Introduction to Orbital Dynamics
(Ch. 2-4 of Unit 5 12.01.15)

Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials
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Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V=V(p)
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In either case: IHO or Coulomb orbit blows up if k is negative.

NOTE: Our Coulomb field is attractive if k is positive
That is,if -k/p is negative.

Coulomb V(p) =-k/p

(Explicit minus (-) convention)
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
3 Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations <«

\ (A mystery similarity appears)
Quadrature integration techniques /
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m 2 M 2 M., M 2.0 M., U oT o=—"—
T=—g p+—g 0" =—p +—p¢-=—p°+ where: p, = — = mp~¢ = const = |1 2

27PP 279 2 2 2 2mP2 ’ ¢ For ALL central forces mp

2
Total energy E=T+V(p)=T _|_2H
m

>+ V(p) conserved for constant parameters m and k of T and V(p).

Effective potential for IHOscillator V'(p)-+,/>  Effective potential for Coulomb V() =/

2 2
. 1 k
E=T+V9(p)=Zp2+ L 4 kp? 2 E=T 4V mp, H K
(p) ZP 5+ kp 1511 M(/tjg) 2P T
_1 Pstable /
'/ |1 ﬁWﬁ?’ ....................

This plot shows

negative values of
V(r)=-k/p (attractive)

nw=04
w-0 apogee P
m .»

iz perigee P
Classical turning radi p+ for bound orbits are where radial kinetic energy ,J 1S Zero.

24



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters

3 Polar coordinate differential equations -

eorn | ™ st s
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Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=—"—
I'=—g p+—g, 0" =—p°+—p¢"=—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 22 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+ V¥ (p)= T+2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,0) equations for Coulomb V(p) =-k/p
2 2
myp_po Ly p=_t 99 Mg pp
2 2mp2 2 mp2 dt 2 2mp2

31



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)
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Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)
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Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)
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Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)
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Y SN A Let: x = uz=L SO: 1 d _E —
: % A 2 U Y qu="2 m 2 m
moomt o my p RN m.
dq)—ﬁ —dx : L X d¢_£ —dx
m 2 m 2E [i*x 2k
2\/;\/2'-{5—‘%;—]( """"""""""""""""""""""""""""""""" 2\/;\/’%_#;_2\/;
i y
dp=t —— = dp="- d
m m m
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters

Polar coordinate differential equations <« \ (A mystery similarity appears)
3 Quadrature integration technique/
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,0) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ,u_x2_2_Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz
¢(z)= D]

\/—(Az2 + Bz + C)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,0) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ,u_x2_2_Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz dz dz
¢(z)=D]

B D _ D
[+ mirc) VA )ex) VA Yo -o)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mp2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2ﬂ >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ,u_x2_2_Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz dz dz
¢(z)=D]

D D
=—=] =—=]
\/—(Az2 +Be+C) VAT (z=z)(x-x) VA Yz -2)(z-2)
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .
Defining o and (3:
e =o0xp
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mp2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2ﬂ ~+V(p) conserved for constant parameters m and k of T'and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ‘u—xz—z—Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V(p)=kp" repeatedly enjoy the integral ¢(z) below. anuoduced bricsty in Unit 3)
dz dz dz
¢(z)=D]

D D
=—] =—]
\/—(Az2+Bz+C) VAT (z=z)(x-x) VA Yz -2)(z-2)
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .

Defining o and [3: c 42 —B . —» VB —aAcC
7, =at 3, where: a=—"—== ,and: f="t—"—=
N 2 2A 2 2A

Solution based on quadratic roots of Az°+Bz+C=0.
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mp2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2ﬂ ~+V(p) conserved for constant parameters m and k of T'and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ‘u—xz—z—Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V(p)=kp" repeatedly enjoy the integral ¢(z) below. anuoduced bricsty in Unit 3)
dz dz dz
¢(z)=D]

D D
=—] =—]
\/—(Az2+Bz+C) VAT (z=z)(x-x) VA Yz -2)(z-2)
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .

Defining o and [3: c 42 —B . —» VB —aAcC
7, =at 3, where: a=—"—== ,and: f="t—"—=
N 2 2A 2 2A

Solution based on quadratic roots of Az°+Bz+C=0.

JA

D

. 1%~
= S1n

dz
¢(z) =]
R P p
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mp2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2u ~+V(p) conserved for constant parameters m and k of T'and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ‘u—xz—z—Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V(p)=kp" repeatedly enjoy the integral ¢(z) below. anuoduced bricsty in Unit 3)
dz dz dz
¢(z)=D]

D D
=—] =—]
\/—(Az2+Bz+C) VAT (z=z)(x-x) VA Yz -2)(z-2)
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .

Defining o and [3: c 42 —B . —» VB —aAcC
7 =atf ,where: a=""—== ,and: f="t—"—=
N 2 2A 2 2A

Solution based on quadratic roots of 4z°+Bz+C=(. Variable z may be p or u=1/p or p° or x=1/p"...

