Introduction to classical oscillation and resonance
(Ch. 1 of Unit4 )

1D forced-damped-harmonic oscillator equations and Green s function solutions

Linear harmonic oscillator equation of motion.
Linear damped-harmonic oscillator equation of motion.
Frequency retardation and amplitude damping

Figure of oscillator merit (the 5% solution 3/1'and other numbers)

Linear forced-damped-harmonic oscillator equation of motion.
Phase lag and amplitude resonance amplification

Figure of resonance merit: Quality factor g=wo/2I"

Properties of Green s function solutions and their mathematical/physical behavior
Transient solutions vs. Steady State solutions

Complete Green's Solution for the FDHQO (Forced-Damped-Harmonic Oscillator)
Quality factors: Beat, lifetimes, and uncertainty

Approximate Lorentz-Green s Function for high quality FDHQO (Quantum propagator)
Common Lorentzian (a.k.a. Witch of Agnesi)

Smith Charts
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Linear forced-damped-harmonic oscillator equation of motion.

2
d°z
F;otal (t) = m dt2 = Fdamping T Frestore T E?timulus
Phasor Clock Al\r/lnzllaélr?iltiilor iz, (7e “Gonna be”) d ZZ = Fdampmg + Frestm’e + it CSZ;[;ZI::I?Z[;H(% i]ifee {[Zratlon
(1) = aei(@y) | A= dt m m m stimulating force Fmuus(t)
= Acos(@1) 1 ppe = 4 (Typically E-field )
—i Asin(wt) . Re Z Wy
Phasor clocks 9—( 1) “ (The Is ) d 2Z dZ 2 e
.cl(;t‘cul:x?e/ ReZ —2+2F_+a)02 — aStln/N/lll/lS — _E(t)
positive ® dt A dt A 1 m
Coordinate z=z(?) 1s the response coordinate
for a particle of mass m and charge e
driven by external stimulating force 2 Fimutns (1) = €E (t )
C : _ — 2
held back by a harmonic (linear) restoring force Festore = ~kz, (k - wom),
L : dz
retarded by frictional damping force > L ymping = —b?, (b = 2Fm)
l
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Linear harmonic oscillator equation of motion.

d*z
F;otal (t) = m 2 - Frestore |
dt
1 €< ) » 2
Amplitude or ImyZ (The “Gonna’be”) d z F y
Phasor Clock ~ Magnitud _2 — . __lestore
Z(t) = Ae—i(@1) | A= dt m

= Acos(w?) Phase
—i Asin(wt) 0=(-1)

Phasor clocks
turn
clockwise
in time for ‘/

positive ®

e (ZThe ") 2 - )
Rez — +w,z= 0
dl’- A

Coordinate z=z(?) 1s the response coordinate
for a particle of mass m and charge e

2
held back by a harmonic (linear) restoring force > Fesiore = K2, (k - wom),
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Linear harmonic oscillator equation of motion.

restore
Amplitude or Im
Phasor Clock ~ Magnitud _restore
Z(1) — Ae—i(®F) A=Y | m
= Acos(w?) Phase
—i Asin(wt) 0=(-1)
Phasor clocks B “ 2
turn
clockwise + Z —
in timefor‘/ a)O O
positive ® A
Coordinate z=z(?) 1s the response coordinate
for a particle of mass m and charge e
(1 : F =—kz, (k=w?m
held back by a harmonic (linear) restoring force —>  restore ’ 0" )>

The famous one-Hertz ( V,=1/s. or: @, =27 = 6.2832rad/s. ) oscillator.

x(t) = Re z(t)

. ]
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1

0.5
||||||||||

v

http://www.uark.edu/ua/modphys/markup/OscillitWeb.html

Fig. 3.2.2 Phasor z and corresponding coordinate versus time plot for ®,=2m and I'=0
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Linear damped-harmonic oscillator equation of motion.

d2
total (t) m— Fdampmg T Frestore |
dt’
Amplitude or ImyZ (The “Gonna’be”) dZZ Fa’amping restore
Phasor Clock ~ Magnitud Im —
2(1) = Aemi(@)| A= dt? m m
= Acos(w?) Phase
e 001 STine i) g2z dz
sk o —2+2r_+w02_ 0
positive ® dt‘ A dt

Coordinate z=z(?) 1s the response coordinate
for a particle of mass m and charge e

2
held back by a harmonic (linear) restoring force Frestore = —k2, (k - wom),
retarded by frictional damping force > L ymping = —b% (b = 2Fm)
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Linear damped-harmonic oscillator equation of motion.
d2
total (t) m— dt Fdampmg T restore
mplitude or m e “Gonna’be’” 2 F .
Phasor Clock AMzIf;nitid ez (e "G Imb ) d’z = damping + restore
Z(t) = Ae—i(@1) | A= dt’ m m Trick:
= Acos(@1) 1 ppe = Set: z=z(t)= Ae"'!
o o=(-oir] “lrne “1s") g2 dz
dt>  tdt —

Coordinate z=z(?) 1s the response coordinate
for a particle of mass m and charge e

restore

held back by a harmonic (linear) restoring force

dz

retarded by frictional damping force »

