aqz 12 2V2

If a differential can’t be integrated to give a constraint function 1t’s called a non-holonomic constraint

I guess that means that integrable ones are Zolonomic. (But why do we need the bi ZL2CI words?)

A requirement for integrability (or “holonomicty”) 1s that double differentials are symmetric.
0°c” 9°c”

dq’9g* - dg* g’

Force components F/ =§9,f = ¢? must satisfy reciprocity relations to be gradients of a ¢’ function.
q

Integral constraint differentials General differential constraint relations
oF B 9%c’ B aFJ?/ doC!  mayor 8C}/
aqj a E)qjaqk B qu aqf may not be aqk
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Cycloid-like curves for rolling constraints
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Cycloid-like curves for rolling constraints

First: A regular cycloid construction
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| Here the radius jis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n
is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
Re¢d circle rolls left-to-right|on y=3.82 ceilin
Contact point goes [from (x==6/2{=3.82) to =0
\
\\ \\\ P
Ceiling y=3.82 ‘\5\ AL AN %Q\
________________________________________ Pl ____A________________I\ RN AV I A % .
i NG N SR N
NN SN
/ / \ \ \ [ SOWAA. \
] ] | :@z 865
LN {SEEEESE 8P%
\ \ / / N AT s N N/
\ \ / / AV VAV A &SN N R
NG AN B SR E57%08 78 BRRRE PNV /7 4 LAY Va
e S o e
: = : —— — = ).t
Green circle rolls right-to-left on y=[1.91 celimg”_ A~ | B TN Ngl__. [ z ‘
Contact point goes [from (x=0, y=1.91) to X26/2 AN /ﬁ/ /6 \
/ N AN RNZANE 7@; 77\
: A )
3R=995 = Radius R
/ \\} /
\ T N IS s
NS i NIV /
---------------------------------------- e S LS SN
pn llw/6 10m/6 9m/6 8m/6  Tm/6 |m S5n/6 2m/3 w2 w3 w6 Rotation angle ¢
124t —-10-9— 8 F G5 dpFe Do} P otolock
122 112 102 92 &2 72 62 52 42 32 22 )2 Arc length Ro+ (3/7)p

93




Here the radius fis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n
is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
Re¢d circle rolls left-to-right|on y=3.82 ceilin
Contact point goes (from (x56/2, y=3.82) to X
\\
Ceiling y=3.82 ”‘SQ\
. -
““““““““““““““““““ 7 AT N
// Ze \
/ \
’\ @.865 )
\ ANIR NN
Cethnpy=-99-r-——""""73—"""=""7--=-= BN /\ +
Green. circle rolls right-to-left on y=[1.91_ceilj 237 -9:1/\
Contact point goes [from (x=0, y=1.91) to P \
// PAN
L \
3/R=905= Radius K/
\\ 31{L‘I S 77 /
__________________________________ D /\
o 1lmw/6 10m/6  9n/6  8§m/6 ion angle ¢
19 11 10 ) 8 - (( g A /] g) ] () o’clock
14 11 1V 7 / ) J T - Lt ) & \U
12/2 11/2 10/2 9/2 2 7 6/2 5/2 4/2 3/2 2/2 1/2 Arc length Rp= (3/m)p
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Here the radius fis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n
is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
Re¢d circle rolls left-to-right|on y=3.82 ceilin
Contact point goes (from (x=6/2, y=3.82) to x=0.
\\
Ceiling|y=3.82
_____________________________________ e AN
// \
/
l\ )
\
- £
Cethnpy=-99-r-——""""73—"""=""7--=-= BN
Green. circle rolls right-to-left on y=[1.91_ceilj
Contact point goes [from (x=0, y=1.91) to P \
// \
1us K/
______________________________________ N /
2r 1Im/6 10m/6  9m/6  8m/6
19 11 10 ) 8 - g A /] g) ] () o’clock
14 11 1V 7 / J ar N L 1 \Uj
12/2 11/2 10/2 9/2 82 712 6/2 5/2 4/2 3/2 2/2 1/2 Arc length Rp= (3/m)p
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N LT

ius K

\

o~

[

Arc len

T

= (5/7)4
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865

// \\¥//

ius K

\_

1N 11 1.0 O 8 ~ 4 1 7] 4) (N o’clock
14 11 11V 7 / ) “r o po ) U
12/2 11/2 10/2 9/2 812 7/2 6/2 5/2 4/2 3/2 2/2 1/2 Arc length Rp= (3/%)96
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//—

