Introduction to coupled oscillation and eigenmodes
(Ch. 2-4 of Unit4 11.12.15)

2D harmonic oscillator equations
Lagrangian and matrix forms and Reciprocity symmetry

2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic eigensolutions with example M=
Secular equation ( j ; j
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness (Idempotent means: P-P=P)
Spectral Decompositions
Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors

2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase

ANALOGY: 2-State Schrodinger: ind:|¥(1)) =H|¥ (1)) versus Classical 2D-HO. 0°X=-KeX
Hamilton-Pauli spinor symmetry (ABCD-Types)
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2D harmonic oscillators
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2D harmonic oscillator energy :
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2D harmonic oscillator energy
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2D harmonic oscillator equations
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2D harmonic oscillator equations
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2D harmonic oscillator equations _
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— | 5 |Fmiy = =———=kx =kt i, )x2 Matrix operator notation:
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2D harmonic oscillator equations
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Matrix equations and reciprocity symmetry

General form of 2D-HO equation of motion has force matrix components: & =k+ky, K=k +ky

F _ my X _ | ®u K X
F, myX, Ky Ko Xy

JF,  d*V _ J*V _0F,

Off-diagonal force constants satisfy Reciprocity Relations: — —«,= k= ——=- =- =—==k, =K
g y p ty 12 ™12 axz axz axl axl 8x2 axl 217 %21
Rescaling and symmetrization
Each coordinate (x.%,) is rescaled (g, =s.x,,9, =s5,x,) to symmetrize mass factors on 4;-terms.
m . q1 9 . _ K K281 _
—— G =K tKp TS =41t 9> =Kp191 +Kpq,
51 51 52 ny m s
m q q . KppS K B
=2y = Ky Ky = —ijy = —22 g1 +—2q, =Ky19, +Kogy
52 51 ) My S )
. . . . S m
New constants Kj; have pseudo-reciprocity symmetry for a special scale factor ratio: —~%=,[—2
S m
1 1
K125 _Kps __—kp
Ky = =K,
my 5y nySy  /mymy
. . . Kll K22 Kll my
Diagonal constants Kj; are not affected by scaling. To be equal requires: = or: =
m Ky My
_Ku _ktkp K. _Kn _ktkp
Kyy=—= ==
ny | nt ny

Caution 1s advised since such forced symmetry may give modes with imaginary frequency.
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¥ 2D harmonic oscillator equation eigensolutions
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2D harmonic oscillator equation solutions

I. May rewrite equation M.|%)=-K-|x) in acceleration matrix form:  |%)=-A|x) where: A=M"'+K
( )
1 kithky, —ky
X, _ m 0 ki+k, —k, X, _ m, m, X,
X 0 m, —kip  kytky, ) —ki,  kytk, )
S T

2. Need to find eigenvectors|e,).|e,).... of acceleration matrix such that: Ale,)=¢,e,)=w?|e,)

Then equations decouple to: |en> = —A| en> - —Sn‘en> = —a)i‘en> where € is an eigenvalue

and @, 1s an eigenfrequency
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2D harmonic oscillator equation solutions

I. May rewrite equation M.|%)=-K-|x) in acceleration matrix form:  |%)=-A|x) where: A=M"'+K
( )
1 kithky, —ky
X, _ m 0 ki+k, —k, X, _ m, m, X,
X 0 m, —kip  kytky, ) —ki,  kytk, )
S T

2. Need to find eigenvectors|e,).|e,).... of acceleration matrix such that: Ale,)=¢,e,)=w?|e,)

Then equations decouple to: |en> = —A| en> - —Sn‘en> = —a)i‘en> where € is an eigenvalue

and @, 1s an eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m;=1=m>)

So equation of motion is simply: |%)=-K|x)

[ Eigenvectors |x)=|e,}are in special directions where |%)=-K|x} is in same direction as |X>j
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2D harmonic oscillator equation eigensolutions

¥ Geometric method <€
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours
ki +k,
—ki
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours

| 1 | | k,+k —k X
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(a) PE Contours

What direction ’X> =|en>
is the same as K|x)?? ‘
Not most directions!

"(S()III‘/IE(IST)

Fig. 3.3.4 Plot of potential function V(x,x5) showing elliptical V(x,x3)=const. level curves.
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours
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Fig. 3.3.4 Plot of potential function V(x,x5) showing elliptical V(x,x3)=const. level curves.

Monday, November 16, 2015 19



2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours (Here: ki =k= k3)
1 2 1 2 _ 1 1 kthky  —ky X
I/=§(/c+k12)x1 —k12x1x2+5(k+k12)x2 =§<X‘K‘X>=§X°K°X=( X, X, ) ke, kek,
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours (Here: ki =k= k)

1 | 1 k+k —k X
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Fig. 3.3.5 Topography lines of potential function V(x;,x5) and orthogonal €, ande_ normal mode slopes
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2D harmonic oscillator equation eigensolutions
Geometric method
P \latrix-algebraic eigensolutions with example MZ( j ; j <€
Secular equation
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Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness (Idempotent means: P-P=P)

ANALOGY: Versus
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with eigenvector |g,) direction.

A change of basis to {| 51> ) 52>,° " 3n>} called diagonalization gives
(&M[e)) (g[Mley) - (g|M]e,) g 0 -~ 0
(e, M[e,) (&M|e,) - (&Mle,) |_| 0 & - 0
(e IMle) (elMle) (e Mle) | [ 0 0 e,

Monday, November 16, 2015
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Matrix-algebraic method for finding eigenvector and eigenvalues

|

An eigenvector |€,) of M is in a direction that is left unchanged by M.

4 1

M|8k>:8k|€k>’ Or. (M_8k1)|8k>:0 3 9

Mle)

g is eigenvalue associated with eigenvector |g,) direction.
A change of basis to {| 51> ) 52>,° o

8n>} called diagonalization gives

I

With example matrix M=[ ‘3‘ ; j
) = (5L G
y y ' 3 2-¢ y 0

T

<81|M|£1> <81|M|82> <81|M8n> g 0 0 0 2-¢ 3 0

<82|M|81> <£2|M|82> <82|M8n> _| 0 & 0 ) ( 4—¢ 1 )| " - ( 4oe 1 j|
s A R det det

(e,|M[e)) (e,|Me,) - (e,|Mle,) 0 0 - & 3 2-¢ 3 2-¢
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle)=¢e), or: (M-gl)e,)=0 M|8>:[ le ; J[ ; ]:g[ ; ) o ( 4;8 218 j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 8l>’ 82>"" 3n>} called diagonalization gives |,
det| O 1 4-¢ 0
et det
<81|M|£1> <81|M|82> <81|M8n> g O --- 0 0 2_8 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 x and y=
: s : N A det( 4;8 21 ) det( 4;8 21 j|
(e.Mle)) (e,/M]e,) - (e,[M]e,) 0 0 - g, — £ _e

Only possible non-zero {x,y} if denominator is zero, too!

SEIE PR G

where: 0=(4—e)2—€)—13=8—6c+>—13=¢>—6+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0 = £ — Trace(M)e + det(M)

First step in finding eigenvalues: Solve secular equation

detM—€1]=0=(-1)" (g” +ae" +a, e+, +a, £ + an) 0=det|M — & -1|=det =det
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j
An eigenvector |€,) of M is in a direction that is left unchanged by M.
4 1 X X 4—¢ 1 X 0
= : — = Mieg)= = : =
Mle,)=¢e,), or: (M=-g1)e,)=0 €) [ 32 j[ y ] 8[ y ) o ( 3 2-¢# j[ Y ] ( 0 }

g is eigenvalue associated with eigenvector |g,) direction.

A change of basis to {| 8l> ’ 82>" N 3n>} called diagonalization gives |,
0 1 4-¢ 0
det det
<81|M|£1> <81|M|82> <81|M8n> g O --- 0 O 2_8 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 x and y=
e s e | [ 0 S e I Gy
(e M[e,) (g,M|e,) - (e,[M]g,) 0 0 - g, £ e

First step in finding eigenvalues: Solve secular equation

det|M—¢1|=0

where:

(-1)'(e" +ae"™" +ae"” +...4a, € +a,

Only possible non-zero {x,y} if denominator is zero, too!

SRR

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5

4 1
3 2

4—¢ 1
3 2—€

) 0=det|M — & - 1}=det =det

)\

n

@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,:--, a

=(-1)" det|MD 0=¢"—Trace(M)e +det(M) =€’ — 6 +5

Secular equation has n-factors, one for each eigenvalue.

