Equations of Lagrange and Hamilton mechanics

in GeneralizedCurvilinear Coordinates (GCC)
(Ch. 12 of Unit 1 and Ch. 1-5 of Unit 2 and Ch. 1-5 of Unit 3)
Quick Review of Lagrange Relations in Lectures §8-9

Using differential chain-rules for coordinate transformations
Polar coordinate example of Generalized Curvilinear Coordinates (GCC)
Getting the GCC ready for mechanics: Generalized velocity and Jacobian Lemma 1
Getting the GCC ready for mechanics: Generalized acceleration and Lemma 2

How to say Newton's “F=ma’” in Generalized Curvilinear Coords.

Use Cartesian KE quadratic form KE=T=1/2veMev and F=Mea to get GCC force
Lagrange GCC trickery gives Lagrange force equations
Lagrange GCC trickery gives Lagrange potential equations (Lagrange I and 2)

GCC Cells, base vectors, and metric tensors
Polar coordinate examples: Covariant E,, vs. Contravariant E™
Covariant gmn vs. Invariant 6," vs. Contravariant g""
Lagrange prefers Covariant gm, with Contravariant velocity
GCC Lagrangian definition

GCC “canonical” momentum pm definition

GCC “canonical”  force Fy definition
Coriolis “fictitious” forces (... and weather effects)
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Quick Review of Lagrange Relations in Lectures 9-10
=y (" and I*' equations of Lagrange and Hamilton

Wednesday, September 23, 2015



Quick Review of Lagrange Relations in Lectures 9-10

0" and 15" equations of Lagrange and Hamilton

Starts out with simple demands for explicit-dependence, “loyalty” or ‘‘fealty to the colors”

Lagrangian and Estrangian Hamiltonian and Estrangian Lagrangian and Hamiltonian
have no explicit dependence have no explicit dependence have no explicit dependence
on momentum p on velocity v On speedinum V

9L _=9F o _n29E L _g291

dp,  Op, dv, v, ov, a9V,

Such non-dependencies hold in spite of “under-the-table” matrix and partial-differential connections

-1
V. L= gs = aav M 1\2/[ M V H=v= %II;I = aap P N; P (Forget Estrangian for now)
:M’V:p :M_lop:V
L a1/
v, | om 0 vi | | o~ G_pl ~ m; Lo noll v
a_L 1o m, %) B 2) a_H B 0 m2—1 P ) V2
” " p. 25 of
Lagranges 1" equation(s) Hamilton's 15" equation(s)
Lecture 9
oL _ . 9L_ o _ o 9
R R M op, kT op
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Unit 1 D. 270f

Fig. 12.2
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Unit 1

Fig.

( ) Lagrangian plot
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Using differential chain-rules for coordinate transformations

=P 0lar coordinate example of Generalized Curvilinear Coordinates (GCC)
Getting the GCC ready for mechanics: Generalized velocity and Jacobian Lemma [
Getting the GCC ready for mechanics: Generalized acceleration and Lemma 2
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Using differential chaz’n—rules*for coordinate transformations

A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space
for example: polar coordinates 3 3

df (x,y) = g—ﬁdx + ?)—jyfdy r’(x,y)= x’+y° and e(x,y)=atan2(y,x) dr(x,y)= a—xdx + B_ydy
dg(x,y)= a—gdx + a—gdy ( Not in text. Recall Lecture 9 p. 15-19)7 dO(x,y)= a—edx + a—edy

ox dy ox dy
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Using differential chain- rules’ for coordinate transformations
A pair of 2-variable functions f(x,v) and g(x,y) can define a coordinate system on (x,y)-space

f f for example: polar coordinates 3 3
df (x,y)= dx +— S r’(x,y)= x’+y° and e(x,y)=atan2(y,x) dr(x,y)= a—dx + a—dy
y X Y
dg(x,y) = 3—dx + 38 dy ( Not in text. Recall Lecture 9 p. 15-19)F dO(x,y) = 3—9dx + g—edy
A Y X Y
Easy to invert differential chain relations (even if functions are not easily inverted)
dx ay _ dx = a—xdr + %dG
dr=azdf +5 dg x=reosd or 00
dy ay ymrsing dy = 9y —dr +— 9y —db
dy=Sodf +52d o " 90
g ox Odx

dx | _ r 90 dr |_[ cos@® -rsinf dr
dy dy dy do sin@ rcos0 do

Jdr 96
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Using differential chain- rules’ for coordinate transformations
A pair of 2-variable functions f(x,v) and g(x,y) can define a coordinate system on (x,y)-space

for example: polar coordinates
f f or or
df (x,y)= dx +— r’(x,y)= x’+y° and e(x,y)=atan2(y,x) dr(x,y)=—dx+—dy
By ox dy
dg(x,y) = a—dx + ag dy ( Not in text. Recall Lecture 9 p. 15-19)F dO(x,y) = a—edx + a—edy
ox dy 0x dy
Easy to invert differential chain relations (even if functions are not easily inverted)
dx ay _ dx = a—xdr + %dG
dr=azdf +5 dg x=reosd or 00
9 e Dy, yerene dy=2ar+ 2 4
dy=—=df += or" " 90
af g ox Odx
dx | ar 0 dr | | cos@ —rsinf dr
dy | dy dy do | | sin® rcos6 do
or 060

NOfCltiOl’lfO?' dzﬁerential GCC (Generalized Curvilinear Coordinates {¢’, ¢°, ¢°,...})

dx] — ax d q 2 ax d m Deﬁnlng a Shorthand What does “q” stand for?
dummy-lndeX 7-Sum One guess: “Queer”
aq m=1 aq And they do get pretty queer!

