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Introducing GCC Lagrangian a la Trebuchet® Dynamics

Ch. 1-3 of Unit 2 and Unit 3 (Mostly Unit 2.)

The trebuchet (or ingenium) and its cultural relevancy (3000 BCE to 21st See Sci. Am. 273, 66 (July 1995))
The medieval ingenium (9th to 14th century) and modern re-enactments
Human kinesthetics and sports kinesiology

Review of Lagrangian equation derivation from Lecture 10 (Now with trebuchet model)
Coordinate geometry, Jacobian, velocity, kinetic energy, and dynamic metric tensor Ymn

Structure of dynamic metric tensor ~Ymn
Basic force, work, and acceleration
Lagrangian force equation

Canonical momentum and ~Ymn tensor

Summary of Lagrange equations and force analysis (Mostly Unit 2.)
Forces: total, genuine, potential, and/or fictitious

Geometric and topological properties of GCC transformations (Mostly from Unit 3.)

Multivalued functionality and connections
Covariant and contravariant relations

langent space vs. Normal space
Metric gmn tensor geometric relations to length, area, and volume
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http://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Trebuchet-SciAm_273_66_July_1995_chevedden1.pdf
http://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Trebuchet-SciAm_273_66_July_1995_chevedden1.pdf

Chapter 1. The Trebuchet: A dream problem for Galileo?
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Fig.2.1.1 An elementary ground-fixed trebuchet Trebuchet simulator

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html
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Chapter 1. The Trebuchet: A dream problem for Galileo?
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Trebuchet simulator
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html

(a) What Galileo Might
Have Tried to Solve

/ (Simple pendulum dynamics)
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Fig.2.1.2 Galileo's (supposed fictitious) problem
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Chapter 1. The Trebuchet: A dream problem for Galileo?
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Trebuchet simulator

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html

(a) What Galileo Might
Have Tried to Solve
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Chapter 1. The Trebuchet: A dream problem for Galileo?
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Trebuchet simulator

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html

(a) What Galileo Might
Have Tried to Solve

Fig.2.1.2 Galileo's (supposed) problem
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http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html

It’s Halloween!...and time for Punkin’ Chunkin’ Trebuchets

http://thearmchaircritic.blogspot.com/2011/11/punkin-chunkin.html
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http://thearmchaircritic.blogspot.com/2011/11/punkin-chunkin.html
http://thearmchaircritic.blogspot.com/2011/11/punkin-chunkin.html

As happened in history... Trebuchet is replaced by higher-tech (or lower tech)

Giant cannons can chunk—a-punkin over 4,000 ft. Trebuchet range max ~1,200ft.

http://www.twcenter.net/forums/showthread.php?358315-Shooting-range-for-medieval-siege-weapons-Anybody-knows

TREBUCHET

CENTRIFUGAL CATAPULT TORSION

Wednesday, October 21, 2015


http://www.sussexcountyonline.com/news/photos/punkinchunkin.html
http://www.sussexcountyonline.com/news/photos/punkinchunkin.html
http://www.twcenter.net/forums/showthread.php?358315-Shooting-range-for-medieval-siege-weapons-Anybody-knows
http://www.twcenter.net/forums/showthread.php?358315-Shooting-range-for-medieval-siege-weapons-Anybody-knows

The trebuchet (or ingenium) and its cultural relevancy (3000 BCE to 21st See Sci. Am. 273, 66 (July 1995))
The medieval ingenium (9th to 14th century) and modern re-enactments
- [Tuman kinesthetics and sports kinesiology
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http://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Trebuchet-SciAm_273_66_July_1995_chevedden1.pdf
http://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Trebuchet-SciAm_273_66_July_1995_chevedden1.pdf

(a) Early Human Agriculture and Infrastructure Building

Iy,
Throwing Slinging
Splitting <> ) .
o Some technique required!
oPPinS o ~ KE achieved by non-linear whip action
< Cultivating and Digging Must avoid injury
>
Bull whip
crackers v
Hammering
Reaping
\ Fig. 2.1.3 Trebuchet-like motion of humans.
\ (a) Early wortk.
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(a) Early Human Agriculture and Infrastructure Building

1y,

Throwing Sliw
Chopping P
Bull whip
crackers

Reaping

(b) Later Human Recreational Activity

Lacrosse
Batting
Baseball &
Football
Tennis rally
1
Water skiing
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fass)
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Splitting

{

Golf

Cultivating and Digging

3

{

&

3

Some technique required!
KE achieved by non-linear whip action
Must avoid injury

v

Hammering

{

\ Fig. 2.1.3 Trebuchet-like motion of humans.
\ (a) Early work. (b) Later recreational kinesthetics.

Some technique required!
KE achieved by non-linear whip action
Cultivating and Digging Must avoid injury

Tennis serve

N
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Review of Lagrangian equation derivation from Lecture 10 (Now with trebuchet model)
—)(Coom’inate geometry)Jacobian, velocity, kinetic energy, and dynamic metric tensor ~Ymn

Structure of dynamic metric tensor ~Ymn

Basic force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~mn tensor

Wednesday, October 21, 2015
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

geometry of trebuchet

Cartesian
Y coordinate
Axis

Cartesian
X coordinate
Axis

Wednesday, October 21, 2015
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

Coordinates of M
(Driving weight Mg):
X= Rsin0
Y=-RcosH

geometry of trebuchet

Cartesian
Y coordinate
Axis

. I/R —QY¥Y=-Rcosb
X

=Rsin6

Cartesian
X coordinate
Axis

Wednesday, October 21, 2015



Coordinate geometry, kinetic energy, and dynamic metric tensor ~vmn Coordinates of mass m
(Payload or projectile):

Coordinates of M xX=xrtxe=-rsin0+Lsind
(Driving weight Mg): {77TTTTTOAR y=yr+ye= rcos6-/lcosd
X=Rsin0 '
Y=-Rcos 0 :

X=-Rsin0t+,»"

geometry of trebuchet simplified somewhat...

Cartesian

Y coordinate

Axis

\ 4
‘(R —OV¥Y=-RcosH
X: R ,'3'1;” /O
I / ' Cartesian
Vi . X coordinate
A .
Axis

/A\
-0

Wednesday, October 21, 2015

—_—— = o
|

Based on Fig. 2.2.1
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

Coordinates of M xr=rSin(-9)

(Driving weight Mg): 77T 2

X= Rsin0

Y =-R cos 6 yrZEI"COS(—Qx)'_,»"'
X=-Rsin0 (),

geometry of trebuchet simplified somewhat...

Cartesian

Y coordinate

Axis

\ 4
‘(R —OV¥Y=-RcosH
X: R ,'3'1;” /O
I / ' Cartesian
Vi . X coordinate
A .
Axis

/A\
-0

Wednesday, October 21, 2015

—_—— = o
|

[

Based on Fig. 2.2.1

Coordinates of mass m
(Payload or projectile):

X=xr+tx;=-rsin® +Lsin o

y=yr+ye= rcos0-~Lcosd

15



Coordinate geometry, kinetic energy, and dynamic metric tensor ~vmn Coordinates of mass m
(Payload or projectile):

Coordinates of M X, =-rsinb Xe=L(Sine X=xp+xi=-rsin0 +sind

....................................................

(Driving weight Mg): ) g B y=yrtyw= rcos0-/{coso
X= Rsin® ;ye—-fCOqu
Y=-Rcos 0 yrﬁr cost

geometry of trebuchet simplified somewhat...

Cartesian

Y coordinate

Axis

\ 4
‘(R —OV¥Y=-RcosH
X: R ,'3'1;” /O
I / ' Cartesian
Vi . X coordinate
A .
Axis

‘\
-0
Based on Fig. 2.2.1
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn Coordinates of mass m
x =-rsind T 4SIng (Payload or projectile):

> X =-rsinf + /sin
Coordinates of M xr:_rSln@ __________ X¢={Sine B 0_7 ? x=xrtxe=-rsin® +Lsin
(Driving weight Mg): (9 gy — y=rcost - Lcosg y=yr+ty= rcos09-{coso
X= Rsin0 ; e
Y=-RcosH Yr ZEFCOSH
X=-Rsin0() ‘ Ty =rcos0-Lcos

geometry of trebuchet simplified somewhat...

Cartesian

Y coordinate

Axis

\ 4
‘(R 0¥ Y=-RcosH
X: R ,'3'1;” /O
r / ' Cartesian
Vi . X coordinate
A .
Axis

/A\
-0

Wednesday, October 21, 2015

—_—— = o
|

[

Based on Fig. 2.2.1

17



Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn Coordinates of mass m
=-rsint T 4SINng (Payload or projectile):

> X =—rsin6+ /sin
Coordinates of M X, =-rsinb Xe=L(Sine ? xX=xrtxe=-rsin0+Lsind
(Driving weight Mg): {7 AN g y=rcost—{cos¢ y=yr+ye= rcos6-{cosd
X= Rsin0 i 20 \Ey=-tcoss
Y=-Rcos 6 Yr=reos 0
X=-Rsin0 9 ‘ Ty =rcosO-tcos s

geometry of trebuchet simplified somewhat...

Cartesian
Y coordinate
v Axis yg = -0 cos 0
A
R —OV¥Y=-RcosH
‘ ‘ I .
X: R Sl;” "' /O
L / | Cartesian
Vi X coordinate
A .
Axis

—0

Based on Fig. 2.2.1

/‘\
-0

Wednesday, October 21, 2015

—_—— = o
|
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Review of Lagrangian equation derivation from Lecture 10 (Now with trebuchet model)
= Coordinate geometry(Jacobian,)velocity, kinetic energy, and dynamic metric tensor Ymn

Structure of dynamic metric tensor ~Ymn

Basic force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~mn tensor

Wednesday, October 21, 2015
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Coordinate geometry, kinetic energy, and dynamic metric tensor ~Ymn Coordinates of mass m

x =-rsing t, ising X =-rsin6f+ /sing
Coordinates of M xX,=-rsint ‘QQg.ZESl'ngb i .
(Driving weight Mg): {7 S y=rcosf—/{cos¢
X = Rsin0 20\ yi=-tcose
Y=-Rcos0 yr=§r cost
X=-Rs mHg ‘ Ty =rcosf-tcos ¢

geometry of trebuchet simplified somewhat...

Cartesian
Y coordinate
v Axis yg = -0 cos 0
|
. . /R oV Y=-R cos 0
X: R Sl;” "" /O
' I / | Cartesian
y Y | X coordinate
T g .
E Axis
|
A\ | @
|
|
| —0 .
—0 T~
|

[

Based on Fig. 2.2.1
Wednesday, October 21, 2015

(Payload or projectile):
X=xr+tx;=-rsin® +Lsin o
y=yr+ye= rcos0-~Lcosd

1’ differential and Jacobian relations.:

oX X ox dx
ax =22 a0+ %% a5, ax=""a0+2% as,
o0 10T 05 10 =gt 50
Y Y dy dy
av=2La0+LYas.  ay=22 a0+ as.
TR T G A LT

20



Coordinate geometry, kinetic energy, and dynamic metric tensor ~Ymn Coordinates of mass m

=- + ' : : ectile):
=-rsind N £SIng X = —rsind+ £sing (Payload or projectile).

Coordinates of M X, =-rsinb xg—ésmqb X=xr+tx;=-rsin® +Lsin o
D ht Mo): P77 s [ y=rcosf—/lcos@ _ _ i
(Driving weight Mg): A\ y=yr+ye= rcos0-~Lcosd

); ]; sin 69 y :I"COS 0 . 1% differential and Jacobian relations:
= -R cos ro
- S dX =: a—XdG a—qu) dx =. ﬁd@ a—xdq),
X=-Rsinb h@ y =rcosf-Lcose - 00 : 8(1) :do :8(;)
,—; Y

ay 8y
Y=—db+ —d dy=——d0+—d
ae/ a0 4% y/ae a0 %
dX = Rcos0O: d9+0 dx =—-rcost: db+(cos¢:d¢
dY = Rsin6 :d9+:0, dy =—rsin6 dO+ (sing édq)

geometry of trebuchet simplified somewhat...

Cartesian
Y coordinate
Axis

4 yp=-Lcoso

A

. . /R oV Y=-R cos 0
X= R sin 3

' 8 / | Cartesian
p Y | X coordinate
4 /(/ .
E Axis
@ |
T4 .
|
| _(') \J
_ 6
|

[

Based on Fig. 2.2.1
Wednesday, October 21, 2015 21



Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

Coordinates of mass m

x =-rsind ‘|" 0Sing X = —rsin@+ £sing (Payload orprojeétile): |
Coordinates of M X, =-rsinb xg—ésmqb X=xr+tx;=-rsin® +Lsin o
(Driving weight Mg): (9 g y=rcost—{lcos¢ y=yr+y= rcos0-Lcosp
X=Rsin0 ' L Ye=-COS ¢ o 7 : : Lo
_ 0 15t differential and Jacobian relations.
Y=-Rcos 0 Yr I" cos
; oX 00X ox dx
(9 dX =——dO0+——dg, dx =—d0+—do,
=-Rsin Q y =rcosO-tcos s - db L do 100 :8(;)
o Y Y 8y 8y
Y=—dO0+ —d dy=—d0+—d
¢, Y= 10", 2

89/ 2
dx =—-rcost: db+(cos¢:d¢
dy =—rsing df+(sing :dg

co(X,Y)=X*+Y? = R* = const.

dX = Rcos0: d9+0
dY = Rsin6 :d9+:0,

Constraint relations.

geometry of trebuchet simplified somewhat...

