Kepler Geometry of IHQ woropic tamonic oseinaory Elliptical Orbits

(Ch. 9 and Ch. 11 of Unit 1)
Constructing 2D IHO orbits by phasor plots

Phasor “clock” geometry
Integrating IHO equations by phasor geometry

Constructing 2D IHO orbits using Kepler anomaly plots

Mean-anomaly and eccentric-anomaly geometry
Calculus and vector geometry of IHO orbits
A confusing introduction to Coriolis-centrifugal force geometry (Derived rigorously later in Ch. 12)

Some Kepler's “laws” for central (isotropic) force F(r)

Angular momentum invariance of IHO: F(r)=-k-r with U(r)=k-r*/2 (Derived rigorously)

Angular momentum invariance of Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r (Derived later in Unit 5)
Total energy E=KE+PE invariance of IHO: F(r)=-k'r (Derived rigorously)

Total energy E=KE+PE invariance of Coulomb. F(r)=-GMm/r’ (Derived later in Unit 5)

Brief introduction to matrix quadratic form geometry

BoxIt simulation of U(2) orbits
http://www.uark.edu/ua/modphys/markup/BoxItVVeb.html
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—» [ntroducing 2D IHO orbits and phasor geometry

Phasor “clock” geometry
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Isotropic Harmonic Oscillator phase dynamics in uniform-body

(a) (b)
Unit 1
L.H.O. Force law Fig. 9.10
F =-x (1-Dimension)
F =-r (2 or 3-Dimensions)
o | 1-D 2-D or 3-D

Each dimension x, y, or z obeys the following: : i (Paths are always 2-D

Total E = KE+ PE =—mv’> +U(x)=—mv’ + —kx* = const. e.ullf’s,es viewed

) ) ) right!)

Equations for x-motion
[x(t) and vi,=v(t)] are
given first. They apply
as well to dimensions
[y(1) and vy=v(t)] and
[z(t) and v:=v(t)] in the

ideal isotropic case.
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Isotropic Harmonic Oscillator phase dynamics in uniform-body

(a) (b)
Unait 1
L.H.O. Force law Fig. 9.10
F=-x (1-Dimension) W
F =-r (2 or 3-Dimensions)
- | 1-D 2-D or 3-D

Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D

Total E=KE+PE=—mv>+U(x)=—mv’ +—kx” = const. cllipses if viewed

9) 9 right!)

Equations for x-motion

[x(t) and vi=v(1)] are 2 12 2 2

: my 1% X
given first. They apply 1= + — 1

as well to dimensions 2F  2F J2E Im J2E [k

[y(t) and vy=v(t)] and 2 Another example of

2
[z(t) and v-=v(1)] in the | — v 4+ kx — (COS 9)2 + (sin 9)2 the old “scale-a-circle”
ideal isotropic case. 2FE 2F trick. .

velocity: position:

Let: (1) v=42E/mcosO, and: (2) x=+/2E/ksinf
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Isotropic Harmonic Oscillator phase dynamics in uniform-body

(a) ()
Unait 1
LH.O. Force law Fig. 9.10
F =-x (1-Dimension) W
F =-r (2 or 3-Dimensions)
o | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D
Total E=KE+ PE =—mv> +U(x)=—mv’> +—kx” = const. lfil;ftsgs it viewed
Equations for x-motion 2 2 , , |
[x(1 c;'fd :’C;}: (1] ar el | my’ . kx’ V Jox
given first. They apply = =
as well to dimensions 2E  2FE J2E m V2E [k
[y(t) and vy=v(1)] gna’ ot kex’ Another example of
[z(t) and v:=v(1)] in the | — 4+ — (COS 9)2 + (sin 9)2 the old “scale-a-circle”
ideal isotropic case. 2F  2F trick...
velocity: position: angular velocity: 40
Let: (1) v=42E/mcosO, and: (2) x=+/2E/ksinf def. (3) CO:J
(" )

2FE velocity: dx dO dx dx
—cos@=v=d = y d9=a)%
ml by (1) | 5 4

by def. (3)
\_ _J
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Isotropic Harmonic Oscillator phase dynamics in uniform-body

(a) (b)
Unit 1
L.H.O. Force law Fig. 9.10
F =-x (1-Dimension) W
F =-r (2 or 3-Dimensions)
o | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D
Total E=KE+PE=—mv>+U(x)=—mv’ +—kx” = const. lfil;ftsgs i viewed
Equations for x-motion 2 2 , , |
[x(1 c;'fd :’C;}: (1] ar el | my’ . kx’ V Jox
given first. They apply = =
as well to dimensions 2E  2E J2E /m V2E Tk
[y(t) and vy=v(t)] and 2 2 Another example of
: mv-  kx > 2
[z(t) and v-=v(1)] in the | — 4+ — (COS 9) + (sin 9) the old “scale-a-circle”
ideal isotropic case. 2F 2F trick
velocity: position: angular velocity: 40
Let: (1) v=42E/mcosO, and: (2) x=+/2E/ksinf def. (3) CO:J
(" locit )
velocity:
2F " dx  dO dx dx 2F
— €080 =y=—-= =W —=0,|— cosO
m dt dt do | do k
| »a |
: bydet 3 | | b | )
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Isotropic Harmonic Oscillator phase dynamics in uniform-body

