Axiomatic development of classical mechanics
(Ch. I and Ch. 2 of Unit 1)

Geometry of momentum conservation axiom
Totally Inelastic “ka-runch’collisions™
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry*
Comments on idealization in classical models

Geometry of Galilean translation symmetry
45° shift in (V1,V>)-space
Time reversal symmetry
...of COM collisions

Algebra, Geometry, and Physics of momentum conservation axiom
Vector algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem

Numerical details of collision tensor algebra

*Download Superball Collision Simulator — http.//www.uark.edu/ua/modphys/testing/markup/BounceltWeb.html
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A pI’Oblem lIl Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)
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A prOblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision..... After collision...what velocities?
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48 sec.t S XmV(before) =XmV (before) [momentum conservation]
~
A v SmV? (before) =XmV? (before) [energy conservation]
K2 etc.
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A prOblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision..... After collision...what velocities?
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48 see | IS Get out formulas: is quicker and slicker....
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A v XmV? (before) =XmV=(before) [energy conservation]
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A prOblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision..... After collision...what velocities?
I mile Perfectly )
> elastic ~
-1 08 -06 -04 -02 () —
case _ Kabopg!
A i
-6 sec. : | ) o
12 sec. + s (b) Collision!
— Q
N
_ >
-24 sec. += S
\O
L v 57 57
-36 sec. = s Conventional solution:
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-48 sec. | S XmV(before) =XmV (before) [momentum conservation]
YN SmV? (before) =XmV? (before) [encray conservation]
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...But an UNconventional way
is quicker and slicker.....

(Just have to draw 2 lines!)
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A prOblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision.....
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Conventional solution: ...But an UNconventional way

Get out formulas: _ is quicker and slicker.....
XmV (before) =XmV (before) [momentum conservation] (Just have to draw 2 lines!)

SmV? (before) =XmV? (before) [encray conservation]
etc.
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A prOblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision.....

After collision...what velocities?
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Geometry of momentum conservation axiom

——- T010]y Inelastic “ka-runch’collisions*
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry*
Comments on idealization in classical models
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A prOblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision..... After collision...what velocitie
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Geometry of momentum conservation axiom

Totally Inelastic “ka-runch’collisions™
— Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry*
Comments on idealization in classical models
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A prOblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision..... After collision...what velocitie
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A pI‘Oblem ln S pdce-ﬁme . (60mph Cell-faxing 4ton SUV rear-ends 10mph Iton VW)

Before collision.....
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A pI‘Oblem 111 S pdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision.....
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A pI’Oblem 111 Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)
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is quicker and slicker.....
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A pI’Oblem 111 Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) NO l‘i C e € K a —- B 0]/l g 77
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Geometry of momentum conservation axiom

Totally Inelastic “ka-runch’collisions™
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry*
—) Comments on idealization in classical models
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The and ldealized thought experiments

Idealization 1. Ignore background.
(No rolling friction, air resistance, etc.)

50 & o

ldealization 2. Make each 1-dimensional.
(Cars “constrained” to ride on frictionless rail)

=] ﬁ System now has
: ~ [0 D = just two “dimensions”

or “degrees-of-freedom”

Landscape 1.1 Idealized model for collision model and thought experiments

Tuesday, August 26, 14



Summary of Classical Mechanical Degrees of Freedom
Translation (Each body has 3 translational degrees of freedom) (Intoduced in Units 1 and 2)

\
6 translational
- degrees of freedom

/ y
& for and

Tuesday, August 26, 14
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Summary of Classical Mechanical Degrees of Freedom
Translation (Each body has 3 translational degrees of freedom) (Intoduced in Units 1 and 2)

i \
6 translational
- —3 degrees of freedom
_ e g
& ——— {ﬂ\:\ for and
l@ — 2
° \?"}
Rotation (Each body has 3 rotationaldegrees of freedom) (Intoduced in Units 3 and 7)

6 rotational

degrees of freedom
for and
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Summary of Classical Mechanical Degrees of Freedom
Translation (Each body has 3 translational degrees of freedom) (Intoduced in Units 1 and 2)

\
6 translational
- —3 degrees of freedom
- e $4
V& ~_ {ﬂ\:\ for and
l@ — 2
° \?"}
Rotation (Each body has 3 rotationaldegrees of freedom) (Intoduced in Units 3 and 7)

6 rotational

degrees of freedom
for and

and system involves
12 rigid-body degrees of freedom

Vibration (Each body has many vibrational degrees of freedom) (Intoduced in Units 3-8)
Generalized Curvilinear Coordinates (GCC)

N
{ﬂ\?\ introduced in Unit 1 Chapters 10 -12
V An N-atom molecule has
’ 3N-6 vibrational degrees of freedom

Landscape 1.2 Some idealized classical model degrees of freedom

Tuesday, August 26, 14
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Geometry of Galilean translation symmetry
m—— / 5© shift in (V1,V>)-space

Time reversal symmetry
...of COM collisions

Tuesday, August 26, 14
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A pI‘Oblem lIl Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean translation (A symmetry transformation)
If you increase your velocity by 50 mph,...

...the rest of the world appears to be 50 mph slower

(a) Galileo transforms to COM frame

100 |
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A pI’Oblem lIl Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean translation (A symmetry transformation)
If you increase your velocity by 50 mph,...

...the rest of the world appears to be 50 mph slower

(a) Galileo transforms to COM frame (b) ... and tgAflve or six other reference frames
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Fig. 2.5a Fig. 2.5b
in Unit 1 i Unit 1
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Geometry of Galilean translation symmetry
45° shift in (V1,V3)-space

——)  Time reversal symmetry
...of COM collisions
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A pI’Oblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean translation (A symmetry transformation)
If you increase your velocity by 50 mph,...