— (% = const.

c.(x.,y)= Xf + yf =r? = const.

2 2
C((xgayg) =x,ty,

Cartesian ‘Raw’ Jacobian form
Y coordinate P

i cos6 0
Axis yp=-Lcoso

do do
v ) .

Rsin6 0 (

—rcos@ lcos¢
/sin¢

« —rsin@

. . /R oV Y=-R cos 0
X= R sin 3

Cartesian
X coordinate
Axis

—0

Based on Fig. 2.2.1

—_—— = o
|

:

Wednesday, October 21, 2015 22



Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

Coordinates of mass m

x =-rsind ‘|" 0Sing X = —rsin@+ £sing (Payload orprojeétile): |
Coordinates of M X, =-rsinb xg—ﬁsmqb X=xr+tx;=-rsin® +Lsin o
(Driving weight Mg). T AN y=rcost—Lcoso y=yr+ye= rcos6-{cosd
X= Rsin6 ' 0 g Vi=-LCOS O
_ 0 15t differential and Jacobian relations.:
Y=-Rcos 0 Yr=rcos ,.
5 ~ dX , .dX dx dx
- 10| dX =——dO0+——dg, dx =—d0+—do,
X=-Rsin '-Q y =rcosO-tcos s 89 : 8(15 (99 :8(])

dX = Rcos0: d9+0
dY = Rsin6 :d9+:0,

Constraint relations:

geometry of trebuchet simplified somewhat...

Cartesian ‘Raw
Y coordinate i
V A'XZS yy=- f cos q) dY _ do _
dx do
4 dy
‘(R —0¥Y=-RcosH
X= R sin !

)4
d0

Cartesian ( 99

X coordinate
Axis

—0

Based on Fig. 2.2.1

—_—— = o
|

:

Wednesday, October 21, 2015

Rsin6 0

; inding a reduced Jacobian form
; X ox
‘ //('O dX J: 0 [ do ]:[ Rcos® 0 j[ 6 ]FAILS since: det‘ Rcost 0 =0
4 | . d¢ . .

dx =—-rcost: db+(cos¢:d¢
dy=—rsin6@ do+/sing d¢

co(X,Y)=X*+Y? = R* = const.

= (% = const.

2 2
C((xgayg) =x,ty,

c(x.,y )= xf + yf =12 = const.

"Jacobian form

Rcos@ 0

Rsin@ 0
—rcos@ lcos¢
/sin¢

do
do

—rsin@

Rsin6 0

FAILS! (Always singular)

23



Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

Coordinates of mass m

x =-rsind ‘|" 0Sing X = —rsin@+ £sing (Payload orprojeétile): |
Coordinates of M X, =-rsinb xg—ésmqb X=xr+tx;=-rsin® +Lsin o
(Driving weight Mg). T AN y=rcost—Lcoso y=yr+ye= rcos6-{cosd
X= Rsin6 ' 0 g Vi=-LCOS O
_ 0 15t differential and Jacobian relations.:
Y=-Rcos 0 Yr=rcos _
5 ~ dX , .dX dx dx
- . i dX =—db + +——do, dx =—d0+—do,
X=-Rsin6 '-Q y =rcosO-tcos s 89 : 8(1) (99 :8(])

dX = Rcos0: d9+0
dY = Rsin6 :d9+:0,

Constraint relations.

geometry of trebuchet simplified somewhat...

dx =—-rcost: db+(cos¢:d¢
dy =—rsing df+(sing :dg
co(X,Y)=X*+Y? = R* = const.

2. 2 2
cf(xf,yé)zxf +y; = (“ = const.

c.(x.,y)= Xf + yf =r? = const.

Cartesian ‘Raw’ Jacobian form
Y c;oom’mate X Rcos® 0
v Axis vy =L cos o ay |_ do |_| Rsin® 0 d6
dx do —rcos@ [cos¢ do
p dy —rsin@®  (sing
. . /R Q¥ Y=-RcosH
X= R sin ’

. 1
Cartesian 9

X coordinate
Axis

do
do

H

—0

Based on Fig. 2.2.1

—_—— = o
|

:

Wednesday, October 21, 2015

Rsinf 0O

- Finding a reduced Jacobian form
. //'VO [ e ] 20 9 [ do ][ Rcosf 0 ][ 40 ) it s cnon g Re050 0|,
) | ;o v Ny - . S since: de A =

-rcosf lcos@

-rsin@  /sing

Rsinf 0

do

do
do

I

24



Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

Coordinates of mass m

x =-rsind ‘|" 0Sing X = —rsin@+ £sing (Payload orprojeétile): |
Coordinates of M X, =-rsinb xg—ésmqb X=xr+tx;=-rsin® +Lsin o
(Driving weight Mg). T AN y=rcost—Lcoso y=yr+ye= rcos6-{cosd
X= Rsin6 ' 0 g Vi=-LCOS O
_ 0 15t differential and Jacobian relations.:
Y=-Rcos 0 Yr=rcos _
5 ~ dX , .dX dx dx
- . i dX =—db + +——do, dx =—d0+—do,
X=-Rsin6 '-Q y =rcosO-tcos s 89 : 8(1) (99 :8(])

dX = Rcos0: d9+0
dY = Rsin6 :d9+:0,

Constraint relations.

geometry of trebuchet simplified somewhat...

dx =—-rcost: db+(cos¢:d¢
dy =—rsing df+(sing :dg
co(X,Y)=X*+Y? = R* = const.

2. 2 2
cf(xf,yé)zxf +y; = (“ = const.

c.(x.,y)= Xf + yf =r? = const.

Cartesian ‘Raw’ Jacobian form
Y coordinate
i dx Rcos0 0
v Axis v = - cos o yp=rcos® | dv |_ do |_| Rsin® 0 d6
dx do —rcos@  fcos¢ do
A &y —rsin@  /sing
‘(R —OV¥Y=-RcosH
1 3
A= R sin - Finding a reduced Jacobian form
:" /O [ dX ] O  Jp do [ Rcos0O ()] do FAILS since: det| K€0s€ 0 _,
‘ I /I CarteSiCll/l dY (j; (j()/) do Rsin® 0 do o ' Rsin® 0
y . : X coordinate
4 x .
i Axis
E ' | dx | do | | -rcos® [Lcos¢ do
| dy do -rsin@  /sin¢ do
|
|
| _(') I det reosf feos lcosOsing+rlsinfcos¢ =risin(6 —¢)
=-r r =r —
\'F’ -rsin@  /sin¢
|

:

Based on Fig. 2.2.1
Wednesday, October 21, 2015

SUCCESS! (Usually non-singular)

25



Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

Coordinates of mass m

—_ _|_ by ) ] . . .
| =-rsind R £SIng X = —rsind+ £sing (Payload orpm]eétzle). |
Coordinates of M X, =-rsinb Xe=LSing X=xr+tx;=-rsin® +Lsin o
(Driving weight Mg): T (9 g g' B y=rcost—Lcoso y=yr+ye= rcos0-~Lcosd
X= Rsin® ' yi=-teose 1’ differential and Jacobian relations.:
Y=-Rcos 0 yrZEI"COSH

"
})

.
;
.
;
: P
;
L py/
. ' ','
- l 0 L.
;
L py/
s’
»
7
‘o

geometry of trebuchet simplified somewhat...

Fig. 2.2.2 Singular positions of the trebuchet

0=0,0=0) det|lJ|=rlsin(0-0)=0

X = 0(”’Y: B when 0=¢

and
(x=0,y=r-1) (0=m/2,0=-12)
or

(positions where x_ g 'y_g)

‘ reduced J and

® @

0=0,0=m12)
or
(X=0,Y=-R)
and

(x=1>l,y=r)

[0\

)

A is singu (x=r-£,y=0)
0 Q

Wednesday, October 21, 2015

ﬁ Based on Fig. 2.2.2

X . .0X dx dx
dX =——d0+——d¢,  dv=——dO+——dy,
‘ Ty =rcost-tcos¢ . do . do .00 :8¢

=‘9—Yd9 aY dy_ayde 8yd¢

89/ 8 /89

dX = Rcos0: d9+0 dx =—rcos6: do+/lcos¢:d¢

dY = Rsin6 :d9+:0, dy:—rsiné d9+£sin(b§d¢
Constraint relations: — ¢x(X,Y)=X*+Y* = R* = const.

= (% = const.

c.(x.,y)= Xf + yf =r? = const.

2 2
C((xgayg) =x,ty,

‘Raw’ Jacobian form
dX Rcos0 0
dy _ do _ Rsin6 0 do
dx do —rcos@ lcos¢ de
dy —rsin@®  (sing

- Finding a reduced Jacobian form

[ ax |_|| 9 9o |[ a0 |_( Rcos6 o || d6
dY dY dY do Rsin 0 do
Jacobian
dx | do | _
dy do

J-matrix
-rcosf f(cos¢ [ do ]
—rc?sg icf)sz ‘z -rfcos@sing +rlsin6cosd = risin(6 — @)
-rsin sin
SUCCESS! (Usually non-singular)

Rcos@ 0
Rsin® 0

FAILS since: det

=0

-rsinf  /sin¢ do

det

26



Review of Lagrangian equation derivation from Lecture 10 (Now with trebuchet model)
=3 Coordinate geometry, Jacobian, kinetic energy, and dynamic metric tensor Ymn
Structure of dynamic metric tensor ~Ymn

Basic force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~mn tensor

Wednesday, October 21, 2015
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

. . Coordinates of mass m
x =-rsind ‘|" £SIng X = —rsin@+ £sing (Payload orprojeétile): |
Coordinates of M X, =-rsinb xg—ésmqb X=xr+tx;=-rsin® +Lsin o
(Driving weight Mg): {7 U2 y=rcost—{lcos¢ y=yr+y= rcos0-Lcosp
X= Rsin6 ' 0 g Vi=-LCOS O
_ 0 15t differential and Jacobian relations.:
Y=-Rcos 6 Vr=rcos G ¥
5 ~ dX , .dX dx dx
- . i dX =—db + +——do, dx =—d0+—do,
X=-Rsin6 h@ y =rcosO-tcos s - db L do 100 :8(;)
o Y oY

ay 8y
Y=—dO+:—d dy=—"-d0+—d
/% / P /ae P
dX = Rcos@ d9+0 dx =—-rcost: db+(cos¢:d¢
dY = Rsin® : do +:O, dy =—rsin6 dO+ (sing édq)
. . GCC Velocity relations: l
geometry of trebuchet simplified somewhat...

|

X = R&osH 9+0, X =—rcosf 9+€cos¢ q)
Y = Rsin 6+0, y=—rsinf O+ /sing ¢

Fig. 2.2.2 Singular positions of the trebuchet

N . 6 @
0=00=0) detlJ|=rlsin(0-¢)=0
and 02 0n2) (X=0,Y=-R) Jacobian
(x=0,y=r-1) L, @ = -7 and J-matrix
or =/ =

‘ (IQOSlfIOHS where (X =-R dY 0) (x y=r) dx _ dae _ -rcos@ [fcos¢ do
r.'edlflced J e _a’; o) dy do -rsing fsing || do

A is singu

° é /é\\ ‘c >

det =-rlcosOsing +rlsin6cosP = rlsin(6 — @)

SUCCESS! (Usually non-singular)

-rsinf  /sing

-rcos6 flcos¢ ‘

ﬁ Based on Fig. 2.2.2

Wednesday, October 21, 2015 28



Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

=-rsinf +  tsing
Coordinates of M xX,=-rsint Xg‘—ESlnqb
(Driving weight Mg): i A "
X= Rsin0 ' 0 Vi=-LCOS O
Y=-Rcos 0 yrZEI"COSQ

X =-rsm6+ {sing

‘ Ty =rcosO-tcos s

Coordinates of mass m
(Payload or projectile):
X=xr+tx;=-rsin® +Lsin o
y=yr+ye= rcos0-~Lcosd

15t differential and Jacobian relations.:

y=rcosf—/lcos@

: 0X 0X 0x 0x
.ot dX =—db + —d dx =—dO0+—do,
X=-Rsin0 g .~ 1A a¢ ” 96 :8(;) ?
dX = Rcos0: d9+0 dx=—rcos(9; df+(cosp:dg
dY = Rsin6 :d9+:0, dy = —rsin6f d9+£sin(b§d¢
. . GCC Velocity relations: l
geometry of trebuchet simplified somewhat... |
X =RdosO 6+0, Xx=-rcos O+/lcos¢ ¢
Y = Rsin6 6+0, y=-rsin@ 6O+ /sing ¢
Jacobian J-matrix X -rcos@ [cos@ 0
velocity relations: ¥ _rsin®  /sing ¢
J-matrix
Fig. 2.2.2 Singular positions of the trebuchet
©=00=0) detJ =rlsin(0-0)=0 ®
x—0y—r When0=o (0=0,4=72)
and (X=0,Y="-R) Jacobian
(x=0,y=r-1) (0= ”/203_ 2) e ?”d_r) J-matrix
‘ (positions where x _ g 5 0) x=1[,y= o) a0 ) [ -reoso teosp ) do
r.'edlflced J e r_az o) dy do -rsing fsing || do
/\ IS Singu ’
° é /o ‘( > -rcos6 flcos¢