(a) (b)
Unit 1
LH.O. Force law Fig. 9.10
F =-x (1-Dimension) W
F =-r (2 or 3-Dimensions)
S | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are ahways 2-D
Total E= KE + PE=—mv’ +U(x)=—mv’ + —kx’ = const. lfil;ftsgs if viewed
Equations for x-motion 2 2 , , |
[x(1 c;'fd :’C;}: (1] ar el | my’ . kx’ V Jox
given first. They apply = =
as well to dimensions 2E  2E J2E m V2E [k
[y(t) and vy=v(1)] gna’ ot kex’ Another example of
[z(t) and v-=v(1)] in the | — 4+ — (COS 9)2 + (sin 9)2 the old “scale-a-circle”
ideal isotropic case. 2FE 2F trick. .
velocity: position: angular velocity: 40
Let: (1) v=42E/mcosO, and: (2) x=+/2E/ksinf def. (3) CO:J
r , by def. (3) N
locity:
RE "7 dx dfdx dx a6 [k
— €080 =y=—-= =) —=@ w=—= |2
m dt dt do |do - dt m
| @ | 5 .
__________________ by def. (3) I by (2) | : | divide this by _(_11
\C : /L . , J
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Isotropic Harmonic Oscillator phase dynamics in uniform-body

(a) (b)
Unit 1
L.H.O. Force law Fig. 9.10
F =-x (1-Dimension) W
F =-r (2 or 3-Dimensions)
o | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D
Total E=KE+ PE =—mv> +U(x)=—mv’> +—kx” = const. lfil;ftsgs it viewed
Equations for x-motion 2 2 , , |
[x(1 c;'fd :’C;}: (1] ar el | my’ . kx’ V Jox
given first. They apply = =
as well to dimensions 2E  2F J2E /m V2E Tk
[y(t) and vy=v(t)] and 2 2 Another example of
: mv-  kx > 2
[z(t) and v-=v(1)] in the | — 4+ — (COS 9) + (sin 9) the old “scale-a-circle”
ideal isotropic case. 2F  2F trick...
velocity: position: angular velocity: 1o
Let: (1) v=42E/mcosO, and: (2) x=+/2E/ksinf def. (3) CO:J
(" velocity: ~ by def. (3) ™\ (by integration given constant ®.)
2E "dx d@dx  dx do [k
— cosf =v=—= =0—=0 w=—=,—||0=|odi=0t+c
m dt dt do |do . dt m
[ b | ydet 3 | | @ | 5 | divide his by (1}
e . : D\ Ldvide i yi'(' JAN )
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Isotropic Harmonic Oscillator phase dynamics in uniform-body

0 x-velocity v,./m

(a) 1-D Oscillator Phasor Plot

-1 —
-2
velocity|v,/® < \ Y
/ \t position \\ >( Unit 1
E: 4 4 x-position Fig. 9.10
Phasor goes \/ P 7& /
clockwise & S 5 clockwise
by angle ot \ / | \ / orbit
] p: 6 if x is behmdy
(b) 2-D Oscillator Phasor Plot (JZ };z h,a‘;e il \, /7/
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(a) Phasor Plots xrvelodity 1/ Unit 1

1 1
2D Gonil <K X L0 Fig. 9.12
- '[lat -1
scillator _3 \\ a / 3 3_2 )
or ) [~ L Xx-position N [ 1 3
Two 1D Oscillators -4 a 4 -4 Bz NSk
(x-Phase 90° behind |\ 4+ "~ -5 A°
the y-Phase) T \ / \ / : B
-6\ / 6 _b_.,.
Ny 8/ 7
posit 0}4
p ool 4
| v‘dcxl \\ -7 = — ﬁ , 7 N A h ,n G -\O_\)__bﬁ_cirgj)
y-velocityf T 17 i ]j
e e
[\ / \ O o O N o , o . ©
1 (‘4? ﬂl__zl’l) T \ ‘9; { ) ‘b\r()

x-velocity v/®

These are more generic examples

1
2 DS . . o L
® _3 \\ a /1L/I\, with radius of x-phasor differing
x—Pl;lase ?)Ohbehmd "~ a/ position fmm that Of the y-phasor.
the y-Fhase -4
4 _5\// \\ .
(In-phase case) \ / \ 6/
-6
™ 8/7/
y;foitiomn o 0.0)
A AN * <q0>'
velocitr A LL = b CET
yveloczg;/ \ @) ©
o = e gy o A
EAVSAARVAL J
V=== o0
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Constructing 2D [HO orbits by phasor plots

