Electromagnetic Lagrangian and charge-field mechanics
(Ch. 2.8 of Unit 2)

Charge mechanics in electromagnetic fields
Vector analysis for particle-in-(A,®)-potential
Lagrangian for particle-in-(A,®)-potential
Hamiltonian for particle-in-(A,®)-potential

Crossed E and B field mechanics

Classical Hall-effect and cyclotron orbits
Vector theory vs. complex variable theory
Mechanical analog of cyclotron and FBI rule

Thursday, November 6, 2014



Charge mechanics in electromagnetic fields
=y Vector analysis for particle-in-(A,®)-potential
Lagrangian for particle-in-(A,®)-potential
Hamiltonian for particle-in-(A,®)-potential
Canonical momentum in (A,P) potential

Hamiltonian formulation
Hamilton's equations
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA
Righthand Rule '] —
F=gvxB=IxB
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA
d a A Righthand Rule | I{'_
m—V =F=¢e|-VO——+vVvX (V X A) g - b
dt ot ST N
A
F=gvxB=IxB
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
mE =F=e(E+vXB) scalar potential field ®=D(r,t) B_v ot
vector potential field A=A(r,t) = VXA
Righthand Rule (T,
m ﬂ =F=e¢ {—V(I) — B_A + v X (V X A)} B \
Doing a double-cross o Ly
eir-Tensor analysis of vx(VxA) [vX(VxA)] =ggv;(VxA), qu_v «B=IxB
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610"Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA

d a A Righthand Rule I Il."
M —F=e| V- 22 1 yx (V X A) g — e
dt ot TN N

o ~ .b\
o -
A =

(Ff D

Doing a double-cross
eir-Tensor analysis of vx(VxA) [vX(VxA)] =ggv;(VxA), F=gvxB=IxB

+1 for even permutaion of i< j<k

gix =1 0 1fanyof i,j,k are equal

—1 for odd permutaion of i< j<k
Ejk = Eipg= Eyj=1

= —€jik = ~€jki = ~Ekji
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA

dv a A Righthand Rule l\l Il.
ke Vo-Bivx(vxa))

Doing a double-cross di ot B A
eijk-Tensor analysis of vx(V xA) [vx(VxA)], =gv;(VxA), F—éva IxB
1 for even permutaion of i< j<k = &€V l( € abj (8 Ab))

gix =1 0 1fanyof i,j,k are equal

—1 for odd permutaion of i< j<k

8l'jk = &

ikj — gkij =1

= —€jik = ~€jki = ~Ekji
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive tform for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610*Coulombs

dv

m—=F=e(E+ v XB)

dt

Doing a double-cross

giik-Tensor analysis of vx(V xA)

N\

gijk —

Ejk = Eipg= Eyj=1

= —€jik = ~€jki = ~Ekji

0 1ifany of i,j,k are equal

—1 for odd permutaion of i< j<k

Electric field E and magnetic field B

scalar potential field ®=D(r,t)
vector potential field A=A(r,t)

m?—F—e{—V(D—a—A+V><
t

ot

[vx(VxA)] =e;v(VXA),

( +1 for even permutaion of i< j<k = &V ,( € abj (8 Ab))

= ekij 8abj

= (81a0ip — 010:0)vi (04 Ap

(Vx A)}

E=—vo_2A
ot
Righthand Rule |I — >
.:ff__B____’ - ' L
F_q V X B I1xB

Applying Levi-Civita €-identity:

Eij€abj = 01aOib — Okp0ig
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA

d a A Righthand Rule i I|'
m—V =F=¢e|-VO——+vVvX (V X A) g b
dt ot PPN

o ~ .b\
o -
/| <

Doing a double-cross ey
eii-Tensor analysis of vx(V xA) [vx(Vx A):|k =¢&1,;v; (V% A) . F—évx B=IxB

+1 for even permutaion of i< j<k = &LV z( €abj (8 Ay )) Applying Levi-Civita e-identity:

O any of l’]’k e equal = 8kij8abj Vi (aa Ab) gkijgabj - 5ka5ib o 5kb5ia
—1 for odd permutaion of i< j<k
! P J = (840 — 610, )v; (04 Ap)

ijk ikj kij _5ka6ibvi (aa Ab) Skbgla Vi (aa Ab)
= —€jik = ~€jki = ~Ekji

.

gijk —
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA

d a A Righthand Rule | II;_
m—V =F=¢e|-VO——+vVvX (V X A) g b
dt ot SN

~ A
o -
2 | <

Doing a double-cross ey
giik-Tensor analysis of vx(V xA) [ vx(Vx A)]k =g, (V x A) : F—évx B=IxB

+1 for even permutaion of i< j<k = EiVi ( € abj (8 Ab)) Applying Levi-Civita e-identity:

0 ifany of 7,j.k are equal = Eujan vi (94 4) Exij€abj = OkaOib — O1pOig
—1 for odd permutaionof i< j<k
: P / = (614 — 610:0)vi (04 Ap )

N

gijk —

gijk - gikj - gkij =1 =6ka5ibvi (aa Ab) 5kb5la Vi (a Ab)
= ~Ejik = ~€jki = ~Ekji = v (0, Ap) —v,(9,4;)
= (akAb)vb —Va (aaAk)
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=¢e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,1) B=VXxA
dV a A Righthand Rule |~| I|'_
m d_ =F=e¢ |:—V(I) — a— + VvV X (V X A):| B '
Doing a double-cross % t Sy
ejr-Tensor analysis of vx(V xA) [vx(VxA)], =g, (VxA), F—éva IxB
+1 for even permutaion of i< j<k = EiVi ( € ubj (8 Ab)) Applying Levi-Civita e-identity:
gijk =y 0 it any of i’j’k are equal = gkij‘gabj v (aa Ab) gkijgabj = 5ka5ib o 6kb5ia
1 f ion of i< j
\ or odd permutaion of i< j<k (8,8 — 8.8, )V, ( 3 Ab)
gijk B gikj B gkij =1 =5ka5ibvi(aaAb) 5kb51a l(aaAb)
- ) @A)
= (914 )V —v,(9,4¢)

ak(Abvb ) N (akvb )Ab —Va (aaAk)
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA

dv a A Righthand Rule l\l Il.
m— =F=e|-VO- 2=+ vx(VxA) L

Doing a double-cross % o ey
ejr-Tensor analysis of vx(V xA) [vx(VxA)], =g, (VxA), F—éva IxB
+1 for even permutaion of i< j<k = €44V l( € abj (8 Ab)) Applying Levi-Civita e-identity:
gix =1 0 1fanyof i,j,k are equal _ € i€ aby (a Ab) Eii€abj = 8,0 —6,0,
—1 for odd tai fi<j<k
\ or odd permutaion of i< j < = (81,8~ 18:, v (3, Ap)
Ejk = Eij= Ej=1 =581V (0,4 ) 8,58:,v: (0, Ay )
=T Ejik T T8 T ki = (0, 4) ~v4(9,4;)
= (akAb)Vb —Va(aaAk) :(VA)°V_V'VA

- ak(Abe)—(aka)Ab —Va(aaAk) — V(A.V)—(VV).A—V.VA

Converting back to Gibbs’s bold notation involves tensors like VA and V.
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=¢e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,1) B=VXxA
dV a A Righthand Rule l\l l;_
m d_ =F=e¢ |:—V(I) — a— +V X (V X A):| {-__Bd—:_:; ' e
Doing a double-cross % t Ly
ejr-Tensor analysis of vx(V xA) [vx(VxA)], =g, (VxA), F—éva IxB
+1 for even permutaion of i< j<k = EiVi ( € abj (8 Ab)) Applying Levi-Civita e-identity:
gljk =y 0 it any of i’j’k are equal = gkij‘gabj v (aa Ab) gkijgabj = 5ka5ib o 5kb5ia
i L or
\ or odd permutaion of i< j<k (8,8 — 8.8, )V, ( 9. Ab)
Eije = Eig = Exj =1 =8,,0V; (0, Ap )= 8,50,,v; (9, Ap)
=8k = T8k T i = v (91 Ap) ~v,(0,4¢)
= (akAb)Vb —Va(aaAk) :(VA)°V_V'VA

- ak(Abe)—(aka)Ab —Va(aaAk) — V(A.V)— (VV)’A—V VA
Converting back to Gibbs’s bold notation involves tensors like VA and V.