ﬁ Based on Fig. 2.2.2
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det

=-rlcosOsing +rlsin6cosP = rlsin(6 — @)

SUCCESS! (Usually non-singular)

-rsinf  /sing
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

. Coordinates of mass m
=-rsint +  ¢sing

R X =—rsinf + (sing (Payload or projeétile): |
Coordinates of M X, =-rsinb xg—ﬁsmqb X=xr+tx;=-rsin® +Lsin o
(Driving weight Mg): i 2 y=rcost—{lcos¢ y=yr+ye= rcos0-{coso
X= Rsin6 ] 0 g Ye=-£COS : : : :

_ 0 15t differential and Jacobian relations.:
Y=-Rcos 6 Vr=rcos G ¥

5 ~ dX , .dX dx dx
- 10| dX =——dO0+——dg, dx =—d0+—do,
X=-Rsin '-Q y =rcosO-tcos s - db L do 100 :8(])
o Y oY

ay 8y
Y=—dO+:—d dy=—"-d0+—d
/% / P /ae P
dX = Rcos@ d9+0 dx =—-rcost: db+(cos¢:d¢
dY = Rsin® : do +:O, dy =—rsin6 dO+ (sing édq)
. . GCC Velocity relations: l
geometry of trebuchet simplified somewhat...

|

X =Rcosh 6+0,

=—rcosf O+Llcos¢ ¢
Y = Rsinf 6+0,

=—rsin@ O+ /sing ¢

X
y
Jacobian J-matrix -rcost)  [cos¢ 6
velocity relations: _rsin®  /sing ¢

Transpose

J-matrix
Jacobian J'-matrix
Fig. 2.2.2 Singular positions of the trebuchet velocity relations: Ji-m atm'c
A .. L -rcos6 -rsmé6
" . 6 -@ X y =10 ¢ 7,
0=0.0=0) detlJ|=rlsin(0-0)=0=det|J"| fcos¢p”™ [Ising
and 02 0n2) (X=0,Y=-R) Jacobian
(x=0,y=r-1) L, @ = -7 and J-matrix
or _ _
‘ (positions where x _ g 3{, 0) (x=(,y=r) ) a0 ) [ reos6 teoso \ do
r.'edlflced J e _6"2 o) dy do -rsing fsing || do
is singu
O/\ é /é\\ ‘c >

-rcosf [cos¢ ) : -
det =-rlcosOsing+rlsinbcosp=rlsin(0 — @)

SUCCESS! (Usually non-singular)

-rsinf  /sing

ﬁ Based on Fig. 2.2.2
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Review of Lagrangian equation derivation from Lecture 10 (Now with trebuchet model)
=3 Coordinate geometry, Jacobian, Qelocily, kinetic energy) and dynamic metric tensor Ymn

Structure of dynamic metric tensor ~Ymn

Basic force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~mn tensor

Wednesday, October 21, 2015
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Coordinate geometry, kinetic energy, and dynamic metric tensor ~ymn Velocity, Jacobian, and KE
=-rsin6 +  ¢sing . . J-matrix .
- > . X =—rsinf+ /sim¢ ¥ -rcosf Lcoso 0
X,=rsin-6 Xe=4SIng L= . . :
y=rcostl—/Lcos¢ y -rsinf  /sing 0)

"
})

‘ Ty =rcos0-tcos¢

S S Ir . .
Kinetic energy of driver M Kinetic energy of projectile m T(m)= E[mxz + myz}

T(M):le(2+lMY2
2 2
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Coordinate geometry, kinetic energy, and dynamic metric tensor ~ymn Velocity, Jacobian, and KE

o n . J-matrix
rsind > tsing x=—rsinb+/sing [ X ] -rcost  Lcosg ( 0
0

ématri)q 0
] . . . -7 COS -7 S1In
( Y ):( o9 )[ zcosq) /sma )

X=rsin-0 X=0Sine

y=rcost—Llcos¢ -rsinf  /sing

S L Ir . . 1 . X
Kinetic energy of driver M Kinetic energy of projectile m T(m)= E[mxz +my2}= Em( Xy )[ 7 ]
1 i 1 .
T(M)= Ewﬂ +5MY2
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Coordinate geometry, kinetic energy, and dynamic metric tensor ~ymn Velocity, Jacobian, and KE

X =rsin6 +  ¢sin . . J-matrix .
: > .gb X =—rsinf+ /sim¢ X -rcosf lcos¢ 6
X=rsint Xe=4SIng )

i AN y= rcosf — gCOS¢
: -matrix
(x 7 ):( 5 ¢) -rcosf -rs.an
fcos¢  Ism@

-rsin@ /sing

Y g ;ye:-KCOS ¢

‘ Ty =rcos0-Lcos

'

' >
' .2
' .2

—_— >

J— .

’/’ [ P>
' P/
' P/
' P/
P

' P
' ps/
' P/
. ' Py
— ' >
— — :_ "4
' ps/
(s~
>
q
%’
d

S L Ir . : 1 . '
Kinetic energy of driver M Kinetic energy of projectile m T(m)=§[mx2+my2}=EM( Xy )[ ; ]
1 .2 1 2 1 ' 1 JT-gzatrix_ 0 —rcosbmaélgé)xsqb 0
T(M)==MX*+= MY Tmy=—m( & y || 3 |=om( 6 ¢ ) TS T , _ .
2 2 2 ¥y 2 lcosp  [sing —rsin@  /sin¢ ¢
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Coordinate geometry, kinetic energy, and dynamic metric tensor ~ymn Velocity, Jacobian, and KE
X =rsin6 +  ¢sing . . J-matrix .
> x:—I”Slna-I-fSlngD [ X ] -rcosf fCOS(P ( 0 ]

x=rsind Xe=L(Sine .= . . :
y=rcost—/cos) b -rsinf  /sing 0)
i 0 g Eng-KCOS ) -matrix
yﬁrcos@ ( i ):( o ) -rcosf -rs.an
X=-Rsi (9 fcos¢p  Ising
=-Rsinb() y =rcosf-tcos¢

1 1
Kinetic energy of projectile m T(m)= E[mxz + m)ﬂ}: Em( Xy )[ ; ]
Y

Kinetic energy of driver M

10 1 | ' | JT-matrix .Ql—n%atrix .
T(M)=— MX*+= MY rm=im( &y ) < |=im(6 ) reosf-rsing || ~reostLeosg ) 0
2 2 2 ¥y 2 Kcoggb /sing -rsinf /sin¢ )

T 22 ~ -
- R202 TotalKE:T:T(M)+T(m):l( 9 ¢ ) o mrfCOS(a ¢) ( 9 j

! 2 R —mrlcos(60—0) mt? ¢

1r P 2 2142 S 2.2
Total KE =T = | (MR +mr*)0” = 2mrtcos(6 - 0) 69+ mt6 }
T:%_MX2+MY2+mx2+my2}
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

x=rsind  + (sing

x=rsind Xe=L(Sine

.................................

70 g ;ye:-KCOqu

"
})

Kinetic energy of driver M

T(M)= 20k + L uy?
2 2

1
Kinetic energy of projectile m T(m)= E[mxz + myz}z 9

y

X =—rsinf+ /sim¢

=rcosf —{cos

‘ Ty =rcos0-Lcos -

dx

| , | JTbmatrix o
e x o|_1 0. -rcos@ -rsin
T(m)—zm( Xy )( ; ] 2m( 0 ¢ )[ fcosd  Ising ]{

_1 1;329'2
2y

TotalKE:T:T(M)+T(M)=%( 6 ¢ )

—mrlcos(60—0)

A

Wednesday, October 21, 2015

Total KE =T =

T =

N | — | —

MX2+MY2+m)'c2+my2}

R*+mr®  —mrlcos(6—09) )
mé* 0

_(MR2 + mrz)é2 —2mrlcos(6 —¢) 0 + mfzqf)z }

Velocity, Jacobian, and KE

6
0

X —rcosf  fcoso

y —rsin@  /sing

IX 9x ‘Raw’ Jacobian

0 I

Y JY Rcos6 0
Rsin6 0

2 d | a0 )
ox Jdx do |

20  dp
dy dy

a0 I

-rcos6 lcos@

J-matrix ] [

-rsinf  /sing

0

—rcosf  lcos¢

—rsinf  /sing

/]
|

|

do
do

|
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Coordinate geometry, kinetic energy, and dynamic metric tensor ~vmn Velocity, Jacobian, and KE

x =rsin6 +  Usin . . . -
" ¢ X =-rsin6f+ /sing X —rcost  Lcos¢ 6
Xr—FrSin X —ESln y - : :
R g 6 ¢ y = rcosB — gCOS¢ Y —rsin® ESln¢ ¢
AN y=-tcoso
y,=rcost) dx ax | Raw Jacobian
g ; 99
—_ ; 3 o dxX JaYy oY Rcos6 0
X=-Rsin0 0. ‘ Ty =rcosb-Lcos¢ av |_| % 3 |(ao)_| Rsme 0 do
>, dx dx  dx do —rcos  fcos¢ do
dy 2 I —rsind  (sing
dy Iy
0 % x,y) to (0,¢
] Jacobian

Kinetic energy of driver M Kinetic energy of projectile m T(m)= —[mx2 + my

| L) ] 11 (. A\l -rcos® -rsing || -rcos® fcos¢ |;
T(M)=— MX*+= MY L _1
(M) 9 +2 T (m) zm( Xy )( P ] 2m( 0 ¢ )[ lcos¢p  Ising ]{ -rsinf  /sing ][ 1)
0
¢

J

:EMR292 TotalKE:T:T(M)+T(m):5( 0 0

1 ) . 1 ]\)R2 + mr? —mrlcos(6—0) (
v _ —mrlcos(60—0) mt?

Total KE =T = (MR2 + mrz)é2 —2mrlcos(6—¢) 0 + mfsz)z}

T =

T T 1

MX2+MY2+m)'c2+my2}
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Coordinate geometry, kinetic energy, and dynamic metric tensor ~vmn Velocity, Jacobian, and KE

— 0] + ‘ :
X VSl.nH | sing X =—rsin6+ lsing x || —rcos6 flcosp |[ 6
x=rsind xrﬁsmqb

N y=rcosh—Lcosd y )\ -rsin® /lsing || ¢

yr=rcost ax ax | Raw Jacobian
; d0  dp
_ . ] o dx Y 9JY RcosO 0
X=-Rsin0 0. ‘ Ty =rcos0-tcos av | | 9 3 | a0 ) | Wsine o0 d6
gt dx | dx  dx do | ||[-rcos8 lcosp do
dy 2 I —rsingd  /sing
5 % ) to (0,0
0 I X,y) Lo
(X,Y) 10 (0,0) 0
, o o Ir . Jacobian
Kinetic energy of driver M Jacobian Kinetic energy of projectile m T(m)= —[mx + my

T(M)=%Mf(2+%MY2 T(m):%m( s )£ i ]:lm( 00 )[ rcos0 -rsind ]{ -rcos6  (cosg ][ 9 ]

y 2 fcos¢  Ising -rsinf  /sing ¢
R . MR 4mr? —mrtcos(6—
=— MR*6* TotalKE:T:T(M)+T(m):l( 6 ¢ " mrteos(6=0) | 6
2 v 2 _ |\ —mrlcos(6—9) mt? ¢
S | P 2\42 PNy 2.2
Total KE =T = > (MR” + mr=)0” =2mrlcos(0 —¢) 00+ ml~¢
T:%_MX2+MY2+mx2+my2}
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Review of Lagrangian equation derivation from Lecture 10 (Now with trebuchet model)
=3 Coordinate geometry, Jacobian, Qelocily, kinetic energy, and dynamic metric tensor Wmn)

Structure of dynamic metric tensor ~Ymn

Basic force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~mn tensor
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Coordinate geometry, kinetic energy, and dynamic metric tensor ~vmn Velocity, Jacobian, and KE

— i + / . . :
X rSl.nH ; fSllilqb X =—rsind+ fsing x || —rcos6 flcosp |[ 6
xX=rsinb Xe={SiN¢

y=rcosh—Lcosd y )\ -rsin® /lsing || ¢

ox ax | Raw Jacobian
i d0 9P
‘ T o 9 dx Yy Iy Rcos6 0
Y =rcosU-Lcos¢ dy | | 90 9 do | | \Rsin6 0 do
dx | @ @ do N =rcoso lcoso do
dy 2 I —rsingd  /sing
5 % ) t0 (0,0
d0 I X, 0,
(X.7) to (0,9) e
. o o Ir 5 .5 Jacobian
Kinetic energy of driver M Jacobian Kinetic energy of projectile m T(m)= E[mx + my }
1 2 2 1 ' 1 JT-Omatrix 0 cos6 n%%orslx 0
. ; L - - -7

