Reimann-Christoffel equations and covariant derivative
(Ch. 4-7 of Unit 3)

Separation of GCC Equations: Effective Potentials

Small radial oscillations

2D Spherical pendulum or “Bowl-Bowling”
Cycloidal ruler&compass geometry

Cycloid as brachistichrone with various geometries

Cycloid as tautochrone

Cycloidulum vs Pendulum

Cycloidal geometry of flying levers

Practical poolhall application
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Separation of GCC Equations: Effective Potentials

1 o en 1 5 1 .y 1 5 Numericall
= — = — — — y
H 0 ymn q9 49 + 14 2 mp- + 2) mp ¢ + 2 mz=+V ( correct ONLY'! )
1 mn I 5 1 2 1 5 Formall i
_ _ - y and Numerically
27/ p,p,tV ™ pp+2mp2 p¢+2m p;+V ( oot )
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Separation of GCC Equations: Effective Potentials (For isotropic H(r,pr,$,py)

1 mn 1, I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

L mn I o 1 2 L 5 Formall i
= — - S y and Numerically
2’)/ pmp”+v zmpp+2mp2p¢+2mpz+v ( correct )

Potential V' 1s isotropic (cylindrical) function of radius p. (V' = V(p))
H has no explicit p—dependence and the p—momenta 1s constant.

mp2q5 =Py = const.= U
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Separation of GCC Equations: Effective Potentials (For isotropic H(r,pr,$,py)

1 mn 1, I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

_ 1 L S SRS S S S Formally and Numericall
==Y pmpn+v_%pp+ p¢+_pz+v ( ormally umencay)

o) I'm p2 2m correct
Potential V' is isotropic (cylindrical) function of radius p. (V' = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
20 _ . B
mp-¢ = p, = const.= Ul mz=p_=const.=k
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Separation of GCC Equations: Effective Potentials

1 men 1 5 I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

L mn I, 1 5 1 5 Formally and Numericall
:—’)/ pmpn—|—V:%pp+ p¢+_pz+v ( ormally an umerically )

o) I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
2;_ o _ _ . _
mp-¢ = p, = const.= Ul mz=p_=const.=k

1 L
= — p°+ i +V(p):E:const.
2m" P amp?  2m

H
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Separation of GCC Equations: Effective Potentials

1 men 1 5 I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

L mn I, 1 5 1 5 Formally and Numericall
:—’)/ pmpn—|—V:%pp+ p¢+_pz+v ( ormally an umerically )

o) I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
mp*¢g = py = const.= i mz=p_=const.=k
| S =
H 2, H + +V (p) = E = const. (Let k =0)

= —p-+
om Fp 2mp>  2m
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Separation of GCC Equations: Effective Potentials

1 men 1 5 I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

L mn I, 1 5 1 5 Formally and Numericall
:—’)/ pmpn—|—V:%pp+ p¢+_pz+v ( ormally an umerically )

o) I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
mp*¢g = py = const.= i mz=p_=const.=k
| S =
H=—p2+ H + +V(p):E:const. (Let k =0)
2m" P amp?  2m

Symmetry reduces problem to a one-dimensional form.

L SR A RN
H—%pp+V (p)—E—const.
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Separation of GCC Equations: Effective Potentials

l 51 A1 L 2 1 232 L Numericall
= — = — —_ — y
" 27mn6] ¢tV 2mp i 2mp 0" zmz +V ( correct ONLY'! )

L mn LGSR S SRS S Formally and Numericall
==Y pmpn+V:%pp+ p¢+_PZ+V ( ormally an umerically

2 I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, t00.
mp*¢g = py = const.= i mz=p_=const.=k
| S
H=—p2+ H + +V(p):E:const. (Let k =0)
2m" P amp?  2m
Symmetry redufes problem to a one-dimensional form.
H=—7p>+V¥ (p)=E = const.
om P (,0)
An effective potential Vefi(p) has a centrifugal barrier.

i u
Ve (p) = rm? + V(P)
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Separation of GCC Equations: Effective Potentials

l 51 A1 L 2 1 232 L Numericall
= — = — —_ — y
" 2'}/mnq ¢tV 2mp i 2mp 0" sz +V ( correct ONLY'! )

L mn LGSR S SRS S Formally and Numericall
==Y pmpn+V:%pp+ p¢+_PZ+V ( ormally an umerically

o) I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
mp*¢g = p, =const.= [ mz=p_=const.=k
| S =
H=—p2+ H + +V(p):E:const. (Let k =0)
2m" P amp?  2m

Symmetry redufes problem to a one-dimensional form.
H= 2yl (p)zEzconst.

P4
2m~ P
An effective potential Vefi(p) has a centrifugal barrier.
2
Veﬁ (p) = H > + V(p)
2mp
Velocity relations: p 5 »
: . H 2
¢:‘u/(mp2) p = P_ = p:i\/—(E—Veﬁ(p))
dt dp p M m
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Separation of GCC Equations: Effective Potentials

l 51 A1 L 2 1 232 L Numericall
= — = — —_ — y
" 2'}/mnq ¢tV 2mp i 2mp 0" sz +V ( correct ONLY'! )

L mn I 2 1 2 I 5 Formall '
= — - S y and Numerically
2’)/ pmp”+v zmpp+2mp2p¢+2mpz+v ( correct )

Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta 1s constant. then the z—momenta is constant, too.

mp*¢ = p, =const.= [ mz=p_=const.=k

1 ,uz i’
H=—p2+ + +V(p):E:const. (Let k =0)
2m" P amp?  2m
Symmetry reduces problem to a one-dimensional form.

L SR A RN
H—%pp+V (p)—E—const.