Newtonian mechanics has no explicit dependence of position r and velocity v. :
\/

r-partial derivative of v (or vice-versa) is 1dentically zero. ov! =0 iff : Vv= =0
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=¢e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VxA
dV a A Righthand Rul l\l l;_
m d_ =F=e¢ |:—V(I) — a— + VvV X (V X A):| BT ' -
Doing a double-cross % ! L
ejr-Tensor analysis of vxX(V xA) [vx(VxA)], =g (VxA), F—éva IxB
+1 for even permutaion of i< j<k = EiVi ( € abj (8 Ab)) Applying Levi-Civita e-identity:
gljk =y 0 it any of i’j’k are equal = gkij‘gabj Vi (aa Ab) gkijgabj = 5ka5ib o 5kb5ia
1f o i
\ or odd permutaion of i< j<k — (8,8 — 818, )V, ( 9, Ab)
Eije = Eig = Exj =1 =8,,0V;: (0, Ap )= 8,50,,v; (9, Ap)
=8k = T8k T i = v (91 Ap) ~v,(0,4¢)
= (akAb)Vb —Va(aaAk) :(VA)°V_V'VA

- ak(Abe)—(aka)Ab —Va(aaAk) — V(A.V)— (VV)’A—V VA
Converting back to Gibbs’s bold notation involves tensors like VA and V.

Newtonian mechanics has no explicit dependence of position r and velocity v. :
\/

r-partial derivative of v (or vice-versa) is 1dentically zero. ov! =0 iff : Vv= =0

vX(VxA)=V(Aev)— 0 —v+.VA  for particle mechanics

Thursday, November 6, 2014 14



Summary of Vector analysis for particle-in-(A,P)-potential

Tensor index notation helps to distinguish (V A)-v, v-(V A), and V(Aev) = (VA)ev + (Vv)eA

JA;
[(VA)- v]k_BTV [ve(VA) ] =, % [VA+v)] =[(VA)ev+(VV)-A]
J

—(0,A;)v; ~(v,9,4) 9 ( Ay, ) =015 ) A—(01 v ) A,
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Charge mechanics in electromagnetic fields

Vector analysis for particle-in-(A,®)-potential
= [.agrangian for particle-in-(A,®)-potential
Hamiltonian for particle-in-(A,®)-potential
Canonical momentum in (A,P) potential

Hamiltonian formulation
Hamilton's equations

Thursday, November 6, 2014
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

Electric field E and magnetic field B E=_Vd_ JA
dv
m? =F=e(E+vXB) scalar potential field ®=D(r,1) ot
! vector potential field A=A(r,1) B=VXxA

d ) a A Righthand Rule | _

M —F=e| V- 22 1 yx (V X A) s l'i,‘_
dt i at B - ;'
d oA Ty R

md—V=F=e —V(I)—B—-I-V(VOA)—(VOV)A} F=gvxB=IxB

5 l

vX(VxA)=V(Aev)— 0 —v+.VA  for particle mechanics
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

J Electric field E and magnetic field B E=_Vd_ JA
\%
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,1) B=VXxA
d ) a A Righthand Rule { _
m—V =F=¢|-VO—-—+vVvX (V X A) ] l'i,,_
dt i at B
e ( rJ l!..v _
7 A
m—=F=e|-VO—-"=+V(veA)- (v-V)A F=qvxB-IxB
dt i N A N
Chain rule expansion of vector potential total -derivative dA _9A B JA 7 JA . JA _ JA +H(veV)A
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e.  e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,1) B=VXxA
dv ) a A Righthand Rule 1 _
m—=F=e|-VO-——+vX (V X A) ot
dt i at B __ ;;'“‘
d I oA _ s
\% :
m—=F=e —VCI)——+V(V0A) (VoV)A F—QVXB =IxB
dt i ot
Chain rule expansion of vector potential total t-derlvatlve dA _9A B JA P+ aA JA _ JA +H(veV)A
dt odx  dy oz o |90 L

m%—e{—V(I)+V(V0A;)—aa—A—(VOV)A}
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e.  e=-1.60217610""Coulombs

J Electric field E and magnetic field B E=_Vd_ JA
\%
m; =F=e(E+VvXB) scalar potential field ®=D(r,1) ot
! vector potential field A=A(r,1) B=VXxA
d ) a A Righthand Rule i l_
M —F=e| V- 22 1 yx (V X A) ot
dt I ot BT
— ke ( rJ l!-- _
J A s
m—=F=e —V(I)——+V(V0A) (VoV)A F= qVXB =IxB
dt i ot
Chain rule expansion of vector potential total t derlvatlve dA _9A i JA P+ JA s JA _ JA +H(veV)A

-
~ e
-~ -
-~ S
~ -
-
~ -
-~ -
-

-
>
-
-
-
-
________
- -
- -
- —
-~ _—
e g

dv BA ] dA
—=¢|-VOP eA)———(veV)A |=¢| -V(DP-veA)-—
mdt e{ VO +V(veA) 2y (v V) } e{ V( Ve A) dt}
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e.  e=-1.60217610""Coulombs

J Electric field E and magnetic field B E=_Vd_ JA
\%
m? =F=e(E+vXB) scalar potential field ®=D(r,1) ot
! vector potential field A=A(r,t) B=VXxA
dV i a A Righthand Rule 1 _
m—=F=e|-VO—-——+vX (V X A) ot
dt I ot B
d I oA s
\% :
m—=F=e —VCI)——+V(V0A) (VoV)A F—QVXB =IxB
dt i ot
Chain rule expansion of vector potential total t-derlvatlve dA _9A 5 JA P+ aA JA 0A +(veV)A
dt...._.d X 0y oz o Of.
dv ok ¢ A
& | VO+V(veA) -2 VOVA =e| -V(O- VOA ——
" e[ AR } e[ A df}
P P A d al d g Rt d\‘a .............. . dA
E EE—MV°V EEE mvey = —tg(eq) V.eA) V(e(I) V‘@A) Ea—v(eq)—V €A)——€E
: , , d
Inserting ®-term that 9y zeros : This step requires that : a—v(eq’) =0
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e.  e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=D(r,1) ot
! vector potential field A=A(r,t) B=VXxA
dv i a A Righthand Rule {1 _
m—=F=e —V(I)——+V><(V><A) o oad
dt I ot B
J = aA _____ ( FJ ‘.lr_,_' b |
\Y
m—=F=e —V(I)——+V(V0A) (voV)A F—QVXB =IxB
dt i ot
Chain rule expansion of vector potential total L derlvatlve dA _9A F JA P+ JA 54 JA : JA +(veV)A
,.». dt-.dx  dy" 0z £ Of
dv TN A
== -VD+V(veA)-—— VA =e| -V(P- A ——
g I U o
PR IR d a 1 d oo e e d\‘a .............. . dA
E EEEW!V.V Ea—V—WIVOV——ta—V(e(D VCQA) V(e(I) VCQA) } Ea—v(eq)—v QA)——QE
jtaav( mvev—(ed— VCQA)j aar[;mvovl’(ed)—vo;l&)]
This step requires that
Inserting vev-term that Oy zeros : V(%mv . v) aa ( L v vj =0
r
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e.  e=-1.60217610""Coulombs