JA

D

dz :Sin_1Z—OC (¢)_\/Bz_4ACSin£¢ ) i
JB - (z-a) P =T D oA

¢(z)=]
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mp2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2u ~+V(p) conserved for constant parameters m and k of T'and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ‘u—xz—z—Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V(p)=kp" repeatedly enjoy the integral ¢(z) below. anuoduced bricsty in Unit 3)
dz dz dz
¢(z)=D]

D D
=—] =—]
\/—(Az2+Bz+C) VAT (z=z)(x-x) VA Yz -2)(z-2)
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .

Defining o and [3: c 42 —B . —» VB —aAcC
7 =atf ,where: a=""—== ,and: f="t—"—=
N 2 2A 2 2A

Solution based on quadratic roots of 4z°+Bz+C=(. Variable z may be p or u=1/p or p° or x=1/p"...

JA

D

& _gin1 224 . VB’ —4AC A o B
VB —(z-a) P T TTA D 24
JA

z2(¢) = g - Sin?(P -«

¢(z)=]
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mp2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2u ~+V(p) conserved for constant parameters m and k of T'and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ‘u—xz—z—Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V(p)=kp" repeatedly enjoy the integral ¢(z) below. anuoduced bricsty in Unit 3)
dz dz dz
¢(z)=D]

B D _ D
T ebire) VA o)) VA Jo-ai—o)

Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .
4tz —-B

- B* —4AC
zy =0t 3, where: a= = ,and: f= e Tl \/
B 2 2A 2 2A

Solution based on quadratic roots of 4z°+Bz+C=(. Variable z may be p or u=1/p or p° or x=1/p"...

JA

D

¢(z)=]

dz .
VB —(z-a) B W= S0 - o
[ z2(¢) = B - Sin£¢ — Oﬂj 0

D
radial-polar-coordinate orbit function \




Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters

Polar coordinate differential equations «— (A mystery similarity appears)
3 Quadrature integration technique/
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT 5. o=—"—
I'=—g p'+—g, 0" =—p+—p°0"=—p~+ where: p, = —=mp ¢ =const = [ 2
2 7P 270 2 5 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+ V¥ (p)= T+2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,¢) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
dgb:% 2 —dx d¢=ﬂ —du
m 2
2 |- ,u_x2_2_Ex+£ Let:x=uz=L Let: u=l - ‘u—u2+%u—2—E
m2 m m p? p m2 m m
dZ dZ dZ D dZ D 1 Z— U

=D]

_ D _ D
[ pnc) VA ) o) VAN 96 ) VA [P (eay VA P
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT 5. o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“¢=const=[I 2
27PP 270 2 5 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
d(b = % —dx d(l) _ E —du
2 m 2
- ,u_x2_2_Ex+£ Let:x=uz=L Let: u=l - ‘u—u2+%u—2—E
m2 m m p? p m2 m m
=D dz dz dz dz D Gin~! -

7! 7! = _
\/_(Az2+Bz+C) JA \/_(Z—Z+)(Z—Z_) JA \/(Z+—Z)(z—z_) JA \/ﬁz—(z—a)z T
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+[3).

VB2 —4AC oA

—B :
o=—/, fB= Z=0+ psin
2A P 2A P
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy 7T 1n polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)

2 .U

U oT d=—"—
where: p, = —=mp (p const = [l 2

2 - a¢ For ALL central forces mp

" m _m .o m 2-2:ﬁ-2+

Total energy E=T+ V¥ (p)= T+2 ~+V(p) conserved for constant parameters m and k of T and V(p).
m
(0,¢) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
dgb:i% 2 —dx d¢=ﬂ —du
T m 2
Eg\/—(‘uzxz—zEx+k) Let:x=uz=L Let: u=l \/—(‘uu2+2ku—2E]
Nm® mom p’ p m* o omom
dz - DS dg D dz dz D . _z-«
o="D] : =l == =S T
. \/—(Az +Bz+C) JA A-(z-z)(z-z.) VAT J(z, - 2)(z-2 \/— \/ﬁ JA
: Roots zy are classzcal turning points (perigee z_=o— 6 apogee z..= oz+6)
.- ,- : _B VB* —4AC oA
! - - ao=— , B= z=0+ Psin
CTTTTTLITTTTTT R ST 2A 2A
2 ' :
gt g 2B ok K
m? m m 2m:
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy 7T 1n polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)

2 .U

U oT d=—"—
where: p, = —=mp (p const = [l 2

2 - a¢ For ALL central forces mp

2

Total energy E=T+V(p)=T +2
m

(0,¢) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
' —dx

dg =+ i =
'm 2 ¥/ 2 :

- 2F k -
Eg\/—(‘uxz—x+) Let:x=uz=L Let: u=l \/—(‘uu2+2ku—2E] :

m*>omom p’ p

2mp

~+V(p) conserved for constant parameters m and k of T and V(p).

dz - ﬂ."'.D | dz _ D [ dz dz B D,.';in_1 Rt _’::a
\/—(Az +'Bz+c) VA (zmn)(zm2) VA Jz-2)(z- 2 */— VB~ \/Z P
Roots zy are classzcal turning points (perigee z_=o— 6 apogee z. = oz+6) "

: o= -5 , p= \/B —4AC =0+ .BSHI ¢\/—
Sty T . ,7""'""""5 2A 2A

gt g 28 ok po M A:“— p="% c=_-%2% p=_H:
m ' 2 m '
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy 7T 1n polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)

2 .U

7 oT o=——
where: p, = —=mp (p const = |1 2

2 - a¢ For ALL central forces mp

2

Total energy E=T+V(p)= T+2
m

2mp

~+V(p) conserved for constant parameters m and k of T and V(p).