An effective potential Vefi(p) has a centrifugal barrier.
2

v (p)= Z:szpz +V(p)

Velocity relations: \/

: H P
¢=u/(mp2) p=dP_ O _Fp_,
dt Bpp m

2(E-v (p)

m

Equations solved by a quadrature integral for time versus radius.

f P
| odi= | ap

P el

m

= (Travel time p,, to Pl) =h
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Separation of GCC Equations: Effective Potentials

- Small radial oscillations
2D Spherical pendulum or “Bowl-Bowling”
Cycloidal ruler&compass geometry
Cycloid as brachistichrone
Cycloid as tautochrone
Cycloidulum vs Pendulum
Cycloidal geometry of flying levers
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.
v (p)
dp

21 eff

=O, with: dLZ
d

Po p Po

>0 .

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

. . ! 2d° VY
P (p) =V po) £ 0+ 5P =po) =

Po

Stable flat d;VZﬁ
p

<0
Po

20 off
-0 Unstable flat “-

2
Po dp

o). M

= q x&

Fig.2.74 Phase paths around fixed points (a) Stable point (b) Unstable saddle point

N
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2
dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

1 2d* VY
Veﬁ (P) - Veff (pstable) +0+ E(p B pstable) d 2
Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
keﬁ" _ d2V6ﬁ| . - keﬁ’ - \/l d2Veff
d2 pstable_Vm_I”l/la’2
P Pstable P Pstable
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2
dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

1 2d* VY
Veﬁ (P) - Veff (pstable) +0+ E(p B pstable) d 2
Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
keﬁ" _ d2V6ﬁ| . - keﬁ’ - \/l d2Veff
d2 pstable_Vm_I”l/la’2
P Pstable P Pstable

Small oscillation orbits are closed if and only 1f the ratio of the two 1s a rational (fractional) number.

(), D () P n
stable _ __Tstable _ _ _P o Orbit is closed-periodic
)

¢ ¢ (P stable ) an
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2
dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

1 2d* VY
Veff (P) - Veff (pstable) +0+ E(p B pstable) d 2
Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
keﬁ" _ d2V€ﬁ| . - keﬁr - \/l d2Veff
d2 pstabloe_Vm_I”l”la’2
P Pstable P Pstable

Small oscillation orbits are closed if and only if the ratio of the two 1s a rational (fractional) number.

(), D () P n
stable _ __Tstable _ _ _P o Orbit is closed-periodic
)

¢ ¢ (P stable ) an

Some generic shapes resulting from various ratios np . ng m:n c (°) |
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Separation of GCC Equations: Effective Potentials

Small radial oscillations
w—yp 2D Spherical pendulum or “Bowl-Bowling”

Cycloidal ruler&compass geometry

Cycloid as brachistichrone

Cycloid as tautochrone

Cycloidulum vs Pendulum

Cycloidal geometry of flying levers

Practical poolhall application
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2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Thursday, November 6, 2014
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2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 29 g¢ sinfcos¢ rcosf@cos¢ —rsinfsing cosp 0 —psing 5
J = ay 8)9; B(J; =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = B{{X—g}z =7’ sinf—_—— p’
r - v -
9 9z oz cos6 —rsinf 0 P 0 -p 0 P
or 90 d¢
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2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 29 §¢ sinfcos¢ rcosf@cos¢p —rsinfsing cosp 0 —psing 5
J = By ag B(J; =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = B{{X—gﬁ =7’ sinewno2
r - v -
9 9z oz cos6 —rsinf 0 P 0 -p 0 P
or 90 d¢

Covariant metric gyuy 1s matrix product g=J7-J of Jacobian and its transpose. OCC g’s are diagonal.
Covariant: g =E E =1, g,,=E,qE,=7r", o= EyE,= r’sin’ @,

Contravariant: g"=l, g”=1/r, g%=1/r"sin"0.
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2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 29 §¢ sinfcos¢ rcosf@cos¢p —rsinfsing cosp 0 —psing 5
J = ay ag B(J; =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = B{{X—g;é =7’ sinew>p2
r - v -
9 9z oz cos6 —rsinf 0 P 0 -p 0 P
or 90 d¢

Covariant metric gyuy 1s matrix product g=J7-J of Jacobian and its transpose. OCC g’s are diagonal.
Covariant: g =E E =1, g,,=E,qE,=7r", o= EyE,= r’sin’ @,
Contravariant: g"=l, g”=1/r, g%=1/r"sin"0.

(Lagrangian form) (Hamiltonian form)

m . 2 H 1 rr
I'= E(grrrz +g0992 + g¢¢¢2) = %(g prz +g09p92 +g¢¢p¢2)

1 . . . 1 -
=S Y00 4 7,07) =5 (P Y py +17,)

2 2
M, .2 242 . 2 . 2pi2 1 2, Py Py
=—# " +r 0 +rsin“00p°)=— + +
2( ?) 2m(pr > r?sin’6

)
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2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 29 §¢ sinfcos¢ rcosf@cos¢p —rsinfsing cosp 0 —psing
J= ay ag B(Jﬁj =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg
r -
= 9 a: cosf —rsin@ 0 P 0 -p 0
or 90 d¢

Covariant metric gyuy 1s matrix product g=J7-J of Jacobian and its transpose. OCC g’s are diagonal.

Covariant: g =E E =1, g,,=E,qE,=7r", o= EyE,= r’sin’ @,
Contravariant: g"=l, g”=1/r, g%=1/r"sin"0.

(Lagrangian form) (Hamiltonian form)

1 . ) ) 1 -
=—(y, 7 +Y,0° +7,,0°) == " p>+v"p, +v"p,’) Py
2 [0l 2 (0

2 2
M, .2 242 . 2 . 2pi2 1 2, Py Py
=—# " +r 0 +rsin“00p°)=— + +
2( ?) 2m(pr > r?sin’6

)

detJ =detJ" = Mzrz

: 2
Sinb—5—5— P

Spherical coordinates with constant radius r
T= %( g, 7"+ 80" +2,,07) = i( g p+g%p, +¢"p,”) implies conserved azimuthal momentum:

(R*sin’ 0)p = const.

