Reimann-Christoffel equations and covariant derivative
(Ch. 4-7 of Unit 3)

Covariant derivative and Christoffel Coefficients 1y« and T

Christoffel g-derivative formula
What s a tensor? Whats not?

General Riemann equations of motion (No explicit t-dependence and fixed GCC)
Example of Riemann-Christoffel forms in cylindrical polar OCC (gl = p, g2 =0, g3 = z)

Separation of GCC Equations: Effective Potentials

Small radial oscillations
Cycloid vs Pendulum
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—» Covariant derivative and Christoffel Coefficients 1 .« and Iy

Christoffel g-derivative formula
What s a tensor? What s not?
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Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U™ componeq_t_g_j (2) curving GCC vectors En
o\ aum E,

BU; a.(UJEj):éaU.g(Em)+U”E ol

aql aqz anli ;aqz ;
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Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U™ componen__t_g__i (2) curving GCC vectors En
U _ 9 ( ;o\ au" E,
j - ,'(U]Ej)zé i (Em)+Un ?
dg°  dq aq 99 (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, o, -T. E'
qu in;l
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U _ 9 QU IE
P (U]Ej)zé i (Em)+Un :l :
dg° dq 8q aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, aEn = FEK

............................................................................
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
oU 9 QU E
P (UJEj)zé i (Em)+Un :l :
dg° dq E)q 9 (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, ok, — F ---------- E’ :1“”” E
Cooln,

.....................................................................................................................
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
oU 9 QU IE
j - (U]Ej)zé i (Em)+Un :l :
dg° dq E)q aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, ok, — F ---------- E’ :1“”” E
Cooln,

.....................................................................................................................

5 o
aq’ b LW ni
o oE o°r ’r  OE, i,n 10 n,i
symmetry n___— _ o i symmetry
guaranteed here dg'  dq'dq” dq"dq" 9q" guaranteed here
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U _ 9 U IE
i (U]EJ) N E(Em)JrUn? o
dg’  dq’ E)q 9 (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, aEl} — FKEK :rm E
aql ln, LA
Christoffel coefficients: Fl]kof the fi _l_fg_t kind Christoffel coefficients T, kthe Secandkmd
defined by T, ai'?.Eﬁr y definedby: - w_ 9K, jom 1 m
____________________ aql”l’ S aql ni
intoni IE azr 821' JE. intoni
symmetry L — = - = —1 symmetry
guaranteed here dq' dq'dq” dq"dq’ dq" guaranteed here
i . . JE" . , _ OE"
Q: Do we need a third kind of I'-coefficient or a A-coefficient? T A7 E™ ,where: A} = . oE
q q

(to differentiate contravariant-E" or covariant U,)
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
oU 0 U OE
i (U]EJ) j (Em)+ U —+
dg’  dq’ E)q 9 (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, aEl} — FKEK :r mE
aql ln, Ly
Christoffel coefficients: Fl]kof the fi _l_fg_t kind Christoffel coefficients T, kthe Secana’kmd
defined by JE defined by: JE
i aq?.Eﬁr”"f Cin. = 3 ;oET=T,"
................................................................. q
intoni IE azr 821' JE. intoni
symmetry L — = -=—1 symmetry
guaranteed here dq' dq'dq” dq"dq’ dq" guaranteed here
Q: Do we need a third kind of I'-coefficient or a A-coefficient? ) -=A;, E" , where: A}, = 0 il O
(to differentiate contravariant-E" or covariant U,) aq aq
A: NO! That A-coefficient 1s just a I'-coefficient with a (-). 0= = ——=——¢E +E"e—=
861 dq dq dq
So: A? =-T"
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
oU 9 QU E
P (UJE],):E i (Em)+Un :l :
dg° dq E)q 9 (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, ok, — F ---------- E’ :1“”” E
Cooln,

.....................................................................................................................

Any vector derivative can be expressed using I';;* in terms of Ex,
ou | U™
8qi g’

o, ]E
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
oU 9 QU E
P (UJE],):E i (Em)+Un :l :
dg° dq E)q 9 (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, ok, — F ---------- E’ :1“”” E
Cooln,

.....................................................................................................................

Any vector derivative can be expressed using I';;* in terms of E,, or E™

ou _[au" U, ok, =B
dq aq aq So: A} =-TI""

Tuesday, November 4, 2014 11



Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U™ E

U _° (U’E,-)=58U. (E,,)+U"—=

dqg' dgq Jdq" Jdq"

.....................................................................................................................

Any vector derivative can be expressed using I';;* in terms of E,, or E™

oE" oE
" U, oF = _E"e—
ali (aU +U"T,, ]E _( jE’" o " 9q'
dq dq’ aq So: A} =-TI""
- U%E, = U, E"

(Note more funny semi-colon ; notation)

Tuesday, November 4, 2014
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U _ 9 QU AE
= (VR )= —(E, )+U" =2
dq aq _____ E) q aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using E* or else E,, aEl} = FKEK :1“”” E
aql ot L
Christoffel coefficients: Fl]kof the fi _I_”_S__t kind Christoffel coefficients T, kthe Secondkznd
i E
defined by. - gt defined by: 1 m _ K, g — r o
____________________ o B

Any vector derivative can be expressed using I';;* in terms of E,, or E™

U _[au” o, LA L
: ( +U'T,, ]Em =( ]E’" o " dq'
dq o' o' So: A" =T"
= U"E, = U, E
Defining covariant derivative U™, (Note more funny semi-colon ; notation)
of a contravariant component U™
oUu"
U". = +U"'T, ™
) aql

Tuesday, November 4, 2014
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U _ 9 QU AE
P (UJEJ) j (E,)+U" o
dg' dg'* T E) 9 aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, aEl} — FEEK :rm E
aql ln, L
Christoffel coefficients: Fl]kof the fi _I_”_g_l‘ kind Christoffel coefficients FZJ k the second kznd
JE ., OoE
defined by. F - neg, =T | defined by. T m=Tnegrayp m
____________________ L S 0g!

Any vector derivative can be expressed using I';;* in terms of E,, or E™

oU oU™ aU JE” oE =—FE"e aEm
i { +U'Ty, jEm :( ]Em dg' " dg'
dq oq’ oq' So: A =T
= U ml E = Ui E"
Defining covariant derivative U™ ; ...and covariant derivative Uy i
of a contravariant component U™ of a covariant component U,
U™ oU
Un,il. + U”F " Um;i = ;ln - Unrim’;l
) aql aq

Tuesday, November 4, 2014
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Intrinsic derivatives:

(Mathematicians being cute)

Tuesday, November 4, 2014
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Defining intrinsic derivative of Defining intrinsic derivative of

contravariant vector components. covariant vector components.
svk o avt vk Ve dVi o on Vi n s n_i en
= + I pymg"= - Vg =—-q —1T,V,a =V, .4
St dt ml 4 3q" ot dt " 9g" " "
5pk k 6pk
=~ F' ==
=5 St

Tensor chain rules.

dv* k k SV v, _dv, 14
=—=y* 4" replaces: -l g" where: Vk _I + rpm —~=p, 4", replaces: —~£4" where: ¥, =—*

n mn 5 d _FmV
Ot : dt  9q" oq" ! ! aq

aqn kn" m
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Covariant derivative and Christoffel Coefficients 1y« and I

=P Christoffel g-derivative formula
What s a tensor? What s not?

Tuesday, November 4, 2014
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Christoffel g-derivative formula

J|E_ eE

( n “)=8E‘;‘-En+Em-aE
dg dg
g
aqmin: 1_‘im;n T 1_‘in;m

—n

aq’

Tuesday, November 4, 2014
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Christoffel g-derivative formula

J|E_eE oE oE
( — “): TeE +E o—
dq dq dq
dg
% = F y + l—‘yv
g [
_Og 4

(switched 1 <> n)

(switched 1 <> m)

Tuesday, November 4, 2014
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Christoffel g-derivative formula

J|E_eE oE oE
( L “): LeE +E o —1
Jq’ Jq’ aq’
g
aqn‘i‘,n = Fim,iz + l—‘in,m
R R ched
— a‘qn Tt :v . (switched 1 <> n)
L 0g & . . .
e L r.... =+ Ty s (switchedi<«> m)
ag™ ’
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Christoffel g-derivative formula

J(E_eE

( n® “)=8E‘¥‘-En+Em-aE',‘
aq’ aq’ aq’
dg
aqmin: 1_‘im;n + 1_‘in;m
g .