...the rest of the world appears to be 50 mph slower

Time-reversal (F-I)
symmetry pairs

(Four examples)
L

4 Eart}z/

F

v

-10

(a) Galileo transforms to COM frame (b) ... and tgAflve or six other reference frames
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Geometry of Galilean translation symmetry
45° shift in (V1,V3)-space
Time reversal symmetry

— ...of COM collisions
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A pI’Oblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean translation (A symmetry transformation)
If you increase your velocity by 50 mph,...
...the rest of the world appears to be 50 mph slower

THE

COM Time-reversal
symmetry pair
(Just 1 case)

00

(a) Galileo transforms to COM frame (b) ... and tgAflve or six other reference frames .
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Algebra, Geometry, and Physics of momentum conservation axiom

=] ctor algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry
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Conservation of momentum line:

100

M, +M, )V OM=M_ v INeM Y
SUvV

Suv:- Suv ywe vw

Vow

Algebra, Gebmetry, and Physics of Momentum Conservation Axiom

Ywe vw

90
80
70
60
50

FIN

40
30
20
10

10 20 30 40 5

0 60\ 70 80 90 1

00 V%

Suv
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Algebra, Gebmetry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:

Suv

COM_—_ IN. — FIN. FIN
(MSU V—I—MVW) V MSU VVSU V +MVWVVW MSU VVSU V +MVWVVW
| M

g\ e SOV

MSUV_4 \\ slope = M
mVW= |
V

1 4/4
100
% lFIN
80
70
60
50 s COAL e 2 INL o TTIAL

v L/UlVl:(v 11V+ y 11\’)/1

40
30
20
10 \ Vv IN

10 20 30 40 50 60\ 70 80 90 100 V%

Define velocity vector points

FIN ycom
FIN _ suv COM _ SUV
Vo= yEN , V — ycom

VW VW
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Algebra, Gebmetry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:

Suv

COM— IN. FIN. FIN
(MS U V+MVW) V MS uv VS uv +MVW VVW SUV VS uv +MVW VVW
M

_ Msuv

MSUV_4 slope T
"y
V

rw

100
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90
80
70
60
50 e COONML e 2 IN o o TIAL
v L/UlVl:(v 11V+ y 11V)/Z

40
30
20
10 \ Vv IN

10 20 30 40 50 60\\70 80 90 100 V%

Define velocity vector points

FIN VCOM
FIN SUV comM SUV IN
Vo= VFIN ’ v = VCOM ’V
%4 %4

Points of vectors
V% and V° and V»

all lie on

momentum - conservation line

IN
VS uv

IN
VVW
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Algebra, Gebmetry, and Physics of Momentum Conservation Axiom
Conservation of momentum line: 3.
M, M, )V =M V. NMm Y, N=M Vo NM )y N

suv suv: SuUv ywe vw suv: Suv ywe vw
Mass weighted average velocity at anytime iy Center of Mass velocity V ¢OM:

const.=VCOM=pf 7 INypg o \IN=pg 7 FINyppg o FIN

suv: Suv vwo Vvw suv:- Suv Vyvwo vyw
(MS U V+MVVJ (MS U V—I_MV W)
V
100 d
90 \vALEAL
80
70
60
50 ~r OO e L INT o IIAR o
V COM=yINFV VY0

40
30
20
10

10 20 30 40 50 60\\70 80 90 100 V%

Suv

Define velocity vector points

FIN VCOM
FIN SUV comM SUV IN
Vo= VFIN ’ v = VCOM ’V
%4 %4

Points of vectors
V% and V° and V»

all lie on

momentum - conservation line

IN
VS uv

IN
VVW
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Algebra, Gebmetry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:

S
M, M, )V =M V. NMm Y, N=M Vo NM )y N

suv suv: SuUv ywe vw suv: Suv ywe vw
Mass weighted average velocity at anytime iy Center of Mass velocity V ¢OM:

const.=VCOM=pf 7 INypg o \IN=pg 7 FINyppg o FIN

suv: Suv vwo Vvw suv:- Suv Vyvwo vyw
(MS U V+MVVJ (MS U V—I_MV W)
Express this using velocity vectors: V
V FIN _ VSPl;g _ 40 100 VW FIN
VVFV;N 90 90 A\
80
V1N= VSIIZJVV _ 60 70
VV’{; 10 60
50 -~ .l AL = TOIAL
v COM— y com _pcom|l 40 V EOM=vIFV Y2
y coM 1 30
20
10 \ V IN
10 20 30 40 50 60\ 70 80 90 1j00 V%
N4

Define velocity vector points

FIN VCOM

FIN SUV comM SUV IN

Vo= VFIN ’ v = VCOM ’V
%4 %4

Points of vectors
V% and V° and V»
all lie on

momentum - conservation line

IN
VS uv

IN
VVW
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Algebra, Gebmetry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:

S
M, M, )V =M V. NMm Y, N=M Vo NM )y N

suv suv: SuUv ywe vw suv: Suv ywe vw
Mass weighted average velocity at anytime iy Center of Mass velocity V ¢OM:

const.=VCOM=pf 7 INypg o \IN=pg 7 FINyppg o FIN

suv: Suv vwo Vvw suv:- Suv Vyvwo vyw
(MS U V+MVVJ (MS U V—I_MV W)
Express this using velocity vectors: V Define velocity vector points
V= Vs =[ 40 ] 120 id FIN FIN coM
V1N=[ VSIIIJVV J=( 60 ] 70 VVW VVW
Vi 10 60
COM 30 A VRS V{: A VAP ZALS ™ YA a5 7 VAP, .
y com—{V ="y com (1 40 VoY e Points of vectors
LICCMJ ! % FIN Ccom IN
— COMyy Define funny-unit vector:( ]\ 20 \Y and V and V
u= 10 IN .
! \v all lie on
10 20 30 40 50 60\ 70 80 90 1j00 V%
Suv momentum - conservation llne
OM . o
Vector V<Y is along 45° line
: . 1
Define funny-unit vector : u= ;
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Algebra, Geometry, and Physics of momentum conservation axiom

