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Chapter 1. The Trebuchet: A dream problem for Galileo?
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Trebuchet simulator

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html

(a) What Galileo Might
Have Tried to Solve

The Atlat] <———
(Cahokia, IL 12th Century) *
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Review of Hamiltonian equation derivation (Elementary trebuchet)
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Hamilton equations for elementary trebuchet

.............

) (Y

;]

yoo % ( Py } Contravariant metric tensor

Coordinate equations

887]_]9 = 0= 7/¢9p9+7/¢¢p¢
Momentum/force equations
0H JL JT JV
00 90 0 96
= mrl0¢ sin(6 — )+ F,

pgz

Thursday, October 13, 2016

(May just use Lagrange resullts...
...but to be formally correct...
...must convert contra-velocities
to covariant momenta!)

P Y
- , 0= 7/69]79 + Ye(pp(p
ml mrlcos(6 — ) Py
Py P ) h — 00 o)
1 ( v mrlcos(0—¢)  MR* + mr* ] Dy ] 1 O=V"PotY Py
I'=> 2 2 2.2 =50 Pl
2 me [MR + mr? sin (e—cp)} 2

Po= 7’999 + Veqqu
Py= Vg0 + 7999

oH .

S—=0= 1" Pt p,

Py

_9H _9L_9T v
07 % a0 o

= -mr/(0¢ sin(6 — @)+ F,
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Hamilton equations for elementary trebuchet

....................................................
) (Y

Coordinate equations

oH

dp,
Momentum/force equations
0H JL JT JV
00 0 0
= mrl0¢ sin(6 — )+ F,

. 0
= 0= 'y(p p9+)f¢¢p¢

...but to be formally correct...

pg =
to covariant momenta!)

=mrl(y% py+7% p )1 * py+ 7% p,) sin(6 - 9) + F,

Thursday, October 13, 2016

(May just use Lagrange resullts ...

...must convert contra-velocities

0 ]_ yee % | py | Contravariant metric tensor
¢ v v\ P Yy

W - 0

o 5 9:7/60]994'7/ ¢p¢
m/ mrlcos(6 — ) Py

Py P ) h — 00 ol

1( T rtcos(0—0) MR+ mi? ] P, ] - O=7" PtV Py
I'=> =37 Pl

me? [MR2 + mr? sin2(6 - <p)}

Po= 7’999 + Veqqu
Py= Vg0 + 7999

oH .

S—=0= 1" Pt p,

Py

. 9H _9L_JT v
0773 "0 0 90

-mr 000 sin(6 — @) + F,

=-mrl(y% py + 7% )7 py + 7% py) sin(6 - 9) + F,

25



Hamilton equations for elementary trebuchet

....................................................

- yo0 % |\ p, | Contravariant metric tensor
Py

00 00 Ay

4 4

A

I — 0
( b ) ml mr/lcos(0—) Py . 50 5
1 v mrfcos(6 — ) MR? + mr? Py - o=y Pgt7
=3 2 2 2 .9 =7 pmpn
2 ml [MR + mr< sin (9—(1))} 2

Po= 7’999 + Veqqu
Py= Vg0 + 7999

oH .
—=¢=r"p,+7"p,
d Py
Momentum/force equations
BH oL 8T oV (May just use Lagrange resullts... OH oL IT oV
Dy = ...but to be formally correct... p¢ =— =—= —
do 89 89 do ...must convert contra-velocities 8¢ a(P 3(/) 3(1)
= mrl0¢ sin(6 — )+ F, 1o covariant momenta!) = -mrl0¢ sin(0 - )+ F,
=mrl(y% py+7% p )1 * py+ 7% p,) sin(0 - 9) + F, =-mrl(y% py + 7% p )7 py + 7% py) sin(6 - 9) + F,
= mri(y 99y¢9 2 4 [y00y9? 4 (}/H"))2 1p,py + y9¢y¢¢p(2b) sin(60—¢)+ F, = -[messy factor] sin(6 — @) + F,

Thursday, October 13, 2016 26



Hamilton equations for elementary trebuchet

....................................................

00 00 Ay

4 4

0 ]_[ yoe ¢ ]( Py } Contravariant metric tensor
Py

A

e : 9
X=-Rsin0 () .~ o 0=y%py+y ¢P¢
( b ) ml mrlcos(0—) Py , 00 00
1 v mrlcos(0—¢)  MR* + mr* Py 1 O=V"PotY Py
r=3 2 2 ) =57 PP
2 - [MR + mrtsin (e—cp)} 2
Po= 7’999 + Veqqu
Py= yq)eé + ?/m)(b
oH .
—=¢=r"p,+7"p,
0 Py
Momentum/force equations
. OH 9L_JT oV  O9H 9L_JT oV
Po="30 90 96 o6 Po="30 "0 9o oo
= mrl0¢ sin(6 — )+ F, = -mr/(0¢ sin(6 —¢)+ F,
=mri(y% py+7% p )1 " py+ 7% py) sin(0 - 9) + F, =-mrl(y% py + 7" p )7 o + 7" py) sin(6 - 9) + F,
= mri(y99y% p 2 +[y 0997 + (992 PyPy+ y 9y 99 pé) sin(60—¢)+ F, = -[messy factor] sin(6 — ) + £