Electric field E and magnetic field B —_Vd_ JA
dv E 0
m; =F=e(E+vXB) scalar potential field ®=D(r,t) t
! vector potential field A=A(r,t) B=VXxA
dV i a A Righthand Rule || _
m—=F=e —V(I)——+VX(V><A) ] ]
dt i ot BT
- D
dv oA _ i
m—=F=e —V(I)——+V(V0A) (voV)A F—QVXB =IxB
dt i ot
Chain rule expansion of vector potential total L derlvatlve dA _JA i JIA P+ JA s4 JA _JA +(veV)A
e dt.-...0 X 0y 0z ool 0L
m% = e{—V(I) +V(ve A) — aa—A —(ve V)A} = e{—V(CD TIOA) —62—?}
w ao0i d 91 d oo T e gy, T . dA
M ey Y= gy (@ veeA) V(@ veer] Gayleomveea)==e
jtaav( mvev—(e®— VOQA)] aar[;mvov;~(e(l)—vo~e~;&)) aar(lmvov] 0
— _ — —— J
d oL B JdL
dt v or
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e.  e=-1.60217610""Coulombs

Electric field E and magnetic field B —_Vd_ JA
dv E 0
m; =F=e(E+VvXB) scalar potential field ®=D(r,1) t
! vector potential field A=A(r,t) B=VXxA
dV i a A Righthand Rule O _
m—=F=e —V(I)——+V><(V><A) o oad
dt i ot BT
- D
dv oA _ i
m—=F=e —V(I)——+V(V0A) (VoV)A F—QVXB =IxB
dt i ot
Chain rule expansion of vector potential total L derlvatlve dA _JA i JIA P+ JA s4 JA _JA +(veV)A
e dt...._.d X 0y 0z £ Of
m% = e{—V(I) +V(ve A) — aa—A —(ve V)A} = e{—V(CD VOA) —62—?}
w ao0i d 91 d oo L gy, T - dA
m— = o mVey EEE mvey = Eg(ecb V0€A) V(e(I) V0€A) Ea—v(ecb—v eA)——eE
jtaav( mvev—(ed— VOQA)] aar(;mvov;~(ed)—vo~e~;&)) %[%mv,vjzo
— _ — - _
d oL B JdL
dt v or
Lagrangian has a linear velocity term eveA in addition to the usual quadratic KE=mv°/2 and PE=e®.

L=L(r,v,t)= %mv o v—(ed(r,t)— veeA(r,t))
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Charge mechanics in electromagnetic fields

Vector analysis for particle-in-(A,®)-potential
Lagrangian for particle-in-(A,®)-potential
Hamiltonian for particle-in-(A,®)-potential
= Canonical momentum in (A,®) potential

Hamiltonian formulation
Hamilton's equations

Thursday, November 6, 2014
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Hamiltonian for particle-in-(A,®)-potential
Lagrangian has a linear velocity term eveA in addition to the usual quadratic KE=mv*/2 and PE=e®.
L=L(r,v,t)= %mv o v—(ed(r,t)— veeA(r,t))

Canonical momentum in (A, P) potential
Canonical momentum i1s defined by L’s v-derivative

oL d (1
== =3y (—mvoV—(eCI)(r,t)—V°€A(raf)))

P 2

p = mv +eA(r,t)

Thursday, November 6, 2014
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Hamiltonian for particle-in-(A,®)-potential

Lagrangian has a linear velocity term eveA in addition to the usual quadratic KE=mv*/2 and PE=e®.

L= L(l’, \E t) = % mvey-— (e(I)(r, [ ) —Ve eA(l‘, 5 )) Righthand Rule |l_
- : , R
Canonical momentum in (A,P) potential
Canonical momentum i1s defined by L’s v-derivative Irpquva:I <B
p= dL — J (lmVo V—(e(I)(r,t)— Ve eA(r,t))] — i(lmv. vV — eq)(l‘,t)j
AN v\ 2 For A(r,t)=0
p=myv + eA(l', t) =  mv For A(r.) =0

Thursday, November 6, 2014
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Hamiltonian for particle-in-(A,®)-potential

Lagrangian has a linear velocity term eveA in addition to the usual quadratic KE=mv-/2 and PE=e®.

L= L(l’, \E t) = % mvey-— (e(I)(r, [ ) —Ve eA(l‘, 5 )) Righthand Rule 11_
" * . ‘B o - — L
Canonical momentum in (A,P) potential
Canonical momentum i1s defined by L’s v-derivative Irgquva:I <B
p= oL — J (lmvo V—(e(I)(r,t)— Ve eA(r,t))] — i(lmv. V— eq)(r,t)j
AR Iv\2 For A(r,t)=0
p=myv + eA(l', t) = mv For A(t.1)=0

Lagrangian 1s usual form L= T'- IV with electric (scalar) potential V=®(r,?)
if magnetic (vector) potential A=A(r,?) 1s zero everywhere.
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Hamiltonian for particle-in-(A,®)-potential

Lagrangian has a linear velocity term eveA in addition to the usual quadratic KE=mv-/2 and PE=e®.

L= L(l’, \E t) = % mvey-— (e(I)(r, [ ) —Ve eA(ra 4 )) Righthand Rule lll—
; * . ‘B o — b
Canonical momentum in (A,®) potential
Canonical momentum i1s defined by L’s v-derivative Ir<‘J=qv><B=I <B
p= dL — J (lmVo V—(e(I)(r,t)— Ve eA(r,t))] — i(lmv. vV — eq)(r,t)j
AN v\ 2 For A(r,t)=0
p = mv + eA(l', t) = mv For A(r’t) 0

Lagrangian 1s usual form L= T'- IV with electric (scalar) potential V=®(r,?)
if magnetic (vector) potential A=A(r,?) 1s zero everywhere.

Then canonical momentum is usual form: p = mv (For A(ryt)=0)
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Hamiltonian for particle-in-(A,®)-potential

Lagrangian has a linear velocity term eveA in addition to the usual quadratic KE=mv-/2 and PE=e®.

L= L(l’, \E t) = % mvey-— (e(I)(r, [ ) —Ve €A(r, 4 )) Righthand Rule lll—
' . o B R
Canonical momentum in (A,P) potential
Canonical momentum 1s defined by L’s v-derivative lIrgquxB:I «B
p= dL — J (lmVo V—(e(I)(r,t)— Ve eA(r,t))] — i(lmv. vV — eq)(r,t)j
AN v\ 2 For A(r,t)=0
p = mv + eA(l', t) = mv For A(r’t) 0

Lagrangian 1s usual form L= T'- IV with electric (scalar) potential V=®(r,?)
if magnetic (vector) potential A=A(r,?) 1s zero everywhere.

Then canonical momentum is usual form: p = mv (For A(ryt)=0)

Otherwise vector potential term -v.eA leads to an extraordinary canonical momentum: p =mv-+eA(r,t).
Particle momentum mv 1s not canonical, but related to canonical p as follows: mv=p - eA(r,t)
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Charge mechanics in electromagnetic fields

Vector analysis for particle-in-(A,®)-potential

Lagrangian for particle-in-(A,®)-potential

Hamiltonian for particle-in-(A,®)-potential
Canonical momentum in (A,P) potential

- Flamiltonian formulation
Hamilton's equations
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Hamiltonian for charged particle in fields

The Hamiltonian function of the Legendre-Poincare form is the following.

H = Eq”pu —~L=vep—-L= VO(mV+eA(r,t))—(%mV0V—(e(I)(r,t)—V‘eA(l‘,f)))
u

Righthand

B

{Rue (1.7
"| [.
__—l‘_,, : "\
;' ’]‘?',-'\,_ ~ ;
k F’l '\: :_ ey
F=gv x B IxB
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Hamiltonian for charged particle in fields

The Hamiltonian function of the Legendre-Poincare form is the following.

H:%q’“pﬂ—L=V°p—L=V‘(mV+M_(%m"“’_(eq)(r’t)_v'M)]

1
H = Emv oV +ed(r,t) Only correct

numerlcally !