Thursday, November 6, 2014
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2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 29 §¢ sinfcos¢ rcosf@cos¢p —rsinfsing cosp 0 —psing 5
J = ay ag ag =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = B{{X—g;é =7’ sin@w>p2
r - v -
9 9z oz cos6 —rsinf 0 P 0 -p 0 P
or 90 d¢

Covariant metric gyuy 1s matrix product g=J7-J of Jacobian and its transpose. OCC g’s are diagonal.
Covariant: g, =E E =1, g=EgE=r", g,=EE=r"sin"0,

Contravariant: g"=l, ¢%=1/r?, ¢%=1/r’sin’0.
(Lagrangian form) (Hamiltonian form) Spherical coordinates with constant radius
=—(grrr + 2gg0” +£,,9°) ——(g p,+8%p, +e"p,}) implies conserved azimuthal momentum:
oL dT :
_ .2 )2 12 _1 o2 06 2 o9 2 = = =m R2 Sin29 = const
—5(7’,,,1” +Y9e0" +75507) —5 Y'p, +7" Py YD) Py 96 90 ( ) -
2
m., ., pe p¢
=—(F*+r’0° +r’sin* 09> )= — +
2 (7 tr a ) (p r2 r sin29)

Total Energy from Hamiltonian E= T+ V( gravity)=const.

p .
E——H2 y lective (9 92 ¢ +meoRcos® = B+ +vcos6
2 (0)== 0 e "¢ sin’0 |
R> 2 . :
Let: o=22 &= Po ~, y=mgR  where: p,=mR’sin’6(¢ )
2 2mR

Thursday, November 6, 2014 24



2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

R’ . . .

E — m 92 + Veﬁ‘ectlve (9) — a92+
R’ ;

Let: o = m ., 0= Po =,
2 2mR

+yYcos6
sin” 0 Y

’}/=ng where: Py =”}’leSinze(qS )

Thursday, November 6, 2014 25



2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

R’ . . .

E — m 92 + Veﬁectlve (0) — 0692+
R’ ;

Let: o = m ., 0= Po =,
2 2mR

+yYcos6
sin” 0 Y

y=mgR  where:

Equilibrium point of stable orbit

dVeme(g)  28cosh
=— —vsinf=0= 3
do sin” @ 2mR*sin” 0

-2 pq% cos6

—mgRsin6

p,=mR’sin’6(¢ )

Thursday, November 6, 2014
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

E= mR*

9’2 + Veﬁective (0) — aé2+

R’ ’
Let: a=2" ,  O= Py =,
2 2mR

+yYcos6
sin” 0 Y

’}/=ng where: Dy =mstin29(¢ )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

AV« (9) 25 cos cquit\2 _ 1 d’yereene (9)|
= —ysinf@=0= —mgRsinf Wg =
do sn’o omR s’ ° ( ) mR> d6?

-2 pq% cos6

equil
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

Fe mR*

9’2 + Veﬁective (0) — aéZ_I_

R ;
Let: a=——, &= Po =,
2 2mR

+yYcos6
sin” 0 Y

’}/=ng where: Dy =mRZSiIl29((]S )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dveﬁ‘ectl’ve (0) _25 cosB . _zpq% cosB . equil 2 B 1 dZVeﬁective (9)|
=——— ——ysinf=0= S — mMgRsin6 Wy ) 2
do sin” 6 2mR*sin” 0 mR do equil
0=(mR*sin@)§* cos@ —mgRsin® or:  § ;= 5 (Polar angle librational frequency @S

ReosBequir s related to azimuthal frequency ¢5§quiz )
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

B mR*

E 9’2 + Veﬁective (0) — aéZ_I_

R ;
Let: a=——, &= Po =,
2 2mR

+yYcos6
sin” 0 Y

’}/=ng where: Dy =”nRzSinze((,ZS )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dveﬁ‘ective (0) _25 cosB . _zpq% cosB . equil 2 B 1 dZVeﬁective (9)|
= —ysinf=0= 55— —mgRsin6 D¢ —— 2 2
do sin” 6 2mR*sin” 0 mR do equil
0=(mR*sin@)§* cos@ —mgRsin® or:  § ;= 5 (Polar angle librational frequency @S

ReosBequir s related to azimuthal frequency ¢5§quiz )

V-Derivative for small oscillation frequency:

dryelective(g) 28sinf  3-28cos* 6 sin” @ + 3cos” 6
- =—ycosO+——F—+—— =—ycosO+20 —
do sin” @ sin” @ sin” @
SRR
2(mR sin” 6 ¢) 1+2c0s26
= —ng COSG + 2 . 4
2mR sin” 6

= —mgR cosO + mR*¢* (1+200329)
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

B mR*

E 9’2 + Veﬁective (0) — aéZ_I_

R> ’
Let: Oc:m—, 0= Py =,
2 2mR

+yYcos6
sin” 0 Y

’}/=ng where: Dy =mR28iH29(¢ )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dVAee(9) 28 cos , -2 pé cos6 . equil\> 1 szeﬁCec”ve(Q)|
= s ———Ysinf=0= S — mMgRsin6 oF) ) 2
do sin” 6 2mR*sin” 0 mR do equil
. H . . . . .l
0=(mR*sin@)§* cos@ —mgRsin® or:  § ;= - g@ (Polar angle librational frequency g™
COS . . . 12
equil1g related to azimuthal frequency @, .)
V-Derivative for small oscillation frequency: At equilibrium:
2y seffective . ) 2 . 2 2 2y seffective
Ly (6) - ycosgs 2080 326c08%0 ) ssin®0rSaosl0) 42V (0)| maReos, gy 2| ———E (14200,
do sin’6~ sin*6 sin 6 do® | . ! R o8B,
2(mR2 sin @ ¢) 1+2c0s26 mgR 2
— —meRcosO + =" (1430826,
MEmens 2mR? sin* 6 €08 O g e )
=—mgRcos0 + mR2q52 (1+200329)
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