IT(M)==MX"+—-MY T(m):—m( iy ) x :—m( 0 6 ) ¥ COS 7'8.11’1 . . -

2 2 2 ¥y 2 lcos¢  Ising -rsinf /sin¢ )

1 1 Yy 1/ . . 'Rz +mr? —mrlcos(6 —¢) 0 1

—— MR*0 Total KE =T = T(M)+T(m) = —( 6 ¢ ==y 3"
2 ! 2 | —mrlcos(6-0) mé* ¢ 2
Y 1 1 2 I )
XX v TotalKE:T:E[MX + MY? 4 mi? + my }
Vyy B M
Vx,x m
m
Ty

Dynamic metric tensor “Ymn
in raw Cartesian X,Y and x,y
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Coordinate geometry, kinetic energy, and dynamic metric tensor ~vmn Velocity, Jacobian, and KE

— i + / . . :
X rSl.nH ; fSllilqb X =—rsind+ fsing x || —rcos6 flcosp |[ 6
xX=rsinb Xe={SiN¢

y=rcosh—Lcosd y )\ -rsin® /lsing || ¢

ox ax | Raw Jacobian
i d0 9P
‘ T o 9 dx Yy Iy Rcos6 0
Y =rcosU-Lcos¢ dy | | 90 9 do | | \Rsin6 0 do
dx | @ @ do N =rcoso lcoso do
dy 2 I —rsingd  /sing
5 % ) to (0,0
d0 I X, O
(X.7) to (0,9) V)
. o o IT 5 . Jacobian
Kinetic energy of driver M Jacobian Kinetic energy of projectile m T(m)= E[mx + my }

1 . 1 . i , . J-matrix J-martx :
T(M)=_MX2+—MY2 T(m):—m( P ) x :_m( 6 ¢ ) -rcos6 -rs.mO -7 CcoS coS 9

2 2 2 ¥y 2 lcos¢  Ising -rsinf /sin¢ )

1o Ty, . MR £ —mrtcos(6— )

=— MR*6* Total KE =T = T(M)+ T(m)= l( 6 ¢ " mrbeos®@=9) || 0| Ly g
2 ! 2 _ —mrlcos(0—0) mt? ¢ 2
Vx.x v ToleE:T:%_MX%MY'2+mx2+my'2}
Vyy M : . .
= r=1 (MR? + mr?)6? = 2mrlcos(6—¢) 06 + méz(ﬁz}
Yoo m 2L
m
Ty

Dynamic metric tensor “Ymn
in raw Cartesian X,Y and x,y
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Coordinate geometry, kinetic energy, and dynamic metric tensor ~vmn Velocity, Jacobian, and KE

— i + / . . :
X rSl.nH ; fSllilqb X =—rsind+ fsing x || —rcos6 flcosp |[ 6
xX=rsinb Xe={SiN¢

y=rcosh—Lcosd y )\ -rsin® /lsing || ¢

ox ax | Raw Jacobian
; 0 I
‘ T o 9 dx Yy Iy Rcos6 0
Y =rcosU-Lcos¢ dy | | 90 9 do | | \Rsin6 0 do
dx | Jdx  dx do | ||[=rcos® lcosd do
dy 2 I —rsingd  /sing
® % ) t0 (0.0
20 90 X,V) to
(X,7) 10 (0, ) o
. o o Ir 5 .5 Jacobian
Kinetic energy of driver M Jacobian Kinetic energy of projectile m T(m)= E[mx + my }

1. 1. | . | JT-matrix PR .
T(M)=_MX2+—MY2 T(m):—m( P ) x :_m( 6 ¢ ) -rcos6 -rs.mO -7 CcoS coS 9

2 2 2 ¥y 2 lcos¢  Ising -rsinf /sin¢ )

PR . MR 4 —mrtcos(6— )

=— MR*6” Total KE =T = T(M)+T(m) = l( 6 ¢ " mrteos(®=0) 0 4 1, g
2 !} 2 | —mrlcos(6—0) me* ¢ 2
Vx.x Iy ToleE:T:%_MX%MY'2+mx2+my'2}
Vyy M : | .
= r=1 (MR* + mr?)0? = 2mrlcos(6 — ¢) 06 + méz(ﬁz} = ly q"q"
yx,x m 2L ! mn
m
Ty

Dynamic metric tensor “Ymn
in raw Cartesian X,Y and x,y
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Coordinate geometry, kinetic energy, and dynamic metric tensor ~vmn Velocity, Jacobian, and KE

— i + / . . :
X rSl.nH ; fSllilqb X =—rsind+ fsing x || —rcos6 flcosp |[ 6
xX=rsinb Xe={SiN¢

y=rcosh—Lcosd y )\ -rsin® /lsing || ¢

ox 9x |  Raw Jacobian
; d0  dp
‘ T o 9 dx 8_Y 8_Y Rcos6 0
Y =rcosU-Lcos¢ dy | | 90 9 do | | \Rsin6 0 do
dc | dx  dx do | ||[[-rcos6 lcoso do
dy 2 I —rsingd  /sing
5 % ) t0 (0,0
6 9 X,y) to
(X,7) to (0,) L
. o o Ir 5 .5 Jacobian
Kinetic energy of driver M Jacobian Kinetic energy of projectile m T(m)= E[mx + my }
1 2 1 2 1 ' 1 JT-Omatrix 6 cose_%%orslx 0
. . . . - - -r
IT(M)==MX"+—-MY T(m):—m( iy ) x :—m( 0 ) ¥ COS 7'8.11’1 . . -
2 2 2 ¥y 2 lcos¢  Ising -rsinf /sin¢ )
1o Ty, . MR +mr? —mrtcos(6— )
—— MR*6* Total KE =T = T(M)+T(m) = l( 6 ¢ " mrtcos(®=9) || 0 | _ L
2 A} 2 _ —mrlcos(0—0) mt? ¢ 2
Yxx Iy ToleE:T:%:MX%MY'2+mx2+my'2}
Tyy M B : :
v, = N T= %_(MRz +mr?)0% = 2mrlcos(6 — ) 6 + méz(ﬁz} _ %ymnqmq”
m
Ty
Dynamic metric tensor ~mn
in raw Cartesian X,Y and x,y
5 X J-matrix J-matrix
Yo.0 Vo0 MR* + mr -mrlcos(6-¢) MR?2 0 N -rcos@ -rsinf -rcos@ [cos¢
j— = m X . )
Yoo Yoo il cos(6-0) me* 0 0 (cos¢  Ising |\ -rsin® /sing

Dynamic metric tensor Ymn in GCC 0 and ¢
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Review of Lagrangian equation derivation from Lecture 10 (Now with trebuchet model)
Goom’inate geometry, Jacobian, velocity, kinetic energy, and dynamic metric tensor Wmn)

= Structure of dynamic metric tensor ~mn

Basic force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~mn tensor
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Kinetic energy of driver M Kinetic energy of projectilem | dx dx dx
1 ., 1. .5 1 o X 1 o a0  dJp d0
IT'(M)==—MX"+=-MY T(m)=—m| x C|==m| @
W=y M 2(y)y)2(¢)9_ya_y oy
20  d d0
— 2 _ _m( 9 ) —rcosé —rsine —I"COSG ECOS(Z)
¢ fcos¢p  Ising
—lm( J ) r?cos® 0+ r?sin® 6
D) ¢ /
Total kinetic energy of M and m /
1, . . MR*+mr?  —mrlcos(6—0) ) 1
TotalKEszT(M)+T(m):—( 6 ¢ ) . :—[
2 —mrlcos(6 — ) me* 2

Dynamic metric tensor “Ymn
To.0 Yo

V6.0

V0.0

-

-0

Based on Fig. 2.2.1
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—rsinf  /sing

B
)

(MR? + mr®)6? = 2mrecos(6 — ) 66 + mﬁqﬂ
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Kinetic energy of driver M Kinetic energy of projectilem | dx Jx dx Jx
1 s 1 5 1 .o\ X 1 o 9 9P 9  Ip 0
T(M) 2]\4)( +2MY (m) 2m(x y) B 2’”( ‘P) dy dy dy Ay é
| d0  Jp d0  Jp
242
=§MR 6 :—m( 0 4 ) —rcosf —rsin6 —rcosf [cos¢ 6
¢ fcos¢  Ising —rsinf  /sin¢ 0
2 .2 2.2 o :
1 . r-cos“0+r-sin“ 0 —r{cosBcos®—rlsinfsing 6
—m( 0 ¢ .
i ¢
Total kinetic energy of M and m /

MR? + mr2

TotalKE:T:T(M)+T(m):%( 0 q))[ reos(0—0)
—mreCcoS(U —

Dynamic metric tensor Ymn = Z m(1) ax () ox’ (.U)
mass |1 aq aq
}/9,9 V@@ a ( ) a ( )
r r
’y(Z),O y¢,¢ = Z m(u) li’f ° a ,l’«f
mass [ q

= Y m(WE, (W)eE,

mass |1

1

PR R
KE = Y, —m(ui' (i’ (u)y= Y,
mass,u2 mass,u2
1
ZYmnq q
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(L)

Ox’(11) x’
X(#) X(H) i"d’

—m(L)
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Kinetic energy of driver M

: . 1 ' 1
T(M):%MX2+%MY2 T(m)=5m(x j/) i =m
1 yr2e? |

2 :—m( 6 ¢)

Total kinetic energy of M and m
MR? + mr?

TotalKEszT(M)+T(m):%( 0 (p)[ reos(0—0)
—mr£CoS(U —

Kinetic energy of projectile m

[0 4)

—rcosf
lcos

Dynamic metric tensor “Ymn

Yo.0 Vo0

V6.0

V0.0

-

-0

Based on Fig. 2.2.1 and 2.2.2
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}

Tzl[MR
2

ox
20
dy
90

—rsinf
/sing

[

1
2

ox
20
dy
90

—rcosf  lcos¢

—rsinf  /sing

4
I

J

6
0

]

(MR? + mr®)6? = 2mrecos(6 — ) 66 + mﬁqﬂ

Special cases (rigid rotation)

)

(0-9)=0

202 + m(r— E)za)z} for: 6=¢=w and (6 —¢)=0

(J is Singular)
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Kinetic energy of driver M Kinetic energy of projectilem | dx dx dx dx
1 s 1 5 L N\ x| 1 . oy 9 b b I | 6
IT'(M)==—MX"+=-MY T(m)=—m| x _|==m| 0 :
W= 2(y)(yJ2(¢)a_ya_y o oy | 9
| 20  d 20  dp
_ 242 :
—E MR~6 :lm( 6 ¢ ) —rcosf —rsinf —rcost  (cos¢ 0
lcosg  Ising —rsinf  /sing )
2 2 2.2 L
1 . r-cos“0+r-sin“ 0 —r{cosBcos®—rlsinfsing 6
2 2 O+ ¢? sin* 1) ¢
Total kinetic energy of M and m /
. MR* +mr*  —mricos(6— ) . . .
Total KE=T =T(M)+T(m)=>( 6 § ) tmrs o mmrlcos®©-0) 6 }: l[<MR2 +mr?)0? ~2mrtcos(0—9) 09+ mi%? |
2 —mrlcos(6 — ) me* 2
Dynamic metric tensor “Ymn
y y | Special cases (rigid rotation)
9.0 709 T = E[MRza)z + m(r — f)zwz} for: 6=¢=w and (6 —¢)=0
14 14
0.0 19.0 e D) (J is Singular)

(0-9)=0

g (0-0)er/2
é ------ (r2 +€2~5\\

O

(J is Orthogonal)

-0

Based on Fig. 2.2.1 and 2.2.2
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Kinetic energy of driver M Kinetic energy of projectilem | dx dx dx dx
1 s 1 5 1L N x ] 1 . .y 90 b 6 dp 0
IT(M)y==MX"+—=MY I'(m)=—m| % . |=5zml 6 :
D= 2(y)y]2(‘”)a_ya_y o oy |9
, 20  d 20  dp
242
=§MR 6 :—m( 5 ) ) —rcos6 —rsinf —rcostl  [Lcos¢ 6
fcos¢p  [sing —rsin@  /sing )
2.2 2.2 L :
1 . r-cos“0+r-sin“ 0 —r{cosBcos®—rlsinfsing 6
2 2¢+€2sm2¢ ¢
Total kinetic energy of M and m /
o MR* +mr*  —mrlcos(6 - ) . . .
Total KE=T =T(M)+T(m)=>( 6 § ) tmrs o mmrlcos®©-0) 6 }:l[(MRz+mr2)92—2mr€cos(9—¢)9¢+m£2¢2}
2 —mrlcos(6 — ) me* 2

-

|
|
—0
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Dynamic metric tensor ~mn
Special cases (rigid rotation)

, se:
0.9 1= MR+ n(r—020? | for. 6=4=0 and (0-0)=0

V0.0

V6.0

V0.0

)

(0-9)=0

(J is Singular)