Review of phasor “clock” geometry (From Lecture §8)
=3 [ntegrating IHO equations by phasor geometry (case of unequal x and y phasor area)

Tuesday, September 23, 2014
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Inital velocity: v(0)=(-8.0 5.0)

\ V)/(!) \ \11 -
S —/ 10
[
v/u)
9 P |
\ /
- L\ 8 4/__
7 5
()
Ty 3 | Y | |
- —
g L — , ,

Initial position: r(0)=(7.0 3.0)

BoxIt simulation of U(2) orbits
http://www.uark.edu/ua/modphys/markup/BoxItVVeb.html
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Inital velocity: v(0)=(-8.0 6.0) v /@
| | v/0 | — =
i Arbitrary initial position

fffffffffffffffffffffffffffffffff NV74ANERR N | VA r(0)=(x(0),1(0)

V(0)=(vx(0),v4(0)

[ O\ and initial velocity

| Usually have x and y
/ phasor circles of unequal size

| S l |

Initial position: r(0)=(7.0 3.0)

Tuesday, September 23, 2014



Inital velocity: v(0)=(-8.0 6.0)

| | v/® |

i Arbitrary initial position
.. | H0=60),50)

i f i \ and initial velocity

v/0 v(0)=(vx(0),vy(0)

| S——

| | | Usually have x and y

i \ | / phasor circles of unequal size
| | S/

P T
/ S XN
= o -
\

~ g L — , ,

Initial position: r(0)=(7.0 3.0)

Tuesday, September 23, 2014



Inital velocity: v(0)=(-8.0 6.0)

—

10

l

l

Initial position: r(0)=(7.0 3.0)

Arbitrary initial position

r(0)=(x(0).y(0)

and initial velocity

V(0)=(vx(0),v4(0)

Usually have x and y

phasor circles of unequal size
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Inital velocity: v(0)=(-8.0 6.0)

Arbitrary initial position

r(0)=(x(0).y(0)

and initial velocity

V(0)=(vx(0),v4(0)

| Usually have x and y
phasor circles of unequal size

N /X
Wi Bl O\
/ YYD %
ol < -
\
L TL | |

Initial position: r(0)=(7.0 3.0)
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Inital velocity: v(0)=(-8.0 6.0)

Arbitrary initial position

.................................. £(0)=(x(0),9(0)

and initial velocity

V(0)=(vx(0),v4(0)

'/ \% /// Usually have x and y

—1f/ | phasor circles of unequal size

\
i

[ A ;o T~
S 7 i > d
A 7

-/ | O\ anva
/ Y A A U U R [ |

= = -
\

S | l

Initial position: v(0)=(7.0 3.0)
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Inital velocity: v(0)=(-8.0 6.0)

Arbitrary initial position

r(0)=(x(0).y(0)

and initial velocity

V(0)=(vx(0),v4(0)

/\ \\\ /// Usually have x and y

i | phasor circles of unequal size

PP i ey | |
- \ O\ /L

(i)
5

11
7

10

~ g — , ,

Initial position: v(0)=(7.0 3.0)
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Inital velocity: v(0)=(-8.0 6.0)

Arbitrary initial position

.................................. £(0)=(x(0),9(0)

and initial velocity

V(0)=(vx(0),v4(0)

A Usuaity d
\\ \Q{ / \\\\\\\ y / p}ijory cizflcisxoc}nun;:qual size
_ 4/l
|

%i//w | 1 \7\J \ )% \

(i)
5

10

~ g — , ,

Initial position: v(0)=(7.0 3.0)
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Inital velocity: v(0)=(-8.0 6.0)

Arbitrary initial position

................................. £(0)=(x(0),9(0)

i and initial velocity
e v(0)=(vx(0),vy(0)

| ) ‘

| | | Usually have x and y

i \ \ \/ ~/ phasor circles of unequal size
. N \ X / \\ \ byl

| \ AN | »

; NG ANF

B S A | SRR

| \ |
i NINAS 7

10

~ g — , ,

Initial position: v(0)=(7.0 3.0)
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Constructing 2D IHQO orbits using Kepler anomaly plots

= \[can-anomaly and eccentric-anomaly geometry
Calculus and vector geometry of IHO orbits
A confusing introduction to Coriolis-centrifugal force geometry

Tuesday, September 23, 2014
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Linear Harmonic
Force-Field
Orbits

Kepler’s
Mean Anomaly
(slope angle 05

-a Kepler’s -b

Eccehtric Anomaly Line
(slope 1s polar angle d=atyn[y/x])

Step 1. Draw concentric
circles of radius a and b

and a radius OA at angle Wt

from a-circle at Ot to x-axis

xX=a cos Ot

A

Wt

bsin \t

a cos Wt

Step 3. Draw horizontial line BR

Step 2. Draw vertical line AX ~ from b-circle at wt to line AX.
Intersection is orbit point R.