o MR

0> + V()= af’+ +7ycos6

R> ’
Let: Oc:m—, 0= Py =,
2 2mR

sin” @

’}/=ng where: Dy =mR28iH29(¢ )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dVAee(9) 28 cos , -2 pé cos6 . equil\> 1 d>yeective (9)|
— — —’}/SIHOZO: " 3 —ngSll’lO Dg o 2 2
do sin” 6 2mR*sin” 0 mR do equil
. 7 . . . . l
0=(mR*sin@)§* cos@ —mgRsin® or:  § ;= - g@ (Polar angle librational frequency g™
COS . . . 12
equil1g related to azimuthal frequency @, .)
V-Derivative for small oscillation frequency: At equilibrium:
2y seffective . ) 2 . 2 2 2y seffective
Ly (9) _ ) cos g4 2050 326c08%0 o ) gsin®0rJaostp) VI (0)| maReos, gy 2| ———E (14200,
do sin” 0 sin” 6 , sin” 0 do equil R Coseequil
2(mR*sin’6 ¢ 2 mgR 2
=—mgRcos6 + ( 5 ) 1+2C§)S 2 ~ cosO I+3cos Oequﬂ)
2mR sin” 0 5 COS equil
22 2 ] :
=—-mgRcos0+mR"¢ (1+2czos 9) (wgqull) /( ¢e2quil) — (1+300829equil)
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

R’ . . .
E=""0"+ V%™ (0)= of*+—=—+7cosb
i , sin“6
R
Let: o= mT, = 2]%;32 , yY=mgR  where:
m

p,=mR’sin°0(¢ )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dVAee(9) 28 cos , —2p$ cos6 . equil\> 1 szeﬁec”ve(O)|
— — —’}/SIHOZO: " 3 —ngSll’lQ Dg o 2 2
do sin” 6 2mR*sin” 0 mR do equil
. 7 . . . . l
0=(mR*sin@)§* cos@ —mgRsin® or:  § . =- - g@ (Polar angle librational frequency g™
COS . . . 12
equil1g related to azimuthal frequency @, .)
V-Derivative for small oscillation frequency: At equilibrium:
2y seffective . ) 2 . 2 2 2y seffective
v 5 (0) =—ycosf+ 20 s;n@ + 3 2§ 0408 0 =—ycosO+20 it O%SCOS o 4V 5 (6)‘ =—mgRcos0,,,; + mR?| — & (1+2005266quﬂ)
do sin” 0 sin” 6 , sin” 0 do equil Rcos Oequil
0 2(mR*4n’6 ¢ 2 mgR 2
:—ngCOSG+ ( > ) 1+2C$S 4 —T 1+3cos Qequil)
2mR sin” 0 5 COS equil
2:2 2 : -
=—-mgRcos0+mR"¢ (1+2czos 9) (wgqull) /( ¢e2quil) — (1+3008296quil)

At bottom 06— the ratio of in-out wy to circle wy approaches 2:1

At equator 0—m/2 the ratio approaches 1:1.

W a

u)e:(oq) ~2

2> :(oq) >1

s

P
N

%rograde retrograde
precession / precession
of nodes of nodes
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

R? . . .
E=""¢ + Ve (9) = o+ ——=+ycosH
) , sin"6
R _ :
Let: o= m_, _ Do -, y=mgR  where: P =mR’sin’0(¢ )
2 2mR

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dveﬁ‘ective (0) _25 cosB . _2pq% cosB . equil 2 B 1 dZVeﬂectlve (9)|
=——— ——ysinf=0= S — mMgRsin6 Wg =" 2
do sin” 6 2mR* sin” 0 mR do equil
. H . . . . .l
0=(mR*sin@)§* cos@ —mgRsin® or:  § . =- - g@ (Polar angle librational frequency g™
cosB, i - - 2
equil 1s related to azimuthal frequency ¢, .)
V-Derivative for small oscillation frequency: At equilibrium:
2y seffective . ) 2 . 2 2 2y seffective
dv : (0) — ycosB+ 26 s;n@ N 3 2.50405 0 _ yc0s0426 sin 9.+fcos 0| 4V : (9)‘ = —mgRc036,, e mR2| - 8 (1+2005298quﬂ)
do sin” @ sin” 0 , sin” 0 do equil Rcos Oequil
0 2(mR*4n’6 ¢ 2 mgR
2mR sin” 0 5 COS equil
252 2 ] ;
=—-mgRcosO +mR"¢ (1+2c:os 9) (wgqml) /( ¢e2quil) = (1+3008296quil)

At bottom 06— the ratio of in-out wy to circle wy approaches 2:1
At equator 0—m/2 the ratio approaches 1:1. Q)O:mq) 9 2> :(D(l) >1

Ratio is between 2 and 1 %§\ % \ /
(Usually irrational non-closed orbit). ¥%%rograde retrograde
(2:1 1s like 2D IHO, but 1:1 1s like coulomb orbit.) precession \ K // precession

of nodes of nodes
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Separation of GCC Equations: Effective Potentials

Small radial oscillations
2D Spherical pendulum or “Bowl-Bowling”
=P Cycloidal ruler&compass geometry
Cycloid as brachistichrone
Cycloid as tautochrone
Cycloidulum vs Pendulum
Cycloidal geometry of flying levers
Practical poolhall application
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Here the radius jis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n

is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
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Here the radius jis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n
is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
Re¢d circle rolls left-to-right|on y=3.82 ceilin
Contact point goes [from (x==6/2{=3.82) to =0
\
\\ \\\ P
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Here the radius jis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n

is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
Re¢d circle rolls left-to-right|on y=3.82 ceilin

Contact point goes (from (x=6/2, y=3.82) to x=0.

