Introduction to Spinor-Vector resonance dynamics
(Ch. 2-4 of Unit 4 Ch. 6-7 of Unit 6)

Review: 2D harmonic oscillator equations with Lagrangian and matrix forms
ANALOGY: 2-State Schrodinger: in0:V(t))=H|¥(t)) versus Classical 2D-HO: 0°?X=-KeX
Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0
Derive o-exponential time evolution (or revolution) operator U=e =g 0 upt
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U= Mi=¢0uwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
Euler's state definition using rotations R(c,0,0), R(0,3,0),and R(0,0,7)
Spin-1  (3D-real vector) case

Spin-1/2 (2D-complex spinor) case See also:
3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states QTCA
C . Lect. 9(2.12)
Asymmetry S4 =Sz, Balance Sg =Sx, and Chirality Sc =Sy p.61-103 for
Polarization ellipse and spinor state dynamics polarization
ellipsometry

The “Great Spectral Avoided-Crossing” and A-to-B-to-A symmetry breaking
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Fig. 3.3.2 Coupled pendulums Fig. 3.3.3 One 2-dimensional coupled oscillator
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— ! X=X, —>» y=x, (Review of Lect. 23)
2D HO kinetic energy T(vi, v2) 2D HO potential energy V(xi, x2) Lagrangian L=T-V
1 -, 1 _ 2 2
T= gmlxlz +§m2x§ V= E(k1 +kyy ) %7 — kX, +§(k2 +kpy )%
1. . 1 k,+k —k
~ §<X‘ M‘ X> = —<X‘K‘ x> where: K=| | 2 12
2 —ki, Kk tky,
2D(H O Lagrange equations 2D HO Matrix operator equations
d| T . oV .
dt \ axl 8x1 y = —
/ 0 m, X) ~ki, Kk tky, X5
dlor | . . Jd . .
7 \% =myX, = I, = _8—362 = kypx) = ky + Ky )x2 Matrix operator notation:

M%) = - K-|x)
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2D harmonic oscillator equation solutions (Review of Lect. 23)

I. May rewrite equation M«|%)=-K«|x) in acceleration matrix form:  |%)=—A|x) where: A=M"'+K
( )
4 ki+k, ks
S I 0 ki+k, —k, Yo m, m, X,
Xy 0 m, —ki, ik ) —kp Ktk X
- T

2. Need to find eigenvectors|e,).|e,).... of acceleration matrix such that: Ale,)=¢ e, )=w’|e,)

Then equations decouple to: |en> = —A|en> = —8n|en> = —a)i en> where € 1s an eigenvalue

l and @, 1s an eigenfrequency

Note eigenvalue is square of eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m;=1=m>)

So equation of motion is simply: |x)=-K|x)

[ Eigenvectors |x)=|e,)are in special directions where |%)=-K|x) is in same direction as |X>]
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(Review of Lect. 23)
» ANALOGY: 2-State Schrodinger: in0:V(t))=H|V (1)) versus Classical 2D-HO: 0°X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive a-exponential time evolution (or revolution) operator U=eHi=¢0uwpl
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
(Review of Lect. 23) in|\¥(¢))=H|'¥ (1)) |x> =-K- x>

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
H- A B-iC |_yt obey: (Hj) *= Hy
B+iC D
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
(Review of Lect. 23) in|\¥(¢))=H|'¥ (1)) |x> =-K- x>

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

H- ( A B-iC |_ gt obey: (Hj) *= Hy
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) ¥ X +ip 1 (2 =2+2)
Y ) | ntin | | @
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
H - ( A B-iC |_ gt obey: (Hj) *= Hy
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) ¥ X +ip 1 (2 =2%2)
Y ) | mtip | | @

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 15-order equation i0\U=HWV
into pairs of real 1%-order differential equations.
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
7 | (o) =H](0)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 1%-order equation iOW=HW ;O Mtip :( A B-iC j Xy +ipy
into pairs of real 1%*-order differential equations. or( Xy +ip, B+iC D Xy +ip;
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
7 | (o) = H (1)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 1%-order equation iOW=HW ;O mtim :[ A B-iC ] X +ipy
into pairs of real 1%*-order differential equations. or( Xy +ip; B+iC D Xy +ip;

S L ; Y 1
X, = Ap, + Bp, - Cx, py=—4x,— Bx, —(p, iy~ py | | Ax +Bxy+Cp,y+idp, +iBp, —iCx,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: oA 2.2\, 8 C B Do
9 = Vi | | -+ | | @ TS\ (x1x2+p1pz)+ (xlpz x2p1)+ S \P2 %2
¥, Xy TP, a

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

X, = Ap,+ Bp, — Cx, p, =—Ax,— Bx, - (p,
X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C B D( 5 2

Y Xy +ip a TS\ (x1x2 +p1p2)+ (xlpz x2p1)+ S \P2 %2

¥, Xy TP a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW

into pairs of real 1%-order differential equations.

d JoH

H
. . X, = €= Ap,+ Bp, —Cx py=——5=—(4x;+ Bx, +Cp,
(= ). = —Bx. — oH . JH,
Py 2
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C B D( 5 2

Y Xy +ip a TS\ (x1x2 +p1p2)+ (xlpz x2p1)+ S \P2 %2

¥, Xy TP a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.
¢ —aHC—A B C ’ ——8HC——(A + Bx, +C )
X, = Ap, + Bp, - Cx, p, =—Ax,— Bx, - Cp, OMys. Classical ™1~ 3, ~ PLTEPy =50 T
Equations are SH  om

identical %y =——C= Bp; + Dp, + Cy by === =~(Bx+ Dx, = Cp))
Py 2

X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( o
9 = Vi | | -+ | | @ TS\ (x1x2+p1pz)+ (xlpz—x2p1)+3 Py TX
¥, Xy TP, a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.
¢ —aHC—A B C ' ——8HC——(A + Bx, +C, )
— X, = Ap, + Bp, = Cx, p,=—Ax;— Bx, - Cp, OMys. Classical 1=, =" +bpy =X O P A
. . Equations are Py
X, = Bp,+ Dp, + Cx, Py =—Bx; = Dx, +Cp, identical X, :%:Bpl+Dpz+Cx1 py=- 8xc :_(Bx1+Dx2_CP1)
Py 2
Finally a 2 time|derivative|(Assume constant A, B, D, and et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 +B*+C*|x,~(4B+BD)x,—C(4+D)p — _(4B+BD)x, —(B>+D*+C*)x, +C(4+D)p For constant
( )1( )x, = C( )P, ( )1( )2 ( )7, A,B,C, and D
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =— x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C B D( 5 2

kS Xy +ip a TS\ (3%, + PPy )+ C (3,9, =21y )+ S \P2 %

¥, Xy TP a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

. OH  0H,
— X, = Ap, + Bp, — Cx, py=—Ax, - Bx, - Cp, QE%ZZ}ZS;{ZSZ;ZM = 8— = Ap +Bp, —Cx, P = ~(Ax + B, + Cp, )
_ S py ’ / . OH,
X, = Bp, + Dp, + Cx, p, =—Bx;— Dx, +Cp, identical %, = ip = Bp, + Dp, + Cx, Py = e =—(Bx, + Dx, - Cp,)
2
Finally a 2 time|derivative|(Assume constant A, B, D, and et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p, Forconstant
A,B,C, and D
-- For C=0 2 v
¥ 2 2 0 X X K K X
"1 __| A +B AB+BD Is form of 2D Hooke < L "1 __ 11 12 1
X, AB+BD B*+D? harmonic oscillator 0" X, X Ky Ky | %
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
B A B-iC | 4t Then start with classical Hamiltonian. (Designed to give same result.
H-= =H 2 g
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( 52 2
9 = Vi | | -+ | | @ c =5\~ X (x1x2+p1p2)+ (xlpz_xzpl)J“E Dy TX
¥, Xy +ipy a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.
: X—%—A + Bp, — Cx ]'?=—8HC=—(Ax + Bx +Cp)
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OMys. Classical — *1= 3, ~ 7570 I ox, bR
, _ Equations are SH SH
X, = Bp,+ Dp, + Cx, Py =—Bx; = Dx, +Cp, identical X, :a—C:Bpl+Dpz+Cx1 py=- 3xc :_(Bx1+Dx2_CP1)
Py 2
Finally a 2 time|derivative|(Assume constant A, B, D, and et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
— (42 + B> +C?)x, —(4B+BD)x, - C(4+D)p — (4B + BD)x,—(B*+D*+C*)x, +C(4+ D) p For constant
| J,~(48+ D), ~C(4+ D), (45+5D)x b+ €4+ D) Lo constan
. For C=0 2 v
2, p2 X X K., K X
f1 _ | 4°+B°> 4B+BD | % Is form of 2D Hooke 3_2 T e T B 1
X, AB+BD B*+D* )| X harmonic oscillator 0" X, X Ky Ky | %

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!

d (A B ('8)2_ B Y o> | A’+B®> AB+BD
i—= =li—| = =——=
ot B D ot B D ot AB+BD B?*+D?
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>

First start with 2-by-2 Hermitian (self-conjugate) matrix
B A B-iC |_yt Then start with classical Hamiltonian. (Designed to give same result.)
| B+iC D |

that operates on 2-D complex Dirac ket vector |¥) .