BPNA

R

7 y=bsin 0t

ot b a

yX

Unait 1
Fig. 11.1
(top 2/3’s)

Tuesday, September 23, 2014
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Linear Harmonic

Y y
Force-Field Kepler’s
Orbits Mean Anomsd bsin ot
Tine
a
0
-a
\ Kepler’s \ X=a cos Ot @ cos 01

Eccen

Step 1. Draw concentric
circles of radius a and b

and a radius OA at angle 0t

Anomaly Lipe

Step 3. Draw horizontial line BR

Step 2. Draw vertical line AX from b-circle at ®t to line AX.

from a-circle at ot to x-axis

Y

Intersection is orbit point R.
A

R

7 y=bsin ot

(% b a

2 _o S
Step 4-N gi"‘, .
Repeat / 44 T~
as often 0 X
as needed
—

Unit 1
Fig. 11.1
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Constructing 2D IHQO orbits using Kepler anomaly plots

Mean-anomaly and eccentric-anomaly geometry
> Calculus and vector geometry of IHO orbits
A confusing introduction to Coriolis-centrifugal force geometry

Tuesday, September 23, 2014
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(a) Orbits

Calculus of IHO orblts

To make velocity vector v

just rotate by m/2 or 90°

the mean-anomaly ¢ of position vector r,

/Tlme frame angle

=01
radius vector .x = . = = b mean-anomaly ¢ of position vector r
Y Y SIn@7 rotated by /2 or 90° is m.a. of vector v
E’z
V — i 2
, x am smmt
velocity vector : v = = = (for m=1)
vy, bw coswt s )
2
Tuesday, September 23, 2014 27



(a) Orbits

Calculus of IHO orblts

To make velocity vector v

just rotate by m/2 or 90°
the mean-anomaly ¢ of position vector r’

_ "y X acosmt
radius vector :r = = = .
r, y bsinwt

) Yy —amsin wt
velocity vector : v = = -
vy, bw cos wt
: F a,
accelerationor force vector :—=a = =
. m a
or changeof velocity Y

Tlme frame angle
0=t
(Mean Anomaly)

,
T
dr acos(¢+ 2’2

mean-anomaly ¢ of position vector r
rotated by /2 or 90° is m.a. of vector v

E:r: (for m=1)
bsin(¢+ %)(
2 2 acos((p+2ﬂ)
—am” coswt av. . . d°r 2
:—:V:r:—zz
—ba)2 sinwt dt dt bsin(¢ +2§7r)

Unit 1
Fig. 11.5

m.a. 0+m/2 of vector v rotated by
another 7/2 1s m.a. of vector a

Tuesday, September 23, 2014
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(a) Ol”bl'ts,,,-f
Calculus of I[HO 01‘b1ts

To make velocity vector v
just rotate by m/2 or 90°
the mean-anomaly ¢ of position vector ry

Tlme frame angle

O=01
| r, N 01COS a)t (Mean Anomaly) —T
radius vector :x = = = , = . mean-anomaly ¢ of position vector r Unit 1
"y Y bsinwt bsing rotated by /2 or 90° is m.a. of vector v . nit
Fig. 11.5
/4
. Yy —am sin t dr acos|¢+ 5
velocity vector : v = = =—=r= (form=1)
v b cos mt dt : i m.a. 0+m/2 of vector v rotated by
y bsin(¢p+ 5 | € .
) another n/2 is m.a. of vector a
( 2
. F a, _aw? coswt av . . d*r acos(d) T )
accelerationor force vector :—=a = = ) = I =V=f=—0= ,
: a - : s
or changeof velocity Y —bw* sinwt? dt bsm(qb+ 5 )
\
I Y ...and so forth...
. I R +aw’ sinwt d . . . dr acos(¢+ j)
jerk or changeof acceleration:j=| = |= = o =a=V=F=—01=
Jy _bw> cos wt ! dt bsin(q) +3g)
\
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(a) Orbits |
Calculus of IHO orbits

To make velocity vector v
just rotate by m/2 or 90°
the mean-anomaly ¢ of position vector r

Tlme frame angle

=
. Ty X acoswit | acos¢ (\ | (Mean Anomaly)
radius vector .x = = = b = b mean-anomaly ¢ of position vector r Unit 1
"y Y SIno7 SIng rotated by /2 or 90° is m.a. of vector v . nit
Fig. 11.5
T
. Yx —a sin Wt ar acos(¢+ 2
velocity vector : v = = =—=TF= (for m=1)
v b cos 't dt . i m.a. 0+m/2 of vector v rotated by
y bsin|p+ 5 | <€ .
. another n/2 is m.a. of vector a
2n
, F _aw? coswt a  d*r acos(¢+ 2 )
accelerationor force vector :—=a = = o =v=i=—0 =
. . 2
or changeof velocity —bw* sinwt dt b Sln(‘P + %”)
\
3 ...and so forth...