Ceiling|y=3.82

g
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Here the radius fis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n
is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
Re¢d circle rolls left-to-right|on y=3.82 ceilin
Contact point goes (from (x=6/2, y=3.82) to x=0.
\\
Ceiling|y=3.82
_____________________________________ e AN
// \
/
l\ )
\
- £
Cethnpy=-99-r-——""""73—"""=""7--=-= BN
Green. circle rolls right-to-left on y=[1.91_ceilj
Contact point goes [from (x=0, y=1.91) to P \
// \
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Separation of GCC Equations: Effective Potentials

Small radial oscillations

2D Spherical pendulum or “Bowl-Bowling”
Cycloidal ruler&compass geometry

== (ycloid as brachistichrone
Cycloid as tautochrone
Cycloidulum vs Pendulum

Cycloidal geometry of flying levers

Practical poolhall application
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The brachistichrone or minimum-time curve for a particle falling in a uniform gravitational potential.

[ts solution gives that of another problem, the tautochrone or equal-time period curve of Huygens.

Energy conservation gives velocity v from gravitational g. Elapsed travel time ¢ is to be minimized.
ds o ds V1+x'?
— =V =4/2gy = Jdy
dt \ 28y \J 28V

=|Ldy
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The brachistichrone or minimum-time curve for a particle falling in a uniform gravitational potential.

[ts solution gives that of another problem, the tautochrone or equal-time period curve of Huygens.

Energy conservation gives velocity v from gravitational g. Elapsed travel time ¢ is to be minimized.
d S / ’2
dt \/ J2gy

A “pseudo-momentum” p, for “pseudo-Lagrange” L in y-integral is constant if L i1s x-independent.

=|Ldy

JdL J 1+x" o dx
p, =const.= where: x' = —=

1
o g \/7\/1+x yr\/1+1/y'2 dy Y
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The brachistichrone or minimum-time curve for a particle falling in a uniform gravitational potential.

[ts solution gives that of another problem, the tautochrone or equal-time period curve of Huygens.

Energy conservation gives velocity v from gravitational g. Elapsed travel time ¢ is to be minimized.
d S / ’2
dt \/

A “pseudo-momentum” p, for “pseudo-Lagrange” L in y-integral 1s constant 1f L 1s x—mdependent.

=JLdy

p, =const.= oL _ 1,—+ - where: x" = w1
X x’ &)X / ’1+x y ’ \/1+1/y'2 dy yl
. . . . . a’ , d
Change variables from y to velocity v to simplify using: v =2 gy, dy= yav Y = Kd_v
g g ax
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The brachistichrone or minimum-time curve for a particle falling in a uniform gravitational potential.

[ts solution gives that of another problem, the tautochrone or equal-time period curve of Huygens.

Energy conservation gives velocity v from gravitational g. Elapsed travel time ¢ is to be minimized.
ds [\, 2
—=V=«/2g)/ t:Jdt:J.—dS = |dy I+x = [Ldy
dt \ 28y \ 28y

A “pseudo-momentum” p, for “pseudo-Lagrange” L in y-integral is constant if L i1s x-independent.

JdL J 1+x" ,odx 1
px:const.— where: X' =—=—

o g \/7\/1+x yr\/l+1/y'2 dy Y

. . T . d , vd
Change variables from y to velocity v to simplify using: v* =2gy, dy= u A4

g g dx
| 1 | dv 1 - p*v?
px: ; = » 1S: p2V2 2 5 1S: —z(d—] 5 2—12 2x2
N T T R
gz dx g2 dx
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The brachistichrone or minimum-time curve for a particle falling in a uniform gravitational potential.

[ts solution gives that of another problem, the tautochrone or equal-time period curve of Huygens.

Energy conservation gives velocity v from gravitational g. Elapsed travel time ¢ is to be minimized.
ds [\, 2
—=V=«/2g)/ t:Jdt:J.—dS = |dy I+x = [Ldy
dt \ 28y \ 28y

A “pseudo-momentum” p, for “pseudo-Lagrange” L in y-integral is constant if L i1s x-independent.

JdL J 1+x" ,odx 1
px:const.— where: X' =—=—

o g \/7\/1+x yr\/l+1/y'2 dy Y

. . T . d , vd
Change variables from y to velocity v to simplify using: v* =2gy, dy= u Yy = rev

g g dx
1 i 1 1— 2.2
i p2V2 is: _(ﬂ] — 5 2—1: fxzv
G T I
- | — + Al S,
: gz d g2 dx
v  gl-ph’ g pt-v d - . d -
(&) LB B P s 28 [T gt i s =5
dx V va V V dx V g a2_v2

An elementary integral results and suggests an elementary substitution v=a cos0.
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The brachistichrone or minimum-time curve for a particle falling in a uniform gravitational potential.

[ts solution gives that of another problem, the tautochrone or equal-time period curve of Huygens.

Energy conservation gives velocity v from gravitational g. Elapsed travel time ¢ is to be minimized.
ds [\, 2
_:v:1/2gy t:Jdt:J.—dS = |dy I+x = [Ldy
dt \ 28y \ 28y

A “pseudo-momentum” p, for “pseudo-Lagrange” L in y-integral is constant if L i1s x-independent.