Vector algebra of collisions

atrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry
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Algebra, Gebmetry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:

S
M, M, )V =M V. NMm Y, N=M Vo NM )y N

suv suv: SuUv ywe vw suv: Suv ywe vw
Mass weighted average velocity at anytime iy Center of Mass velocity V ¢OM:

const.=VCOM=pf 7 INypg o \IN=pg 7 FINyppg o FIN

suv: Suv vwo Vvw suv:- Suv Vyvwo vyw
(MS U V+MVVJ (MS U V—I_MV W)
Express this using velocity vectors: V Define velocity vector points
V= Vs =[ 40 ] 120 id FIN FIN coM
V1N=[ VSIIIJVV J=( 60 ] 70 VVW VVW
Vi 10 60
COM 30 A VRS V{: A VAP ZALS ™ YA a5 7 VAP, .
y com—{V ="y com (1 40 VoY e Points of vectors
LICCMJ ! % FIN Ccom IN
— COMyy Define funny-unit vector:( ]\ 20 \Y and V and V
u= 10 IN .
! \v all lie on
10 20 30 40 50 60\ 70 80 90 1j00 V%
Suv momentum - conservation llne
OM . o
Vector V<Y is along 45° line
: . 1
Define funny-unit vector : u= ;

Tuesday, August 26, 14

36



Algebra, Geometry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:

»
(MSUV—I_MVVI)VCOM:M 14 1N+M 14 =M V FIN_|_M 14 FIN

suv: SuUv ywe vw suv: Suv ywe vw
Mass weighted average velocity at anytime iy Center of Mass velocity V ¢OM:

const.=VCOM=pf 7 INypg o \IN=pg 7 FINyppg o FIN

suv: Suv vwo Vvw suv:- Suv Vyvwo vyw
(MS U V+MVVI) (MS U V—I_MV W)
Express this using velocity vectors: V Define velocity vector points
Vi =[ Vs ]:[ 40 ] oo " V. FIN COM IN
Vew 90 9% FIN Vsuv com Vsuv N Vsuv
w % Vo= AZAN V= ycom Vo= A
VI = Vv _ 60 70 VW VW VW
Vi 10 60
V COM ] 30 - =(V thr__'_V FN ) /'2 .
V COM— = COM 40 - al Points of vectors
e ! ” Sym o i FIN com IN
m m
=) COMy  Define funny-unit vector:| | 20 /3/ V and V and V
...and matrix operators. u=|; 10 v IN .
v 0 \ all lie on
M=( suv 10 20 30 40 50 60\ 70 80 90 1j00 V%
0 MVW Suv momentum - conservation line

...that give momentum vector: P=M°V=(MSUV 0 W)(VSUV
V

V

w yw'ovw

P v Vector V<Y is along 45° line
suy =€“ZSUV SUV)

Define funny-unit vector : u=

NN
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Algebra, Geometry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:
=M TV FIN_|_M 14 FIN

COM— IN.
(MSUV+M VW) V =My, V. M,V suv” suy vw' vw

suv: SuUv ywe vw
Mass weighted average velocity at anytime i§ Center of Mass velocity

_ 17 COM_
const.=V M SUVVSUV

(M. +M

N4 VVI)

ywe Vvw N4

(M. +M

N4 VW)

rweVw

Express this using velocity vectors: V
VFIN VW
N

40

[N+M v IN:M v FIN_|_M v FIN

VCOM..

{E e
st

90 A\

FIN
VVW
IN

VS uv

IN
VVW

60
10

COM 50 o N AR
v com—|V _pcom|1 40 =V[FV )2
7 COM ] 20 TIime-Reversal
Symmetry Axiom
=) COMy  Define funny-unit vector:| | 20 /3/
...and matrix operators. u=|; 10 \ vV IN
M= Mg, 0 10 20 30 40 50 60\70 80 90 100 V%
0o M, N

Define velocity vector points

FIN VCOM VIN

FIN _ SUV COM __ SUV IN _ SUv
V= yEN , V - ycom , Vo= VN
144 144 Vw

Points of vectors
V" and V9 and V7
all lie on

momentum - conservation line

Uy 0 VSUV

...that give momentum vector: P=MeV= M
0 M, Vo

whose sum of components is constant.
u\(by ue product)

const. =u°P=PSUV +PV

P

ft =J]j]° [ ] el 1) [ ] IN
W_MSUVVSUV +M VWVVW_u MeV=usM-V
—ueMeV N

Define funny-unit vector

SUrl = SUVVSUV
P i
W VWVVW

Vector V<Y is along 45° line
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Algebra, Geometry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:

M, AM, )V OM=M_ vV IN+M V=M V. INM Y N

suv suv: SuUv ywe vw suv: Suv ywe vw
Mass weighted average velocity at anytime iy Center of Mass velocity V ¢OM:

— 17 COM— IN. IN— FIN. FIN
const.=V MSUVVSUV +M VWVVW MSUVVSUV M VWVVW

(MS U V+MVVI) (MS U V—I_MVVI)
Express this using velocity vectors: V Define velocity vector points
VF1N=[ VSFU[g ]:[ 40 } 100 i FIN oM N
Vow' 90 90 FIN Vsuy COM Veov IN Vv
IN 80 V - VF]N ’ V — VCOM ’ V - VIN
VI = Vsuy _ 60 70 VW VW VW
ng 10 60
V COM 1 50 - H\vr_l_v IE’IJ\VT)/,Z .
V COM= =y CoM 40 al Points of vectors
o ! % evezdo FIN COM IN
=) COMy  Define funny-unit vector:( )i )20 Symm o Vv and V and V
...and matrix operators: = ;['° IN .
v (f =i \ VY all lie on
M=( Ssuv ) 10 20 30 40 50 60\ 70 80 90 1j00 V%
0o M, suv momentum - conservation line

suv’ su
P

%

Ywe vw

...that give momentum vector: P=M-V=(MSUV 0 W)(VSUV

whose sum of components is constant. 0 M, Vow
u\(by ue product)

const. =“°P=P5UV +PV

P =€;/ v V) Vector VS is along 45° line

rw

— =J10 [ ] g | Y ) [ ]N
W_MSUVVSUV +M VWVVW_u MeV=u*M-V
—ueMeV N

Denote Center of Momentum VCOM
with engineer’s centering symbol
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Algebra, Geometry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:

»
(MSUV—I_MVVI)VCOM:M 14 1N+M 14 =M V FIN_|_M 14 FIN

suv: SuUv ywe vw suv: Suv ywe vw
Mass weighted average velocity at anytime iy Center of Mass velocity V ¢OM:

const.=VCOM=pf 7 INypg o \IN=pg 7 FINyppg o FIN

N4 ywe Vvw N4 rweVw

(MS U V+MVVJ (MS U V—I_MV W)
Express this using velocity vectors: V Define velocity vector points
VF’N=[ Vsov ]:[ 40 ] 1e0 ikd V. FIN coM IN
Y EIN 90 90 V V V
vw 50 VFIN= SZ; , VC0M= Séf(;/M ’ VIN= Sz\‘//
V IN — VSIIIJVV — 60 70 VVW VVW VVW
VV’{; 10 60
V C OM ] 50 - =(V 1’17\VT+V A ) /'2 .
V COM= =y CoM 40 Points of vectors
7 COM ] 20 TIime-Reversal
: FI M I
_ycomy, 20 Symmetry Axiom | "V and VO and V"
...and matrix operators. 10 j v IV .
v 0 \ all lie on
M=( sur 10 20 30 40 50 60\ 70 80 90 100 V%
0o M, suy momentum - conservation line

...that give momentum vector: P=M°V=(MSUV 0 W)(VSUV

whose sum of components is constant. 0 M, Vow
u\(by ue product)

const. =u°P=PSUV +PV

P V

w yw'ovw

P v Vector V<Y is along 45° line
suy =€“ZSUV SUV)

ft =J]j]° [ ] el 1) [ ] IN
W—MSUVVSUV +MVWVVW—u MeV=ueMe+V
—neMeV FIN
Then: V COM= COMy, gives. usM-Vv

\Y COM‘M'V COM:V COM.M.V IN:V COM‘M'V FIN
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Algebra, Geometry, and Physics of momentum conservation axiom

Vector algebra of collisions

Matrix or tensor algebra of collisions
= Deriving Energy Conservation Theorem

Energy Ellipse geometry
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Algebra, Geometry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:

»
(MSUV+MVVI)VCOM:M 14 1N+M 14 =M V FIN_|_M 14 FIN

suv: SuUv ywe vw suv: Suv ywe vw
Mass weighted average velocity at anytime iy Center of Mass velocity V ¢OM:

const.=VCOM=pf 7 INypg o \IN=pg 7 FINyppg o FIN

suv: SuvV yvw rvw sSuv: SuvV Vvw- vw
(MS U V+MVVI) (MS U V+MV W)
Express this using velocity vectors: V Define Velocity vector points
VFIN=[ stlﬂ ]:{ 40 ] 100 dd FIN oM N
Vow 90 90 V. FIN Vsuy coMm Vv N Vuv
- 80 V= VEN , V - ycom , Vo= VN
VI = sov | 60 70 VW VW VW
VV’{; 10 60
v con(V O _y com (1 o VSV Ny Y2 Points of vectors
= = 40
7 COM ] 20 =Symmetry Axiom
FIN COM IN
_y COMy 20 l/ \Y and V and V
...and matrix operators: 10 IN .
v 0p v all lie on
M=( SsUy 10 20 30 40 50 60\ 70 80 90 100 V%
0 M, Suv momentum - conservation line
PSUV =

...that give momentum vector: P=M°V=(MSUV 0 W)(VSUV

whose sum of components is constant. 0 M, Vow
u\(by ue product)

const. =u°P=PSUV +PV

P V

w yw'ovw

@SUVVSUV) Vector V<Y is along 45° line

=M_ V. +M, V, =usMeV=usMeV

w suv: Suv ywe vw
. —ueMeV FIN
Then: V COM=y COMy gijyeg:

Vv COM‘M'V COM:V COM.M.V IN:V COM‘M‘V FIN

By T-Symmetry Axiom: V OV=1,(V N4y FIN),

Tuesday, August 26, 14 42



Algebra, Geometry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:

»
(MSUV—I_MVVI)VCOM:M 14 1N+M 14 =M V FIN_|_M 14 FIN

suv: SuUv ywe vw suv: Suv ywe vw
Mass weighted average velocity at anytime iy Center of Mass velocity V ¢OM:

const.=VCOM=pf 7 INypg o \IN=pg 7 FINyppg o FIN

N4 ywe Vvw N4 rweVw

(MS U V+MVVJ (MS U V—I_MV W)
Express this using velocity vectors: V Define velocity vector points
VF’N=[ Vs ]:[ 40 ] o0 " V. FIN COM IN
Vew 90 9% FIN Vsuv com Vsuv N Vsuv
" 80 Vo= FIN |’ Al - com |’ Vo= IN
V[/v _ VSUV _ 60 70 VVW VVW VVW
Lov Lo 60
y con{V O com| 1 0 V[V Y2 Points of vectors
= = 40
VCOM ! %0 " e FIN Ccom IN
_y COMy 20 y \Y and V and V
...and matrix operators: 10 IN .
v 0p \v all lie on
M=( suv _N[Transpose 10 20 30 40 50 60|70 80 90 100 V%
0o M, suy momentum - conservation line

M-symmetry M=MT

...that give momentum vector: P=M°V=(MSUV 0 W)(VSUV

whose sum of components is constant. 0 M, Vow
u\(by ue product)

const.=weP=P +P =M_ V. +M V =ueMeV=ueMeV
—ueMeV N

P V

w yw'ovw

P v Vector V<Y is along 45° line
suy =€“ZSUV SUV)

Then: V COM=y COMy gijyeg:

Vv COM.M.V COM:V COM.M.V IN:V COM‘M‘V FIN

By T-Symmetry Axiom: V OV=1,(V N4y FIN),
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Algebra, Geometry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:

S
M, M, )V =M V. NMm Y, N=M Vo NM )y N

suv: SuUv ywe vw suv: Suv ywe vw
Mass weighted average velocity at anytime iy Center of Mass velocity V ¢OM:

const.=VCOM=pf 7 INypg o \IN=pg 7 FINyppg o FIN

N4 ywe Vvw N4 rweVw

(MS U V+MVVJ (MS U V—I_MV W)
Express this using velocity vectors: V Define velocity vector points
VF’N=[ Vs ]:[ 40 ] o0 " V. FIN COM IN
Vew 90 9% FIN Vsuv com Vsuv N Vsuv
" 80 Vo= FIN |’ Al - com |’ Vo= IN
V[/v _ VSUV _ 60 70 VVW VVW VVW
Lov Lo 60
y con{V O com| 1 0 V[V Y2 Points of vectors
= = 40
VCOM ! %0 " e FIN Ccom IN
_y COMy 20 y \Y and V and V
...and matrix operators: 10 IN .
v 0p \v all lie on
M=( suv _N[Transpose 10 20 30 40 50 60|70 80 90 100 V%
0o M, suy momentum - conservation line

M-symmetry M=MT

...that give momentum vector: P=M°V=(MSUV 0 W)(VSUV

whose sum of components is constant. 0 M, Vow
u\(by ue product)

const.=weP=P +P =M_ V. +M V =ueMeV=ueMeV
—ueMeV N

P V

w yw'ovw

P v Vector V<Y is along 45° line
suy =€“ZSUV SUV)

Then: V COM=y COMy gijyeg:

Vv COM.M.V COM:V COM.M.V IN:V COM‘M‘V FIN

By T-Symmetry Axiom: V COV=1,(V N+V IV Substituting:

Vv COM‘M'V COM:I/Z(V IN_|_V F]N).M.V 1N:]/2(V [N_|_V F]N).M.V FIN |
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Algebra, Geometry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:

S
M, M, )V =M V. NMm Y, N=M Vo NM )y N

suv suv: SuUv ywe vw suv: Suv ywe vw
Mass weighted average velocity at anytime iy Center of Mass velocity V ¢OM:

const.=VCOM=pf 7 INypg o \IN=pg 7 FINyppg o FIN

N4 ywe Vvw N4 rweVw

(MS U V+MVVI) (MS U V—I_MV W)
Express this MSin%’A;’elOCily vectors. V Define velocity vector points
V
V IN= ( S UVIN ) 19000 V. VAR ycom VAl
VVW 50 VFIN= Suv VCOM — SUV VIN — NA%
FL. ’ ’
V FIN= ( VSUVFHC/) 70 VVI;‘I,N VVCV‘(,) M V‘fvl‘v,
V 60
yw
50 . /“’f)/{/f sl IAL v ITIAL o
V COM= VCOM :VCOM ] 40 v \/uwl:(v uv_l_\/ 1 uv)/z
y COM )i 30 =Symmetry Axiom
=) COMy <0 l/
...and matrix operators. 10 \ v IV
M= (JWSUVO \ _N[Transpose 10 20 30 40 50 60\70 80 90 100 V%
0o M, — suv
M-symmetry M=M B)| M-symmetry M=MZ|: V NNy IN=y INeMeoy FIN
...that give momentum vector: P=MoV=(A2[SUV 0 W)(TKSUV = ;SUV =€“ZSUVVSUV) this becomes:
whose sum of components is constant. M yw V | COMoqmiey COM FINgM eV IN
u\f(by I{D product) V " S A M-V 1]\_/ 12V N M VF]N iy
const.=usP=P +P =M _ V. +M_V =usMeV =12V oMoV =12V TNeMeV

Then: V COM=y COMy gijyeg:

Vv COM‘M'V COM:V COM.M.V IN:V COM‘M‘V FIN

By T-Symmetry Axiom: V COV=1,(V N+V IV Substituting:

Vv COM‘M'V COM:I/Z(V IN_|_V F]N).M.V 1N:]/2(V [N_|_V F]N).M.V FIN |
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Algebra, Geometry, and Physics of momentum conservation axiom