- gn::_rnm;i _ 1_‘in;m
0g.
aqln’z_ 1ﬂzm,n + X

(switched 1 <> n)

(switched 1 <> m)

Tuesday, November 4, 2014
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Christoffel g-derivative formula

J(E, *E,) OE OE
——=—"eE +E o—%
aql aql aql
O _ . |
i Liin Gives the Christoffel formula
q
0 dg.  0g.
agmi _ itched 1 1—‘im'n :l( gnj'n + gi:z_ gl:]
_ o _ (switched i <> n) 2 9g oq dg
og,, r . .
—i = P (switched 1 <> m)
og"™ ’
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Covariant derivative and Christoffel Coefficients 1y« and I

Christoffel g-derivative formula
P Vhats a tensor? What's not?

Tuesday, November 4, 2014
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Whats a tensor? What s not?
J(E, *E,) OE
aqi

MeE +E o
aqi n m

O
aqi
Gives the Christoffel formula
- r 1o, O, O,
(switched 1 <> n) imn o 3¢ g™ 3g"
(switched 1 <> m)
_ aUﬁ e F™ of covariant derivative U” = U ¢ E_
dq 7 dg”
oU . Em: aq_ oU . aq_Em
dq" dg" 9q" Jg

Tuesday, November 4, 2014
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Whats a tensor? What s not?
J(E, *E,) OE
aqi

MeE +E o
aqi n m

oE

n

oq'

(Gives the Christoffel formula

— l agmn + agin _agJ

I'.

im;

(switched 1 <> n) n

(switched 1 <> m)

_Ju, g™ of covariant derivative y™ = JU e E
Jq" " 9g” "
oU E = aq_ U | aq_ E G = g aq_ U
dq" dg" d¢" 9dq " 9g™ ag" "

Tuesday, November 4, 2014
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Whats a tensor? What s not?
(E, *E,) OE

-eE +E e

oE

n

og' aq’ oq'
g, . .
N Liin Gives the Christoffel formula
q
—_ = (switched 1 <> n) imn o i m n
3" dg-  dq" dq
Jg; . .
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ o E® of covariant derivative y™ = JU *E_
; qn in aqn
_m;ﬁ: a}Jﬁ.Em_ _ﬁa_U Em_agﬁ a[i.En_’l:agﬁ E)Ii. ag_Em U.n—%:aq aq_U',,;
dq dq dq" dq dq" dg"  9q " 9¢™ 97"
The transformation of U™, = " +U'T, " 1s that of general 2nd-rank tensor 77, T g™ ag” "
q

Tuesday, November 4, 2014
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What's a tensor? What's not?

a(Em ) En) oE oE
: =—"eE +E _eo—"
aq’ aq’ aq’
g, . .
N Limin Gives the Christoffel formula
q
8g : . :l agmn + agin _agJ
— A= (switched 1 <> n) imsn 9 i m n
3" dg-  dq" dq
og . . :
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ o« E™ of covariant derivative y” = AR E_
; qn g aqn
_m;ﬁ:a}Jﬁ.En—q: _ﬁa_U.Em:agﬁ al{,'En—Fai]ﬁ E)Ii. angm U.n—%:aq aq_U',,;
dq dq dq" dq dq" dq"  dq " 9g™ 9g”"
The transformation of U™, = s +U'T, " is that of general 2nd-rank tensor 7, T " 0" "
q
. _ou” .
The transformation of U™ ,= 1s NOT that simple.

oq”
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What's a tensor? What's not?

J(E_ oE
( m.. n)= E)EI?l oEn+Eman‘,‘
aq’ aq’ aq’
g, . .
N Liin Gives the Christoffel formula
q
8g : 1B :l agmn + agin _agJ
ml . . : . .
—_— = (switched 1 <> n) tmn- 9 ! m n
3" dg-  dq" dq
og . . :
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ « E® of covariant derivative U™ = AU E_
’ qn ) aqn
- a}J T _ _ﬁa—U- i _ agﬁ ali. E - ailﬁ E)Ii. angm (7_"‘;:8‘? 9q" U
dq dq dq" dq dq" dg"  9q " 9¢™ 97"
The transformation of U™, = " +U'T, " 1s that of general 2nd-rank tensor 77, T g™ ag” "
q
oU" U™ 00" _3g" 00"

The transformation of U™ ,,= 1s NOT that simple. At first it looks possible.

aqn aqﬁ _aqﬁ ac—]ﬁ aqn
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What's a tensor? What's not?

B(Em o En) oE oE
: =—"eE +E _eo—"
aq’ aq’ aq’
g, . .
N Limin Gives the Christoffel formula
q
—_ = (switched 1 <> n) imsn 9 [ n

aq” dq dq

og . . :

—== T, (switched 1 <> m)

og"™

Chain-saw-sums transform a "bar-frame" view " _ = aaU_ o« E™ of covariant derivative y” = AR E_
; qn in aqn
_m;ﬁ:a}Jﬁ.En—q: _ﬁa_U.Em:agﬁ al{,'En—Fai]ﬁ ali. angm U.n—%:aq aq_U'n;
dq dq dq" dq dq" dq° 9q T 9g™ 9"
The transformation of U™, = s +U'T, " 1s that of general 2nd-rank tensor 77, T " 0" "
q
. T | . L. 90" U™ _a¢" U"
The transformation of U”,= =, 1s NOT that simple. At first it looks possible. = === = ?ﬁ »
dq Jdg" dq dq" dq
: . U™ . ou”
But, still need to write aaUn in terms of -
q q
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What's a tensor? What's not?

E _oE

o n® n) _ E, ‘En+Em'aE'.l

aq’ aq’ aq’

g, . .

N Liin Gives the Christoffel formula
q
8g 1B — l agmn + agin _agJ
i . . . :
—_— = (switched 1 <> n) tmn- 9 ! m n

3" dg-  dq" dq

og . . :

—== T, (switched 1 <> m)

aqm s

Chain-saw-sums transform a "bar-frame" view " _ = aaU_ « E® of covariant derivative U™ = AR E_
’ qn ) aqn
_m;ﬁ: ajJﬁ. o _ﬁa_U Em=a€ﬁ ali Em:ailﬁ ali. ag_Em (7_"_% g™ 9g" U
dq dq dq" dq dq" dg"  9q 9™ og"
The transformation of U™, = " +U'T, " 1s that of general 2nd-rank tensor 77, e E)q 7"
q
. _ou” 00" ___ 90" _dq" 90"
The transformation of U ,,= o 1s NOT that simple. At first it looks possible. P — T g
1 standard contra-tran: " q" 9 1 %9
. .U . U™ oU™ _9q" 0 [dg"
But, still need to write in terms of . = m
oq" aq" 9" dq" dq" | 9q

Tuesday, November 4, 2014
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What's a tensor? What's not?

J(E_eE
( m.. n)= E)EI?l oEn+Em-aE‘,‘
aq’ aq’ oq'
g, . .
N Liin Gives the Christoffel formula
q
8g 1B — l agmn + agin _agJ
i . . o :
—_— = (switched 1 <> n) tm;n 9 ! m n
3" dg° dq"  dq
Jg; . .
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ e« E™ of covariant derivative U = AR E_
’ qn ) aqn
_m;ﬁ: a_IJﬁ.En_q_ _ﬁa_U Em=a€ﬁ ali.Em:E)i]ﬁ ali. ag_Em U.ﬁ% g™ 9g" U
dq dq dq" dq dq" dg"  9q 9™ og"
The transformation of U™, = " +U'T, " 1s that of general 2nd-rank tensor 77, e E)q 7"
q
. _ou” 00" ___ 90" _dq" 90"
The transformation of U ,,= o 1s NOT that simple. At first it looks possible. P — T g
1 standard contra-tran: " q" 9 1 %9
. . U™ U™ U™ _9¢" 9 [0g" .| _dg" 9¢" U™ ., 0 (97"
But, still need to write in terms of . e e e LG/ g
oq" aq" dg"  dq" dq"\ d¢q dq™ 0g" dq dq" \ dq
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31



What's a tensor? What's not?

B(Em o En) oE oE
: =—"eE +E _eo—"
dq' dq' dq'
0Ly . .
N - Gives the Christoffel formula
q
8g : . :l agmn + agin _agi
—_— = (switched 1 <> n) tmn i m n
3" dg-  dq" dq
og . . :
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ o« E™ of covariant derivative y” = AR E_
; qn g aqn
7" = a}Jﬁ. E7 = _ﬁa_U. Eﬁl:agﬁ ali. Em:agﬁ a[i. angm U.ﬁ% o™ oq" U
dq dq dq" dq dq" dq"  dq " 9g™ 9"
The transformation of U™, = " +U'T,," 1s that of general 2nd-rank tensor 7, n E)q 7"
q
oUu"” oU" _ 9U™ _9q" 9U"

The transformation of U™ ,,= 9" 1s NOT that simple. At first it looks possible. ;

standard contra-tran: {jm 7" 8(? ! dg" 9q"
. . ou™ . U™ U™ 3¢" 9 (ag™ .. ) |9g" 9¢" U™ ., o [og"
But, still need to write in terms of : o amaal Al gAY o o
dq” doq” Jdg" dg" dq"\ dq dq" dg" dq dq" \ dq
——r

15t term is OK, but 2™ term is zero
only i1f Jacobian is constant matrix!
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What's a tensor? What's not?