JdL J 1+x" ,odx 1
px:const.— where: X' = —=—

o g \/7\/1+x yr\/1+1/y'2 dy Y

vdv , vdv

Change variables from y to velocity v to simplify using: v* =2gy, dy=—, )’ = s
g g ax
] 1 1 1= 2
R S PO 11 BT
? d— ¥ gz dx
2 2 22 2 2 5
d 1-pv d _ . d _
(_v] = g2 fxz = g2 p : becomes: — = %\/ px2 —v* and integral:] L] S Jdx where: a* = px2
dx V va V V dx V g az _ V2

An elementary integral results and suggests an elementary substitution v=a cos0.
a’cos*@asinfdd a

— 2

J : = J_COSZQ d0 = [dx=|x=-] a—(1+60329)d9 = -R(29+Sin20) where: R = 4
gasinf g T 2g 4g
— 2
v = 28y = a* cos* 6 gives: |y = Z—cos2 0 = R(1+c0529)
g

Thursday, November 6, 2014 50



Separation of GCC Equations: Effective Potentials

Small radial oscillations
2D Spherical pendulum or “Bowl-Bowling”

Cycloidal ruler&compass geometry

== (Cycloid as brachistichrone  (With interesting linear dynamics)
Cycloid as tautochrone
Cycloidulum vs Pendulum

Cycloidal geometry of flying levers

Practical poolhall application
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T I A | I 2 -2
(0=—Tr) = -R(20+sin20) where: R=2— = £
(6=—"1/2) 4g  4g
- y= Rft+sox20)
Fig. 7.3.3 : /
(0=0=0)
Some extraordinary properties of the cycloid are related to the constant px (pseudo-momentum)
p. = oL _9 v where: x” —@—l and'pz—L
* &X 8x ,/ fzgy,“_l_x / ’ylz_l_ y, X 4Rg
L — =) 1] = 2 2
5 = const.=12gy y 241 =v*sec’ 0=a
Py
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bl i | I 2 -2
(0=-T) = -R(20+sin29) where: R=2 = Py
(0=—/2) 4g  4g
Unit 7 : y= R(1+(:0329)
Fig. 7.3.3 /

(9=0=6)

Some extraordinary properties of the cycloid are related to the constant px (pseudo-momentum)

L _ 9 N1+x” dr 1 , 1

Py = where: x’ ——: - and: p; =
ox' I F @m Lo \/yf y 4Rg

1
— =const.= 2gy(y +1) = v sec? 0= a’
Py

t-derivatives of (x,y) give v vws ¢p=20 : v22x2+y'2:¢2[(R+ Rcos¢)2+(—R sin(b)2 }:2R¢2(1+cos¢):4R2q52c032 v/
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_1 L | | a2 )
(0=—Tr) = -R(20+sin20) where: R=2— = £
(0=—1/2) 4o 4g
- y= Rft+sox20)
Fig. 7.3.3 : /
(0=0=0)
Some extraordinary properties of the cycloid are related to the constant px (pseudo-momentum)
p. = oL _9 v where: x” —ﬁ—i and'pz—L
* &X 8x ,/ fzgy,“_l_x / ’ylz_l_ y, X 4Rg

1
— =const.= 2gy(y +1) = v sec? 0= a’
Py

t-derivatives of (x,y) give v vws ¢p=20 : v22x2+y'2:¢2[(R+ Rcos¢)2+(—R sin(b)2 }:2R¢2(1+cos¢):4R2q52c032 v/

The circle starting at p=n=20 turns at a constant rate ®=w and moves at a constant velocity v=wR.
1 . .
—=q=1+/4gR =4Rp=8RO or: w=¢= 4

P, R
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_1 L | | a2 )
(0=—Tr) = -R(20+sin20) where: R=2— = £
(0=—1/2) 4o 4g
- y= Rft+sox20)
Fig. 7.3.3 : /
(0=0=0)
Some extraordinary properties of the cycloid are related to the constant px (pseudo-momentum)
p. = oL _9 v where: x” —@—l and'pz—L
* &X 8x ,/ fzgy,“_l_x / ’ylz_l_ y, X 4Rg

1
— =const.= 2gy(y +1) = v sec? 0= a’
Py

- 2 RY: : :
t-derivatives of (x,y) give v vws ¢p=20 : v22x2+y'2:q)2[(R+ Rcosq)) +(—R s1n¢) }:2R¢2(1+cos¢):4R2¢2c032 v/

The circle starting at p=n=20 turns at a constant rate ®=w and moves at a constant velocity v=wR.

1 . .
—=q=1+/4gR =4Rp=8RO or: w=¢= 4

D, R
This relates to the arc length of the cycloid from bottom (6=0) to a point at angle 6<m/2 or ¢<m.

s=[{vdt=[{2RwcosOdt = i 2R(w/f)cos® d6 =4 Rsinf
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Separation of GCC Equations: Effective Potentials

Small radial oscillations
2D Spherical pendulum or “Bowl-Bowling”

Cycloidal ruler&compass geometry

== (Cycloid as brachistichrone  (With interesting curvature geometry)
Cycloid as tautochrone
Cycloidulum vs Pendulum

Cycloidal geometry of flying levers

Practical poolhall application
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Arc length s is indicated by a segment 4k of length 22=4Rsin0 left hand Fig. 7.3.4 below.
That is precisely the length of unwound string between points m’ and m”, and between

points m’ and m, is a segment A'h’ of length 2A’=4Rcos6 unwound from middle cycloid.

Unit 7 Unit 7
Fig. 7.3.4 Fig. 7.3.5
0
|« 4R >:
i
X
2
3F
. Fig. 7.3.5
4 Y
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Arc length s is indicated by a segment 4k of length 22=4Rsin0 left hand Fig. 7.3.4 below.
That is precisely the length of unwound string between points m’ and m”, and between

points m’ and m, is a segment A'h’ of length 2A’=4Rcos6 unwound from middle cycloid.

Unit 7 Unit 7
Fig. 7.3.4 Fig. 7.3.5
0
|« 4R >:
i
X
2
3F
. Fig. 7.3.5
4 Y

Segment hh 1s the radius of curvature re(m') =2h=4Rsin® of the m' cycloid and the points m' or m”
are centers of curvature for circular arcs around unwinding points m"” or m', respectively.
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Arc length s is indicated by a segment 4k of length 22=4Rsin0 left hand Fig. 7.3.4 below.
That is precisely the length of unwound string between points m’ and m”, and between

points m’ and m, is a segment A'h’ of length 2A’=4Rcos6 unwound from middle cycloid.