. Al 2 2 Di o 2
|‘I—’>: \Pl _ .X1+lp1 _ a Hc=5(p1 +x1)+B(x1x2+p1p2)+C(x1p2—x2p1)+3(p2 +x2)
¥, Xy +ip) a
Separate real x; and imaginary px parts of ¥ amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

. _JdH, . OJH,
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OM vs. Classical %1~ Ip, =Ap+ Bp, = Cxy P (43, +Bxy + Cpy)
, _ Equations are SH Py
X, = Bp,+ Dp, + Cx) Py =—Bx = Dx, +Cp, identical %y == —E= Bpy+ Dp, + Cx, by === =~(Bx+ Dx, = Cp))
Py 2
Finally a 27 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K:|x)
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p, For constant
A,B,C, and D
; For C=0 v
Y |_ | A*+B* AB+BD | Is form of 2D Hooke i SU O P I T Ky K M
X, AB+BD B*+D* )| % harmonic oscillator o’ x, X Ky Ky )\ %

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!
2 2 2 2, p2
0 [ A B (.a)_ A B 0 | A*+B°* AB+BD
I—= =>|i— | = =>——F=
ot B D ot B D ot AB+BD B?*+D?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t

Wednesday, December 3, 2014 16



ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
= A B-iC | _ gyt Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. Al 2 2 Di o 2
)= Yo || ntin |_| & chz(Pl +x1)+B(x1x2+1’1p2)+c(x1pz_X2P1)+E(P2+x2)
¥, Xy +ipy a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

. _JdH, . OJH,
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OM vs. Classical ™1~ Ip, =Ap, + Bp, = Cx, P (4x,+ Bry + Cpy)
, _ Equations are SH Py
X, = Bp,+ Dp, + Cx) Py =—Bx = Dx, +Cp, identical %y == —E= Bpy+ Dp, + Cx, by === =~(Bx+ Dx, = Cp))
Py 2
Finally a 27 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K:|x)
\ i = Ap, + Bp, ~ Ci, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p, For constant
A,B,C, and D
" For C=0 y
Y |_ | A*+B* AB+BD | Is form of 2D Hooke i SU O P I T Ky K M
Xy AB+BD B>+D? X, harmonic oscillator or’ ) X, Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!

0 A B-iC :(.a)z A B-iC 2:> 0° A?+B*+C? AB+ BD—i(AC +CD)
1— = 1— = _
o \ B+iC D ot B+iC D o> | AB+BD+i(AC+CD) B*+D*+(?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
3 Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0

Derive a-exponential time evolution (or revolution) operator U=eHi=¢0uwpl
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 o -1 1 0 i 0 2 L o1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

O

(a) Cy'-symmetry

(ﬁg) At

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.

...current-carrier...
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

[ A. B-ic ]:A[ o ]+B£ vl J+C[ O N }LD( 00 JZAe11+BGB+C0'C+De22
B+iC D 0 O 1 O i 0 0 1
A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 0 -1 1 0O i 0 2 0 1

A—D A+ D
H=— o +B O© +C o© + (o
/ A * B C\ 2 0 ...current-carrier...

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, Gc } are best known as Pauli-spin operators {G1=009, 63=0x, Gc=Cy, 64=0 7 } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

(a) Cy'-symmetry

(Zlg) At

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

[ A. B-ic ]:A[ o ]+B£ vl ]+C[ O N }LD( 00 JZAe11+BGB+C0'C+De22
B+iC D 0 O 1 O i 0 0 1
A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 0 -1 1 0O i 0 2 0 1

A—D A+ D
H=— o +B O© +C o© + (o
/ A * B C\ 2 0 ...current-carrier...

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, Gc } are best known as Pauli-spin operators {G1=009, 63=0x, Gc=Cy, 64=0 7 } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

(a) Cy'-symmetry

(ﬁg) At

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ +

O

/ $ \ 2 ...current-carrier...

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, Gc } are best known as Pauli-spin operators {G1=009, 63=0x, Gc=Cy, 64=0 7 } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Each Hamilton quaternion squares to negative-1 (12 = j2? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)
q q g J giary

(a) Cy'-symmetry

(ﬁg) At

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ + O

/ $ \ 2 ...current-carrier...

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {©1, 64, 05, Oc } are best known as Pauli-spin operators {G1=09, Op=0x, Gc=Cy, 64=0 7z } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Each Hamilton quaternion squares to negative-1 (12 = j2? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)
q q g J giary

Each Pauli 6y squares to positive-1 (6.2 = 6y? = 6 z2 = +1) (Each makes a cyclic C> group CZAZ{I, 64}, C"={1,03}, or C2C={1, oc}.)

(a) Cy-symmetry (a-b) Cy'B-symmetry (b) CoB-symmetry
X N
( y 0) X, 4B |2 |
0D fdst
X

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

3 Derive a-exponential time evolution (or revolution) operator U=e ™M= n-p!
3 Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing -Theorem)

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
S A O DT 0 g O e O AP0, evolution
e _, \ BHC D _, 2Lo0 - 1 0 i 0 2 Lo 1
B B 04=0 2z Op=0x Oc=0y operator
YA “A A-D 4D
—io —iwn- —iGelyt —iwn: N ~ +
. b A,B,C, and D
Yc C C
\ y
Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each 0y squares to one (unit matrix 1=o,.5, ) and each quaternion squares to minus-one (—1=i-i=j-j, etc.) just like i=~/-1.
25
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e =coswf—isinwt so matrix exponential becomes powerful.

A BHC ) AP0 gl 0 e 0 ARDE 0,
M1 _ , \ B+HC D _, 200 - 1 0 ) 2 {0 1

O04=0 2z Op=0x Oc=0Oy
YA N A__D
—i0 —iwn-t el —iwn-t . . A+ D
—e PeTW0T Z 100w, here: (= pp |FRt=| wy |t= 2 -t and: w) = 5
B
Yc We C

J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0; powerful.

. . . A . ~ ~ 2 2 2
This is true for spinor components based on any unit vector a=(ay,a,,a,) for which aea=1=a,+a, +a; .

To see this just try it out on any a-component: O, =0e®a=a,0,+a,0, +a,0,

Gj =(cea)ocea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

a,0,a,0, +a,0.a,0, +a,0,a,0, a,a,0,0, +aya,0,0, +a,a,0,0,
= +a,0,a,0, +a,0,a,0, +a,0,a,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0,
+a,0,a,0, +a,0,a,0, +a,0,a,0, +a,a,o0,0, +a,a,0,0, +a,a,0,0,

ABCD Time
evolution
operator

For constant
A,B,C, and D

Each 0y squares to one (unit matrix 1=0, -0, ) and each quaternion squares to minus-one (—1=i‘i=j*j, efc.) just like i=~/-1.
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
it _ , \ B+iC D 3 2 {0 -1 1 0 i 0 2 {0 1

B 04=0 2z Op=0x Oc=0y operator

PA “A A-D e D

—io —iwn el —iWn N ~ +
—e e 2 pTIO N T herer (= pp |FRt=| wy |t= 2 -t and: w) = 5 For constant
w b A,B,C, and D
Pc C C
\_ J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0; powerful.

Each 0y squares to one (unit matrix 1=0, -0, ) and each quaternion squares to minus-one (—1=i‘i=j*j, efc.) just like i=~/-1.

. . . A . A A 2 2 2
This is true for spinor components based on any unit vector a=(ay,a,,a,) for which aea=1=a,+a, +a; .

To see this just try it out on any a-component: O, =0e®a=a,0,+a,0, +a,0,

2 A A .
o,=(ocea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,) o ][ - j [ 0 ] [ 0 ]
= =i =i0y
a0 a0 +aXO-XClYO-Y +aXGXaZo'Z a,a,0 O +aXaYGXGY +aXaZGXGZ 06—1 16 0 -1 0 i 0
X z
= +a,0,a,0, +a,0,a,0, +a,0,a,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0, (0 1](1 ) j (0 _1] [ 0 _l_) .
= = —7 = —7 y
+a,6,a4,6y +a,6,a,06, +a,06,a,0, +a,ay6,06y +a,a,0,0, +a,a,0,0, 00 A bo io

To finish we need another symmetry property called anti-commutation: o.0,=-0,6, , c,0,=-0,0,,elc.

o =(cea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

2
a, 1 +aya,0,0, +a,a,0,0,
= -—a,a,0,0, +a,’1 +aya,0,0,
-aya,0,0, —a,a,0,0, +a,’1
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful.
A BHC ) AP0 gl 0 e 0 ARDE 0,
Mt _, \ B+HC D _, 2Lo0 - 1 0 i 0 2 L0 1
- B 04=0 7 Op=0x Oc=0y
YA N A__D
—i0 O .- i ehet e - R A+ D
—g PP _ gmiGewt SiWgT e = pp |[Fw-t=| wp |t= ?3 -tand: wy = 5
Yc We C
J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0; powerful.

ABCD Time
evolution
operator

For constant
A,B,C, and D

Each 0y squares to one (unit matrix 1=0, -0, ) and each quaternion squares to minus-one (—1=i‘i=j*j, efc.) just like i=~/-1.

. . . A . ~ ~ 2 2 2
This is true for spinor components based on any unit vector a=(ay,a,,a,) for which aea=1=a,+a, +a; .