. o Jx +aw’ sinwt d . . . dr acos(¢+ 2 )

jerkor changeof acceleration:j=| = |= =—-=a=V=f=——1=
Jy _bw> coswt dt dt bsin((p +3g )
\ ...and so on...
. 4
. . o ' +aw* coswt I . d*r acos(<p * )
inaugurationor changeof jerk :i=| = =j=d=V=TF=—F=
ly +ba) sin Wt dt dt bsin((]) +4§7r)
J

30
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Constructing 2D IHQO orbits using Kepler anomaly plots

Mean-anomaly and eccentric-anomaly geometry
Calculus and vector geometry of IHO orbits
=P | confusing introduction to Coriolis-centrifugal force geometry

Tuesday, September 23, 2014
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(a) “Earthronaut” orbiting (b) “Carnival kid” orbiting in

tunnel inside Earth space attached to a spring
centrifugal centrifugal
force=-+kr Jorce=+kr
Orbil‘al V@lOCil)/:V :_|_m(D2r Ol”bital VQIOCil)/:V :+m(l)2r
Earthronaut centrigetal Carnival kid
says: force= |F = -kr says:
(due to spripg) :
“This is great! “This is awful! Unlt 1
w7 I'm weightless.” I can hardly Fig. 11.2
hold onto
this darn
spring.”
Unait 1
| Fig. 11.3
. erigee .
Negative power \ peris / Velocity Positive power
(FV=[F|[V]cos 8 <0) I R (FeV=[F|[V|cos 6 >0)
/ < — A
mass losing speed ‘ s mass gaining speed
L N AN
as it rises > / perhelion?b / 2 as itfalls
(Radius r increasin ‘/~ / / o (Radius r decreasing)
eloctty 78§ ' (v=a, y=0
centripetal force F=-kr aphelion=a (x=a, y=0)
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(a) Centrifugal and Coriolis
Forces on Merry-Go-Round

Rotational
Mathematician Force velocity
(to hold m back) V=or
Constraint force C;(ZIZ;)eZZSdJ:O;n Physicist Force o,
keeps m in radial slot radial path (where m wants to go) .
speed) centrifugal force Vcentrlfug al force

\

centrifugal force .

(b) Centrifugal and Coriolis
Forces on Oscillator Orbit
(Falling phase)

N /| circle
(c) Centrifugal and Coriolis \ /// CWZ e
Forces on Oscillator Orbit
centrifugal force (RZS an P has e)

Coriolis force

centripetal force F=-kr

A

elocity ci;(;j:[le \\\’/ centrifugal force is ln Ch 12 Of Unlt] Cll’ld ln Unlt 6
curvature Velogity Total inertial force F=+kr

(d) Centrifugal Force
on Oscillator Orbit
(apogee and perigee)

centripetal force F=-kr

\J

circle

centrifugal force is centripetal force F=-kr

Total inertial force F=+kr

Velocity
A"

Quite confusing?

Discussion of Coriolis
<L Coriolis foree/ - | forces will be done more elegantly
) and made more physically intuitive

Unit 1
Fig. 11.4
a-d

Tuesday, September 23, 2014



Some Kepler s “laws” for central (isotropic) force F(r)

=P | nngular momentum invariance of IHO: F(r)=-k-r with U(r)=k-r*/2 (Derived rigorously)
Angular momentum invariance of Coulomb: F(r)=-GMm/r’ with U(r)=-GMm:/r (Derived later)
Total energy E=KE+PE invariance of IHO: F(r)=-kr (Derived rigorously)
Total energy E=KE+PE invariance of Coulomb. F(r)=-GMm/r’ (Derived later)
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Some Kepler's “laws” for central (isotropic) force F(r) 4
...and certainly apply to the IHO: F(r)=-k-r with U(r)=k-r’>/2 (Recall from Lecture 8: k = Gm?ﬂp@) Unit 1

0 . _ , . t Z/WGT Fig. 11.8
- a /ﬂ@‘ﬁ% \%zb ® —

1. Area of triangle £, =r X v/2 is constant

{

i

rXV=ry —rv, =acosmi- (ba) cosa)t)— bsinwt - (—c_za) sina)t) =ab-w

L~ for IHO

o
ot
.o

"x _( X j_ acosa}t e v —awsinwt
Ty y bsinwt.- | vy, b cos 1
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Some Kepler's “laws” that apply to any central (isotropic) force F(r)
...and certainly apply to the IHO: F(r)=-k-r with U(r)=k-r’>/2 (Recall from Lecture 8: k = Gm Ps) Unit 1