> (J is Orthogonal)
(9 —o)cm/2
""" 7+ P
T= 1 MR*®* + m(r+ 6)2(1)2} for: 9=?=a) and (0 —¢)=r
? N eﬁ__{”_fr_f .......... ~9
C @ (J is Singular)

Based on Fig. 2.2.1 and 2.2.2
49



Kinetic energy of driver M Kinetic energy of projectilem | dx dx dx dx
1 s 1 5 L N\ x| 1 . oy 9 b b I | 6
T(M) 2]\4)( +2MY (m) 2m(x y)(y.) 2’”( ¢) ay Iy dy Iy 6
d0 I d0 I

1

242 .
=§MR 6 :lm( 5 ) ) —rcos6 —rsinf —rcostl  [Lcos¢ 0
2 lcos¢p  [fsing —rsinf  /sing )
2 2 2.2 0
1 . r-cos“0+r-sin“ 0 —r{cosBcos®—rlsinfsing 6
_ Em( 6 ¢ ) / L ;
O+ (7 sin” @
Total kinetic energy of M and m /
. MR* +mr*  —mricos(6— ) . . .
Total KE=T =T(M)+T(m)=>( 6 § ) tmrs o mmrlcos®©-0) 6 }: l[<MR2 +mr?)0? ~2mrtcos(0—9) 09+ mi%? |
2 —mrlcos(6 — ) me* 2
Dynamic metric tensor “Ymn
v v | Special cases (rigid rotation)
0.6 104 T = E[MRza)z + m(r—f)za)z} for: 9=q5=a) and (6 —¢)=0
14 14
7.0 190 | ® (J is Singular)
SPECIAL CASE USUAL CASE (6—-0¢)=0
(a) When (0,0) coordinates  (b) When (0,0) coordinates

are are .
T= %[MRZCO2 + m(r2 + Kz)a)z} for: 6=¢=w and (6 —¢)=m/2

O

(J is Orthogonal)

MR*@* + m(r + 6)2(1)2} for: O=¢=w and (0 —¢)=n

N eﬁ__{”_fr_f .......... ~9

C @ (J is Singular)
Based on Fig. 2.3.1 and 2.2.2

Wednesday, October 21, 2015 50

not 1
o%gonal T= 5

Fig. 2.3.1 Examples of (0,0) intersections (a) othogonal (special case), (b) non-orthogonal (typical).

7




Review of Lagrangian equation derivation from Lecture 10 (Now with trebuchet model)
Goom’inate geometry, Jacobian, velocity, kinetic energy, and dynamic metric tensor Wmn)

Structure of dynamic metric tensor ~Ymn

== Basic force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~mn tensor

Wednesday, October 21, 2015
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
Write work-sums in columns: | oar || % [ do ): Rsind 0 [ do }
.. dx dx  dx do —rcos@  (cos¢ do
dW = FX dX = MXdX dy 0 dp —rsinf  /sing

+F, dY  +MYdYy

+F dx + mx dx

+F, dy + my dy
- J
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + midy

Write work-sums zn columngj'(( Usingag(}CC db az% )C(Z’gb in qug{bian)\
dW = F,dX = MXdX = FX—6d0+FX—¢d¢ = MXa—9d9+MXa—¢d¢

+F, dY  +MYdYy +Fyg—gd9+Fya—;d¢ +MY§—§d9+MY§—;d¢

+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)'c’g—;d¢
L +F, dy + my dy +Fy%d9 +Fyg—;d¢ +my%d9+myg—;d¢

J

Wednesday, October 21, 2015

dXx
dy
dx

Raw Jacobian

RcosO 0
do | | Rsin6 0 do
do —rcosO  (cos® do

Ising

—rsinf

53



Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + midy

Write work-sums zn columngj'(( Usingag(}CC db az% )C(Z’gb in qug{bian)\
dW = F,dX = MXdX = FX—6d0+FX—¢d¢ = MXa—9d9+MXa—¢d¢

+F, dY  +MYdYy +Fyg—gd9+Fya—;d¢ +MY§—§d9+MY§—;d¢

+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)'c’g—;d¢
L +F, dy + my dy +Fy%d9 +Fyg—;d¢ +my%d9+myg—;d¢

J

dXx
dy
dx

Assuming variables 0 and ¢ are independent...

Wednesday, October 21, 2015

Raw Jacobian

RcosO 0
do | | Rsin6 0 do
do —rcosO  (cos® do

Ising

—rsinf

54



Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + midy

Write work-sums zn columng;{( Usingag(}CC db ai.a.cg )C(Z’qb in qug{bian)\
dW = F,dX = MXdX = FX—6d0+FX—¢d¢ = MXa—9d9+MX8—¢d¢

+F, dY  +MYdYy +FY8—gd9+FY8—;d¢ +MY§—§d9+MY§—;d¢

+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)‘ég—;d¢
L +F, dy + my dy +Fy%d9 +Fy3—;d¢ +my%d9+myg—;d¢

J

dXx
dy
dx

Assuming variables 0 and ¢ are independent...

N\

" Set d0=1 dv=0
+Fyg—g +MY§—§
-I—F;g—g +m)'é?
FRR 2

Wednesday, October 21, 2015

Raw Jacobian

RcosO 0
do | | Rsin6 0 do
do —rcosO  (cos® do

Ising

—rsinf
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + midy

dXx aY

Write work-sums in columng;{( UsingaGCC db ancg do in Jagobian)\ - 29
dW= F,dX = MXdX = FX—6d0+FX—f§d¢ = MX8—§d9+MXa—;d¢ dy %
y Y Y . dY . dY
F, dY MY dy F,~—df+F, —d MY =—df+ MY ~—d
+F, + +Y9+Y¢¢ tMY —-do+ 5’¢¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢

. dy dy . dy . dy
L +F, dy + my dy +Fy£d9 +Fy8_¢d¢ +my£d9+mya—¢d¢ )

Assuming variables 0 and ¢ are independent...

Raw Jacobian

RcosO 0
do | | Rsin6 0 do
do —rcosO  (cos® do

Ising

—rsinf

" Set d0=1 dv=0
+Fyg—g +MY§—§
-I—F;g—g +m)'é%
FRR 2

N\

N )
Set: d0=0 do=1
FX&—X - wmxoX
o 2
+F, ¥ +MY8—Y
0 0
0x 0x
g ox . dx
+F, n + mX n
dy . 0y
F - —
+F, % + mj %
AN /
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + midy

dx aY

Raw Jacobian

Rcos6
Rsin6

0
0

do

|

Write work-sums in columnsj'(( Using GCC dO and do in Jacobian) | || % [
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW = FX dX = ZWXdX = FX—0d0+FX—¢d¢ - MXa—9d9+MX8—¢d¢ dy 20 a(]) —rsin® ﬁsin(])
y Y Y . dY . dY
+F, dY + MY dY 9d9+Fy—¢d¢ +MY£d9+MYa—¢d¢
+F_ dx + mX dx +F—d9+F@d¢ +mjé@d0+m)‘éﬂd¢
' 90 26 o0
. dy dy . dy . dy
+F, dy + my dy + F,—d0 +F,— d¢ +my — dO + my — d¢
L o0 00 o6 y
% 8_X = i X Xi&_X
0  dt dt d6
Lagrange d
trickery: (using —(XU )= XU + XU)
S;ip dt
4 4 ~
Set: do=1 dy=0 Set: d0=0 do=1
FX8_X — ma_X FX&)—X — MXé)_X
90 90 P op
Y . dY Y . dY
+F,—  +MY=— Z a
5 v +F, % + MY =
ox . dx 0 0
+FZ tmE = d Tl
X 89 mx 89 +F;c ad) + mx a
dy . dy 0 J
+F ==  +mj—= Y 5 2
y 90 my 0 +F;)8—¢ + my 8_
N N /
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Force, Work, and Acceleration

|

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC df and do in Jacobian) | ¢ || @ % [ a6 ): Rsino 0 [ a6
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW = FX dX = MXdX = FX—6d0+FX—¢d¢ = MX8—9d9+MX8—¢d¢ dy 0 I _rsing  fsing
y Y 224 . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mx§—;d¢
. dy dy . dy . dy
+F, dy + my dy + F,—d0 +F,— d¢ +my — dO + my — d¢
\ S SN . A
LOX d(i.9X)\ .dox _d( -aX) oxX
=== |- X —= =—| X— |- X—
Lagrange O di\ 99 i i\ 100 ) . 9. Lemmas from Lect.10
. PN TR 0X dX :
trickery: (using i(XU)z XU + XU) - bylemmali So=ot lemma 1: p.10.13
STEP t I — 1.0 lemma 2: p.10.24
A B ; 0X doJdX:
rand lemma 2 —=——
e 09, 010 _
4 N )
Set: do=1 dy=0 Set: dO=0 do=1
FX8_X — B_X FX&)—X — MXé)_X
d0 d0 20) 20)
Y . dY .
+F,—  +MY—— +FY&—Y Y sad
6 6 op op
ox . dx 0 0
+ F — +mxX — ad Tl
8y . é’y 0 0
+ F — +my — g9 v 2
\ J J
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC dO and d¢ in Jacobian) \| @ || # [ 40 ): Rsin 0 [ df }
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—0d0+FX—¢d¢ = MXa—9d9+MX8—¢d¢ dy 20  Jp —rsin®  Ising
’ Y Y . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)'c’g—;d¢
y dy dy . dy . dy
F d d F—do +F —d — do —d
L +F, dy + my dy + Y 30 + ya(p 1) +my819 +mya¢ 1) )
pOX _df ,0X ) dJX :i(Xa_)_(j_Xg_X J 5’()'(2/2) 8()'(2/2)
0 dt\ IO dt d0 dt\  Jo d0 = ——— |-
Lagrange ) v ax dt| 90 90
trickery: (using —(XU )= XU + XU) by lemma I: ——=— ,
STEP dt STEP o STEP 8(U / 2) U
A B and lemma 2 : 9X _doX (using J :UB—)
g didg ’ T
4 N[ )
Set: di=1 dos=0 Set: d0=0 do=1
FX8_X — B_X FX&)—X — MXé)_X
d0 d0 20) 20)
7)4 . dY y
+F, — + MY — +FY8—Y +MY8—Y
00 00 ol I
o0x dx 0 0
+ F — +mi — ox . 0X
8)7 . é’y a a
+ F — +my — g9 v 2
" d6 d0 "0 ny o6
N NG /
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC dO and d¢ in Jacobian) \| @ || # [ 40 ): Rsin 0 [ df }
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW= F,dX = MXdX = FX—6d0+FX—¢d¢ = MX£d9+MXa—¢d¢ i % 3 g fsino
. Y Y . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+mjé§—;d¢
) dy dy . JY . dy
F d d F =2df +F == d ~ db —d
L +F, dy + my dy + Y 30 + ya(p 1) +mya(9 +mya¢ 1) )
pOX _df ,0X ) dJX :i(Xa_)_(j_Xg_X J &(Xz/z) 8()’(2/2)
0 dt\ JO dt 0 dt\ 0 d0 =—| —— |-
Lagrange ) v ax dt| 90 90
trickery: (using —(XU )= XU + XU) by lemma I: ——=—
STEP dt STEP o STEP 8(U2 / 2) U
A B and lemma 2 : 9X _doX (using J :UB—)
_9g drdg ! T
4 N )
Set: do=1 dy=0 M MY Set: d0=0 do=1 ] MX2 ; MX?
P OX X 4?5 0 X ux?X 4% 7
96 - 06 di 96 a6 I 2z dt dp I
MY MY> MY® MY
d J oY ; dY a? J
+FY8—Y Y AN S T th=-  FMY—- 4 82' _ (92
0 d0 dt 90 d0 0 ¢ dt  dp ¢
Mi* M’ Mx* M’
% d % 0
e L SN B T - A R
90 90 dt 90 0 op op dr 9p op
My* My My* My
+Fy% +my% +3 5 a0 S L S P
N ! J U ¢ ¢ A
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
(Write work-sums in columnsj'(( Using GCC df) and d¢ in Jacobian) )| @ || @ % |[ @ |_| &sno 0 | a0
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW= F, dX = MXdX = FX—6d0+FX—¢d¢ = MXa—9d9+MXa—¢d¢ i % 3 rsing fsing
y Y 224 . dY . dY
+F, dY + MY dY +Fy0~,—9d9+Fy—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)'c’g—;d¢
. dy dy . dy . dy
+F, dy + my dy + F,—d0 +F,— d¢ +my — dO + my — d¢
L 90 o % P J
STEP
D Add up first and last columns for each variable 0 and o
Lagrange
trickery:
4 N[ )
Set: di=1 Cl’(b:O MX? MX? Set: di=0 dgb:] 8]\4)'(2 8A4X2
P OX X 4?5 0 X ux?X 4% 7
X 90 20— dt 9 90 3 0 dt op I
MY? MY? MY? MY?
J J oY . dY d? J
+FY8—Y 7)o T thS- T MY = y 82' - 82
d0 d0 dt do 0 ¢ t dp 0
Mx*  Mx Mi® o Mi
o0x . 0X d&z 82 dx . 0x d82 5’2
+ F — + mX — + = — +F, +mx -
96 J dt 90 90 op op dr dp  Io
My* My’ My* My’
+Fy? +mj}? +d 82 — 82 +Fy(9—y +mjﬁa—y 7 82. — 82
o 6 dt 96 6 )L 0 o p 4 y
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Force, Work, and Acceleration