(-1 (e-&)(e-&)-(e-¢,)

detM—¢1/=0

O0=(e—-1)(e—-5) solet: ¢ =1 and: & =5

Monday, November 16, 2015
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=ge,). or (M-gl)e,)=0 M|e>:[ ‘3‘ ; j[ ; ]:{ ; } or: ( 4;8 218 j[ ; ]:(

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTTrrTontTeETITToomoomooosnmsssmmmmend
A change of basis to {| 31> ) 32>" "

8n>} called diagonalization gives

SR

eMle) (/M) - (M) ) (& 0 o o 0 2-¢ 30

(eMle) (e/Mle) - (elMe) || 0 & 0 g (4_8 1 j and  y= { e )|
: : : B RS det det

(eIMe) (elMe) ~ (efmle) | (0 0 b b

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: 0=(4-e)2-¢e)-13=8-6e+&" —13=¢€"-6&+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0= &> —TraceM)e + det(M) = £” — 6 +5
Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

First step in finding eigenvalues: Solve secular equation

detM—€1]=0=(-1)" (g” +ae" +a, e+, +a, £ + an) 0=det|M — & -1|=det =det

[Each ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.
0=M>-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1)

[0 0]:(4 1}2_[4 1)+5(1 oj
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) ) 0 0 3 2 3 2 0 1
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| €1> , 32>,' - 8n>} called diagonalization gives |,
0 1 4—g 0
det det
(eM|e)) (g|M]e,) - (e|M|e,) g 0 - 0 0 2-¢ 3 0
(eMle) (e/Mle) - (elMe) || 0 & 0 g PP and - y=T e T
: : : B RS det s, det s,
(e Me) (eMle) ~ (gMe) | L 0 0 - -

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: 0=(4-e)2-¢e)-13=8-6e+&" —13=¢€"-6&+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0= &> —TraceM)e + det(M) = £” — 6 +5
Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

First step in finding eigenvalues: Solve secular equation

detM—€1]=0=(-1)" (g” +a e ta " +...+a,_E + an) 0=det|M — & -1|=det =det

[Bach ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.
0=M>-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1)

[0 0]:(4 1}2_[4 1)+5(1 oj
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) ) 0 0 3 2 3 2 0 1
Replace jthr HC-factor by (1) to make projection operators . p, = (1M - 501):[ 4;5 215 ):[ —31 _13 )
p=( 1 )M-g1)-(M-¢g1)
p,=(M-gl)( 1 )-~(M-g,1) Mot | 471 [ 31
: P, =( ) 1 9_1 .

b =M= M-t 1)( 1 )
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTTrrTontTeETITToomoomooosnmsssmmmmend
A change of basis to {| 31> ’ 32>" o

8n>} called diagonalization gives

SER R

<81|M‘£1> <81|M|82> <81|M|8n> g 0 - 0 0 2-¢ 3 0

(eMle) (e/Mle) - (elMe) || 0 & 0 g (4_8 1 j and  y= { e )|
: : : D det det

elMe) (eMle) ~ (e/Me) | L0 0 booenE ;e

: : : : : Onl ibl - ,yrifd inator i , too!
First step in finding eigenvalues: Solve secular equation nly possible non-zero 1,y if denominator is zero, oo

SEIR TR R

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5
0=¢"—Trace(M)e +det(M) =€’ — 6 +5

detM—€1]=0=(-1)" (g” +a e ta " +...+a,_E + an) 0=det|M — & -1|=det =det

where:

@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,---, a, = (—1)" det|MD
Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

[Bach ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.

0=M’>-6M+51=M—-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1)

[0 0]:(4 1}2_6[4 1)+5(1 oj
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 0 0 3 2 3 2 0 1
Replace /" HC-factor by (1) to make projection operators p = H (M —.gjl) p,=1)(M-51) :[ 4-5 1 ):[ -1 1 ]
p=( 1 )(M-el)(M-g) . R 32 )03
p=(M—g1)( 1 )(M-g1) (Assume distinct e-values here: Nix-doyencracy dunse) b = (M- 11)(1)= 4-1 1 [ 31
: %€ *.. 2 3 9 31
p,=(M-gl)(M-g1)-( 1 ) 4 1 -1 1 -1 1
MP=l s o s 3 )7 3 5 7P
Each pr contains eigen-bra-kets since: (M-ci1)pi=0 or: Mpi=cipi=p:M .
(41 31 ) (3 1)
Mp £3 2}(3 1]_5[3 1]_51)2
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTTrrTontTeETITToomoomooosnmsssmmmmend
A change of basis to {| 31> ’ 32>" o

8n>} called diagonalization gives

SR

eMle) (e/Me) - (eMe) ) (e 0 — o 0 2-¢ 30

(eMle) (e/Mle) - (elMe) || 0 & 0 g (4_8 1 j and  y= { e )|
: : : D det det

elMe) (eMle) ~ (e/Me) | L0 0 booenE ;e

: : : : : Onl ibl - ,yrifd inator i , too!
First step in finding eigenvalues: Solve secular equation nly possible non-zero {x,y} if denominator is zero, t0o

SEIR TR R

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5
0=¢"—Trace(M)e +det(M) =€’ — 6 +5

detM—€1]=0=(-1)" (g” +a e ta " +...+a,_E + an) 0=det|M — & -1|=det =det

where:

@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,---, a, = (—1)" det|MD
Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(8_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

[Each ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.

0=M’>-6M+51=M—-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1)

BREOREEE

\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) ) 0 0 3 2 32 01

Replace jthr HC-factor by (1) to make projection operators P, = H (M —.gjl) p,=1)(M-51) =[ 4 ; . ’ : 5 ):[ _31 13 )
P, :( 1 )(M_gzl)...(M_gnl) Jj2k — _
D= (M—E 1)( 1 )---(M—8 1) (ASSU.me distinct e-values here: ;/%(/r;h//(fy()//ww{y (f/(///fj(/)

€. 2E *.. p,=M-11)1)=
j

p,=(M-g1)(M-g1)( 1 ) ( Notice pi commutes with M.... MPIZL 2 ; M 3 - ]:1£ 5 ]_
3
3

Each pr contains eigen-bra-kets since: (M-ci1)pi=0 or) Mpi=cipi=p:M .

ince M!, M2,..commute with M.|MP> = U s : =5P,
G PV Y 3 2 ) 31 1
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic eigensolutions with example M :L j ; j
Secular equation
Hamilton-Cayley equation and projectors
3 [dempotent projectors Mw eigenvalues=-eigenvectors)
Operator orthonormality and Completeness (Idempotent means: P-P=P)

ANALOGY: Versus
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pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

PP :H(gjpj_gmpj):PjH(Sj—Sm)=<

m#k m#k

Mp,=¢,p, =pM

0 if %k

p.[](e.-¢,) if:j=k

m#k

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

1

P
p,=(M-51) { L

Mot 31
p,=M-11) (3 1)

4
3

s

N —

0
0

|

0
0

|

Monday, November 16, 2015

35



4
3

N —

|

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pjpk=p,~]1(M—8m1)=]1(ij—8mp,-1) Mp,=ep, =pM plz(M—S-l)z( o )
m# m# : - _ 0O O
Multiplication properties of p;: N 11)_( - j P lpz_( 0 0 j
0 if:j#k . b 31
pjpk=g(£jpj—empj)=pjg(ej—8m)=< p.[](e.-¢,) if:ji=k
m#k et eccecccccccne
Last step: [I(M-¢1) : p_M-5D) _1f 1 -1
make Idempotent Projectors: Pk:H(gpk—g )="ﬁ(8 o) b a=5 4 -3 3
(Idempotent means: P-P=P) G A b (M-I 13
(5= 4 31

Monday, November 16, 2015



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[ ‘3‘

|

N —

PP, :ij(M_gml):H(ij—Empjl) Mpk:gkpk =PkM E P, :(M—S-l):( _31 13 )
m#k m#k . _ . 0O O
Multiplication properties of p;: N 11)_( - j P 1p2_£ 0 0 j
0 if:jzk P2~ L3
PPy =g(8jpj—empj)=pjg(ej—8m)=< pJ1(e.-¢,) if:i=k
m#k etecsecsssnse .
Last step: [I(M-¢1) : p_M-5D) _1f 1 -1
make Idempotent Projectors: Pk:H(gpk ; )= "’lik[(g - D=5 4l 303
(Idempotent means: P-P=P) G A b (M-I 13
0 if: ik Mp,=¢,p, =pM 2 5-1) 4 31
Pij = S implies : :
Po if:j=k MP,=¢ P, =PM
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic eigensolutions with example M :L j ; j
Secular equation
Hamilton-Cayley equation and projectors
3 [dempotent projectors (how eigenvalues=-eigenvectors) <
Operator orthonormality and Completeness (Idempotent means: P-P=P)

ANALOGY: Versus
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

PP, :H(gjl’j—gmpj)=PjH(8j—em)=<

m#k m#k

Mp,=¢p,=pM

(0 if . j#k

pkH(gk_gm) if . j=k

m#k

e%occococccce ¥
[ ]

p1=(M—5'l)=( 3

pz=(M—1°l)=(

-1

1
-3

3 1
3 1

Factoring bra-kets into “Ket-Bras:

4
3

s

N —

|

0 O
0 0

Last step: . p [I(M-e,1) : p M-5D 10 1 -1 )_ % ®( 2 7 ):‘8><8‘
make Idempotent Projectors: Pk=H e "_g )= "’l’ik[ e —c) L 43 3 )4 4 /yk1 Y
(Idempotent means: P-P=P) Lok LN . “Gauge” scale factors that only afffct plots ( .
_ _ . 1 1 301
0 ifjek RERERML p G T k) | Ol
Pij = o implies : 4{ 3 1 ) k,
P ifij=k MP,=¢ P =PM -
39

Monday, November 16, 2015



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pjpk:ij(M_eml):H(ij_gmpjl) Mpk:gkpk:pkM

—M—51=| !
p,=M-51) ( 3

|

4
3

N =

1
-3

s

m#k m#k 0O O
Multiplication properties of p; : 31 0 0 j
: o p2=<M—1-1>=( j
(p-e0) B T1(6 ) [[emes) 1ot -
PP :H EP.—E,P; :pH E.—E, =1 _ VIR
T ! Tk p"g(g" 8’") lf,.] ] k ..... Factoring bra-kets into “Ket-Bras:
Last step: [T(M-g,1): b M=SH 11 1), ! ®( , )_‘8><8‘
make Idempotent Projectors: Pk:H(gpk—g )= "’l’ik[(g e ) =5 403 03 ) 4 4 /yk1 IR
k m k m

(Idempotent means: P-P=P)

m#k m#k

. “Gauge” scale factors that only affect plots

) - ?]@\—( e
< (&]=02 172)k~—

0 lf]?'—'k Mpk.:‘g.kpk:pkM E PZZ(M_I'I):l[ 3
Pij: . implies : 5-1) 4| 3
A S 5 L S
: . —- 3/4
Eigen-bra-ket or .
projectors <y‘ » 1€5) =k, i
of matrix:
(4 1
M=(3 |2)
p - (M-51)
(1-5)
I
4\ -3 3

|81>:k1

1/2
-3/2
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic eigensolutions with example M :L j ; j
Secular equation
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
3 Operator orthonormality and Completeness (Idempotent means: P-P=P) <@

ANALOGY: Versus
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Matrix-algebraic method for finding eigenvector and eigenvalues

pjpk = p]H(M—Eml) = H(ij_gmpjl)

m#k m#k

Mp,=¢p,=pM

as are bra-ket (¢j|and|e;) inside P;’s of matrix:

With example matrix M=[ ‘3‘

N —

p1=<M—5-1>=( !