> Fdamping _
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[(—ia))z F 2T (—iw)+ 0] }e‘ia’f 0

a)2+2i1“a)—a)§ =0



Linear damped-harmonic oscillator equation of motion.
72
total (t) m— Fdampmg T restore
dt?
| ) - 2
Phasor Clock Al\r/[nz}:;r?iltizor Iz (The “Gonna be”) d”z — Fdamping 4 __restore
Z(t) = Ae—i(@1) | A= dt’ m m Trick:
= ACOS(O1) | e o Set: z=z(t)= Ae"“!
o 0013 STne 1) gy dz
sk o —2+2r_+w02_ 0
positive ® d t' A d t \
e \2 - 2| —ior _
Coordinate z=z(?) 1s the response coordinate [( iw)” +21 (i) + o }e 0
for a particle of mass m and charge e 02 42T 00 =0
Solve for: w =w-
o (1 - = — —2iT +—4T7 + 4o,
held back by a harmonic (linear) restoring force restore = ~hZ o, = l \/ 5 !
. . d
retarded by frictional damping force > L imping = i
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Linear damped-harmonic oscillator equation of motion.
72
total (t) m— Fdampmg T restore
dt?
| ) - 2
Phasor Clock Al\r/[nz}:;r?iltizor Iz (The “Gonna be”) d”z — Fdamping 4 __restore
Z(t) = Ae—i(@1) | A= dt’ m m Trick:
= ACOS(O1) | e o Set: z=z(t)= Ae"“!
nto) Jo~-or Ctenn) d%zdz
sk o —2+2r_+w02_ 0
positive ® d t' A d t \
2 . 2| ot _
Coordinate z=z(?) 1s the response coordinate [( iw)” +21 (i) + o }e 0
for a particle of mass m and charge e 02 42T 00 =0
Solve for: w =w-
: ' - = —kz —2il" * \/ —AT? + 4w§
held back by a harmonic (linear) restoring force restore W, = 5
. : d. _ [ 2 _ 2
retarded by frictional damping force > L mping = —bi =-il'tyo; -1
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Linear damped-harmonic oscillator equation of motion.
d2
total (t) m— dt Fdampmg T restore
mplitude or m e “Gonna’be’” 2 F .
Phasor Clock AMzIf;nitid Iz (e "6 be) d’z = damping 4 restore
Z(t) = Ae—i(@1) | A= dt’ m m Trick:
= ACOS(O1) | e o Set: z=z(t)= Ae"“!
_phAsm o) Jo=(-o1 (Th; VR dz
gl(;;thjfe/ Re - + ZF_ + O)OZ — O
dt>  tdt —

Coordinate z=z(?) 1s the response coordinate
for a particle of mass m and charge e

held back by a harmonic (linear) restoring force restore
retarded by frictional damping force > F ping == bj_j
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= —kz

[(—ia))z F 2T (—iw)+ 0] }e‘ia’f =0

a)2+2i1“a)—a)§ =0

Solve for: w =w-+

~2il" + \/ ~4T? + 4,
2

=—il £ \/ a)O ?
Solution:
—i(—il“i\/w%—l“z ]t
z(t)=e

(—Fii\/a}g—rz jt
=e

—It J_ri\/a)(%—l“zt
—e e

It 4ipt
e I

W, =



Linear
total (t) m—
Amplitude or ImyZ (The “Gonna’be”)
Phasor Clock ~ Magnitud
Z(f) =Ae_i((‘)t) A=V |
= AACOS(((D f)) Phase . — A -Asin®
—1 ASIn(®f? Y Acosf
Phasor clocks 0 ( (Dt) “ (Th e “Is’ )
turn Re Z
clockwise
in timefor‘/
positive ®

Coordinate z=z(?) 1s the response coordinate
for a particle of mass m and charge e

held back by a harmonic (linear) restoring force

retarded by frictional damping force

damped-harmonic oscillator equation of motion.

It oscillates at an angular frequency o, reduced slightly by .05% from o, due to damping T" =0.2.

wp =02 —T2 =0, —L (T?/wy)+...= 6.2831853—0.003183+..= 6.280002 + ...= 6.280001

Thursday, November 3, 2016

d2
dt = I damping T restore
2
dz _ I damping 4 restore
e m m Trick:
, Set: z=z(t)= Ae’
d*z dz
— +2F—+a)OZ— 0
dt + dt T |
[(—ia))z + 2T (i) + a)ﬂe_lwt -0
a)2+2iFa)—a)§ =0
Solve for: w =w-
. 2 2
e = — k= o, - =21+ \/ —:F + 4600
dz — i+ I
> Fdamping - ?l‘ | \/a)o—
Solution:
_i(—il“i\/a)(%?}
() =e

(—Fii\/a}g—rz jt
=e

—TIt J_ri\/a)(%—l“zt
=e e

It 4ipt
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Linear damped-harmonic oscillator equation of motion.
d2
total (t) m— dt Fdampmg T restore
mplitude or m e “Gonna’be’” 2 F .
Phasor Clock AM(E;nitid Iz (e "6 be) d’z = damping + _Lesiore
Z(t) = Ae—i(@1) | A= dt’ m m Trick:
= f‘:?s( Of) | phase _= Set: z=z(t)= Ae"“!
_;’hasstolbt:: gz(;)cz O=(-01) 4 ( Th; ‘Is”) d 2 dZ
okt ) N —+2r_+w02_ 0
positive ® dtz A dt \

Coordinate z=z(?) 1s the response coordinate
for a particle of mass m and charge e

[(—ia))z F 2T (—iw)+ 0] }e""‘” 0

a)2+2i1“a)—a)§ =0

Solve for: w =w-+

: ' - = —kz —2il" * \/ —AT? + 4a)§
held back by a harmonic (linear) restoring force restore w0, = :
L : d. _ [2 12
retarded by frictional damping force > L = —b;z =-il'tyo; -1
' Rez ' Rez t Solution:

Decay-to-5% Lifetime

At 50,=3/=15s

—i(—iri\/a)(%?]t
z(t)=e

=e
A L Time S
z()=e e Oscilllt Web Simulation —e e N
| - | . 11 i
Fig. 4.2.3 Phasor z and corresponding coordinate versus time plot for ®y=2r and I'=0.2 =e e
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Linear damped-harmonic oscillator equation of motion.