These ¥/ are plain old CC (Cartesian Coordinates {dx/=dx, dx’=dy, dx’=dx, dx?=dt} )
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Using differential chain- rules’ for coordinate transformations
A pair of 2-variable functions f(x,v) and g(x,y) can define a coordinate system on (x,y)-space

for example: polar coordinates
f f or or
df (x,y)= dx +— r’(x,y)= x’+y° and e(x,y)=atan2(y,x) dr(x,y)=—dx+—dy
By ox dy
dg(x,y)= a—dx + ag —dy ( Not in text. Recall Lecture 9 p. 15-19)7 dO(x,y)= a—edx + a—edy
ox dy 0x dy
Easy to invert differential chain relations (even if functions are not easily inverted)
dx ay _ dx = a—xdr + %dG
dr=azdf +5 dg x=reosd or 00
0 By y=rsing dy = ayd + ade
dy=—=df += or" " 90
af g ox Odx
dx | ar 0 dr | | cos@ —rsinf dr
dy | dy dy do | | sin® rcos6 do
or 060

NOfCZtiOI’lfO?‘ dzﬁerential GCC (Generalized Curvilinear Coordinates {¢’, ¢°, ¢°,...})

What does “g” stand for?
One guess: “Queer”
And they do get pretty queer!

J_ dx’ da’" g ax dg m {Deﬁningashorthand}

7 ; q \ 194" dummy-index 72-sum

Connection lines may help to indicate summation (OK on scratch paper...Difficult in text)

These ¥/ are plain old CC (Cartesian Coordinates {dx/=dx, dx’=dy, dx’=dx, dx?=dt} )
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Using differential chain-rules for coordinate transformations

Polar coordinate example of Generalized Curvilinear Coordinates (GCC)
=P Getting the GCC ready for mechanics: Generalized velocity and Jacobian Lemma I
Getting the GCC ready for mechanics: Generalized acceleration and Lemma 2

Wednesday, September 23, 2015
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Getting the GCC ready for mechanics:

Generalized velocity relation follows from GCC chain rule| dx’ = a—mdqm
q
Same kind of linear relation exists between CC velocity v/=x/ s% and GCC velocity v"=4¢" EZL
t
N/
x/ = —xm g"
dq
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Getting the GCC ready for mechanics:

Generalized velocity relation follows from GCC chain rule

Same kind of linear relation exists between CC velocity v/=x/ ~™ and GCC velocity v"'=g"

This is a key “lemma-1"" for setting up mechanics:

Wednesday, September 23, 2015

dt .
o/
x]:Lq'm
ag""

or.

_dq"”

~di

ox/  ox/

93" g™

lemma-1
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Getting the GCC ready for mechanics:

dx/
Generalized velocity relation follows from GCC chain rule| dx’ = aimdqm
q
Same kind of linear relation exists between CC velocity v/=x/ s% and GCC velocity v"=¢" EZL
t
. ox”’ i ox’ B ox’ I
This is a key “lemma-1"" for setting up mechanics: og™" or: | 9¢™ 9g™

Jacobian J,/ matrix gives each CCC differential dx’ or velocity x’ in terms of GCC dg¢" or ¢".

ox
or
dy
or

Recall polar coordinate
transformation matrix:

dx” _ ox/ Defining Jacobian
" B 3" matrix component
q q

J/) =

Wednesday, September 23, 2015
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Getting the GCC ready for mechanics:

Generalized velocity relation follows from GCC chain rule

Same kind of linear relation exists between CC velocity v/=x/ ~™ and GCC velocity v"'=¢" =

This is a key “lemma-1"" for setting up mechanics:

Jacobian J,/ matrix gives each CCC differential dx’ or velocity x’ in terms of GCC dgq"

o/
dg""  dg™

Defining Jacobian
matrix component

Jj=8xj

m

| |

. J
dx’ = aidqm
g™
dq”
dt . . o dt
: J -] J
x] — anm Jx — ox lemma-1
or 4"

Recall polar coordinate
transformation matrix:

Inverse (so-called) Kajobian K/ matrix is flipped partial derivatives of .J,/.

o/ ox/

Defining
(inverse to Jacobian)

m __
K;

| |

Polar coordinate inverse

transformation matrix:

ox
or
dy
or

ox

% =
o

20

or

dx
00

dx

rcos@ rsin@
3 —sin@ cos@ [

dx
or
dy
or

det/=r)

cosf@ -—rsinf
sin@ rcosO

cos@
sin@ cos@

r

|

sin@

r

|

Defining 2x2 matrix inverse: (always test inverse matrices!,

Wednesday, September 23, 2015

D -B
B B L -C A
D |  AD-BC
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Getting the GCC ready for mechanics:

ox/

Generalized velocity relation follows from GCC chain rule| dx’ = a—mdqm
q
Same kind of linear relation exists between CC velocity v/=x/ s% and GCC velocity v"=4¢" EZL
t
. ox”’ i ox’ B ox’ I
This is a key “lemma-1"" for setting up mechanics: og™" or: | 9¢™ 9g™

Jacobian J,/ matrix gives each CCC differential dx’ or velocity x’ in terms of GCC dg¢" or ¢".