B Fig. 11.8
t = y = t?w@mr t=/w%ar /\
~_ | a” \% \%}bm

1. Area of triangle £, =r X v/2 is constant

rXv=rv —rv.=acoswt-|bwcoswt)—asinwt-(—bwsinwt)=ab-w
X"y y X ( ) ( ) l/fOV[HO

2. Angular momentum L = mr X v 1s conserved

L:mlrxvIzm(rxvy—ryvx)zm-ab-a) L~ for [HO

\

XV =rvsing,
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Some Kepler s “laws " that apply to any central (isotropic) force F(r)
...and certainly apply to the IHO: F(r)=-k-r with U(r)=k-r’>/2 (Recall from Lecture 8: k = Gm Ps) Unit 1

Fig. 11.8

t=0 N = t = " t=/u4%ar
S @% \%}bm/x

1. Area of triangle £, =r X v/2 is constant

rXV=ry —ry, = acosa)t-(ba) cosa)t)— asina)t-(—ba) sina)t) =ab-w

L~ for IHO
2. Angular momentum L = mr X v 1s conserved
L:mlrxvI:m(rxvy—ryvx)zm-ab-a) L~ for IHO
3. Equal area 1s swept by radius vector in each equal time interval T
rrXdr L | L
A, :J = —— dt=—\|dt=—-T v for IHO
2 g 2m~ 2m

|by 2. \

rXdr| =r-dr-sin
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Some Kepler s “laws " that apply to any central (isotropic) force F(r)
...and certainly apply to the IHO: F(r)=-k-r with U(r)=k-r’>/2 (Recall from Lecture 8: k = Gm Pe) Unit 1

o . . Fig. 11.8
U /t;@rfﬁr t /ze/z"(ir /\
~_ | a” \% \%bm

1. Area of triangle £, =r X v/2 is constant

rXV=ry —ry, = acosa)t-(ba) cosa)t)— asina)t-(—ba) sina)t) =ab-w

L~ for IHO
2. Angular momentum L = mr XV 1s conserved
21
L:mrXV:m(rxvy—ryv) m-ab-w=m-ab-— " for IHO
T
3. Equal area 1s swept by radius vector in each equal time interval T
T TTY X dr T T
X d At X L L
AT:J—r F dt dt:f—r thz—Jdtz—T v for IHO
2 2 2 2m 2m
. 1 2m 2mA . L
In one period: T=—= r_ e, the area 1s: A_ = bl (=ab- -7 for ellipse orbit)

DV @ L 2m
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Some Kepler s “laws " that apply to any central (isotropic) force F(r)
...and certainly apply to the IHO: F(r)=-k-r with U(r)=k-r’>/2 (Recall from Lecture 8: k = Gm Pe) Unit 1

f=0 . _ , _ Fig. 11.8
U /m@rfﬁr t /mz"ar /\
~_ | a” \% \%}bm

1. Area of triangle £, =r X v/2 is constant

rXV=ry —ry, = acosa)t-(ba) cosa)t)— asina)t-(—ba) sina)t) =ab-w

L~ for IHO
2. Angular momentum L = mr XV 1s conserved
21
LzmrXV:m(rxvy—ryv) m-ab-w=m-ab-— " for IHO
T
3. Equal area 1s swept by radius vector in each equal time interval T
T TTY X dr T T
X d At X L L
AT:J—r F dt dt:f—r thz—Jdtz—T v for IHO
2 2 2 2m 2m
1 2m 2mA L
In one period: T=—= r_ e, the area 1s: A_ = bl (=ab- -7 for ellipse orbit)
vV L 2m

( Recall from Lecture 8: w=Vk/m=\/Gp@47r/3 )
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Some Kepler s “laws” for central (isotropic) force F(r)

Angular momentum invariance of IHO: F(r)=-k-r with U(r)=k-r*/2 (Derived rigorously)

A nigular momentum invariance of Coulomb: F(r)=-GMm/r’ with U(r)=-GMm:/r (Derived later)
Total energy E=KE+PE invariance of IHO: F(r)=-k'r (Derived rigorously)
Total energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r’ (Derived later)
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Some Kepler's “laws” that apply to any central (isotropic) force F(r)
Apply to IHO: F(r)=-k-r with U(r)=k-r*/2 and Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r

I

t=10 = v
Coulomb: &D @
t = ' — t =
THO: b it
\ y \

1. Area of triangle X

FXV=ry, —ry, =-

/

i

=1 X Vv/2 1S constant

ab-\|Gpy4rw/3  for IHO

a"b\|GM

for Coul. (Derived in Unit 5)

