Quadratic form geometry and development of mechanics
of Lagrange and Hamilton

(Ch. 12 of Unit 1 and Ch. 4-5 of Unit 7)

Review of partial differential calculus
Chain rule and order 0*U/0x0y = 0?V/0y0x symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
Example from thermodynamics
Legendre transform: special case of General Contact Transformation (lights,camera, ACTION!)

An elementary contact transformation from sophomore physics
Algebra-calculus development of “The Volcanoes of lo” and “The Atoms of NIST”
Intuitive-geometric development of and 7 . 7
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Link = Coullt - Simulation of the Volcanoes of 1o
Link = RelaWavity - Physical Terms H(p) & L(u)

Tuesday, September 22, 2015


http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=VolcanoesOfIo
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=VolcanoesOfIo
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=4%7C5&sigmaInd=0&swordLineWidth=3
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=4%7C5&sigmaInd=0&swordLineWidth=3
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Begin with a function z=f(z) z=f(x,y)

of 2-dimensions (x,y) and plotted | ;g
in 3-D (Then approximate by cells and tiles.)
(Iypical Beaver Lake boathouse)
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Begin with a function z=f(z) z=f(x,y)
of 2-dimensions (x,y) and plotted axis
in 3-D (Then approximate by cells and tiles.)
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Begin with a function z=f(z)
of 2-dimensions (x,y) and plotted

. axis
in 3-D (Then approximate by cells and tiles.)
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Begin with a function z=f(z)
of 2-dimensions (x,y) and plotted

in 3-D (Then approximate by cells and tiles.)

z=f(x,y)
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Begin with a function z=f(z) z=f(x,y)
of 2-dimensions (x,y) and plotted | ;¢
in 3-D (Then approximate by cells and tiles.)

0 0 d d
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(X9, YotAy) (x), )
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feon=fony o+ La)ar z=f(x,y)

(X5, 9)
=(x,t2Ax, y,)
(XO’D= " (X, 9)=
(Xp, Vo+24y) (X, v, )= Ay (x,tAx, v))
(X9, Vo+tAy) (X9,%p)
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fy)=f(x.0) + a—f(xo,yl)Ax Z:f(x’y)
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VAV A \
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VAV A \
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VAV A \

df

of

FOa) = f(x.0) + =l )Ax FOa) = f(x,) + a—y(xl,yo)Ay
) o f of 0 df d d K
= f(xo’yo)"'a_y(xo’)’O)Ay"'(a_x(xoayO)"'a_ya_x(xo’yO)Ay]Ax = f(xo,y0)+a—£(xo,yO)Ax+(a—i(xo,y0)+a—xa—jyr(xo,y0)ijAy
) of of 0 df J 0
= f(xo’yo)"'a_y(xoayo)Ay'Fg(xo’yO)Ax_"a_ya_x(xo’yO)AyAx = f(xoa)’o)"'a_ﬁ(xoa)’o)Ax"'a_ﬁ(xoa)’o)A)"Fa%g_i(xoayo)AXAy
0 %) d d
L~ (sore: 2 510~ L )+ 0
JFf of J Of /
slope: ——(x,,v,)===(x,,y,)+=—==(x,,y,) Ay \
[ ax 10 = 5 L)+ (o) f(xl,yo>=f(xo,yo>+g—§(xo,yo)m
d
f(xoay1)=f(xoayo)_i'a_f(xoayo)‘ﬁy\ af
Y \ a_x(xo,)’o)
slppe: %i(xom ZoH/ (X, Vol iS
9} WC
/962’372) x/
,< xm\ i )
oy (x;.7,) *2: Y0
y axis e \x =(x,+2Ax, y,)
— ]’y]) B
(X9, V)= Ax ng,i(i)— )
+ )
(Xy, v, +20)) (x,, 9 )= Ay XgTAX, Vg
(x():y()+Ay) (XO’YO)

Tuesday, September 22, 2015

13



Review of partial differential calculus

=== Chain rule and order 0*U/0x0y = 0*V/OyOx symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
Example from thermodynamics
Legendre transform: special case of General Contact Transformation (lights,camera, ACTION!)

An elementary contact transformation from sophomore physics
Algebra-calculus development of “The Volcanoes of lo” and “The Atoms of NIST”
Intuitive-geometric development of - - and -
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What the geometry indicates....(Two important results)

0 0 d o
SOy = f(x, a)’o)'l'a_ﬁ(xoa)’o )Ax+a_§(x0a% )Ay+a_ya_£(xo’)’o )AXA)’

0 0 d o
= f(xoa)’o)+a_f;(xoa)’o)A)H'a_ﬁ(xoa)’o)m+a_xa_§(xo,yo)AyAx
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What the geometry indicates....(Two important results)

%) %, 0o
f(xl ,yl) — f(xo ,y0)+ _f(xo » Yo )AX + _f(x() » Yo )Ay + __f(xo » Yo )AXA)’ If f(x,y)is contiuous
0x dy dy dx
around (x,,y,) and (x,,y,)
of of 0 df d of d of
- f(xo,y0)+$ xo,yO)Ay+g(xo,yo)m+a—xa—y(xo,yo)AyAx then FRER equals FRETS

Tuesday, September 22, 2015 16



What the geometry indicates....(Two important results)

0 0 d o
S,y = f(xoa)’o)"'a_ﬁ(xo’)’o )A)H'a_ij(xoa% )Ay+a_ya_£(xo’)’o )AXA)’

d d

0 0
= f(xo,y0)+£ xo,yO)Ay+a—i:(xo,yo)Ax+a—xa—]yp(xo,yo)AyAx

1. Chain rules

0 d
[f(xl ’yl) o f(xo ’y())] = df = a_i:(xo » Y0 )dx T a_f;‘(xo > Yo )dy"'(keep 1" —order terms only!)
df Jdf dx df dy
di  Ox (XO’yO)dt * dy (XO’yo)E
0 0
f — a_ﬁx + a_{)‘y (shorthand notation)

If f(x,y) is contiuous

around (x,,y,) and (x,,y,)

ddf ddf

then ——— equals ——

dy dx dx dy
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What the geometry indicates....(Two important results)

%, d 0 d
f(xl ,yl) — f(xo ,y0)+ _f<xo » Yo )AX + _f(xg » Yo )Ay + __f(xo » Yo )AXA)’ If £(x,y) is contiuous
0x dy dy dx
around (x,,y,) and (x,,y,)
of of 0 df d of d of
— f(xo,y0)+$ xo,yO)Ay+g(xo,yo)m+a—x$(xo,yo)AyAx then FRER equals FRETS