. ] ] . . dx dx
JJ = 0x _ 0x Deﬁr}mg Jacobian Recall polar coordinate | 3 36 :[ cos0 —rsin@]
m 2" g™ matrix component transformation matrix: | 9 9y sing  reosd
q q or 90
. . . . . . . . A ox B o or
Inverse (so-called) Kajobian K" matrix 1s flipped partial derivatives of .J,/. o s | | o
W Iy | | 0 00
KM= aqm aqm {Deﬁning } Polar coordinate inverse \ 9r 90 dx dy
;= . . 1 1 4 1 trix: rcos@® rsin
J Y, (inverse to Jacobian) ransformation matrix ( _Smg o g j cosh  sind
= et/ =1) =| _sinf@ cos6
Defining 2x2 matrix inverse: (always test inverse matrices!,
1 ( D -B j D -B
A B )| _\-C A ) | AD-BC AD-BC
C D AD - BC —C A
AD—-BC AD-BC

A B D -B |_| AD-BC 0
C D -C A 0 AD - BC

Wednesday, September 23, 2015 16



Getting the GCC ready for mechanics:

Generalized velocity relation follows from GCC chain rule

)
Same kind of linear relation exists between CC velocity v/=x/ _Z’T and GCC velocity v"=4¢"

This is a key “lemma-1" for setting up mechanics.

x]

prea
—q
dg""

or.

_dg"
dt

ox/

B ox’

g™

— >

lemma-1

Jacobian J,/ matrix gives each CCC differential dx’ or velocity x’ in terms of GCC dg” or ¢".

Recall polar coordinate

JJ = dx/ _ di”’ {Deﬁning Jacobian}

B ax
Jr 90 _| cos® -—rsin®
dy 9y sin@  rcos6

NN . M matrix component transformation matrix.:
aq aq f or 90
. . . o . . o o . ax ax - ar ar
Inverse (so-called) Kajobian K" matrix 1s flipped partial derivatives of .J,/. % |5
m - d | | 00 09
KM = dg" _ dq Defining or d6 dx dy
j - ., - Vi (inverse to Jacobian) (rcos@ rsin@j
X X

—sin@ cosfO cos®  sin6
= et =1) = sin 6 cosO
r

Product of matrix J,/ and K" is a unit matrix by definition of partial derivatives(@/ways test inverse marices!

cos@ sinf
cosQ —rsm9
sin@ cos@
a m 1 sinf rcos@ { J
_9q9 §" =
n .
dq" 0 if m#n

Km_Janqm.axf if m=n

O 2 aq"

10
01
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Using differential chain-rules for coordinate transformations

Polar coordinate example of Generalized Curvilinear Coordinates (GCC)
Getting the GCC ready for mechanics: Generalized velocity and Jacobian Lemma [
= Getting the GCC ready for mechanics: Generalized acceleration and Lemma 2

Wednesday, September 23, 2015
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Getting the GCC ready for mechanics (2 part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

d du dv

First apply E—; to velocity %’ and use product rule: — (u-v)=—"v+u-—

N ixj_d ox’ ., | d ox’ ,m+axf o
dt dt aqmq dt\ 9q" 1 aqmq

Wednesday, September 23, 2015
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Getting the GCC ready for mechanics (2 part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

First apply E—; to velocity %’ and use product rule: %(M'VF %'Hu'%
Lod o dox ., df ox ,m+axf -
dt dt\ dq dt\ dq dq

Apply derivative chain sum to Jacobian.

d{ox’ )\ 0 (dx)\dg" ([ 9°x’ \dq"
dt\ 9g" | 9q"\ dg" ) dt \ 9q"9q" ) di

Wednesday, September 23, 2015
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Getting the GCC ready for mechanics (2 part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

First apply gt to velocity %’ and use product rule: %(M'VF %'Hu'%
Lod o dox ., df ox ,m+axf o
dt dt\ dq dt\ dq dq

( Not in text. Recall Lecture 9 p. 15-19)7
Apply derivative chain sum to Jacobian. Partial derivatives are reversible. d d,=d d

d(ox’ )\ 0 (dx) \dg" (| 9°x) \dq" ([ 9°x’ \d¢" 9 (9x'dq"
dt\ 9g" | 9q"\ 9q¢" ) dt \9q"9q" ) dt \9q"dq" ) dt 9q"\ dq" dr

Wednesday, September 23, 2015 21



Getting the GCC ready for mechanics (2 part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

First apply E—; to velocity %’ and use product rule: %(M'VF %'Hu'%
Lod o dox ., df ox ,m+axf o
dt dt\ dq dt\ dq dq

( Not in text. Recall Lecture 9 p. 15-19)7
Apply derivative chain sum to Jacobian. Partial derivatives are reversible. d d,=d d

d{ox’ ) 9 (dx'\d¢" (| 9°x) \dq" [ 9°x’ \dq" 9 (9x’dq"
dt\ dq” ) dq"\ dqg" | dt dq" dq™ ) dt 09" dq" ) dt dq"\ dq" dt

0 .
By chain-rule def. of CC velocity: — (xj )

Wednesday, September 23, 2015 22



Getting the GCC ready for mechanics (2 part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

First apply E—; to velocity %’ and use product rule: %(M'VF %'VW'%
Lod o dox ., df ox ,m+axf o
dt dt\ dq dt\ dq dq