A lesson on Hamiltonian “elegance” ...
...may be very elegant formally...but may not be so elegant algebraically!
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Hamiltonian energy and momentum conservation and symmetry coordinates
=P Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry
Algebraic approach
Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics

Thursday, October 13, 2016
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢z =6 — 6 —m/2 and 63 =0 +1/2 Previous lab absolute
Jacobian Lemma-1 definition: bp =-0+0 —1/2 trebuchet coordinate Begm-normal
angles © and ¢ relatiye azimuthal
d0, b, coordixate angle Op
9’3 00 I 0 ( 1 0 j 0 compared to
QSB ) % % ¢ - ¢ new angles
0  dp Op and Op. ¢—9

Beam-normal
vertical-absolute

polar angle Oy

-
-
-
-
P’
U

A

s\
eB

Lab (6,0) and beam-normal (0s,¢s)

relative coordinates for trebuchet.

\_:j‘
e

(Each value is positive.)

Thursday, October 13, 2016 29



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢z =& — 0 — /2 and 6; =0
Jacobian Lemma-1 definition:

|

6
0

=(

1
-1

0

1

I

6
0

1

05

+7/2
=-0+¢ —1/2

Kajobian of inverse transform ¢ =¢ — 0 —m/2and 0=0 —-m/2

0, 96,
0, | | 90 9o
by ) | u Py
0  J¢
0  do
0 | | 99, 99,
0 % 9
d0;  dp,

Thursday, October 13, 2016

0,
0y

=[

I 0

1

|

|

0,
0y

0=0z+03

Previous lab absolute
trebuchet coordinate

angles © and ¢

compared to

new angles
0p and Op.

A

-
-
-
-
P’
U

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle Oy

s\
eB

| D7
N e 4
S

Lab (6,0) and beam-normal (0s,¢s)
relative coordinates for trebuchet.

(Each value is positive.)
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢z =& — 0 — /2 and 6; =0
Jacobian Lemma-1 definition:

0,
Oy

6
0

=(

1
-1

0

1

|

6
0

+1t/2
Op =-0+0 —m/2

Kajobian of inverse transform ¢ =¢ — 0 —m/2and 0=0 —-m/2

20, 0,
0
dp, 9P,
2
0 9
2, 9,
dp  Ip
2, 99,

Thursday, October 13, 2016

0,
0y

=[

I 0

1

|

|

0,
0y

0=0z+03

Be careful with momentum.
Poincare invariance is crucial! — 0

Poincare invariant must remain invariant

b +pé =6 o )

Previous lab absolute
trebuchet coordinate

angles © and ¢

Begm-normal
relative azimuthal

compared to

new angles
0p and Op.

Beam-normal
vertical-absolute

polar angle Oy

-
-
-

-
P’
U

b\

| D7,
D B 4
9

:P593+Pf¢33

B
Fig. 2.9.6

Lab (6,0) and beam-normal (0s,¢s)
relative coordinates for trebuchet.

(Each value is positive.)
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢z =& — 0 — /2 and 6; =0

Jacobian Lemma-1 definition:

Kajobian of inverse transform ¢ =¢ — 0 —m/2and 0=0 —-m/2

|
|

6
0

0,
0y

|
H

I O
-1 1

I 0
I 1

6
0

I

0,
0y

I

Dm transform is TRANSPOSE INVERSE [0 g™

96, 96,

0, | | 90 9o
s 99, 9oy
0 I

d0  JO

0 | | 99, 99,
¢ o 99
d0, JIP,

0

Py, | | 96, 96,
p. | | 96 %
dp, 9P,

(96, %,

Po _ d9 00
Py % a¢3
o I

Thursday, October 13, 2016

|

Py
Dy

B

Po

B

Dy

H
H

I 1
0 1

I -1
0 1

Po
Dy

I
|

I

I
I

|

+71/2

=-0+0 —1/2
% ¢ angles © and ¢

compared to

new angles
0p and Op.

0=0z+03

Be careful with momentum.
Poincare invariance is crucial!

Poincare invariant must remain invariant

Previous lab absolute
trebuchet coordinate

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle Oy

I
I
I
I
L
I

-
-
-
-
-
P’
U

A

: : : . p
pb+po=(6 ¢ ) 7
P
w ) o,

. 90, J0, 90
[0 6 ) o0 w | a0,
%, %, )\

\_:j‘
S

= pg 0, + pf (bB \
eB
)
d0 Pg Fig. 2.9.6
8¢B pf Lab (0,0) and beam-normal (050s)
8¢ relative coordinates for trebuchet.