J(E_eE
aq’ aq’ oq'
g, . .
N Liin Gives the Christoffel formula
q
8g ) . . _l agmn _|_agin _agi
—_ g’zl: (switched 1 <> n) tmsn o g g™ 9q"
og . . :
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view g7 _= ;U « E® of covariant derivative U™ = AU E_
q " dq"
_m.ﬁ:a}Jﬁ.Em_ _ﬁa_U Em_agﬁ a[i.En_l:agﬁ ali. ag_Em Um_ aq 861 Um
7 dq dq" dq dg" d¢"  dq 9™ og"
The transformation of U™, = " +U'T,," 1s that of general 2nd-rank tensor 7, e E)q 27"
q
_ou™ 00" 90" _3q" 30"
The transformation of U™ ,,= 9" 1s NOT that simple. At first it looks possible. P — T o
standard contra-tran: " 7" g 1 %
. . 7m U™ oU™ 9q¢" 9 [0g™ .| 10" 9q" oU™ . 0 | og"
But, still need to write in terms of I e I . s ) s
9q" dq" dg" 9" dq" | 9q dq” 9" 9dq dq" \ 9q
907 9g™ 3g" QU™ | o (a7 15t term is OK, but 2™ term is zero
07 5 " 9T 9g" holds 1t and only 1f 24"\ 3g" =0 only 1f Jacobian 1s constant matrix!

Tuesday, November 4, 2014

33



What's a tensor? What's not?

J(E_eE
aq’ aq’ oq'
g, . .
N Liin Gives the Christoffel formula
q
8g ) . . _l agmn _|_agin _agi
—_ g’zl: (switched 1 <> n) tmsn o g g™ 9q"
og . . :
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view g7 _= ;U « E® of covariant derivative U™ = AU E_
q " dq"
_m.ﬁ:a}Jﬁ.Em_ _ﬁa_U Em_agﬁ a[i.En_l:agﬁ ali. ag_Em Um_ aq 861 Um
7 dq dq" dq dg" d¢"  dq 9™ og"
The transformation of U™, = " +U'T,," 1s that of general 2nd-rank tensor 7, e E)q 27"
q
_ou™ 00" 90" _3q" 30"
The transformation of U™ ,,= 9" 1s NOT that simple. At first it looks possible. P — T o
standard contra-tran: " 7" g 1 %
. . 7m U™ oU™ 9q¢" 9 [0g™ .| 10" 9q" oU™ . 0 | og"
But, still need to write in terms of I e I . s ) s
9q" dq" dg" 9" dq" | 9q dq” 9" 9dq dq" \ 9q
907 9g™ 3g" QU™ | o (a7 15t term is OK, but 2™ term is zero
07 5 " 9T 9g" holds 1t and only 1f 24"\ 3g" =0 only 1f Jacobian 1s constant matrix!

Otherwise, U , needs “correction” U'T, " .
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What's a tensor? What's not?

J(E_eE
aq’ aq’ oq'
g, . .
N Liin Gives the Christoffel formula
q
8g ) . . _l agmn _|_agin _agi
—_ g’zl: (switched 1 <> n) tmsn o g g™ 9q"
og . . :
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view g7 _= ;U « E® of covariant derivative U™ = AU E_
q " dq"
_m.ﬁ:a}Jﬁ.Em_ _ﬁa_U Em_agﬁ a[i.En_l:agﬁ ali. ag_Em Um_ aq 861 Um
7 dq dq" dq dg" d¢"  dq 9™ og"
The transformation of U™, = " +U'T,," 1s that of general 2nd-rank tensor 7, e E)q 27"
q
_ou™ 00" 90" _3q" 30"
The transformation of U™ ,,= 9" 1s NOT that simple. At first it looks possible. P — T o
standard contra-tran: " 7" g 1 %
. . 7m U™ oU™ 9q¢" 9 [0g™ .| 10" 9q" oU™ . 0 | og"
But, still need to write in terms of I e I . s ) s
9q" dq" dg" 9" dq" | 9q dq” 9" 9dq dq" \ 9q
907 9g™ 3g" QU™ | o (a7 15t term is OK, but 2™ term is zero
07 5 " 9T 9g" holds 1t and only 1f 24"\ 3g" =0 only 1f Jacobian 1s constant matrix!

Otherwise, U , needs “correction” U'T, " .

And, that U'T, " cannot be a T",-tensor either!
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vemann equations Ofn’ZOtiOI/l (No explicit t-dependence and fixed GCC)
Example of Riemann-Christoffel forms in cylindrical polar OCC (gl =p, g2 =0, g3 = z)
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Riemann equations ofmotion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9xk . . : ; 1
Yin =M aqimﬁ Converts Cartesian kinetic energy T = %Mj X7 g* 10 GCC T= Eymnqmq”

1 ox’ O/ oxk o
T=—M_, | —4¢"+{—= /" +
2 Jk(aqmq {af H(aqﬂ {57}]

All explicit-t-dependent terms are zero

Tuesday, November 4, 2014
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Riemann equations ofmotion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj
dx’ ox"
ymn =M ——

o 1 i 1 m.
3 9" Converts Cartesian kinetic energy T = EMJ' xlgt 1o GCC T= Eymnqmq”

1 ox’ O/ oxk o
T=—M_, | —4¢"+{—= /" +
2 Jk(aqmq {af H(aqﬂ {57}]

All explicit-t-dependent terms are zero
(Time must be included as a dimension)

Tuesday, November 4, 2014
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9xk : S ; 1
Youn =M kai’“ai” Converts Cartesian kinetic energy 7T = %Mj Alg% o GCC T= Eymnc]mq”
q" 9q
Lagrange equations for fixed GCC convert to tensor form . | ) .
M N .m -n _1 ox .m axj 0x .n 232_
_dar_or _1a 1w d"d") 1 3A7nd"d) T—aMfk(aq—mq % H(aqnq % H
bdr og" og" 2dt dg" 2 dq" All explicit-t-dependent terms are zero

(Time must be included as a dimension)
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9xk : S ; 1
Youn =M kai’“ai” Converts Cartesian kinetic energy 7T = %Mj Alg% o GCC T= Eymnq‘mq”
q" 9q
Lagrange equations for fixed GCC convert to tensor form . . ) .
- M - N <M N _l aim a)g Ix" . @f_
o _dor T _1d a(Ymnq q )_13(7’%‘1 q ) T‘szk(aqm" +{ dr H(aqnq +{ ol H
¢ dt;aq'g . og" 24t dg" 2 dq" All explicit-t-dependent terms are zero

e , (Time must be included as a dimension)
15t term involves covariant momentumi py.
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9xk : S ; 1
Yin =M aqimﬁ Converts Cartesian kinetic energy T = %Mj Alg% o GCC T= Eymnq‘mq”
Lagrange equations for fixed GCC convert to tensor form . . ) .
- M - N <M N _l aim a)g Ix" . @f_
o _dor T _1d a(Ymnq 9 )_13(7’%‘1 9 ) T‘szk(aqm" +{ J H(aqnq +{ di H
¢ dt.og" oq" 2 dt dg" 2 dq" All explicit-t-dependent terms are zero
e : (Time must be include.d as a dimens:ion)
st term involves covariant momentumi py.;  Inverse contravariant kinetic metric ymn gives velocity g
oT 1 a(?’mnqmqn) . M _ ,yfn _ N
pzz—g—— Y :'}/gnq q pg =P
dg" 2 g

n

Tuesday, November 4, 2014
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

dx’ 9x* : S 1 ik 1 . .
Yin =M %" 34" Converts Cartesian kinetic energy T = EMJ' xlgt 1o GCC T= >V mnd"d
Lagrange equations for fixed GCC convert to tensor form ,- ,- i )
-m - N -m - n _l aim a’? Jx o1 @f_
L v I % I A |
¢ dt.og" oq" 2 dt dg" 2 dq" All explicit-t-dependent terms are zero
e : (Time must be include.d as a dimens:ion)
15t term involves covariant momentumi pi;  Inverse contravariant kinetic metric ymn gives velocity ¢"
«-m - Nn Hemeed
aT la(ymnq q ) . -n: €n= n
Pi=E—=7 = :'}/gnq” q pgy =P
Iq 2 9 dp, 0T
Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F,= d; — o
q