Righthand Rule [I
BRE
i ,T"': \_
F—qv X B IxB
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Hamiltonian for charged particle in fields .

. . . . ) ) Righthand Rule II r
The Hamiltonian function of the Legendre-Poincare form is the following. - —
| I R A
H = zq#pu —L=vep—L=ve (mv + M — (Emv oV — (efl)(r,t) —Vve M)] ¥/ r\_U
1“ F=qgvxB=IxB
H =2 mvev+ed(r,) (O coret

Vector potential A seems to cancel out completely, leaving a familiar H=T7T+V with only scalar V=e® .
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Hamiltonian for charged particle in fields .

. ) . ) ) ) Righthand Rule II r
The Hamiltonian function of the Legendre-Poincare form is the following. SR -
, 1 TN N
H= unpu —L=vep—L=ve (mv+ M— (Emv oy — (efl)(r,t) —Ve M)] LFJ \
’ F—qv «B=IxB

numerlcally !

|
H = Emv oV +ed(r,t) Only correct

Vector potential A seems to cancel out completely, leaving a familiar H=T7T+V with only scalar V=e® .

But Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).
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Hamiltonian for charged particle in fields .

. . . ) . ) Righthand Rule [I r
The Hamiltonian function of the Legendre-Poincare form 1s the following. SR -
H = zqﬂpu —L=vep—L=ve (mv+ M— iamv oV — (e(D(l',t) —Vve M)] kF_, \\
’ F—qva =IxB

1
H = Emv oV +ed(r,t) Only correct

numerlcally !

Vector potential A seems to cancel out completely, leaving a familiar H=T7T+V with only scalar V=e® .
But Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

H = L(p—eA(r,t))o(p—eA(r,t))+e(I)(r,t) ( Correct formally )

and numerically
2m

Thursday, November 6, 2014



Hamiltonian for charged particle in fields .

. ) ) ] ) ) Righthand Rule [I
The Hamiltonian function of the Legendre-Poincare form is the following. S -
H = Zq“pu —L=vep—-L=ve (mv+ M— (Emv oV — (e(D(r,t) —Ve M)] LF‘ [;___\?\'_f_
g F—qva =IxB

1
H = Emv oV + e(I)(r,t) Only correct

numerlcally !

Vector potential A seems to cancel out completely, leaving a familiar /=7+V with only scalar V'=e® .

But Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

and numerically

H = L(p—eA(r,t))o(p—eA(r,t))+e(I)(r,t) ( Correct formally )

2m
H=P"P_C (peA+As )+iA0A+e(I>(r )
2m  2m P P 2m ’
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Charge mechanics in electromagnetic fields

Vector analysis for particle-in-(A,®)-potential

Lagrangian for particle-in-(A,®)-potential

Hamiltonian for particle-in-(A,®)-potential
Canonical momentum in (A,P) potential

Hamiltonian formulation
- [Jamilton’s equations

Righthand Rule [ [ .~

BT \
e
F=gvxB=1xB
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,?).

1
H = %(p —eA(r,1)) o (p—eA(r,n)) +e®@(r,t)  ( Sopetiomaly )
2
H=P"P_ € (peA+Aep)ti—AeA+ed(r,) (Expanded
2m  2m 2m

Righthand Rule

‘B

]
Vo
Y
:

- “
S | =

/ I

(Fl L

N o

F=gvxB=IxB

S 1T
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Hamiltonian for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

1
H = %(p —eA(r,1)) o (p—eA(r,n)) +e®@(r,t)  ( Sopetiomaly )
2
H=P"P_ € (peA+Aep)ti—AeA+ed(r,) (Expanded
2m  2m 2m
. . oH — eA(r,t
Hamilton's v equation: vei=2r=P—¢ (r,2)

op m

Righthand Rule

B __

]
o
-
:

- .\1

-~ \
S -
| =

el T

R

SR S N B
i )Ty L
TN

F—ovxB=IxB
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,?).

A

H= ﬁ(p —eA(r,1)) o (p—eA(r,n)) +e®@(r,t)  ( Sopetiomaly )

and numerically

2

H=LP_° (P’A+A°p)+e—A0A+e(I)(r,t) (Expanded)
2m  2m 2m

: : 0H p—eA(r,t . . : :
Hamilton's v equation: vei=2-=P"¢ (1;) (Just copies particle velocity relation.)

op m
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
1
H = ——(p—eA(r,n) s (p—eAr,n)+ed(r,) (sl
2
H=P"P_ € (peA+Aep)ti—AeA+ed(r,) (Expanded
2m  2m 2m
: : oH A(r, ¢ . . . :
Hamilton's v equation: V=F= 5 _ P A (Just copies particle velocity relation.)
m
. _ oH _ d (pﬂ_eAu)(pu_eAu)_ oD
Hamilton's dp/ar equation: £a =~ X, ) X, 'm ‘5 X,

(In index notation.)
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
1
H = %(p — eA(r,t)) o (p — eA(r,t)) + e®D(1,1) Conrect formally
2
g=P*P_ ¢ (p0A+A0p)+e—AOA+eCI)(r,t) (Expanded)
2m  2m 2m
: : oH A(r,t . . . .
Hamilton's v equation: V=F= 5 _ P A (Just copies particle velocity relation.)
m
_on o (med)pumed) oo
Hamilton's dp/dr equation: Pa = ox, B ox, 2m © ox,
(In index notation.)
+eA = ) =mv +eA _+(p'u_eA'u)eaA‘u _ea;i)
mvTe (l’»f)—P P, a a m axa axa
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
1
H= %(p —eA(r,1)) o (p—eA(r,n)) +e®@(r,r)  ( Soefomaly
2
H=P"P_ % (peA+Aep)t—AeAted(r,) (Fpanded
2m  2m 2m
: : oH A(r, ¢ . . . .
Hamilton's v equation: V=F= 5 _ P A (Just copies particle velocity relation.) 5
m A
. o _ (pu_eAu)(pu_eAu)_eaﬂ E=-Vo-—=-
Hamilton's 4p/dr equation: Pa = ox  Ox 2m dx
. . a a a od 0d4
(In index notation.) E =- _a
. o (pu—eAu) BAH 0D ox¢ ot
mv+eA(r,)=p - p,=mv, ted, =+ eos T Tl T IO 94
I 9% *a -—=—4+E,
04, 04 ox” .9
- . y . ,' a | T
pa_mva_l_eAa =€ ‘u ax + 8t+Ea _____________

Thursday, November 6, 2014

44



Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
1
H = %(p — eA(r,t)) o (p — eA(r,t)) + e®D(1,1) Conrect formally
2
g=P*P_ ¢ (p0A+A0p)+e—AOA+eCI)(r,t) (Expanded)
2m  2m 2m
: : oH A(r,t . . . .
Hamilton's v equation: V=F= 5 _ P A (Just copies particle velocity relation.) 5
m A
__9H __d (pu_eAu)(pu_eAu)_ 0P E=-V&-——
Hamilton's ap/dr equation: Pa = ox  Ox 2m eax
: . a a a ob J4
(In index notation.) E =— ——4
. o (Pu —eA ) 8Au b dx? ot
+ =p - =my +edA =+ —e——— Tt
mv eA(l‘,t) p P, a a a:xa - oD _ aAa L
Yy ox? Ot ¢
N o— . y . a,p | T
p=mv ted, = 6( Vi 8 X + 8t+ Ea) ------ JA _ dA _(veV)A
________________ o dt
. . y aAa ........... 0A4 : 0A
p,=mv +ted =e vV F +Aa—vu > +E a_y _y a
Yoo P a4 Hox
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
1
H = %(p — eA(r,t)) o (p — eA(r,t)) + e®D(1,1) Conrect formally
2
g=P*P_ ¢ (p0A+A0p)+e—AOA+eCI)(r,t) (Expanded)
2m  2m 2m
: : oH A(r,t . . . .
Hamilton's v equation: V=F= 5 _ P A (Just copies particle velocity relation.) 5
m A
__9H _ O (pu_eAu)(pu_eAu)_ I E=-Vo-—=—
Hamilton's 4p/dr equation: Pa = dx  Ox 2m eax
. . a a a obd 0J4
(In index notation.) E =— ——4
. . _ (p‘u —eA ) aA/,L o0 dx? ot
mv+eA(r,)=p p,=mv, ted, =+ - ea -------------- 4,
@ Ot ... ¢
R 04, ________a_?f -----------
pa:mva+eAa =€ ,u ax + at +€q --------------- J0A dA
''''''''''''''' =——(veV)A
_____________ Jat  dt
A T
p =mv _+eA —e( vV F +Aa_vua “§+Ea] 94, _ v 94,
Yoo i s ot « # 8xy
L 04, ,
mva =e V‘u 87 _V‘LLE_F u
a
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