3—3) (00)
PP, =
. 0 0

Multiplication properties of p; : Mo
0 if:jzk P2~ L3
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
mk mk oy A . Factoring bra-kets into “Ket-Bras:
. . o1
Last Step. | b H(M—Sml) . P:(M_S.l):l 1 -1 . % ®( 2 T2 )=‘S><8‘
make Idempotent Projectors: P, = e "_g ] = ”’l’ik[ 6 —c) =5 403 03 ) 4 4 ) k, Y
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots
e =pM L VOoN )
0 lf‘]?'-'k Mp, =¢p, =pM . P2=(M ll)zl 3 1 —k, 2 M:‘SZXSZ‘
PP = implies : . 5-1) 4\ 3 1 1 k
JTk fi=k P . 2 ?
SRS MPeR =EM [ F
Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal - { (ele) (e, <y‘ iy |82> =k; 19 y <82|:(3/2 1/2)/ky<—

) ] projectors

ol )

P _(M-51)
(I-5)

_(M-11)
(5=
_1( 31
4l 3 1
3 1
. 4 4
- 301
4 4
I
1
=k[ : ]@( DLk
2 1 2 2 2
1/2 2
|, )=k
177" 30 = &, ){e,|
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

s

pjpk = p]H(M_eml) = H(ij_gmpjl)

Mp,=¢p,=pM

—M—51=| !
p,=M-51) ( 3

1
-3

|

4
3

N —

m#k m#k 0O O
Multiplication properties of p; : N ( 31 j 0 0 j
- p = —1- =
0 if . jzk ’ 31
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
mk mzk ) A . Factoring bra-kets into “Ket-Bras:
. . 11
Last Step. b H(M—Eml) . P_(M_S.l)_l T % ®( 2 T2 )—‘8><8‘
make Idempotent Projectors: Pk:H(g k , )= "ﬁ(g - L a=5) 4l -3 3 )y 4 koY
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots /
. 3 1
s Mp,=¢,p, =pM ~1 Vil ( 2 2 )
0 ek OPCERTREL p T T ] =k | O e
Pij = _ implies : 5-1) 4\ 3 1 ) k,
.. 5 Y
Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal - (ele) (ele,) projectors <y‘ s |82> =k, i < <82|:(3/2 1/2) ey
as are bra-ket (¢j|and|e)) inside P;’s - (ele) (e, of matrix:
: - =(4 1 )
=[ 0 1 | 3 |2 | i
Tereres M-51 M-11
...and the P; satisfy a . 1=( (1_5)) 2 =((5_1))
Completeness Relation: pip-| 10
1= P, + P, +.4+ P, o =%( 13 _31 ] =i( g i
=ler) (e1]+|e2) (2|+..4|€n) (€4] =|e, ) (e |+|e, ) (e,
| e : i
B i R
4 4 4 4
1 — -1 1
:kl[ _23 ®( I )/kl =k2[ ; ]@( s )/k2
I i _ |12 ?
b €172 - el
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic eigensolutions with example M :L j ; J
Secular equation
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness (Idempotent means: P-P=P)
3 Spectral Decompositions <
Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula

ANALOGY: 2-State Schrodinger: in04V(t))=H|V(?)) versus
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Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=£ ‘3‘ ; j
pp.=p;[[(M-¢,1)=]](pM-¢,p,1) Mp.=gp, =pM  : p_-m-sp=| ' !
m#k m#k o 3 -3 0O 0
Multiplication properties of p; : f e ( .- j PP=| o
0 if:jzk D 31
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
mk mk o A . Factoring bra-kets into “Ket-Bras:
Last step: H(M—gml) : b S M-5D) 11 - i : ®( 2 3 )_‘8><8‘
make Idempotent Projectors: P, = H(gpk o) = "ﬁ(g - L a=5) 4l -3 3 )y 4 koY
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots /
o 3 1
o Mp,=¢,p, =p,M : -1 RN ( 1 2 )
0 if:j#k . pk. PP Pz:(M 11)21( T =k| | | ® — =|e,)(e)|
Pij — ST implies : . 5-1) 4 ‘3 | % k,
Pk lf‘ -J = k MPk:‘ngk = PkM E ’y - 3/4
: ........................... o Eigen_bra_ket
projectors | &5) =k, ig <~ (&l=0n2 12)k<—
. of matrix:
The P; are Mutually Ortho-Normal [ (¢ |e)) (g e,) M={4 1 J
as are bra-ket (¢;|and|e;) inside P;’s (e,]e) (ee,) 32 i
2™ 212 p_M-51) p . (M-11)
1 0 (SR 2T (5-1)
o e U
e 4l 3 3 4l 31
...and the P; satisfy a [ - [ o J
Completeness Relation: PP = 1 0 - i P
1= P;+ P2 +.4 P, : 1 1 i
: =k 3 ® ; =K, ’ ; é 2
Slen) eler) eobtlen @] © =lee+le el | : I L peen
= &) = |a)(&)

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

\ J
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4
3

N —

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

|

pjpk:ij(M_eml):H(ij_gmpjl) Mpk:gkpk:pkM E p,=(M-51)= -
m#k m#k o 3 -3 0O 0
Multiplication properties of p;: ; wino| 31 PP2Z1 0 0
0 if:j#k P>~ B 1
pfpk:H(gjpf_8mpf):pJ’H(ef_8m)=< pkH(ek—e ) ifj=k : :
mak mk oy A . Factoring bra-kets into “Ket-Bras:
. ) . 1 |
Last step: | b H(M—Sml) . P:(M_S.l):l 1 -1 . ) ®( 2 T2 )=‘S><8‘
make Idempotent Projectors: P, = e k_g ] = ”’l’ik[ (6—c) -5 4 303 = k, Y
(Idempotent means: P-P=P) LTl L AT T
. 3 1
o Mp,=£,p, =pM : 1 ) ( 1 2 )
0 ik PR TR p O L gl 2 e e e
Pij = o implies : . 5-1) 4\ 3 1 s % k,
Pk lf‘ )= k MPk :‘ngk = PkM E Eigen-bra-ket ?;| [
R R o projectors ., le,)=t, :Z <~ (&)= 12)ke—,
of matrix:
. M=[§ ;] y 1 32
The P; are Mutually Ortho-Normal - (ele) (ele) P S BRIy TR
€1 /€2 T -5) EER))
as are bra-ket (¢j|and|e;) inside P;’s (e,]e) (ee, :1[ - J 7 =1( 3 ]
* |_3_13 B (&) 1=(112 -112)rk, ! f T
Ny EEA A
crrernes . k|l o A T
...and the P; satisfy a . - [ e>]< 7 o= 50 - { zj><ez
Completeness Relation: : pip-| 10 )
1= P, + P> +.+ P, Lo 4 - 3o
=ler) (e1]+|e2) (2|+..4|€n) (€4] =|e,)(e,|+|&,) (&, M:[ ) j=1P1+5P2:1|1><1|+5|2><2|:1 . +5 -

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

\ J
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic eigensolutions with example M :L j ; J
Secular equation
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness (Idempotent means: P-P=P)
Spectral Decompositions
3 Functional spectral decomposition <€
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula

ANALOGY: 2-State Schrodinger: in04V(t))=H|V(?)) versus
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Matrix and operator Spectral Decompositons

pjpk:ij(M_eml):H(ij_gmpjl) Mpk:gkpk:pkM

m#k m#k

Multiplication properties of p; :

( 0 if . j#k
PP, =g(ejpj—empj)zpjg(ej—em)=< pk]:!(ek—em) ifj=k
Last step: \ [T(M-¢,1) f
make Idempotent Projectors: P, = ——t& = 2z NS
(Idempotent means: P-P=P) g(gk ~2) g(g" “&)
— 0 lf]?'—'k Mp;:g.kpk:pkM § PZ:(M_I'I):I
P = p P implies : :
e = MP,=¢,P, =PM -

The P; are Mutually Ortho-Normal - (e]e,)
as are bra-ket (¢j|and|e;) inside P;’s

...and the P; satisfy a

Completeness Relation: PP = 1 0
1= P;+ P> +.+ P, . 1
=‘€]><€1’+|€2><€2‘+...+’€n><811’ =|81><81|+|82><82| 3

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

...and Functional Spectral Decomposition of any function (M) of M

. JM) == f(€)P, + f(&)P, +...+ f(g,)P, )

p1=<M—5-1>=( : _3)
PP, =

M oto| 31
p,=M 11)(3 j

M=£ 4 ;j—11>1+5P2—11><1|+52><2—1( P ]+5[

N —
N——

-1 1

o O
o O
N———

1

Factoring bra-kets into “Ket-Bras:

1 1

N ®(2k—”)=\el><a\

—)=\€z><82\

[y
N—_
Il
o h
[\S)
B = D=
—_—
NSTRROS}
B |—

Al B W
= B =
N
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Matrix and operator Spectral Decompositons

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

Mp,=¢p,=pM

( 0 if . j#k
Last step: [TM-e,1): = -51) 1
make Idempotent Projectors: P, = H(fpk . )= "’lik[(g - YT =5 4
(Idempotent means: P-P=P) LTl L AT T
0 if: j#k Mp,=¢,p, =pM P2=(M_1'1):l
PP = implies : : 5-1) 4
JTk P lf L= k .
k ' MP =¢ P, =PM
The P; are Mutually Ortho-Normal - (ele)) (ee,)
as are bra-ket (5/[and|g)) inside P’s - (e]e) (e]e,)
. [ 10
0 1

...and the P; satisfy a

Completeness Relation: 1 0
P+P =
1= P;+ P> +.+ P, 0 1 41 LR S
:‘€]><81’+|€2><€2‘+...+’€n><811‘ :|gl><gl|+|82><82| ZL ) jzlpl"‘spz:1|1><1|+5|2><2|:1 33 +5 3o
. 3 3 i 1
(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M Exanip lel. L 3 143590 5%_1
50 150 ! ! sl # F |1 -
M=MP,+MP,+..+MP, =¢P +&P, +..+¢ P _L 3 2 ]_l R > 3o T 3.550_3 55,3

...and Functional Spectral Decomposition of any function (M) of M
fM)==f(g)P + f(&,)P, +..+ f(g,)P,

.

p1=(M—5'l)=(

p2=<M—1-1>=( X

N —

-1 1
3 3
3 1

'

Factoring bra-kets into “Ket-Bras:

o O

1 1 1
L L ()
:k _—
-3 3] ! _; ® k, ‘81><81‘
301 > ( ;3 )
—k,| ° AR
3 1) 2 : ® X, ‘82><82‘
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Matrix and operator Spectral Decompositons

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

Mp,=¢p,=pM

pl=<M—5-1>=(

pz=(M—1°l)=( R

N —

-1
3

1
-3

|

o O

3 1

0 if:jzk 1
op~Tllen e )=pTIe 20 g [Ti-c.) 27 o
mk mzk ) A . Factoring bra-kets into “Ket-Bras:
Last step: [IM-g,1):  oi-sn_1( 1 1 )_ [ > ®(5 )
make Idempotent Projectors: Pk:H(pk )="ﬁ( ): T oa-5 4l 3 o3 ) 2 k, =lentel
E —E& E —€ .
(Idempotent means: P-P=P) LTl L AT T
. 3 1
. Mp,=¢,p, =pM : M-11) 1 ) (z)
0 if:j#k PaR R p O L ) e e
Pij: _ implies : . 5-1) 4\ 3 1 % k,
P if:j=k MP,=¢ P =PM -
The P; are Mutually Ortho-Normal - (ele)) (ee,)
as are bra-ket (¢j|and|e;) inside P;’s - (ele) (e]e)
. [ 10
0 1
...and the P; satisfy a :
Completeness Relation: PP = 1 0
1= P;+ P> +.+ P, 0 1 41 LR S
= =1P, + 5P, =1{1){1|+5|2)(2|=1 5
=k (eilde el (el T =[e)e]+le.) el [3 2) A I S
(Eigen—operators MP, =¢,P, then give Spectral Decomposition of operator M Exanip lels.' L 30 143590 5%_1
4 4 4 1 o
M=MP +MP, +..+MP, =P +¢&P,+. +¢P 50:[ . ]:150 T L —i[ sy 550+3]
7 i

...and Functional Spectral Decomposition of any function (M) of M
fM)==f(g)P + f(&,)P, +..+ f(g,)P,

M

.

|

4
3

I+

Bl W bW
Bl—= B =
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic eigensolutions with example M :L j ; J
Secular equation
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness (Idempotent means: P-P=P)
Spectral Decompositions
Functional spectral decomposition
3 Orthonormality vs. Completeness vis-a -vis Operator vs. State <

Lagrange functional interpolation formula

ANALOGY: 2-State Schrodinger: in04V(t))=H|V(?)) versus

Monday, November 16, 2015

51



Orthonormality vs. Completeness

N —

pp.=p,J(M-¢,1)=T](pM-¢,p,1)  Mp,=g;p,=pM o :(M—S-l):( 1 ]
m#k m#k _ . 0O O
Multiplication properties of p;: I ( . j P lpz_( 0 0 j
- p = —1- =
0 if . j#k ’ 31
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
m#k m#k v A . Factoring bra-kets into “Ket-Bras:
Last step: [T(M-¢,1): p_ M-S 11 o) ! ®( : =2 )_
make Idempotent Projectors: P, = H(gpk - )= "ﬁ(g - CTT =5 4l -3 03 DY /yk1 =le)el
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots
° 3 1
o Mp,=¢€,p, =pM -1 Vi ( 1 2 )
0 if:j#k VPER =P s p (TID TP T e e,
Pij = _ implies : 5-1) 4\ 3 1 ) k,
P if:j=k MP,=¢,P,=PM : A
E ooooooooooooooooooooooooooo % ‘y>
: Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal - (ele) (ele,) projectors <y‘ s |82>:k2 i < <82|:(3/2 1/2) ey
as are bra-ket (¢j|and|e)) inside P;’s - (ele) (e, of matrix:
: - _ (4 1 )
{at) 262 r
Trerees M—51 M-11
...and the P; satisfy a . = ( ) ) = ( )
: 1-5) (G-
Completeness Relation: pap-| 10
1= P;+ P, +.+ P, Lot =%( 13 _31 ) =i( g i
=‘€]><81’+|€2> <€2‘+...+’€n> <€n‘ =|81><81|+|82><82|
1 _1 3 1
r — = : SR
{|x),|v) }-orthonormality with {|e;),|e2) }-completeness - i 2!
(1) =6, =(x1y)=(xe ) e |y)+{x &) (e ). 1 — -1 1
=k, 23 ®( 2 3 )/kl =k, ? ®( % 2 )/kz
{le1),|e2) }-orthonormality with {|x),|y) }-completeness K - . 2
I =
\_ <8i|8j> :5i,j:<8i|1 8j>:<8i|x><x‘8j>+<8i|y><y‘gj> ] = |81><81| . |81> ki 3/2 — |82><82‘
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

0 if :j#k
P.P, 25'kPk = f J
! ! P if:j=k

1=P;+P>+..+P,
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
&) (gjlex) (ex| =6klex) (x| or:  (gjlex) =0 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =8jk|ex) (ex| or:  (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ N

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&)| y)+{x] &, )(&,| ¥)-

{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele,) =6,,=(el1]e;)=(e|x)(x]e,)+{e|) ()
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =8jk|ex) (ex| or:  (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ N

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&| y)+{x] &, )(&,| ¥)-
(y)=6x.n=" v,y +y, (Y, (0)+..

Dirac &-function

{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele;) =6,,=(e[1]e,)=(e|x)(x]e,)+(e]|y)(]¢,)

\ _/

However Schrodinger wavefunction notation v (x)={x|1) shows quite a difference...
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =8jk|ex) (ex| or:  (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ ™

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&| y)+{x] &, )(&,| ¥)-
(Hy)=8x. =" v,y +Y, (Y, (0)+..

Dirac é-function
{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele,) =6,,=(el1]e;)=(e|x)(x]e,)+{e|) ()

(e]e,)=86,,= LAY OV ()Y, W () + o> j dxy (DY (x)
\ _J

However Schrodinger wavefunction notation v (x)={x|1) shows quite a difference...
...particularly in the orthonormality integral.
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic eigensolutions with example M :L j ; J
Secular equation
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness (Idempotent means: P-P=P)
Spectral Decompositions
Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

¥ [ agrange functional interpolation formula <€

ANALOGY: 2-State Schrodinger: in04V(t))=H|V(?)) versus
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A PVOOfOfPVOjQCtOV Completeness (Truer-than-true by Lagrange interpolation)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = ezk'Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = Z f(&,) *"1_1 )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
j#k J
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %’,Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
j#k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[[(M~¢,1) [[(M-e,1)
— — m#k bn
1=P+P>+..+P, = X P, =3 e 2. f(M>=f<el>P1+f(sz>P2+-..+f<en>Pn=Zf<ek>Pk=Zf<ek>mH(8 )
&y & k m & € k_ m

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) = kél f(x,)B (x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

Monday, November 16, 2015 61



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[I(M-¢,1) [I(M-e¢,1)

— — m#k m#k
1=P+P>+..4P, = ZPk — Z H(g _ e ) f(M): f(gl)I,] +f(82)P2 + +f(8n)Pn — Zf(gk)Pk = Zf(ek) H(S _c )
& & k m €k C g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) = k§:‘,l f(x,)B (x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= g_lxiPm(x)
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[I(M-¢,1) [I(M-e¢,1)

— — m#k m#k
1=P+P>+..4P, = ZPk — Z H(g _ e ) f(M): f(gl)I,] +f(82)P2 + +f(8n)Pn — Zf(gk)Pk = Zf(ek) H(S _c )
& & k m €k C g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) = k§:‘,l f(x,)B (x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= g_lxiPm(x)

One point determines a constant level line,

X1
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[I(M-¢,1) [I(M-e¢,1)

— — m#k m#k
1=P+P>+..4P, = ZPk — Z H(g _ e ) f(M): f(gl)I,] +f(82)P2 + +f(8n)Pn — Zf(gk)Pk = Zf(ek) H(S _c )
& & k m €k C g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) = k§:‘,l f(x,)B (x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
_ < N 2 N
1= zlpm (x) x=Xx, P (x) X = lempm(X)
m= m=1 m=

One point determines a constant level line, two separate points uniquely determine a sloping line,

X] X1 X2
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = SZk,Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= § xiPm(x)
m=1 m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points \niquely determine a parabold, etc.