Vector algebra of collisions
Matrix or tensor algebra of collisions

=3 Completing derivation of Energy Conservation Theorem
Energy Ellipse geometry
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Algebra, Geometry, and Physics of Momentum Conservation Axiom
Conservation of momentum line:
M, M, )V =M V. NMm Y, N=M Vo NM )y N

suv suv: SuUv ywe vw suv: Suv ywe vw
Mass weighted average velocity at anytime iy Center of Mass velocity V ¢OM:

const.=VCOM=pf 7 INypg o \IN=pg 7 FINyppg o FIN

N4 ywe Vvw N4 rweVw

M, +M,) M,,,+M,)

N4 N4

Express this usmg A;/eloczly vectors: % Define velocity vector points
4 00
V IN= ( oy ) 190 v VAR ycom VAl
VVW 50 VFIN= Suv VCOM — SUV VIN — SUV
FIN |’ com |’ IN
70 Vow Vow Viow

FI
\]FIN= ( VSUV N)
FIN
VVW

v COM:(V COM)_V

f\/{/f -7l JIAN . w > LTAN /-~
UlVl:(V 11V+v 1 llV)/Z

ycom| Symmetry Axiom
::pr(LMﬁl
...and matrix operators: v IN
_ Mg, 0 _ 10 20 30 40 5 \70 80 90 100  , igteh
0o M, VSUV
By M-symmetry M=MT : 'V INeMeV IN=y NeMeV TN
..that give momentum vector: P=M.V=(MSUV 0 V)( SUV | = PSUV = SUVVSUV this becomes:
0 MV W PVW VWVVW | V COMeN oy COM _ ;57 FINeNoY N

whose sum of components is constant.
u\f(by l{? product)
P=M_ V. +M V =

w suv: Suv rwe vw

const.=ueP=pP_ eMeV =12V INeMeV IN=] 5\ FINeNoy FIN

Then: V COM=y COMy gijyex:
V COMaNoy COM—yy SOMgNoy IN=y COMoNfoy FIN | These are equations for energy conservation ellipse:
const. = 1/2MSUVVSUV ’ * 1/2MVWVVW ’
. . v COM_ INyy FIN DTS
By I-Symmetry Axiom: V 12(V Y+ V P Substituting: .y ZMSUVVSUV2 Y ZMVWVVW2
V COMeMoY COM=}/3(V N4V FINYoMoV N=/2(V IN4V FINye MoV IV =Kinetic Energy=KE is now defined

and proved a constant under T-Symmetry
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Algebra, Geometry, and Physics of momentum conservation axiom

Vector algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem

=3 Fnergy Ellipse geometry
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Algebra, Geametry, and Physics of Momentum Conservation Axiom
Conservation of momentum line: — 3. (...one of co-many...)
J e
VW -
Momentum Ysu v
Conservation
Axiom
plus
100 -
I-Symmetry | | N i )
Axiom Lo
(M=MT implied) 60
50 paray Vi AT IIAL .
. V \./UlVl:(V 41V+V 1 IIV)/Z
ives 40 )
& Lo \ 1-Symmetry Axiom
Kinetic Energy ¢
Conservation 1 v IN
Theorem ) 6 7080901)0V%
SUV
‘7(Xﬂu;hd.\zCXNM;LQ‘]IUNth.\zbw
=12V NeMeV N=1,py FINeNoy FIN
, These are equations for energy conservation ellipse:
All lines of s , ,
...are bisecte KE=1Mg, Ve, =+ 1MV,
(slope=1)-C
2 2 2 4.2
V&UV + Lﬂw/ = +_ZL
= »KE  22KE a°+b°
MSUV MVW
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As usual in physics, oppogsite extremes are easier to analyze

than the generi

(a) Ideal
Elastic 1,8
(Ka-Bong!)

_.[2E
belastic_ \/ M %

e 1

elastic

]

_2E
aelamvtic_\/jv2

o

elastic

=35

b |
whump N Ml

(b) Generic
inelastic
(Ka-whump!)

2 Ewhu

4 —»

whump
(*/36)

/

I

Pass-thru

— [ 2Ewh
whump M2 : b7

|

_ |
M] =6 * whump
M = 1 =23.33

The X-2
Next: pen-
launcher

(c) Totally

inelastic
(Ka-Runch!)

“rexer) world” in between!

INEC g
coM COM
e b it
WL
_J2IE]
Yeom "M, | b7
\il IECOM
— /4

Flg 3 2 (This case has Bush era requisite

in Unit

1 SUV mass of the 6 ton “Hummer”)
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Numerical details of collision tensor algebra
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General Inertia Tensor M or inertia matrix of n? coefficients Mj; for dimension n=2, 3,....

13 — jv{&lpq_k ]L1&217£ ~ v X ] 1? jvfil ]V1i2 Lq
> denoted :P=M+V or: —
‘ZZ — jviélpq_k jv{éZIZé ‘Z) ]viél jv{é2 L/

2 2

J

With 45° diagonal VCO go: . V" =V =yt

IN IN FIN FIN COM COM COM
Prow = M\Vi + MOV, =MV +M,V, " =MV +M,V = MoV

Tuesday, August 26, 14

54



General Inertia Tensor M or inertia matrix of n? coefficients Mj; for dimension n=2, 3,....

13 — jv{&lpq_k ]L1&217£ ~ v X ] 1? jvfil ]V1i2 Lq
> denoted :P=M+V or: —
‘Z; — ]viélpq_k jVIéleé ‘Z) ]viél jv{é2 L/

2 2

J

With 45° diagonal VCO go: . V" =V =yt
IN IN FIN FIN coM CoOM cCoM
FProj =M Vi~ +MyVy =MV + MV, ™ =MV + M,V = Mzo1a1V

A product of total momentum Pz and V" is expressed by fensor quadratic forms veMeu

> «>

VCOMPTotal _ VCOM .M.VIN _ VCOM .M.VFIN _ VCOM .M.VCOM _ VCOMMTotalVCOM

Tuesday, August 26, 14

55



General Inertia Tensor M or inertia matrix of n? coefficients Mj; for dimension n=2, 3,....