(Each value is positive.)
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢z =& — 0 — /2 and 6; =0

Jacobian Lemma-1 definition:

0,
Oy

]:

|

E

+71/2

Oy =-0+0 —T1/2

Kajobian of inverse transform ¢ =¢ — 0 —m/2and 0=0 —-m/2

:

]z

|

e

Dm transform is TRANSPOSE INVERSE [0 g™

Resulting momentum transform: p,= p, —pf

N— N,
Il Il

20, 00,
26 oo
dp, 9P,
9
0 9
40, P,
dp  dp
00, b,
20 9
26, 6,
20 9
%, 96,
893 a¢B
EIRE)
20, 9,
I

Thursday, October 13, 2016

|

e
)

py= P,

0=0z+03

|
|
Be careful with momentum. |

Poincare invariance is crucial! |L

Poincare invariant must remain invariant

pb+pd=(6 9 |

(6, 9, |

Previous lab absolute
trebuchet coordinate

angles © and ¢

Begm-normal
relative azimuthal

compared to

new angles
0p and Op.

Beam-normal
vertical-absolute

polar angle Oy

-
-
-
-
-
P’
U

A

\_:j‘
S

IP;Q = pg 93 + pf (bB \
0 eB
99 90 | 96, I, k/
893 803 8_9 8_9 pg Fig. 2.9.6
8_9 ﬂ % 8¢B pf Lab (0,0) and beam-normal (050s)
é)q)B 8¢B &(D 8¢ relative coordinates for trebuchet.

(Each value is positive.)
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢z =& — 0 — /2 and 6; =0

Jacobian Lemma-1 definition:

+71/2

=-0+0 —1/2
% ¢ angles © and ¢

Previous lab absolute
trebuchet coordinate

Begm-normal
relative azimuthal

d0; 90, coordixate angle Op
9’3 00 I 0 ( 1 0 j 0 compared to
QSB ) % % ¢ - ¢ new angles
89 &Qb GB and q)B. q)—@
Kajobian of inverse transform ¢ =¢ — 0 —m/2and 6=05 -1/2 AL
| d0  do | | O =0z+05
[ 0 ]_ 863 8¢B [ 0, ]_[ 1 0O ][ 0, ] : Beam-normal
| | o 0 ) 1 ; | vertical-absolute
¢ 0~,9¢B yqi O O : polar angle 6y
Dm transform is TRANSPOSE INVERSE fO g™ Be careful with momentum. |
0 I Poincare invariance is crucial! — )
pi | | 9, 96, | ps _(1 j P,
Py 9 9 Py 01 by Poi variant must i ariant e A Y
20, 90 oincare invariant must remain invarian 0. -
} 893 a¢B p \Y% ‘ /
B B . . . . 2] . .
n) | 2 o0 | (1 _IJ o pérd=( 6 6 ) 7 |=pibu i, N\
= = ¢
P, 9, 9 | p; 0 1 )| p/ eB
L ) ® % ) o, o,
Resulting momentum transform: p,= py-p, ( 6 g ) 20, 96, 0 9 | po Fig. 2.9.6
b= p B B ¥s @ ﬂ % % pf Lab (9,¢) and Z‘)eam-normal (05,05)
¢ ¢ 5)¢B 8¢B &(D 8¢ relatl;; c;om’;nat‘es jor.z‘l‘”ebjchet.
2 2 2 acn vaitue is posiiive.
ml +(MR” + mr + 2mr/ cos(0 — . , ,
g =" PePe ( )PsPs PoP, €080 ~9) +V Original (6,6) Hamiltonian

2m0*| MR® +mr’sin® (6 ¢) |

Thursday, October 13, 2016
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢z =& — 0 — /2 and 6; =0

Jacobian Lemma-1 definition:

0,
Oy

Hao)e )

+71/2

Oy =-0+0 —T1/2

Kajobian of inverse transform ¢ =¢ — 0 —m/2and 0=0 —-m/2

0

Dm transform is TRANSPOSE INVERSE [0 g™

26, 06,
| 9 a || 6
Wy 99y | ¢
0
d0  do
| 96, d, | 6,
W 9 |\ ¢
00, dp,
0 3
| 96, b, Do
. 9 I Py
\ I I,
9y 9y
| 9 a0 || ps
| 9 98 || p
d I

Hoe) e

o

Resulting momentum transform: p,= p, —pf

H =

py= P,

0=0z+03

Poincare invariant must remain invariant

pf+pd =6 9 )[

(6, 9, |

B mfngp(9 + (MR + mrz)p¢p¢ +2mrl p,p, cos(6 —0)

2ml?

2
2( B B
mt (pe —p(p) +

| MR’ + mr* sin’ (0 - 9) |

Previous lab absolute
trebuchet coordinate

angles © and ¢

compared to

new angles
0p and Op.

96
96,
90
P

2
MR? +mr2)(pf) —2mr€pf (pg —p(f)sin(pB

Be careful with momentum.
Poincare invariance is crucial!