( Not in text. Recall Lecture 9 p. 15-19)7
Apply derivative chain sum to Jacobian. Partial derivatives are reversible. d,d,=d d,

d{ox’ ) 9 (dx'\d¢" (| 9°x) \dq" [ 9°x’ \dq" 9 (9x’dq"
dt\ dq" ) dq"\ dq" | dt dq" dq™ ) dt 09" dq" ) dt dq"\ dq" dt
. | d (.
By chain-rule def. of CC velocity: == (X] )
dq
This is the key “lemma-2" for
setting up Lagrangian mechanics .

d ( axj \ ax] lemma
— — 2

dt\ dg" ) 0q"

Wednesday, September 23, 2015 23



Getting the GCC ready for mechanics (2" part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

First apply E—; to velocity %’ and use product rule: %(M'VF %'Hu'%
Lod o dox ., df ox ,m+axf o
dt dt\ dq dt\ dq dq

( Not in text. Recall Lecture 9 p. 15-19)7
Apply derivative chain sum to Jacobian. Partial derivatives are reversible. d,d,=d d,

d{ox’ ) 9 (dx'\d¢" (| 9°x) \dq" [ 9°x’ \dq" 9 (9x’dq"
dt\ dq" ) dq"\ dq" | dt dq" dq™ ) dt 09" dq" ) dt dq"\ dq" dt

0 .
By chain-rule def. of CC velocity: = " (56] )
q
The “lemma-1" was in the GCC velocity This is the key “lemma-2" for
analysis just before this one for acceleration. setting up Lagrangian mechanics .

axj - axj lemma d ( axj \ . ax] lemma

og"  dg" di\ og" ) og"

Wednesday, September 23, 2015 24



How to say Newtons “F=ma " in Generalized Curvilinear Coords.

== [ /s¢ Cartesian KE quadratic form KE=T=1/2vsMev and F=M-a to get GCC force

Lagrange GCC trickery gives Lagrange force equations
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)

Wednesday, September 23, 2015
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Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

T = 1 M vk = 1 M I ik where: M are CC inertia constants

Multidimensional CC version of Newt-II (F=Me-a) using M constants

_ k Lk
fj—Mjka —Mjkx

Wednesday, September 23, 2015
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Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

=1 M sk =1 i /%% where: My are inertia constants that are symmetric: Mj=Mjy

Multidimensional CC version of Newt-11 (F=M-a) using Mjx constants
f M k a —

Multidimensional CC Vers1C)\A\c:f work—energy differential (d W= FedXx). Insert GCC differentials dqg™

ax] (It s time to bring in the queer g™ !)
dW = [ dx! =

Wednesday, September 23, 2015 27



Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)

Multidimensional CC version of kinetic energy %VOM-V

T=-M, vk = 1 i /3K where: My are inertia constants that are symmetric: Mu=My;

Multidimensional CC version of Newt-I1 (F=M-a) using Mjx constants
f k a =
Multidimensional CC VGI‘SIO\\(‘)f work—energy differential (d W= FedXx). Insert GCC differentials dqg™

ax] (It s time to bring in the queer g™ !)
dW = [ dx! =

dq" are independent so dg”’-sum 1s true term-by-term. (Still holds 1f all d¢”" are zero but one.)

. J J
dW = fidx’ = F,dq" = f, aidq o X

7 9q" dg"

Wednesday, September 23, 2015 28



Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

T = 1 M vk = 1 i I ik where: M are inertia constants
2

Multidimensional CC version of Newt-II (F=Me-a) using M constants
k .k
Multidimensional CC version of work-energy differential (dW= F«dx). Insert GCC differentials dg™

dx” (It s time to bring in the queer g™ !)

. J
dW = fdx’ = fj(aidqm]: My Xk[—dqm]
g g

dq" are independent so dg”’-sum 1s true term-by-term. (Still holds 1f all d¢”" are zero but one.)

| I/ o ox/ ox/ i 0x
dW = fjdx] — Fmdqm — f]aq—mdqm — Mjk xk a—qm dqm — FmeJ —aquMjkxk aqm

Wednesday, September 23, 2015
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Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

T = 1 M vk = 1 i I ik where: M are inertia constants
2

Multidimensional CC version of Newt-II (F=Me-a) using M constants
k .k

Multidimensional CC version of work-energy differential (dW= F«dx). Insert GCC differentials dg™

: J J (It s time to bring in the queer g™ !)
AW = f.dx/ = f.(aidqm]= M, xk[aidqm]
J J a m J a m
q q
dq" are independent so dg”’-sum 1s true term-by-term. (Still holds 1f all d¢”" are zero but one.)
: dx’ r Ox/ dx’ ;. Ox/
AW = f.dl =F dg" = f.>—dq" =M., i*—a)" = F =f =M. ¥
J m 7 ag™ Jk 9" " 9y Jjk 9"
Here generalized GCC force component F, 1s defined:
dx’ & Ox/
where: F,_ = ST jkxk—
dg"" dg""

Wednesday, September 23, 2015 30



How to say Newtons “F=ma " in Generalized Curvilinear Coords.