2,
total (t) m— Fdampmg T Frestore |
dt*
. €< ) » 2 F
Amplitud ImyZ (The “G b d°z /
Phasor Clock l\r/[ngglrlliltuil0r (The onna be”) > = damping restore
Z(t) = Ae—i(@1) | A= dt m m
i_AXO.S((D tt) Phase A oind
P c(l(;)cki O=(01) 2 o (The Is”) d . d Z
gl(;?lzxjfe/ Re2 —2+2F_+a)02 — O
positive ® dl‘ A dt
Coordinate z=z(?) 1s the response coordinate
for a particle of mass m and charge e
Oscillator
Figures of Merit:
S . F =—kz
held back by a harmonic (linear) restoring force restore Time required to
to reduce amplitude
. . . L dZ to 5%
retarded by frictional damping force >, e, =—b—
—' Re:z — ! Fez dt
_ i‘ Decz;—;o;g Zg :Li'fsestime ): Easy-to-re_cgll 5% approximation:

-y | =0.05
| TR |
i ﬂ ﬂ ﬂﬁ 10 |
i ﬂﬁlﬁlﬁlnﬁnhhkhhmu 3

1
... =

Fig. 4.2.3 Phasor z and corresponding coordinate versus time plot for ®,=2r and I'=0.2 Oscilllt Web Simulation
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Linear damped-harmonic oscillator equation of motion.
d2
total (t) m— Fdampmg T restore
dt’
Amplitude or ImyZ (The “Gonna’be”) d 2Z F damping ;
Phasor Clock ~ Magnitud = + €S tore
2(1) = Aemi(@r)| A= dt? m m
= Acgs((x) t) Phase . - / Asin®
S o e e gtz
sk ) o —2+2F_+w02_ 0
positive ® dl‘ A dt

Coordinate z=z(?) 1s the response coordinate
for a particle of mass m and charge e

held back by a harmonic (linear) restoring force

> Fdamping

retarded by frictional damping force
1
—! Fez Eez
L Decay-to-5% Lifetime
At 50,=3/T=155

s e

Fig. 4.2.3 Phasor z and corresponding coordinate versus time plot for ®y=2r and I'=0.2
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Oscillator
Figures of Merit:
=—kz
restore Time required to
to reduce amplitude
,dz t05%  (or 4.321%)
dt
Easy-to-recall 5% approximation: More precise one:
3 T
~0.05 =(0.04321
3 3
tsg, =—=——=15 1,1, =2 =" =1570¢
T 02 T 02

Oscilllt Web Simulation
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Linear damped-harmonic oscillator equation of motion.

d2
total (t) m— dt Fdampmg T Frestore |
Amplitude or ImyzZ (The “Gonna’be”) d 2Z F damping
Phasor Clock ~ Magnitud > = restore
Z(t) = Ae—i(@1) | A= dt m m
= Acos(w?t) Phase . - / Asin®
_.A i Acos
it Jo=t-or SE STen gtz dz
gl(;?l:x?e/ ReZ —2+2F_+a)02 — O
positive ® dl‘ A dt
Coordinate z=z(?) 1s the response coordinate
for a particle of mass m and charge e
Oscillator
Figures of Merit:
L. : F e = —kz
held back by a harmonic (linear) restoring force restore Number N of oscillations
p to reduce amplitude
.. . Z 0 0
retarded by frictional damping force >F, = — to 5% (ord.321%)
—' Rez - ' Rez
- - Decay-to-5% Lifetime Easy-to-recall 5% approximation: More precise one:
i Af55,=3T=15s | 3 g
s | =0.05 e © =0.04321
1 |
.
. ﬂuﬁuﬁuﬁﬁnﬁﬁ;hyhyhukuh bl L N . a)r‘ A 5% 3(0 T ), T
Z U U U U o "—Ft , Titne % 2T 2nl 2@
tiot
ol zZ()=e e 1
L Oscilllt Web Simulation n_ T

Fig. 4.2.3 Phasor z and corresponding coordinate versus time plot for ®,=2r and I'=0.2
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Linear forced-damped-harmonic oscillator equation of motion.