X] X1 X2 X1 X2 X2
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= § xiPm(x)
m=1 m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

Monday, November 16, 2015 66



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= glxiPm(x)
m=1 m=

m=1
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values e;=e2=...=¢ep satisty 2 Pi=1.
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
! N 2 N
=3 P, (x) x=3 x,P () =2 5P, (x)
m= m=1 m=
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values €;=e2=...=¢cy satisfy 2 Piy=1. Completeness 1s truer than true as is seen for N=2.

L nbe) by
I (e-¢))

J#l

N _ (M—821)+(M—£11) _ (M-g,1)-(M-¢g]1) _—gltel
I1 (82_gj) (e1-€)  (e,-¢) (e1-¢,) (=€)

j#l

=1 (for all ej)

Monday, November 16, 2015 68



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = ;P" = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X )
N 2k J
L(f(x))= kzl f(x)B(x)  where: P, (x)=-2
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
! N 2 N
=3 P, (x) x=3 x,P () =2 5P, (x)
m= m=1 m=
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values €;=e2=...=¢cy satisfy 2 Piy=1. Completeness 1s truer than true as is seen for N=2.

L nbe) by
I (e-¢))

J#l

N _ (M-g,1) +(M—511) _ (M-g,1)-(M-¢g]1) _—gltel
I1 (82_gj) (e1-€)  (e,-¢) (e1-¢,) (=€)

j#l

=1 (for all ej)

However, only select values ex work for eigen-forms MP= Pk or orthonormality P;P=0ixPx.
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic eigensolutions with example M= ( 4 1 J
Secular equation 3 2
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness (Idempotent means: P-P=P)
Spectral Decompositions
Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula
- Diagonalizing Transformations (D-Ttran) from projectors <

ANALOGY: 2-State Schrodinger: in0:V(t))=H|V(?)) versus
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ i[ 13 —31 ]_ K, i ®(2—_2) =|e,)(e,]

G-1) 4| 3 1

DO = DO |—
N
—_—
NSO
o
[N}
N |—
~—————
Il
™M
\S}
—
N
™
NS}

Monday, November 16, 2015

71



Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ %( 13 —31 ]_ K, i ®(2—_2) =|e,)(e,]

5-1) 4| 3 1

Load distinct bras {¢,| and {c2| into d-tran rows, kets |¢;) and |e2) into inverse d-tran columns.

DO = Do [—
N
—_—
NSIRRON}
o
[N}
N |—
~—————
Il
™M
\S}
—
N
™M
NS}
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ %[ -l ]: K, i ®(2k—_2) =le,)(e

3 3
G-1) 4| 3 1

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.

DO = Do [—
N
—_—
NSIRRON}
o
[N}
N |—
~—————
Il
™M
\S}
—
N
™M
NS}

() (1)
el=( 4~ Mel=(3 3 ) fledd 2 Ped=| 2 |t
U2y \ 2 )
(€,,&,) <« (1,2) d—Tran matrix (1,2) « (&,,¢,) INVERSE d—Tran matrix
122 122
( ) ( A
@lx) (el _ 5 3 () ey _ 3
CHEIRNCARY \% ; ) (le) (e \ - %)
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors.

p_ M-51)_1
(I-5)

p_(M-LD_1
(5-1)

il
il

I -1
-3 3

®( - ):‘81><81‘

1 -
—k| A S
]1_; z

1
301 z
31] =k
2

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.
r )

{<31‘:( 7 3

(€,,€,) < (1,2) d—Tran matrix

<81

x) (ely)

<82

x) (&)

() (1)
(eal=\ 3 3 |- ) 5 Hed=|
3 1
U2 .2 )]
(1,2) <~ (&,,€,) INVERSE d—Tran matrix
( ) ( )
B > <x£1> <x£2> _ > 3
) ke Gl Ty

Use Dirac labeling for all components so transformation is O

(rley) (x
(ve) (o

(&)

|

[ (e]x) (&)

x) (&)

1

2
1
2

DLW D=

|

(efK]x) - (o[ )
(vK]x) (vK]y)

5

I

|

1
2

3
2

N [— N|—

(eKle) (e|K]e,) }

(e:|Kley) (e:]K]e,)

g2> ]
£,)

-3
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _M-5D 1
- (-9

p - M-ID 1
5-1)

1 -1
3 3
31 _k%
31 BRI

2

®( - ):‘81><81‘

1 -
—k| A S
]1_; z

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.
r 3

( 1 A 1 \
fed=( 2 3 Med=(2 1 Qe 2 fea| 7L
\ L 2 ) 2 )
(,,€,) < (1,2) d-Tran matrix (1,2) < (¢,,€,) INVERSE d-Tran matrix
CIRCIEY :(% - \ (x|e,) (x]e,) :( 1 %\
&al) (&) Sk Ve (le) =y

. . J .
Use Dirac labeling for all components so transformation is O

(W) (les) ]
<y|81> <y82>

(efK]x) - (o[ )
(&l (&l ] | OIK[x) (K]y)

G G )
S

Check inverse-d-tran is really inverse of your d-tran.

{<el|1> (&1]2) N (&) (1le.) N (eltle) (eilife,)

[ (e]x) (&)

DLW D=

<82|1> <£2|2> <2|81> 2‘82> <82|1|81> <‘92|1|82>

(

|

1
2

3
2

1
2
1
2

(eKle) (e|K]e,) }

(e:|Kley) (e:]K]e,)

-3
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Diagonalizing Transformations (D-Ttran) from projectors

. . . . 1 1 _1
Given our eigenvectors and their Projectors. p _M-5D 1/ 1 -1 | | > ®( > )_‘ e,
-5 4l 3 3 ) 2 PR

1
I)ZZ(M—1.1)=1 31 ]
G-1) 4 3 1 !

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.
r 3

( 1 A 1 \
fed=( 2 3 Med=(2 1 Qe 2 fea| 7L
\ L 2 ) 2 )]
(,,€,) < (1,2) d-Tran matrix (1,2) < (¢,,€,) INVERSE d-Tran matrix
CIRCIEY :(% - \ (x|e,) (x]e,) :( 1 %\
(@) (b)) (33 | Dl Dle) J{

Use Dirac labeling for all components so transformation is O

[<elx> (&) Num (4[]} ][ (W) (les) ] (e1[Kle,) <elKez>}

(&lx) {ealy) | [ OIKE) OIK]) L Ola) Ole) ) | (&lKe) (oK)

1 1 1
2 4 1 2 2 _ 1 O
1 3 2 231 0O 5
2 2 2

Check inverse-d-tran is really inverse of your d-tran. In standard quantum matrices inverses are “easy’”

{ (&%) (a]») N () (xle) H (el1e) (&1l ) .
“ (e (ile,) ]

(e (el | Oled Oled || ) <e2|1|e2>} [ e|x) (&) N (e} (x]e,) T: (&) (e |
{5 —i] _ { ; 5} _ [1 0} (&%) (&) (le) Ole) <x‘82>* (v]e,) Ola) Oley)

DLW D=
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¥ 2D-HO eigensolution example with bilateral (B-Type) symmetry <
Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase
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Analyzing 2D-HO beats and mixed mode eigen-solutions

K K K || kithkn  —kp :( 10 —lj Det(K)=1010-1=99
K, Ky ~kiy Ky tkpp -1 10 Trace(K)=10+10 = 20

The K secular equation K2 —Trace(K)K + Det(K)= K> —=20K+99=0=(K -9)(K —11) = (K-K,)K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,
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Analyzing 2D-HO beats and mixed mode eigen-solutions

K K K || kithkn  —kp :( 10 —1) Det(K)=1010-1=99
K, Ky ~kiy Ky tkpp -1 10 Trace(K)=10+10 = 20

The K secular equation K2 —Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11)=(K-K{)(K-K))
Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,
Eigen-projectors P,

K=Ky Kp 10-11 -1 1+l Kiu-Ki  Kp 10-9 -1 1 -1
Ky, Ky —-K, -1 10-11 +1 1 K, Ky - K -1 10-9 -1 1
Pl = = = P2 = =

K, -k, 9-11 2 K, - K, 11-9 2
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K K
K= n Koo
K, Ky

ki+kypy o =k _| 10 -1

Analyzing 2D-HO beats and mixed mode eigen-solutions

Det(K)=1010-1=99
Trace(K)=10+10=20

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+
b Kp Kp-K; | -1 10-11 ) { +1 1

e K, -K, - 9—11 2
N
:[ 1;3 J( UNZ 12 ) =[e)el

Eigenbra vectors: <81|=(1/\/§ +1/\/§), (82|=(1/x/§

K12w3(81)29, K2=a)3(82)=11,

Kn-K Ky 10-9 -1 1 -1
Ky,  Kp-KkK; -1 10-9 ) | -1 1

P, = K, K, B 11-9 - 2
o
:( e ]( UNE A1 )=o)
1/42 )
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Analyzing 2D-HO beats and mixed mode eigen-solutions