99
20,

99

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle Oy

I
I
I
I
L
I

-
-
-
-

Py

+V

+V

H =

Thursday, October 13, 2016

ml? [MR2 + mr? cos? ¢BI

-
V)
U

| D7,
D B 4
9

IP;Q ]:pgéB'I'pf(bB \
0 eB
2, %,
o0 96 [ P J Fig 29
% % pf Lab (6,0) and beam-normal (0s,¢s)
&(D 8¢ relative coordinates for trebuchet.

(Each value is positive.)

Original (¢,6) Hamiltonian

(Use 05=m2-(6-0) )
Transformed (¢505) Hamiltonian
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢ =0 —0 —m/2and 6 =60  +m/2 Previous lab absolute
Jacobian Lemma-1 definition: bp =-0+0 —m/2 trebuchet coordinate Begm-normal
angles 0 and ¢ relatye azimuthal
% % coordikate angle Op
9’3 00 o 0 [ 1 0 j 0 compared to
‘753 ) % % ¢ - ¢ new angles
89 &¢ GB and q)B. q)—e
Kajobian of inverse transform ¢ =¢ — 0 —m/2and 6=05 -1/2 R
| 0 JO | | O =05+
[ 0 ]_ &HB &¢B [ 0, ] _ [ I O ][ 0, ] Beam-normal
|| 2 0 ) L1 ) vertical-absolute
¢ 5’9¢ % O O polar angle 6y
B B

Dm transform IS TRANSPOSE INVERSE [0 g™

Be careful with momentum.

0 I Poincare invariance is crucial! )
pff _ 893 863 Py _( 1 1 j Pe S -
p f ﬁ @ Py 0 1 Dy b P 6\
} 8(;)3 8¢B oincare invariant must remain invariant ‘ X
3, % N . /
Po 8—93 07—98 Pf ( 1 -1 ) Pg 2 +p¢¢ :( 0 ¢ )[ p9 ]:p593+pf¢3 \
= B = B ¢
2 9, 90 | p; 0 1 )| p
dp A b dp 26, 9,
. B _B —_— — ~“B 7B
Resulting momentum transform: Po=DPo Dy ( 6 ¢ ) 00, 06, 0 90 Fig. 2.0.6
B B B B 00 aq) % % Lab (0,0) and beam-normal (05,05)
p o p 1) % % &) (p 8 (p relative coordinates for trebuchet.

H =

H =

ml’ p,p, +(MR> + mr )p(ppq, +2mrl pyp,cos(6 —9)

2m€2[MR2+mr sin” (0 — (P):I

2
méz(pg—pf) +(MR2+mr2)(pf)

0-0=

2mr€p¢ (p — Py )smq’)B

(Each value is positive.)

+ (MR —mr)gcos@+ mglcoso
—TE/Z— q)B

F, =—MgRsin6 + mgrsin0
F, =—mglsing

Thursday, October 13, 2016

mt* [MR2 + mr? cos ¢)B}

(MR— mr)gsin@B —mgfcos(q)B +GB)
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Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

= Algebraic approach
Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics

Thursday, October 13, 2016
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Free-space trebuchet kinematics by symmetry.: Algebraic approach (using last line of p. 36)

2 2 (Assume zero-gravity)

ml? (péB —pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB -
H = —(MR—mr)gsm
me? [MR2 + mr? cos” (])B}

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0p angles 0 and o

SO ! pg = =0 and: pg = A = const.

compared to

90,

. .. . I — _ new angles
H is not an explicit function of t so : H=const.=E 6, and oy,

Beam-normal
vertical-absolut

polar angle Oy

Lab (0,0) and beam-normal (05,05,
relative coordinates for trebuchet.

(Each value is positive.)
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Free-space trebuchet kinematics by symmetry.: Algebraic approach (using last line of p. 36)

2 2 (Assume zero-gravity)

ml? (péB —p(f) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB -
H = —(MR—mr)gsm
me? [MR2 + mr? cos” ¢B}

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0p angles 0 and o

. B B A=
SO . Pg = ﬁ =0 and P = A = const. compared to
B
. .. . I — _ new angles
H is not an explicit function of t so : H=const.=E 6, and o,
5 ) Beam-normal
2 B 2 2 B B B\.: vertical-absolut
. my (A—pq) ) +(MR + mr )(p¢ ) _zmrép(p (A_pq) )Sln¢Bzconst _F polar angle Oy

|
|
i
mfz[MRz +mr2 0052 q)B} :
:_,

Lab (0,0) and beam-normal (05,05,
relative coordinates for trebuchet.

(Each value is positive.)
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Free-space trebuchet kinematics by symmetry.: Algebraic approach (using last line of p. 36)
2 2 (Assume zero-gravity)
ml? (péB —pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB

me? [MR2 + mr? cos” (])B}

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0p angles 0 and o

SO ! pg = =0 and: pg = A = const.

compared to

90,

. .. . I — _ new angles
H is not an explicit function of t so : H=const.=E 6, and oy,

Beam-normal

2 2 .
2 B 2 2 B B B\.: vertical-absolut
mt (A—pq) ) +(MR + mr )(pq) ) —2mr€p¢ (A—p(p )smgf)B polar angle O
H = =const.= E
me* [MR2 + mr® cos® ¢B} /
Rewrite H=E as a quadratic equation in py : | -7
- K

mEZ(Az— 2A(pf)+(pf)2)+(MR2 +mr2)(pf)2— 2mr€(pf)(A—pf)sin¢B = Em(* [MR2+mr20082(/)B P i

/]

s\
eB

Lab (0,0) and beam-normal (05,05,
Throwing-momentum p5; is a function of beam-relative angle ¢p, total E, and NA=pBy . relaive coordinates for trebuchet.