2
d°z
F;otal (t) = m dt2 = Fdamping T Frestore T E?timulus
Phasor Clock Al\r/lnzllaélr?iltiilor iz, (7e “Gonna be”) d ZZ = Fdampmg + Frestm’e + it CSZ;[;ZI::I?Z[;H(% i]ifee {[Zratlon
(1) = aei(@y) | A= dt m m m stimulating force Fmuus(t)
= Acos(@1) 1 ppe = 4 (Typically E-field )
—i Asin(wt) . Re Z Wy
Phasor clocks 9—( 1) “ (The Is ) d 2Z dZ 2 e
.cl(;t‘cul:x?e/ ReZ —2+2F_+a)02 — aStln/N/lll/lS — _E(t)
positive ® dt A dt A 1 m
Coordinate z=z(?) 1s the response coordinate
for a particle of mass m and charge e
driven by external stimulating force 2 Fimutns (1) = €E (t )
C : _ — 2
held back by a harmonic (linear) restoring force Festore = ~kz, (k - wom),
L : dz
retarded by frictional damping force > L ymping = —b?, (b = 2Fm)
l
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Linear forced-damped-harmonic oscillator equation of motion.

2
dz
F;otal (t) = m dt2 = Fdamping T Frestore T E?timulus
Amplitude or ImyZ (The “Gonna’be”) d 22 F damping F il
Phasor Clock ~ Magnitud > = + L estore + SUMuLus
Z(t) = Ae—i(@1) | A= At m m m
= Acos(mt) Phase . - / Asin®
—i Asin(wt) _ — — Re Z o
Phasor C(ZOCkS 9_(_0)t) “ o (The IS ) dzz dZ 2
?zﬁt_cbtg}se/ Rez —2+2F—+COOZ —=d
positive ® dt dt

SOIVIHg for Zstimulus(z) glven A stimulus
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stimulus

Stimulating acceleration
astimulus:a( l) due to
stimulating force Fimuius(t)
(Typically E-field )

— EE(Z‘)
m
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Linear forced-damped-harmonic oscillator equation of motion.

Phasor Clock

2(1) = AeTi(©1)
= Acos(mt)
—i Asin(wt)

Phasor clocks
turn
clockwise
in time for ‘/

positive ®

SOIVIHg for Zstimulus(l) glven U stimulus .

Amplitude or
Magnitud
A=I¥ |

Phase =

Im

Z (The

6=(—01) ]
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d2
total (t) m— dt Fdampmg T Frestore T E?tlmulus
“Gonna’be”) d 22 F damping F restore stimulus Stimulating acceleration
Im 2 = + T astimulus:a( l) due to
dt m m m stimulating force Fimuius(t)
) (Typically E-field )
(The ‘Is”) d dZ
2
vz LT v wiz=a =S E@)
) 0 stimulus
dt dt m
(2 \
d 4 d
T At T 600 2= Qeimulus
dr” y
1
2= s timulus

2
4 or? +,
d? dt
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Linear forced-damped-harmonic oscillator equation of motion.

Phasor Clock

2(1) = AeTi(©1)
= Acos(mt)
—i Asin(wt)

Phasor clocks
turn
clockwise
in time for ‘/

positive ®

SOIVIHg for Zstimulus(l) glven U stimulus .

Amplitude or
Magnitud
A=I¥ |

Phase =

Im

Z (The

6=(—01) ]

Pretty crazy?
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d2
total (t) m— dt Fdampmg T Frestore T E?tlmulus
“Gonna’be”) d 22 F damping F restore stimulus Stimulating acceleration
Im 2 = + T astimulus:a( l) due to
dt m m m stimulating force Fimuius(t)
) (Typically E-field )
(The ‘Is”) d dZ
2
vz LT v wiz=a =S E@)
) 0 stimulus
dt dt m
(2 \
d 4 d
T At T 600 2= Qeimulus
dr” y
1
2= s timulus

2
4 or? +,
d? dt
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Linear forced-damped-harmonic oscillator equation of motion.

total (t) m— Fdampmg T Frestore

| , 2 F
Amplitude or ImyzZ (The “Gonna’be’ d’z ' F
Phasor Clock ~ Magnitud ( ) 5 = damping 4 _restore
Z(t) = Ae—i(@1) | A= dt m m
B _AACO.S((D f) Phase =
A0 Lo~y “le ) g? g dz -
gloztgxise/ ReZ - + ZF_ _I_ O)OZ —
in tl.m.efor d 2 dz_
pOSlllve (O] t-

SOIVIHg for Zstimulus(l) glven U stimulus .

Pretty crazy? But not so crazy if
astimulus(t) — |astimulus

e'iwstimulust — | A | e-l'wst
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J22
dt?

+ F

stimulus

stimulus

Stimulating acceleration

)
Ll
\dt dt

Stlmulus

J

zZ =

d? d

— 42—t w

dzz dt

astimulus:a( l) due to
Stimlllatil’lg fOI’CC Fsl‘[mulus(l)
(Typically E-field )

)
m

astimulus

astimulus
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Linear forced-damped-harmonic oscillator equation of motion.

2
dz
total (t) m— dt Fdampmg T Frestore T E?tlmulus
Amplitude or  ImyZ (The “Gonna’be”) d>z F damping  Frostore - Fstimulus Stimulating acceleration
Phasor Clock ~ Magnitud > = + + Astimulus= a(t) due to
(1) = aei(@y) | A= dt m m m stimulating force Fmuus(t)
= Acos(®t) Phase . - (Typically E-field )
—1 As]
o 0=wiT 3 STine i) g2z dz
glo?tgx?e/ ReZ —2 + ZF_ + O)OZ — Stln/lMIMS _E(t)
in time for
positive ® dt dt m
(& 4,
SOlVIng for Z?timuluv(l) glven U stimulus - - + 2r + a)z Z = a .
B ‘ 0 stimulus
(i At
| 1 i 1
Pretty crazy? But not so crazy if Z pimulus — > 5 ae
astimulus(t) — |astimulus e'iwstimulust — |as|e-iwﬂ _a)S - izra)s + wo
_iwst — 1 A 8_ iwst
ZSe — — : g
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Linear forced-damped-harmonic oscillator equation of motion.