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)
Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+ Kn-K  Kp 10-9 -1 1 -1
p_ Ko Kp-Ky ) (-1 10-11 ) { +1 1 p K Kp-—K -1 10-9 -1 1
! K,-K, 9-11 2 2 K,-K, - 11-9 - 2

1/4/2
== \/_ (1/\/5 1/\/5 ):‘81><81| —— 1/\/5 (1/\/5 -1/\/5 ):|82><82|

1/42 132

Eigenbra vectors: <81|=(1/\/§ +1/\/§), <82|=(1/\/§ -1/x/5)

Mixed mode dynamics

x0) = &) (ex@)e @+ |ey) (ey]x(0))e @
() 1/~§2 —iot —1/+/2 it
= 0 1 O s
[ X, (1) J [ 13 J<el|x( ))e +[ B ](ez\x( ))e

K:[ Ky Kpp J:[ kj+kip  —kp ]:( 10 -1 j Det(K)=1010-1=99
Trace(K)=10+10=20
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K
K= 1
Ky,

Ky, _
K,

kl + k12

Analyzing 2D-HO beats and mixed mode eigen-solutions

—ki2

Det(K)=1010—-1=99

10 -1 }
—kia -1 10 Trace(K)=10+10=20

H

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

Eigen-projectors P,

Pz[
1 Kl

1/\2
1/\2

K —-K,
Ky,

Ky,
Ky - K,

10-11
-1

Eigenvalues K, and squared eigenfrequencies my(g;)’
-1 1+
10-11 ) ( +1 1

(o) (4

J( N2 142 )=e) e

Eigenbra vectors: <81|=( /2 +1/2 )

Mixed mode dynamics

(82|=(1/x/§

X)) = &) (g|x0)e ™ + |&y) (ey|x(0))e
t . — .
0@ | _[ 142 (6] (O e @ + 1/42 (6|50~
X (1) 1742 1/42
.a+b i -2
100% modulation (SWR=0) ¢“+e" _ i e ? +e 2
2
e—ia)lt + e_ia)zf _iwt _i(a)l—a)z)t i(a)l—(oz)t
X5 (1) oot _ it 2 (00 (0-0,)
2 e 2 e

K12w3(81)29, K2=a)3(82)=11,

10-9
-1

-1

K —K; K,
K, Ky - K 10-9
P2 = =

K, - K, 11-9 2
NG
:( _11//[ ]( N2 142 ) =gy e

1= 3 }E: fde, COS((JJZ wl)t/z
1/2 ) w2 3166243 ! i
= des R m
€2 i AXEHIX(0))
g ﬁ?&. Carrler

ﬂ .-, cos(oa2+0)1)t o)

aﬁg’ffm

"' Pewor| | PR ﬂ
A3ISE 12 r ‘ .'m; ’ ' :ﬂ
k12 = 1 ”"'.“"1 B=-0.158 E IIIIJ Ill' :: \} Ut
kzz= 10 - DS Vol
kil=" 10 TR
[ 4 i 4 P

Fig. 3.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.

BoxIt (Beating) Simulation
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.158&BU2=-0.158&CU2=0.0&DU2=3.158&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.4&wantBoxLines=0
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Analyzing 2D-HO beats and mixed mode eigen-solutions

Ky
Ky,

Ky,
K,

—ki2

—ki2

i

10 -1
-1 10

.

Det(K)=1010-1=99
Trace(K)=10+10=20

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

2

2

Eigenvalues K, and squared eigenfrequencies my(g;)’ K, =w; (81) =9, K,=w, (82) =11,
Eigen-projectors P,
Kn-K, Ky 10-11 -1 1+ Kn-Ki Ky 10-9 -1 1 -1
p_ Ko Kp-Ky ) (-1 10-11 ) { +1 1 P _ Ko  Kp-K ]\ -1 10-9 ) [ -1 1
b K,-K, - 9-11 - 2 2 K,-K, - 11-9 - 2
:{ 1/ﬁ J( 1/\/5 1/\/5):‘81><81| :[ 1/\/5 }( 1/\/5 -1/\/5):|82><82| -1--|,..4/Beat
1/42 ~1/42 _ K osoont)
wl="5 el 2~
od=3.5 165243 J porr e "
Eigenbra vectors: (g| :( /42 +1/42 ) (&, =( /2 -1/2 ) =4 de, an
des~, e EERY STELARRY
Mixed mode dynamics e ' kd

[27 % 4 Carrier M

,ﬂ EL'E cos(mr+mq)t /o

5O) = &) (B]50) @+ o) (efa©)e ™ SOEING | E .
IR LT 'l 2l 1 e el . .
x1(7) 1/2 o | —1/42 it M&\\i%’ﬁ' : RO ent
= (1| x(0))e " + (&,]x(0))e™" \nm A SRR R A A O
X () 1/2 1/2 S e IO F i ﬂ
0 . N e =y =172 "r!i. ‘ :f E: .'m: ‘ : :jj
100% modulation (SWR:O) €Tl 2 s te ” =¢ 2 cos L) PR '-.1 A=3.158 fu o i: 5 ] Ut
2 2 kzz= 10 — B=0.158 L L
. . Fl}g. 3.3.9 Beats in weal%ly coupled Symmetric_o-;cillators with eZua}r mode magnitudes.
—iw | —iw,t
€ te —i(w1+w2)t _i(wl—wz)t l,(a)l—a)z)t (0 +0,) cos (0, —w))t
x(2) B 2 e 2 e 2 +e 2 B e_i 12 =t 2 BoxIt (Beating) Simulation
X, (1) o ot _ i 2 —i(wl_wz)t i(wl_wz)t . (o, - )t
2 2 isim——
Note the i phasey
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Videos of Coupled Pendula aided by Overhead Projector

Launch embedded videos
using your browser/App

or
View on YouTube YOU ﬂm < view on YouTube = View on YouTube YOl ﬂm

Stronger coupling on the right, illustrated indirectly by a darker looking spring on screen
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https://www.youtube.com/watch?v=gTvyn3cQBg4
https://www.youtube.com/watch?v=gTvyn3cQBg4
https://www.youtube.com/watch?v=RZawF6AXFSU
https://www.youtube.com/watch?v=RZawF6AXFSU

x1 =-0.864
pl/®w =0.487
x2 =0.062
p2/®w =0.111

x1(0) = 1.000
p1(0)/® = 0.000
x2(0) = 0.000

p2(0)/® = 0.000 *

A =3.158
B =-0.158
C =0.000
D =3.158

~3.5

N

1.5

=
n

wl =3.000
w2 =3.316
©® =45.000

-2.5

X2 Phasor

9

3.5
time = 38.960

¥ N

E=1.579

BoxIt (Beating) Web Simulation
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x1 =-0.864 [3-3
pl/w =0.487 ‘

x2 =0.062

p2/w =0.111 X1 Phasor

x1(0) = 1.000 - 2.5
p1(0)/w = 0.000 -
x2(0) = 0.000

N

©

X2 Phasor

p2(0)/® = 0.000

A =3.158 1.5
B =-0.158 |
C =0.000
D =3.158

I
N
=
W
!
-
o
n

o1 = 3.000 [-2-3
02 =3316 |
© = 45.000 L3

9

Show Multi-Phasor View
Show the YXT Phasor View ¥

Draw Main Phasors ¥

3.5

time = 38.960 E=1.579

™17
T
Iv

A T T [ L4
—
wm
| ——
S —
| e

TTTTTTTY

™7
wm

--0.5

(Start) (Resume) (Reset T-:O) (Erase Paths) Speeg O— 2 6 x10* G [-2 8

X(0) = O 1 BlA= O 3158 [ Number of Derivatives = O 0 ®

Y(0) = O 1 [ B= —O— -0.158 [
Px0)= O @ac= —O— 9

Py(0) = O 1 D= O s 8]

wantVectorHeads, wantTimeRateTangents
Draw PE Levels [ Left Phasor Rides on Right Phasor [

Draw Box Lines # Left Phasor Rides on Right Phasor [

Draw Modal Phasors ¥ Normalize Phasors # Print w1:w2 fractions [

Draw Vector Heads @ Draw Time Rate Tangents ¥

BoxIt (Beating) Web Simulation
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_ 3.5 3.5
x1 =-0.302 [ time = 27.880 E=1.579
pl/w = 0.024 : :
x2 = -0.077 3
p2/e = -0.950 X1 Phasor ! \ | ﬂ
x1(0) = 1.000 2.5 ﬂ |
p1(0)/o = 0.000
x2(0) = 0.000 B
p2(0)/e = 0.000
A =3.158 1.5
B =.0.158 | U U o1/02 = 1.10533333333333
. v(0)= 1: 1/1 = 1.00000000000000
C=0.000 1 U U I D=9 109 = L11111111111111
D =3.158 f [\ W(2)=2: 21/19 = 1.10526315789474
[ | | ' v(3)= 39: 829/750 = 1.10533333333333 |
q y(4)= 35929917884 29785901925857/26947438413019— 1.10533333333333 |
05 v(5)= 1: 29785901926686/26947438413769 = 1.10533333333333
- [ V(6)=| 17: 536146234679519/485053891447092 = 1.10533333333333
2 as LAGEITTRRNY s 2 a5 E s 1100 s 20 s 30 | 55 40 |
/':\ - 72 — === \ ,T '1! I" . |I ., | \ ¢T "‘ 'I
o s
| | | |
1| |
| A\
-2 ®
1 = 3.000 23
w2 =3.316 ’ U \J U
©® =45.000 —=3
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2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase <

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase
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A “visualization gauge” (a)

We hold these two fixed...