Unit 7

Unit 7
Fig. 7.3.4 Fig. 7.3.5
0
|« 4R >:

1
X

2

3F

. Fig. 7.3.5
4 Y

Segment hh 1s the radius of curvature re(m') =2h=4Rsin® of the m' cycloid and the points m' or m”
are centers of curvature for circular arcs around unwinding points m"” or m', respectively.

Three wheels roll synchronically on their respective ceilings. As point m approaches the top
of its cycloid, point m' approaches m so that curvature becomes infinite.( k=1/rc—>co as 6—1/2.)
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Arc length s is indicated by a segment 4k of length 22=4Rsin0 left hand Fig. 7.3.4 below.
That is precisely the length of unwound string between points m’ and m”, and between

points m’ and m, is a segment A'h’ of length 2A’=4Rcos6 unwound from middle cycloid.

Unit 7 Unit 7
Fig. 7.3.4 Fig. 7.3.5
0
|« 4R >:
i
X
2
3F
. Fig. 7.3.5
4 Y

Segment hh 1s the radius of curvature re(m') =2h=4Rsin® of the m' cycloid and the points m' or m”
are centers of curvature for circular arcs around unwinding points m"” or m', respectively.

Three wheels roll synchronically on their respective ceilings. As point m approaches the top
of its cycloid, point m' approaches m so that curvature becomes infinite.( k=1/rc—>co as 6—1/2.)

Figure 7.3.5 shows circular arcs fitting a cycloid. The largest arc and one with the least curvature
kc =1/(4R) 1s a circle of radius r¢c =4R that surrounds the entire cycloid. This 1s the path of a simple
circular pendulum. The figure shows that the circle deviates only slightly from the cycloid with the
greatest deviation near the tips of the cycloid where curvature blows up.
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Separation of GCC Equations: Effective Potentials

Small radial oscillations

2D Spherical pendulum or “Bowl-Bowling”
Cycloidal ruler&compass geometry

Cycloid as brachistichrone

=3 (ycloid as tautochrone
Cycloidulum vs Pendulum

Cycloidal geometry of flying levers

Practical poolhall application
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The cycloid path has the unique ability to guarantee the same frequency ® = V(g/4R) for any
amplitude Q¢ of oscillation within the range {-7/2<0p<z/2} between cycloid tips.
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The cycloid path has the unique ability to guarantee the same frequency ® = V(g/4R) for any
amplitude Q¢ of oscillation within the range {-7/2<0p<z/2} between cycloid tips.

The circular pendulum frequency ® = V(g/¢) holds only for small amplitudes <<].

The time integral below varies with Q¢ in the range {-7/2<00<m/2}.

— ds B Ieo 4R cos6 dO /4R 90 cos@ do
B = o
v ) \/2gR(cos29—cos29 \/sm 0, —sin 20
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The cycloid path has the unique ability to guarantee the same frequency ® = V(g/4R) for any
amplitude Q¢ of oscillation within the range {-7/2<0p<z/2} between cycloid tips.

The circular pendulum frequency ® = V(g/¢) holds only for small amplitudes 8<<1.

The time integral below varies with Q¢ in the range {-7/2<0o<zn/2}.

) J0 ds B IOO 4RcosB do 3 /4R IQO cos@ do
1/4 — —Jo =l
"0 \/2g(y—y0) \/2gR(cos29—cos290) g \/sinzeo—sinze

Arc length s=4R sin 0 and cycloid height y=R(1+cos20) are used above.
To finish integral for a 1/4-period we set: sin 0= sinBp sin o below.

. 4R o—pp SINO cosaxda 1w [4R
1/4 — 4| o =
8 singV1-sinfo 2V &
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The cycloid path has the unique ability to guarantee the same frequency ® = V(g/4R) for any

amplitude Q¢ of oscillation within the range {-7/2<0p<z/2} between cycloid tips.

The circular pendulum frequency ® = V(g/¢) holds only for small amplitudes <<].

The time integral below varies with Q¢ in the range {-7/2<00<m/2}.

— ds B Ieo 4R cos6 dO /4R 90 cos@ do
B = o
v ) \/2gR(cos29—cos29 \/sm 0, —sin 20

Arc length s=4R sin 0 and cycloid height y=R(1+cos20) are used above.
To finish integral for a 1/4-period we set: sin 0= sinBg sin o below.

_ |4R 4—pp SO cosado 1w |4R
bia =4~ Jo . — 5
g 31n00\/1—s1n o g

A cycloid has a full period of #; =27t\/€/g for all 9. Even for large O¢ the “cycloidulum

29

matches the period of a simple circular (/=4R)-pendulum at small 9y.
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SSeparation of GCC Equations: Effective Potentials

Small radial oscillations
2D Spherical pendulum or “Bowl-Bowling”
Cycloidal ruler&compass geometry
Cycloid as brachistichrone
Cycloid as tautochrone
m—yp  Cycloidulum vs Pendulum
Cycloidal geometry of flying levers
Practical poolhall application
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time = 53.940
© =-0.381
dO/dt =-1.933

E=+0940
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http://www.uark.edu/ua/modphys/markup/PendulumWeb.html
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http://www.uark.edu/ua/modphys/markup/PendulumWeb.html
http://www.uark.edu/ua/modphys/markup/PendulumWeb.html

time = 174.180

O =+1.384
o = +1.000

1111 111111.111111

4 -3.5 -3 55 -2 A'l'il‘;s---:Il_ -0.5

siredba g 1)

-3.5

4 Huygen’s Cycloidulum (¢=4R)-1s harmonic

Angular frequency 1s

™ AY
\ /
- \/
-
-
b
2 . 5
-
-
-
2
-
-

1.5

at all B in range -7 to +7.®

 exactly: o= \/g = Ji
14 4R

http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html
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Separation of GCC Equations: Effective Potentials

Small radial oscillations
2D Spherical pendulum or “Bowl-Bowling”
Cycloidal ruler&compass geometry
Cycloid as brachistichrone
Cycloid as tautochrone
Cycloidulum vs Pendulum

=Py cloidal geometry of flying levers
Practical poolhall application
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

A

g
14 ﬂ

_>T II1=linear momentum ———

ang!
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

(YN Y

g
14 ﬂ

arT [1=linear momentum ——
h ITh = angular momentum about @ )

i

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

| ®
O O

p =SN\\WV/7Z O

W,
/,\

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
= hI1/1 (=3hI1/(M ¢?)for stick)

A

<X‘rP¢i

1,

N arT [1=linear momentum ——
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

.‘/\\l

Ne0s
SNl
N

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation

just cancels translational speed Vcenser 0f stick.