2
dz
total (t) m— dt Fdampmg T Frestore T E?tlmulus
Ampliude or  ImyZ (The “Gonna’be”) d>z F damping  Frostore - Fstimulus Stimulating acceleration
Phasor Clock ~ Magnitud > = + + stimuins=d (0 due to
(1) = aei(@y) | A= dt m m m stimulating force Fmuus(t)
= Acos(®t) Phase . - (Typically E-field )
—1 As]
o) oo “fnew @22 dz
glogtgx?e/ ReZ —2 + ZF_+ O)OZ — StlmuluS _E(t)
in time for
positive ® dt dt m
( 72 p )
: : 2
SOlVIng for Zstimulus(l) glven U stimulus . - + zr + a)o Z — aStlmuluS
\dr* e
: 1 —im .t
Pretty crazy? But not so crazy if zZ . = ae
B e i stimulus 2 . 2 7S
astimulus(t) - |astimulus C " stimulust — |a€|e s _a)S — lzra)s + a)o
—io ! S B —io t
zZ e = — g a e
’ 0 -0 -i2Tw, °
0 S S
2y = Ga)o ((DS) dg
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Linear forced-damped-harmonic oscillator equation of motion.

d2
total (t) m— dt Fdampmg T Frestore T E?tlmulus
: ¢ _— 2 . : : :
Phasor Clock Al\r/lnzllaélr?iltiilor iz (e “Gonna'be”) d ZZ = Fdampmg + Frestm’e + stimulus CSZ;[;ZI::I?Z[;H(% i]ifee {[Zratlon
(1) = aei(@y) | A= dt m m m stimulating force Fmuus(t)
= Acos(®t) Phase . - (Typically E-field )
—1 As]
i) lo--orr3 “le ) g? g dz -
.cl(;t‘cul:x?e/ ReZ —2 + ZF_+ a)OZ — StlmuluS _E(t)
positive ® dt dt m
( 72 p )
: : 2
SOlVln for Zs imulus t lVen as imulus : - — .
g imutus(t) € timul +2Fd +(UO 4 astzmulus
 dr’ S
: 1 —io t
Pretty crazy? But not so crazy if Z il > > a.e s
astimulus(t) — |astimulus e'iwstimulust — |as|e-iwst _wS - izra)s + a)o
—10 ! 1 —10 !
zZ e — a e
’ 0 -0 *-i2Tw|
0 S S
2y = Ga)o (a)s) 145

George Green (14 July 1793 — 31 May 1841)
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Green's Function for the F-D-H Oscillator (FDHO)
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Green's Function for the FDHO (Forced-Damped-Harmonic Oscillator)

Lorentz-Green's :
Response Function Stimulus
7=Gp(0) a _A 1O
(x)(g s) dg GO)O(ms)Zle(ms)lelp ag(t)=Aee™"s
0]

Fig. 4.2.4 Black-box diagram of oscillator response to monochromatic stimulus

oy (0,)=——5——=ReG, (0,)+ilmG, (o)

2 2 .
wo—a)s—zzl“a)s

Real and imaginary parts of the rectangular form of G:

Thursday, November 3, 2016
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Green's Function for the FDHO (Forced-Damped-Harmonic Oscillator)

Lorentz-Green's :
Response Function Stimulus
Z:G(x)g“)s) dg a (H)=Age 10

GO})((DS)=|G(DO((DS)| e P

Fig. 4.2.4 Black-box diagram of oscillator response to monochromatic stimulus

oy (0,)=——5——=ReG, (0,)+ilmG, (o)

2 2 .
a)o—a)s—zzl“a)s

I 1 x+iy x+iy

Real and imaginary parts of the rectangular form of G: = : ; > >
X—1ly x—zyx+zy X +y
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Green's Function for the FDHO (Forced-Damped-Harmonic Oscillator)

Lorentz-Green's :
Response Function Stimulus
Z:Go)gws) dg a (H)=Age 10

GO)O((DS)=|GQ8(@S)| e P

Fig. 4.2.4 Black-box diagram of oscillator response to monochromatic stimulus

1
Gwo (a)S) 5 Rero (ws)+’ImGw0 (a)S)
Wy -0, —i2l'o
1 I x+iy x+iy X .y
Real and imaginary parts of the rectangular form of G: = = = +1— >

x—iy_x—iyx+iy xX’+y X +y X +y
2 2
ReG, (0,)= Do %
(O S 2 22 2)
(a)o a)s) +(2Tw,)

PAROR

((03 = cosz)2 +(2Tw,)’

ImG,, (a)s)z
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Green's Function for the FDHO (Forced-Damped-Harmonic Oscillator)

Lorentz-Green's :
Response Function Stimulus
Z:Go)gws) dg a (H)=Age 10

GO)O((DS)=|GQ8(@S)| e P

Fig. 4.2.4 Black-box diagram of oscillator response to monochromatic stimulus

1 .
G, (0,)= =ReG, (o,)+imG, (,)=|G, (o,)