aw'=F,dX + F, dY+ F. dx+ F, dy or 2x | Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
(Write work-sums in columnsj'(( Using GCC df) and d¢ in Jacobian) )| @ || @ % |[ @ |_| &sno 0 | a0
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—6d0+FX—¢d¢ = MX8—9d9+MX8—¢d¢ dy 0 _rsin@  fsing
y Y 224 . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)‘ég—;d¢
. dy dy . dy . dy
F d d F.2=d0 +F, == d 22 d6 +my == d
L +F, dy + my dy + Y 30 + e 1) +my819 + my 2 1) )
STEP 2 72 .2 )
, MX* MY® Mi* M
D Add up first and last columns for each variable 0 and o for: T = St T 2x + 2y
Lagrange 9X Y _dx _dy_ , —
trickery: | Let:Fx oy +F oo+ E o +Fya—0=F9<Def1nes F(
- doJr oJr
------------------- =F, = ——
dr o d0
o N [ D
Seti; di=1 d(b:O MX2 MX2 Set: di=0 dgb:] MX? MX?
| 9 ? X X _ d? J
00, 00 i di 9 o o dt o I
;o i MY?: _ MY? MY? _MY?
oY a9 J oY LY a? J
00 d i dr 90 d0 0 t oo 0
- o MEE MK Mz M
x| Idx 5 da 5 J > dx L ox da ) J 7
+F—: +mi— + = +F, — +mx — — —
00 | 0  idt I 99 op op dr dp  Io
L MY MY My* My’
”35%' +my% *3 5 9 o T3 ta e
\_ REAT Lar o9 00 ) U ¢ ¢ ¢ ¢ )
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Force, Work, and Acceleration

dW=F, dX+ F, d¥+ F. dx+ F. dy o0 o Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
(Write work-sums in columnsj'(( Using GCC df) and d¢ in Jacobian) | @ || # ¥ [ 49 ): Rsing 0 [ 49 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—Gde-i-FX—q)d(P = MX8—9d9+MX8—q)d¢ dy 0 _rsin®  fsing
y Y 224 . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
. dy dy . dy . dy
F d d F.2=d0 +F, == d 22 d6 +my == d
L +F, dy + my dy + ' 30 + "9 1) +my89 +my8¢ 1) )
STEP 2 72 .2 )
, MX* MY® Mi* M
D Add up first and last columns for each va(&ble 0 and o for: T=——+——+——+ 2y
Lagrange v
OX _9Y  _dx . dy . X g g% Oy -
trickery: Let:FX8—9+FYa—9+Fx% +Fy£EF9<Def1nes Fe< Let : Fy 0 +Fy 0 +F, 0 +F a¢_F;b<Def1nes Ep<
AT TorTT dor or T
"""""""""" =F9=; — — : =F = —
, dt 9o 96 . Pt o 90 .
4 N (. I
Set: di=1 ds=0 M MR Set: di=0 do=1 MX?  _MX?
| J = X X d? o=
pOX o pdX o d? 5 7o FEE = MxZE = 2 2
X 06, 0 i dr 90 20 dp d i dt Ip 9
: ; : MT? UY? : 5 8MY'2 aMYz
LY i &Y i’ 5 97 Y oY d__2 2
- - = y: :
"o 0 dt 90 90 d o dt  dp 2
M Mi* Mi* M
o0x 0x d& 0 J 0 dx . 0X da 2 ¢ 2
+ F.— +mi — - thi—— tmi——
"00 J dt 90 90 09 J dt dp o
My My L My’ My’
0 0 Iy | 9 J 0 0
i T e Fel e Taa o
ey 06 i d [.09 .09 . ) U o0 00 dl o 0 .9 0 .. )
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Review of Lagrangian equation derivation from Lecture 10 (Now with trebuchet model)
Goom’inate geometry, Jacobian, velocity, kinetic energy, and dynamic metric tensor Wmn)

Structure of dynamic metric tensor ~Ymn
Basic force, work, and acceleration

= | grangian force equation
Canonical momentum and ~mn tensor
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + midy

dX

Raw Jacobian

Rcos6 0

(Write work-sums in columnsj'(( Using GCC df and d¢ in Jacobian) \| ¢ || ® % | a ): Rsing 0 [ 40 }
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW: FX dX - ZWXdX = FX—0d0+FX—¢d¢ - MXa—9d9+MX8—¢d¢ dy para) a(]) —rsin® (sing
y Y 224 . dY . dY
F, dY MY dy F,=—d6+F,—d MY Z—d6+ MY ~—d
+F, + tE— +Y¢¢ tMY —-do+ 5’¢¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)'c’g—;d¢
. dy dy . dy . dy
L +F, dy + my dy +Fy£d9 +Fy8_¢d¢ +my£d9+mya—¢d¢ )
STEP 2 72 .2 )
, MX* MY’ Mi® M
D Add up first and last columns for each variable 0 and s for: T = Sttt 2y
Lagrange OX oY  Ox Jy — ‘ X aYy _ Jdx dy
: .| Let:F,=—+F, —+F Z= +F == Let :Fy——+F, ——+F ——+F -
trickery. 90 "0 a0 oo R T
. daT T doT T
=F:9:——.—— =F =——F———
dt 96 90 dt 6 ¢

Completes derivation of Lagrange covariant-force equation for each GCC variable 0 and ¢ .

FyRcosO+ F,Rsin0 — Frcost —Fr

Wednesday, October 21, 2015
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Force Work, and Accelemtzon
dW=F, dX+ F, dY+ F. dx+ F_dy

—MXdX + MYdY+ mxdx + mydy
Write work-sums in columns. X( Usmg GCC do and do in Jacobian)

dX
dYy

Raw Jacobian

Rcos6 0

do | | Rsin6 0 do
do —rcosO  (cos® do

. 0X 0X dr 7| ax ax
dw = F dX = ZWXdX = FX—GdH F 8—¢d¢ - 8—9d9 MXa—¢d¢ dy 20  Jp —rsin®  Ising
y o"’ 224 Y Y
E, dY MY dY —5d0+F ~-d ey go+ M2y
+F dx + mX dx +Fx§—d9 Fxg—:;dgb +mx§—9d9 mxg—:;dq)
YF dy  +mydy +F8yd9 +Fayd(/) ey 2 a0 +my 2 ao
L y "' 90 ’ 9 90 o0 )
STEP 2 72 .2 -2
MX* MY* Mi® M
D Add up first and last columns for each vaw 0 and ¢ for: T=——+ 2 I y
Lagrange Yox oy e
trickery: | Let:Fx 8&? Fyg—g Fx% F= % F<Def1nesF< Let : Fy 20 Fyé,—(p ; 8; y a =F, <Deflnes F <
_p 49T _oJr _p 4T _Jr
Y droe 90 Y dr dd I

Add Fy gravity given
(Fx=0, Fy=-Mg)
(F:=0, F, =—mg)

These are competing torques on main beam R
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Force Work, and Acceleration

dW=F,dX+ F, dY+ F. dx+ F. dy ax ax | Raw Jacobian

= MXdX + MYdY+ mxdx + mydy dX oY Y Rcosf

0

Write work-sums in columns. X( Usmg GCC db ancg do in Jagoblan)\ - 3_9 g_¢’ [ ZZ ): S L [ ZZ ]
X X x dx  dx —rcosf  [lcoso
dW= F,dX = MXdX = F, —Gde —(pd‘P = 8—9d9 MXa—(pd‘P dy 0 9 —rsing  Csing
; oY oY )4 )4
F, dY MY dy F,Z—d0+F,~—d My a0+ my L a
+F dx + mX dx Fxg—de Fxg—:;dq) +mx§—9d9 mxg—:;dq)
YF dy  +mydy Fade +Fayd(/) ey 2 a0 +my 2 ao
L : 90" 90 26 2 ,
STEP 2 72 .2 )
MX* MY® Mi* M
D Add up first and last columns for each vaw 0 and ¢ for: T=——+ 2 + y
Lagrange v
. dX aY _ Jx dy 5’_X 8_Y 8x
trickery: | LetiFxoyt B =+ F—0 +F = F<Def1nesF< Let:Fy— 0 th 0 F, aq) E, a =F, <Defmes F <
_p 40T _or _p 4T _JT
Y droe 90 Y dr dd I

_ _13_T_3_T _ _i£_£
Y drdo 98 T4 b ap
Add Fy gravity given =f Add F, gravity given

(Fx=0, Fy=-Mg)
(F:=0, Fy=-mg)
dé’T 5’T

(Fx=0, Fy=-Mg)
(Fy=0, F, =—mg)

These are competing torques on main beam R...
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Force Work, and Acceleration

dW=F,dX+ F, dY+ F. dx+ F. dy ax ax | Raw Jacobian

= MXdX + MYdY+ mxdx + mydy dX oY Y Rcosf

0

Write work-sums in columns. X( Usmg GCC db ancg do in Jagoblan)\ - 3_9 g_¢’ [ ZZ ): S L [ ZZ ]
X X x dx  dx —rcosf  [lcoso
dW= F,dX = MXdX = F, —Gde —(pd‘P = 8—9d9 MXa—(pd‘P dy 0 9 —rsing  Csing
; oY oY )4 )4
F, dY MY dy F,Z—d0+F,~—d My a0+ my L a
+F dx + mX dx Fxg—de Fxg—:;dq) +mx§—9d9 mxg—:;dq)
YF dy  +mydy Fade +Fayd(/) ey 2 a0 +my 2 ao
L : 90" 90 26 2 ,
STEP 2 72 .2 )
MX* MY® Mi* M
D Add up first and last columns for each vaw 0 and ¢ for: T=——+ 2 + y
Lagrange v
. dX aY _ Jx dy 5’_X 8_Y 8x
trickery: | LetiFxoyt B =+ F—0 +F = F<Def1nesF< Let:Fy— 0 th 0 F, aq) E, a =F, <Defmes F <
_p 40T _or _p 4T _JT
Y droe 90 Y dr dd I

_ _13_T_3_T _ _i£_£
Y drdo 98 T4 b ap
Add Fy gravity given =f Add F, gravity given

(Fx=0, Fy=-Mg)
(F:=0, Fy=-mg)
d JT OJT

(Fx=0, Fy=-Mg)
(Fx=0, F,=-mg)

dt 00 d0 ... .. P + sign errors here?

These are competing torques on main beam R...
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Force Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy ax ax | Raw Jacobian
0
—MXdX + MYdY+ mxdx + mydy dx Y Iy Rcos6 0
Write work-sums in columns. X( Usmg GCC db ancg do in Jagoblan)\ - 29 g¢ [ ZZ ): S L [ ZZ ]
X X x dx  dx —rcosf  [lcoso
dw = F dX = ZWXdX = FX—GdQ F 8—¢d¢ = 8—9d9 MXa—¢d¢ dy 20  Jp —rsin®  fsing
y 5’ 224 Y Y
F, dY MY dy —5d0+F=-d rm7 2 ao+ Myl a
+F dx + mX dx +Fx§—d9 Fxg—:;dq) +mx§—9d9 mxg—:;dq)
YF dy  +mydy +F8yd9 +Fayd(/) ey 2 a0 +my 2 ao
L : 90" 90 26 2 ,
STEP 2 ) .2 -2
MX* MY Mi® M
D Add up first and last columns for each vaw 0 and ¢ for: T=——+ 2 I y
Lagrange v
. dX aY _ Jx dy 5’_X 8_Y 8x
trickery: | LetiFxog+F—o+F— +F = F<Def1nesF< Let:Fy = 0 i 0 F, 2 F, a =1 <Defmes F, <
_p 40T _or _p 4T _Jr
Y droe 90 Y dr dd I
Completes derivation of Lagrange covariant-force equation for each GCC variable 0 and ¢
F Rcos@+l_1j”__]_€__s_}p_q____lj“__rcos(9 Frsm@ F,-O0+F,-0+F{cos¢ +FfSlIl¢
_poddT _Jr _p 40T _oT
ETETET C drdp o
Add Fy gravity given =f Add F, gravity given
(FXZO,FYZ—Mg) (FXZO’FY:'Mg)
(F.=0, F,=-mg) ’ . (Fx=0, F,=-mg) .
doT oJT i 7 SR e . Q Are'there F,= doT_oT _ =—mg/lsin¢®
Fg = ——— = —MgRsm9+mgrsm9 + sign errors here? : 0 dt 8@) 8¢
dt 99 90 oSy A: No. Beam in -# position. T
These are competing torques on main beam R... ... and a torque on throwing lever ¢
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Review of Lagrangian equation derivation from Lecture 10 (Now with trebuchet model)
Goom’inate geometry, Jacobian, velocity, kinetic energy, and dynamic metric tensor Wmn)

Structure of dynamic metric tensor ~Ymn

Basic force, work, and acceleration
Lagrangian force equation
- Canonical momentum and ~Ymn tensor

Wednesday, October 21, 2015
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Canonical momentum and ~Ymn tensor