1
H=——(p—eAr,n)e(p—eAmn)+ed(rn) (i
m
2
H=P"P_ € (peA+Aep)ti—AeA+ed(r,) (Expanded
2m  2m 2m

oH _P—eA(n,0)

A

Hamilton's v equation: V=F= o (Just copies particle velocity relation.) .
m A
. :_B_H _ 9 (pu—eAu)(pu—eAu)_eag E:—VCI)—E
Hamilton's ap/dr equation: Pq dx, ox, 2m dx, Y
. . —_— — d
(In index notation.) E =
. (Pu - €Au) 04, oD ox? ot
mvteA(r,t)=p--- p,=mv ted =+ > B Y
A, 09X, *a =3 “+E
[
| (7 o4, 04, Lo
pa:mv +€A =€ v'u aT + az_ +€q --------------- aA dA
\ a AL =——(veV)A
) — e Jat  dt
. 04, . dA,: | T 94 A
p,=mv ted =e vy 8_+§A“_v“8 +E, a_y _vy a:
\ Yo i el ot @y H BXH
_ BA“ a’Aa )
mv_ =el Vv, E ~V . +Ea)
a u
mv :e( VX(VXA) +E |J=e(vXB+E) B=VXxA
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
H = %(p — eA(rat)) ® (p - eA(rat)) + e(I)(I‘,t) gﬁgﬁ%ﬁ%ﬁ?ﬁﬁy Rl.a';r;lumdl—eul: Il [|
H = p2° B Ze (P *A+Ae P) + 28— Ao A+ed(r,t) (Fpanded) ¥ l!‘.._ﬁjj_:"‘:‘:—.-" A
meam " | F=gvxB=IxB
. : . . o0H _Pp- eA(r,t) . . .
Hamilton's v equation: V=F= 9 (Just copies particle velocity relation.) .
m A
__B_H B 0 (pu—eAu)(pu—eAu)_ a;q) E——V(I)—E
Hamilton's 4p/dr equation: Pa = ox  Ox 2m eax
: : a a a ob J4
(In index notation.) E = _
o (pamedy) a4, g0 oxt
mv+eA(r,t)=p - p,=mv_ted =+ e Ten T IO 94
-y~ a a — —__ a4, F
( ,"' aA aA axa_ ______ _a_Z-L ----- .
. u S e
p,=mv ted =e vy S + +E, |
\ axa at ''''''''''''''' aLA: dA—(VQV)A
— T ot di
( 0A : 04 @ | -
_ A = oLy a,p 04, . 04
p=mv, ted, =e v, 5 +4, Va3 +E, a—ij _yy 2l
\ Yo i el a4 L H BX#
94 i 4 Yy
..and now ! [ TR
¢ H ox Hox @
back a u J
we come bdc mv =e( VX(VXA) +E |=e(vxB+E) B=VXxA
full circle... vX(VxA)=ve(VA)=(vsV)A  for particle mechanics
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Crossed E and B field mechanics

A constant E field has a scalar potential field @ with constant gradient.

®d(r)=—-Eer, —VO(r)= V(—E ° r) = E = const.
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Crossed E and B field mechanics

A constant E field has a scalar potential field ® with constant gradient.

O(r)y=—-Ker,

—VO(r)= —V(—E o r) = E = const.

—+—+—+—+—+P yector
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Crossed E and B field mechanics

A constant E field has a scalar potential field ® with constant gradient.
d(r)=—-Eer, —Vd(r)= —V(—E o r) =K =const. y
A constant B field has a vector potential field A that resembles

lvector

a disc spinning counter-clockwise around the B axis. EEEkg
1 1 g
A(r)=5B><r, VxA(r):Vx(Eer):B:const.
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Crossed E and B field mechanics
A constant E field has a scalar potential field ® with constant gradient.
d(r)=—-Eer, —Vd(r)= —V(—E o r) =K =const. y

A constant B field has a vector potential field A that resembles
a disc spinning counter-clockwise around the B axis.

1 1
A(r)=5B><r, VxA(r):Vx(Eer):B:const.
Newtonian electromagnetic equations of motion: "V =e(E+vXB) B 'i
e e YO
v=—E+vXx—B. (IR
m m F=gvxB=1xB
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Crossed E and B field mechanics

A constant E field has a scalar potential field ® with constant gradient.
d(r)=—-Eer, —Vd(r)= —V(—E o r) =K =const. y
A constant B field has a vector potential field A that resembles

lvector

a disc spinning counter-clockwise around the B axis. g
1 1 ——
A(r)=5B><r, VxA(r):Vx(Eer):B:const.

Newtonian electromagnetic equations of motion: MV =e(E+vXB)

V=£E+VX£B=8+VX£BéZ
m m m
=£F g = B=%B
X m X y my m-z
Shorthand Labeling
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Crossed E and B field mechanics

Classical Hall-effect and cyclotron orbits
=y Vector theory vs. complex variable theory
Mechanical analog of cyclotron and FBI rule
Cycloid geometry and flying sticks
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Crossed E and B field mechanics

A constant E field has a scalar potential field ® with constant gradient.
d(r)=-Eer, —Vd(r)= —V(—E o r) =K =const. y

A constant B field has a vector potential field A that resembles
a disc spinning counter-clockwise around the B axis.

A(r):%er, VxA(r):Vx(%er):B:const.

Newtonian electromagnetic equations of motion: 7V =e(E+vXB)

e e e .
V:—E+V><—B:£+V><—BeZ

G1bb’s notation: m m m
\ = € + \Y XBe, e =& e =£ B=¢RB
vetve =¢ce+ee +(ve+ve )xbe, Shorthand Labeling
=& +e e — Bvxey+vaeX where: e_xe =-e€_ and: e xe, = e,

Thursday, November 6, 2014 55



Crossed E and B field mechanics
A constant E field has a scalar potential field ® with constant gradient.
d(r)=-Eer, —Vd(r)= —V(—E o r) =K =const. y

A constant B field has a vector potential field A that resembles
a disc spinning counter-clockwise around the B axis.

A(r)=%B><r, VxA(r)=Vx(%er)=B=const.

Newtonian electromagnetic equations of motion: 7V =e(E+vXB)

e e e .
o . =—E+vX—B=c+vX—2DBe,
G1bb’s notation: m m m
: — A e e e
X X X X X mx y my m-z
ve tve =¢e +ee +(vet+ve )xBe, Shorthand Labeling
=£e + ey v Bvxey+vaeX where: e xe =-e_ and: ey><eZ =€,

Complex variable velocity: v=vy+iv, and electric field: ==cx+ic,
vt =& tie — iBv_+ va =&, tie, — iB(v, + lVy)

vV = £ —  iBv with replacements : €_—1  and : éy% i=+-1
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Crossed E and B field mechanics

A constant E field has a scalar potential field ® with constant gradient.
d(r)=-Eer, —Vd(r)= —V(—E o r) =K =const. y

A constant B field has a vector potential field A that resembles
a disc spinning counter-clockwise around the B axis.