2 2 .
wo—a)S—ZZFwS

Real and imaginary parts of the rectangular form of G: Magnitude ’Gwo (a)s) and polar angle p of the polar form of G:
2 2 1
g — —
Rer (a)s): 02 . ‘Ga)o (G)S) _ )
0 2 2 2 y) ) 2
wi-o; | +(2Tw,) wi-o:) +(2Tw,)
2T'w
ImGw (ws): 5 S _ _1 2FCOS
0 2 2 2 p =tan
((00 — Wy ) +(2Fws) 605 —0)2
S
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Green's Function for the FDHO (Forced-Damped-Harmonic Oscillator)

Lorentz-Green's :
Response Function Stimulus
7=G (M) a _A 10
(1)5 s) dg G%((x)S)=IG(D((DS)Ielp ag(t)=Age™™s
0]

Fig. 4.2.4 Black-box diagram of oscillator response to monochromatic stimulus

1 i
_ _ . _ P
Gy, (0,)=——5——=ReG,, (0,)+imG,, (0,)=|G, (o,)e
W, -0, —i2l'®
Real and imaginary parts of the rectangular form of G: Magnitude ’Gwo (a)s) and polar angle p of the polar form of G:
2 2 1
g — —
ReGa)o (a)S): ) 202 - ) ‘Gwo (ws) B 2 ) 2 2
((uo — W ) +(2Tw,) (wo —m; ) +(2T ;)
2l w
Im Gwo (COS) = 5 - —t n—l ers
2_02) +(2r 0, p=ta 2 2
wi -5 | +(2T o, Wy — O
polar angle p 1s the
Initial time t=0 Later 11 & phase lag angle p
Imaginary | ReG(y) Response —i(w,t-p)
Gloy creponee (1) =G, (@, ) a(0)e™
ImG(0g)
P

Stimulus’ Real Axis

Fig. 4.2.5 Oscillator response and stimulus phasors rotate rigidly at angular rate ;.
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Green's Function for the FDHO (Forced-Damped-Harmonic Oscillator)

Lorentz-Green's :
Response Function Stimulus
7=G (M) a _A 10
(1)5 s) dg G%((x)S)=IG(D((DS)Ielp ag(t)=Age™™s
0]

Fig. 4.2.4 Black-box diagram of oscillator response to monochromatic stimulus

1 I
_ _ . _ p
G, (0,)=—————=ReG,, (0,)+ilmG,, (a)s)—‘GwO(a)S)e
W, -0, —i2l'®
Real and imaginary parts of the rectangular form of G: Magnitude ’Gwo (a)s) and polar angle p of the pcr}lar form of G:
2 2 1
g — —
ReGa)o (a)S): ) 202 - ) ‘Gwo (ws) B 2 ) 2 2
((uo ~o; ) +(2Tw,) (wo — 0 ) +(2T ;)
2l w
Im Gwo (COS) = 5 - _ tan—l ers
2 2 T )2 P= 2 2
wi—o:) +(2Tw, w0y — O
s \ 2
polar angle p 1s the
Initial time t=0 Later 11 phase lag angle p
Imaginary | ReG(y) Response —z(a)\t—%)
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P

Stimulus’ Real Axis

Fig. 4.2.5 Oscillator response and stimulus phasors rotate rigidly at angular rate ;.
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. Resonance
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Fig. 4.2.7 Comparing Lorentz-Green resonance region for (a) I'=0.2 and (b) I'=0.1.

Maximum and minimum points of ReG(w) and inflection points of ImG(w) are near region boundaries "M (+)=mwo+I .
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Complete Green's Solution for the FDHQO (Forced-Damped-Harmonic Oscillator)

£00) = Zrmens (1) e (1) = Zacaing (1) 2ty e (1)

= Ae 1O Ga)O (a)S )a (O) ¢ O

= Ae gm0t +‘Gw0 (a)s) a(O)e_i(wSt_p)

Known as “homogeneous’ solution (no force) Known as “inhomogeneous’ solution

Let’s you set initial values or boundary conditions Not function of initial values. Marches to stimulus only.
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Complete Green's Solution for the FDHQO (Forced-Damped-Harmonic Oscillator)

£00) = Zrmens (1) e (1) = Zacaing (1) 2ty e (1)

= Ae e 4 Ga)o (a)S )a (O) ¢ O

= Ae” 1O ""Ga)o (a)s)

Known as “homogeneous” solution (no force)
Let’s you set initial values or boundary conditions

Known as Transient solution since it dies-off as time
advances past initial conditions

Thursday, November 3, 2016

a(0) ¢ 11=P)

Known as “inhomogeneous’ solution
Not function of initial values. Marches to stimulus only.

Known as Steady State solution since it is present as long as stimulus is.
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Complete Green's Solution for the FDHQO (Forced-Damped-Harmonic Oscillator)

£00) = Zrmens (1) e (1) = Zacaing (1) 2ty e (1)

= Ae e 4 Ga)o (a)S )a(O) ¢ O

= A1 omiOr! ""Ga)o (a)s) a(O)e_i(wst_p)

Known as “homogeneous’ solution (no force) Known as “inhomogeneous’ solution
Let’s you set initial values or boundary conditions Not function of initial values. Marches to stimulus only.
Known as Transient solution since it dies-off as time Known as Steady State solution since it is present as long as stimulus is.

advances past initial conditions
Stimulus: As =0.5000 o=6,2832 About t=3/I'=15sec