1. Chain rules

£ = £ = = 5 o )t S 503 )0 e
A TT NG
f= %x + g—f;y' orandnoaiony = O S X+ 0, fV
2. Symmetry of partial deriv. ordering vttt e e, oo
aay gi”: aax 3]; o aaygxz aaxgy or 0,0, f=0:9,f

(shorthand notation)
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What the geometry indicates....(Two important results)

d d d d
f(xl ,yl) — f(xo ,y0)+ _f<xo » Yo )AX + _f(xg » Yo )Ay + __f(xo » Yo )AXA)’ If £(x,y) is contiuous
0x dy dy dx
around (x,,y,) and (x,,y,)
of of 0 df d of d of
= f(xo,y0)+$ XO,yO)Ay+g(xo,yo)AX‘Fa—xa—y(xo,yO)AyAx then a—ya—x equals a—xa—y

1. Chain rules

£t~ G500 = =5 s S (00t
A TT NG
f= %x + g—f;y' orandnoaiony = O S X+ 0, fV
2. Symmetry of partial deriv. ordering vttt e e, oo
aay gi”: aax ?9]; o aaygxz aaxgy or 0,0, f=0:9,f

(shorthand notation)

Letﬁ:( 2, 0, ) so:?f-dr:( o0.f o,f )( f; ):axfdx+8yfdy:df
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Review of partial differential calculus
Chain rule and order 0*U/0x0y = 0°V/0yOx symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
Example from thermodynamics
Legendre transform: special case of General Contact Transformation (lights,camera, ACTION!)

An elementary contact transformation from sophomore physics
Algebra-calculus development of The Volcanoes of lo” and “The Aloms ofN]ST”
Intuitive-geometric development of and 7
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Three ways to express energy:  Consider kinetic energy (KE) first

1. Lagrangian is explicit function of velocity: v = [ ik }

Vs
1 2 2 1 1 m, 0 Vi
Lv,...)=5 (my, +m,v; +...)=L(V...)= QV'M°V+...=§( v, oV, ) + ...
0 m, v,
2. “Estrangian” is explicit function of R-rescaled velocity: y Jm 0 )
(or I Estrangian or: “speedinum”V V=Rev or [ v, ]= 0 \/m72 ]( ), ]
1 1,2 2 I I 1 O 2
EWV,..o=WV"+V;+..) = ENV..)= ;VeleV+.. =4V 'V 0 1 y +
2

3. Hamiltonian is explicit function of M=R?-rescaled velocity:

or: MOMentump p=M-.v Or:( Py ]:( my 0 ][ Y ]:[ mv, ]
P- 0 m, V, m,v,
LDy ) 1/m, 0 D
Hp.)= A+ 224 y=Hp..)=pM 1-p+...=;( P P, ) ! Lol
m, m, 0 1/ m, P,

Tuesday, September 22, 2015
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Introducing the (partial) differential equations of mechanics

Starts out with simple demands for explicit-dependence, “loyalty” or ‘‘fealty to the colors”

Lagrangian and Estrangian Hamiltonian and Estrangian Lagrangian and Hamiltonian
have no explicit dependence have no explicit dependence have no explicit dependence
on momentum p=Mev on velocity vV=M-'ep on speedinum V=M12ey

oL  9F o OF AL _ 9

T TR MW
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Review of partial differential calculus
Chain rule and order 0*V/0x0y = 0*U/0y0x symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
= [ntroducing 1°' Lagrange and I*' Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
Example from thermodynamics
Legendre transform: special case of General Contact Transformation (lights,camera, ACTION!)
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Introducing the (partial) differential equations of mechanics

Starts out with simple demands for explicit-dependence, “loyalty” or ‘‘fealty to the colors”

Lagrangian and Estrangian
have no explicit dependence
on momentum p=Mev

9L _ _9F
apk apk

Hamiltonian and Estrangian
have no explicit dependence
on velocity vV=M-'ep

o _o_9F

Lagrangian and Hamiltonian
have no explicit dependence
on speedinum V=M12ey

oL _,_9H
ov, a9V,

Such non-dependencies hold in spite of “under-the-table” matrix and partial-differential connections?

VL:aL: 0 VeMev
Y odv odv 2
:MoV:p

V H=v=

dH 0 psMep

oL

a_"l om0 i || P
9L Lo My V2 ) P
v,

Lagranges 1" equation(s)

L aL_
avk_pk ' Bv_p

! dp Jdp 2
:M_lop:V

9H

ap _ ml_l 0 oot M

oH 0 mz_l P V)

dp,

Hamilton's 15" equation(s)

oH

dp,

or. — =V

Estrangian is neglected for now.
(It is related to dual ellipse geometry
in Lecture 8 p. 71-79 and 99-101 )

"non-dependency due to
stationary-value effects
as shown on p. 28-31
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Unit 1
Fig. 12.2
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Unit 1

Fig. 12.2
Lagrangian plot
(a) L(v)=const.=veMev/2 (b) Pormyv, /
< ]
E 3 T
I e—)ﬁ\
/’/a— / ™ P
V2|:p2/m2 - E / =m v,
| I
I
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/ | \ -
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\[/ P
I
1/
\ | | Hamiltoni [m tangent/at momentum p
\ / is normal to velocity v
\/
L_| m,
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Unit 1
Fig. 12.2

( a) Lagrangian plot

L(v)=const.=veMev/2

V2|:p2/m2

(b)

P,V /
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\
\
\
7
/
.=
S

L I
[\
=

(C) Overlapping plots

I E—
i}

Lagrangian tangent at velocity v

|] st equation of Lagrange

L=const = E
A

{ v,= |1 st equation of Hamilton | |
ok E
- [ \I} p,/m,
\|/ (L p
I
1/
\ / V (d) Less mass | Hamjiltoni [m tangent/at momentum p
\ / | . / X/\ is normal to velocity v
| -
NV, A
| (e) More mass\ /
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Review of partial differential calculus
Chain rule and order 0*V/0x0y = 0*U/0y0x symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
Example from thermodynamics
Legendre transform. special case of General Contact Transformation (lights,camera, ACTION!)

An elementary contact transformation from sophomore physics
Algebra-calculus development of “The Volcanoes of lo” and “The Atoms of NIST”
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Introducing the Poincare” and Legendre contact transformations

Given matrix relation: p=M-v or its inverse: vV=M1sp  you might be tempted to rewrite

O-forms L(v.)=1/2v-Mev or H(p..)=12)p-M-1sp to be H =(1/2)pv or equivalently L =(1/2)V+p.
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Introducing the Poincare” and Legendre contact transformations

Given matrix relation: p=M-v or its inverse: vV=M1sp  you might be tempted to rewrite
O-forms L(v.)=1/2v-Mev or H(p..)=12)p-M-1sp to be H =(1/2)pv or equivalently L =(1/2)V+p.