A(r)=%B><r, VxA(r)=Vx(%er)=B=const.

Newtonian electromagnetic equations of motion: 7V =e(E+vXB)

e e e .
V:—E+V><—B:£+V><—BeZ

G1bb’s notation: m m m
v = € + \Y xBe _€ _€ _e
) ) ) ) A A AZ 8x m " x gy m-y B mBZ
vetve =¢ce+ee +(ve+ve )xbe, Shorthand Labeling
=£e + eyey — Bvxey+vaeX where: e xe =-e_ and: ey><eZ =€,

Complex variable velocity: v=vy+iv, and electric field: ==cx+ic,
vt =& tie — iBv_+ va =&, tie, — iB(v, + lVy)
vV = £ —  iBv with replacements : €_—1  and : éy% i=+-1
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Crossed E and B field mechanics

A constant E field has a scalar potential field ® with constant gradient.
d(r)=-Eer, —Vd(r)= —V(—E o r) =K =const. y

A constant B field has a vector potential field A that resembles
a disc spinning counter-clockwise around the B axis.

A(r)=%B><r, VxA(r)=Vx(%er)=B=const.

Newtonian electromagnetic equations of motion: 7V =e(E+vXB)

e e e .
V:—E+V><—B:£+V><—BeZ

G1bb’s notation: m m m
v = € + \Y xBe _€ _€ _e
vetve =¢ce+ee +(ve+ve )xbe, Shorthand Labeling
=£e + £,8y— Bvxey+vaeX where: e xe =-e_ and: ey><eZ =€,

Complex variable velocity: v=vy+iv, and electric field: ==cx+ic,
vt =& tie — iBv_+ va =&, tie, — iB(v, + lVy)
vV = £ —  iBv with replacements : €_—1  and : éy% i=+-1

Move last part of this calculation UP]
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Crossed E and B field mechanics (Solution by complex variables)

. e e € A
v=—E+vX—B=£+vX—RBe,
m m m |
_e _e _e {uniform
€x Tmtx gy Tmy b _mBZ %Z%Ztion
Shorthand Labeling —+ ®=FE-r
Complex variable velocity: v=vx+iv, and electric field: c==c,+ic, X g ggr TR

Votiv, =€ e - iBv_+ va =& tie), - zB(vx+zvy)

v = £ —  iBv with replacements : €_—1  and : éy% i=+-1
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Crossed E and B field mechanics (Solution by complex variables)

. e e € A
v=—E+vX—B=£+vX—RBe,
m m m |
_e _e _e {uniform
€x Tmtx gy Tmy b _mBZ %Z%Zuon
Shorthand Labeling —+ ®=FE-r
Complex variable velocity: v=vx+iv, and electric field: c==c,+ic, X g ggr TR

Votiv, =€ e - iBv_+ va =& tie), - zB(vx+zvy)

v = £ —  iBv with replacements : €_—1  and : éy% i=+-1

An exponential V(t)=e5 V() solution results: e# is a clockwise 2D rotation.
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Crossed E and B field mechanics (Solution by complex variables)

. e e € A
V=—E+VX—B=8+VX—B€Z

m m m |
_e _e _e (uniform
X _mEx gy Tmy b _mBZ %Z%Ztion
Shorthand Labeling ——— ®=FE-r
Complex variable velocity: v=vx+iv, and electric field: c==c,+ic, X g ggr TR

Votiv, =€ e - iBv_+ va =& tie), - zB(vx+zvy)

v = £ —  iBv with replacements : €_—1  and : éy% i=+-1

An exponential V(t)=e5 V() solution results: e# is a clockwise 2D rotation.

v(t)+B=V(t)=e FV(0)=e " ((0)+J)
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Crossed E and B field mechanics (Solution by complex variables)

e e e .
v=—E+vX—B=cg+vX—2RBe,
m m m
_€ _€ _€
Ex Tmtx 8y Tmy b _mBZ
Shorthand Labeling

Complex variable velocity: v=vx+iv, and electric field: c==c,+ic,
VTV, =€ Fie) - iBv_+ va =& tie), - iB(v_+ zvy)

v = £ —  iBv with replacements : €_—1  and : éy% i=+-1

An exponential V(t)=e BV (0) solution results: e is a clockwise 2D rotation. complex form
E

vO+B=V(t)=e""V(0)=e'(0)+B) or:  w(e)=e T N0)+B)-B=e"""(W0) +,%) i
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Crossed E and B field mechanics (Solution by complex variables)

e e e .
v=—E+vX—B=£+vX—RBe,
m m m
_€ _€ _€
Ex Tmtx gy Tmy b _mBZ
Shorthand Labeling

Complex variable velocity: v=vx+iv, and electric field: c==c,+ic,
VTV, =€ Fie) - iBv_+ va =& tie), - iB(v_+ zvy)

v = £ —  iBv with replacements : €_—1  and : éy% i=+-1

An exponential V(t)=e BV (0) solution results: e is a clockwise 2D rotation. complex form
E

vO+B=V(t)=e""V(0)=e'(0)+B) or:  w(e)=e P N0)+B)-B=e"""(W0) +,%) i

Expanding e3! v=v,+iv,, and e=cx+ic, reveals x (Real) and y (Imaginary) components

£y £y
v | | cosBt sinBt Vx(o)_f s B
vy(t) —sin Bt cos Bt £, £,
v (0)+—== ——x
Y B B
vector form
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Crossed E and B field mechanics (Solution by complex variables)

. e e € A
V=—E+VX—B=8+VX—B€Z

m m m |
_e _e _e (uniform
X _mEx gy Tmy b _mBZ %Z%Ztion
Shorthand Labeling ——— ®=FE-r
Complex variable velocity: v=vx+iv, and electric field: c==c,+ic, X g ggr TR

Votiv, =€ e - iBv_+ va =& tie), - zB(vx+zvy)

v = £ —  iBv with replacements : €_—1  and : éy% i=+-1

An exponential V(t)=e BV (0) solution results: e is a clockwise 2D rotation. complex form
E

v+B=V()=e PV (0)=eP'N0)+B) or:  v()=e P (W0)+B)-B=e " (W0) +,%) —is

Expanding e3! v=v,+iv,, and e=cx+ic, reveals x (Real) and y (Imaginary) components

8)’ 8)’
[ v, (?) ]=£ cosB-t sinB-t ] Vx(o)_f N B
v, () —sinBt cosBt V()4 % _%
Integrating v(?) yields complex coordinate g=x+iy affected by both & and ¢,. vector form
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Crossed E and B field mechanics (Solution by complex variables)

e e e .
v=—E+vX—B=£+vX—RBe,
m m m
_€ _€ _€
Ex Tmtx gy Tmy b _mBZ
Shorthand Labeling

Complex variable velocity: v=vx+iv, and electric field: c==c,+ic,
VTV, =€ Fie) - iBv_+ va =& tie), - iB(v_+ zvy)

v = £ —  iBv with replacements : €_—1  and : éy% i=+-1

An exponential V(t)=e BV (0) solution results: e is a clockwise 2D rotation. complex form
E

vO+B=V(t)=e""V(0)=e'(0)+B) or:  w(e)=e P N0)+B)-B=e"""(W0) +,%) i

Expanding e3! v=v,+iv,, and e=cx+ic, reveals x (Real) and y (Imaginary) components

8)’ 8)’
[ v, (?) ]_( cos Bt sinB-t ] Vx(o)_f N B
vy(t) —sin Bt cos Bt vy(O) N % _%
Integrating v(?) yields complex coordinate g=x+iy affected by both &, and &,. vector form
—iBt
g(1) = [v(t)dt= e_iB (v(0)+i%)— z% .1+ Const. where: Const.= ¢(0)— (‘:(;)B) _ Bgz) complex form
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Crossed E and B field mechanics (Solution by complex variables)