13 — jv{&lpq_k ]L1&217£ ~ v X ] 1? jvfil ]V1i2 Lq
> denoted :P=M+V or: =
‘ZZ — jviélpq_k jv{éZIZé ‘ZZ ]viél jv{é2 125

J

With 45° diagonal VCO go: . V" =V =yt
IN IN FIN FIN coM CoOM cCoM
FProj =M Vi~ +MyVy =MV + MV, ™ =MV + M,V = Mzo1a1V

A product of total momentum Pz and V" is expressed by fensor quadratic forms veMeu

> > «>

VCOMPTotal _ VCOM .M.VIN _ VCOM .M.VFIN _ VCOM .M.VCOM _ VCOMMTotalVCOM

Writing this out with the numbers appearing in Fig. 3.1 where V“?" =50.

_ 4 0 60 |_ {4 0| [ 40 |_ _
S0P, =( 50 50 )[ o ]( o ]_( 50 50 ) ( - ) ( 0 ]_SOMTOWSO—U,SOO

= 100-125 = 100-125 =50-250
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General Inertia Tensor M or inertia matrix of n? coefficients Mj; for dimension n=2, 3,....

13 — jv{&lpq_k ]L1&217£ ~ v X ] 1? jvfil ]V1i2 Lq
> denoted :P=M+V or: —
‘ZZ — jviélpq_k jv{éZIZé ‘Z) ]viél jv{é2 L/

2 2

J

With 45° diagonal VCO go: . V" =V =yt
IN IN FIN FIN coM CoOM cCoM
FProj =M Vi~ +MyVy =MV + MV, ™ =MV + M,V = Mzo1a1V

A product of total momentum Pz and V" is expressed by fensor quadratic forms veMeu

> > «>

VCOMPTotal _ VCOM .M.VIN _ VCOM .M.VFIN _ VCOM .M.VCOM _ VCOMMTotalVCOM

Writing this out with the numbers appearing in Fig. 3.1 where V“?" =50.

_ 4 0 60 |_ {4 0| [ 40 |_ _
S0P, =( 50 50 )[ o ]( o ]_( 50 50 ) ( - ) ( 0 ]_SOMTOWSO—U,SOO

= 100-125 = 100-125 =50-250
P =250 is the same at IN, FIN, and COM. Now use T-symmetry: V<" =V 1v¥y/2

< FIN , <IN < FIN | IN < FIN <IN < FIN | < IN
VNN o VNIV VNIV g N,y
y COM p — M.V = eM. VIV = M-

Total 2 9) 9) 9
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General Inertia Tensor M or inertia matrix of n? coefficients Mj; for dimension n=2, 3,....

13 — jv{&lpq_k ]L1&217£ ~ v X ] 1? jvfil ]V1i2 Lq
> denoted :P=M+V or:
‘ZZ — jviélpq_k jv{éZIZé ) ‘ZZ ]viél jv{é2 L/

2
With 45° diagonal VO™ go; . VM =V 2 =y

IN IN FIN FIN COM COM COM
Prow = M\Vi + MOV, =MV +M,V, " =MV +M,V = MoV

A product of total momentum Pz and V" is expressed by fensor quadratic forms veMeu

VCOMPTotal _ VCOM .M.VIN _ VCOM .M.VFIN _ VCOM .M.VCOM _ VCOMMTotalVCOM

>

Writing this out with the numbers appearing in Fig. 3.1 where V“?" =50.

_ 4 0 60 |_ {4 0| [ 40 |_ _
S0P, =( 50 50 )[ o ]( o ]_( 50 50 ) ( - ) ( ]_SOMTOWSO—U,SOO

90
= 100-125 = 100-125 =50-250

P =250 is the same at IN, FIN, and COM. Now use T-symmetry: V<" =V 1v¥y/2

L,(X)AI]) ‘]FZNL%‘IDV' ‘]FYA[+‘]DV

o o i?lﬂhﬁ+§}bw’ R <§7FZN;F§}DV
Total - 2 M-V = 2 M-V S 2 "M 2
o VNV N LYY VIOV NNy Y Ry
V }3bnﬂ'_ 7 = ) - 2 B 4 i 4
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General Inertia Tensor M or inertia matrix of n? coefficients M, for dimension n=2, 3

N

13 — jv{&lpq_k ]L1&217£ ~ v X ] 1? jvfil ]V1i2 Lq
> denoted :P=M+V or: —
‘ZZ — jviélpq_k jv{éZIZé ) ‘ZZ ]viél jv{é2 125

With 45° diagonal VCO go: . V" =V =yt

IN IN FIN FIN COM COM COM
Prow = M\Vi + MOV, =MV +M,V, " =MV +M,V = MoV

A product of total momentum Py and V< ;

>

is expressed by tensor quadratic forms veMeu

VCOMPTotal _ VCOM .M.VIN _ VCOM .M.VFIN _ VCOM .M.VCOM _ VCOMMTotalVCOM

Writing this out with the numbers appearing in Fig. 3.1 where V“?" =50.