Standard formulation of pm =

oT
aq-m

Total KE=T =T(M)+T(m)

_1
2

[(MRz + mr?)0% — 2mrlcos(0—¢) 66 + mezqﬂ

Wednesday, October 21, 2015

The vymn tensor/matrix formulation

Total KE=T =T(M)+T(m)
1/, . . Yoo Vo0
:5( 0 6 ) [

To.0 Vo0

where: Vo0 Vo
Ymn LENSOT 1S Yo.o Voo

6

¢

|

J

1 1 -
=Y md" 4"

MR2 + mr2

—mrlcos(6—0)

—mrlcos(6— )

mé?
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Canonical momentum and ~mn tensor

oT : :
Standard formulation of pn = Y The vymn tensor/matrix formulation
Total KE=T =T(M)+T(m) Total KE=T =T(M)+T(m)
| . .. . Y Y :
= 5[(MR2 +mr?)0 — 2mrlcos(6 — ) 66 + mfzﬂ - %( 6 ) 77 [ 0 }: %ymnqmq”
Yoo Vo0 ¢
a9 where: Yoo Vo0 B MR? + mr? —mrlcos(6— )
Po=7g 89( (MR? + mr*)6* — mrlcos(6 — ¢) 6+ — mgzq) ) Vmn t€nsor is Yoo Yo B —mrlcos(6—0) .
= (MR? + mr*)0 — mrigcos(6 — )
Py = gg aacp( ( MR? + mr*)6?* — mrtcos(6 — ¢) 6+ — mz%p ]

— mgz(p — mrl6cos(6— o)
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Canonical momentum and ~Ymn tensor
oT

Standard formulation of pn = Py The vymn tensor/matrix formulation
Total KE=T =T(M)+T(m) Total KE=T =T(M)+T(m)
= 5[(MR2 +mr*)0* = 2mricos(6 — ) 9¢+m€2¢2} :%( 6 4 ) Yoo Yoy [ 0 ):lqumqn
Yoo Vo0 ¢ 2
a9 , , . where: 7/9,9 V9’¢ _ MR2 +mr2 —mrlcos(6— )
Dy = by 80( (MR* + mr )9 — mrlcos(0 — ) 9¢+ mf 1) ) Ymn tensor is Yoo Yoo _mrlcos(6 — o) .
= (MR* +mr*)0 — mrl¢cos(6 — ) Womenmm Ymn-MAatrix theorem. (matrix-proof on page 783
aT 8 2 2 2 ] aT
MR” + 0~ — mrlcos(6—¢) 6 + 14 =
py= a¢ 8(/)( ( mr ) mrlcos(0 — @) ¢ m 1) | v ) Yoo Yoo B - )
2 = oar T ) if: 7,9 =7, (Symmetry)
= ml*$p— mrl0cos(6— @) Py 5 To.0 V.0
¢
B MR? + mr? —mrfcos(6 — @) ( 6 J
—mrlcos(0 —¢) me* 0

J
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Canonical momentum and ~Ymn tensor

BT

-m

Standard formulation of pm =
Total KE=T =T(M)+T(m)

— %[(MRz +mr?)6?% = 2mrlcos(6 — ¢) 6 + mezqﬂ

of d
0 90

= (MR? + mr*)0 — mrigcos(6 — )
of 9
APV

— mfz(p — mrl6cos(6— o)

Dy = ( (MR? + mr*)6* — mrlcos(6 — ¢) 6+ — m€2¢ )

RS

( ( MR? + mr*)6?* — mrtcos(6 — ¢) 6+ — m£2¢]

Wednesday, October 21, 2015

The vymn tensor/matrix formulation

Total KE=T =T(M)+T(m)

-5( e ¢)(

where:

Ymn LENSOY 1S

Vo0

Yoo Vo0 0 1 .
i zgymnq q
7’¢’9 ’}’(p’(p ¢

Yoo Vo0 MR? + mr? —mrlcos(6— )

Y. —mrlcos(6— ) ml*

/- : A
Momentum ~ymp-matrix theorem. (matrix-proof on page 43)

aT
Py 00 Yoo Yoo 0 | .
= o7 = : if: Yo.0 = Vo (symmetry)
Py 9 Vo0 Vo0 ¢
¢
B MR* +mr*  —mrlcos(6—¢) ( 0 J
—mrlcos(0 —¢) me* ¢
\_ J
( Momentum Ymn-tensor theorem. (proof here)
% Pm = Ymn 4
oT
proof: Given: p —aqu where T=—7/ququ
0 1 k] aqj J .jaq'k
Then: p aqugyﬂﬂ q Eyfka?mq Eyfkq 20"
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Canonical momentum and ~Ymn tensor

oT
Standard formulation of pm = 3

Total KE=T =T(M)+T(m)

— %[(MRz +mr?)6?% = 2mrlcos(6 — ¢) 6 + mezqﬂ

of o
36 90
= (MR? + mr*)0 — mrigcos(6 — )
of o
% |2
= m£2¢ — mrlOcos(6—¢)

Dy = ( (MR? + mr*)6* — mrlcos(6 — ¢) 6+ — m€2¢ )

Py = ( ( MR? + mr*)6?* — mrtcos(6 — ¢) 6+ — m£2¢]

Wednesday, October 21, 2015

The vymn tensor/matrix formulation

Total KE=T =T(M)+T(m)

1/ . . Yoo Vo0 0 1 en
:5( 0 (b ) [ ¢ ]zgymnq q
Y0 V.0

where: Yoo Vo | MR* +mr*  —mricos(6 —0)
Ymn LENSOY 1S Yoo Yoo _mrlcos(6— ) .
' . )
Momentum ~ymp-matrix theorem. (matrix-proof on page 43)
ar
Py 00 Yoo Yoo 0 | .
= 57 = : if: Yo.0 = Vo (symmetry)
Py 9 V(/,’g 7/¢’¢ ¢
¢
B MR* +mr*  —mrlcos(6—¢) ( 0 J
—mrlcos(0 —¢) me* ¢
\_ J
(" Momentum Ymn-tensor theorem. (proof here)
% Pm — Ymn q”
oT |
proof: Given:p, aq—’” where : Tzayjkqqu
J 1 1 94 1 ;94
Then: Py —a—_yjk‘] q _yjkﬁq _}’]kC] aqm

| .
= Eyjk&;q += yjkqjék
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Canonical momentum and ~Ymn tensor

oT
Standard formulation of pm = 3

Total KE=T =T(M)+T(m)

— %[(MRz +mr?)6?% = 2mrlcos(6 — ¢) 6 + mezqﬂ

of o
36 90
= (MR? + mr*)0 — mrigcos(6 — )
of o
% |2
= m£2¢ — mrlOcos(6—¢)

Dy = ( (MR? + mr*)6* — mrlcos(6 — ¢) 6+ — m€2¢ )

Py = ( ( MR? + mr*)6?* — mrtcos(6 — ¢) 6+ — m£2¢]

Wednesday, October 21, 2015

The vymn tensor/matrix formulation

Total KE=T =T(M)+T(m)

1/ . . Yoo Vo0 0 1 en
:5( 0 (b ) [ ¢ ]zgymnq q
Y0 V.0

where: Yoo Vo | MR* +mr*  —mricos(6 —0)
Ymn LENSOY 1S Yoo Yoo _mrlcos(6— ) .
' . )
Momentum ~ymp-matrix theorem. (matrix-proof on page 43)
ar
Py 00 Yoo Yoo 0 | .
= 57 = : if: Yo.0 = Vo (symmetry)
Py 9 V(/,’g 7/¢’¢ ¢
¢
B MR* +mr*  —mrlcos(6—¢) ( 0 J
—mrlcos(0 —¢) me* ¢
\_ J
(" Momentum Ymn-tensor theorem. (proof here)
% Pm — Ymn q”
oT |
proof: Given:p, aq—’” where : Tzayjkqqu
J 1 1 94 1 ;94
Then: Py —a—_yjk‘] q _yjkﬁq _}’]kC] aqm

1 . . a1 y
==V 0"+ ijq’cs —mGq S i’
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Canonical momentum and ~Ymn tensor

oT
Standard formulation of pm = 3

Total KE=T =T(M)+T(m)

— %[(MRz +mr?)6?% = 2mrlcos(6 — ¢) 6 + mezqﬂ

of o
36 90
= (MR? + mr*)0 — mrigcos(6 — )
of o
% |2
= m£2¢ — mrlOcos(6—¢)

Py =

Py = ( ( MR? + mr*)6?* — mrtcos(6 — ¢) 6+ — m£2¢]

Wednesday, October 21, 2015

( (MR? + mr*)6* — mrlcos(6 — ¢) 6+ — m€2¢ )

The vymn tensor/matrix formulation

Total KE=T =T(M)+T(m)

1/ . . Yoo Vo0 0 1 en
:5( 0 (b ) [ ¢ ]zgymnq q
Y0 V.0

where: Yoo Vo | MR* +mr*  —mricos(6 —0)
Y LEASOFLS |y o0 Vg —mrlcos(6— ) me?
/- : A
Momentum ~ymp-matrix theorem. (matrix-proof on page 43)
ar
Py 00 Yoo Voo 0 | .
= 57 = : if: Yo.0 = Vo (symmetry)
Py el Yoo Voo N9
9
B MR* +mr*  —mrlcos(6—¢) ( 0 J
—mrlcos(0 —¢) me* ¢
. y,
(" Momentum Ymn-tensor theorem. (proof here)
% Pm — Ymn q”
oT |
proof: Given:p, = aq—m where Tzayjkq‘/qk
o 1 1 94 1 ;94
Then : P, _a—_yjkq q __yjkaqm —}’]kC] aqm

ol
= O Y 8 = 27

= ymnq if : 7/mn = ynm QED
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Momentum ~ymp-matrix theorem. (matrix-proof here on page 43)

Jd/( . . 0 L J| 6
[%]‘ % | aal 0 6 )7 JrLo 0 Jreggl
py | | 9T |2 5, 6 o af 6
¢ o9 aT;,( 0 9 )re ) + 06 )'V’aqs b
0 . 1
E (1 0)7 H 66 )re
= |
( 0 1 ).7/. Z +( 0 (p ).7/. (1)
_1 Yoo Vo0 [ 0 ]4_1 Vo0 Yo.0 [ 0 ]
2 Voo Yoo N9 ) 2 Voo Voo |\ O
| Yoo Yoo || 6 | .. _
= _— }( o J if: Yo.0 = Yo.0 (symmetry)

B MR? + mr? —mrfcos(6 — @) [ 0 ]
—mrlcos(6 — ) mé? 0 QED
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Summary of Lagrange equations and force analysis (Mostly Unit 2.)
= [‘orces. total, genuine, potential, and/or fictitious

79



Forces: total, genuine, potential, and/or fictitious

Coriolis Force ~ éd).
o /

r | ConstrainNFotce

Constraintt Force

Centrifugal ’A

A\ .
Force Centrifugal Force
2 2
~ 0 UPPOFt amns o 0
Steadymg Force Gravitational Force
Gravitational Force ~mg
~ Mg
Acceleration Applied Constraint
and ‘Real’ 'Internal’
'Fictitious' Forces: Forces:
. Gravity Stresses
Forces. Stimuli Support...

Cfrzot:i]O\Li‘:N FriCTn... g)o not cozt)ribute.
. dJdT dT v |
Dy = —+F,+0

dt 90 96

d 0T OT
) = — = FFE +0
e P T a0 00 T

(modified)

Lagrange Force equations
(See also derivation Eq. (2.4.7) on p. 23, Unit 2)

Compare to derivation Eq (12.25a) in Ch. 12 of Unit I and Eq. (3.5.10) in Unit 3.
Wednesday, October 21, 2015
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Forces: total, genuine, potential, and/or fictitious

Coriolis Force ~ éd).
o /

r | ConstrainNFotce

Constraintt Force

Centrifugal ’A

Force ) Centrifugal Force
2 2
~0 UPPOFt amns ~0
Steadying Foree Gravitational Force
Gravitational Force ~mg .
Y, For conservative forces
~ Mg

Acceleration Applied Constraint |, }ore- F, = _oV and: B_V _

and ‘Real’ 'Internal’ a0 a0

'Fictitious' Forces: Forces: F oV q oV
. Gravity Stresses =——— 4and:. —=

Coriolis i
Centrifugal Frictipn... (Do not contribute.

| /\ m X FI: X é/Do no work.) B
Po= 406 ~ 00 Po =35

oL . dL

00

d OT _dT oL . _dL

Py =

Dy = -=—+F,+0 Py =3
pe2se | dr g 09 l 9
(modified) Lagrange Force equations Lagrange Potential equations

(See also derivation Eq. (2.4.7) on p. 23, Unit 2) L — ]"’_ V
Compare to derivation Eq (12.25a) in Ch. 12 of Unit I and Eq. (3.5.10) in Unit 3.
Wednesday, October 21, 2015

Po = =+

0

0
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Geometric and topological properties of GCC transformations (Mostly from Unit 3.)
W Nultivalued functionality and connections
Covariant and contravariant relations
langent space vs. Normal space
Metric gmn tensor geometric relations to length, area, and volume

Wednesday, October 21, 2015
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Trebuchet Cartesian projectile coordinates are double-valued

Fig.2.2.3 Trebuchet configurations with the same coordinates x and y of projectile m.