Response: R =0.1989 p=1.5708 ——A— About t = forever

(a) Re F Re z (b) T Rez o

Rez 1_ -1
0.2 '=0.2sec

P s ) rey b | Oscilllt (On Resonance) Simulation
J.r;.j';jj;}"jfjaf 1 ﬁ?r-li“xt}ﬁ:-‘:ﬁvgg}{e ON,
ﬁfi”r il | B NSNS v R B .5 1K IR TR Ly AR LK I 5
RN R T
15 IIF(( DIrE : -_\-_hh“"-;ll 1._\"'_ Iélllll'l lIII I.II'|I'|II _1. \ HiHE H K
L - :
ki | HI'I. I". I",‘ |y 1] : Fig. 4.2.8 On Resonance (a)Response z-phasor lags p=90° behind stimulus F-phasor.
{C Z(t Illll'lll Il"-l:" I'" E"u: -_P--"‘-rf ..f"rrl-' .-"lll /I .l'llll. r.lll:'“II
-7 AN | § ,.-f"f;jf _;'i;}:‘_,::.:_“,; (0g=wo=27, wo=27, and 1'=0.2).  (b) Time plots of Re z(t) and Re F (1)
S .
z R n T |
:’-‘ﬁ:__;_::__:—h:::f—i_d_’f} LR Fig. 4.2.8 Below Resonance (c)Response z-phasor lags p=8.05° behind stimulus F-phasor.
1 2 (0s=5.03,00=27, and I'=0.2). (d) Time plots of Re z(t) and Re F(t). Beats are barely visible.

Oscilllt (Way Below Resonance) Simulation
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Oscilllt (Way Above Resonance) Simulation

Oscilllt (On Resonance) Simulation

Oscilllt (Way Below Resonance) Simulation
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Lorentz—Green S u(zctzon for high quality FDHO

a | Re z
g IR

- (a)t=0.16
5 10 s

-._-D 1 Fig. 4.2.9 Beat formation.

Transient phasor Ziransient catches up with F-phasor and passes it.

Fo (b) t=1.42
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Oscillator figures of merit: quality factors Q and q=2nQ

o ‘G 0. = o, ‘ 1/(2Tw,
AAF = esonant response _ wo( s ) _ ( ) _ g =g (angular quality factor)
DC response ‘G (())‘ 1/ w? 2I°

(O 0

Amplification factor g = wi/21"

Natural oscillation frequency 1s approximately vy = we/2m  (for wo>>1" we have wo~wr).
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Oscillator figures of merit: quality factors Q and q=2nQ

Resonant response ‘Gwo (a)s = Wo )‘ U (ZFwO) Wy
|G, (0 wed 2T

Amplification factor g = wi/21"

AAF =

=q (angular quality factor)
DC response

Natural oscillation frequency 1s approximately vy = we/2m  (for wo>>1" we have wo~wr).
t50; = S/f = sze.tmfze number 75¢;
for decaying oscillator } ( 0= ): of oscillations
fimes 21T

to lose 95% of in a ts50; Lifetime
amplitude
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Oscillator figures of merit: quality factors Q and q=2nQ

n t ‘G 0. = w, ‘ 1/(2Tw,
AAF = esonant response _ 600( S ) _ ( 5 ) _ ;)19 =g (angular quality factor)
Gy, (0) 1/ 0

Amplification factor g = wi/21"

DC response

Natural oscillation frequency 1s approximately vy = we/2m  (for wo>>1" we have wo~wr).
t59 = 571? = sze.tsz W, number 75
for decaying (?)scﬂlator _— (UO — —): of oscillations
to lose 95% of 2T in a t5o; Lifetime

amplitude
_3 o, ~ w, The “Heartbeat Count”

=1 = o
9 measure of lifetime

o, Uy = —* =
270 T 2 T 2T

N 5o,
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Oscillator figures of merit: quality factors Q and q=2nQ

n t ‘G 0. = w, ‘ 1/(2Tw,
AAF = esonant response _ 600( S ) _ ( 5 ) _ ;)18 =g (angular quality factor)
Gy, (0) 1/ 0

Amplification factor g = wi/21"

DC response

Natural oscillation frequency 1s approximately vy = we/2m  (for wo>>1" we have wo~wr).
t59 = 571? = sze.tmw W, number 75
for decaying oscillator } (UO — —): of oscillations
fimes 21T

to lose 95% of in a ts0; Lifetime
amplitude
n.. =t 1. = 3 Do Y _ q The “Heartbeat Count”
o SN0 T 24T 2T measure of lifetime
Energy decay 2 o
(proportional to the square of oscillator amplitude): (e ) =e dil =-2T'E
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Oscillator figures of merit: quality factors Q and q=2nQ

o ‘G 0. = o, ‘ 1/(2Tw,
AAF = csonant response _ wo( - ) = ( 5 ): ;)1(1 =q (angular quality factor)
Gy, (0) 1/ 0

Amplification factor g = wi/21"

DC response

Natural oscillation frequency 1s approximately vg = we/2m  (for wy>>1" we have wo~wr).
tso; = 3/ F = Llfe.”me W, number 75
for decaying %scﬂlator _— (UO — —): of oscillations
to lose 95% of 2T in a ts50; Lifetime

amplitude
_ 3 o, ~ w, The “Heartbeat Count”