L~ for IHO
L~ for Coul.
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Some Kepler's “laws” that apply to any central (isotropic) force F(r)
Apply to IHO: F(r)=-k-r with U(r)=k-r*/2 and Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r

Coulomb. S — N — S 7
. [ = 2 : — f?ﬂ@(ﬁ 4 :/M(U‘ /‘_\
IHO. \ y \ \ r v=b ®

1. Area of triangle £ =r X v/2 is constant

FXV=ry, —ry, =-

L:mrXV=m(rxvy—ryvx):<

a b\ |GM

-

ab-\|Gpy4m/3  for IHO

for Coul. (Derived in Unit 5)
2. Angular momentum L = mr X v 1s conserved

ma”"*b\|GM

mab-\|Gpgy4n /3  for IHO

for Coul.

L~ for IHO
L~ for Coul.

L~ for IHO

L~ for Coul.
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Some Kepler's “laws” that apply to any central (isotropic) force F(r)
Apply to IHO: F(r)=-k-r with U(r)=k-r*/2 and Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r

A i = | N
Coulomb. S — — QQ Sl
]HO: t % — %ﬁj - t :/m /\
~_ | a S~ S~ [T v=p o
1. Area of triangle £ =r X v/2 is constant
ab-\|Gpy4rn /3  for IHO

EXV=7y —FVv, =S5 \/ Pe 4 " for IHO
Cl_l/zbw / GM@ fOi" Coul. (Derived in Unit 5) l/fOV Coul.

2. Angular momentum L = mr X v 1s conserved

-

L:mrXV=m(rxvy—ryvx):<

3. Equal area 1s swept by radius vector in each equal time interval T

(

In one period:

__1_2n_2mA,_2mab-7
= = — — — <
vV O L L
Applies to Applies to
any central IHO and
F(r) Coulomb \

mab-\|Gpg4mn /3  for IHO v~ for IHO
ma”"*b\JGM,  for Coul. L~ for Coul.
2mab - 2
b :7/1(6;119 Z /3 G 7:1 3o MO
m-ao - U { JT ,5
p® I p @ ________________ \ that is Mo
2mab- 1 B 27 for Coul
m-a”""b\|GM o “a "\ |GM ® \ |
________ that is Wcoul
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Some Kepler's “laws” for central (isotropic) force F(r)
Angular momentum invariance of IHO: F(r)=-k-r with U(r)=k-r*/2 (Derived rigorously)
Angular momentum invariance of Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r (Derived later)
- 7010l energy E=KE+PE invariance of IHO: F(r)=-k'r (Derived rigorously)
Total energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r’ (Derived later)
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Kepler laws involve X-momentum conservation in isotropic force F(r)

Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r’/2

Total energy=KE + PE 1s constant

KE + PE = lV-M-V + lr-K-r
2 2

1% r
:l( vx Vy ). m 0 ° X +( }"x ry ). k O ° X
2 0O m v, 0 % r,

— lmv +lmv + —k}"i +lk1’2

2 2 2 2

1 1

Ve | | —awsinwt f | | x | | acoswt
v, bw coswt - , Y bsinw¢

1
= —m(—awsinwt)’ + Em(ba) coswt)’ + > k(acoswt)’ + > k(bsinwt)’
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Kepler laws involve X-momentum conservation in isotropic force F(r)

Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r’/2
Total IHO energy=KE + PE 1s constant

KE + PE = lV-M-V + lr-K-r
2 2
% r
:l( V.o, )o m 0 ol +( .o, )o k0 ol °
2 0 m v, 0 % r,
T SR Y V%
2 2 7 2 2 7
1 1

1 1
= Em(—aa) sinwt)” + Em(ba) coswt)’ + > k(acoswt)’ + > k(bsinwt)’

1 : 1 1 1 :
= Emazwz(smz wt) + —mbzcoi(cos2 W)’ + Ekaz(c:os2 wt) + Ekbz(sm2 wt)

1 |

= Ema)z(a2 +blz) Given : k = mw®
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Kepler laws involve X-momentum conservation in isotropic force F(r)

Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r’/2
Total IHO energy=KE + PE 1s constant

KE + PE = lV-M-V + lr-K-r
2 2
_1( ) m 0 Vi ( ) k O ¥
=—( v, v, | ° + 1, e °
2 0 m v, 0 % r,
e
2 2 7 2 2 7
1 1

1 1
= Em(—aa) sinwt)” + Em(ba) coswt)’ + > k(acoswt)’ + > k(bsinwt)’

1 1 1 1
= 5 mazcozl(sin2 wt) + 5 mb’*w* (cos” mt)* + 5 ka®(cos’ wt) + 5 kb*(sin” wt)
I
1 I I
= Ema)z(a2 +b%) Given : k = mw’