The “4-wheel-drive garbage truck”
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’/ ox* 1
Yin =M a;c a;c Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymnqmqn
Lagrange equations for fixed GCC convert to tensor form . . i )
""""" - M - N <M N _l aim Jx Ix" . i)f_
g 40T T _1d A mad"d )_la(ymnq ') ' ZM’k(aqmq +{ o }](aqﬂ +{ o }]
¢ dt;aq’g aqf 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be included as a dimension)
15t term 1involves covariant momentum pg Inverse contravariant kinetic metric Yymn gives velocity ¢"
E)T a(ymnq q ) -------- . 2l — ln —
pgz—%:— = :'}/gnq” q pgy =P
Iq 2 9 dp, 0T
Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F,= d; — o
q

Followmg 1s for fixed GCC only:

The “4-wheel-drive garbage truck”
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’/ ox* 1
Yin =M a;c a;c Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymnqmqn
Lagrange equations for fixed GCC convert to tensor form . . i )
""""" - M - N <M N _l aim Jx Ix" . i)f_
g 40T T _1d A mad"d )_la(y"mq ') ' ZM’k(aqmq +{ o H(acﬂq +{ o }]
¢ dt;aq’g aqg 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be included as a dimension)
15t term 1involves covariant momentum pg Inverse contravariant kinetic metric Yymn gives velocity ¢"
aT a(ymnq q ) -------- . 2l — ln —
pgz—%:— = :'}/gnq” q pgy =P
Iq 2 9 dp, 0T
Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F,= d; — o
q

Followmg 18 for ﬁXed GCC 0111}’ _________________________ The “4-wheel-drive garbage truck”

/ —sdt(?’znq 7 E)qg 479" =Y 9 +49 dr 2 g ld )
Time derivative of kinetic metric 1s expanded by chain rule }c/;;” = Tin q"
Lalb og™
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9xk : L ; 1
Yin =M aqimﬁ Converts Cartesian kinetic energy T = %Mj X7 g* 10 GCC T= >V qg"q"
Lagrange equations for fixed GCC convert to tensor form ,- ,- i )
- M - N <M N _l aim Jx Ix" . i)f_
¢ dt.og" oq" 2 dt dg" 2 dq" All explicit-t-dependent terms are zero
e : (Time must be include.d as a dimens:ion)
15t term involves covariant momentunip;i  Inverse contravariant kinetic metric ymn gives velocity ¢”
oT 1 a(?’mnqmqn) . M _ ,yfn _ N
ng—%:_ Y :'}/gnq q pg —p
Iq 2 9 dp, 0T
Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F,= d; — o
q

Following iS fOI' ﬁxed GCC OIllyi The “4-wheel-drive garbage truck”

d 1 9y dy, ~10Y
F :_( .I’l)__ mn -m - n__ ..n+ .n n L mn m-n
Time derivative of kinetic metric 1s expanded by chain rule. Vin = Vi g"
0 p dt. i dg™
F_Y qn_l_qn 7/5’1 qm_l ymn “m -n q
14 In aqm o) aq{
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 0 1
Yin =M ﬁﬁ Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymnc]mq”
Lagrange equations for fixed GCC convert to tensor form . . i )
""""" - M - N <M N _l aim Jx Ix" . @f_
g 40T T _1d A mad"d )_la(y"mq ') ' ZM’k(aqmq +{ o }](aqﬂ +{ o }]
¢ dt;aq’g aqf 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be included as a dimension)
15t term 1involves covariant momentum pg Inverse contravariant kinetic metric Yymn gives velocity ¢"
E)T a(ymnq q ) -------- . 2l — ln —
pﬁz—%:— = :'}/gnq” q p[}/ =P
Iq 2 9 dp, 0T
Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F,= d; — o
q

Following iS fOI’ ﬁxed GCC OIllyi The “4-wheel-drive garbage truck”

d 1 oY 4y, 107
S\ og" A dti 2 94" o J 5
Time derivative of kinetic metric 1s expanded by chain rule. ; Tin = Ten q"
oy p) dt i 9"
Yin' .m 1 Y mn M -n q
Fo=Yind" +4" q q

Rearrange to expose
Christoffel coefficients:

i+ 2) + m: /
I agmn agln _ agml aq .......... aq aq
imn aq aqm aqn
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’/ ox* 1
Yin =M a;c a;c Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymnqmqn
Lagrange equations for fixed GCC convert to tensor form . . i )
«M N MmN _l aim Jx X" i)f_
g 40T T _1d A mad"d )_la(y"mq ') ' ZM’k(aqmq +{ o }](aqﬂ +{ o }]
¢ dt;aq’g aqf 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be included as a dimension)
15t term 1involves covariant momentum pg Inverse contravariant kinetic metric Yymn gives velocity ¢"
E)T a(ymnq q ) -------- . 2l — ln —
pﬁz—%:— = :'}/an” q p[}/ =P
Iq 2 9 dp, 0T
Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F,= d; — o
q

Following iS fOI’ ﬁxed GCC OIllyi The “4-wheel-drive garbage truck”

dy oy
Time derivative of kinetic metric 1s expanded by chain rule. ; den =
Yy : s s m
'aj/[n: . M 1 9Y n .M N L dq
Fzmqw.amq 20 q
Rearrange to expose . q q
Christoffel coefficients: F=y, " +l ga%w N Y rn B Y yun }qmq'”
" iy m mi /
8gmn 98, 08, 2[L0q" 997  9q
Fim;n m nl 1 _8}/ a}/ a’}/
oo " F=y " 4| b =g
20 9¢™  9q¢"  dq
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj
dx’ ox" 1
Yin =M ax ax Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymnqmqn
q" 04

Lagrange equations for fixed GCC convert to tensor form

1 ox’ ., | dx/ ox* | ouk
8(Ymnq’”q”’) = szk(aq—mq *{ Py H(aq”q *{ o }}

dor_ar _1d B(aném?")_

F=20 1
dtgaq’g § aqf 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be included as a dimension)
15t term 1involves covariant momentum pg Inverse contravariant kinetic metric Yymn gives velocity ¢"
E)T a(ymnq q ) -------- . 2l — ln —
pﬁz—%:— = :'}/an” q pﬂ/ =
Iq 2 9 dp, 0T
Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F,= £ ,
L dt  9q
Following 1s for fixed GCC only:

The “4-wheel-drive garbage truck”

B AU D ac/

1Oy A o

Fo=yinG" +4" q
" g 2 9q"
Rearrange to expose _a 5 5
Christoftel coefficients: Fr=y,,d" +l OV ne n Vin _ Vimn } q"q"
[F [agmn ag in agmi D 2 :aq ---------- aq aq
imn ~ m. o~ n 1 ) J J
dg' dg" 9gq F=y,, i+~ Ve N Vim Yn;n i
2l g™ 9dq"  dq

This gives covariant Riemann equations

Ff =y€n q” T an;ﬁ qmqn

Tuesday, November 4, 2014
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ax/ ax 1

Youn =M €3 o Converts Cartesian kinetic energy 7 = %M Alg% o GCC T= Eymnq‘mq”
q" 9q

Lagrange equations for fixed GCC convert to tensor form

1 ox’ ., | dx/ ox* | ouk
8(Ymnq’”q”’) = szk(aq—mq *{ Py }](aq”q *{ o }}

dor_ar _1d a(anémCJ")_

F=20 1
dtgaq’g § aqf 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be included as a dimension)
15t term 1involves covariant momentum pg Inverse contravariant kinetic metric Yymn gives velocity ¢"
E)T a(ymnq q ) -------- . 2l — ln —
pﬁz—%:— = :'}/an” q pﬂ/ =
Iq 2 9 dp, 0T
Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F,= £ ,
L dt  9q
Following 1s for fixed GCC only:

The “4-wheel-drive garbage truck”

b, =— (yén )__ - : :

¢ 7 ;
di 29" L. dt i 2 9q dy 3y
Time derivative of kinetic metric 1s expanded by chain rule. ; d“ = tn g"
BV 2 s s m
'aj/[n: .m 1 Y imn .M N L dq
Rearrange to expose _:',5 q q
Christoffel coefficients: o oan 1 §ayn£ Y ¢n B Y un M -1
Ff—?’an+2§am+amg |1
[1‘* _l[agmn n agm _ agmlD :q ------------ q q
imn "ol asi 9gm 94" o %0 e % | imon
27 Foi=ynd" + 5|t = =7 |44
2] 9¢™  9q"  9q
This gives covariant Riemann equations and contravariant Riemann equations.
. m . _ k
F=y,,4" +T,,.,4"q" Ff=§*+T% ¢"¢"
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Riemann equations Ofn’ZOtiOI/l (No explicit t-dependence and fixed GCC)
=3 [xample of Riemann-Christoffel forms in cylindrical polar OCC (g1 = p, g2 =¢, g3 =z