(Each value is positive.)

\_:j‘
e
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Free-space trebuchet kinematics by symmetry.: Algebraic approach (using last line of p. 36)

2 2 (Assume zero-gravity)

ml? (péB —pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB -
H = —(MR—mr)gsm
me? [MR2 + mr? cos” (])B}

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0p

B angles © and ¢
. .B_ N , o
0 Py = ﬁ =0 and . Py = A = const. compared to
B
H is not an explicit function of t so : H=const.=E """

GB and q)B.

Beam-normal
vertical-absolut

polar angle Oy

2

2
ml? (A—pf) +(MR2 +mr2)(pf) —Zmrépf(A—pf)singbB

H =
mt? [MR2 + mr? cos” (])B}

= const.= ?

Rewrite H=E as a quadratic equation in py :

mEj/Az— 2A(pf)+(pf)2)+(MR2 + mr? (pf)z— 2mr€(pf)(A—pf)sin¢B = Em/? MR2+mrzcosz(/)B

ng A —2]7/2151 \ p + I\ng +2 ’ -7_[5 ’-‘ -::-‘l‘- MI 3- +- -I- AN -{- —2 / f\' I —E g lw R +mr \

Lab (0,0) and beam-normal (05,05,
Throwing-momentum p5; is a function of beam-relative angle ¢p, total E, and NA=pBy . relaive coordinates for trebuchet.

(Each value is positive.)
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Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2
méz(pg—pf) +(MR2+mr2)(pf)

H

—2mr€pf (pg —pf)sin(pB

(using last line of p. 36)

(Assume zero-gravity)

me? [MR2 + mr? cos” ¢B}

For zero-gravity H is not a function of 0p

SO ! pgzﬁzo and : pngzconst.
B

H is not an explicit function of t so : H=const.=E

2 2
ml? (A—pf) +(MR2 +mr2)(pf) —Zmrépf(A—pf)singbB
H =

mt? [MR2 + mr? cos” q)B}

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

compared to

new angles
GB and q)B.

Beam-normal
vertical-absolut

olar angle 0
= const.= ? P &8

Rewrite H=E as a quadratic equation in py :

m@Az— 2P (P )+

mZZAZ—ZmEZA(pf) —I:£m€2+2mr€ sin'q)B+M}€-2-n:mr2)

——

-- -
___________
- - -
-- - -
----------
- -
=

-
-
—'

Throwing-momentum p®; is a function of beam-relative angle ¢p, total E, and A=p5y .

Thursday, October 13, 2016

Fint? )(pf )—I—mszz—Emfz[ MR2+mr2—mrzsin2(pB }

2,2 2 .
MR~ +mr=cos™¢,

/]

b\
0

Lab (0,0) and beam-normal (05,05,
relative coordinates for trebuchet.

:Ezinéz MR2+mr2cosz(j) B

L4 24

=0

(Each value is positive.)
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Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2
méz(pg—pf) +(MR2+mr2)(pf)

H

—2mr€pf (pg —pf)sin(pB

(using last line of p. 36)

(Assume zero-gravity)

me? [MR2 + mr? cos” ¢B}

For zero-gravity H is not a function of 0p

SO ! pgzﬁzo and : pngzconst.
B

H is not an explicit function of t so : H=const.=E

2 2
ml? (A—pf) +(MR2 +mr2)(pf) —Zmrépf(A—pf)singbB
H =

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

compared to

new angles
GB and q)B.

Beam-normal
vertical-absolut

polar angle Oy

= const.= ?

mt? [MR2 + mr? cos” q)B}
Rewrite H=E as a quadratic equation in py :

m@Az— A(PE W (p2) )+ MR+ mr? ) (pE =

m€2A2—2m€2A(p¢ )—I:£m€ +2'mr€sm'¢'B+MR +mr?

——

-- -
___________
- - -
-- - -
----------
- -
=

-
-
—'

(H2(r10)sing 7 ) (pE Y= 28 ((r/0)sing ,41) (pf )—I—Az—E[l—mr sin’,, | =0

Throwing-momentum p®; is a function of beam-relative angle ¢p, total E, and A=p5y .

Thursday, October 13, 2016

+m€2)(p¢ )—I—mszz—Emfz[MRzﬂnr —mr’sin <pB

MR2+mr

cos2q> B

2 2 2, ]
MR +mr-cos (/)B

¢ 24

I

¢

Fig. 2.9.6

Lab (0,0) and beam-normal (05,05,
relative coordinates for trebuchet.