(YN Y

g
14 ﬂ

_>T II1=linear momentum ———

ang!
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

Ny S 8=
c N Q\A\ :-’ 7"7 \'J gﬁ ‘/")\7““ '_’\ﬁ‘\*ﬂ
L2 "“:"\\{
N ,,17’ \\\

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.

Thursday, November 6, 2014

73



If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation
just cancels translational speed Vcenser 0f stick.

H /M:VCenter =|p(D|:th/]

(YN Y

g
14 ﬂ

_>T II1=linear momentum ———

ang!
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

3\

AN Q\A\‘ (] l’kf"\(-‘\\‘\ﬁ‘\*ﬂ

I JA\W
A\

¢

/74

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation
just cancels translational speed Vcenser 0f stick.

H /M:VCenter =|p(D|:th/]
/M= =p-h

(YN Y

g
14 ﬂ

_>T II1=linear momentum ———

ang!
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

3\

AN Q\A\‘ (] l’kf"\(-‘\\‘\ﬁ‘\*ﬂ

I JA\W
A\

¢

/74

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation
just cancels translational speed Vcenser 0f stick.

H /M:VCenter =|p(D|:th/]

/M= = =ph or: p=I1/(Mh)

(YN Y

g
14 ﬂ

ang!

_>T II1=linear momentum ———

h ITh = angular momentum about @ )

Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

7>% MQ\\A (]

Sy s e8P
=y g ’6/(7\“‘:‘\‘\:*{
MIRESSN|

— AJ e o '\5 AL
&7

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation

just cancels translational speed Vcenser 0f stick.

H /M:VCenter =|p(D|:th/]

/M= = =ph or: p=I1/(Mh)
P follows a normal cycloid made by a circle

A T

T — )
bang! T
/ h ITh = angular momentum about &

II=linear momentum ———

i

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

EX

[ "kf"\_(-‘ ) '—K\*u\n}\
e e e N = =~
SN
N

- ——— )a
S\ Z =

of radius p=I/(Mh) rolling on an imaginary road

thru point P in direction of I1.

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation
just cancels translational speed Vcenser 0f stick.

H /M:VCenter =|p(D|=th/]

/M= = =ph or: p=I1/(Mh)
P follows a normal cycloid made by a circle

of radius p=I/(Mh) rolling on an imaginary road

thru point P in direction of I1.

A T

CWT—* N TVT [1= linear momentum ——
ang!

h ITh = angular momentum about @ )

Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

X\
%\/\‘\ |

\

The percussion radius p = /31 is of the CoP point

that has no velocity just after hammer hits at /.

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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Separation of GCC Equations: Effective Potentials

Small radial oscillations

2D Spherical pendulum or “Bowl-Bowling”
Cycloidal ruler&compass geometry

Cycloid as brachistichrone

Cycloid as tautochrone

Cycloidulum vs Pendulum
Cycloidal geometry of flying levers
=P Practical poolhall application
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Practical poolhall application of center of percussion formula I/M = p-h

Problem: Set bumper height H so ball does not skid.
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Practical poolhall application of center of percussion formula I/M = p-h

Problem: Set bumper height H so ball does not skid.

Where should bumper
height H be set to make
ball contact point C at the
center of percussion P?

center of percussion P
above contact point C

C
A ﬁ/ .
<W‘ —) [I=linear momentum ——> I/M=p-h

bang!
h [1h = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P
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Practical poolhall application of center of percussion formula I/M = p-h

Problem: Set bumper height H so ball does not skid.

Where should bumper
height H be set to make
ball contact point C at the
center of percussion P?

center of percussion P
above contact point C

(Ball skids to right —)
AN C B
<W‘ —) [I=linear momentum —> I/M = p-h

bang!
h [1h = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P
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Where should bumper
height H be set to make
ball contact point C at the
center of percussion P?

center of percussion P

below contact point
(Ball skids to left<—)

A D,
<W‘ I;angu ®) I1=linear momentum —> I/M = p-h

/ h [1h = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P
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Practical poolhall application of gcenter of percussion formula I/M = p-h

Problem: Set bumper height H so ball does not skid.

Where should bumper
height H be set to make
ball contact point C at the
center of percussion P?

center of percussion P
at contact point C
(Ball does not skid * )

’ pP=C

A , B

<W‘ I;ang! —) 1= linear momentum ——> I/M=p-h

4 p ITh = angular momentum about @ ) h=1/Mp=1/MR (ForR=p)

Y
X @ )
P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P
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Practical poolhall application of ¢g

center of percussion P
at contact point C
(Ball does not skid * )

er of percussion formula I/M = p-h
Problem: Set bumper height H so ball does not skid.

Where should bumper
height H be set to make
ball contact point C at the
center of percussion P?

P=C
pA T

<W N ) II=linear momentum — >

bang!
/ h [1h = angular momentum about @ )

(L)

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

I/M=p-h

h=1/Mp=1/MR (ForR=p)
= 2/5MR?*/MR
= 2/5R

For: H= R+h =7/10(2R) ball does not skid.
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Thats all folks!
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