865

N LT

ius K

L e Sl
K2 iz
_______________________________________________________ L 2SE LIS
n  1lmw/6 10m/6 9m/6 87 S5m/6 2 Rotation angle ¢
121 (
/2 11 Arc length Rop+= (3/7)p
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x = R(¢+sin @)
y= Rl = cos¢)

// \ \\\ N\WAL b
B \ \ / ]
NE VIS \ Ve VAN,
o RSN
2 e

N LT

D = Radius R

/
/
//
N
)</—
Z\
=
)
\\

1D 11 1.0 Q 8 r g 1 g) () o’clock
14 11 1V 7 / J u N L _ U,
2 11/2 10/2 972 8/2 712 6/2 5/2 4/2 3/2 2/2 1/2 Arc length Rop= (3/m)¢
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ds* = dx* + dy2 = 2R2(1 + cosq))a’(])2 = 4R*cos’ ga’(pz
X = R(¢+sin@) dx = R(1+cos®)d¢

v = R(1—cos¢) dy=Rsin¢gdo a’s:2Rcosgd¢ or:s:de:4Rsin§=4R %zJSRy=4R(if:y=2R)
| / yZZR (|)=TC
\ I ' s=4R
| " y / N | »=R =2
\ N s=2R?2
( ‘\ A A y=R(2—\/2)/2 O=r /4
N2 N< N = _
4R T A e = > ZR\/(Z \/2) Web Simulation - OscillatorPE
q) U Cycloidally constrained pendulum
/2/ s=\(8Ry)=4Rsin(0/2)
- 7 2TUR
Close to dy =tan(0/2)
Y 4R circle dx

Cycloid Lagrangian [, = mR?(1+ cos ¢)(/52 — mgR(1 - cos §) gives: Py = 2mR* (1+ cosP)g

and equation of motion i , i deosd ]2 (RS
o= (B9~ g)smg = SIng/ 2¢0s¢ = (R)” —g) tanﬂ Note: tang > oo
2 2 ¢—oIm

R* —
2R(1+cos9) (ko7 ~g) 4Rcos’¢/2

2R
. . 2 Sg - S2 . 4R ds 4R S
Time diff.eq.: §° =2gy, —2gy =2g integrates to: ¢ = [ dt = | = |—sin™' = +const.
8R g /Sz _ 2 g S0
0

Arc length oscillates: s = s, sin(wt —const.)  at frequency o =, /% of an /=4R pendulum.
¢ : ¢ 50

The rolling ¢-angle time behavior s=4R sinE = 5o sin(@t —const.) is: 7= sin”! {E sin(wt — const -)}

If initial value so is maximum so=4R then ¢(t) = 2t — const. has constant angular Velocity(b =20
for—m/2<p<m/2.
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Cycloid-like curves for rolling constraints

Angular constraint 1. Hyp()—CyCZOid
Oy = OR

(r=1)-circle rolling
inside (R=3)-circle

2.
S @(

175
‘ "3 hpo-cyclomg™N
2
Al

Web Simulation - OscillatorPE
Hypocycloidally constrained motion
Under construction
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http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=HypoCycloid
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=HypoCycloid
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=HypoCycloid
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=HypoCycloid

Cycloid-like curves for rolling constraints )

Angular constraint 1. HypO—CyC loid R+r

P
Oy = >R |

(r=1)-circle rolling
inside (R=3)-circle o N
'9 —_ 3() /
' ,

4
\@/ A &\\ \g% /
»’ y \)_) @, /

% | 2. - R-r
\f\ gw:
L :

1-ip- 3
\ *’ o-cyclogg
2

Web Simulation - OscillatorPE
Hypocycloidally constrained motion
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Cycloid-like curves for rolling constraints

Angular constraint
-0y = ()R
(r=1)-circle rolling
inside (R=3)-circle

-0 = 30

1. Hypo-cycloid

1~z'”

Web Simulation - OscillatorPE
Hypocycloidally constrained motion
Under construction

: : R
Hypo-cycloid constrained by: -0r =-R¢ or: 0 =—¢

2. Hyper-cycloid

_ r
x=—(R—r)sin¢+rsin(9—d)):r —(E—l)sin¢+sin(£—l
r r
— R R
y= (R—r)cosp+rcos(0-0)=r (——ljcos¢+cos(——1
|\ r

4
P

‘\‘\ . . R
Hyper-cycloid constrained by: 61 = R¢ or: 6 =—¢ )
\\ 4 r /.