To see this just try it out on any a-component: O, =0e®a=a,0,+a,0, +a,0,

To finish we need another symmetry property called anti-commutation: o.c,=-0,0, ,

o.=(oea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,) IGZO 06)1(
a,0,a,0, +a,0,a,06, +a,0,a,0, a,a,0,0, +a,a,0,0, +a,a,0,0, Oa_l ][ ‘GO
= +a,0,4,0, +a,0,a,0, +a,0,a,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0, f( 1 i
+a,0,a,0, +a,0,a,0, +a,0,a,0, +a,a,0,06, +a,a,0,0, +a,a,06,0, ( o ]( 0~

o’=(ocea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

ay MO, Ta,d05G,
= _WY +a)%1 MO-Z
g0, TWa0y0,  tal

=(ay+a, +a))1=1
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

3 Derive a-exponential time evolution (or revolution) operator U=e ™M= n-p!
Spinor arithmetic like  complex arithmetic

3 Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
I L P e B P VI I i B S evolution
e—iH-t — e B+iC D 2 0 -1 1 0 i 0 2 0 1
B 04=0 2z Op=0x Oc=0y operator
YA “A A-D 4D
—io —iwn- —iGelyt —iwn: N ~ +
—e PeTW0T Z 100w, here: (= pp |FRt=| wy |t= 2 -t and: w) = 5 For constant
. b A,B,C, and D
Yc C C
1\ J
Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
o-products do dot * and cross x products by symmetries: 0,0, =1i0,=-0,0,, 0,0, =10, =—0,0,, 0,0,=1i0,=-0,0,
30
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful.
A BHC ) AP0 gl 0 e 0 ARDE 0,
e_iH-t — B+iC D — o 2 0 -1 1 0 i 0 2 0 1
- B 04=0 7 Op=0x Oc=0y
YA N A__D
—i0 O .- eyt —fIn: - R A+ D
—g PP _ gmiGewt SiWgT e = pp |[Fw-t=| wp |t= ?3 -tand: wy = 5

Yc We C

\_ y,

Symmetry relations make spinors O v =0z, Oy=0¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.

o-products do dot * and cross x products by symmetries: 0,0, =10,=—0,0,, 0,0, =10, =—0,0,,

c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)

a

ayb,1 +a.b,0,0, -a,b,0,0, +i(ay,b, —a,b, )0
= —a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a,b,)o,
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,
0, = Oy
Lo o] _[o
0 -1 1 0 -1
Oy * Oy

ABCD Time
evolution
operator

For constant
A,B,C, and D

0,0,=i0,=—-0,0

Wednesday, December 3, 2014

31



OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
S A O DT 0 g O e O AP0, evolution
M _ , \ BHC D _, 2L0 1 0 i 0 2 o0 1
e = = 5.=0 7 Os=0x Oc=0y operator
YA N A__D 4D
—io —iwn- iGelyt —iwn® N ~ +
—o 9T it T et e=| ¢z |F@-t=| wy |t= 2 -t and: w) = 5 For constant
. b A,B,C, and D
Yc C C
\ y
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
o-products do dot ¢ and cross x products by symmetries: 0,0, =10,=-0,0,, 0,0, =10, =—0,0,, 0,0,=i0,=-0,0
c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)
ayb,1 +a.b,0,0, -a,b,0,0, +i(ay,b, —a,b, )0
= -a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a,b,)o,
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,
6z © Oy
Write the product in Gibbs notation. (This 1s where Gibbs gof his {i,j,k} notation!) [ 1o ][ 0 1 ]:[ 0 1 ]:{ 0 i ]ziGY
0 -1 1 0 -1 0 i 0
0,0,=(cea)ceb)= (a*b)l + i(axb)eo Ox " 9z
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
—iH't
()= W(0))
Hamilton generalized Euler’s expansion e ' =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
Mt _, \ B+HC D _, 2Lo0 - 1 0 i 0 2 1o 1
B B 04=0 2z Op=0x Oc=0y operator
PA “A A-D e D
—io —iwn el —iWn N ~ +
y b A,B,C, and D
Yc C C
\ y,
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0; powerful.
o-products do dot * and cross x products by symmetries: 0,0, =i0,=-0,0, c,0,=i0,=-0,0,, 0,0,=i0,=-0,0
c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)
ayb,1 +a.b,0,0, -a,b,0,0, +i(ay,b, —a,b, )0
= -a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a,b,)o,
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,
0z Ox
Write the product in Gibbs notation. (This 1s where Gibbs gof his {i,j,k} notation!) ( 1o ][ 0 1 ]:[ 0 1 ]:{ 0 i ]ziGY
0 -1 1 0 -1 0 i 0
0,0,=(cea)ceb)= (a*b)l + i(axb)eo Ox " 9z

(Recall (1.10.29). in complex variable unit.)

A*B= —|—z'Ay )*(B, +1B,) —iA,)(B, +1iB,)
+AYB +7,AB AYBX = AoB) + i(AxB),
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

3 Derive a-exponential time evolution (or revolution) operator U=e ™M= n-p!
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
3 Spinor exponentials  like  complex exponentials (“Crazy-Thing’-Theorem)

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
I L P e B P VI I i B S evolution
M _, \ BHC D _, 2Lo0 - 1 0 i 0 2 o1
e = = 5.=0 7 Os=0x Oc=0y operator
YA “A A=D 4D
—io —iwn- —iGelyt —iwn: N ~ +
. b A,B,C, and D
Yc C C
\ y
Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall (1.10.17).)
L . 1, . 1, . 1, . 1 1
e =1+ (~ip) + o (i) + o (i) + 5 (i) = [ e +@ = [eosy]
~ iy + o ) —ilsing)
35
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
S A O DT 0 g O e O AP0, evolution
e _, \ BHC D _, 2Lo0 - 1 0 i 0 2 Lo 1
B B 04=0 2z Op=0x 0c=0y operator
YA “A A-D 4D
—io —iwn- iGelyt —iwn® N ~ +
—o 9T it T et e=| ¢z |F@-t=| wy |t= 2 -t and: w) = 5 For constant
. b A,B,C, and D
Yc C C
1\ J
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall (1.10.17).)
“ip . 1 . N2 1 . \3 1 CoNA _l 2 i 1..]=
e " =14 (—ip)+ o (Hie) + o (i) + (i) = [l e e = leosy]
Note even powers of (-i) are £/ —i(p + %@3 ) —i(siny)
f(-i +i. 0 1 . N2 \3 . 4 N3 .
and odd powers of (-i) are =) =+1, (=) =—i, (i)’ ==1, (=)’ =+i, (=i)*=+1, (=i)’ =—i, etc.
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
S A O DT 0 g O e O AP0, evolution
e _, \ BHC D _, 2Lo0 - 1 0 i 0 2 Lo 1
B B 04=0 2z Op=0x 0c=0y operator
YA “A A-D 4D
—io —iwn- iGelyt —iwn® N ~ +
. b A,B,C, and D
Yc C C
\ y
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall (1.10.17).)
o . 1, . 1, . 1, . 1 1
e =1+ (~ip) + o (i) + o (i) + 5 (i) = [ e +@ = [eosy]
Note even powers of (-i) are £/ —i(p + %@3 ) —i(siny)
and odd powers of (-i) are +i.: (=)’ =41, (=i) =—i, (=Y ==L, (=i) =+i, (=i)' =41, (=i}’ =—i, etc.
Hamilton replaces (-i) with —ic in the e~ power series above to get a sequence of terms just like it.
(—ic ) =+1, (—ic ) =—ioc , (—ic )Y =-1, (mic ) =+ic , (—ic ) ' =+1, (-ic ) =—io _, etc
¢ ’ 4 p? 4 ’ ¥ p? ® ’ ¥ p? )
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e =coswf—isinwt so matrix exponential becomes powerful.

A BHC ) AP0 gl 0 e 0 ARDE 0,
e—iH't_e B+iC D _o 2 0 -1 1 0 i 0 2 0 1

04=0 2 Op=0x Oc=0y
YA N A__D
—i0 —iwn-t el —iwn-t . . A+ D
—e PeTW0T Z 100w, here: (= pp |FRt=| wy |t= 2 -t and: w) = 5
B
Yc We C

\_

J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.

Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 . 4“. —
e =1+( zgo)—i—Z!( i) —|—3!( ip) —1—4!( ip) 1 2!90 -|-4!90 ] [cos ]

: 1 oo
—i(p + 5903 ) —i(sing)
Note even powers of (-i) are £/ and odd powers of (-i) are ii.:(—i)O =+1, (—i)1 =—1, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—l')5 =—1, elc.

Hamilton replaces (-i) with —ic in the e~ power series above to get a sequence of terms just like it.

. 0 __ . 1_ . . 2 _ . 3 . 4 . 5 .
(—ic.) =+1, (=io_ ) =—io_, (-ic )" =-1, (=io, ) =+io_, (—ic ) =+1, (=io_ )" =—io_, etc.

ABCD Time
evolution
operator

For constant
A,B,C, and D

This allows Hamilton to generalize Euler’s rotation € to e_i%gp forany o p=(0cep)=p,0,+¢,0,+¢0,0,=(cCeP)p

—1 . . . —i0 . .
e ¥=1 COSyYy — 1 sy generalizes to:( e ‘“90=ICOSQO — Lo,Smy )
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
S A O DT 0 g O e O AP0, evolution
e—iH-t — e B+iC D _o 2 0 -1 1 0 i 0 2 0 1
B B 04=0 2z Op=0x 0c=0y operator
PA WA A-D
—i0 O .- i ehet e - R A+ D
—e PeTW0T Z 100w, here: (= pp |FRt=| wy |t= 2 -t and: w) = 5 For constant
—iwt © W b A,B,C, and D
=(1cosp—io _sinp)e 0 ¢ ¢ C
\- 1 J
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).) - ~
o i)+ L i)+ L Ciop 4 L (i)t = Ll LR The
e " =14 (—ip)+ o (Hie) + o (i) + (i) = [l e e = leosy] Crazy Thing
— ’L(QO + l gp?’ .. ) _ Z( sin 90) Theorem:
3! If (v )?=-1
Note even powers of (-i) are £/ and odd powers of (-i) are ii.:(—i)O =+1, (—i)1 =—1, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—l')5 =—1, elc. Th \
| en:
Hamilton replaces (-i)) with —ic, in the e power series above to get a sequence of terms just like it. ( )¢ ,
e(v/" =1cos, +(v)sing
. 0 __ . 1_ . . 2 _ . 3. . 4 . 5 _ . \ )
(—ic.) =+1, (=io_ ) =—io_, (-ic )" =-1, (=io, ) =+io_, (—ic ) =+1, (=io_ )" =—io_, etc.