(0,0) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
' —dx T g

¢::— : 1
m 2 M 2 .
.. 2F k '

E — ‘u—xz——x+— Let:x=u2=L Let: u=l — ‘u—u2+%u—2—E .
No\m® omoom p* p mmm )

\/—(Az +°Bz+C) VA (z-2)(zm2) VA (7 -2)(z- \/_ \/ﬁ \/Z
Roots zy are classzcal turmng pomts (perigee z_=q— 6 apogee z, = oz+ﬁ)

____________ ﬁ_\/B 2A4AC z—oc+,Bsm¢\/Z

p=-t A:“— B="2 ¢c=-22 p=-H:
. 7 Lo
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy 7T 1n polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)

2 .U

7 oT o=——
where: p, = —=mp (p const = |1 2

2 - a¢ For ALL central forces mp

2

Total energy E=T+V(p)= T+2
m

2mp

~+V(p) conserved for constant parameters m and k of T and V(p).

(0,0) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
: —d Py g
do ::E a do :.E du :
'm 2 m: 2 :
- 2F :
12, [~ ‘u—zxz——x+£ Let:x=u2=L Let: u=l - 'u—uz"‘&”—z—.E :
' m " m P2 P m’ M ")
dz -~ ‘D dz D dz dz D 1 1o
5 \/—(Az +Bz+C) VA f~(z-2)(z-2) VA J(z-2)(z-= */— VB~ \/Z
: Roots zy are classzcal turning points (perigee z_=o— 6 apogee z, = oz+6)
.- ,- ; -B , \B*-44C oA .
; : : o= , B= z=0+f3 sin - :
CTTTTTLTTTTTT ST ST 2A 2A :
2 ' : 2 '
m’ m . 2m; m* m m L
E _
o= — o= 2k ’
1 im Uoim
B \/E2 — k,uz/m Algebra details|on following pages 3 \/k2 + 2Eu2/m
.Uz/m - ,Ltz/m
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy 7T 1n polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)

2 .U

U oT d=—"—
where: p, = —=mp (p const = [l 2

2 - a¢ For ALL central forces mp

2

Total energy E=T+V(p)=T +2
m

(0,¢) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
' —dx

2mp

~+V(p) conserved for constant parameters m and k of T and V(p).

p’ p

m m m

dg =+ i =
'm 2 ¥/ 2 :

- 2F k -
Eg\/—(‘uzxz—x+) Let:x=uz=L Let: u=l \/—(‘uu2+2ku—2E] :

5=D] . D I S & _D dz . _ D _zzo
\/—(Az +.Bz+C) VA \/ Z Z+ Z Z_ ) JA \/(z+—z)(z 7 \/_ \/ﬁ \/,_4_
: Roots zy are classzcal turning points (perigee z_=o— 6 apogee 7. = a+ 5)

: o= -5 , p= \/B —4AC =0+ .BSHI ¢\/—
Sty T . ,7""'""""5 2A 2A

gt g 28 ok po M A:“— p="% c=_-%2% p=_H:
m ' 2 m '

B \/E2 — k,uz/m Algebra details|\on following pages B \/k2 + 2E/,L2/m

2
/m
E% — ku?/ 1 -k k> +2Eu*/m |
o 1im 1% /m p Uim [ im
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Algebra details and checks

(0,0) orbits for IHOscillator V'(p) =kp"/2

2
g o 2E k51
m2 m m 2m
2E
m E' z,+
o= m2 - _tz
o 1 Wihm 2
m2
(2_E2_4u_2£
_ m mzm
ﬁ_ ‘LL2
235
m
(2Em Mk
B= m-m m* m :\/Ez—kﬂz/m_z+—z
N (- 2
le s

-,
-~
-~
-~
-~
-~
i
~

_—B

P+= or else:

B*-1AC

2A
(0,0) equations for Coulomb V'(p) =-k/p
2
A:‘u_ B:% C__2_E __4a
m2 m m m
2k
m -k oz, +z_
m _ _ 4+
N i m
2
2 2
2k 12 2E
- +4———

_\/(m) m% m _\/k2+2E,u2/m 7, -7
p= 2 - 2 D
N im
2
m

_ki\/k2+2E,u2/m
2E ps

—ki\/k2+2E,u2/m

,Ltz/m
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations
Quadrature integration techniques
> Detailed orbital functions
Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry
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Orbits in Isotropic Oscillator and Coulomb Potentials