x=—(R —.|:'r)sin¢ +rsin(0+0¢)= r{—(ﬁﬂ)singb + sin(£+1)¢
r r

f

//

y= (R+r)cosp—rcos(0+¢)= r{ (Eﬂ)cosgb— cos(£+1j¢)}
r

r

103


http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=HypoCycloid
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Cycloid-like curves for rolling constraints

Angular constraint
-0-r = qb'R
(r=1)-circle rolling
inside (R=3)-circle

1. Hypo-cycloid

-0 = 30
5 R
% -0 2.
/‘Q ﬂo""
7 < N\
Q & <2
\\7]“
9
v
2 =
)@\’\ 'l’l-3 }lypo_cyCZOi
=2
20
)

2. Hyper-cycloid
Hyper-cycloid constrained by A=£ +1, 6=(A-1)p =
r

X =—Asing+rsin Ao, y= Acos(—rcosAp.

x*/r* = A’sin” ¢ — 2 Asin¢sin A +sin® Ag,

y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ,
Ir*+y° lr’ =A% -2 A(sin¢ sin Ap+cos¢ cos Ap)+1

r

/
R d
p 4
—_— /
/
/

j

\R+r

| b s ) > 4 ,/ M
— = .
l L \
1' 7 ‘
| —
J :
! /
I P ‘
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Cycloid-like curves for rolling constraints

Angular constraint
-0-r = R
(r=1)-circle rolling
inside (R=3)-circle

1. Hypo-cycloid

-0 = 30
5 R
% -0 2.
/‘Q qo""
7 < N\
Q & <2
\\7]“
9
v
2 =
@\’\ 'l’l-3 }lypo_cyCZOi
=2
20
)

2. Hyper-cycloid

R R
Hyper-cycloid constrained by A=—+1, 0 = (A-1)p =—¢
r r
X =—Asing+rsin Ao, y= Acos(—rcosAp.

x*/r* = A’sin” ¢ — 2 Asin¢sin A +sin® Ag,

y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ,
Ir*+y° lr’ =A% -2 A(sin¢ sin Ap+cos¢ cos Ap)+1

p’Ir’=A*-2Acos(A-1)p+1

Hyper-cycloid radius p:

j

R+r

)
y
. /
; ; —— t
[ | \\
N \
1' ‘
f =
/ >
I P
I Ve |
f S
i yd
I | //

105



Cycloid-like curves for rolling constraints

Angular constraint
-O0-r =R
(r=1)-circle rolling
inside (R=3)-circle

1. Hypo-cycloid

Q

-0 =3¢
/ N
9 |7}
Oy -
/‘Q qo""
7 \ AN
Q & <
X »
9
el
}O) =
@\’\ ~in-3 }lypo_cyCZOi
™
20
o)

2. Hyper-cycloid
Hyper-cycloid constrained by A=£ +1, 6=(A-1)p = B(b
r r

X =—Asing+rsin Ao, y= Acos(—rcosAp.
& x*/r* = A’sin” ¢ — 2 Asin¢sin A +sin® Ag,

y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ,
2Ir*+y° lr* =A% -2 A(sin¢ sin Ag+cos¢ cosA¢)+1

j

\R+r

p’Ir’=A*-2Acos(A-1)p+1
Hyper-cycloid radius p:

\p =R*+4(R+r)rsin —<p

P> =(R+r)’ 2(R+r)rcos—(l>+r |
=R°+2(R+7r)r— 2(R+r)réos£¢

T

| | = = %
| /
| P
| N
J _
| .
| b
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Cycloid-like curves for rolling constraints

Angular constraint
-9'1" = (')'R
(r=1)-circle rolling
inside (R=3)-circle

1. Hypo-cycloid

-0 =3¢
£
& R
% -0 2.
/\\\ qo"“
7 < N\
Q & <2
OSG 7]‘
9
[«
2 =
A 13 hapo-cyel
NS
20
13}

2. Hyper-cycloid
Hyper-cycloid constrained by A=£ +1, 6=(A-1)p = B(b
r r

X =—Asing+rsin Ao, y= Acos(—rcosAp.

x*/r* = A’sin” ¢ — 2 Asin¢sin A +sin® Ag,

y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ,
Ir*+y° lr’ =A% -2 A(sin¢ sin Ap+cos¢ cos Ap)+1

j

JR+F

P2 Ir*=A>=2 Acos(A-1)p+1

R-
P’ =(R+r)’=2(R+r)r COS:;‘—\‘(fH-rZ &
Hyper-cycloid radius p: r

R
=R*+2(R+7)r—2(R+r)r cos—¢

r
\p2 =R*+4(R+r)r sin2£¢

Hyper-cycloid velocity 2r

Xr=—Apcosp+ApcosAp,  yir =—Adsing+Apsin Ap.