Numerically-CORRECT, but Differentially)-WRONG!
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Introducing the Poincare” and Legendre contact transformations

Given matrix relation: p=M-v or its inverse: vV=M1sp  you might be tempted to rewrite
O-forms L(v.)=1/2v-Mev or H(p..)=12)p-M-1sp to be H =(1/2)pv or equivalently L =(1/2)V+p.
N umerically—C ORRECT, but Dlﬁ erentially— WRONG! (In classical physics P*V and V*p are identical)

Instead try: H(p..)=p+v-(12)vep =p+v-L(v..) or else: L(v..)=p+v-H(p..)
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Introducing the Poincare” and Legendre contact transformations

Given matrix relation: p=M-v or its inverse: vV=M1sp  you might be tempted to rewrite
O-forms L(v.)=1/2v-Mev or H(p..)=12)p-M-1sp to be H =(1/2)pv or equivalently L =(1/2)V+p.
Numerically-CORRECT, but Differentially-WRONG!

Instead try: H(p..)=p+v-(12)vep =p+v-L(v..) or else: L(v..)=p+v-H(p..)

Thatis ... the Legendre contact transformation

L(v)=pev—H(p) or: H(p)=pev—L(V)
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Introducing the Poincare” and Legendre contact transformations

Given matrix relation: p=M-v or its inverse: vV=M1sp  you might be tempted to rewrite
O-forms L(v.)=1/2v-Mev or H(p..)=12)p-M-1sp to be H =(1/2)pv or equivalently L =(1/2)V+p.
Numerically-CORRECT, but Differentially-WRONG!

Instead try: H(p..)=p+v-(12)vep =p+v-L(v..) or else: L(v..)=p+v-H(p..)

Thatis ... the Legendre contact transformation
L(v)=pev—FH(p)  or:  H(p)=pev—L(V)

Now explicit dependency (non)-relations give the right derivatives

dL(v)_d d//(p) d/l(p) o dL(V)
= oV————— = v —
dp dp g Jp v ovi T oy
dH(p) JL(V)
0= - O = —
' dp P ov
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Introducing the Poincare” and Legendre contact transformations

Given matrix relation: p=M-v or its inverse: vV=M1sp  you might be tempted to rewrite
O-forms L(v.)=1/2v-Mev or H(p..)=12)p-M-1sp to be H =(1/2)pv or equivalently L =(1/2)V+p.
Numerically-CORRECT, but Differentially-WRONG!

Instead try: H(p..)=p+v-(12)vep =p+v-L(v..) or else: L(v..)=p+v-H(p..)

Thatis ... the Legendre contact transformation
L(v)=pev—FH(p)  or:  H(p)=pev—L(V)

Now explicit dependency (non)-relations give the right derivatives

dL(v) d d/1(p) d//(p) 0 dL(V)
= oV——— = oy —
oo o dp v v v
dH(p) IL(V)
0= — 0= _
' dp P ov
That is Hamilton's 1% equation(s) and  Lagranges I*' equation(s)
_ 9H(p) _9L(v)
dp P= ov
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Review of partial differential calculus
Chain rule and order 0*V/0x0y = 0*U/0y0x symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
=y  Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
Example from thermodynamics
Legendre transform. special case of General Contact Transformation (lights,camera, ACTION!)

An elementary contact transformation from sophomore physics
Algebra-calculus development of “The Volcanoes of lo” and “The Atoms of NIST”
Intuitive-geometric development of - - and -

) )
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Lagrangian plot Unit 1
(a) grangian p

L(v)=vep - /(p Fig. 12.3
L(v) p
A
+2 1.0 +2
U velocity v is p-slope
v-slope is momentum p
velocity
VT 1.0 iy
] momentum
Lagrangian p=16
L(v) :/\]-0 AHamiltonian 1.0
H(p) = 0.6
-1 v-slope +1 -1 -
intercept velocity momentum
-H=-0.6 p-slope
~ “7 intercept / P ‘
-L.=-1.0
| | _Y,,_]
Lagrangian L(v) is -p-slope intercept
-v-slope intercept is Hamiltonian 'l(p
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| ’
Momentum i |
cp = Bsinh(p) Tl
Group Velocity
u/c = Etanh(
| / Hamiltonian
Rest Energyl N -.“““‘--—-______ | ‘ \\'\_
' /-Lagrangian
_~L(u) = Bsech(p)
: v | Per-Space

Link = RelaWavity - Physical Terms H(p) & L(u)
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http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=4%7C5&sigmaInd=0&swordLineWidth=3
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How Legendre contact transformations work... (o make oor o)

Secant lines L(v)= psv— H of fixed slope p=g—i
and decreasing intercept —H(v_,)>—H(v_)> ...

for increasing velocity Vo>V, >>,
lead to unique tangent to L(v)-curve at the
tangenat contact point v=vy that has max H(p vo) Unit 1
H
Thus —--0 Fig. 12.4
(a) Secant lines: L(v)=pev-H \

for fixed slope p

Tangent line points to

extreme value -H(v,)
of intercept -H thus:
dHv)/dv = 0
velocity
-H(v_,) // 2V Yo |Vi \Y
; )
-H(v_,) lv
-Hv_ )/, roy !

EH( L
extreme value
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How Legendre contact transformations work... (o make aa_’jlz_o or 520 )

Secant lines L(v)= psv— H of fixed slope p=g—i
and decreasing intercept —H(v_,)>—H(v_)> ...

for increasing velocity Vo>V, >>,
lead to unique tangent to L(v)-curve at the
tangenat contact point v=vy that has max H(p vo) Unit 1
H
Thus —--0 Fig. 12.4
(a) Secant lines: L(v)=pev-H \

for fixed slope p

Tangent line points to
extreme value -H(v,)

of intercept -H thus:

dHv)/dv = 0
velocity
-H(v_,) V2V Vo Vi \Y
-H(v_,) /) lv
-HOv )/, oy !