. e e € A
V=—E+VX—B=8+VX—B€Z
m m m

_€ _€ _£
X _mEx 8y Tmy b _mBZ
Shorthand Labeling

Complex variable velocity: v=vx+iv, and electric field: c==c,+ic,
VTV, =€ Fie) - iBv_+ va =& tie), - iB(v_+ zvy)

v = £ —  iBv with replacements : €_—1  and : éy% i=+-1

An exponential V(t)=e BV (0) solution results: e is a clockwise 2D rotation. complex form
E

vO+B=V(t)=e""V(0)=e'(0)+B) or:  w(e)=e P N0)+B)-B=e"""(W0) +,%) i

Expanding e3! v=v,+iv,, and e=cx+ic, reveals x (Real) and y (Imaginary) components

£y £y

v, (?) | cosBt sinBt Vx(o)_f N B

v, () | —sinBt cosBt vy(0)+% _%

Integrating v(?) yields complex coordinate g=x+iy affected by both €, and €. vector form
~ e £, € . _ wW0) ¢
q(t)= jv(t) dt= 5 (v(O)+zE)— IE -t+ Const. where: Const.= q(O)—(_iB — B2) complex form

.o g, M0) e e 0 €
x(t)+iy(t) =e 7 (i B Bz) lB t+x(0)+iy(0)—i B T 32
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Crossed E and B field mechanics (Solution by complex variables)

. e e € A
V=—E+VX—B=8+VX—B€Z
m m m

_€ _€ _£
X _mEx gy Tmy b _mBZ
Shorthand Labeling

Complex variable velocity: v=vx+iv, and electric field: c==c,+ic,
VTV, =€ Fie) - iBv_+ va =& tie), - iB(v_+ zvy)

v = £ —  iBv with replacements : €_—1  and : éy% i=+-1

An exponential V(t)=e BV (0) solution results: e is a clockwise 2D rotation. complex form
E

vO+B=V(t)=e""V(0)=e'(0)+B) or:  w(e)=e P N0)+B)-B=e"""(W0) +,%) i

Expanding e3! v=v,+iv,, and e=cx+ic, reveals x (Real) and y (Imaginary) components

£y £y

v, (?) | cosBt sinBt Vx(o)_f N B

v, () | —sinBt cosBt vy(0)+% _%

Integrating v(?) yields complex coordinate g=x+iy affected by both €, and €. vector form
~ e £, € _ _ wW0) ¢
q(t)= jv(t) dt= 5 (v(O)+zE)— IE -t+ Const. where: Const.= q(O)—(_iB — B2) complex form

.o g, M0) e e 0 €
x(t)+iy(t) =e 7 (i B Bz) lB t+x(0)+iy(0)—i B T 32

Move last part of this calculation UP]
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Crossed E and B field mechanics (Solution by complex variables)

An exponential V(z)=e5V(0) solution results: e is a clockwise 2D rotation. complex form
€

v +B=V ()= P V(0)=e ' (M0)+B) or:  w()=e T W0)+B)-B =PI (W0) +,%) —is

Expanding e3 v=v,t+iv,, and e=cx+ic, reveals x (Real) and y (Imaginary) components

8)’ gy
v, (2) _| cosBt sinBi vx(o)_f N B
v, (1) —sinB-t cosBt vy(0)+%‘ _%
Integrating v(?) yields complex coordinate g=x+iy affected by both &, and ¢,. vector form

—iBt
0
e—iB (W(0)+i %) —1i % -t+ Const. where: Const.= g(0)— (z(iB) — 82 ) complex form

q(1) = [v(t)dt=

(1) + ip(t) =e B (i V(Zg) _ ; )— i% £+ x(0)+ ip(0) — i V(zg) + Bgz complex form
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Crossed E and B field mechanics (Solution by complex variables)

VU) W0+ f=e—iBv=c—iB(V (1)~ ﬁ)——zBV(t) where : f=——=i"

An exponential V(#)=e5V(0) solution results: e is a clockwise 2D rotatlon complex form
E

v +B=V ()= P V(0)=e ' (M0)+B) or:  w()=e T W0)+B)-B =PI (W0) +,%) —is

Expanding e3 v=v,t+iv,, and e=cx+ic, reveals x (Real) and y (Imaginary) components

8)’ gy
v, (2) _| cosBt sinBi vx(o)_f N B
v, (1) —sinB-t cosBt vy(0)+%‘ _%
Integrating v(?) yields complex coordinate g=x+iy affected by both &, and ¢,. vector form

—lBt
(v(O) +i— ) ZE t+ Const. where: Const.= g(0)— (V(O) c

q(t)= JV(f)dt—

) complex form

; _ it M0) € ' ; M0 ¢ complex form
x(t)+iy(t) =e B (1 7 —Bz)—zE-t+x(O)+zy(O)—l 7 +B2 plex fa

v, (0) ¢ v,(0) ¢
, -y “, x(0)+—2—+ 2%
x(1) cosBt sinB-t B R? B B 32
= , + + vector form
y(?) —sin B¢t cos Bt v (0) €, KN t 20) v (0)
B Bz B BZ

Thursday, November 6, 2014 69



Crossed E ana’ B field mechanics (Solution by complex variables)

V(t) Wi+ B = e —iBy = £ — iB(V (1) - ﬁ) ——iBV(t)  where: B = —% - z%
---------------------------- , ) -
An exponential V(t)=eBV(0) solution results: e is a clockwise 2D rotation.
_ _ _ E
v(+B=V(0)=e PV (0)=e T M0)+f) or: v(t)=e T (M0)+B) = e (W0) +z—> —i
Expanding e3 v=v,t+iv,, and e=cx+ic, reveals x (Real) and y (Imaginary) components COMp fex. form
E E
v, (?) _ cos Bt sinB-t vx(o)_Ey s Ey
vy(t) —sin Bt cosB-t Vy(0)+ % _%
Integrating v(?) yields complex coordinate g=x+iy affected by both €, and ¢,. vector form_
o B V(O) € Righthand Rule Il
q(t)= _[v(t)dt— (v(O) +i— ) ZE t+ Const. where: Const.= g(0)— ( Bz) F=qvxB=IxB : |
(0) & . complex form (0) & B — =
. _ —iBt . _ e . . D __ . - '.
x(t)+iy(t) e (1 7 Bz) lB t +x(0)+iy(0)—1 7 + P I
;- |I e
. DO g &, 0+ 22 s (B T
( x(1) ]_[ cos Bt sinB-t ] B B2 N B N B 32 o
y(?) —sin Bt cosBt v_(0) - £, —g—xt (0= x v (0)
B  R? B Bz
vector form

Thursday, November 6, 2014 70



Crossed E and B field mechanics (Solution by complex variables)