s rl‘x p - ‘A--‘VA{:‘- — - &
L N\

| e \

| /-

| A

| =r

f ,/

f F
I /

107



Cycloid-like curves for rolling constraints

Angular constraint
-0'1" = (j)'R
(r=1)-circle rolling
inside (R=3)-circle

-(9 = 3¢

1. Hypo-cycloid 2. Hyper-cycloid
R R
Hyper-cycloid constrained by A=—+1, 8 =(A-1)p =—¢
r r
X =—Asing+rsin Ao, y= Acos(—rcosAp.
& - P x*/r* = A’sin” ¢ — 2 Asin¢sin A +sin® Ag,
&f e S y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ,

{ ¢ Ir*+y° Ir’=A> -2 A(sin¢ sin Ap+cosp cos Ag)+1 .
p’Ir’=A*-2Acos(A-1)p+1 P’ =(R+r)’=2(R+r)r cos—p+r° &
r
Y ) : : , . R
o Hyper-cycloid radius p: = R2(R7)r—2(R47)r 08 —0 )
1-in. 0- - R r <
Ja\'\@ 3/2)’17 cyelo;, . . \p2 =R2+4(R+I”)I" Sin2_¢
22 Hyper-cycloid velocity 2r

j

,d_R+r

X/r = —Ap cos +Ap cos Ap,
X’ = A’9 cos” p—2 Ap’cos P cos Ap+A>p’cos’ Ag
V2 Ir* = A*¢’sin® 9—2 A%’ singsin Ap +A°) sin” Ap

yir = —Agdsin ¢+ A sin Ap.

¥ i ASS R — X
! «* L
IJI pZ
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Cycloid-like curves for rolling constraints | o
r NEASES
Areles conseans 1. Hypo-cycloid 2. Hyper-cycloid |’ - |
e Hyper-cycloid constrained by A=§ +1, 6=(A-1)p = §¢ ) = 5\
V= 2 - x=—Asing+rsinAp, y= Acosd—rcosAg. % N
° -9 . \2 x*/r* = A’sin® ¢ — 2 Asingsin Ag + sin’® A9, N
o S y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ, "X A
{ ) Ir*+y° lr’ =A% -2 A(sin¢ sin Ap+cos¢ cos Ap)+1 ol gb\l |
p’Ir’=A*-2Acos(A-1)p+1 P =(R+r)*=2(R+r)r cos—p+r" | \ / \
> Hyper-cycloid radius p: =R>+2(R+1)r—2( R+r)1}: cOoS Eq) ) R
o > S p— R r L
N cvelo; . . \p2 =R’+4(R+r)r Sln2—¢
22 Hyper-cycloid velocity 2r
il = —Adcos¢+Abcos Ap,  Jir = —Adsinp+Apsin Ap. |
X’ = A’9 cos” p—2 Ap’cos P cos Ap+A>p’cos’ Ag d
V2 Ir* = A*¢’sin® 9—2 A%’ singsin Ap +A°) sin” Ap

X4 Ir’=2A%)" (1 - cos ¢ cos Ap+sin ¢ sin Ap)=2A>)* (1 — cos(A-1)p)
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Cycloid-like curves for rolling constraints

Angular constraint
-0‘]" =R
(r=1)-circle rolling
inside (R=3)-circle

-0 =3¢

%
A

/

N B

-0

%I%

1. Hypo-cycloid

]~ .
=3 hyp 0-cyclo;,

2. Hyper-cycloid

R R
Hyper-cycloid constrained by A=—+1, 0 = (A-1)p =—¢
r r
X =—Asing+rsin Ao, y= Acos(—rcosAp.