Use Cartesian KE quadratic form KE=T=1/2veMev and F=Mea to get GCC force

= | qgrange GCC trickery gives Lagrange force equations
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)

Wednesday, September 23, 2015
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Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

J

Lagranges clever end game: First set A= M, i* and B= aaim with calc. formula:
q

F =

m

: = X —
J aqm Jk aqm dt

j (48
s o

Wednesday, September 23, 2015
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AB

ox/

.1 X
Tk d

e d\(

g

J

|

ip=4
dt

(AB)—AB}
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Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

’ . ) J . . d /. ..
Lagrange's clever end game: Firstset A=M #* and B="- with calc. formula: {AB =—(4B)- AB }

aq dt
Yy AB
ox’ /kng d A/8x ‘k/c}‘ dx/
Fp=fy =My ¥ =n= o My 0 - M m
dg dg dt dg dt dg

Cartesian My
must be constant
for this to work

(Bye, relativistic mechanics or QM!)

Wednesday, September 23, 2015



Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

’ . ) J . . d /. ..
Lagrange's clever end game: Firstset A=M #* and B="- with calc. formula: {AB =—(4B)- AB }

aq dt
A AB
ox’ /kng d A/8x ‘k/ c> ( dx/
Fm—fj—z ik X = kx —— Mjkx
dg"" dg"" dt dg"" dt \aqm

Then convert dx’ to o’ by Lemmal|l  and Lemmal2 on 2™ term.

Cartesian Mk \ 2 \
d ox/ dx’
must l?e constant F =% kxk sl Y 'kxk X
for this to work mdt 5™ J 9a""
(Bye, Bye relativistic mechanics or QM) q 6]
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Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

’ . ) J . . d /. ..
Lagrange's clever end game: Firstset A=M #* and B= L with calc. formula: {AB = E(AB)_ AB }

AQ AB

ox’ /k ox/  d L/Gx ‘k/ c}‘ ( dx/

Fm_fJ m jkx m:dt ka m Mjkx dt m
dq dq dq 99

Then convert dx’ to o’ by Lemmal|l  and Lemmal2 on 2™ term.

Cartesian My \ 2 \ 2
d ox’ ox’
Jizwstth l?etconstalcrzt F = _( Mjkxk xm ]_ Mjkxk ( xm ]
e ettt di dq dq
S. lf . . aV a vlv - m m
implity using: | A v —:MU— where ¢ may be ¢ or g
dq dqg 2

k. j k. j
F :d J Mjkx x7/ B Mjkx x/
" dt 9q"" 2 dg"" 2
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Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

dt

’ . ) J . . d /. ..
Lagrange's clever end game: Firstset A=M #* and B= L with calc. formula: {AB =—-(4B)- 4B }

AR 2N
ox’ /k ox/  d L/Gx ,‘k/d ( dx/
Fm: J m_ ka m:dt ka —m Mjkx dt m
dq dq dq 99
Then convert dx’ to o’ by Lemmal|l  and Lemmal2 on 2™ term.
a5/ a5/
szi L e T
dt 95" dg""

oV’ o v/

Simplify using: [ My —=M, —

dq g 2

F =

m

dt 9" 2

d o [ Mjkxkx]

.]_

} where ¢ may be ¢” or ¢

m

g 2

o | Mt
m

The result 1s Lagrange’s GCC force equation in terms of kinetic energy T = %M i il i
e _d AT T d 3T ar
m . — or.: — —
dt 95 g dt dv  dr

Wednesday, September 23, 2015
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How to say Newtons “F=ma " in Generalized Curvilinear Coords.

Use Cartesian KE quadratic form KE=T=1/2veMev and F=Mea to get GCC force

Lagrange GCC trickery gives Lagrange force equations
= Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)

Wednesday, September 23, 2015
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But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)

If the force is conservative it’s a gradient F =-VU In GCC: F
o __0U _dar _or
== _

Wednesday, September 23, 2015
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But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)

. . . . aU
If the force is conservative it’s a gradient F =-VU In GCC: F =-— -
q
o __0U _dar _or
L =— _

Becomes Lagrange's GCC potential equation with a new definition for the Lagrangian: L=T-U.

d oL JdL
O: _ L-m,m:T-m,m_U m
d 9™ g™ (¢7.q7)=1(¢",q7)-Ulg")
o | U U(r) has
This trick requires: — = NO explicit
1 velocity
dependence!
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But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)

. . . . aU
If the force is conservative it’s a gradient F =-VU In GCC: F =-— -
q
o __0U _dar _or
L =— _

Becomes Lagrange's GCC potential equation with a new definition for the Lagrangian: L=T-U.

d oL oL : .m .m m
0= "~ L(q".,q")=T(q",q")-U(q"™)
19¢™  dq
o U
This trick requires: — = NO explicit
1 velocity
dependence!
Lagml?geis It GCC equation 4oL oL Lagrange’s 2@ GCC equation
(Defining GCC momentum) 94" og™ (Change of GCC momentum)
m - M Recall - dt = Pm = m
g L dq
~ oV
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GCC Cells, base vectors, and metric tensors
wp Polar coordinate examples: Covariant En vs. Contravariant E™
Covariant gmn vs. Invariant 0" vs. Contravariant g™

Wednesday, September 23, 2015
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A dual set of quasi-unit vectors show up in Jacobian J and Kajobian K.
J-Columns are covariant vectors{E,=E, E,=E}

K-Rows are contravariant vectors {E'=E E’=E’}

(.1 1)
0 0 ( ) ( A
xl xz a_x:COS¢ QZ—VSiIl(P i=Cos¢ % sing |« E’ =
<J>: 8q aq _ Br a¢ <K>:<J_1>: ax a_)/
ox*  ox?  _ sing y rcos o 0p —sing 9P cos@
- - = «—E’=E’
\d¢'  9g° o Jf / | Ox r dy ro)
TE, TE, TE 1 E, Inverse polar definition:

Derived from polar definition: x=r cos ¢ and y=r sin ¢

(2) Polar coordinate bases

N

o~

= | r

Wednesday, September 23, 2015

g
W%

N

4

¢

/
r

r’=x*ty? and ¢ =atan2(y,x)

NOTE:These
are 2D drawings!
No 3D perspective

Unit 1
Fig. 12.10
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A dual set of quasi-unit vectors show up in Jacobian J and Kajobian K.
K-Rows are contravariant vectors {E'=E E’=E’}

J-Columns are covariant vectors{E,=E, E,=E}

(axl ! ) (ax ox . )
< > o' og° gzcosqj 3_¢:_rsm¢
J) =
2 2
ox ox a_y:Sinq) a—yZFCOS(b
kaql aq2 ) \ or ad) J
TE, TE, TE TE,

Derived from polar definition: x=r cos ¢ and y=r sin ¢

(2) Polar coordinate bases

N

o~

Wednesday, September 23, 2015

g
W%

\\\
.
=

4

/
r

¢

K, (C) Contravar
(Normal)

( )
?=cos¢ g_r sing |« E =E'
-1 X i
<K> ] <J > - d0p —sing d¢ cos@
— R = g2
\ Ox dy A

Inverse polar definition:

(1angent)

dq'=1.0

1ant bases {E' E?}
F \F=F,E'+F,E

g'=100

(b) Covariant bases {E E,}
dr=E dq'+E.dg’

E,

r’=x*ty? and ¢ =atan2(y,x)

NOTE:These
are 2D drawings!
No 3D perspective

Unit 1
Fig. 12.10
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Comparison: Covariant E,=

or

dgq™
geometric unit

Covariant bases {E, E,} match,cell walls
(Tangent)

Ar=E Aq'+E,Aqg’

Wednesday, September 23, 2015

vs. Contravariant E'=

or

is based on chain rule: dr :qul_k
q

or

g

g™

— V"
or 1

dq2 =E1dq1+E2a,’q2

NOTE:These
are 2D drawings!
No 3D perspective
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or

dq"
geometric unit

Covariant bases {E, E,} match,cell walls

(Tangent) Ar :ElAql ‘|‘E2Aq2 is based on chain rule: dr Z% dq'+
q

Comparison: Covariant E,=

since only gq! varies in

Wednesday, September 23, 2015

vs. Contravariant E'=

g™
_ V"
or 1
idcf=Eldcf+Equz

g

aq'

E; follows tangent to g°=const. ...

while ¢°, ¢°,... remain constant

NOTE:These
are 2D drawings!
No 3D perspective
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: : d - dg"”
Compamson: Covariant E,= aqrm vs. Contravariant e'= aqr =Vq"
‘ geometric unit
Covariant bases {E, E,} match,cell walls
(Tangent) Ar:ElAql ‘|‘E2Aq2 is based on chain rule: dr z% dql+% dg’=E.dq'+E,dq’
q q

E; follows tangent to g°=const. ...
since only gq! varies in P
while q2, remain constant

E, are convenient bases for extensive quantities like distance and velocity.

V=V'E +VE, = V'L 4290
dq dq

NOTE:These
are 2D drawings!
No 3D perspective
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0 . 3"
geometric unit

Covariant bases {E, E,} match,cell walls

(Tangent) Ar :ElAql ‘|‘E2Aq2 is based on chain rule: dr :aa—qu a’q'1+aa—qr2 dq’ :Eldq1+E2dq2

Comparison: Covariant E,=

E; follows tangent to g°=const. ...
since only gq! varies in

aq'
while q2, remain cozgzstant
E, are convenient bases for extensive quantities like distance and velocity.
V=V'E,+VE,=v' 2L 429
dg.  Jq
Contravariant {E' E?} match reciprocal cells
(Narma]) NOTE:These
8q2 i are 2D drawings!
I =Vgq =E2\ No 3D perspective

. . dq'

E’ is normal to q'=const. since E)j]c
gradient of q'is vector sum Vq' = i
of all its partial derivatives aq
y
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or

: : : da™
Compamson: Covariant E,= " vs. Contravariant e'= aqr =Vq"
‘ geometric unit
Covariant bases {E, E,} match,cell walls
(Tangent) Ar:ElAql ‘|‘E2Aq2 is based on chain rule: dr z% dql+% dg’=E.dq'+E,dq’
q q

E; follows tangent to g°=const. ...