(Each value is positive.)

MR2+mr2

> I=MR?*+mr?

with: /=

mt

43



Free-space trebuchet kinematics by symmetry.: Algebraic approach (using last line of p. 36)
2 2 (Assume zero-gravity)
ml? (péB —p(f) +(MR2 +mr2)(pf) —Zmrépf (pg —pf)sin(pB

me? [MR2 + mr? cos” ¢B}

H =

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0p

2 angles 0 and ¢
. B . — A —
SO . Pg = ﬁ =0 and P = A = const. compared to
B
. . . . S — new angles
H is not an explicit function of t so : H=const.=E 65 and b
) ) Beam-normal
m€2 (A . pf) n (MRZ n er )(pf) . 2m7"€pf (A . pf )singbB vertical-absolut
H = _ const.—= E polar angle Oy
2 2 2 2
ml [MR + mr~ cos q)B} /
Rewrite H=E as a quadratic equation in py : | e
: K
mEj/Az— 2A(pf)+(pf)2) (MR2 + mr? E{yf_f_j}mré(pf)-(_A_—!?g‘)_s_ir_l_(pB = Em/? _MR2+mr20082(/)B_ Q\ X
m€2A2—2m€2A(p¢ )-I:£m€ +2'1-n—7:ééln§b'l;-l-7\/[}€- imr_)(qu )? ——_gmrz\sm%(qu )—Emé2 MR2+mr2coszd)B— /
--------------------- ol B

Tinl? )(p¢ )—I—mszz—Emfz[MRzﬂnr —mr’sin <pB } =
(1+2(7‘/€) Sin¢B+ J)(p(Z)B )2— 2A((7"/€) Sln(DB—I—l)(pf )—l-AZ—E|:[—m1" sin ¢B:| = (using quadratic solution: x= ~bEVb 4ac)

Fig. 2.9.6
Lab (0,0) and beam-normal (05,05,

Throwing-momentum py is a function of beam-relative angle ¢p, total E, and A=pBy .  relaive coordinates for trebuchet.

(Each value is positive.)

2a

2
2A((#/0)sing ,+1 i\/4A2 #0)sing .+1) = 4(142(#/0)sind + J (Az—E T—mr?sin® ) 2, .2
(( )sing ) (( )sing ) ( (r/f)sing ) [ (bB} with: J= MR +2mr . [=MR*+mr?
2(12(r/0)sing 4+ J ) ml
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Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

Algebraic approach
== Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics

Thursday, October 13, 2016
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity (Assume zero-gravity)
Total KE =T = E[(MR2 + mr?)0* = 2mrl cos(6 — ¢) 6 + mfngz}
oT _ 9 N . Previous lab absolute
Py = % B (MR +mr )6 B mrﬂq)cos(@ - ¢) trebuchet coordinate Begm-normal
angles 0 and ¢ relaiye azimuthal
oT : .
Po=36 = mt%p— mrt6cos(6 - ¢) compared 10
new angles
GB and (I)B. q)—e

Beam-normal
vertical-absolut

polar angle Oy
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity (Assume zero-gravity)
1 . . .
Total KE =T = 5[(MR2 + mr?)0* = 2mrl cos(6 — ¢) 6 + mfngz}
_ oT _ 9 N . Previous lab absolute
Pg = g_ (MR +mr )6 - mrﬁq)cos(@ - ¢) trebuchet coordinate Beqm-normal
angles 0 and ¢ relaiye azimuthal
Py = g—g = ml*¢— mrlOcos(6 — ¢) compared to
Transform to beam-relative coordinates and momenta new angles
_ BB 05 and Oy —
[e ) —n/zj 0B =6 +n/2j Po=DPo P, B and s 0—6
0=0B+08 0B =-0+0 —m/2 p= p’
0-0 =-05-1/2

Beam-normal
vertical-absolut

polar angle Oy
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity
Total KE=T = %[(MRz +mr*)6* = 2mricos(6 —¢) 06 + mz%bz}

Dy = g— (MR2 + mr2)9 — mrﬁécos(@ —0)
oT . .
Py = @ = mfch— mrl6cos(6 — )

Transform to beam-relative coordinates and momenta

0=0p -m/?2 OB
G=0B+0B OB

0-0 =-05-1/2

=0 +Tc/2j
—_ —" B
0+ —m/2 P,= P,

Pe="Dg P,

2F = (MR2 + mr? )92 +2mrloo sSIng , + m€2q52 = const.

Thursday, October 13, 2016

(Assume zero-gravity)

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

Begm-normal
relative azimuthal

compared to

new angles
GB and q)B.