EH( L
extreme value
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How Legendre contact transformations work... (o make aa_’jlz_o or 520 )

Secant lines L(v)= pev— H of fixed slope p=g—L
and decreasing intercept —H(v,)>-H(yv_)>.. ’
for increasing velocity Vo>V, >>,

lead to unique tangent to L(v)-curve at the
tangent contact point v=vy that has max H(p vo) Unit 1

Thus aa—lj=0 Fig. 12.4

(a) Secant lines: L(v)=pev-H
for fixed slope p

Tangent line points to
extreme value -H(v,)

of intercept -H thus:

dHv)/dv =0
velocity
Hivy) |y IV-z Vi Vo Vi v
—H(V_Z) v

-H(V_I // Y Y !

"‘ extreme value

o = 0 at each point v=a—H of L(v) with slope p=a—L

dv dp v
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How Legendre contact transformations work... (o make ;

oH

Secant lines L(v)= pev— H of fixed slope p=3—L
and decreasing intercept —H(v,)>-H(yv_)>.. ’
for increasing velocity Vo>V, >>,

lead to unique tangent to L(v)-curve at the
tangent contact point v=vy that has max H(p vo)

e
Thus =50
\%

(a) Secant lines: L(v)=pev-H
for fixed slope p

Tangent line points to
extreme value -H(v )

of intercept -H thus:

dH(v)/dv = 0,

velocity

Hivy) |y lv-z Vi Vo Vi \4 L)

(p_]) Z/ 'v '

_H(V-Z) Y

_H(v_l // | Y Y | —L(l?_2)

L
IR extreme values
0

H H L
o = 0 at each point v=a— of L(v) with slope p=a—
dv dp ov

(Similarly...)

Secant lines: H(p Zp’V-L( V)
P

for fixed slope v
and varying L

langent line points to

extreme value -L(p

of intercept -L thus;

dL(p)/dp = 0 7

oL
2 O 5,0 )

9P

dL(p)/dp = Of

omentum

aL

dp

Pp

Y !

L H
0 at each point p=§)— of /(p) with slope v=%—
1%

P

p

42

Tuesday, September 22, 2015



How Legendre contact transformations work... (o make S0 0r 50 )
. i

oH dL

Secant lines L(v)= psv— H of fixed slope p=aa—l;
and decreasing intercept —H(v_,)>-H(v_)> ...

for increasing velocity Vo>V, >>,
lead to unique tangent to L(v)-curve at the
tangent contact point v=vy that has max H(p vo)

e
Thus =50
\%

(a) Secant lines: L(v)=pev-H
for fixed slope p

Tangent line points to
extreme value -H(v )

of intercept -H thus:

dH(v)/dv = 0,

velocity

Hivy) |y lv-z Vi Vo Vi \4 L)

Wil
(p_]) Z/ 'v '

—H(V_Z) Y

_H(v_l // | Y Y | —L(l?_2)

L
IR extreme values
0

H H L
8_ =0 at each point v=a— of L(v) with slope p=8_
dv dp ov

Unit 1
Fig. 12.4
Secant lines: H(p Zp’V-L( V)
for fixed slope v 5
‘5\0‘2

P

(Similarly...)

and varying L
langent line points to
extreme value -L(p

of intercept -L thus;
dL(p)/dp = 0 7

dL(p)/dp = Of

omentum

v
Y
oL

L H
— =0 at each point p=a— of /(p) with slope v=a—
Jap v dp

43
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Review of partial differential calculus
Chain rule and order 0*V/0x0y = 0*U/0y0x symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
— Example from thermodynamics
Legendre transform. special case of General Contact Transformation (lights,camera, ACTION!)

An elementary contact transformation from sophomore physics
Algebra-calculus development of “The Volcanoes of lo” and “The Atoms of NIST”
Intuitive-geometric development of - - and -

) )
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Example of Legendre contact transformation in thermodynamics

Internal energy U(S, V) 1s defined as a function of entropy S and volume V.

A new function enthalpy H(S,P) depends on entropy and pressure P.

It is a Legendre transform H(S,P)=P-V+U of energy U(S,V) to new variable P=—(;); .

Tuesday, September 22, 2015
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Example of Legendre contact transformation in thermodynamics

Lagrangian L(7,v) position r velocity v
Internal energy U(S, V) 1s defined as a function of entropy S and volume V.
Hamiltonian H(r,p) position r momentum p
A new function enthalpy H(S,P) depends on entropy and pressure P. .
Hrp)=p-v - L Lagrangian L(7;v) P=G),
It is a Legendre transform H(S,P)=P-V+U of energy U(S,V) to new variable P=—(;); .
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Example of Legendre contact transformation in thermodynamics

Lagrangian L(7,v) position r velocity v
Internal energy U(S, V) 1s defined as a function of entropy S and volume V.

Hamiltonian H(r,p) position r momentum p

A new function enthalpy H(S,P) depends on entropy and pressure P. .
H@mp)=p-v - L Lagrangian L(7,v) P=G),

It is a Legendre transform H(S,P)=P-V+U of energy U(S,V) to new variable P=—(;); .

Except for +signs, it’s our Hamiltonian //(p)=p-v-L(v) going from Lagrangian /(v)

; oL
to use new variable momentum p=( ), .
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Review of partial differential calculus
Chain rule and order 0*V/0x0y = 0*U/0y0x symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
Example from thermodynamics
=3 | cgendre transform: special case of General Contact Transformation (lights,camera, ACTION!)

An elementary contact transformation from sophomore physics
Algebra-calculus development of “The Volcanoes of lo” and “The Atoms of NIST”
Intuitive-geometric development of - - and -

) )
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Legendre transform. special case of General Contact Transformation
Active-Contact-Transformation Generator or
Action function:S(x,y:X,Y)=const. does mapping.
Y(X) is mapped from y(x) as an
Y ()() envelope of contacting S=const. curves.

@],

( XY (Xy)

Xog  Ap

X)

(b)

/

Y

(X,Y(X)) SG2y2 X, Y)=10

N S(x1,y1. X Y)=10

/

\ N\
WSxgyo X, Y)=10

Xy X7 X5 \ X

Unit 1
Fig. 12.7
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Legendre transform. special case of General Contact Transformation

@], ) y

SV /

Active-Contact-Transformation Generator or
Action function:S(x,y:X,Y)=const. does mapping.
Y(X) is mapped from y(x) as an
envelope of contacting S=const. curves.

(%0 (xy) (X, Y(X)

N

Y(X)

\ N\
NSxpyo X, Y)=10

S(x2,2,X,Y)=10

S(x1,y1. X Y)=10

X, X; X
0 M 2
X

L H
(Slorze =p1)
L=p,9-H(p,)

Lq

(Pl’H(PQ

Xy X7 X5 \ X

The Legendre transformation does it with contacting straight line tangents.