2D-HO beats and mixed mode geometry

0 1 .
r_0=0 r @=m g%

even +45°

[+)

parity
states odd -45°

02
- A %
!0

local

)+ Uo
t=0 v @
| >_,| >°°
1/4 ()
or beas ﬂ’pped A
1/2 litl:}ov 417
34
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2D-HO beats and mixed mode geometry

0 — 1 Coupled Opti
— o ptical
A “visualization gauge” (a) I' ((1) O) r ((1) TC) Pendula E (1)
We hold these two fixed... even  +45°

[+)

parity
states odd -45°

02
Ya <
¢

~and let these two votate at beat frequency

li

loca

..

)+ Uo
\2 \u»

LELQOO@

1/4
revivals ﬂzpped y
or beats

1/2 liﬂ:}ov —17

3/4 ¢
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2D-HO beats and mixed mode geometry
A “visualization gauge” (a)

We hold these two fixed...

r’ ©=0) r' (¢o=m)

and let these two

tate at beat frequency

t=1/6

revivals
f= 1/ or beats

1/2

1/4 {3

Coupled Optical
Pendula E(t)

even +45°

[+)

parity
states odd -45°

02
Ya <
¢

li

loca

..

)+ Uo
\2 \u»

LELQOO@

fhpped Y

|+}—|—}°' $

3/4 ¢
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2D-HO beats and mixed mode geometry

0 — 1 Coupled Opti
— o ptical
A “visualization gauge” (a) I' ((1) O) r ((1) TC) Pendula E (1)
We hold these two fixed... even  +45°

[+)

parity
states odd -45°

02
- A %
!0

local

and let these two

tate at beat frequency

t=1/6

)+ Uo
\2 U

Lauoc@

ﬂlpped Y

|+}—|—}°' $

1/4 (\"‘
revivals
or beats
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2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

¥ 2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K)=713-27=91-27=64
Trace(K)=T7+13=20
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

K,,-K, K> 7-16 —3\/5 9 +3\/§
b K, Kn-K, 3J3 13-16 33 3
1 = =

K,-K, 4-16 12

&Y
:ﬁ—lz[ NeIE ](@/2 12 )=le e

4 1/2
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
_ Kp  Kp-—K 33 13-4 ~ 33 9

o L Ko Kn-Ky ) -3J3 13-16 +33 3 b _ B
b K,-K, - 4-16 12 2 K,-K, - 16— 4 12
[ 343 1 -3
31 J3/2 -3 3 —-1/2
SN 3/2 1/2)= = = —1/2 3/2)=
1 1/n (\/— ) &) (el 4 J3/2 ( /2 3/ ) |&2)(&,)|

99
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies wy(g;)*

Eigen-projectors P,

K —-K, K> 7-16 —3\/5 9 +3\/§
K,  Kp-K, -3J3 13-16 ~ 33 3

P = -
! K, -K, 4-16 12

4 1/2

[ 3 \/5]
L[ V312 ](@/z 1/2)=le el

Eigenbra vectors: <el|:(\/§/2 1/2), <82|=(—1/2

Ky =g (&) =16,

Kn—-K Ky 7-4 33 3 33
Ky Kn-—K, —3J3 13-4 3V3 9

P, =
2 16—4 12

[ 1 —\/EJ
B3 _[%//22 ](_1/2 V312 )=|e)es
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2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
3 [nitial state projection, mixed mode beat dynamics with variable phase <
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
| Ko Kp-Ky ) | 3Y3 13-16 ) [ 433 3 K,  Kyn-K -3V3 13-4 33 9
= K, -K, - 4-16 - 12 2= K, - K, - 16— 4 - 12
5 7 5 )

NEI 3 3 -
:f:[f’//j ](ﬁxz 172 )=|e )| = y =[J;//22 ](—1/2 V312 )=|e;)(ey]

Eigenbra vectors: <el|:£ J3/2 172 ) <82|=(—1/2 J31/2 )
Spectral decomposition of initial state x(0)=(1,0):

: syl ? RRRE
off 1 1)) 2 le(s #)
2

1-x(0)= (P, +P2)( (1) j:

NST R
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
p Ky Ky —K, 33 13-16 +343 3 K, K> - K, -3J3 13-4 33 9
l = = =

- K, -K, B 4-16 12 2= K, -K, B 16— 4 12
[ 3 43 J [ 1 /3 J
NEI 3 3 -
:f=[ */15//22 ](\/3/2 172 )=|g;) (g = y :[ \/;//22 ](—1/2 V312 )=[e;)(e,|

Eigenbra vectors: <el|:£\/§/2 1/2), <82|=(—1/2 \/5/2)
ial state x(0)=(1,0):

Spectral decomposition of ini

1-x<0>:<P1+P2>( : j=

Monday, November 16, 2015 103



Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
~ Ky, Ky - K, ~ 3J3 13-16 ~ 33 3 Ky, Kyn-Kk 3J3 13-4 3J3 9
= K, -K, - 4-16 - 12 2= K, - K, - 16— 4 - 12

&N )

NEI 3 3 -
:f:[f’//j ](ﬁ/z 172 )=|e )| = y =[J§//22 ](—1/2 V312 )=|e;)(ey]

Eigenbra vectors: (g| :g N3/2 172 ) (&) =(—1/2 \3/2 ) Aers
Spectral decomposition of initial state x(0)=(1,0): oo 4 X2 B=0.566
Q= 30° =3.

! . =y
3 vy ﬁ-mﬂ}fz

1-x<0>:<P1+P2>( : j=
; h 1

1
V3 = X1
= 21 (f) (Note projection of x(0) onto eigen-axes) ( (({ é :
_\/5 ~ 1 \ 1z=-5.j1951524 -1
(q‘(t)_TCOSZt’ 0, (1) == cosdt xO)=\ L g0)=v302
q2(0)=-1/2.-*
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
Ky Ky —K, 33 13-16 B +343 3 K, K> - K, -3J3 13-4 33 9

...........

b= K, - K, B 4-16 12 P = K, —K, B 164 12
[ 3 \/§J 1 3
31 J3/2 -3 3 —-1/2
:f:[ A (V372 172)=|e))e| = y =[ﬁ/2 ](—1/2 V312 )=|e;)(ey]
Eigenbra vectors: <el|:£\/§/2 1/2), <82|=(—1/2 \/5/2) . af 4o
Spectral decomposition of initial state x(0)=(1,0): " SN
:g g: :Eu:u a
(VL VY VY T .

1-x<0>:<P1+P2>( : j=

3 e
= 21 (f) (Note projection of X(0) onto eigen-axes) i XE{
) : AR AR AR AR R
/ S AR AR ) f\ Lﬁ
()= Leos2r, (1) =L cosar o= 1 gacsge 1L D U
q\1)=-—=cos2t, q,(1)=——cos x(0) = = L o
2 2 0) 0 = > q1(0)=V/3/2 -
Using cos4t= 20052 2t —1 derives a parabolic frajectory! q2(0)=-1/2.-- BoxIt Web Simulation
1 2 1 4 2 1 Fig. 3.3.6 Normal coordinate axes, coupled oscillator trajectories and equipotential (V=const.) ovals
g, (1)===2cos" 2t +—=——| g, (1) [ += . i . _ _ i -
2 > 7 3 1 7 for an integral 1:2 eigenfrequency ratio (0g(€7)=2.0, wy(€2)= 4.0) and zero initial velocity.
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,

Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
~ Ky, Ky - K, ~ 3J3 13-16 ~ 33 3 Ky, Kyn-Kk 3J3 13-4 3J3 9
= K, -K, - 4-16 - 12 2= K, - K, - 16— 4 - 12

&N )

NEI 3 3 -
:f:[f’//j J(ﬁ/z 172 )=|e )| = y =[J§//22 ](—1/2 V312 )=|e;)(ey]

Eigenbra vectors: <£1|:g J3/2 172 ) <82|=(—1/2 J31/2 )
Spectral decomposition of initial state x(0)=(1,0):

k)

1-x<0>:<P1+P2>( : j:

2
1
2

V3
- 21 (f) ) (Note projection of X(0) onto eigen-axes)
2 / x BoxIt Web Simulation
- -1 ' :
ql(t):ﬁcos%, ¢, (1)=—=cos4t x(0) = 1 \ igs 2 3t P
2 2 0 T — . C]l(o) :\/3/2 : Pafnuty Chebyshev
g ’ H Pafnuty Lvovich Chebyshev was a Russian

1
q>2 (0) —- ]/2 - mathematician. His name can be alternatively
transliterated as Chebychev, Chebysheff,
Chebyshov, Tchebychev or Tchebycheff, or

Tschebyschev or Tschebyscheff. Wikipedi:

Using cos4t= 20082 2t —1 derives a parabolic frajectory!

rm

Born: May 16, 1821, Borovsk
Died: December 8, 1894, Saint Petersburg
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1 1 4 1
g, (t)= —52cos2 2t + 5= —5[% (t)]2 2 Example of a Tschebycheff Polynomial order 2
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x1 = 0.430
pl/w = 0.824
x2 = 0.359
p2/w = -0.091

x1(0) = 1.000
p1(0)/w = 0.000
x2(0) = 0.000

p2(0)/® = 0.000

A =2.500

3.9

X2 Phasor

3.5

time = 40.400 E =1.250

BoxIt Web Simulation
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_ 3.5 -3.5
Xi/— 0-";)3224 | : time = 40.400 E =1.250
pl/w=0. _ [

x2 =0.359

X2 Phasor

p2/o = -0.091

x1(0) =1.000 2.5

p1(0)/w = 0.000

x2(0) =0.000 12

p2(0)/w = 0.000 ;