This allows Hamilton to generalize Euler’s rotation € to e_i%gp forany o p=(0cep)=p,0,+¢,0,+¢0,0,=(cCeP)p

—1 . . . —i0 . .
e ¥=1 COSyYy — 1 sy generalizes to:( e ‘“90=ICOSQO — Lo,Smy )
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
LA pHC e ATDE 0 g O e O AR L0 evolution
e—iH-t — e B+iC D _o 2 0 -1 1 0 i 0 2 0 1
B B 04=0 2z Op=0x 0c=0y operator
YA WA A__D
—i0 O .- eyt e - R A+ D
—e PeTW0T Z 10w, here: (o= g |FRt=| wy |t= 2 -t and: w) = 5 For constant
—iwt © W b A,B,C, and D
=(1cosp—io _sinp)e 0 ¢ ¢ C
\- 1 J
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).) - ~
o i)+ L i)+ L Ciop 4 L (i)t = Ll LR The
e " =14 (—ip)+ o (Hie) + o (i) + (i) = [l e e = leosy] Crazy Thing
— ’L(QO + l gp?’ .. ) _ Z( sin 90) Theorem:
3! If (v )?=-1
Note even powers of (-i) are £/ and odd powers of (-i) are ii.:(—i)O =+1, (—i)1 =—1, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—l')5 =—1, elc. Th \
| en:
Hamilton replaces (-i)) with —ic, in the e power series above to get a sequence of terms just like it. ( )¢ ,
e(v/" =1cos, +(v)sing
. 0 __ . 1_ . . 2 _ . 3. . 4 . 5 _ . \ )
(—ic.) =+1, (=io_ ) =—io_, (-ic )" =-1, (=io, ) =+io_, (—ic ) =+1, (=io_ )" =—io_, etc.

This allows Hamilton to generalize Euler’s rotation € to e_i%gp forany o p=(0cep)=p,0,+¢,0,+¢0,0,=(cCeP)p

e V=] CoOsy — I siny generalizes to: ( e 7= lcosp — i o sin )
: A (oeg
Here: (o) =-i Here: [\ = —io_ =—i(T®p)=—i (@®)
Y
Crazy thing is
just -1
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive a-exponential time evolution (or revolution) operator U=eHi=¢0uwpl
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

P Geometry of evolution (or revolution) operator U=e M= ®u-pt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

()= P(0))

. . . —Q o« o . .
Hamilton generalized Euler’s expansion e ' = cosQt —isin Q¢ so matrix exponential becomes powerful.
g p p p

| A B-iC A-D[ 1 0 o 0 1 . 0 —i A+D| 1 0
| i _ i —iB —iC| " i f . o .
o HT _ B+iC D —e 2 {0 -1 1 0 i 0 2 101 _ e—l(wOGO + WeG )t _ e—lwo't(

ABCD Time
evolution
operator

For constant
A,B,C, and D

lcoswt—io sinw:-t

~N

04=0z OB=Ox Oc=Oy 2
e'V=1cospy — ising
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |[FW-=| wp |f= -t and: wy = T : —\
B 2 (e “=1cosp — io,sing )
W
\ e C C y
10
e [0 _1]%: 10 Cosp, — 1 0 sin @ :
0 1 A 1 4 Example 1.
o | AorZ é b )
_ | cosp, —ising, 0 _| e 0 rotation T eh.
0 cosp, —ising, 0 % C;E;lzy Thing
corem:
If ( ’=-1
J
Then:
e(\)g’ =1cos, +(\)Slngp
g W,
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

()= P(0))

. . . —Q o« o . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

L A B—iC y —iA_D 1 O —iB 0 1 f—iC 0 —i .t_l-A+4D
—iH¢t B+iC D 2 0 -1 1 0 i 0
e =e =e

ABCD Time
evolution
operator

For constant
A,B,C, and D

1coswt—io sin w-t)

~N

04=07 OB=Ox Oc=Oy 2
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+D
where: ©=| ¢, |[FW-=| wp |f= -t and: wy = T : —\
B 2 (e “=1cosp — io,sing )
w
\ e C C y
10
€ Z[O - ]SOA— 10 s —i 0 lsin
o 1 Ya 1 Ya Example I:
o | AorZ é )
_ | cosp, —ising, 0 e oo rotation The .
0 cosp, —ising, 0 % C;E;lzy Thing
eorem:
{0 i | If ( =1
°
e [Z 0 ] ‘110 cosg, —i 0 —i sing, Example 2: Then: N
0 1 / i@ 0 CorY e
| cosp, —sing, rotation e(\)gp =1cosy +(i)sing
B sing,  cosg, \- _/
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, )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
]‘P( t)> _ e—zH-t‘LP(O)> evolution
operator
. . R . —iQt .. . . For constant
Hamilton generalized Euler’s expansion e = = cos£f —isin{)f so matrix exponential becomes powerful. AB.C andD

[ 4 B-ic ) A-D( 1 0o | .o 1) [0 —i)| .4+D[ 1 0 )
. —1 _ t —1 2 0 t—iB Lo —=iC| 0 t—ziz 0 1 . T et it
g Mt _, \ BHC D —e B B f — o (w0 T wea)t _ mity (lcoswt—ia sinw-t)
04=0z OB=Ox Oc=Oy ®
e '"=1cosp — isiny
YA YA A=-D 4D generalizes to:
where: ©=| ¢, |[FW-=| wp |f= 2 -t and: wy = T : —\
B 2 Ce “=1cosp — io,sing )
w
\ e C C y
10
€ Z[O _1]%1— 10 feosp —4 0 lsin
1o 1 P 1 Pu Example 1:
o | AorZ é )
_ | cosp, —ising, 0 e oo rotation The ‘
0 cosp, —ising, 0 e Crazy Thing
Theorem:
{0 < If ( =-1
o8
€ [Z 0 ] |1 o cosp,, — i [ 0 7 |sing, Example 2: Then: .
0 1 v CorY
cosp, —sing. rotation e(g)gp =1cos, +(v-)siny
B sing,  cosg, \- _/
Let: p=w-t
e (O —1cos - io,sinp=1cosp—i (0 ®P)siny
Example 3.

Any p=wt-axial
rotation

1cosyp

—i (040 4)sing —i (OpPp)sing —i (OcPc)sing

10 COS(p —1 L0 D4 SN —1i Ol@singp—i 0 = Op sinp
0 1 o -1 4 1 o )78 i o '€

COSp — i) 4 Siny

(—ipp + P )sing

(—ipp —Pc)sing
Cos +ip, siny

J
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4 . )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_iH- evolution
w(0))=e P (0)) t
operator
. . . —i .. . . For tant
Hamilton generalized Euler’s expansion e ¥ = cosQt —isin Q¢ so matrix exponential becomes powerful. oLy
g p p p A,B,C, and D
_l.( A B-iC ],t _Z.A—D[ 1o ),HB( 0 1 }HC[ 0 —i j_t_l.A+D£ 10 j
ot \ B+HC D —e 2 L0 bo P0 2 L0 1) _ il +wea)t _ ity (1 coswt — io sinw-t)
04=0z OB=Ox Oc=Oy 2
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |[FW-=| wp |f= -t and: wy = T : —\
B 2 Ce “=1cosy - io sing )
w
N c ¢ C y
—z[ 10 ]soA (0 i
0 —1 1 0 . 0 . = R
¢ - [ 0o 1 |FFFaT! [ L PR Example 1: e [Z ! ] |10 cosp . —i [ 0" =1 lsing Example 2:
_ C . C
o ' Aor 7 0 1 g CorY
_ | cosw, Tising, 0 :[ e A 0 ] rotation | cosp, —sing, rotation
0 Cosp, —ising, 0 e | sin 0., Cosp,

We test these operators by making them rotate each other ....
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4 )

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
]‘P( t)> _ e—zH-t‘LP(O)> evolution
operator
. . R . —iQt .. . . For constant
Hamilton generalized Euler’s expansion e = = cos£f —isin{)f so matrix exponential becomes powerful. AB.C andD

; A B-iC A-D[ 1 0 o 0 1 . 0 —i A+Df 1 0
. —i _ = ‘t—iB =iC| ‘11 't ' o '
e—zH-t — e B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l(wOGO + WeG )t _ e—lwo't(

1coswt—io sin w-t)

04=07 OB=Ox Oc=Oy 2
e '"=1cosp — isiny
YA YA A=-D generalizes to:
A= e 2 A+D
where: = SOB = t= wB = -t and: CUO = —i0_p . . \
B 2 Ce ““=1cosp — i0,siny
e “c - <
- ¢ J
—i[ 10 ]SOA (a _
01 |1 0 . 0 |. —z[ 0 —i ](p .
c B [ 0o 1 | [ L PR Example 1: e ' " S cosp, —1i [ 0" = lsing Example 2:
- 0 1 ¢ i 0 ¢
N | AorZ CorY
_ COsS@p, —1i81yY, 0 _ e_w“ 0 rotation cosp,, —sin o rotation
0 cosp, —ising, 0 e | sing,  cosg,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:aff’mtated) :R(Cp)auR_l(Cp):R(Cp)a MRT(CP)
Rle.) - o+ R'(e)

cosp, —sing, 1 0 ]
0 —1

sing,  cosg,
2 s 2 s
cos @, —sin" @,  2sinp, cosy,

cosp, sing,

—sing, cosy,

. . 2
2sinp, cosp,  sin” @, —cos @,

|1 0 ]congoc—l—

0 —1 0  > or: 3=2pc =60° 1
= O 00829004— c, sin2900 LAP: Y || ¥B =

4 2 2., 2
. +p% +
Yc Yc \/QOA YRT¥C

2 2 2
JwA+wB+wC
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, )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
]‘P( t)> _ e—zH-t‘LP(O)> evolution
operator
. . R . —iQt .. . . For constant
Hamilton generalized Euler’s expansion e = = cos£f —isin{)f so matrix exponential becomes powerful. AB.C andD