(0,0) orbits for IHOscillator V'(p) =kp°/2

Energy:
E=k(a*+b%)/2

Angular momentum:

w=\(km) ab

Web Simulation
OscillatorPE - IHO

Apogee is
slower
turning poin

Perigee is -
faster
turning point [ D
p— | 2
(Just derived equation of IHO orbit ellipse )

= sin(—2¢)

1 E +\/E2—k,u2/m
p’ u*m

1 11 1 1( 1 1
— =t | =+t |+ | == 2
p? z[az bz] z(az bz]COS( ¢)

\One of many equations of center-centered ellipse )

X =

1> /m

-

A

[

(p,¢) orbits for Coulomb V(p) =-k/p

Energy:
E=k/
Angular momentum:
. w=N\km.|=o\(2m|E|)
1 = Bt \ 1
05 /-}% c \l 1
1 1 | 1 I I 1 1 1 _j 1 1 | I . 1 | 1 1 !4=I x
AN | / Web Simulation
I LJ:] —_— :Osci?laIOrPE - Coulomb
-0.5
— I
__ﬁ : Apogee is
Ei 1; : slower
[ | turning point
Perigee is Al |
| | P+
faster J |
turning point : os :|1 L |2
B 1 1 | 1 1 1 1 1 1 I 1 1 1 1
1l |
]l
!
L
(Just derived eqiiation of Coulomb orbit ellipse

" +\/k2+2E,u2/m

Y= — — sin(—

N p__[im W fm ) <

7 1 . \/ﬁ (to be discussed shortly) )
2 PR cos ¢

\One of many equations of focus-centered ellipse )
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http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&scenario=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&scenario=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&scenario=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&scenario=2
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_ Orbits in Isotropic Oscillator and Coulomb Potentials
(0,¢) orbits for IHOscillator V'(p) =kp°/2

Energy:
E=k(a*+b%)/2

Angular momentum

w=(km) ab

angle ¢

=X Web Simulation

(p,¢) orbits for Coulomb V(p) =-k/p

y major diameter
-~ :

Energy:
E=k/2a

2a=

> Angular momentum:
\ w=|km\|=m\(2m|E|)
\ b=

1 -0.5

1 [
0c 1 A=latus i minor /’a(liusI

\ L L JLadius

OscillatorPE - IHO

|
|
: Apogee is
| slower
' | turning poing”
Perigee is :1' : : oF A
faster F 1 | /
. . C | |
turning point | | |
IRy i ——
p— | 1 Ny P 2
y  E+E=kidim
P+ = A =d
e E—E*~kpi*/m _ 2
k
(to be discussed first: 1
(Just derived equation of IHO orbit ellipse h
1 E E* —ku’/m
r="3="3 +\/ 2 - Sin(_z‘P)
_ P U /m LU /m )

K

a
A

—lt':.".l——.":‘—

N
\Web Simulation
lOSCi?l?SLZOI”PE - Coulomb

on

Apogee is
slower

1
[

Ll — S

Perigee is -
faster
turning point

turning point

P+
1 2

||||||1.E:|||

Qi

urning point relations)

_ kK> 2E 1 Im

ek 2E 1 m
P+= °E

=a+a€

=a—a€

p- 2F

(from p.29 or p.57)

(Just derived equation of Coulomb orbit ellipse
L~k JK* +2E1%Im

sin(—¢)

u:—: >
- P Uim

,Ltz/m )
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Orbits in Isotropic Oscillator and Coulomb Potentials

(0,0) orbits for IHOscillator V'(p) =kp°/2

Energy:
E=k(a*+b%)/2

(p,¢) orbits for Coulomb V(p) =-k/p

Energy:
E=k/

Angular momentum: Angular momentum:
u=\(km) ab - u=\|km|=b\(2m|E|)
~ Q¥
n /D%.S \L
angle q) 1 1 | 1 I | 1 1 1 j 1 1 | I 1 | 1 1 \_Ix
“F .
Web Simulation = J/ Web Simulation
OscillatorPE - [HO i LJ:] — ” :Osci?laIOrPE - Coulomb
0.5
— |
Apogee is | .
IS? lng or _lﬁ : Apogee is
_ : : ' slower
- turning poin E: 1 | : .
. ~__1f | | furning point
Perigee is - Perigee is _}l : 04
faster : Jaster oft |
turning point [ 0 turning point | : os :I ’ |2
p_/g |2’ P— [ :inter—focal diameterll p
. ' O py—po=2ag
—k RN >
E+\E*~ku*/m 2, 2 2B o 9 4o =— =2 H ) SR
2= J 2 pAp i ===d"+b Pytp-="pr=2a — ket K+ 2E0%m
k JE kil N L P 2F e
o JE k2 2 EX =k Im o _
p’= \/ A k =a’=pt (P E “Cr kK22 E % m
k —qe — p_= Y =a—ua€
2 B—E—kiim P u? . K —kP=2E m _ ERE —u* 2 (from p.29 or p.57)
P+ P- 12 km o (2E)2 2Em

(to be discussed first.