A =2.500 l

B =-0.866 [

C =0.000 I

D=3500 1
0.5

T 1 T T

s 10 55 20 5 30 35 40
I W T T | ST T - o o L boa al a1 R T T S T - U T TR S S L T L

™rerTerTerTerTeTY
'
| A
S ¥

|
I
-

L]

Speeil O—‘z () x10° O"‘-z @

(Start) (Resume) (ResetT-O) (Erase Paths)

X(0) = O 1 BlA= O 2.5 ) Number of Derivatives = O 0 ®

Y(0) = —O— 0 @ B= —O— -0.866 [

PxO= "0 o @gc= O g

--2.5 e Qe 11y o O ]
wl =2.000 | Py(0) = e @Db= 35 8
w2 =4.000 wantVectorHeads, wantTimeRateTangents
@ = 60.000 L - 3 Show Multi-Phasor View ¥ Draw PE Levels () Left Phasor Rides on Right Phasor [
Show the YXT Phasor View ¥ Draw Box Lines # Left Phasor Rides on Right Phasor [

M Draw Main Phasors ¥ Draw Modal Phasors # Normalize Phasors ¥ Print w1:w2 fractions [

Draw Vector Heads # Draw Time Rate Tangents ¥
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2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase

» ANALOGY: 2-State Schrodinger: ind:| V(1)) =H|V(1)) versus Classical 2D-HO: 0°X=-KeX <€
Hamilton-Pauli spinor symmetry (ABCD-Types)
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

H- ( A B-iC |_ gt obey: (Hj) *= Hy
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) ¥ X +ip 1 (2 =2+2)
Y ) | ntin | | @
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

B+iC D
that operates on 2-D complex Dirac ket vector |¥) . Both have 4 parameters

|‘{’>=[ ¥y ]:[ X1 +1ip — 1 (22 =2+2)

Y, Xy +1p) a,

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 15-order equation i0\U=HWV
into pairs of real 1%-order differential equations.
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>=—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
7 | (o) =H](0)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 1%-order equation iOW=HW ;O Mtip :( A B-iC j Xy +ipy
into pairs of real 1%*-order differential equations. or( Xy +ip, B+iC D Xy +ip;
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>=—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
7 | (o) =1 (1)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 1%-order equation iOW=HW ;O mtim :[ A B-iC ] X +ipy
into pairs of real 1%*-order differential equations. or( Xy +ip; B+iC D Xy +ip;

S L ; Y 1
X, = Ap, + Bp, - Cx, py=—4x,— Bx, —(p, iy~ py | | Ax +Bxy+Cp,y+idp, +iBp, —iCx,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>:—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Al 2 2 B Do
P Y Xy +ip a H. = AL +B(x1x2 +p1p2)+C(x1p2 x2p1)+ S \P2 %
Y ] | ntin | | @

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

X, = Ap,+ Bp, — Cx, p, =—Ax,— Bx, - (p,
X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

in| (1)) =H|¥()) |x>: K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Al 2 2 B Do
|‘{’> Y, x| +ipy a H_ = > P X +B(x1x2+p1p2)+C(x1p2 x2p1)+ > Py X,
Y ] | ntin | | @

Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 15-order equation i0U=HWV
into pairs of real real 15%-order differential equations.

X _ch 5y — a]_Ic —
X, = Ap; + Bp, = Cx, p, =—Ax,— Bx, - (p, ng VS. ClaSSical Wi Ip, = Ap, + Bp, = Cx, b == ax, (Axl +Bx, + sz)
. . quations are SH
%) 2
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix

H-= ( A B g Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
, oA 2.2\, 8 C D( 5
9 = Vi | | -+ | | @ c =5\~ X (x1x2+191192)+ (xlpz—x2p1)+3 Dy T,
¥ Xy +ipy ap
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real real 15%-order differential equations.

— X, =4p, + Bp, - Cx, py=—4x = Bx, - (p, Qg Zz.tigicgszizal X = (Z,—Z = Ap,+ Bp, - Cx, p== 8;: =~(Ax, + Bx, + Cp,)
X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp, qidentical X, = a—ZC = Bp, + Dp, + Cx, Py=- 881;]; _ _( Bx, + Dx, — Cpl)
2
Finally a 2™ time|derivative |[(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \ X> =-K- X>
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H=| 4 B~ |_gt Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( 52 2
9 = Vi | | -+ | | @ c =5\~ X (x1x2+p1p2)+ (xlpz_xzpl)J“E Dy TX
¥ Xy +ipy ap
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW
into pairs of real real 15%-order differential equations. SH oH,
— X, = Ap, + Bp, — Cx, py=—Ax, - Bx, - Cp, QE%ZZ.ﬁ(OZ;ZgSZZZal 0= 8— = Ap,+ Bp, - Cx, P = (4, + Bx, + Cp, )
_ S ’ / 0H,
x2 = Bpl + Dp2 + Cxl 2% —Bxl — sz + Cpl identical i, = 8_ = Bp, + Dp, +Cx, Py = o (Bx1 + Dx, — Cpl)
Py 2
Finally a 2 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
~ For C=0 2 v
X 2, p2 X X K., K X
o A°+B AB+BD Is form of 2D Hooke 3_2 T e T B 1
X, AB+BD B*+D? harmonic oscillator 0" X, X Ky Ky | %
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix
o[ A B-ic |_

B+iC D
that operates on 2-D complex Dirac ket vector |¥) .

H Then start with classical Hamiltonian.

. Al 2 2 D( 52 2
|lP>— ¥, - x; +ip, | HC:E(pl +x1)+B(x1x2+p1p2)+C(x1p2—x2p1)+3(p2+x2)
¥, Xy +ipy a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.
. _8HC_A B C ; ——8HC——(Ax + Bx, +C )
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OM vs. Classical xl_é’—pl_ PL¥ BP0 T
. . Equations are Py SH
x2 = Bpl + Dp2 + Cxl p2 — _Bxl - sz + Cpl identical xZ = a—pc = Bpl + Dp2 + Cxl ﬁz =- &x; = _(Bxl + sz - Cpl)
2
Finally a 2 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
-- For C=0 2 v
X 2, p2 X X X K., K X
No|o_| 47+B AB+BD 1 Is form of 2D Hooke 3_2 T e T B 1
Xy AB+BD B>+D? X, harmonic oscillator ™| X, Xy Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!

2
0 (A B (.8)2_ B > | A2+B*> AB+BD
i—= =|i—| = =-——=
o9 \ B D ot B D o> | AB+BD B*+D?
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

in| (1)) =H|¥()) |x>: K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
= A B-iC |_pyi Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
, A D
|‘P>— Y, oxmtip | | o H, = E(pl2 +x12)+B(x1x2 +p1p2)+C(x1p2 —x2p1)+?(p§ +x§)
¥, Xy +ipy a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

. _JdH, , __8HC__
—x,=Ap,+Bp,—-Cx, —p,=—Ax,—Bx,—Cp, OM vs. Classical ~ 1= 75, =+ Pn =0 = T (4, + Bxy + Cp )
_ _ Equations are SH SH
X, = Bpl + Dp2 + Cxl Dy = —Bxl — sz + Cpl identical %, = a_c = Bp, + Dp, + Cx, py=— 8xc - _(Bx1 +Dx, — Cpl)
Py 2
Finally a 2™ time|derivative |[(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X> = —K'\X>
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
- —(A2 +B%+ Cz)xl —(4B+BD)x,~C(4+D)p, — —(4B+BD)x,~(B*+D* + Cz)x2 +C(4+D)p,
. For C=0 2 $
Y |_ | A*+B* AB+BD | Is form of 2D Hooke Ca e U N T I Ky K M
Xy AB+BD B>+D? X, harmonic oscillator or’ ) X, Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!
2 2 2 2, p2
0 [ A B (.a)_ A B 0 | A*+B°* AB+BD
I—= =>|i— | = >-—-——F=
ot B D ot B D ot AB+BD B?*+D?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

in| (1)) =H|¥()) |x>: K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
= A B-iC |_pyi Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
, A D
|‘P>— Y, oxmtip | | o H, = E(pl2 +x12)+B(x1x2 +p1p2)+C(x1p2 —x2p1)+?(p§ +x§)
¥, Xy +ipy a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

. _JdH, , __8HC__
—x,=Ap,+Bp,—-Cx, —p,=—Ax,—Bx,—Cp, OM vs. Classical ~ 1= 75, =+ Pn =0 = T (4, + Bxy + Cp )
_ _ Equations are SH SH
X, = Bpl + Dp2 + Cxl Dy = —Bxl — sz + Cpl identical %, = a_c = Bp, + Dp, + Cx, py=— 8xc - _(Bx1 +Dx, — Cpl)
Py 2
Finally a 2™ time|derivative |[(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X> = —K'\X>
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
- —(A2 +B%+ Cz)xl —(4B+BD)x,~C(4+D)p, — —(4B+BD)x,~(B*+D* + Cz)x2 +C(4+D)p,
. For C=0 $
Y |_ | A*+B* AB+BD | Is form of 2D Hooke i SU O P I T Ky K M
Xy AB+BD B>+D? X, harmonic oscillator or’ ) X, Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=() and square it!

0 A B-iC :(.a)z A B-iC 2:> 0° A?+B*+C? AB+ BD—i(AC +CD)
i—= i— | = ——=
o \ B+iC D ot B+iC D o> | AB+BD+i(AC+CD) B*+D*+(?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t
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