Wednesday, October 21, 2015
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Trebuchet Cartesian projectile coordinates are double-valued...(Belong to 2 distinct manifolds)

Fig. 2.2.3 Trebuchet configurations with the same coordinates x and y of projectile m.

So, for example, are polar coordinates ... (for each angle there are two r-values)

Fig. 3.1.4 Polar coordinates and possible embedding space on conical surface.

Wednesday, October 21, 2015
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(a) Coordinate lines

2NN\

d=const. (b) Trebuchet position map

A :

06— diréction
(6+d=const.)

Fig. 3.1.2 Trebuchet torus.

(a) (¢1=6, ¢°=0 ) coordinate lines. (b)Trebuchet position map and equators.

Q2= = -145¢ : . ql=06=-60°

Fig. 3.1.1b (¢ =0, g2=¢ )Coordinate manifold for trebuchet (Right handed sheet.)
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8

0—-0 diréction
(6+d=const.)

Fig. 3.1.2 Trebuchet torus.
(a) (¢1=6, g2=0 ) coordinate lines.(b) Trebuchet position map and equators.

Fig. 3.2.2 Example of covariant unitary vectors and their tangent space.

Fig. 3.1.3 "Flattened" (g1 =0, g2=0 ) coordinate manifold for trebuchet
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Geometric and topological properties of GCC transformations (Mostly from Unit 3.)
Multivalued functionality and connections
= Covariant and contravariant relations
langent space vs. Normal space
Metric gmn tensor geometric relations to length, area, and volume

Wednesday, October 21, 2015
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Kajobian transfomation matrix versus
0q" _
ox’
1 1
3_(]1 8(]2 | E o9 08 (sing —lcos¢p | E’
ng gxz _ ox 0y _ rsind —rcosf | E?
_ql q2 - | E? % 8_¢ résin(0 — @)
oo, Oz Dy
Contravariant vectors E™ versus

Egz( ¢sing —Llcoso )/Wsin(H—cb)

E’ :( rsinf —rcosf )/””fsm(e—(?)

Fig. 3.2.3 Example of contravariant unitary vectors and their normal space.

Wednesday, October 21, 2015

Jacobian transformation matrix

oz’ B
aq"

El E2
o oz | | Oz Oz E, E
dq¢"  0q° | 90 Do | -
92" 9y = oy Oy = | —rcosf fcoso
o0 oF % 8_(b —rsinf  £sin ¢
= | Covariant vectors E,
E —rcost E — lcos¢
0 . ) b .
—rsinf ¢sin ¢

Fig. 3.2.2 Example of covariant unitary vectors and their tangent space.
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Geometric and topological properties of GCC transformations (Mostly from Unit 3.)
Multivalued functionality and connections
Covariant and contravariant relations

— langent space vs. Normal space
Metric gmn tensor geometric relations to length, area, and volume

Wednesday, October 21, 2015
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Contravariant vectors E™ versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

_rrm _ n_ yomy _ 77 TN _m _ n_ y;my _ i h
U=U"E_=U E'=U"E_=U_E V=V"E_=V E'=V"E_=V_E
where the Um, Vm, .. are contravariant components and the Un , Vn,..are covariant components

U" =UE™, V" =V.E™, and U" =U-E™, /" =V.E™,, U =UE_, V,=V-E_, and U_=U-E_, etc
Normal space (Contravariant) Tangent space (Covariant)
= Ve ’ Fig. 3.3.1
' %\/gq) Fig. 3.3.2 Covariant vector geometry
Contravariant vector geometry in a tangent space ( Eg,Eg ).
A in a normal space .
< AE?
wo\ A
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Contravariant vectors E™ versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

_ _ _Fmy _ 77 on _ _ n_ 5my _ i on
U—UmEm—UnE"—UmEm—UﬁE V—VmEm—VnE—VmEm—VﬁE
where the Um, Vm, .. are contravariant components and the Un , Vn,..are covariant components

U" =UE™, V" =V.E™, and U" =U-E™, /" =V.E™,, U =UE_, V,=V-E_, and U_=U-E_, etc

Normal space (Contravariant) Tangent space (Covariant)

\/g 00 Fig. 3.3.2
Contravariant vector geometry
in a normal space .
]

Fig. 3.3.1
Covariant vector geometry
in a tangent space ( Eg,Eg ).

V=1PE,+ VoK, VGV

. 1 2 . . .
Contravariant vector E"™ for frame {61 .q ,--_-}1s_wr1tten in terms of
ALl —1"=2
new vectors E™ for a new "barred" frame {q N7
using a “chain-saw-sum rule”....

m m m N—=m
_997 99" _99" 99" | fpm

_ _99"
or ar gg™ or ag"™

E™ E™
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Contravariant vectors E™ versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

_ _ _Fmy _ 77 on _ _ n_ 5my _ i on
U—UmEm—UnE"—UmEm—UﬁE V—VmEm—VnE—VmEm—VﬁE
where the Um, Vm, .. are contravariant components and the Un , Vn,..are covariant components

U" =UE™, V" =V.E™, and U" =U-E™, /" =V.E™,, U =UE_, V,=V-E_, and U_=U-E_, etc

Normal space (Contravariant) Tangent space (Covariant)

\/g 00 Fig. 3.3.2
Contravariant vector geometry
in a normal space .
]

Fig. 3.3.1
Covariant vector geometry
in a tangent space ( Eg,Eg ).

V=1PE,+ VoK, VGV

. 1 2 . . .
Contravariant vector E" for frame {61 .q ,--_-}1s_wr1tten in terms of
new vectors E” for a new "barred" frame {6 SRR

using a “chain-saw-sum rule”.... ...and the same for covariant vectorsE_ and E_
_ —m —m
E™ = dq” = 9q” = dq” 97" or: [E™ = MEE’ E,= al;n ~ O m ox - aqm a—rn‘e > o B, = aqm _171
or ar gg™ or ’ ag"™ dg"  dq dq" 9q dq
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Contravariant vectors E™ versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

_ _ _ry/mgp _ 77 Tnh _ _ n_ ymy _ ir oh
U—U’"Em—UnE“—UmEIﬁ—UﬁEIl V—VmEm—VnE—VmEm—VﬁE
where the Um, Vm, .. are contravariant components and the Un , Vn,..are covariant components

U™ =UE™, V" =V.E™, and U" =U-E™, " =V.E™,, U =UE_, V,=V-E_, and U_=U-E_, etc

Normal space (Contravariant) Tangent space (Covariant)

\/g 00 Fig. 3.3.2
Contravariant vector geometry
in a normal space .
]

Fig. 3.3.1
Covariant vector geometry
in a tangent space ( Eg,Eg ).

. 1 2 . . .
Contravariant vector E" for frame {61 .q ,--_-}1s_wr1tten in:terms of
new vectors E” for a new "barred" frame {6 SRR

using a “chain-saw-sum rule”.... ...and: the same for covariant vectorsE_ and E_
_ —m —m
E™ = 9q” = 9q” = 9q" 9g” or: [E™ = MEE’ ST E,= al;n ~ O m ox - aqm a—rm > o B, = aqm _‘71
or or aan—a o aq—n_fz 1mphes:aqm - dq dq dq” 9q dq
i =—=V" implies: gz
aq Vm — LV%
g™
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Contravariant vectors E™ versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

U=UmEm=UnE“=UmEIﬁ=UﬁEn V=VmEm=VnE“=I/’”Em=VﬁEn
where the Um, Vm, .. are contravariant components and the Un , Vn,..are covariant components
U™ =UE™, V" =V.E™, and U" =U-E™, " =V.E™,, U =UE_, V,=V-E_, and U_=U-E_, etc

Normal space (Contravariant) 7
\/gq) Fig. 3.3.2
Contravariant vector geometry
A in a normal space .
¢

. 1 2 . . .
Contravariant vector E" for frame {q .q ,--_-}1s_wr1tten in:terms of
new vectors E” for a new "barred" frame {6 SRR

Tangent space (Covariant)

Fig. 3.3.1
Covariant vector geometry
in a tangent space ( Eg,Eg ).

using a “chain-saw-sum rule’.... ...and: the same for covariant vectorsE_ and E_
- i _in
Em = aqm = aqm = aqm agm or: Em = —aqm E™ Em B aal’.n - a m ar - gqm aarﬁ o Em i} 3q—m_ﬁ1
or oar gg™ or gm  [mpliesiy m q q g 9q q
g dq P % i
Dirac notation equivalents: J9q Dirac notation equivalents:
(m|=(m|-1=(m|- Y |m)(m| =Y (mlm)(in| implies: (n¥)= 3 il (i w) |m)=1-|m)="Y|m){iml|m)=" {in|m)|n)

m m
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Geometric and topological properties of GCC transformations (Mostly from Unit 3.)
Multivalued functionality and connections
Covariant and contravariant relations
langent space vs. Normal space
- \[ciric gmn tensor geometric relations to length, area, and volume
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Metric tensor g covariant (and contravariant) metric components gmn (and gmn )

gmn :Em .En :gnm ? gmn :Em .En:gnm )
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Metric tensor g covariant (and contravariant) metric components gmn (and gmn )
_ _ mn _ ypm n__nm
gﬁn_]%n.En_gﬁn’ g =Lk ek =g '

"Mixed" covariant-contravariant metric components

0 iftm#n

gn=E, oE" =g =E eE"=5 =1 " "7
1 ftm=n

m Caution: O, is &, and not 5”1" in GCC.
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Metric tensor g covariant (and contravariant) metric components gmn (and gmn )
_ _ mn _ ypm n__nm
gﬁn_]%n.En_gﬁn’ g =Lk ek =g '

"Mixed" covariant-contravariant metric components

0 iftm#n

gn=E, oE" =g =E eE"=5 =1 " "7
1 ftm=n

m Caution: O, is &, and not 5”1" in GCC.

Metric coefficients express covariant unitary vectors in terms of contras and vice-versa

Em — gmnEn , Em — gmnE

n .
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Metric tensor g covariant (and contravariant) metric components gmn (and gmn )
_ _ mn _ ypm n__nm
gﬁn_]%n.En_gﬁn’ g =Lk ek =g '

"Mixed" covariant-contravariant metric components

0 iftm#n

gn=E, oE" =g =E eE"=5 =1 " "7
1 ftm=n

m Caution: O, is &, and not 5”1" in GCC.

Metric coefficients express covariant unitary vectors in terms of contras and vice-versa

Em — gmnEn , Em — gmnE

Co-and-Contra vector and tensor components are related by g-transformation. (So are g’s themselves.)

n .

’

V =gmnVn, yht=g"y "™ =gmngm,n,Tnn, , etc.

m
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Metric tensor g covariant (and contravariant) metric components gmn (and gmn )
_ _ mn _ ypm n__nm
gmn_Em.En Eum > 8 =Lk ek =g '

"Mixed" covariant-contravariant metric components

0 iftm#n

. Caution: O, is &umandnot &™ in GCC.
1 if:m=n &

m

g’ =E_eE" Ing:EmOEHZQ’;:{

Metric coefficients express covariant unitary vectors in terms of contras and vice-versa

Em — gmnEn , Em — gmnE

Co-and-Contra vector and tensor components are related by g-transformation. (So are g’s themselves.)

n .

’

. n m _ _mn mm’ _  _mn_m'n’
V., =g,V , Vi =gV , I =g7g "V _,, et

Diagonal square roots \/gmm are the lengths of the covariant unitary vectors. |[E_ |= \/Em oE = / g,
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tangent space area spanned by VIE] and V2E)

Area(VlE ,V2E2) =V'V2E, xEy|= V72 [(E, XE, ) (E, xE,)

Area(VlEl,VzEz) =12 (E, oE,)(E, o, )~ (E, o E,)(E, *E,)

12 1,2 811 &12
=V \/gngzz — 81281, =V V7, |det
821 &2
3D Jacobian determinant J-columns are E1, E2 and E3.
o' ozt Or'
dq" 9¢* 8¢’
2 2 2
Volume(VlEl,V2E2,V3E3) S vl Ve Ve ‘E1 <E, o E | = V'V*V* det oz 0Oz° Ox
d¢' 98¢ 0¢°
oz® 0x° 0z’
8(]1 an aq3
ox' 0z 0x° ort o' O
dq¢" 0q ¢ aq¢" 0¢° 0¢°
gll gl? 913 1 9 3 ) ) )
or 0zx° Oz ox® 0z Ox .
9o 9o Y3 |~ 2 2 > | ® ; > - |=J eJ
¢ 90q° Oq ¢ 0q¢° Oq
931 Y93 Y3y o 9 o7 9 ot o
d¢’ 9¢" 9q¢’ d¢" ¢ 9’

Determinant product (det|4| det|B| = det|A*B|) and symmetry (det|A1| = det|4|) gives

Volume(V'E,,V*E,,V'E, | = V'V*V" det|J| = V'V*V* |det|g|
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