_{ A B-iC }t _Z.A—D[ 1o ),HB( 0 1 }HC[ 0 —i }t_l.A+D£ 10 j
g Mt _, \ BHC D —e 200 Lo P0 2 L0 1) rilwgog +wea)t e_iwo't(lcoswt—ia sincw-t )
04=07 Op=O0Ox Oc=Oy ¥
e '"=1cosp — isiny
PA WA A-D 4iD generalizes to:
where: ©=| ¢, |[FW-=| wp |f= 2 -t and: wj = —io_o . .\
B 2 Ce “=1cosy - io sing )
e “e C
\ J
[1 0
1 A i
014 [ 1 0 - 0 |. — 0 —i o, |
e = cosQ, —1 o [sing, Example |: e L0110 oS — i 0 — sin Example 2:
0 1 1 O 1 C . 0 C
- | AorZ Z CorY
_ COsS@p, —1i81yY, 0 _ e_w“ 0 rotation cosp,, —sin o rotation
0 cosp, —ising, 0 €™ | sin Q. cosp,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:aff’mtated) :R(Cp)auR_l(Cp):R(Cp)a MRT(CP)

-1
Rle) - o, - R(g)
| cosg, —sing, 1 0 cosp,,
sing,  cosg, 0 —1

2 s 2 s
cos”p, —sin”p,  2sing, cosy,

. . 2
2sinp, cosp,  sin” @, —cos @,

1 0
0 -1
= O, cos2¢,+ O,

]cos 20, +

—sing, cosy,

sing,,

—2siny, cosy,,

2 2
cos” p, —sin” ¢,

0 1

—0, sin2p, + O, cos2yp,

-1
R(%) ~ o, R (‘pc)
| cosg, —sincp(/, 0 1 cos,,
sing,,  cosp, 1 0 —sing,,

2 2
cos” p, —sin" ¢,

2singp,, cosy,

CoS2¢p,,

sin ¢ B

cos(,,

(' The 3D-rotation is by 2, rwice the 2D angle .)

Wednesday, December 3, 2014

47



ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive a-exponential time evolution (or revolution) operator U=eHi=¢0uwpl
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
Y AT “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o) 4-D[ 1 o 0 1 0 i Notation for
H= = +— + B +C .
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + @, Oy +0p Op +O- O, =a)060+m06:w01+w0w

A A A

Symmetry archetypes: A4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o0 A-D( 1 0 0 1 0 i Notation for
H= = +— + B +C .
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + @, O, +0p Op +O- O, :a)060+a)00:a)01+w6w

= QO 1 + QA SA +QB SB +QC SC :QOI+ QeS

1 1 i :
5 0 0 5 0 — Notation for
~AXDE 10, ypy| 2 28] % |+ac ? s
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chirachircular-complex... )

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
. . Notation for
H:( 4 B—ZC):A-FD(I OJ+A—D(1 O)JrB[o 1)+C[o —zj J

B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + @, O, +0p Op +O- O, :a)060+moo:a)01+w6w

= QO 1 + QA SA +QB SB +QC SC :QOI+ QeS

1 1 i :
5 0 0 5 0 — Notation for
AP L0, 4 p) 2 +2B] % |+2c ? %
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

A

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chiral*circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o A-D( 1 0 0 1 0 i Notation for
H= = +— + B +C .
B+iC D 2 0 1 2 0 -1 1 0 i 0 2D Spinor space

= ®, O, + ®, O, +w, Op +O- O, :a)060+moo:a)01+w6w
= QO 1 + QA SA +QB SB +QC SC :QOI+ QeSS

1 1 ] .
5 0 0 5 0 — Notation for
AP L0, 4 p) 2 +2B] % |+2c ? %
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

A

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chiral*circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })

. A-D
Notation for DA 5 4+ D
. where: 0= -t=| w, |t= -t and: @, =
2D Spinor space B 2
A  B-iC Oc C

_l[ .l-
—iH- B+iC D ] —i(WNCn + DGt —iWnt —] OG- —iwnt —IiC, Wt —iwn-t ) )
e HT_, : =e (@90 ) — ¢ W0l gmt W0 _ ;T IO _ T (lcosa)-t—zo'wsma)-t)
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

(4 B-ic)_4+D( 1 0 ), A4-D[ 1 o0 0 1 0 —i Notation for
H= = +— + B +C 2D Sp;

B+iC D 2 Lo 1 2 |0 -1 1 0 i 0 Spinor space
= w0, O, + w, o0, +wp Oy +W, Op =0y0,+0eG6=w0yl+0s,
= L 1 + Q, S, +Qz S, +Q- S, =Qp1+ QeS

1 1 i .
A+ D 5 0 0 5 0 —5 Notation for
- POy 4-p)| 2 +2B] % |+2c ?
2 0 1 0o _L 1 i 3D Vector space
2 2 2
0" component
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum
Symmetry archetypes: 4 (Asymmetricidiagonal)| B (Bilateraﬁbalancedﬂ C (Chirachircular—complex... )
The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0x, Gc=0Cy, C4=0C 7 }
The {1, Su4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, Ss=Sx, Sc=Sy, S4=S7}
(Often labeled {Jv, )y, )7z })
. A—-D
Notation for DA 5 4+ D
] where: 0= -t=| w, |t= -t and: @, =
2D Spinor space B 2
_{ A B-iC ) ) @c C
e—iH-t _e B+iC D _ e—z(a)oao + Weo)r _ e—za)o-te_i oGt _ e—za)o-te—zcwa)-t _ e—za)O-t (lcosa)'t . iO'w sina)'t)
—_7 #o_" —1 . _‘_'.. —7 . Q . Q
= (821 T QS)t_ mikdyet —i (b1eS =" I[ICOS—t—iGw Sln_tj
2 2
Notation for ) 24 A-D 4iD
where: @=Q-t=| Q, |i= 2B -t and: Q) =
3D Vector space
Q. 2C
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
. B . Notation for
H:( 4 B—ZC):A-FD(I 0J+A D(l o)w[o I]J’C(O_lj J

B+iC D 2 Lo 1 2 | 0o -1 1 0 i 0 2D Spinor space

= ®, O, + ®w, O, +w, Op +O- O, :w060+woo:a)01+wcw

= Q, 1 + Q, S, +Q,8, +Q. Sp =Qyl+ QeS

1 1 ] .
A+D 5 0 0 5 0 —5 Notation for
- 0 4-py| 2 128 2 \y2c :
2 0 1 0o _L 1 i 3D Vector space
2 2 2
0" component
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

A

Symmetry archetypes: 4 (Asymmetricidiagonal)| B (Bilateraﬁbalancedﬂ C (Chiral*circular-complex...)

“Crank” The {61, 64, 05, Gc } are the well known Pauli-spin operators {6;=Gop, Gs=0Cx, Gc=Cy, G4=GC 7 }
- vector The {1, S4, Sz, Sc }\are the Jordan-Angular-Momentum operators {1=6o, Ss=Sx, Sc=Sy, S4=Sz}
N W A-D (Often labeled {Jv, Jy, )z })
~ ~ 2
P=| @ =W = w = t . A—D
B b B Notation for DA 5 A+ D
fc e C : where: =0 -t=| @, |t= -t and: @, =
\- /2D Spinor space b B 07 2
: (OFs)
A B-iC C
H- _l[ B+iC D }t —i(w\O + WeG)t  —int — (G- —iWyt —i0, Wt  —iwyt
e M= : =e 070 =g 0TI W0 - ;70T 0™ — o710 (lcosw-t—icwsina)-t)

“ 3 . Do) —70-t _: 0. —10. - Qt . 2t
Crank e = t[lcos——iﬁw Sln_j
vector 2 2

4 ) .
O, N B Notation for 24 A-D
- - A-D where: ©=Q-1=| @, |t=| o2z |tand: @ =272
= Op [Frr=) Yy t=1 28 |t 3D Vector space ' b e -0
O 2 2C £2c
\_ J
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive a-exponential time evolution (or revolution) operator U=eHi=¢0uwpl
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
- 2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)

U(2):2D Spinor {|")|Y)}-space (complex)

1) spin “dn”
C}m -
1) spin “dn”

) -
C%’;é ) -
1) spin “dn”

s

\ / ’T> spin “
4} spin “dn”
)

C/ 1) spin

Mp )

up )

{(up )

State vector [W)=| 1) (1|9)+| 1) (1 ¥)

1

|

v )
N

¥
\Pi

o)

COSE —siné
2

2
B

sin—  cos—
2

2

B

COS—
2

p

Sin —
2

COS—

Sin —

COS—

sin —

Life in 2D Spinor space is “Half-Fast”

o)

SRy

Sl i

Spin vector S=|X)(X|S)+|Y)(Y|S) +|2)(Z|S)

_ O O

i

Sy cosf 0 sinf 0
s, |=| o 1 o 0
S, —sinf 0 cosp 1

sin 3 \/5/2
= 0 = 0
cos 3 1/2
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

U(2):2D Spinor {|")|Y)}-space (complex)

a3

| i, spin “dn”

o
N

|¢> spin “dn”

L/

|¢> spin “dn”

with

™)

((up )
m-phase

\T> spin “up”

\T> spin “up”

State vector [W)=| 1) (1|9)+| 1) (1 ¥)

5

)

(Only “half-way” home after 2r =360° rotation)

B

COS—
2

p

SIn —
2

COS—

Sin —

COS—

SIn —

B

COS—

B

Sin —
2

(

—_— O
N

S 6L

I
w|~wg‘
o

R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)
Spin vector S=|X)(X|S)+|Y)(Y|S) +|2)(Z|S)

/ / Sx sin 3 0
T ‘ S, cos 3 —1

2
Il

-
Il

-

Sx sin 3 1

Sy |= 0 = 0
— S, cos 3 0

Y
X Y-rotation
by ©=3=270°

Sx sin 3

S, |=| o |=

S, cos 3

Sy 1

Sy [=| 0
— s 0

Ydrotation
y ©=3=360°

Life in 2D Spinor space is “Half-Fast” and needs ©=4m1=720° to return to original state
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive a-exponential time evolution (or revolution) operator U=eHi=¢0uwpl
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
> NMR Hamiltonian: 3D Spin Moment m in B field

Wednesday, December 3, 2014 58



Hamiltonian for NMR: 3D Spin Moment Vector m=(m,, m,, m,) in field B=(Bx, By, B-)

H-m-B-go-B=| 57 SV &% =ng[ ) - ) +ng[ . ) +gB¥£ N j
g +igBy —gB, 0 -1 1 0 i 0
= gB, 0, + gBy 0y +gBy 0, =0eG=00,
Notation for
R A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }
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Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

H-m-B-go-B=| 57 SV &% =ng( ) - ] +ng£ . j +gBy( N ]
g +igBy —gB, 0 -1 1 0 i 0
=gB, 0, + gBy 0, +gBy Oy =We5=00G,
Notation for
R A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }

Notation for
3D Vector space

O-Qt A The driving ©=Qt vector is defined by the ABCD of Hamiltonian H .