1 1 /
E=KE+PE=5ma)2(a2+b2)=5k(a2+b2) since: @ = L3 :\/Gp@47r/3 or: mw’ =k
m
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Some Kepler s “laws” for central (isotropic) force F(r)

Angular momentum invariance of IHO: F(r)=-k-r with U(r)=k-r*/2 (Derived rigorously)
Angular momentum invariance of Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r (Derived later)
Total energy E=KE+PE invariance of IHO: F(r)=-k'r (Derived rigorously)

=3 J0tal energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r? (Derived later)
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Kepler laws involve X-momentum conservation in isotropic force F(r)
Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r’/2
Total IHO energy=KE + PE 1s constant

KE + PE = lV-M-V + lr-K-r
2 2
_1( ) m 0 Vi ( ) k O ¥
=—( v, v, | ° + 1, e °
2 0 m v, 0 % r,
e
2 2 7 2 2 7
1 1

1 1
= Em(—aa) sinwt)” + Em(ba) coswt)’ + > k(acoswt)’ + > k(bsinwt)’

1 1 1 1
= Emaza)zl(sin2 wt) + Embzwz(cos2 W)’ + Ekaz(cos2 wt) + 5 kb*(sin” wt)
I
1 I I
= Ema)z(a2 +b%) Given : k = mw’

1 1 /
E=KE+PE=§ma)2(a2+b2)=5k(a2+b2) since: M = L3 :\/Gp@47r/3 or: mw’ =k
m

We'll see that the Coul. orbits are simpler: (like the period..not a function of b)
1 1 k1 1 M M
EZKE+PE=—mV2x+—mv2 ——=—mV2x+—mv2 _G @m:_G oM
2 2 r 2 2 7 r a
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Quadratic forms and tangent contact geometry of their ellipses

A matrix Q that generates an ellipse by reQer=1 is called positive-definite (if reQOe-r always >0)

reQer =1 /(\zk./r\
( 1 ) r ( X )
2 0 . M 2| 22 Lect. 10
o o :1: o = — 4 R
(x y) 0 1 (y] (x y) v a* b2 tOplCS
b? b?
\ J \ J

A inverse matrix O generates an ellipse by p*O '*p=1 called inverse or dual ellipse:

1 Q_1°P
m =1 p (/\A/\\
2
2 p ap
(px Py )‘ S Ol =1=(m‘ "t |=a?pibtp]
0 b p b%p g
g LY
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Quadratic forms and tangent contact geometry of their ellipses

A matrix Q that generates an ellipse by reQer=1 is called positive-definite (if reQOe-r always >0)

(x o)

(px p,

reQer =1 /QI/"\: P
( | A r ( A
Cl2 X 612 xz y2 Defined
L :1:( X )' ) mapping
0 — Y Y a” b between
2 2 -
X b ) X b ) ellipses
A inverse matrix O generates an ellipse by p*O '*p=1 called inverse or dual ellipse:
-1
1 _ Q ‘ep=r
PeQ °p =1 I
2
2 P a p
)[ - ][ ), ]Zl:(m° , Rty
0 b y \ b p, )
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(a) Quadratic form ellipse and based o

Inverse quadratic form ellipse FUnilt116
ig. 11.

Defined

mapping
between
ellipses

°p I

/IOriginal llipse
// roQor rep =

poQ']op =per = Ji
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(a) Quadratic form ellipse and based on

Inverse quadratic form ellipse FUnilt116
ig. 11.

Defined

mapping
between
ellipses

°p |

/IOriginal llipse
/ reQer = rep =

p*Qlep =per = |

Quadratic form r*Qer =1 has muivual duality relations with inverse form p*Q~ep =1=per
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(a) Quadratic form ellipse and based o

Inverse quadratic form ellipse FUnilt116
ig. 11.

Defined

mapping
between
ellipses

poQ']op =per = Ji

Quadratic form r*Qer =1 has muiual duality relations with inverse form p*Q'ep =1=per

3 | 1/7a® 0 x | | x/a® | | (I/a)cos¢ | X=T,=acos$=acost | —
Pp=Qe°r= ® = = , where: , , SO: |per=1
0 1/b° y y/b’ (1/b)sin¢ y=r,=bsing =bsinwt
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(a) Quadratic form ellipse and (b) Ellipse tangents based on

Inverse quadratic form ellipse FUniltll6
ig. 11.

/IOriginal llipse
/ reQer = rep =

p*Qlep =per =/

Quadratic form r*Qer =1 has muivual duality relations with inverse form p*Q~ep =1=per

_ | 1/7a® 0 x | x/a’ | d/a)cos¢ . X=r,=acosQ=acosmt | —
Pp=Qe-r= ® = = , where: , . SO: |per=1
0 1/b° y y/b’ (1/b)sing y=r,=bsing =Dbsinwt
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