H(p

H=q;p-L(q;)

(Slope = q))

-H(Pl)'/ do 41 G q -L(qq)
-L(q7)
-L(qp)

0

Py

P>

P

Unit 1
Fig. 12.7

Unit 1
Fig. 12.9
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Legendre transform. special case of General Contact Transformation

(a)

( XY (Xy)

X, X; X
0 M 2
X

L

(Slope =

(b)

S(x,1,X2,Y>)
:‘(ﬁ,y,Xz,

(e, v, Xo, Yo)=2

Y)=2

/

Active-Contact-Transformation Generator or
Action function:S(x,y:X,Y)=const. does mapping.
Y(X) is mapped from y(x) as an
envelope of contacting S=const. curves.

Y(X)

\ N\
WSxgyo X, Y)=10

WAnd, Visa-Versa ...
S(x2,y2X,Y)=10

S(x1,y1. X Y)=10

PP

L=p;q-H(p,)

L(q

Xy X7 X5 \ X

The Legendre transformation does it with contacting straight line tangents.

H

(PlaH(PQ

H(p

H=q;p-L(q;)

(Slope = q))

-H(pl)/ Yo q1 (iz q -L(qp) 0
-L(qp)
-L(qp)

Py

P>

P

Unit 1
Fig. 12.7

Unit 1
Fig. 12.9
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Legendre transform. special case of General Contact Transformation

Active-Contact-Transformation Generator or

( a) (b) v Action function:S(x,y:X,Y)=const. does mapping.
Yy Y(X) is mapped from y(x) as an
Y ( X) Y ()() envelope of contacting S=const. curves.
Sy o, Vo)l=2 ...And, Visa-Versa !...
=7 XY)=1
(x(),y(xg) ;(ﬁ,y,Xz, Y)=2 (XO Y(XO))¢< Sx,,y2, X, Y)=10
(e, v, Xo, Yo)=2

R %J’yff’Y):] 0 Unit 1

Fig. 12.7
/ / \‘S(xo,yo,m=10
Xo X1 X2 o Xy X7 X5 \ X
The Legendre transformation does it with contacting straight line tangents.
L s ) H ‘ I ( Poincare’s differential action
ope = pj
ILZPIQ'H(pl) p dS:Ldlt:p’q.dt—H'dt
: =p-dg—H -dt
L(q

5.L(¢ | Unit 1
(ql (q (pl’H(pl) H:qlp-L(ql) Fi nllz 0

|| | (Slope =) S0

_H(Pl)/ Qo 4 9 q -L(qq) o P1 P2 P

-L(qp)
-L(qp)
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Legendre transform. special case of General Contact Transformation

Active-Contact-Transformation Generator or

( a) (b) Action function:S(x,y:X,Y)=const. does mapping.
y Y Y(X) is mapped from y(x) as an
Y (X) Y ()() envelope of contacting S=const. curves.
St X, Yo)=2 ...And, Visa-Versa !...
(xy(xy) Sl X0, Yi)= (X,Y(X,) ;( S(x2y2X,Y)=10
(e, v, Xo, Yo)=2
™ S(xpy1r X, Y)=10 Unit 1
\ \ Fig. 12.7
/ NSy X. Y)=10
Yo A A X Xy X; & \ X
The Legendre transformation does it with contacting straight line tangents.
L H Poincare’s differential action
(Slope = py) ‘ H(p
ILZPIQ'H(pl) dS:Ldt:p’q.dt—H'dt
. | =p-dg—H -dt
L(q

dS=Ldt=nhk-dr—hw-dt
(Quantum phase differential)

-H(Pl)/ do 41 D q -L(qq)
-L(qp)
-L(qp)

| . Unit 1
(. H(p )V | [A=3pL(@) Fig. 12.9
| (Slope = q))
o P1 P2 p
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Legendre transform. special case of General Contact Transformation

Active-Contact-Transformation Generator or

(a) (b) Action function:S(x,y:X,Y)=const. does mapping.
y Y Y(X) is mapped from y(x) as an
Y ()() envelope of contacting S=const. curves.
Ste, X0, Vo)=2 .And, Visa-Versa !...
= S(x5,y,X,Y)=10
Sl X1, Y1) =2 (X,Y(X,) ;( (x2,2,X,Y)
Stx,y,Xo, Yo)=2
™ Sy X, ¥)=10 Unit 1
\ \ Fig. 12.7
/ N S(xpyep X, Y)=10
Yoo oty X, X; X, \ b'e
The Legendre transformation does it with contacting straight line tangents.
L H Poincare’s differential action
(Slope = p)) H(p
ILZPIQ'H(pl) dS:Ldt:p’q.dt—H'dt
: =p-dg—H -dt
L(q

-H(Pl)/ do 41 D q -L(qq)
-L(qp)
-L(qp)

dS=Ldt=nhk-dr—hw-dt
(Quantum phase differential)

| : Unit 1
(pl’H(pl) H:qlp-L(ql) I Flg 12.9
| (Slope = qy) . | |
. P D, This extraordinary claim
p needs extraordinary proof!

(...given by later lectures for Ch. 12 Unit 1 and Unit 8.)
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Review of partial differential calculus
Chain rule and order 0*V/0x0y = 0*W/0yOx symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
Example from thermodynamics
Legendre transform: special case of General Contact Transformation (lights,camera, ACTION!)

An elementary contact transformation from sophomore physics
Algebra-calculus development of “T he Valcanoes of lo” and “The Atoms of N[ST .
Intuitive-geometric development of ° and " .

»
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(a) (b)Atomic clock B °o®%

controls expanding ‘: :‘
balls of Cesium atom “egee”
- rising and falling in AV
01Cd 0 9 . % o
I e Earth gravity —— oo0®

(NIST Boulder Labs) :

(C) Trajectory family
for fixed g and v,

o=45°
trajectory

contact

Ly A point
it A S,

-
A _f;g,jﬁk:f
A it
¢ oy il —_—
e e
.::_.r:_,.:_‘_:::.r - C
e

::’::-:Z';_- ’ {:'_,-‘- ik )
et e
=
: ;f:[fi;?}:ﬂ’J;'.':}'f:':-'.'::'::':"ﬂf|
Lt |
RO, ' |

( |
p ll:"ll:"ll:"lll:'llln"l .'II ! J|I ! |IIII lll. |I | | | | vl |II|.
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Initial position x(0) =
Initial position y(0) =
Initial momentum px(0) =

Initial momentum py(0) =

Terminal time t{off) =

Maximum step size dt =

Start launch angle phil = -

Start launch angle phi2 =

Number of burst paths =
Charge of Nucleus 1 =’

Charge of Nucleus 2 =

Coulomb (k12) = -

Core thickness r =

x-Stark field Ex =

y-Stark field Ey = -

Zeeman field Bz =

Diamagnetic strength k =’
Plank constant h-bar =

Color quantization hues = [

Color quantization bands =

ONOR,

oooonr | O

o

<

o

e

s

O
2 (.)