& x*/r* = A’sin” ¢ — 2 Asin¢sin A +sin® Ag,
y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ,
Ir*+y° lr’ =A% -2 A(sin¢ sin Ap+cos¢ cos Ap)+1

R

j

h_R+r

p’Ir’=A*-2Acos(A-1)p+1
Hyper-cycloid radius p:

. . \p2 =R*+4(R+7)r sin2£¢
Hyper-cycloid velocity 2r

p2=(R+r)2—2(R+r)r COS :fb+r2 §
r

R
=R*+2(R+r)r—2(R+r)r cos—¢

r

Xr =—Apcosp+ApcosAp,  yir =—Apsinp+Adsin Ap.
X’ = A’9 cos” p—2 Ap’cos P cos Ap+A>p’cos’ Ag
V2 Ir? = A*¢’sin” p—2 A%’ singsin A +A°¢’sin”> Ap

X4 Ir’=2A%)" (1 - cos ¢ cos Ap+sin ¢ sin Ap)=2A>)* (1 — cos(A-1)p)
P°= X*+9°=2Ar*¢’ (1— cos(A-1)p)

e
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Cycloid-like curves for rolling constraints

Angular constraint
-0‘]" =R
(r=1)-circle rolling
inside (R=3)-circle

-0 =3¢

%
A

/

N B

-0

%I%

1. Hypo-cycloid

]~ .
=3 hyp 0-cyclo;,

2. Hyper-cycloid

R R
Hyper-cycloid constrained by A=—+1, 0 = (A-1)p =—¢
r r
X =—Asing+rsin Ao, y= Acos(—rcosAp.

& x*/r* = A’sin” ¢ — 2 Asin¢sin A +sin® Ag,
y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ,
Ir*+y° lr’ =A% -2 A(sin¢ sin Ap+cos¢ cos Ap)+1

R

j

h_R+r

p’Ir’=A*-2Acos(A-1)p+1
Hyper-cycloid radius p:

. . \p2 =R*+4(R+7)r sin2£¢
Hyper-cycloid velocity 2r

p2=(R+r)2—2(R+r)r COS :fb+r2 §
r

R
=R*+2(R+r)r—2(R+r)r cos—¢

r

Xr =—Apcosp+ApcosAp,  yir =—Apsinp+Adsin Ap.
X’ = A’9 cos” p—2 Ap’cos P cos Ap+A>p’cos’ Ag
V2 Ir? = A*¢’sin” p—2 A%’ singsin A +A°¢’sin”> Ap

Xy Ir*=2A%)” (1— cos¢ cos Ap+ sin@sin Ap)=2A)" (1 — cos(A-1)p)
= %*+y*=2Ar"¢° (1 - cos(A-1)p)=2(R+r)’¢" (1 - cos Eq))
r

e
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Cycloid-like curves for rolling constraints

Angular constraint
-0‘]" =R
(r=1)-circle rolling
inside (R=3)-circle

-0 =3¢

%
A

/

N B

-0

%I%

1. Hypo-cycloid

]~ .
=3 hyp 0-cyclo;,

2. Hyper-cycloid

R R
Hyper-cycloid constrained by A=—+1, 0 = (A-1)p =—¢
r r
X =—Asing+rsin Ao, y= Acos(—rcosAp.

& x*/r* = A’sin” ¢ — 2 Asin¢sin A +sin® Ag,
y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ,
Ir*+y° lr’ =A% -2 A(sin¢ sin Ap+cos¢ cos Ap)+1

R

j

h_R+r

p’Ir’=A*-2Acos(A-1)p+1
Hyper-cycloid radius p:

p2=(R+r)2—2(R+r)r COS :fb+r2 §
r

R
=R*+2(R+r)r—2(R+r)r cos—¢

r
. . \p2 =R’+4(R+r)r sin2£¢)
Hyper-cycloid velocity 2r

Xr =—Apcosp+ApcosAp,  yir =—Apsinp+Adsin Ap.
X’ = A’9 cos” p—2 Ap’cos P cos Ap+A>p’cos’ Ag
V2 Ir? = A*¢’sin” p—2 A%’ singsin A +A°¢’sin”> Ap

X+ I’ =2A%)° (1— cos ¢ cos Ap+ sinsin Ap)=2A’¢’ (1 — cos(A-1)¢)
= %*+y"=2Ar"¢° (1 - cos(A-1)p)=2(R+r)’¢" (1 — cos £¢)):4(R+r)2(f)2 sin” 2£<p
r r

e
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Cycloid-like curves for rolling constraints

Angular constraint
-0‘]" =R
(r=1)-circle rolling
inside (R=3)-circle

-0 =3¢

%
A

/

N B

-0

%I%

1. Hypo-cycloid

]~ .
=3 hyp 0-cyclo;,

2. Hyper-cycloid

R R
Hyper-cycloid constrained by A=—+1, 0 = (A-1)p =—¢
r r
X =—Asing+rsin Ao, y= Acos(—rcosAp.