The driven spin vector S defines the state. But, how?

Fig. 3.4.2 Two views of Hamilton crank vector Q(@©,9) whirling Stokes state vector S in ABC-space.
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Euler s state definition using rotations R(c,0,0), R(0,3,0),and R(0,0,7)
- Spin-1 (3D-real vector) case
Spin-1/2 (2D-complex spinor) case
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Euler s state definition using rotations R(c,0,0), R(0,(3,0),and R(0,0,7)

Spin-1 (3D-real vector) case

Euler Angle Dial
v

(Twist coordinate)

Euler Angle machine

discussed in CMwB Unit 6 (a) l ;

Euler
angle o
goniometer LS

r. - -..".

See also Lects. 8-9
QOTofCA Ch. 104-B
Grp. Th. in QM 5093

Euler Angle Dial

o
(Azimuthal coordinate)

Euler Angle Dial
B

(Polar coordinate)

An

| ez> astronomer’s

TR

diagram

),

pic
/ :)
b §
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)
Euler Angle machine a _ﬂ_..

Sets the (3 dial
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Euler Angle machine P _ﬂ_..
Sets the (3 dial

Sets the )'d_igl

L -

))=(R(a00))  (R(0B0))  (R(007))

coso. -sina 0 \( cosf 0 sinf3 \( cosy -smy O
=| sma cosa O 0 1 O smy cosy O
. 0 0 1 ){ -sinf3 0 cosf oo 0 1,
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Euler Angle machine a _ﬂ_,.
Sets the (3 dial

))=(R(a00))  (R(0B0))  (R(007))

\( \(

cosa  -sina 0 cosf 0 sinf3 cosy -siny O
=| smma cosax O 0 1 O smy cosy O
. 0 0 1 ){ -sinf3 0 cosf oo 0 1,

jeg)=R(opr )Jex)  ley)=R(ahy)ey) e, )=R(abr)le,)

<ex cosccos fcosy —sinosiny  -cosocos Ssiny —sinoccosy (cosarsin 5 )

(<eA|R(aﬁ}/)|eB>)= <eY sino cos Jcosy +cosasiny  -sinocos 3siny +cosocosy |sinosin 3
—COSY sin sin’y sin cos

(e, ysinf3 ysinf3 _ cosB

Note lab-frame polar coordinates of Z-body vector ‘ ez>
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Euler Angle machine P _ﬂ_..
Sets the (3 dial

Sets the )'d_igl

L -

(R(osr))=(r(a0))  (k(0p0))  (r(oor)

\( \(

cosa  -sina 0 cosf 0 sinf3 cosy -siny O
=| smma cosax O 0 1 O smy cosy O
. 0 0 1 ){ -sinf3 0 cosf oo 0 1,

jeg)=R(opr )Jex)  ley)=R(ahy)ey) e, )=R(abr)le,)

<ex cosocos fcosy —sinasiny  -cosccos 3siny —sinacosy (cosarsin 3 )
(<eA|R(aﬁ}/)|eB>)= <eY sino cos Jcosy +cosasiny  -sinocos 3siny +cosocosy |sinosin 3
<ez ( —cosy sin 3 siny sin 3  cosfs )j

Note lab-frame polar coordinates of Z-body vector ‘ ez>
...and body-frame polar coordinates of Z-lab ‘ ez>
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. Euler Angle Dial An
Euler Angle Dial Y B | ez> e ———
(Twist C(I)rdinate) (Polar coordinate) dj&gram
L] i S
¢ : e, B
: 7 |
Euler Angle machine : B |oc,l3,y). : - N T ,-’L |
discussed in CMwB Unit 6 i : "' i " | s (i £ / v
g _ . e a] > .
See also Lects. 8-9 Euler Anglo Dial [
OTofCA Ch. 104-B o L
GI"p. Th. in Q M 5093 (Azimuthal coordinate) i
BOD frame view
Polar angles of
=~ LAB zenith z=x3 are
D : (azimuth angle=—,
Dial | =%
_- ’ BO_Dy X) polar angle=— )
7 axis
x’-Frame
x”’-Frame v
x-Frame Dial LAB frame view
BOD f=)7] i B Polar angles_ 0]1
z BOD zenith z=x3 are
LAB X=X, y (azimuth angle=q,
Dial X / Jle= B
A polar angle= )

X’ ;=X ;COS OFX,sin o I _
= X,;SIn Y TX,COS Y
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Euler s state definition using rotations R(c,0,0), R(0,3,0),and R(0,0,7)
Spin-1 (3D-real vector) case
3 Spin-1/2 (2D-complex spinor) case
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

...................................................................................

‘ a> =R (&67)‘ T> SZ OI’lglnal (1) Rotate by y

= R[ozaboutZ:-R[ﬁaboutY]-R[vaboutZ]‘T> Spln State |1> around Z
. B . B |
_ e 2 0 oo - 6_% 0 |: A |T> . (2) Rotate by B y
— ) Z% _ ﬁ é Z% : around Y S
e Sin COS 0 e : 0

2 2 S, S,

.........................................................

(3) Rotate by o
around Z

~
S -
-
~
=~ -
>

General Spin Stateé
'¥)=R(opy)|T)-
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

a) =

R{a)|1)
Rl about 7|

—€

-R[Fabout Y |-R|~yabout Z]‘ T>

Cosﬁ —sinﬁ il
2 e 2 0
ol
sinﬁ cosﬁ 0 e?2
2
_Z'O‘_V
2 Siné A
oty
2 Cosé 0
_% _ T, + ipl
T, + ip2

...................................................................................

Original |
Spin State |1)

............................

(2) Rotate by 3
around Y

.........................................................

(3) Rotate by o

around Z %

General Spin Stateé
'¥)=R(opy)|T)-

(1) Rotate by y
around Z

v
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
» Asymmetry S4 =Sz, Balance Sz =Sx, and Chirality Sc =Sy

Polarization ellipse and spinor state dynamics
The “Great Spectral Avoided-Crossing” and A-to-B-to-A symmetry breaking
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Each point {E,E>} defines 2D-HO phase space or analogous W-space given by 2D amplitude array:
This defines real 3D spin vector (S4, Sk, Sc) “pointing” to a polarization ellipse or state.

1 I( « a Ir « # 1
AsymmetrySAza(a|GA|a)=—( a; a )( o ]{ : ]=[a1a1—a2a2] =5[x12+p12—x§—p§]

2 0 -1 )| a | 2
1 1 # * 0 1 aq | * *
Balance 5325(6403‘61):5( a a )( L0 J :5|:a1a2 +a2a1] :|:p1p2 +x1x2]
a
. . 1 1 * % -1 a —1 * *
Chirality SC:E(a|GC|a):E( a  a )( (l) Ol ] 1 =?l[ala2—a2al]:[xlpz—xzpl]
a

T, + ’zlpl
T, + z’pQ
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

@ /8
: . : - e %cos—
Each point {£},E>} defines 2D-HO phase space or analogous ‘¥-space given by 2D amplitude array: | & |_| & T®, |_ , o2
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state. a, z, + 1, 61'% sin 2
4 )
1 I 1 0 a Ir « . Iro 2 2 2 2B 2P 1
Asymmetry S 4 =5(a|GA|a)=5( a, a, )[ 0 —1 )[ . J =5[a1al —azaz] =5[x1 +p; — x5 —p2]= E[COS ——sin 5] ZECOS'B
1 Y O ap | 1 o« 0 oty o=y aty a-y| B. Bl_1 :
Balance SB_E(a’GB’a)_E( a  a )( Lo J . —5[0102 +a2a1} —[plpz +x1x2] —I[—sm sin 08— cos—— |cossin —2cosocsmﬁ
o 1 1/ « 0 —i a —ir , oa+y . o—y a-y a+y} B.BlI. .
Chiral Sc=—lalo =—( ) =— — = - =[| cos sin — COS +—SIn——— |coS—sin— |=—sina sin
irality S¢ 2(a| cla) S\ @ a [ C 0 ] ) 5 [‘haz a2a1:| [xlpz x2p1:| { > > > RN D) P
2 J
SR --1-- ~Y.:§Sinocsin[3
S"E:E;SG‘Si?? ........