CC’CC

Q O O

C‘
CCC ¢

("wain Comerol ) ( Toggle Local ) | Passe ) (Reset 120 ) (Erase Paths )

time = 0.0000

<

Fractional Error (), x = 8 O
Plotr(t) @ Plotp(t) 0 Fixr{0) 0 Fixp{0) C
Do swarm ¥ Beam O
Coloraction ) Nostops O Field vectors ¥ Info
Draw masses ¥ Axes ¥ Coordinates ) Lenz
Setpby¢ 0 Elastic ¥ 2 Free

<

s

|
I
—_

E Lyl

|
)
|
'
]
)
)
]
]

Click and Drag in frame to set r(0) and p((\))" )

Link = Coullt - Simulation of the Volcanoes of lo
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http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=VolcanoesOfIo
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=VolcanoesOfIo

Review of partial differential calculus
Chain rule and order 0*V/0x0y = 0*W/0yOx symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
Example from thermodynamics
Legendre transform: special case of General Contact Transformation (lights,camera, ACTION!)

An elementary contact transformation from sophomore physics
= Algebra-calculus development of “T he Valcanoes of lo” and “The Atoms of N[ST .
Intuitive-geometric development of ° 7 and
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(b)Atomic clock

controls expanding
balls of Cesium atoms
rising and falling in
Earth gravity

Volcanic plumes on
Jupiter’s moon /o

(NIST Boulder Labs) .;| ; =

T T *
rulr

(C) Trajectory family ﬁ.;-*-“'“
for fixed g and v,, 25T T s
e 7 .

Z trajectory
contact

S

.«% | — =

Tl
g g g

= =

S

i
2 H"

UP-1 formulas for trajectories in constant gravity g

yr S nlo

-

x(t)z(vo cosoc)t Y(f)=(VoSin05)f—%gf2
X(O)zvx(O)zvocosoc )’/(O)zvy(O):vO sin o
Substitute time 1=x/(vg cos 0) into y(1)
=
0 2vycos” o
2
R

Unit 1
Fig. 12.5
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Convert y(x) solution into Active Contact Transformation Generator S(vo, O.: X, )

2 2
gX X
y(x):xtana— > becomes: S(vo,a:x,y):—y+xtana— 2g 5 =0
2VO cos” o 2vy~cos”
<< Contact points
40) ¥ -
45° 60° 75° Unit 1
- 9-0-0-- Fig. 12.6
o=45°
0
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Convert y(x) solution into Active Contact Transformation Generator S(vo, O.: X, )

gx? 2

X
y(x):xtana— > becomes: S(vo,a:x,y):—y+xtana— f 5 =0
2VO cos” o 2vy~cos”
<< Contact points
40) ¥ -
45° 60° 75° Unit 1
--9-0-0-- Fig. 12.6
o=45°
0

Envelopes of the v,-trajectory region contain extremal contact points with each trajectory
where: 98 (vy,0r:x, )
oo -

0
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Convert y(x) solution into Active Contact Transformation Generator S(vo, O.: X, )

2 2
gX X
y(x):xtana— > becomes: S(vo,a:x,y):—y+xtana— f 5 =0
2v0 cos” o 2vy~cos”
<< Contact points
40) ¥ -
45° 60° 75° Unit 1
--9-0-0-- Fig. 12.6
o=45°
0

Envelopes of the v,-trajectory region contain extremal contact points with each trajectory
where: 98 (vy,0r:x, )

0
doc
2 -2 2 .
xc?tanoc gx” dcos o 0o % gx” 2sino
dot 2\/02 dot cos” a 2v02 cos> a

Tuesday, September 22, 2015

62



Convert y(x) solution into Active Contact Transformation Generator S(vo, O.: X, )

2 2
gX X
y(x):xtana— > becomes: S(vo,a:x,y):—y+xtana— f 5 =0
2v0 cos” o 2vy~cos”
<< Contact points
40) ¥ -
45° 60° 75° Unit 1
--9-0-0-- Fig. 12.6
o=45°
0

Envelopes of the v,-trajectory region contain extremal contact points with each trajectory
where: 98 (vy,0r:x, )

0
oo
xc?tanoc gx2 dcos ™ o 0 X gx\g‘\XSina 2 2
—_ = = —_ . . O 0
Jo 2 Jo 2 3. gives: tano=-2 or: x= .
2v, cos” \Xvo cos” o ax gtana
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Convert y(x) solution into Active Contact Transformation Generator S(vo, O.: X, )

2 2
gX X
y(x):xtana— > becomes: S(vo,a:x,y):—y+xtana— f 5 =0
2VO cos” o 2vy~cos”
V[ N C"Zontactpoints
V — :
0 45° 60° 75° Unit 1
--9-0-0-- Fig. 12.6
1 o= 45°
o=45°
0

Envelopes of the v,-trajectory region contain extremal contact points with each trajectory
where: 98 (vy,0r:x, )

0
do
dtano gx2 dcos ™ o X gx2 2sino 2
g T2 =0 T tano =20 o x=__"0
dot 2v, dot cOS 0{____2_})_()___(_:95___(} ____________________ ana.Tg Or. x= gtana
L 5 .................. . ) 4
; X V X V
y (x)=xtana—g— 1+ tan’ o =y, (X)=x 0 & 114 0
env 1,2 env gx 9,2 7 2
1 1 g7x
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Convert y(x) solution into Active Contact Transformation Generator S(vo, O.: X, )

2 2
gX X
y(x):xtana— > becomes: S(vo,a:x,y):—y+xtana— f 5 =0
2VO cos” o 2vy~cos”
Y[ /78X Contact points
40) ¥
45° 60° 75°
- - - _, -‘-‘_ -
1 o= 45°
o=45°
0

Envelopes of the v,-trajectory region contain extremal contact points with each trajectory
where: 98 (vy,0r:x, )

0
oo
xc?tanoc gx? dcos 0 X gx? 2sina 2 y
g gy o 0082?6_ ____Z_Kq_z__c_:gg?_q ____________________ tano‘.T o T stana
: - gxz 2 DUUUTTEEEEL AR . § gxz V4
yenv(x):xténoc——(1+tan d)zy (x)=x—— 1+
2 2 eny gx 2 2 2 2
Y0 Yo g X

) (x):"g_gx g Y v & __________ i
env g 92 9,2 2 2g 92,2+ Envelope
i function
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Review of partial differential calculus
Chain rule and order 0*V/0x0y = 0*W/0yOx symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
Example from thermodynamics
Legendre transform: special case of General Contact Transformation (lights,camera, ACTION!)