Tuesday, November 4, 2014
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$=COS¢ g—;=—PSin¢ _x:cos¢ 3—’;=Sin¢ P
<J>: g—l);=sin¢ g—;=pcos¢ %:%;W) g_i:% gt
" " 0 %:1 « F?
. )
E, E,

X=pcos
y=psind
z=2z

Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)
ox

Z

U=F B+ F B4 F

=[xt ey tf-eg
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ox ady 0z
F =2 9
0 fxa¢+fya¢+ 239

Y oz

Tuesday, November 4, 2014

$=cos¢ g—;=—psin¢
<J>= g—IJ;=sin¢ g—;=pcos¢
0 0
T T
E, E,
Covariant forces

ox dy oz
F = _— _— _—=
P f"8p+fy 8p+f28p

J J d
Rl t gt g

dp

——=cos¢

ox

ox

0+fz

P

/ cos¢+fy sing +0

= —fxpsin¢+fypcosq)+0

ap
dy

dy

=sing

% _-sing 9 _coso

P

X=pcos

Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)
ox

Z

U=F B+ F B4 F

y=psind

=[xt ey tf-eg
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Example of Riemann-Christoffel forms in cylindrical polar OCC (gl =

p. g2 =0, g3 =2)

ox ox . ap ap . P
— =C0S¢p —=—psing 0 ——=c0s¢) ——=sIngd 0 «—E
ap o ox dy X = COS (P
_| 9y dy | 9p -—sing J¢ cos¢ p (1) _F E F¢E F E
<J>— 5 =sin¢g a—¢=pcos¢ 0 ) <K>— a_x:— 8_:_ 0 — E? _ .
' Cr y=psing =fe+fe+fe
0 0 %2_ 0 o : _ xvx L yvty VZVE
oz Jdz <~E Z _ Z
T T T B
E, E, E, :<J >
Covarlant forceS Covarzgmt kinetic metric
_ ) X ox/ ~
F f e f_— fxcos¢+fysm¢ +0 Vpp =M gg—mE oE —m(cos ¢ + sin ¢)—
i ax ox’ 2.2 2 2
fx% ya¢ fzﬁ _fo51n¢+fyPCOS¢+O Yoo = 8(15 8(]) —=mE 0E¢=m(p cos” ¢+ p~ sin ¢)=
F = 0 + 0 +f ax ox’ E oE
Z_fxaz yaz f z Yz = _E_m PR
53
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

g—;=cos¢ g—;=—psin¢
<J>= g—IJ;:sinq) g—;=pcos¢
0 0
T T
E, E,
Covariant forces

ox dy oz
F = _— _— _—=
P fxap+ y8p+f28p

ox ay oz
F =2 9 9
I AR TARCFT:

J J d
Rl t gt g

Y oz

8_: cos¢
X

% _-sing 9 _coso

/ cos¢+fy sing +0

= —fxpsin¢+fypcos¢)+0

- — T —
. XTpcoso U=F B4 F B4 F B
~—E — .
y — Sin _
p sin ¢ = frexHf g+ ey
—F° z =z
Covariglxnt kj;’netic metric q)) Contravariant kinetic metric
Ypp=ma—;%=mEp0Ep=m(cos2¢+sin2¢)=m yPP =1/ m
0X . v/
Yoo = mai(;% =mE, oE, = m(p2 cos ¢+ p? sin’ (Z)) = mp* ”}/¢¢ =1/ (mp2 )
ox . o’
_ma—zjészZOEzzm ’)/ZZZI/m
54
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ x ) ap Jaip . P
—=C0s¢ —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
ap 0 ox dy X = CcOS P (P 4
| 9y . dy _| 0¢ —sing ¢ cos¢ p (1) N =F E+F¢.E +FZ.E
<J>— a——sm(p a——pcosq) 0 ) <K>— > o v o 0 —E’ — ; p
p 0 x P W y=psinQ = fetfetfoe
0 0 az_l 0 0 82_1 xvx ' Jyvy ' JZ Z
F EyL I P z =z
T T T _
E, E, E, :<J 1>
Covar iaantf 0 Covar igmt kjinetic metric q)) Contravariant kinetic metric
_ XL 02 - _ o _ 24 20
Fp_fxaerfyaerfzap_ fxcos¢+fys1n¢ +0 ]/pp—ma—;g—mEPOEp—m(cos ¢ + sin ¢)—m )/pp:1/m
. 0x dy oz : x; o/ : 0P _ 2
F¢—fx%+ y£+fza—¢——fxpsm¢+fypcos¢)+0 y¢¢=ma—;%=mE¢oE¢=m(p2cos2¢+p2sm2¢)=mp2 Y =1/ mp
_ o Ox . dy 0z o _ zz _
Fz_fxaz+fyaz+fzaz_ 0 0 yZZ—ng—mEZOEZ—m Y =1/m
Lagrangian
1 P T o 1
T==v, §¢"¢" = —mp* +—mp>P* +—mz*
2 2 2 2
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)
ox

B ox . ap Jaip . P
—=cCos¢ —=-—psing 0 —=cos¢ ——=sing 0 «~E .
ap o dox dy X = COS p q) Z
Nzl 2oging PLopeoss 0 |, (K)=| P_sind H_coso CE’ g : (1) AN =FPE+F¢E +FZE
o % x_ p W p y=psind — fe +fe +
0 0 82_1 0 0 82_1 _fxex fyey f:ZeZ
9z 9z < E° Z =z
T T T _
E, E, E. =<J 1>
Covariaant foraces ) Covarigzxntakjinetic metric q)) Contravariant kinetic metric
X Z . .
Fp:fxa—+fya—y+f Free focosg+f sing +0 7pp:ma_/;;_p:mEp°Ep=m(0082¢+sin2¢):m yppzl/m
0x . Oy
F¢:fx§_;+fy§_;+ Z§;=—foSin¢+fprOS¢+0 7¢¢=mai(;%=mE¢0E¢=m(p2cosz¢+pzsin2¢)=mp2 ]/¢¢ =1/(mp2)

_ o Ox Oy 0z o _ zz _
Fz_fxaz+fyaz+fzaz_ 0 + 0 +fz ’y(zjz_mgg_mEz.Ez_m 'y —l/m
Lagrangian ovariant momenta
S DRSS C IR BN TR I S PSR A R

= Ymnd 4 = 5P 2mp¢ 5 e P op Pe BY, Jz
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Covarigmt kinetic metric
L 0x dy 0z : X ox/
Fp—f%%'ny%-Ff a—— fxCOS¢+fySIH¢ +O J

F¢:fa—x+f 8_y+ 0z

30 36t 250 = fxpsin¢+fypcos¢)+0

axj o’

Tuesday, November 4, 2014

Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)
ox

P
=F E+F,E+F /L
=[xt ey tf-eg

Ll oo 0 9 o9 _ 0 E
ap coso % psing " cos¢ 3y sing — x = p COS (1)
| a9y . y | dp —sing Jdp cos¢p
J)= — = — = K)= —_————  —=— (0 o
< > 3 sing % pCosp 0 , < > o > - p 0 «E y — p Sin (1)
0z 0z
T T T 4
E, E, E. =<J >
Covariant forces

Yoo M op ap T et Ee T m(c052 +sin” ¢): "

Yoo =™ 30 90 mE, oE, = m(Pz cos” ¢+ p” sin’ ¢) - P

—:y(p(p‘b

P S I e _
Fz_fxaz+fyaz+fzaz_ 0 + 0 4 yzz—mgg—mEZOEz—m
Lagrangian Covariant nafz%menta
I 1 2 2.0 1 - = : _
T==y ¢"¢"=—mp™+=—mp ¢~ +—mz~ Pp=5, V0P Po~
277 2 P 2 p 0 P |
=mp =mp’¢

yPP =1/m
y¢¢ = 1/(mp2)
y=“=1/m
Contravariant momenta
Jor . pP=p
P, —a—Z.—YZZZ .
N p’=¢
=mz
z .
p =z