General Spin Stateé
'¥)=R(0py)|T)-
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy .
. 2 o2
Each point {£},E>} defines 2D-HO phase space or analogous ‘¥-space given by 2D amplitude array: | & |_| & T®, |_ , € ooy 4
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state. a, z, + 1, 6% sin 2
2
1 1 10 | a 1 1 I. ,p B (| h
Asymmetry SA=5(a|GA|a)=§( af a; )[ 0 —1 ] alz =E[afal —a;az] =5[x12+p12—x§—p§]= E[cosza—sinzg] ZECOS'B
Balance Sy =%(a]63]a)= %( a  a )( (1) (1) J Z: =%[ai‘a2 +aya, } =[p1p2 +x1x2] =I[—sina_2'_y sina;y +cosa_2|_y cosa;y}cosﬁsinﬁ =écosasinﬁ
Chirality S¢ = %(Q|GC|G) = %( a a )[ (l) I)i ] Zl =—7i[a;=a2 - ayq ]=[x1172 — X2 ] =I{cosa;y sina;y —Cos a;]/ -—sinaTﬂ/}cosgsing =é nosin 3
2 \- -,
azimuth

-

S -
~
-
S -
>

General Spin Stateé
'¥)=R(0py)|T)-

Note phase
or “gauge”
angle 7y 1s
killed in R(3)
a*a-squares but
lives on in U(2).
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

@ /8
: : : : e 2cos—
Each point {£},E>} defines 2D-HO phase space or analogous ‘¥-space given by 2D amplitude array: | & |_| & T®, |_ , 2 |,
This defines real 3D spin vector (S4, Sk, Sc) “pointing” to a polarization ellipse or state. a, z, +1p, 6% win O
2
1 1 a 1 1 B B h
_ I s 1 0 (I I S S N R B S S X Lo 2p . 2P L
Asymmetry S, = 2(a|0'A|a)— 2( a, a, )[ 0 —1 j . —z[alal azaz] —2[x1 +p; — x5 pz]— 2[cos sin 2] =—cosf3
1 1 * * a 1 * * . . - - . .
Balance SB:E(a’GB’a)ZE( a; a, )( (1) (1) a: =5[a1a2 +a2a1] :[P1p2 +x1x2J =I[—sma+ sinZ— 4 cos 17 cosazy}cosgsmﬁ:—cosasmﬁ
. 1 T | R e I S I e oty oy o a-y ary| BBl [ .
Chirality SC—E(a|GC|a)—5( a  a, )[ ;0 . —?[alaz—azal]—[xlpz—xzpl] —I[cos sin 2 —Cos 5 -—smT cosEsm—- 531 ocsin 3
2 \- -,
azimuth
olar
angle (3
SXT-op--2Y
20\=90° JoosaustPl [ e

____________7#\)? _
-\

General Spin Stateé
'¥)=R(0py)|T)-

VI=V10A3

Note phase
or “gauge”
angle 7y 1s
killed in R(3)
a*a-squares but
lives on in U(2).
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Each point {E,E>} defines 2D-HO phase space or analogous W-space given by 2D amplitude array:
This defines real 3D spin vector (S4, Sk, Sc) “pointing” to a polarization ellipse or state.

1 1
Asymmetry S, = 5(a|O'A|a) = 5( a,

1
SB ZE(a’O-B’a)Z

Balance

Chirality S¢ = %(a|cyc|a) -

(.
A

I

b=IN3

a=\3

.

29 =90° phgse lag p

VI=VN10A3

m

L/

aq

E

e 3
: e 2cos— ,
a, _ 331+z.p1 4 2 e_%
% TPy e 2 sin 8
2
1 p B )
* = 1_Ir o 2 2 27 Lo 2P 2P _1!
[alal—azaz]—z[xl+pl x5 pz]— 2[cos sin 2] cos 3
Ir « % . a+y . a-y o+y a—y} B. Bl I .
ajay +ara, | = +Xx,%, | =I|—sin sin +cos cos COS —sin—{=—cos ¢ sin
2[12 21] [P1p2 12} [ > ) B
—ir . o+y . a-y o-y . o+y B.BII .[] .
a,a, —a,a; |=| xypy—x =I| cos sin — oS -—sin——= |cos =sin—F—sif o sin
2[12 21][1192 2191] [ > > 2} > > B
\- -,
azimuth
angle o olar
angle (3
29\=90° SXZ -2,
SCoso.sinb VAR

General Spin Stateé
'¥)=R(0py)|T)-

Note phase
or “gauge”
angle 7y 1s
killed in R(3)
a*a-squares but
lives on in U(2).
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

3 Polarization ellipse and spinor state dynamics
The “Great Spectral Avoided-Crossing” and A-to-B-to-A symmetry breaking
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Polarization ellipse and spinor state dynamics

Note phase or “gauge” angle v is
killed in R(3) a*a-squares but

lives on in U(2). C
(a)

Stokes Vector From:
ABC-Space QTC A
R(3) Lect. 9(2.12)
p. 69

(b)
Polarization
Xy-Space

UQ2)

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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Polarization ellipse and spinor state dynamics A T oH erank-Q vector

Note phase or “gauge” angle v is for negative B=-S Q
killed in R(3) a*a-squares but
lives on in U(2). C —

(a)
Stokes Vector S(0 7 -B
=)

ABC-Space
R(3)
@) B 7 )"
Iy>[ @

Y I-A

] Fig. 3.4.6 Time evolution of a B-type beat. S-vector rotates from A to C to -A to -C and back to A.

(b)
Polarization
Xy-Space

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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Polarization ellipse and spinor state dynamics T
P P Y < H crank-Q vector

Note phase or “gauge” angle v is A for negative B=-S Q
killed in R(3) a*a-squares but
lives on in U(2). C —

(a)
Stokes Vector S(0 7 -B
=)

ABC-Space
R(3)
@) B 7 )"
Iy>[ @

Y I-A

] Fig. 3.4.6 Time evolution of a B-type beat. S-vector rotates from A to C to -A to -C and back to A.

(b)
Polarization
Xy-Space

C (Chiral-circular-complex-Coriolis-cyclotron-curly...current-carrier...)

A X>

o [T ]
|X(15 )> “ ‘ . * |X(1500)>

—60°S 0 _B

X(30°)) ?# . (-))
[x(45°)=I(+) C

28 .

H crank-Q vector
IX(60°)) D= for C=1

m -A Koy

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1§§§’.‘ 34.7 Time evolution of a C-type beat. S-vector rotates from A to B to -A to -B and back to A.

Wednesday, December 3, 2014 80



3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Polarization ellipse and spinor state dynamics
P The “Great Spectral Avoided-Crossing” and A-to-B-to-A symmetry breaking
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The Great Spectral “Avoided-Crossing”

A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ao 4 +BO'B:H:( +; _]il

H= [ "‘; ZZ ] Secular equation: €2 —0-£— (4% + B%) gives hyperbolic energy levels: €= im
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The Great Spectral “Avoided-Crossing”

B -4

A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ao 4 +BO'B=H=[ oy ]

H= +4 B
B -4

0.1 -0.995 =(y|
[y)

v,
N\y‘ﬁ

Enerey 10995 0.1 =(x|
or ly)
Frequency
Eigenvalues $T|X>

3

] Secular equation: e2-0-e- (A2 + Bz) gives hyperbolic energy levels: € =+V A%+ B?

Here we display
eigenvalues and
eigenvectors while
holding B constant
and varying A.
Obviously it can be
done vice-versa and
with C, as well.

%
H-pE S Zero Positive E
~ +B
{ > HPEJ N pE (A=pE)-Axis
(s<<B) B ) [ A B J ) [A(>>B) 5 J (Applied field)
B D(>>B) g L B A ‘ 3 B p(<<B)
See also: N
1CA DO =
Lect. 9(2.12)
p.61-66 8 .
J\ ())(r
)
A2 12 = (@) 'f\‘ﬁ\
W)
=T J P
0995 0.1  =(x| 0.1 0995 " =(y]
83
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The Great Spectral “Avoided-Crossing”

A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ao 4 "’BO'B:H:( e ]

H= [ +4 B
B —
0.1 -0.995 =(y|
These on-and-off ly)
resonance effects N )
key to: oo
are key to N\y‘ﬁ
Laser QCD

Relativistic QED

Quantum computing

Energy
or
Frequency
Eigenvalues

] Secular equation: e2-0-e- (A2 + Bz) gives hyperbolic energy levels: €=+ A%+ B?

0995 0.1 =(x]

ly)
e x)

—

B -4

Here we display
eigenvalues and
eigenvectors while
holding B constant
and varying A.
Obviously it can be
done vice-versa and
with C, as well.

Photosynthesis £H+PE -S J ZLero B e +B

< pEl= .
and a S TE N pE (A=pE)-Axis
whole lot A(<<B) B oA B [AesB) B (Applied field)
of other things... B Desp) g | s A ) 3 5 e -
See also: -
IO, =
Lect. 9(2.12)
p.61-66 !

A2

N2 ={(#)]

X
or

66dn,’
ly

%‘
V

0.1 0995 =(y|

WON
—
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4 . )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time

W) ="MW (0)) evolution
operator

. . . —Q o« o . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

. A B—=iC A-D| 1 0 o 0 1 . 0 —i A+Df 1 0
_ - 4 i =i =iC| " i f . o .
o Ht _ B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l((DOGO + WeG)t _ e—la)o-t(

B . lcoswt—ic sina)-t)
C4=0z OB=0Ox Oc=0Ov

o = A+D “a A=D A+ D
where: 0=0-t=| w, |t= 123 -tand: @, = 5 and: ©=Q 1= Qp, |'t=| 2B |tand: Q;=
e C Q- 2C

-

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

3D crank vector ® = Q-t and spin_operator S defines 3D ABC-rotation with ratio !or 2 between O, and ¢,= } ©, or between S and ¢=2S.