"Just derived equation of IHO orbit ellipse h
E* —ku®/
X = 12: f +\/ 2‘umSin(_2¢)
- P Uim LU /m )

turning point relations)

(Just derived equation of Coulomb orbit ellipse
- k*+2Eu°/
: X + \/ TozH sin(—¢)

= —

\_ - ; - ,Ltz/m ,Ltz/m )
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations
Quadrature integration techniques
Detailed orbital functions
¥ Relating orbital energy-momentum to conic-sectional orbital geometry
Kepler equation of time and phase geometry
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)

ol T /

All conics defined by: Eccentricity ¢ J
D

Distance to Focus F = e-Distance to Directrix D

= )




Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/€—7\./8+rcos r=M\+recos r=
¢ ¢ l—€coso
E Y :'}'é'o&'ip' -
D e - p €=0.75 L Bi/ geometry.
- 3 . _ — £CO0S €
Me : W h=10 %:_ =— ? 7 ;Lcosqb
Fle L r=¢(DP) =0.75(DP) r
r' b
S L :...(b.F-F |1 .ﬁ . IZT...F-F. |3 By p.59 physics:
> ) _
p| "\ FT X 11 -k \/kz +2E1%Im
| —=—=—+ > COS
rp  U/m LU/m

Distance to Focus F = e-Distance to Directrix D

T )

All conics defined by: Eccentricity ¢ J
D
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Geometry of ALL Coulomb conic section orbits (Let:r=p here)

All conics defined by: Eccentricity ¢

Distance to Focus F = e-Distance to Directrix D

T )

J

1 ecos¢ 1 €

r=A\A-+recos o

=
l—€coso

By geometry:

COS

YY)

By p.29 physics.:

kK 2E L m

2F

65



Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/£—7\./8+rcos r=A+recos r=
qb ¢ 1—ecos¢
DL re Y 51:COS¢ e =0. By geometry:
B . i 1 1 ecos¢ 1 € cos
¢ __
, ro A A A
r'/€
-1 .
|1.5.<. A By p.29 physics.:
D| ’-/® | — kN KH2E 1 m
erhelion 7 Pe= E
P N aphelion p+=X\/(1-¢)

o+ +tp—=[N\(1+e)+X(1-¢)]/(1-e2)=2X\/(1-¢?)
Distance to Focus F = -Distance to Directrix D

' . . Maj S 00 +o_=2
Eﬁll conics defined by: Eccentricity ¢ ] ajor axis. p+rp-=<d
D
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Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/8—7\./8+rcos r=A+recos r=
qb ¢ 1—ecos¢
DL re Y E:COS(D e =0. By geometry:
B . i 1 1 ecos¢ 1 € cos
¢ __
, ro A A A
r'/€
-1 .
|'1.5.<. A By p.29 physics.:
D| ’-/® | — kN KH2E 1 m
erhelion "7 Pe= E
P N aphelion p+=X\/(1-¢)

EAH conics defined by: Eccentricity ¢ J Z‘_’;’Zri’?ﬁli;; fmZ_Z)] J(1=€2)=2)/(1-€2
D

Distance to Focus F = e-Distance to Directrix D

p.+p =—— =2a 1mplies:

_ Veryimportant result! [ _ k]
E
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Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/8—7\./8+rcos¢ r=A+recos ¢ r=
""""""""""""""""" 1—€ecos¢
D e Y [P e By geometry:
B . i 1 1 ecos¢ 1 Scos¢
3 -
, ro A A A
r'/e
i N/ (1+¢€) perhelion
|1.5.<. 1 By p.29 physics.:
D| I/ —k+ K+ 2E % Im
erhelion & P 2F
P N aphelion p+=X\/(1-¢)

p+Tp—=|\(1+e)+tX(1-¢)]/(1-e?)=2N\/(1-€?)
Focal axis: p++p-=2ac

_y  Very importantresult/[ —k] p-p—=[N\(1+e)-\(1-€)]/(1-e2)=2Ne/(1-c?)

EAH conics defined by: Eccentricity c

Major axis: p++p—=2a
Distance to Focus F = e-Distance to Directrix DD}

+p =— =2a 1mplies:
p.tp =— P

2a

kY 2u? ‘k‘ 2UE 2
-0 =l — |+ = 1+ =2ae=
P+ - \/(E) Em |E Cm 1-¢*
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Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/8—7\./8+rcos r=A+recos r =
¢ ¢ 1—ecos¢
DL re Y E:COS(D e =0. By geometry:
B . i 1 1 ecos¢ 1 € cos
e -
, ro A )
r'/e
i N/ (1+¢€) perhelion
|'1.5.<. 1 By p.29 physics.:
D| e — kN KH2E 1 m
erhelion\q 7 Pe= F
P N aphelion p+=X\/(1-¢)

Major axis: p++p—=2a
p+Tp—=|\(1+e)+tX(1-¢)]/(1-e?)=2N\/(1-€?)
Focal axis: p++p-=2ac

_y  Very importantresult/[ —k] p+-p—=[\(1+e)-N\(1-¢)]/(1-e?)=2Xe/(1-€?)