: I varies in 2%
since only q' varies in 7 ;

while q2, remain constant
E, are convenient bases for extensive quantities like distance and velocity.
V=VE +VE, =V 11290
dg.  Jq
Contravariant {E' E?} match reciprocal cells
(Normal) NOTE:dThese
0g” — 1 2 are 2D drawings!
a?‘ =Vq’ :E2\ /F K F] E —I_FZ E No 3D perspective
{
Bl ] ;o . dg'
_v, is normal to q'=const. since 5

. 7 | X

gradient of g'is vector sum Vq' = o

. . . . q

=200 of all its partial derivatives 3y

E" are convenient bases for intensive quantities like force and momentum.

aql aqz 1 2
EJFFZEZEVC] +EVq
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: : 0 : dq"
COWlpClVZSOFZ.' Covariant E,= 8;’" vs. Contravariant = 6)61]' =Vq"
. geometric unit
Covariant bases {E, E,} match,cell walls
(Tangeny) Ar:ElAql ‘|‘E2Aq2 is based on chain rule: dr :a—r1 dq1+a—rdq2 =E,dq'+E,dg’

dq dq”

E; follows tangent to g°=const. ...
since only q! varies in

9q'
while ¢°, ¢°,... remain cozzstant
E, are convenient bases for extensive quantities like distance and velocity. Co-Contra dot
VoVE, +VE, =V 420 products E,- £ are
dg  dq
, , orthonormal:
Contravariant {E' E?} match reciprocal cells S
(Normal) E =T %4 _5"
d : — 1 2 m m m
7oy FO\FFESFE 0q" or
{
I ; : dq'
_vy, E' is normal to q'=const. since "
gradient of q'is vector sum Vq' = i
. . . . q
=200 of all its partial derivatives 3

E" are convenient bases for intensive quantities like force and momentum.

Y,

F=FE' +FEE’ =F . +Fz¥:Fqu1+Fqu2
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GCC Cells, base vectors, and metric tensors
Polar coordinate examples: Covariant E,, vs. Contravariant E™

— Covariant gmn vs. Invariant 0" vs. Contravariant g™

Wednesday, September 23, 2015
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Covariant gmn  VS.

E O - or ’ or

Egmn

Covariant
metric tensor

Emn

Wednesday, September 23, 2015

Invariant 8,"  vs.

E .E'= Jar dg =5"
dq" oJr
Invariant

Kroneker unit tensor

-

1 ifm=n

0O ifm#n

Contravariant g™

Jdq" dq" _ .,

E"E" = =
Jr or 5

Contravariant
metric tensor

gmn
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Covariant gmn ~ vs. Invariant 8" vs. Contravariant g""

al‘ ar n m n
Em.En: m‘ . Egmn Em°En: arm.aq :5:1 Em.En:aq .aq Egmn
dg" dq dg" or or or
Covariant Invariant Contravariant
metric tensor Kroneker unit tensor metric tensor
Emn - g
1 ifm=n
5:15 3 4
0O ifm#n
Polar coordinate examples (again):
[~ 1 1)
d %) ( A ( A
xl xz a—x:cosqb a—xz—rsin¢ i=<:os¢ ﬁ:sinq) «—E =FE'
<J>= aq aq _ or 8¢ <K>=<J_1>= 0x ay
2 2 dp —si 0
ox®  ox a—yzsimp a_y:,,COw ka(b: sin ¢ a¢:COS¢ B9 = g2
9t a2 ) \ or ¢ ) X r y r )
TE, TE, TE, TE,
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Covariant gmn ~ vs. Invariant s, vs. Contravariant g""
Jr or ar dq" dg” 0q"
Em.En: m‘ . Egmn Em°En: m‘ q :5:1 Em.En: q o q Egmn
dg" dq dg" or or or
Covariant Invariant Contravariant
metric tensor Kroneker unit tensor metric tensor
Emn - g
1 ifm=n
5:15 3 4
0O ifm#n
Polar coordinate examples (again):

[~ 1 1)

d %) ( A ( A

xl xz a—x:cosqb a—xz—rsin¢ i=<:os¢ ﬁ:sinq) «E =E
<J>= aq aq _ or 8¢ <K>=<J_1>= 0x ay
2 2 dp —si 0

dx~  Ox g—yzsimp g_y:mow kaf: s;n¢ a¢200:¢  E° = g2
L aql an ) \ Or ) Y J

TE, TE, TE, TE,

Covariant gmn Invariant 6" Contravariant g""

grr grq) . Er ¢ Er Er ¢ E¢ 6:
Eor 8o E,-E, E,-E, o,

o ?)

Wednesday, September 23, 2015

5’ E.E E.E’ §" & |_[ EE EE
5¢¢ - E, E’ E¢.E¢ g” g% E’«E E’.E’

{5 1) {21
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Lagrange prefers Covariant gm, with Contravariant velocity ¢

GCC Lagrangian definition
GCC “canonical” momentum pn, definition
GCC “canonical”  force Fy definition
Coriolis “fictitious” forces (... and weather effects)

Wednesday, September 23, 2015
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian L=KE-U is supposed to be explicit function of velocity.
L(V)=;Mvev—U = ;Mi+r—U = ;M (E, ¢")(E, ¢)-U=7M(g,,q"¢")-U=L(q)

Wednesday, September 23, 2015
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Lagrange prefers Covariant gmn with Contravariant velocity
Lagrangian KE-U is supposed to be explicit function of velocity.

L(V)=;Mvev—U = ;Mi+r—U = ;M (E, ¢")(E, ¢)-U=7M(g,,q"¢")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) | &, & E <E, E E,
Eor oo E,-E, K, -E,

Wednesday, September 23, 2015

1
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0
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r

Wednesday, September 23, 2015
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Lagrange prefers Covariant gm, with Contravariant velocity ¢

GCC Lagrangian definition
)y GCC “canonical” momentum pm definition
GCC “canonical”  force Fy definition
Coriolis “fictitious” forces (... and weather effects)

Wednesday, September 23, 2015
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r

(From preceding page)

Wednesday, September 23, 2015
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) { g,
gq)r

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising,
p, = s =Mg r=Mr radial momentum p, has the
r usual linear M-v form
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=sMvev—U = ;Mii-U = ;M(E _¢")E ¢")-U=;M(g,¢"¢")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) { g,
gq)r

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.
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Lagrange prefers Covariant gm, with Contravariant velocity ¢

GCC Lagrangian definition
GCC “canonical” momentum pn, definition
=3 GCC “canonical”  force Fun definition

Coriolis “fictitious” forces (... and weather effects)

Wednesday, September 23, 2015
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=sMvev—U = ;Mii-U = ;M(E _¢")E ¢")-U=;M(g,¢"¢")-U=L(q)

Use polar coordinate_Covariant gmn metric (page 53) { g,
gq)r

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.