& x*/r* = A’sin” ¢ — 2 Asin¢sin A +sin® Ag,
y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ,
Ir*+y° lr’ =A% -2 A(sin¢ sin Ap+cos¢ cos Ap)+1

R

j

h_R+r

p’Ir’=A*-2Acos(A-1)p+1
Hyper-cycloid radius p:

p2=(R+r)2—2(R+r)r COS :fb+r2 §
r

R
=R*+2(R+r)r—2(R+r)r cos—¢

r
. . \p2 =R’+4(R+r)r sin2£¢)
Hyper-cycloid velocity 2r

Xr =—Apcosp+ApcosAp,  yir =—Apsinp+Adsin Ap.
X’ = A’9 cos” p—2 Ap’cos P cos Ap+A>p’cos’ Ag
V2 Ir? = A*¢’sin” p—2 A%’ singsin A +A°¢’sin”> Ap

X+ I’ =2A%)° (1— cos ¢ cos Ap+ sinsin Ap)=2A’¢’ (1 — cos(A-1)¢)
= %*+y"=2Ar"¢° (1 - cos(A-1)p)=2(R+r)’¢" (1 — cos £¢)):4(R+r)2(f)2 sin” 2£<p
r r

e

Hyper-cycloid energy and dynamics based on: E = Jymp*—Ymo: p* = const. with a repulsive PE: V(p)=-Ymaw¢ p*
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Cycloid-like curves for rolling constraints | o
r NEASES
el consain 1. Hypo-cycloid 2. Hyper-cycloid |’ -
5;;31'2;:‘;{2?;;;5 Hyper-cycloid constrained by A=§ +1, 0=(A-1)p= §¢ ) = | !\
V= 2 - x=—Asing+rsinAp, y= Acosd—rcosAg. % N
® -9 LN x*/r* = A’sin® ¢ — 2 Asingsin Ag + sin’® A9, N/
A N = y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ, XA
{ ) Ir*+y° lr’ =A% -2 A(sin¢ sin Ap+cos¢ cos Ap)+1 ol , gb\l
p’Ir’=A*-2Acos(A-1)p+1 P =(R+r)*=2(R+r)rcos—p+r" | =/ \ /
9 Hyper-cycloid radius p: =R2+2(R+r)r—2(R+r)1’:cos EQ) Y N
o = S p—— R r L
Vg elor . . \p2 =R*+4(R+1)r sm2—¢
- Hyper-cycloid velocity 2r
ilr = —Abcos@+Apcos A, yir = —Adsing+Apsin Ap. |
X’ = A’9 cos” p—2 Ap’cos P cos Ap+A>p’cos’ Ag d
V2 Ir? = A*¢’sin” p—2 A%’ singsin A +A°¢’sin”> Ap

X+ I’ =2A%)° (1— cos ¢ cos Ap+ sinsin Ap)=2A’¢’ (1 — cos(A-1)¢)
= %*+y"=2Ar"¢° (1 - cos(A-1)p)=2(R+r)’¢" (1 — cos £¢):4(R+r)2(f)2 sin’ 25<p
r r

Hyper-cycloid energy and dynamics based on: E = Jymp*—Ymo: p* = const. with a repulsive PE: V(p)=-Ymaw¢ p*

: : . 2E, .
Start with 100% Potential Energy (9, =0) at p, =R : —2 = po—®_; ps = -0, R* = const.
m
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Cycloid-like curves for rolling constraints | o
r R
el consion 1. Hypo-cycloid 2. Hyper-cycloid |’ -
5;;323;;3; ;g?;gg Hyper-cycloid constrained by A=§ +1, 0=(A-1)p= §¢ ) = | !\
0= 2 - x=—Asing+rsinAp, y= Acosd—rcosAp. T AR
® -9 LN x*/r* = A’sin® ¢ — 2 Asingsin Ag + sin’® A9, N
SINA S y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ, XA
{ ) Ir*+y° lr’ =A% -2 A(sin¢ sin Ap+cos¢ cos Ap)+1 ol , / gb\l
p’Ir’=A*-2Acos(A-1)p+1 P =(R+r)*=2(R+r)r cos—p+r" | \ /
9 Hyper-cycloid radius p: — R™M2(R+r)r—2(R +r)1’: 08 R o\ ~—
o = T-in3 oo R r y
Vg elor . . \p2 =R*+4(R+1)r sm2—¢
- Hyper-cycloid velocity 2r
ilr = —Abcos@+Apcos A, yir = —Adsing+Apsin Ap. |
X’ = A’9 cos” p—2 Ap’cos P cos Ap+A>p’cos’ Ag d
V2 Ir? = A*¢’sin” p—2 A%’ singsin A +A°¢’sin”> Ap