Distance to Focus F = e-Distance to Directrix D

EAH conics defined by: Eccentricity c J
D

+p =— =2a 1mplies:
p.tp =— P

2a

kY 2u? ‘k‘ 2UE 2
— | + = 1+ =2ae=
P+ - \/(E) Em |E Cm 1-¢*

. 2
P p=\/1+2‘L2t E=£
Pt P k™ m
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Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/€—7\./8+rcos r=A+recos r =
¢ ¢ 1—ecos¢
DL re Y E:COS(D e =0. By geometry:
B . i 1 1 ecos¢ 1 € cos
e -
, ro A )
r'/e
i N/ (1+¢€) perhelion
|1.5.<. 1 By p.29 physics.:
D| e | — kN KH2E 1 m
erheliony T P 2F
P N aphelion p+=X\/(1-¢)

p+Tp—=|\(1+e)+tX(1-¢)]/(1-e?)=2N\/(1-€?)
Focal axis: p++p—=2ac

_y  Very importantresult/[ —k] p+-p—=[\(1+e)-N\(1-¢)]/(1-e?)=2Xe/(1-€?)

Distance to Focus F = e-Distance to Directrix D

' . . Maj o 0L to_=2
EAH conics defined by: Eccentricity J GOr axis. p+rp-—2d
D

Pt P- B =2a implies: Latus radius: *=a(1-¢?)

kY 2u? ‘k‘ 2UE 2
— | + = 1+ =2ae=
P+ - \/(E) Em |E Cm 1-¢

. 2
P p=\/1+2‘L2t E=£
P+ P k> m
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Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/€—7\./8+rcos r=A+recos r =
¢ ¢ 1—ecos¢
DL re Y E:COS(D e =0. By geometry:
B . i 1 1 ecos¢ 1 € cos
e -
, ro A )
r'/e
i N/ (1+¢€) perhelion
|1.5.<. 1 By p.29 physics.:
D| e | — kN KH2E 1 m
erheliony T P 2F
P N aphelion p+=X\/(1-¢)

p+Tp—=|\(1+e)+tX(1-¢)]/(1-e?)=2N\/(1-€?)
Focal axis: p++p—=2ac

—k Very importantresult/[ —k] p+-p—=[\(1+e)-N\(1-¢)]/(1-e?)=2Xe/(1-€?)

Distance to Focus F = e-Distance to Directrix D

' . . Maj o 0L to_=2
EAH conics defined by: Eccentricity J GOr axis. p+rp-—2d
D

p.+p. = =2a 1implies: Latus radius: *=a(l-¢?)

2
‘ 1+2‘12L E=2a8= 2;L£2
E k™m ‘1—8 ‘
2 2
o \/ 2,u E—S implies: A=a(l—€*)= azk‘lj E::
_ m km
P Also important! Cua/km )
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Geometry of ALL Coulomb conic section orbits (Let:r=p here)
r/8—7\./8+rcos¢ r=A+recos ¢ r=

""""""" l—¢€cosq
D|__r/e i By geometry:
e ; :l 1— ecos¢ 1 € cos
— )
q N/ (1+¢€) perhelion
|'1.5.<. A By p.29 physics.:
Dl T-/€ | —ki\/k2+2E,u2/m
perhelio Q- 7 Pe= YE

aphelion p=X\/(1-¢)
. R Major axis: p++tp_=2a
EAH conics defined by: Eccentricity ¢ J / PP
D

p+p-=[\(1+e) N (1-0)]/(1-e3)=2N/(1-€)
Distance to Focus F = e-Distance to Directrix DD g .7 ovis- 04 +p_=2ae

—k Very important result! _k p-p—=[N(1+e)-\(1-€)]/(1-e?)=2\e/(1-€?)
Pt p-= =2a 1implies: |E = e Latus radius: »=a(1-€?)
- Minor radius:
k‘ 14 2.121 E=2a8= 2;L£2 b=/ (a?-a’e?)=V/(a\) (ellipse:c<1)
E k™m ‘1—8 ‘ b=V (a’c>-a?)=v (\a) (hyperb:e>1)

2 2
o \/ 2,u E—S implies: A=a(l—€*)= azk‘lj E::
_ m km
P Also important! Cua/km )
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Geometry of ALL Coulomb conic section orbits (Let:r=p here)
r/8—7\./8+rcos¢ r=A+recos ¢ r=

""""""" l—¢€cosq
D|__r/e i By geometry:
e ; :l 1— ecos¢ 1 € cos
— )
q N/ (1+¢€) perhelion
|'1.5.<. A By p.29 physics.:
Dl T-/€ | —ki\/k2+2E,u2/m
perhelio Q- 7 Pe= YE

aphelion p+=X\/(1-¢)
: — Major axis: p++p—=2a
EAJI conics defined by: Eccentricity ¢ J ! )
D

p+p-=[\(1+e) N (1-0)]/(1-e3)=2N/(1-€)
Distance to Focus F = e-Distance to Directrix DD g .7 ovis- 04 +p_=2ae