(From preceding page)
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.

2" [ -equation involves total time derivative pm for each momentum pm:

. _dJdL M ag¢¢ 5 dU ., U Centrifugal _ 8_L _ O—a—U Angular momentum py is conserved if
Pr= or 2 or v - E =Mro’- E force Mro? Ps o) 0  potential U has no explicit §-dependence
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.

2" [ -equation involves total time derivative pm for each momentum pm:

. _dJdL M ag¢¢ 5 dU ., U Centrifugal . 8_L —0- a_U Angular momentum py is conserved if
pr= o 2 or 0" - 3 Mro™— S force Mro* Ps l0) 0  potential U has no explicit ¢-dependence
C e : . _d d o . v : o :
Find pm directly from I’ L-equation: p, = % = M8,,q")=M8,,q"+8,,4") Equate it to P,in 2" L-equation:
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Lagrange prefers Covariant gm, with Contravariant velocity ¢

GCC Lagrangian definition
GCC “canonical” momentum pn, definition
=3 GCC “canonical”  force Fun definition

Coriolis “fictitious” forces (... and weather effects)

Wednesday, September 23, 2015
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.

2" [ -equation involves total time derivative pm for each momentum pm:

oL M ag¢¢ ., dU ., U Centrifugal . _JL 0 oU  Angular momentum pq is conserved if
pr:a = O ———=Mro—— force Mro’ p‘/’_a__ 0 al Uh licit O-depend
7 2 or Jr Jr 1) ¢  potentia as no explicit 90-dependence
. : : . _d d o L o : . :
Find pm directly from I’ L-equation: p, = % = M8,,q")=M8,,q"+8,,4") Equate it to P,in 2" L-equation:
(From preceding page)
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL . . Nothing too surprising, I _ . Wow! gee gives moment-of-inertia
p, = E =Mg r=Mr radial momentum p, has the Py = % = Mg,,0=Mr°¢  factor Mr? automatically for the
usual linear M-v form

angular momentum po=Mro.

2" [ -equation invglves total time derivative pm for each momentum pm:

. _dJdL M ag¢¢ 5 dU ., U Centrifugal . 8_L —0- a_U Angular momentum py is conserved if
pr= o 2 on 0" - 3 Mro™— S force Mro* Ps l0) 0  potential U has no explicit ¢-dependence
C e : . _d d o . v : o :
Find pm directly from 15! L<equation: p, = % = M8,,q")=M8,,q"+8,,4") Equate it to P,in 2" L-equation:

. _dp, Y
p = = Mr ) .
T dt Centrifugal (center-fleeing) force
_ equals total
=Mr¢°———  Centripetal (center-pulling) force

or
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) | &, &

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mri¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.

2" [ -equation invglves total time derivative pm for each momentum pm:

. _dJdL M ag¢¢ o a_U Mo a_U Centrifugal e JL 0 U ngular momentum pg is conserved if
Pr= B ¢ =Mr¢ force Mro? ° 9 0 potential U has no explicit ¢-dependence
ar 2 0r or or ¢ ¢
D : : . _dp, d . L v : . :
Find pm directly from 15! L<equation: p, = % = M8,,q")=MG,.q°F 8,,4") Equate it to Pin 2" L-equation:
iy d .................................. T l . |
) =25 — M ¥ . . .l ﬂ [ . , - lorque relates to two distinct parts.
br dt Centrifugal (center-fleeing) force Po="1" ZM’;WP+ Mr¢ Coriolis and angular. acceleration
equals total o TR ATt s
=M r(bz— — Centripetal (center-pulling) force =0-— a—U Angular momentum pgy is conserved if
or 9P potential U has no explicit O-dependence
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Rewriting GCC Lagrange equations :

_dp, M
P, = dr r Centrifugal (center-fleeing) force
p equals total

=Mr¢’— a—(r] Centripetal (center-pulling) force

Conventional forms U

radial force: M¥=Mr¢*——

or
Field-free (U=0)

radial acceleration.: i = r¢52

. dp . Torque relates to two distinct parts:
Py = dt 2MW¢ + Mr (I) Corzolls and angular. acceleration

U

=0—— Angular momentum py is conserved if

¢ potential U has no explicit ¢-dependence

. . oU
angular force or torque: Mr*¢ = -2Mrig — —

9P
X

angular acceleration: ¢ = —2—-
r

Coriolis acceleration with (]) >() and r<0

Y

(])——qu)/r e

Effect on

Inwgrd flow|to pressyre Low Northern
<0 Hemisphere

local weather

makes & pdsitive)

..makes\wind| turnfo the right

Cyclonic flow

\ TS

(with d)

Wednesday, September 23, 2015

around lows

Northérn hemzsphere otation

6|>0
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