X+ I’ =2A%)° (1— cos ¢ cos Ap+ sinsin Ap)=2A’¢’ (1 — cos(A-1)¢)
= %*+y"=2Ar"¢° (1 - cos(A-1)p)=2(R+r)’¢" (1 — cos £¢):4(R+r)2(f)2 sin’ 25<p
r r

Hyper-cycloid energy and dynamics based on: E = Ymp*—Ysmwp® = const. with a repulsive PE: V(p)=-Ymw? p*

: : . 2E, .
Start with 100% Potential Energy (9, =0) at p, =R : —2 = po—®_; ps = -0, R* = const.
m

Then at any time ¢ : P~ p; =-w_R* = const. (Constant total energy)
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Cycloid-like curves for rolling constraints o
|I" +r
: . . |
s consin 1. Hypo-cycloid 2. Hyper—cyclozg . ).
e Hyper-cycloid constrained by A:7 +1, 0=(A-1)p= 7(]) . > | 5\
=3 7 2 x=—Asing+rsinAp, y= Acosp—rcosAp. T
& -0 . \2 x*/r* = A’sin® ¢ — 2 Asin¢sin Ap + sin” Ag, |
V@/f 2 N 5 y’/r* = A’cos” ¢ — 2 Acosp cos AP+ cos” Ao, XA
r
4 Ir*+y° Ir’=A> -2 A(sin¢ sin Ap+cosp cos Ag)+1 b | gb\l
p*lr*=A*=2 Acos(A-1)p+1 p’=(R+r)’=2(Rtr)rcos—o+r> |/ \ /
: . r '
o Hyper-cycloid radius p: = R242(R47)r—2( R4 )r cos Eq) / 4
52 : 7 L
1-ip- e > . R
%\\@ T po-crels; P’ =R*+4(R+r)rsin’—¢
S : :
z Hyper-cycloid velocity 2r
X/r = —Ap cos +Ap cos Ap, yir = —A¢dsind+Apsin Ap. /
X’ = A’9 cos” p—2 Ap’cos P cos Ap+A>p’cos’ Ag
V2 Ir? = A*¢’sin” p—2 A%’ singsin A +A°¢’sin”> Ap

)'cz/r2+)'72/r2= 2A2(]52 (1—-cos¢cos Ap+sin@sin Ap)= 2A2q§2 (I—cos(A-1)¢p)
= %*+y"=2Ar"¢° (1 - cos(A-1)p)=2(R+r)’¢" (1 — cos £¢)):4(R+r)2¢52 sin’ 2£¢
r r

Hyper-cycloid energy and dynamics based on: E = Ymp*—Ysmwp® = const. with a repulsive PE: V(p)=-Ymw? p*

2F
Start with 100% Potential Energy (9, =0) at p, =R : —2 = po—®_; ps = -0, R* = const.
m

Then at any time ¢ : P~ p; =-w_R* = const. (Constant total energy)

. R R
4(R+r)’¢’ sin’ 2—¢ ~0] [R2+4(R+r)r sinzz—gb} =-w;R* = const.
r r
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Cycloid-like curves for rolling constraints o
|I" +r
: . . |
s consin 1. Hypo-cycloid 2. Hyper—cyclozg . ).
e Hyper-cycloid constrained by A:7 +1, 0=(A-1)p= 7(]) . > | 5\
=3 7 2 x=—Asing+rsinAp, y= Acosp—rcosAp. T
& -0 . \2 x*/r* = A’sin® ¢ — 2 Asin¢sin Ap + sin” Ag, |
V@/f 2 N 5 y’/r* = A’cos” ¢ — 2 Acosp cos AP+ cos” Ao, XA
r
4 Ir*+y° Ir’=A> -2 A(sin¢ sin Ap+cosp cos Ag)+1 b | gb\l
p*lr*=A*=2 Acos(A-1)p+1 p’=(R+r)’=2(Rtr)rcos—o+r> |/ \ /
: . r '
o Hyper-cycloid radius p: = R242(R47)r—2( R4 )r cos Eq) / 4
52 : 7 L
1-ip- e > . R
%\\@ T po-crels; P’ =R*+4(R+r)rsin’—¢
S : :
z Hyper-cycloid velocity 2r
X/r = —Ap cos +Ap cos Ap, yir = —A¢dsind+Apsin Ap. /
X’ = A’9 cos” p—2 Ap’cos P cos Ap+A>p’cos’ Ag
V2 Ir? = A*¢’sin” p—2 A%’ singsin A +A°¢’sin”> Ap