An elementary contact transformation from sophomore physics
Algebra-calculus development of “T he Valcanoes of lo” and “The Atoms of N[ST .
=P [ntuitive-geometric development of ’ and " .

»
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The Plumes of Prometheus

NASA-Galileo Project
lo fly-by on August 18, 1997

http://antwrp.gsfc.nasa.gov/apod/image/9708/prometheus_gal_big.jpg
http://antwrp.gsfc.nasa.gov/apod/ap970818.html

http://science.nasa.gov/science-news/science-at-nasa/1999/ast040ct99_1/
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lo's ALIEN VOLCANOES

@NASA Pretty bad sketch of plumes
(LasVegas model of planetary ejecta?)

Inform Inspire Invobee
sOenie_ Nasa LJ"UJ’

Space Science News home

Do these guys need a geometry lesson?

lo's ALIEN VOLCANOES  Veed 1o fvlparabola

kite geomefry...

SCIENTISTS ARE EAGER FOR A CLOSER LOOK AT THE SOLAR SYSTEM'S STRANGEST ANO MOST ACTIVE
VOLCANOES WHEN GALILEO FLIES BY lo oN OctoBer 11.

October 4, 1999: Thirty years ago, before the Voyager
probes visited Jupiter, if you had described lo to a literary
critic it would have been declared overwrought science
fiction. Jupiter's strange moon is literally bursting with
volcanoes. Dozens of active vents pepper the landscape
which also includes gigantic frosty plains, towering
mountains and volcanic rings the size of California. The
volcanoes themselves are the hottest spots in the solar
system with temperatures exceeding 1800 K (1527 C). The
plumes which rise 300 km into space are so large they can
be seen from Earth by the Hubble Space Telescope.
Confounding common sense, these high-rising ejecta seem
to be made up of, not blisteringly hot lava, but frozen sulfur '
dioxide. And to top it all off, lo bears a striking resemblance to a pepperoni pizza. Simply unbelievable.

Right: Digital Radiance simulation of Pillan Patera just before the Galileo flyby. click for animation —+ .
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...conventional parabolic geometry...carried to extremes...

Recall Lecture 6 p.26 and p. 48-49 for kite geometry and application

| |
- (a) - |
' |
| - Par abolZa _ Parabola |
|
| . o — .

| dpy =x<=2N\y 4py =x2=2\y |

N = e 4/7%) /S T 7 4
N va
\\ // l

urvature.” — \\\ // — 3p
AN / AN // l

: ) —~ X — P
Latus regeqm T N |
Z / N |

————— v———fp - ———lv———lrp
\\ I // \\ [
N | / N |

y \4]0 | - L 4] 0 |

p P ﬁ p P 1% P

directrix Yy =-p Yy =P

tangent slope=-5/2 slope=1/2

Unit 1
Fig. 9.4
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Say o=90° path rises to 1.0
then drops. When at y=1.0...
Q1. ...where is its focus?

Q2. ...where is the blast wave?

2.0

Q3. ...how high can a=45° path path ris¢

vV

-1.0

2.0

3.0

4.0

-3.0
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Say a=90° path rises to 1.0

then drops. When at y=1.0...
Q1. ...where is its focus? > Rig/
Q2. ...where is the blast wave?

it at the tippy-tip,

2.0

Q3. ...how high can a=45° path path ris¢

vV

-1.0

2.0

3.0

4.0

-3.0
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Say o=90° path rises to 1.0

then drops. When at y=1.0...

Q1. ...where is its focus? Rigf
Q2. ...where is the blast wave? center falls a

1t at the tippy-tip

5 far as 90° ball rise

2.0

Q3. How high can 0=45° path rise ?
Q4. Where on x-axis does a=45° path h

it ?

-1.0

Time to go tg
Ay
equals time tg

2.0

b top by

fall -Ay

3.0

4.0
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Say o=90° path rises to 1.0

then drops. When at y=1.0...
Q1. ...where is its focus? Rigf
Q2. ...where is the blast wave? center falls a

1t at the tippy-tip

5 far as 90° ball gise
sina=vosin4S

2.0

implies: vo?

sin?a=vo%/2 so y-coord. KE is 1/

2 for a=45°

Q3. How high can 0=45° path rise ? _

Q4. Where on x-axis does a=45° path hj

): y-peak PE is 1

2 for a=45°

4.0
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Say o=90° path rises to 1.0
then drops. When at y=1.0...
Q1. ...where is its focus?
Q2. ...where is the blast wave? center falls a

Rig]

1t at the tippy-tip

5 far as 90° ball gise
sina=vosin4S

"\voi/2

2.0

implies:

Vo

Zsin?a=vo3/2 S0y

r-coord. KE is 1/

2 for a=45°

Q3. How high can 0=45° path rise ? _

Q4. Where on x-axis does a=45° path hj

): y-peak PE is 1

2 for a=45°

4.0

" This sets a=45° paral

olic “kite”
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Say o=90° path rises to 1.0
then drops. When at y=1.0...
Q1. ...where is its focus?
Q2. ...where is the blast wave? center falls a

Right at the tippy-tip

2.0

Y

Q3. How high can 0=45° path rise ? 129
Q4. Where on x-axis does a=45° path h
Q5. Where 1s blast wave then?

Q6 Where is 0=45° path focus?

Q7 Guess for all-path envelope?
and its focus? directrix?

E%ﬁgli{;géiﬁiléglses¥vo/\/ 2 implies: vaZsina=ve%/2 so y-coord. KE is 1/2 for a=45°
shigh ——__| — —
it 7 x=2 7< So: y-peak PE is 1/2 for a=45°
00
) 4
/ \.\ 7 0= \
-1.0 = . . 3.0 4.0
// \\ x
/ N This sets a=45° pai\al: ic\kite” and focus and range, ¢
/ ik \
-1.
\ -2.0 |
\ /
AN )
30—
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Say o=90° path rises to 1.0
then drops. When at y=1.0...
Q1. ...where is its focus?
Q2. ...where is the blast wave? center falls a

Right at the tippy-tip

2.0

Y

Q3. How high can 0=45° path rise ? 129

Q4. Where on x-axis does a=45° path h
Q5. Where i1s blast wave then?centered on

Q6 Where is 0=45° path focus?