VU) W0+ f=e—iBv=c—iB(V (1)~ ﬁ)——zBV(t) where : f=—-—=i |

An exponential V(t)=e 5V (0) solution results: e is a clockwise 2D rotatlon

_ _ _ E
w+B=V(t)=e P V(0)=e P 0)+B) or: v()=e ' M0)+B)-B=e" f(v(0)+z—)— i—
. Bt i . . . complex form
Expanding e?!, v=vx+iv,, and e=cx+icy reveals x (Real) and y (Imaginary) components
£ £
v | | cosBt sinBt vx(o)_fy N Ey
vy(t) B —sin Bt cos Bt § (0)+g_x KN
, TR B
Integrating v(?) yields complex coordinate g=x+iy affected by both €, and ¢,. vector form_
o B V(O) € Righthand Rule Il
q(t)= _[v(t)dt— (v(O) +ZE)—ZE t+ Const. where: Const.= g(0)— ( 2) F=gvxB=IxB - |
0 complex form B 0 — — — ' Lo
x(t)+iy(t) = e b1 (i V(B) - ;2) —1 % t +x(0)+iy(0)—i V(B) + ;2 B__. *', .
v,(0) ¢ £ v,(0) ¢ N
, R A - y, x(0)+——+— Cveloid ( rjl '_" N,
x(1) cosBt sinB-t N B B YtC ?1( ?g)am%e):) —(0.0)
= . initial (x(0) , y
y(1) —sin Bt cos Bt v.(0) . (0) = (0) and  (vx(0),v,(0))=(0,0)
B 32 (1) is on rim of a
..... t = wheel
¢¢¢¢¢¢ E-field vector form y() J of radius Rw=1/B’
/ +
arons x/ cos Bt sinBt J —%
;7 : B
// &Vdr‘ft —sinB-t cos Bt 0
\ Constant Vit in 0 r
! -y-direction N T e
\./’ Varift =-//B _Et Zf)
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Fig. 2.8.2 Trajectories of unit charge and mass in magnetic and electric fields (E=1/2, B=1)

Fig.2.8.3 Rolling railroad wheel and rim analogy for cyclotron orbits
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Crossed E and B field mechanics

Classical Hall-effect and cyclotron orbits
Vector theory vs. complex variable theory

w=-\[cchanical analog of cyclotron and FBI rule
Cycloid geometry and flying sticks
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-w(z7) X R) equals
table surface velocity {2 xr(?) at its contact point

(1)
FXR=/ o

F=m v(1)

Turntable turning at constant angular velocity £ =Qz .

Thursday, November 6, 2014
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

Torque-and-F=ma
equations of motion:

[o()=F(f)xR
=mv()XR
=mv(t)X ZR
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .
No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

Torque-and-F=ma
equations of motion:

[o()=F(f)xR
=mv()XR
=mv(t)X ZR
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-w(z7) X R) equals
table surface velocity {2 xr(?) at its contact point

Turntable turning at constant angular velocity £ =Qz .

Equations of Motion.

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

vi)=QXr(t)+o()XR =Qxr(t)+w0(t)XzR

Torque-and-F=ma
equations of motion:

[o()=F(f)xR
=mv()XR
=mv(t)X ZR
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-w(z7) X R) equals
table surface velocity {2 xr(?) at its contact point

Turntable turning at constant angular velocity £ =Qz .

Equations of Motion.

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

vi)=QXr@)+o()XR =Qxr()+w()xzR Do time-derivative

Torque-and-F=ma
equations of motion:

[o()=F(f)xR
=mv()XR
=mv(t)X ZR

v(i) = QXr(1)+®()XzZR=QXv(t)+ ®(t) X ZR
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

_______ No-slipping: v(1)-(1) xR =Qxr(1) (where: R=RZ and 2 =QZ are constant.)
V(t) =Q X r(t) + 0)(t) xR =Qxr()+ 0)(t) xzZR Do time-derivative
Torque-and-F=ma
equations of motion:

-
-
-~
-
-
-
-

Io()=F()xR v(t)=QXr(t) + (o(t) X ZR use: ()=
=mv(f)XR

mv (1) X ZR

=mv(t)X ZR
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

V(t) =Q X r(t) + (o(t) xR =Qxr()+ (o(t) xzZR Do time-derivative
Torque-and-F=ma
equations of motion:

-
-
L.
-
-
-
-

Io()=F@#)xR V()= Qxr(t) + (o(t) X ZR use: @)=
=mv(OXR_ T
= mv(t)X ZR =QXv()+

X ZR use: (BXxC)xA=(A+B)C-(A-C)B
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

V(t) =Q X r(t) + (o(t) xR =Qxr()+ (o(t) xzZR Do time-derivative
Torque-and-F=ma
equations of motion:

-
-
- -
-
-
~ -
-~

[o()=F@#)xR v(r)=QXr(t) + (o(t) X 7R use: ()= mv(t)X ZR
—mv(OXR T
ZMV(I)XQR :QXV(Z‘)_FmV(t;XZRXiR usc. (BXC)XA:(AOB)C—(A.C)B
2
=QXv(t)+ my(1)+2R . ZR — mi v(?)
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

V(t) =Q X r(t) + (o(t) xR =Qxr()+ (o(t) xzZR Do time-derivative
Torque-and-F=ma
equations of motion:

B o Oy 4 X , 7R
[o()=F@)xR v(t)=QXr(t) + (o(t) X ZR use: Q)= WlV(t;x Z
=mv(OXRo (O iR
=mv(t)XZR = QX V(t)+ . X ZR use: (BXC)XA=(A-B)C—(A-C)B
t)eZR R’
—va(t)+mv( AL iR v(?)
! since v(z) always 1n table plane
mR’
=Qxv()+ O - V(1)
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-w(z7) X R) equals
table surface velocity {2 xr(?) at its contact point

—

Equations of Motion.

rotation Torque=F XR = I®
FxXR=/ o)
F=m v(1)

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

V(t) = QX r(t)+ (D(t) XR =Qxr()+ (D(t) X ZR
Torque-and-F=ma
equations of motion:

o) =F@#)xR v(t)=QXr(t) + (o(t) ><2R use: ____@__(t): mV(t;x ZR
=mv(O)XRo._ iy iR
— mv(t)X 2R =QXxv(t)+ ; X ZR use: (BXxC)xA=(A+B)C—(A+C)B
2
= Qxv(n)+ TV 2R o MR o)
! , since v(¢) always in table plane
mR
=Qxv()+ 0 - v(?)
2
( mR )V(t):ﬂxv(t) or: V(t)= Q _v(t)
4 mR
1+ F

Do time-derivative
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

No-slipping:

Torque-and-F=ma
equations of motion:

[o()=F(f)xR

=mv(t)XR.____.

=mv(t)X ZR

V(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

V(t) =Q X r(t) + (o(t) XR =Qxr()+ (o(t) xZR Do time-derivative

______________ .
VO=QXE() + 00 XER use: ()= mv(?xz
""""""""""""""" )X RA
:va(t)+mv(; z X ZR use: (BXxC)xA=(A-B)C-(A-C)B
2R R’
_Qxv(r)+ V) 7 zR—mI v(t)
since v(¢) always in table plane
mR*
=QXv(t)+ 0 - v(t)
I F=B Xxv mechanical analog:
R ) = @xv(r) or : [v(t)= —2— xv(n)
I - | - mR?
I/
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Crossed E and B field mechanics

Classical Hall-effect and cyclotron orbits
Vector theory vs. complex variable theory
Mechanical analog of cyclotron and FBI rule

= Cycloid geometry and flying sticks
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}ted as

R=3/m=0.955 length so r&lling Ey rati

Here the radius iis plot an irrational onal angle ¢ = mn /n
is a rational length of rolled-out circumference Rp=(5/m Jmn /n=3m /n. Diameter is 2R=6/2=1.91

/
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/
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Here the radius jis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n
is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
Re¢d circle rolls left-to-right|on y=3.82 ceilin
Contact point goes [from (x==6/2{=3.82) to =0
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Here the radius jis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n

is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
Re¢d circle rolls left-to-right|on y=3.82 ceilin

Contact point goes (from (x=6/2, y=3.82) to x=0.

Ceiling|y=3.82
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Here the radius fis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n
is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
Re¢d circle rolls left-to-right|on y=3.82 ceilin
Contact point goes (from (x=6/2, y=3.82) to x=0.
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Here the radius jis plot}ted as an irrational R=3/m=0.955 length so r&lling Ey rational angle ¢ = mn /n
is a rational length of rolled-out circumference Rp= (5 /7 )Jmm /n=3m /n. Diameter is 2R=6/1=1.91
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Here the radius|is plotted as an irrational R=3/m=0.955 length so rolling by rational angle ¢ = mmr /n
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