Beam-normal
vertical-absolut

polar angle Oy

B x
/
Op
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity

(Assume zero-gravity)

Total KE=T = %[(MRz +mr*)6* = 2mricos(6 —¢) 06 + mz%bz}

Dy = g— (MR2 + mr2)9 — mrﬁécos(@ —0)
T : :
Py = g—¢ = mfz(]) —mrl6cos(0—0)
Transform to beam-relative coordinates and momenta
[e =038 —n/zj CaB =9 +n/2j Po=Ps Py
®=0B+08B OB =-0+0 —m/2 p,= Pf

0-0 =-05-1/2
2F = (MR2 + mr? )92 +2mrl 0 sIng , + m€2¢2 = const.

pg =A=const.=  p, + Py

= ((MR2 +mr®)0 + mr€¢sin¢3)+(m€2q5+ mr(0 sinq)B)

Thursday, October 13, 2016

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

Begm-normal
relative azimuthal

compared to

new angles
GB and q)B.

Beam-normal
vertical-absolut

polar angle Oy

B x
/
Op
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
Energy for zero-gravity (Assume zero-gravity)

Total KE=T = %[(MRz +mr*)6* = 2mricos(6 —¢) 06 + mz%bz}

2 2\, : Previous lab absolute
Pg = % - (MR +mr )6 - mrﬁd}cos(@ - ¢) trebuchet coordinate Begm-normal
angles 0 and ¢ relaiye azimuthal
oT o . coordixate angle Op
Py= % =ml°p—mrl6cos(6—0) compared to
Transform to beam-relative coordinates and momenta new angles
—_ B - B GB and q)B. q)_e
[e =0p —n/zj 0B =6 +n/2j Po=Do D,
= —_ _— B R \ N N
¢G=0B+0B OB =-0+0 —m/2 p,= P
0-0 =-05-1/2

Beam-normal
vertical-absolut

2F = (MR2 + mr? )92 + 2mr€q59 sIng , + m€2¢2 = const. polar angle 05

pg =A=const.=  p, + Py

= ((MR2 +mr®)0 + mr€¢sin¢3)+(m€2q5+ mr(0 sinq)B)

Case of equal arms r ={ (easier algebra)

- K
9.\ X
, OB
2E = MR*6+mr? (9'2+2¢9 sing , + qsz)
> (For: r=10)
A= MR*0+mr*(1+sing, )(6+¢)
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) b ——T/2 b) oz —0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ) 0 6 o'clock
2 E=MR*6*+mr* (92+2(/59 SIng ,+ ¢2) For: () 0, jfri’;fgmt e

\
r=/{

A= MR*0+mr*(1+sing, ) (0 +9) Joclock R
) c ; Optimum release point & Mid point

Maximum KE of m
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 b) dp,—0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*6*+mr* (92+2(/59 SIng ,+ ¢2) For: () q)B jtjr_tr_’;igmt e
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock R
) c ; Optimum release point $ Mid point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

) Conserved
. . : 2 initial 2E
_ 2E = MR*0% . +mr? - — MR20? - :
Dy = St O =bn) 2E= MR 0 _zn=@=0_y
5 5 _ 2 4 T
P A= MR 9_7”2 A= MR w
SINQ p=- \ initial A
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 b) dp,—0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr* (92+2(/59 SIng ,+ ¢2) For: () q)B jtjr_tr_’;i/g)mt e
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock R
) c ; Optimum release point $ Mid point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

) Conserved
. . : 2 initial 2E
_ 2E = MR*0% . +mr? - — MR20? - :
Dy = St O =bn) 2E= MR 0 _zn=@=0_y
5 5 _ 2 4 T
P A= MR 9_7”2 A= MR w
SINQ p=- \ initial A

Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating)

2E = MR?6} +mr? (45 +67
¢B:O;<

. o
sing,=0 | A= MR6,+mr*(9,+6,)
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) ¢ ——T/2 b) ¢, —0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr? (92+2(/59 sing ,+ ¢2) For:  (c) 0, jtjri';‘i/pzo it &
r=={

A= MR*0+mr*(1+sing, ) (0 +9) # grclock _______ R
) Optimum release point I & Mid point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

) Conserved
240 2/ ; . 2 initial 2F
_—; | 2E=MR*02 ) +mr (02 =0_rs2) | 2E = MR?w? o
Op : 9 : For.60__,=w=¢__,
. —_1 A= MR 9_71_/2 A=MR"w
smpp=-1{ initial A

Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating)

2E = MR?6} +mr? (45 +67

q)B =0:+
2 . 2 . .

sing,=0 | A= MR6,+mr*(9,+6,)

Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing)

Conserved
_ 242 2/ . \2 initial 2F
b, =21 2E = M0yt mr? (0, + 6, ) = MR’
B - .
_ 2 2( . _ 2
sing ,=+1 A=MR"0, ,+2mr (¢n/2 + 9%/2) _l%ﬁla}\
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 b) dp,—0
Case of equal arms r ={ (easier algebra) c Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr* (92+2(/59 SIng ,+ ¢2) For: () q)B jtjr_tr_’;igmt e
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock R
) c ; Optimum release point $ Mid point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