Q7 Guess for all-path envelope?
and its focus? directrix?

tc.

CONTACT POINT

1 horizontal range
nt to blast circle

ent to envelope

E%ﬁgli{;géiﬁiléglses¥vo/\/ 2 implies: vaZsina=ve%/2 so y-coord. KE is 1/2 for a=45°
s high ——___| — —
It 7 x=2 \< So: y-peak PE is 1/2 for a=45°
45° norma/l/ 3 L
/ “\‘ \.\ 7 0= \
1.0 ) ) 4.0
// \ X
/ O This sets a=45° ic\kite” and focus and range, ¢
ry\
/ n=45° Envelope
That is maximun
-1. $0 must be tangel
/ \and must be tang
\ S /
-2.0
\ /
AN e
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directrix for all-path envelope

Say o=90° path rises to 1.0 2.0

then drops. When at y=1.0...

Q1. ...where is its focus? Right at the tippy-tip y

Q2 ...where 1s the blast wave? center falls ag far as 90° ball rise diI’GCtI’iX for 0=90° and 450

Q3. How high can o=45° path rise ? 1/2 ds high ~——_
Q4. Where on x-axis does 0=45° path hi
Q5. Where is blast wave then? centered on 4
Q6 Where 1s 0=45° path focus? x=1,y=0
Q7 Guess for all-path envelope?
and its focus? directrix?

Q7 Where 1s a=45° “kite” geome

Q8 Where 1s a=0° path focus?
directrix?

3.0 4.0
X

i0\kite”” and focus and range, ¢tc.

v=45° Envelope CONTACT POINT

That is maximum horizontal range
30 must be tangent to blast circle

\and must be tangent to envelope

sets a=45°

30 il

Envelope CONTACT POINT and ENVELQPE FOCUS
-4. % must line upAvith focus of ¢ontacting trajectory
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directrix for all-path envelope

Say a=90° path rises to 1.0 0

then drops. When at y=1.0... J

Q1. ...where is its focus? / W%

Q2 ...where 18 the blast wave? center falls a§ far as 90° ball rigef / 10 | | directrix for a=90° and 45°and 0°

Q3. How high can a=45° path rise ? 1124

Q4. Where on x-axis does a=45° path hi
Q5. Where is blast wave then? centered on 4

Q6 Where 1s 0=45° path focus? x=1,y= 10 40
Q7 Guess for all-path envelope? N ' X '
and 1ts focus? directrix? o=45° ak@b olicXkite” and focus and range, etc.
Q7 Where is 0=45° “kite” geometry? /] \ v=45° Envelope CONTACT POINT
Q8 Where 1s a=0° path focus? \ That is maximum horizontal range
30 must be tangent to blast circle

irectrix?
direc \and must be tangent to envelope

Where is a=30° path?

30 —

Envelope CONTACT POINT and ENVEROPE FOCUS
-4. 0' must line u p/@ith focus of ¢ontacting trajectory
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directrix for all-path envelope

Say o=90° path rises to 1.0
then drops. When at y=1.0...
Q1. ...where is its focus?
Q2 ...where 18 the blast wave? center falls as far as 90° ball rises
Q3. How high can a=45° path rise ? 1/2 as high
Q4. Where on x-axis does a=45° path hit 7 x=
Q5. Where is blast wave then? centered on 45° nor
Q6 Where 1s 0=45° path focus? x=1,y=0
Q7 Guess for all-path envelope?
and its focus? directrix? <

Q7 Where is 0=45° “kite” geometty?
Q8 Where 1s a=0° path focus?

directrix?

directrix for 0=90°|and 45° and o=30°and 0°

OO

Where 1s a=30° path?
...and kite structure? / >

Envelope CONTACT POINT and ENVEMNOPE FOCUS
must line up with focus of contacting traject ry
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directrix of parabolic envelope

Where is a=60° path?
..and kite structure? S\ N

directrix of all parabolic trajectories
maximum of envelope parabola level with mini-kite center

o maximum of a=60° parabola level with mini-kite center
contact C, for

focus F, for

y z
7 R 0=60°
2 0=60 trajectory
o trajectory
// focus for
envelope
parabola

ast time units” v

,' for ="0" trajectory
' _O ! center C, for blast-circle t =1

a - O SN S S S . . . —

! that contacts 0=60° trajectory

\
‘ a=90°
\
\ blast
\
\ wave )
\ . \ /
\ circle (1°! to comtact envelope)
R L 0=60°
\ 1

> y _~blast

AN
/

S~ / __~Wwave

For o=60° parab oﬁé\traiecmW,/f;(’/ circle
contact-parabolic envelope,

timing (o=0°)-parabola,
(0=90°)-blast-wave-circle;
(0=60°)-blast-wave-circle.
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(Given elevation o=30° con

Step 1: Extend elevation 0=30°
(polar B=60°) to All-o directrix

y

line ob
pt. D to envelope d

Struct contact

irectrix F Mocal radius oOF at the co

parabola, blast-wave-circle,an

=

"Note

large kite for that

e D’C to intersec
ntact pt. c.'

contacts a=30° trajectory
smaller kite that contacts

All-o directrix

—c0°

Step 5: Parabola

kite-axis line DE

/fhat a=30° trajectory and
the a=30° blast wave circle.

hales-rectangle ¢

egme

TF past focus pt. F to All—q

I
/
/

0c=90°//

blast //

ar angle ) W
o
B <
_\G=302
I ]
o
louble-B(2B=12(°)-focal radjus o
pt. F to (eyentually) inte cont
AT N

\Step\

by vertical fine D'C to 1

The (

6: Drop parabolg

. . 7/
kite-cross-axis line TFED’
ake contact-circle radius line 0°C,

wave )

/
circle (I°! to cor
7

/

e A\

at the
conta

a:3OO§ contact

vorrtavts

moment that (o

o

cts envelope, too.

'\i_rgle—i q T’\TQ st-wa

O Uraot

=3(0°)-parabola

4

1IITVIV s /C’\:Q/

P P /’CV(
e
-~ 0 \(\Oﬁ

Ne f‘11"f‘]l’3
A2 =

-

Step 7: Draw timing-parabola oT'1 (elevation o.=0°-parabola)
Where timing-parabola hifs a blast circle (for example at T for t,_,,.=1 and at T for t__,.=2)
marks the time (in “blast ynits”v/g by x value) for that circle and its contacting parabola. /’
I
L 1 /
/
o=30°/
= : s blast/
blast time units” v /g wave//
circle’
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