A . @ . VaY A . @

L e o .6 cos == ISH sin— (—i®p — G)C)sz Example 3:

¢TI0 _,i0°02 _ =10 _ 1 05— i (G e@)sin— = Any ©=Q¢-axial
2 2 A ~ . 0 O -~ .06 _
(=i®p+0O,)sin— cos—+i0 , sin— rotation
2 2 2
1 — A n . . .
2D angle :p =5 © 3D Crank vector: @ =00 =2¢,a=20 2Dspinmatrix : S :% o

- A The driving ©=Qt vector is defined by the ABCD of Hamiltonian H .

The driven spin vector S defines the state. But, how?

Fig. 3.4.2 Two views of Hamilton crank vector Q(©,%) whirling Stokes state vector S in ABC-space.
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L 7 - Euler Angle Dial An
Euler Angle Dial E B astronomer’s
Y - ' ¢ (Polar coordinate) diagram
(Twist coordinate) ' ‘

$7X3

B

—_——

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) First rotation R(OOy)

i

a ’ o

Sets the ,8 dial

«

Sets the Qdial

 — —

R ((x around Z )

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(oy) to R[@00O] ...
| aBy)= R(aPy)|000) (opymake better coom’mates) :

o+y

—i g -i=r B 1

5 3 x1+ lpl
e COS 5 —e Sin

-y

=L B

e 2 sin—
2

[+Y

2 Ll .
e cos
5 0 Xy+ip,

B X, —-cos[(y—oc)/Z smB/2 ®Y sin®/2

Euler R(oyy) versus Darboux R[@YO]

From:
QTCA

Lect. 9(2.12)
(See p.5-23
there)

Axis-Angle Dial

(Angle of Crank Rotation)

—cosq) siny  sin®/2
=sin@ siny sin©/2

/4
Axis-Angle Scale 4 : 8
(@—Axis Polar Angle)
Ny - v
b L
dial ® @
- . B %
® #
i e

Axis-Angle Scale

¢

(w—Axis Azimuth)

](:) sin%—i( O I)i j@Ysin%—i( (1) 01 ](:)Zsin(;)
l K_H B f_g

cos® siny sin@ siny

cosz—icosﬁsing —sin%(sinqosim9+icosgosinﬁ)-

sing(singosinz?—icosq)sim?) cos9+icos19sin9
2 2 2
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The ABC's of U(2) dynamics [ p= N1+ Seo
QHLQH2) | (4 s _axD( 1 0 ol 0 [0 =) A=D1 0 H=Qol+%°6
(2H[1) (2[H|2) B+iC D 2 Lo 1 1 0 i 0 2 Lo -1 ) S - o

From: APy v s e, v o, v 225, . P | AP

QTCA 2 2 Q= QB — 25

Lect. 9(2.12 A+D Q Q Q

p.zc9 - = -; o) +TB o, -+ TCGC + TA N Q. 2C

Asymmetric Diagonal A-Type motion

(R (H72) 4 0 |_4+D( 1 0 )|, 4-D[ 1 0 A+ D Q,

<2|HA’1> <2‘HA‘2> _[ 0 D ]_ 7 [ 0 1 ]+ ) [ 0 —1 )_ ) Gy + — 0,4 X>H crank-£2, vector

for A-D >0

N Q4 A-D ) SA +S
Crank : Q=| Q; |=| 0 Eigen—Spin:S=| S, |=| o B
Qc 0 Sc 0 | l___
1 ci L
Y5=0

e | = =)
0z X1 At el £ 1
\\___ R ,
— & [ slow — & % ast . |

T e e T e i —H #ﬁt R)

2 I a2

| p2 I :7p2

o = H
S X2 it X2 i

Beat dynamics.:

N
' T % Total beat ; __; - ’ﬁ%” ””2”;
_A_, ................... l 5 frequency S v j.::..‘-a{slﬁ()_-wﬂ{fal}s;“
o 7A O g XX T
0 ‘Pz x2 '
S
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The ABC's of U(2) dynamics

WHD (H2) |\ (4 soic \_4a+D[ 1
r+iC D 2 0

(2H|1) {2H[2)

O+BOI
1 1 0

From: A+ D
QTCA = = 1
Lect. 9(2.12) 4+ D
p. 54 = 5 o,

Bilateral-Balanced B-Type motion

QR HT2) | (e # 290( 10 JH{ 0
(2H1) (2H7]2) bt 01 1
Q, 0 Sy 0
Crank : Q= Q, (=] 258 Eigen—Spin:g: Sy |=| +S
Q- 0 Sc 0
Beat dynamics.: Q
e 2
A &
W G RS L .
10 {r:\ 05 x, ':;{‘1-.__&_@& mode
[ s 1 Xo(t)

) "
r"'-' ------ T \‘
— S S R

— I W s
Mz My - b
[ F Sl
¥y _Lean o fes )
", :--.__‘ : FI"
) e

! Beat
F s period

Xy ! Lo-ia

5’ A R N TR X
Ci\_":l e L :;{

(a)
Quarter Wave
( Right-Circular

Polarization)

-, 50, 10.0 15.0, 20
e 3 Y —}f 1y e
Y | Pdn ool
2 e

i) ﬂ.\tﬂo.sxtﬂ

vl 0 +A—D 1 0
i 0 2 0 -1
+ 0 o, t+ C o +A_TD0'A
Q Q Q
FS0 T % 5o
[T
Q
0 ]: 20 * =50 A
S(0)
IL)
)
Total beat
ly)
frequency —
0 N I-A

- =
) A-D
Q= =l 25
2C
vector

IX>If-| crank-
or negative

y
B

(=)

IR)

(b)
Half Wave
('Y Poldrization)

ey

SR
A T
e i
\"_
‘_1':;-‘,\-. Rolo.0, 150 20
ol :-J::: time
-':T - i T T
RN 8 i 3
XY
0.5 o .
L
1.0 ) [ e &
a5 Be_at
period
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The ABC's of U(2) dynamics

(H|) - (1H2)

(2H|1) {2H[2)

From:
QTCA

Lect. 9(2.12)
p. 58

Circular-Coriolis... C-Type motion

(H[1) - (HC[2)
(2H[1) - (2JHC[2)

Crank : Q=

— - i 3
1 : -2|nl -10

<1|L> / cos Oty
ofn, Yoz Q_LH
%‘ EZ
> n
| [\;
i
1 DDI lltl‘ 2Inl l 1 50
1B

0h0 L Wozmes
[
o

- ] e
L& l“«‘\_ T/
B2 , -
QLY L 20 RN Y

p= —N1+S-c
_; _; — H=Q.1+—e
_ A p—iC |_4A+D[ 1 0 v B 0 1 L C i +AD 1 O L 0 Y )
B+iC D 2 0 1 1 0 0 2 0 -1 ~
A+ D A-D Q\ A-D
= 1 + 5 o, + C o, + —]/o0, - B
2 2 Q= Q, |(=| 275
A+ D Q, Q- Q, )
=T %t 0 t o+ b, “c ‘
[ 11
Q. —-iC _ X
= =Q, L0 0 1|2 Q,6, + &GC 159) L] A )
ic Q 0 1 i 0 X157\ ¥ N\ Jxas00)
S
0 A 0
0 Eigen— Spin :S= S |=| 0 = ()‘S O) % B
2C SC +S |X(30°)> f 0° (_)>
(a)
eft Circular (1IR) ™ 0\\—=
L(Ith)Cmodle é ' Right(Cb?rcular |X(45 )> |(+)> C
(K] - ®)
] ' ((;?R))'( W2) B
o . = > H crank-Q
2R) A |X(60°)) | s vector
) VA Trmefor €=
| - = Mixed
LEDAD | AT IR) and |L)
modes
(half-beat)
Q — &
T =S Total beat o2 IO
] - -~
....................... QC frequency
l B3 Qe
2.0 -1
g Beat
/ period
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The ABC's of U(2) dynamics-Mixed modes

HL - QH2) | s smie _asp( 10 ), (0 vol 0 =i ), 4=D( 1 o0
(2H[1) (2[H|2) B+iC D 2 {01 1 0 i 0 2 {0 -1
om: e T

Tilted-plane polarization AB-Type motion

AR (R ]2) M

(HT]1) 2HT]2)
A-D

QA
Q, |= 2B
Q- 0

1 0
0 1

0 1

J

A B |_A+D
5 D 2

} Eigen— Spin : S=+5Q

Crank : Q=

)

(a) CA-symmetry .
[X(15°))

(31@ st

X(30°))

Ve

X(45°)=|(+))

Pdje

Beat dynamics:

ly)

p= =-NI1+ Sec
Q
\ 2 J
| A-D
Q= Q, |= 25
Q- 2C
X) 2B=-2§
<
/—( m
I
-B g
300| S
) o ﬁi
C S
H crank-Q vector
for negative B=-5
and pE = -BV3
Q
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A]e—i(a)t+p]) ]

Aze_i(a)t'p])

See also:
QTCA
Lect. 9(2.12)

x1+zp1

x2+lp2

See pp. 96-104

-----
-------------

2D elliptic frequency m orbit has amplitudes
Ajand A2, and phase shifts p rand p2==p;.

. 1
. 1
.
!
N
- _p
-
. 27
1
1
.

Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

Real xx and 1maginary py parts of phasor amplitudes
ar=xr+ipr depend on Euler angles («/(37) and 4.

Asm,B/Z COS (}/—0()/2]

= Acos3/2cos[(y+0)/2]
— D= Acos3/2sin[(v+)/2]

--------------

Asin 3/2: s1n[(7/—oc)/2]

Let: (0t+p1

tan3/2=A42/4,

A2=4,2+42

|

A]e_i(wt"'p])

A2e_i(wt'p])

|

oL=2pP;

x1+zpl

X2+lp2

—l1

Ae

Oo+y
p

2 cos—

=(7+a)/2

Y

=2t

Euler parameters (o, 3,7, A) in terms of amp-phase parameters (A1,A2, ©t,p1)

X1+lp1

X2+lp2
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