—k Very important result! _k p-p—=[N(1+e)-\(1-€)]/(1-e?)=2\e/(1-€?)
Pt pP-= =2a implies: = 2a Latus radius: N=a(1-¢*)
Minor radius:

k‘ 1+ 2UE —Dge— 278 b=V (a?-a’e?)=\/(a)\) (ellipse:e<1)

E k> m ‘1 — 82‘ b=V (a’c>-a?)=v (\a) (hyperb:e>1)
21PE 1 b/a=\/(]-82) (ellipse:e<1)
b \/ 2u E—S implies: A=a(l—€*)=a k‘lj :lf bla=v/(e2-1) (hyperb:e>1)
P AZSO zmpormnt/(/,tzx/km ) i B Z?é % (ellipse:e<l)

(hyperb:e>1)
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Geometry of ALL Coulomb conic section orbits (Let:r=p here)

/e = Metircos ¢ r=Atrecos¢  p=r=
E l-€cos¢
D e Y e (I) . By geometry:
h ; X 1 1-ecos¢p 1 €
Me =— = = ———CO0S0
, r A A A
r'/e
i N/ (1+¢€) perhelion
|'1.5.<. 1 By p.29 physics.:
D| I/ | —k+ K+ 2E % Im
helion 7 Pe= )
PETETOIR aphelion p-=\/(1-¢) E

pFp-=I\(L¥e) PN (1-)]/(1-e2)=2)/(1-2)

Distance to Focus F = e-Distance to Directrix DD} .01 axis: o +p_=2ae

' . . Maj o 0L to_=2
EAH conics defined by: Eccentricity J GOr axis. p+rp-—2d
D

(x.y) | physical (r.9) 0-p—=[\(1+e)-N(1-€)] /(1-€2)=2xe/(1-€2)
parameters parameters parameters Minor radius: b=V (a?-a?c?)=V/(a\) (ellipse:c<1)
major radius | Energy |  eccentricity Minor radius: b=/ (a’€?-a?)=v/'(\a) (hyperb:e>1)
R R 2 2
= %  E- zi g:\/ KmizlE bla=v/(1-¢?) (ellipse:e<1) e2=I-b/a?
“ kom bla=V/(e2-1) (hyperb:e>1) e?=1+b%/a?
minor radius | 4 um | latus radius
7 | comomenium Iz N =a(l-€?) (ellipse:e<l) as’=a=\
b= - L=Nkml=u | A=— X\ =a(e?-1) (hyperb:e>1) as’=a+\
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations
Quadrature integration techniques
Detailed orbital functions
Relating orbital energy-momentum to conic-sectional orbital geometry
¥ Kepler equation of time and phase geometry
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2
Starting with KE-eff.-PE results on p.31: —-p*=E - £ _ kip orp.33:p= ap _
2 2mo> P dt
mp

Kepler equation of time for Coulomb orbits
Throughout the history of astronomy a most important consideration was the timing of orbits.

A Py d m P1 d m P perigee —0d
(=t =] di=] p _|m pdp :/2_k f pdp

! p 2 2kp 2 Papogee — 2
0 0 2E_ u +2k 0 £p2+p—u— pog —1p2+p—b—
m m2p2 mp k 2km 2a 2a
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2
Starting with KE-eff.-PE results on p.31: —p°=E - “ >—kip orp.33 p= % = \/
2mp

Kepler equation of time for Coulomb orbits
Throughout the history of astronomy a most important consideration was the timing of orbits.

q P1 P1 Pperigee _
h=ty=1 di= | 2P - e pdp
0 P \/(215_ 0o 2k] Py \/[Eszrp_uz Papogee [ =1 5 b
m  p’p*  mp k 2km 2a 2a
X=ag+acosQ , y=a 1-¢° smeo ,
Unit 1 Ch. 9

Recall IHO orbit
time construction

(a) Orbits
_____ velogity
. / (t)/u) A M t) | q)
y - b Sin (p ““,"/ 90)° p ;lS"lgl'On\\
= a\/ Ji -82 sin “‘\accele ation 5 i
(1-€°)sin @ e 90

—

x=a8+acos@'

w Jerk /
(/o3
~_ - Time f

(7

|

(

(Mear
RelaWavity Web Simulation - Orbits
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2 2
Starting with KE-eff.-PE results on p.31: —p°=E - E__ klp orp.33:p= dp _ |2E_ 47 2k
2mp* dt m  g’p? mp

Kepler equation of time for Coulomb orbits
Throughout the history of astronomy a most important consideration was the timing of orbits.

t — 1t = t} dt = pjl ap = | pﬁ pdp _ | m ppe’jigee —pdp
17 %~ - A\ A\
fo Po 2F _ ,Ltz + 2k 2k Po E 2 _‘U—z 2k papogee —_1 o) + _ﬁ
m  p’p*  mp k kP TP 2km 2ap P 2a
X=ag+acosQ , y=a\ 1-¢° sIngQ |,
p= \/ +y —\/a g? +2a*ecos@+a’ cos” @+ a’sin” @ -a*e*sin” @ Unit 1 Ch. 9