57
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)
ox

B ox . ap Jaip . P
—=C0s¢ —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
ap ¢ ox ay — p Z
dy . ) dp —sing d¢ cos . p cos (1) \=F E+F E +F
<J>= —y=sm¢ —y=pcos¢ 0 , <K>= op_—sng 99 _cosp 0 « E? . P ¢’ Vs
3 % x p ay p y=psind = fe . et
0 0 oz 1 0 0 oz _q - xex yey ZeZ
0z 2z ) <F Z =z
T T T _
E, E, E. :<J 1>
Covarlgmt foraces ) Covarigmt kinetic metric q)) Contravariant kinetic metric
_ X Yy z ) X dx/ )
Fp‘ﬁe%*'fy%"'fz%_ fxcos¢+fys1n¢ +0 j/pp=ma—;$=mEp0Ep=m(cos2¢+s1n2¢)=m yppzl/m
. 0x dy oz : x; o/ : 0P _ 2
F¢—fx%+fy%+ Za—¢——fxp51n¢+fypcos¢+0 7/¢¢=ma—¢j£=mE¢0E¢=m(p2cosz¢+pzsm2¢)=mp2 Y =1/ mp
_ X oy 0z 9% ol _ 2z _
Fz_fva+fyaZ+fzaZ_ 0 * 0 +fZ yzz_mig_mEz.Ez_m 7 —l/m
Lagrangian Covariant m%n]genta T o7 Contravariant m/%men{a
- 1 a1 9.9 1 LA I SR pP=p
T:_anqmqn =—mp2+—mp2¢2+—m22 o= YopP Py % Yos® P, % V= .
2 2 2 2 | .. | 20 =6
: : . o=m . =mp~¢ =mz
Comparing Lagrange and the Riemann covariant fgrce equations z .
F=—t——=y,,§"+T,,.,4q"q"
/ In mn;{
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ox

Example of Riemann-Christoffel forms in cylindrical polar OCC (gl =

p. g2 =0, g3 =2)

ox . ap ap_ . p
— =C0S¢p —=—psing 0 ——=c0s¢) ——=sIngd 0 «—E
Ip 99 dx dy X =P cos 0
<J>= a—y=sin¢ —y=pcos¢ 0 ) <K>= 8_¢):lnq) 8_¢:w 0 —E’ p : (1) _F E F¢E FE
o % x_ p W p y=psind — fe +fe +
Jz 0z _f.;cex fyey fZeZ
T T T -
E, E, E, =)
Covarlant forces

Covariant kinetic metric

P

F =

dpp

dt

dp

=7ppP+an;pq q"
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Only three non-zero Christoffel coefficients appear, and on
oT

¢8T

‘Z’Eagb

lc?/ two are independent.

_7¢¢¢ + an;(p q"q"

. ox . gy’
F, f = f Yir —= focosp+ f,sing +0 Vpp=m $;—p—mE *E,, = m(cos? ¢-+sin? 9) = m YPP =1/ m
: ax ax/ . 2
fx% fyﬁ fza_¢ —fo51n¢+fyPCOS¢+O Yoo = 8¢ 5;) —mE¢OE¢=m(pzcoszqi)+p2smz¢>)=mp2 ”)/¢¢ :1/(mp )
ox; ox/

f— fyg f— 0 + 0 4+ Vo=m—Lto—=mE oE =m y=“ =1/m
Lagmlngzan | | | Covariant lifzoanzge_nta o ; ar ZContmvariant quojm:en/{)a
T:_,}/mnqmqn :_mp2+_mp2¢2+_mz-2 Py ) Yppp Py = a¢ =Yoo P, Py Y. .

2 2 2 2 . =6

. . . = = mp ¢ =mz
Comparing Lagrange and the Riemann covariant fgrce equations z .
d | p =z
F,= % — aa—]; |=|7/ .4 +T, ,q"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
q 9
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . ap Jaip . P
—=C0s¢ —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
ap o ox 0 — p Z
ad d dp —sin 8y cos . p cos (1) \=F E+F E +F E
<J>= —y=sin¢ —y=pcos¢ 0 , <K>= 9 _zsing 9p _cos¢ 0 —E? . P ¢ Z
o R y=psind = f.e +f e+,
0 0 oz 1 0 0 oz _q - xex yey ZeZ
3z 9z «—E° AR
T T T _
E, E, E. :<J 1>
Covarlgmt foraces ) Covarigmt kinetic metric (D) Contravariant kinetic metric
. J
szfxa—x+fya—y+fza—zz focosp+ [ sing +0 j/pp=mai/;%=mEp0Ep=m(c0s2¢+sin2¢)=m )/ppzl/m
. Ox dy oz . x; o/ , 09 _ 2
F¢—fx%+fy£+fza—¢——fxpsm¢+fypcos¢)+0 y¢¢=ma—(;;—¢=mE¢oE¢=m(p2cos2¢+p2sm2¢)=mp2 Y —1/(mp )
ox dy oz 0X ; J/
F=ligtho v, 00+ 04, VZZ=mTZ’g=mEz'EZ=m y= =1/m
Lagrangian Covariant moan]genta T 7 Contravariant m/%men{a
1 . . 1 . 1 M 1 . = — = - == j = — = Z p — p
T:—ymnqmq”=—mp2+—mp2¢2+—m22 Po=3p =Vl Ps= 7, Voo? P.=5 =Tz .
2 2 2 2 | N | 20 =6
: : .o=m . =mp~¢ =mz
Comparing Lagrange and the Riemann covariant fgrce equations z .
—Z
dp, or | | | | | P
F,= % - 887 |=|y .4 +T, ,q"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
q 9
Only gn"ee non-zero Christoffel coefficients appear, and onlc?/ two are independent.
P, dT Dy OT .
— p_ — oo M N F =_¢__: +F M N
d(mp) 9 (1 5, 2
= - —m =mp—m so: I',.. ~=-m
i |2 P9 p—mpe 00 p p
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . ap Jaip . P
—=C0s¢ —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
0 o ox 0 — p Z
ap 0 dp —sin 8y cos . p cos (1) \=F E+F E +F E
<J>= —y=sin¢ —y=pcos¢ 0 , <K>= 9 _zsing 9p _cos¢ 0 —E? . P ¢ Z
o % x_ p W p y=psind = fe . et
0 0 oz 1 0 0 oz _q - xex yey ZeZ
0z 2z ) <F Z =2z
T T T _
E, E, E. :<J 1>
Covariant forces Covariant kinetic metric (D) Contravariant kinetic metric
oo dx dy dz _ Cf sing 40 O ~ A op
p—fxa—+fya—+fza = fxCOS¢ fysmd) Ypp—mxg_mEpoEp—m(cos ¢+ sin ¢)—m 14 =1/ m
. Ox dy oz . x; o/ , 09 _ 2
F¢—fx%+fy£+fza—¢——fxpsm¢+fypcos¢)+0 y¢¢=ma—(;;—¢=mE¢oE¢=m(p2cos2¢+p2sm2¢)=mp2 Y —1/(mp )
ox dy oz 0X ; J/
Fo=rfig o trhy= 0+ 04 722=m§%=mEz°EZ=m y= =1/m
Lagrangian Covariant moan]genta T 7 Contravariant m/%men{a
1 . . 1 . 1 . 1 . = —= : =—= ; = = Z p — p
T:—ymnqmq”=—mp2+—mp2¢2+—m22 Po=3p =Vl Ps= 7, Voo? P.=5 =Tz .
2 2 2 2 | N | 20 =6
: : .o=m . =mp~¢ =mz
Comparing Lagrange and the Riemann covariant fgrce equations z .
d | p =z
F,= % - 8_]; |=|y .4 +T, ,q"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
dq ’
Only three non-zero Christoffel coefficients appear, and onlc?/ two are independent. Note:Lpgir = Lapir
- _dp, or o gm m_ %P 0T _ Gil g - symmetry
P ar dp VP T np 44 " dr 9 Vo9 mnipd 4 gives 2£;torf0r
:d(mp)_ J lm 2(52 =mp—m q52 so: I =—m _d(mpz(ﬁ) 25 -
i ol 2 p =mp—mp - L gg.p =TMP —T—O—mp 0+2mpp¢ so: 'y, =mp=1I, ,
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox ox . Jap Jip . P
—=C0s¢ —=-—psing 0 ——=c0s¢) ——=singd 0 <~ E
ap o ox dy X = COS ¢
| 9y . dy _| 99 —sing ¢ cos¢ p (1) _F E F¢E F E
(/)= E—Smfp a—¢—PCOS¢ 0 . (K)= x  p 9y p 0 . 4 y = p Sin (l)
0 0 oz 1 0 0 dz _q =fxex+fgzey+féez
9z FE «—E° z — Z
T T T »
E, E, E. =<J >
Covarlant forceS Covarlgmt kinetic metric (D) Contravariant kinetic metric
: X Ox/
F, f = f Yir —= focosp+ f,sing +0 Vpp=m $;7—mE *E,, = m(cos? ¢-+sin? 9) = m YPP =1/ m
, ax e’ . 2
fx% fy% fza_¢ —fo51n¢+fyPCOS¢+O Yoo = 8¢ ;q) —mE¢OE¢=m(pzcoszgi)+p2smz¢>)=mp2 ”}/¢¢ = 1/(mp )
ox; ox/
F f— fyg f— 0 + 0 +fz Y, =m gg—mE *E_=m ’)/ZZZI/m
Lagrangian Covariant moan]genta T 7 Contravariant m/%men{a
1 . . 1 . 1 . 1 . == - — D — : p = p
T==v ¢"¢"==mp*+=mp*$> +—mz" Po=%p = TP  Po=%5 =Tp® D= =Tk |
2 2 2 2 . =6
. . . = = mp ¢ =mz
Comparing Lagrange and the Riemann covariant fgrce equations z .
d | p =z
F,= % — aa—]; |=|y .4 +T, ,q"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
q 9
Only three non-zero Christoffel coefficients appear, and onlc?/ two are independent. Note:Lpgr = Lgpr
_ dpp E)T_ 54T M N Dy aT_ mon symmetry
P g g_’}/ppp tonpd 4 £y = 9 7¢¢¢+ Lnod 4 gives 2 factor for
d(mp) d |1 242 e r d(mp (P) 97P
= — —m =mp—m SO: =—m 2 —
” | 2 P p—mp 09;p p :T—O:mp 0+2mppy so: I'y=mp=TI,,,