Neoy = Lo, Vy = — = — .
o SN0 T 24T 2T 9 measure of lifetime
Energy decay o2 -
(proportional to the square of oscillator amplitude): (e t) =e ! dbil =-21T'E

Relative amount
of energy lost (—dE) _ oF 1 2nm q

E

each cycle period =17, = Q = (Standard angular quality factor) =
1 vy O ¢ 27
=)
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Oscillator figures of merit: Uncertainty 1/q

To see a beat we need Thalfbeat to be less than 7sy, or 3/I'. (Here we approximate n~3.0, again.)

l|lwg—wy|<3/T 0, —wy|>T

This means w-detuning error 1s greater than or equal to the decay rate I

Any detuning less than I" 1s virtually undetectable.
Total ® uncertainty is +I" or twice I (that is: FWHM Aw=2T ). Linear frequency uncertainty 1s:

Wy Wy g Yy
1s the inverse of the angular quality factor q.

The relative frequency uncertainty 2k = Ao = ! = Av Av=Aw/2r=1"/n

If we think of the 5% or 4.321% lifetime of a musical note

as its time uncertainty At, then:
AtAv=3/rm =1

At =tsq, =3/1 At =t43519, =7 /1

Ver V precise measures of imprecision
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Approximate Lorentz-Green's Function for high quality FDHQ

(Quantum propagator)
G, (0,)=— 21 - SR S S oS
’ wf -0 —2lo, 7% 20, oj-o,—iI" 20, A-il" 20,

Complex detuning-decay 6=A-il" variable 0 is defined with the real detuning A= w,— o,
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Approximate Lorentz-Green's Function for high quality FDHQ

(Quantum propagator)
G, (0,)=— 21 - SR S S oS
’ wf -0 —2lo, 7% 20, oj-o,—iI" 20, A-il" 20,

Complex detuning-decay 6=A-il" variable 0 is defined with the real detuning A= w,—®

1 A T
LA—il)= = Re L +i1ImL = +1 =
( ) A—il A2 +T2 A% +T2

S

ILPA +ilLP’T
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Approximate Lorentz-Green's Function for high quality FDHQ

(Quantum propagator)
6, (0,)=—r—] 1 1 I N E N
’ wy —w; —i2Tw,  “7% 2a) g — —zF 200 A—il" 2w,

Complex detuning-decay 6=A-il" variable 0 is defined with the real detuning A= w,—®

1 A I

S

LA-iT)=——=ReL +ilmL = ——— +i—5——= ILPA +ilLP’T
A—il A24+T A24+T
- 1
SIL1eP =1 Licosp+il Llsinp=—SP i  SUP _ (herer Li=
I+ Jaar? JAZ 412
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Approximate Lorentz-Green's Function for high quality FDHQ

(Quantum propagator)
G, (0,)=— 21 - SR S S oS
’ wf -0 —2lo, 7% 20, oj-o,—iI" 20, A-il" 20,

Complex detuning-decay 6=A-il" variable 0 is defined with the real detuning A=w,— o,

1 A r
LA-iT)=——=ReL +ilmL = ——— +i—5——= ILPA +ilLP’T
A—iT A2 4T A24T
“IL1e® =l Licosp+il Llsinp=—2P 4 SP  yhere:l L=
JA2+T2  JA2+T2 JA? +T2

Ideal Lorentz-Green’s functions

‘ - | Invefse decgy
_1. [=AT —pjein] VI
L] Fsm P AT+ 1= l Smith plots
| L | —lsin
I p P
| '
r
1 L g
|l =—cos | P
AP ‘ |
1 — |L|= 1 cos P Inverse detuning 1 axis
A A (Beat period) A
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Approximate Lorentz-Green's Function for high quality FDHQ

(Quantum propagator)
G, (0,)=— 21 - SR S S oS
’ wf -0 —2lo, 7% 20, oj-o,—iI" 20, A-il" 20,

Complex detuning-decay 6=A-il" variable 0 is defined with the real detuning A= w,— o,

1 A I
LA-iT)=——=ReL +ilmL = ——— +i—5——= ILPA +ilLP’T
A—il’ A“+T A“+T
ip . : CoSs p . sinp 1
=|Lle" =l Llcosp+ilLlsinp= +1 where:| L |=
JAZ+T2 A%+ VA2 412

Ideal Lorentz-Green’s functions

i - | Invefse decgy
_1. L=ATI —pjeie| TV
L] Fsm P AT+ 1= I Smith plots
| L | —lsin
I p P
| '
r
1 L g
|l =—cos | P
R \
1 — |L|= 1 cos P Inverse detuning 1 axis
A A (Beat period) A

Fig. 4.2.13 Ideal Lorentzian in inverse rate space. (Smith life-time 1/T" vs. beat-period 1/A coordinates)

Constant A and I curves in Fig. 4.2.13 are orthogonal circles of 1/z- dipolar coordinates. Recall Fig. 1.10.11.
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SMITH CHART (Invented by Phillip H. Smith 1905-1987)

An FDHO Green's
Function
Slide rule

A plot of
fz) =1/z

For wavy

“Ohms Laws”
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http://www.uark.edu/ua/modphys/markup/OscillItWeb.html?scenario=39
http://www.uark.edu/ua/modphys/markup/OscillItWeb.html?scenario=39
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Fig. 10.11 Dipole F-field f(z)=1/z> and scalar potential (®=const.)-circles orthogonal to (A=const.)-circles.
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From: Fig. 1.10.12
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