4 0 60 |_ 4 0 40
50, =( 50 50 )* [ o M o ]—( 50 50 )-( - M ] 50 My,,,,50=12,500

90
= 100-125 = 100-125 =50-250

P =250 is the same at IN, FIN, and COM. Now use T-symmetry: V<" =V 1v¥y/2

cou VAN, yIN . VAN, yIN . GFN IV FIN N

V PTotal = M-V — M- = ° °

2 2 2 2
com VI M.V v oM.V VIV eMe v vAieM.vh o v ML v
V }3bnﬂ = = = +
2 2 2 4 4
Transpose symmetry (Mjx =Mjy;) of the M-matrix implies: V7" M.V" = VA eM. v
4 0 60 |_ (4 0 )[40
(4090)[01](10](6010)[01](9(}}

= 100-105 =10,500
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— -

Y _ VN oM VY

Transpose symmetry (Mjr =Mjy;) of the M-matrix implies: VALV =
40 )60 |_ (4 0)[ 40
(40 90)[0 1](10] (60 10)[0 1](90]
= 100-105 - 100-105 ~10,500
With (M2 =0=M>;) kinetic energy KE,, . =3 VeM+Vis the same at IN and FIN.
VF]N.M.VIN V]N .M.VIN {ZFIN .M.VFIN
VCOMPT otal 2 = 9) = ) = KEElastic
4 0 60 4 0 40
60 10 e . 40 90 ) .
10,500 | )£01][10}< )[01)[9()]
12’500 - 2 = 2 = ) =K Elastic
12,500 — 5,250 = 7,250 = 7,250
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Transpose symmetry (Mjx =M;) of the M-matrix implies:

(140 90 )[ 3 (1) ]( fg ]=( 60 10 )[ g (1) ](

VFIN.M.VIN —

= 100-105 =

= V-M.V is the same at IN and FIN.

VIN . M . VFIN

100-105

With (M;2 =0=M>;) kinetic energy KE,
VF]N.M.VIN VIN .M.VIN {ZFIN .M.VFIN
VCOMPT otal 2 = 9) = ) = KEElastic
4 0 60 4 0 40
60 10 ) . 40 90 ) .
10,500 | )£01)[10}< )[01)[9()]
12’500 - 2 = 2 = ) =K Elastic
12,500 — 5,250 = 7,250 = 7,250

However, kinetic energy /£=;V-M.V in Fig. 3.1 at COM is reduced by /7,000 to zero.

{/COM.M.VCOM V]N .M.VIN VFIN.M.VIN 1

{IFIN. M . VIN

1 COoM
K Inelastic — EV PTotal o 7 4 * 4 _ o) Elastic T
12’2500 = 6,250 = 3,625 + 2,625 = IE

4

40
90

|

=10,500
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— -

Y _ VN oM VY

Transpose symmetry (Mjr =Mjy;) of the M-matrix implies: VALV =
40 )60 |_ (4 0)[ 40
(40 90)[0 1](10] (60 10)[0 1](90]
= 100-105 - 100-105 ~10,500
With (M2 =0=M>;) kinetic energy KE,, . =3 VeM+Vis the same at IN and FIN.
VF]N.M.V[N V]N .M.VIN {ZFIN .M.VFIN
VCOMPT otal 2 = 9) = ) = KEElastic
4 0 60 4 0 40
60 10 e . 40 90 ) .
10,500 ( )[01)[10}( )£01j[90]
12’500 - 2 = 2 = ) =K Elastic
12,500 — 5,250 = 7,250 = 7,250

However, kinetic energy /£=;V-M.V in Fig. 3.1 at COM is reduced by /7,000 to zero.

1 com VCOM.M.\_’/COM VIN .M.‘_’/IN VFIN.M.VIN 1 VFIN.M.VIN
KEInelastic = 5 V PT otal = ) = 4 * 4 = 5 KEElastic T 4
12
’;OO = 6,250 = 3,625 + 2,625 = IE

The difference is inelastic “crunch’ energy KE — /E or, for elastic cases, potential energy of compression.

VIN .M.‘_}IN VFIN‘M.‘_}IN
KEElastic - KElnelastic = 4 - 4
1,000 = 3,625 — 2,625 = KE—-IE
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(@) Earth Flastic KE(Joule)
Frame View ‘ _{nelastic KE-OM
K 2.24
0.7m/s 1 1.4dm/s |
, ] 1.26
/
ban/g.’
' / 0.56
(d) Final VW U //
Frame View |-k ‘O\5 S 0.2ms
T~ > 7 .
bin L’ ¥ V‘“"r/().és’m/s ) (.14
% 0. é// @
1.0 F-()‘ /,’ /,’ [+().8 V% L/ ‘ ‘l‘ 0
% CANZIAE 0 04 50’9/‘7 % 1 sUvY -1.0 N 4 _..--mﬂl' C 10y,
08,7 los D’/ 2 ‘ "r 93 COM Frame
Lo ® ® u
/7 o +0. lm/s
-0.4 0 Sm/s / 1. 2m/s b .6m/s
’// I‘T’U : / ‘
0.6 “ ‘-" Okg —
s, 7N M &=
% %ﬁb Rass v ‘, yeor= ()
/// 1_'.2 N \’0 _-/
" 0.1m/s ; +(0.6m/s 0. 7m/s 0 Om/s s
COM ) // 1—().4 E ’ ! ()
ling 4 | yeoul o, 6m/ D ”
’ / Ol
2 I o (b) Initial VW ? ll/ :‘E gl [
s : FrameView Totally Inelastic ‘
+0.Imls | _0.6m/s COM final point
' (c) COM /
| . l
Wi () Frame View _/ !
Fig. 34 Galilean Frame Views of collision like Fig. 2.5 or Fig. 3.1 with Bush (6:1) SUV.
(a) Earth frame view (b) Initial VW frame (VW initially fixed) _ 3 _ 3 ,
(c) COM frame view (d) Final VW frame (VW ends up fixed) Fig.3.5 'Momenn.tm (P=const.)-lines and energy (KE=const.)-ellipses
appropriate for Fig. 3. 4.
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