Contravariant equations are acceleration equations. F*=y*F =j* + I 4"¢"
Fp_yppF _qp +Fp iy mgn F¢—y¢¢F =GP +Fp g q¢
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . ap Jaip . P
=cos¢p —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
ap o ox dy X = COS p Z
Dol 2 e 2 o | (| B_sne B o | p cos ¢ =F E+F,E+F 1
o % x_ p W p y=psind = fetf e tf e
0 0 %=1 0 0 %:1  F* z =7z XX y y ZvZ
T T T _
E, E, E. =<J 1>
Covarlg)zcnt foraces Ny Covarigzxntakjinetic metric q)) Contravariant kinetic metric
szfx%+fy£+f25: focosg+f sing +0 j/pp=ma—;;—p=mEpoEp=m(cos2¢+sin2¢)=m )/ppzl/m
0. o) o . X . y/
F¢:fxﬁ"'fyﬁ"'fza_zz—fo51n¢+fyPCOS¢+0 7/¢¢=mai(;%=mE¢0E¢=m(p2cosz¢+p2sin2¢)=mp2 ”}/¢¢ :1/(mp2)
x D ox. 3/
FZ=fxa—)ZC+fya—)Z/+fza—z= 0 + 0 yzzzma_zf%:mEz.EZ:m v =1/m
Lagrangian Covariant moan]genta T o7 Contravariant m/%men{a
1 . . 1 . 1 . 1 - = : =—= j - = 7 p — p
T:—ymnqmq”=—mp2+—mp2¢2+—mz'2 P, o YopP Py % Yoo® P 3 V=t
2 2 2 2 | . 0~
. . L =m =mp*$ = mz P
Comparing Lagrange and the Riemann covariant fgrce equations z .
d, or | _ - | p =z
)= % — 87 |=|y ’n G"+T — G"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
q
Only three non-zero Christoffel coefficients appear, and only two are independent. Note:Lpgr = Lgpr
_ dpP or . . -n o dp¢ or . r mon symmetry
P gt g_yppp L pd 4 0 g %‘W‘f’ g4 4 gives 2 factor for
. : q7p
:d(mp)_ I lm 2€l52 =mp—m <l52 so: I =—m d(mp2¢) 2% /
dt ap 2 P PP AT p :T_O = mp¢+2mpp¢ SO: Fp¢;¢ =mp = F¢p;¢

Contravariant equations are acceleration equations. F*=y*F =j* + T

FP=yPF,=if +T04"q" Oy X R+ Td"d"
=p-p¢* so: Th=-p _yP=1/m =+2p9/p soi [he=1/p=rf, 1" 1/[mp’)
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . ap Jaip . P
=cos¢p —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
ap o ox dy X = COS p Z
Dol 2 e 2 o | (| B_sne B o | p cos ¢ =F E+F,E+F 1
o % x_ p W p y=psind = fetf e tf e
0 0 %=1 0 0 %:1  F* z =7z XX y y ZvZ
T T T _
E, E, E. =<J 1>
Covarlg)zcnt foraces Ny Covarigzxntakjinetic metric q)) Contravariant kinetic metric
szfx%+fy£+f25: focosg+f sing +0 j/pp=ma—;;—p=mEpoEp=m(cos2¢+sin2¢)=m )/ppzl/m
0. o) o . X . y/
F¢:fxﬁ"'fyﬁ"'fza_zz—fo51n¢+fyPCOS¢+0 7/¢¢=mai(;%=mE¢0E¢=m(p2cosz¢+p2sin2¢)=mp2 ”}/¢¢ :1/(mp2)
x D ox. 3/
FZ=fxa—)ZC+fya—)Z/+fza—z= 0 + 0 yzzzma_zf%:mEz.EZ:m v =1/m
Lagrangian Covariant moan]genta T o7 Contravariant m/%men{a
1 . . 1 . 1 . 1 - = : =—= j - = 7 p — p
T:—ymnqmq”=—mp2+—mp2¢2+—mz'2 P, o YopP Py % Yoo® P 3 V=t
2 2 2 2 | . 0~
. . L =m =mp*$ = mz P
Comparing Lagrange and the Riemann covariant fgrce equations z .
d, or | _ - | p =z
)= % — 87 |=|y ’n G"+T — G"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
q
Only three non-zero Christoffel coefficients appear, and only two are independent. Note:Lpgr = Lgpr
_ dpP or . . -n o dp¢ or . r mon symmetry
P gt g_yppp L pd 4 0 g %‘W‘f’ g4 4 gives 2 factor for
. : q7p
:d(mp)_ I lm 2€l52 =mp—m <l52 so: I =—m d(mp2¢) 2% /
dt ap 2 P PP AT p :T_O = mp¢+2mpp¢ SO: Fp¢;¢ =mp = F¢p;¢

Contravariant equations are acceleration equations. F*=y*F =j* + T

FP:z}/PPFp:qP + anqmqn F")=y¢¢F¢=éjP +1"an-an
.. S : x R S S PR
=p-p§® so: Tf=-p 17" lm =6+200/p s Doet/p=rg, 7l
ﬁ = FP + p¢2 (Centrifugal acceleration) d) = F¢ — 2p¢ / P (Coriolis acceleration)
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Rewriting GCC Lagrange equations :

(Review of Lecture 11)

dp " d Tor / disti
= T=M7i _ . LoD ﬂ - lorque relates to two distinct parts.
Pr dt Centrifugal (center-fleeing) force Py = f 2MW¢+ Mr ¢ Corzolls and angular. acceleration
ap equals total o s Aevseetiveloysbocts - oned
=Mro’—— Centripetal (center-pulling) force =0—— Angular momentum py is conserved if
¢
ar 9P potential U has no explicit O0-dependence
Conventional forms U U
radial force: M#= M r¢°— o> angular force or torque: Mr*g =—=2Mri¢ — %
r
Field-free (U=0) o
radial acceleration: ¥ =r¢ angular acceleration: ¢ = —2—-
r
Because Eart& rotation is counter—cglockwise (positive) in North
Coriolis acceleration w1th (]) >() and r<0
q) =-27 q) /r makes & pdsitive) Eﬁect on
Inward flow|to pressre Low Northern
<0 Hemisphere
.makes\wind| turn/fo the right local weather

Y

> |, =<

/ztk b = Northérn hemzsphere otation

Cyclonic flow
around lows

6|>0
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65



—>» Separation of GCC Equations: Effective Potentials

Small radial oscillations
Cycloid vs Pendulum

Tuesday, November 4, 2014
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Separation of GCC Equations: Effective Potentials

1 o en 1 5 1 .y 1 5 Numericall
= — = — — — y
H 0 ymn q9 49 + 14 2 mp- + 2) mp ¢ + 2 mz=+V ( correct ONLY'! )
1 mn I 5 1 2 1 5 Formall i
_ _ - y and Numerically
27/ p,p,tV ™ pp+2mp2 p¢+2m p;+V ( oot )

Tuesday, November 4, 2014
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Separation of GCC Equations: Effective Potentials (For isotropic H(r,pr,$,py)

1 mn 1, I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

L mn I o 1 2 L 5 Formall i
= — - S y and Numerically
2’)/ pmp”+v zmpp+2mp2p¢+2mpz+v ( correct )