) Conserved
: , : 2 initial 2E
—r | 2E= MR’ T mr? (d’— =9 /2) 2F = MR*w? - -
¢B:7;< & . & & or: N For: 0__,=w=¢__,
sing ,=-1 A=MR"0_, ), . A=MEo
B . initial \
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67407 +26605in0,
mr’ ing,
2

2E = MR26? + 2('2+9’2) -,
o ¥\ %+ % " (3-6) (For0y=-%)

ing,=0 A= MR"6,+mr-(¢,+06 ,
singp=0 | 0 00 = %(d)z_'_éz) (For: 6~ 0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Conserved T(<p+9) (For: Op = E)
: , : 2 initial 2F k
PR 2E = MR*62,+ mr? (6, +6, ) = MR20?
p=T/2:1
2 2( : _ a2
sing=+1 A= MR*0+2mr* (¢, +6,,) = MR
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r ={ (easier algebra)
ZE:MR292+mr2(92+2q59 sing + q52)

A = MR*60 + mr? (1+sin¢B)(9+(b)

(@) 05 ——T/2 (b) 6, —0

c 9 o'clock
0
) Starting point

e 6 o'clock

For:  (¢) ¢, —+1/2
r=~{

3 o'clock )
J °c @ O % ___ .
Optimum release point

.

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

$ Mid point

) Conserved
: : : 2 initial 2F
- 2E=MR*0>,,+mr*(0_p ;s —0_)5) | E = MR2w? o
Oy 5 X . , , For.6__,=0=¢__,
. —_1 A= MR 9_71_/2 A=MR"w
singg=-1_ 1 initial A
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67407 +26605in0,
, 2 g
2E:MR29§+mr2((/5§+93) (2 -
¢B =0:4 T((j)—@) (For: ¢B=—5j
L — A= MR*6, + mr* (¢, +6

Sln¢B_O 0 ((DO 0) = mTrz(d)z +92) (For: Op = 0)

Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Conserved , T(<p+9) (For: Op = E)

: , : 2 initial 2F 2 42 . mre . ; 2
b =2 2F = MR2972T/2+ mr? (q)ﬂ/z + 97:/2) — MR?’w? — (0"=0 ) VIR ((Pn/z + 97;/2)
B - .
2 o 2 o o _ 2
Sin¢B:+l A= MR 9717/2+ 2mr (¢n/2 + 9%/2) _l%ﬁla}\ D 0 _ 2mr2 . 0
(0w-0_,)= W(‘%z T n/z)
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r ={ (easier algebra)
ZE:MR292+mr2(92+2q59 sing + q52)

A = MR*60 + mr? (1+sin¢B)(9+(b)

(@) 05 ——T/2 (b) 6, —0

c 9 o'clock
0
) Starting point

e 6 o'clock

For:  (¢) ¢, —+1/2
r=~{

3 o'clock )
J °c @ O % ___ .
Optimum release point

.

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Maximum KE of m

$ Mid point

) Conserved
: : : 2 initial 2F
- 2E=MR*0>,,+mr*(0_p ;s —0_)5) | E = MR2w? o
Oy 5 X . , , For.6__,=0=¢__,
b A=MR*6__, A= MR'®
singg=-1 1 initial A
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (62 6%+ 2505in0,)
’ 2 B
242 2( ;2 32 (
2E = MR?6} +mr? (45 +67 W an (e n
¢B:O:< T((p— ) For: (PB——E
Y i
sing,=0 | A= MR6,+mr*(9,+6,) _ ”"_”2(¢52+92) oo, 0
2 R
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Conserved , T(<p+9) (For: Op = E)
: : . \2 initial 2F 2 42 L mre o : 2
2F = MR2972T/2+ mr? (qbﬂ/z + Qﬂ/z) - MR?’w? — (0"— 97[/2)_—2((1)%/2 * 97;/2)
sing ,=+1 A=MR"0 ,+2mr (¢n/2+9n/2) :l,%ﬁlla/)\ — 6 = 2mr? byé\ mI2T p\TmIz TRl
(0w-0_,)= W(‘%z T n/z)
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 ——T/2 (b) 6, —0

Case of equal arms v = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

242, 2 A2, i s 2 |
2E=MR"0"+mr (9 +200sm ¢ ,+ ¢ ) > For:  (c) 0, A Maximum KE of m
A= MR*+mr?(1+sing,)(6+9) | =" c3 oclock "
’ Optimum release point & Mid point
Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)
) Conserved
: - - nitial 2E
B VE = MR292 N 2 _ 2 ll’lltla_ 7 9 . .
¢B _ _ﬂ: » —1/2 mr (d)—ﬂ'/z ¢—7T/2) or: 2E=MR"w For: 6_71_/2 =Q :d)_ﬂ/2
o A=MR*__, A= MR’
singg=-1 1 B initial A
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) o
r T(¢ +6 +2¢OSII’I¢B)
2E:MR292+mr2((/52+92) (2
¢B —0: 0 0 0 %((j)—@)z (For: Op =_§j
5. i
: =0 A= MR"6,+mr-(¢p,+6 2
Sln¢B ’ ( ’ 0) = %(