Recall IHO orbit

time construction
(a) Orbits

elocity

_____ ’ 1)/ A0S
T | /()(0 m rt)\\q)

y = b sin ¢ ’ 90° p szgion

= a\/(]_82) sin [0) \acce(lte) ation 90°
\a
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e
O - Time f

(7

|

(

(Mear
RelaWavity Web Simulation - Orbits
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2 2
Starting with KE-eff.-PE results on p.31: —p°=E - E__ klp orp.33:p= dp _ |2E_ 47 2k
2mp* dt m  g’p? mp

Kepler equation of time for Coulomb orbits
Throughout the history of astronomy a most important consideration was the timing of orbits.

t—t, = t} dt = le ap == le pdp == ppe}igee —pdp
10~ - A9 A\
fo Po 2F _ ,Ltz + 2k 2k Po E 2 _u_z 2k papogee —_1 o) + _ﬁ
m  p’p*  mp k p TP 2km 2a PP 2a
X=a€+acosQ , y=a 1-¢° sing ,

2 _ 2 2 2 .2 22 .2 Unit1 Ch. 9
p= +y a +2a ECOsS@P+a“ cos" @+a”sin” Q-a € s Q .
\/ \/ | Recall IHO orbit

2 . .
—\/ a a”e” sin” (P+ a €COS(P +l_ time construction
(a) Orbits

elocity

_____ ’ 1)/ A0S
T | /()(0 m rt)\\q)

y = b sin ¢ ’ 90° p szgion

= a\/(]_82) sin [0) \acce(lte) ation 90°
\a

x=a8+acos@'

w Jerk :
e
O - Time f
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RelaWavity Web Simulation - Orbits
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2 2
Starting with KE-eff.-PE results on p.31: —-p*=E - E__ klp orp.33:p= dp _ 2B _pT 2k
2 27’1’1,02 dt m m2p2 mp

Kepler equation of time for Coulomb orbits
Throughout the history of astronomy a most important consideration was the timing of orbits.

t—t, = t} dt = pfl ap == le pdp == ppe}igee —pdp
10~ - Ao BR'EYA
fo Po 2F _ ,Uz + 2k 2k Po E 2 _‘U—z 2k Papogee —_1 o) + _ﬁ
m  p’p*  mp k kP TP 2km 2a PP 2a
X=a€+acosQ , y=aV 1-€* sing ,

2 2 2 2 2 .2 22 .2 Unit1 Ch. 9
pP=\X +y a’e’ +2a ECOSQ+Ha~ cos"@+a~sin"@Q-a“€”sin” @ .
\/ \/ | Recall IHO orbit

—\/a *sin” go +3a°e COS( +[_2 =\ a’e? cos’ ¢+ Da’e COS( + a’ time construction
) (a) Orbits
(Cl€ CoOSQ +a ) |~
velogity
SO / NN o
y = b \) ln (P / 90° D ;‘lg?on
= ]-€2)q1 accele a ton 0 |
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2 2
Starting with KE-eff.-PE results on p.31: —p°=E - E__ klp orp.33:p= dp _ |2E_ 47 2k
2mp* dt m  g’p? mp
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Geometry and Symmetry of Coulomb orbits
3 Detailed elliptic geometry
Detailed hyperbolic geometry
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Geometry of Coulomb conic section orbits (Let: r =p here)

/e = Me+rcos ¢ r=A+recos¢ - ecosd

perhelim =\/

(1+e) aphelion p1=\/(1-¢) p 1im 1 m

Becoming more and more eccentric... Singular Case!

Eccentricity £=0 (circle) to 0<e<lI (ellipses)j5=] (parabola)|to € >1 (hyperbolas)
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Inter-focal distance // 111 i

2\(a2+b2)=2as S
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€ =4/3 (Hyperbola/
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113



series “Z1g-Zags”

€ =3/4 (Ellipse/ ) c =4/ 3 (Hyperbala/ )
Recall geometric Vv w

Lect. 5 p.5

7

For the elliptic geometry (€ </): For hyperbolic geometry(e>1):
b’ =a’-a’e’ =ah, b’ = a’€’-a’ =ak,
b =a(1-€ )=\, b =a~(E-1)= ().
(M,€)-(a,b) expressions and their inverses follow.
a=MN(1-€°) a = MNE-1)
b’ = N/(1-€°) b’ = N/(e?-1)
A =a(l-€’) = b’/a A =a(e’-1) = b’/a
e = 1-b’/a’ e = 1+b%/ o’
Cartesian Parameters Physics Polar Parameters
Semi-major axis Energy __ ~ Eccentricity
a=k/|2E)| < E e=N(1+2 U2E/(k 2m))
Semi-minor axis mlilz/flngebjfllfurm / Latus radius

b=uN|2mE| o =y = — A=u%/(km)
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Rutherford scattering geometry...

oy
S

Alpha-particle beam direction — % &
AN Y 4 !!

Gold nuclear target — ﬂ, |
3

b4
S« DY
! 3

*
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