)'cz/r2+)'72/r2= 2A2(]52 (1—-cos¢cos Ap+sin@sin Ap)= 2A2q§2 (I—cos(A-1)¢p)
= %*+y"=2Ar"¢° (1 - cos(A-1)p)=2(R+r)’¢" (1 — cos £¢)):4(R+r)2¢52 sin’ 2£¢
r r

Hyper-cycloid energy and dynamics based on: E = Ymp*—Ysmwp® = const. with a repulsive PE: V(p)=-Ymw? p*

2F
Start with 100% Potential Energy (9, =0) at p, =R : —2 = po—®_; ps = -0, R* = const.
m

Then at any time ¢ : P~ p; =-w_R* = const. (Constant total energy)

5 ., R . >R
4(R+r)’¢’ sin’ 2—¢ —02 | REA4(R+1)r smzz—gb} = -@WZR* = const.
r r
2 —

(R+7) ¢’ ~o}|r]=0
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Cycloid-like curves for rolling constraints

Angular constraint

1. Hypo-cycloid

07 = &R
o , , R R * i
fﬁ;éﬁj};fjff;ﬂ‘c‘}f Hyper-cycloid constrained by A:7 +1, 0=(A-1)p= 7(]) > = 5\
=3 7 2 x=—Asin@+rsin Ag, y= Acos(—rcosAp. e Al
o -0 N2 x*/r* = A% sin® ¢ — 2 Asinsin Ag + sin® Ag, |
&//& B 5 y’Ir* = A’cos” ¢ — 2Acosd cos A+ cos” AQ, XA
v Ir*+y° Ir’=A> -2 A(sin¢ sin Ap+cosp cos Ag)+1 ol i gb\l
p’Ir’=A*-2Acos(A-1)p+1 P =(R+r)*=2(R+r)rcos—p+r" | =/ \ /
: : r '
o Hyper-cycloid radius p: = R242(R47)r—2( R4 )r cos EQ) 4
1-ip. o-c > . R
%\\@ T po-cyely . . \p2 =R*+4(R+r)rsin”—¢
2 Hyper-cycloid velocity 2r
X/r = —Ap cos¢p+Ad cos Ap, yir = —Agdsin ¢+ A sin Ap. /
X’ = A’9 cos” p—2 Ap’cos P cos Ap+A>p’cos’ Ag

j

A‘__R+r

2. Hyper-cycloid «

V2 Ir? = A*¢’sin” p—2 A%’ singsin A +A°¢’sin”> Ap

)'cz/r2+y2/r2= 2A2q§2 (1—-cos¢cos Ap+sin@sin Ap)= 2A2q§2 (I—cos(A-1)¢p)
= %*+y"=2Ar"¢° (1 - cos(A-1)p)=2(R+r)’¢" (1 — cos £¢)):4(R+r)2¢52 sin’ 2£<p
r

r

Hyper-cycloid energy and dynamics based on: E = Ymp*—Ysmwp® = const. with a repulsive PE: V(p)=-Ymw? p*

2F
Start with 100% Potential Energy (9, =0) at p, =R : —2 = po—®_; ps = -0, R* = const.
m

Then at any time ¢ : P~ p; =-w_R* = const. (Constant total energy)

4(R+r)°9° sin” 2£¢ ~0]
r

(R+r) ¢’

. » R
R +4(R+1)r smzz—gb} = —coéR2 = const.
r

ko

=0 Results in hyper-circle orbitine at constant ¢ = A
] Vp g 6 @,/ e

and turning at constant 0 = Eq) = K
r © Jr(R+T)
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Cycloid-like curves for rolling constraints
Quickest intra-planetary subways
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Web Simulation - OscillatorPE
Cycloidally constrained pendulum

http://www.uark.edu/ua/modphys/markup/CycloidulumVVeb.html

H4

120


http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html
http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Cycloidulum
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Cycloidulum
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Cycloidulum
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&modelType=Cycloidulum

A-Subways  Longitudinal — B-Subways
Terminal distance A®  Terminal

< o> \ f

Local L-Subway | (42 minutes)

Local V-Subway \
[ ocal Cycloid—Ssz%gl\

Station A
(Arrive)

\ Station
| (Begin)
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