If potential V 1s isotropic (cylindrical) function of radius p. (V' = V(p))
H has no explicit p—dependence and the p—momenta 1s constant.

mp2q5 =Py = const.= U
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Separation of GCC Equations: Effective Potentials (For isotropic H(r,pr,$,py)

1 mn 1, I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

_ 1 L S SRS S S S Formally and Numericall
==Y pmpn+v_%pp+ p¢+_pz+v ( ormally umencay)

o) I'm p2 2m correct
Potential V' is isotropic (cylindrical) function of radius p. (V' = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
20 _ . B
mp-¢ = p, = const.= Ul mz=p_=const.=k
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Separation of GCC Equations: Effective Potentials

1 men 1 5 I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

1 mn 1 2 1 2 1 2 Formall i
= — - S y and Numerically
2’)/ pmp”+v zmpp+2mp2p¢+2mpz+v ( correct )

Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p))
H has no explicit p—dependence and the p—momenta 1s constant.

mp2q5 =Py = const.= U

1 2 2
= — p°+ a +k +V(p):E:const.
2m" P amp?  2m

H

If H has no explicit z—dependence
then the z—momenta is constant, too.

mz=p_=const.=k

Tuesday, November 4, 2014
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Separation of GCC Equations: Effective Potentials

1 men 1 5 I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

L mn I, 1 5 1 5 Formally and Numericall
:—’)/ pmpn—|—V:%pp+ p¢+_pz+v ( ormally an umerically )

o) I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
mp*¢g = py = const.= i mz=p_=const.=k
| S =
H 2, H + +V (p) = E = const. (Let k =0)

= —p-+
om Fp 2mp>  2m
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Separation of GCC Equations: Effective Potentials

1 men 1 5 I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

L mn I, 1 5 1 5 Formally and Numericall
:—’)/ pmpn—|—V:%pp+ p¢+_pz+v ( ormally an umerically )

o) I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
mp*¢g = py = const.= i mz=p_=const.=k
| S =
H=—p2+ H + +V(p):E:const. (Let k =0)
2m" P amp?  2m

Symmetry reduces problem to a one-dimensional form.

L SR A RN
H—%pp+V (p)—E—const.
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Separation of GCC Equations: Effective Potentials

l 51 A1 L 2 1 232 L Numericall
= — = — —_ — y
" 27mn6] ¢tV 2mp i 2mp 0" zmz +V ( correct ONLY'! )

L mn LGSR S SRS S Formally and Numericall
==Y pmpn+V:%pp+ p¢+_PZ+V ( ormally an umerically

2 I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, t00.
mp*¢g = py = const.= i mz=p_=const.=k
| S
H=—p2+ H + +V(p):E:const. (Let k =0)
2m" P amp?  2m
Symmetry redufes problem to a one-dimensional form.
H=—7p>+V¥ (p)=E = const.
om P (,0)
An effective potential Vefi(p) has a centrifugal barrier.

i u
Ve (p) = rm? + V(P)
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Separation of GCC Equations: Effective Potentials

l 51 A1 L 2 1 232 L Numericall
= — = — —_ — y
" 2'}/mnq ¢tV 2mp i 2mp 0" sz +V ( correct ONLY'! )

L mn LGSR S SRS S Formally and Numericall
==Y pmpn+V:%pp+ p¢+_PZ+V ( ormally an umerically

o) I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
mp*¢g = p, =const.= [ mz=p_=const.=k
| S =
H=—p2+ H + +V(p):E:const. (Let k =0)
2m" P amp?  2m

Symmetry redufes problem to a one-dimensional form.
H= 2yl (p)zEzconst.

P4
2m~ P
An effective potential Vefi(p) has a centrifugal barrier.
2
Veﬁ (p) = H > + V(p)
2mp
Velocity relations: p 5 »
: . H 2
¢:‘u/(mp2) p = P_ = p:i\/—(E—Veﬁ(p))
dt dp p M m
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Separation of GCC Equations: Effective Potentials

l 51 A1 L 2 1 232 L Numericall
= — = — —_ — y
" 2'}/mnq ¢tV 2mp i 2mp 0" sz +V ( correct ONLY'! )

L mn I 2 1 2 I 5 Formall '
= — - S y and Numerically
2’)/ pmp”+v zmpp+2mp2p¢+2mpz+v ( correct )

Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta 1s constant. then the z—momenta is constant, too.

mp*¢ = p, =const.= [ mz=p_=const.=k

1 ,uz i’
H=—p2+ + +V(p):E:const. (Let k =0)
2m" P amp?  2m
Symmetry reduces problem to a one-dimensional form.

L SR A RN
H—%pp+V (p)—E—const.

An effective potential Vefi(p) has a centrifugal barrier.
2

v (p)= Z:szpz +V(p)

Velocity relations: \/

: H P
¢=u/(mp2) p=dP_ O _Fp_,
dt Bpp m

2(E-v (p)

m

Equations solved by a quadrature integral for time versus radius.

f P
| odi= | ap

P el

m

= (Travel time p,, to Pl) =h
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Separation of GCC Equations: Effective Potentials

- Small radial oscillations
Cycloid vs Pendulum
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.
v (p)
dp

21 eff

=O, with: dLZ
d

Po p Po

>0 .

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

. . ! 2d° VY
P (p) =V po) £ 0+ 5P =po) =

Po

Stable flat d;VZﬁ
p

<0
Po

20 off
-0 Unstable flat “-

2
Po dp

o). M

= q x&

Fig.2.74 Phase paths around fixed points (a) Stable point (b) Unstable saddle point

N
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2
dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

1 2d* VY
Veﬁ (P) - Veff (pstable) +0+ E(p B pstable) d 2
Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
keﬁ" _ d2V6ﬁ| . - keﬁ’ - \/l d2Veff
d2 pstable_Vm_I”l/la’2
P Pstable P Pstable
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2
dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

1 2d* VY
Veﬁ (P) - Veff (pstable) +0+ E(p B pstable) d 2
Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
keﬁ" _ d2V6ﬁ| . - keﬁ’ - \/l d2Veff
d2 pstable_Vm_I”l/la’2
P Pstable P Pstable

Small oscillation orbits are closed if and only 1f the ratio of the two 1s a rational (fractional) number.

(), D () P n
stable _ __Tstable _ _ _P o Orbit is closed-periodic
)

¢ ¢ (P stable ) an
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2
dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

1 2d* VY
Veff (P) - Veff (pstable) +0+ E(p B pstable) d 2
Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
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Separation of GCC Equations: Effective Potentials

Small radial oscillations
- Cycloid vs Pendulum
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Here the radius jis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n

is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
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Here the radius jis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

A

g
14 ﬂ

_>T II1=linear momentum ———

ang!
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.
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arT [1=linear momentum ——
h ITh = angular momentum about @ )
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P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P
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Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
= hI1/1 (=3hI1/(M ¢?)for stick)
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N arT [1=linear momentum ——
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P
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Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation

just cancels translational speed Vcenser 0f stick.

(YN Y

g
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_>T II1=linear momentum ———

ang!
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P
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Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation
just cancels translational speed Vcenser 0f stick.
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Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation
just cancels translational speed Vcenser 0f stick.
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Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation
just cancels translational speed Vcenser 0f stick.

H /M:VCenter =|p(D|:th/]

/M= = =ph or: p=I1/(Mh)
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Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give it some linear momentum [1 AT\ﬂ?—b I = linear momentum — s>

7. bang! T
and some angular momentum A = /-1 ) ! TTh = angular momentum about @ )
Resulting angular velocity @ about the center oo i
: . A
1S angular momentum A divided bY p Imaginary wheel of radius P rolls on imaginary road
moment of inertia [ = M 62/ 3 of the stick. that intersects the Center of Percussion P

/ P

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (COP?, 1S ~§ \,\‘\‘\“\\\/\\l

on the wheel where speed pm due to rotation > \‘I..;ﬁc.,-/@@.“-«u "“\;{;\{Tr

just cancels translational speed Vcener of stick. \W/ NS
0\ LN

H /M:VCenter =|p(D|:th/]

/M= = =ph or: p=I1/(Mh)
P follows a normal cycloid made by a circle
of radius p=I/(Mh) rolling on an imaginary road
thru point P in direction of I1.

Z -

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation
just cancels translational speed Vcenser 0f stick.

H /M:VCenter =|p(D|=th/]

/M= = =ph or: p=I1/(Mh)
P follows a normal cycloid made by a circle

of radius p=I/(Mh) rolling on an imaginary road

thru point P in direction of I1.
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The percussion radius p = /31 is of the CoP point

that has no velocity just after hammer hits at /.
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Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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