Hamilton Equations for Trebuchet and Other Things
(Ch. 5-9 of Unit 2)

Review of Hamiltonian equation derivation (Elementary trebuchet)
Hamiltonian definition from Lagrangian and ~mn tensor
Hamilton s equations and Poincare invariant relations
Hamiltonian expression and contravariant v tensor

Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

Algebraic approach

Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics

Many approaches to Mechanics
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Chapter 1. The Trebuchet: A dream problem for Galileo?
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http://www.uark.edu/rso/modphys/testing/markup/TrebuchetWeb.html

Trebuchet simulator

(a) What Galileo Might
Have Tried to Solve

The Atlat] <———
(Cahokia, IL 12th Century) *
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Review of Hamiltonian equation derivation (Elementary trebuchet)

= [1amiltonian definition from Lagrangian and ~mn tensor
Hamilton's equations and Poincare invariant relations
Hamiltonian expression and contravariant ¥ tensor
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dL(0,9,0,0,t)=

1/ . . MR? + mr? —mrlcos(6 — @) 0 1 o n
r=3( 0 ¢ [  J72md"d

—mrlcos(0—0) mé* ¢
—_ -

Do Yo.0 Yoo [ o ] Dynamic metric tensor
pq) B f}/(pje ')/(p,(p ¢ an

in GCC 0 and ¢

Lagrangian function of GCC and velocities: L(G,(p,é,(ﬁ,t) = T(9,¢,9,(15,t) — V(H,(p,t)

dL oL dL dL

—961’9 +—do + —do + —.d(ﬁ +—dt Ist differential chain

20 00 9 o
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in GCC 0 and ¢
Lagrangian function of GCC and velocities: L(G,(p,é,(ﬁ,t) = T(9,¢,9,(15,t) — V(H,(p,t)

X=-Rsin(9§h’@_,~—/ ‘ po | [ Yoo Tos [ p ] Dynamic metric tensor
76 Y= Py Yoo Yoo N\ @ Ymn

dL(Q,(b,é,gIs,l‘) = g—gd@ g—q[;d(f) + g—gd@ + g—ql;d(]) + %—fdl‘ Ist differential chain

dL JdL d@ oL d¢ oL d@ oL d<p oL
dt 90 d a¢ dt 89 dt a¢ dz‘ ot

velocity chain

d—L—LHH
o (6,0,6,9,¢)=
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in GCC 0 and ¢
Lagrangian function of GCC and velocities: L(O,(p,é,(ﬁ,t) = T(9,¢,9,(15,t) — V(H,(p,t)
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76 Y= Py Yoo Yoo J\ 9 Ymn

dL(9,¢,é,q5,t) = g—g do + g—gd(p a—g do + g—gdqb + %_1; dt Ist differential chain
dL JL d@ oL d¢ oL d@ oL d¢ oL
dt 90 di a¢ dt 89 dt a¢ dt ot

£(6,6,6,6.1) = dL Y ao *dcp Vao Ydj oL
g Pog TP TP TPy T,

velocity chain

£(6,9,0,9,t)=

Lagrange equations
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in GCC 0 and ¢
Lagrangian function of GCC and velocities: L(O,(p,é,(ﬁ,t) = T(9,¢,9,(15,t) — V(H,(p,t)

o 1. . MR* +mr®  —mrlcos(6 —¢) 1
i "'_,..» o \“ T = 5( 9 ¢ ) P _’ymlflq q
g ;| —mrlcos(6 — ) ml ¢
E Y . .
X:_Rsine ._6 ‘ Do )/9’0 7/9,(]) [ 0 ) Dynan/ﬂc metric tensor
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dL(9,¢,9,¢,f) = % do + a—¢d¢ % do + a—¢d¢ E dt st differential chain
T dr 90 di a¢ dt 89 dt a¢ dt ot
(9 ?, 0 ¢ ) % _; do Z d(P * dO v d(P JdL Lagrange equations
d “%dt- 7 adt ><.df/ Poar T at
dL p.o+ P, (P) (Consolidating)
Cdr d az
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o A 1. . MR* +mr®  —mrlcos(6 —¢) 1
i "'_,..» o \“ T = 5( 9 ¢ ) P _’ymlflq q
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....................... -Rcost ¢

Lagrangian function of GCC and velocities: L(O,(p,é,(ﬁ,t) = T(9,¢,9,(15,t) — V(H,(p,t)

dL dL dL oL dL

dL(0,0,0,0,t)= —5 40 +a—¢d¢ —GdQ a—¢d¢ +—di
(9 0.6.0. ) dL JL d@ oL dq) oL d@ oL a’q) oL velocity chain
dt 90 d a¢ dt 89 dt a¢ dt ot
(Q 0, 0 (p ) % _; do Z d¢ * d@ v d¢ JdL Lagrange equations
da “%dr-° dt ><.df/ Poar ™ at
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dt d Po7 Py at
d _ aL (Rearranging)
dt(p99+p¢’¢ L) T
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Review of Hamiltonian equation derivation (Elementary trebuchet)
Hamiltonian definition from Lagrangian and ~mn tensor

=3 [1amilton’s equations and Poincare invariant relations
Hamiltonian expression and contravariant ¥ tensor
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....................................................
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XZ-RSZ'I”I@?@_,—*/” ‘ Py Yoo Yo [ p ] Dynamic metric tensor
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Reosd) in GCC 0 and ¢

Lagrangian function of GCC and velocities: L(O,(p,é,(ﬁ,t) = T(9,¢,9,(15,t) — V(H,(p,t)

. oL oL oL oL oL
dL(0,9,0,0,t)= — 54 +a—¢d¢ —GdG a—¢d¢ +—di
dL dL do oL dy oL d9 oL d<p oL
dt 90 di a¢ dt 89 dt a¢ dt ot

dL. YV de *d¢ *d@ *d¢ oL

velocity chain

£(6,9,6,9,t)=

L 0, ,9, .,t —= Lagrange equations
(6:0.0.0.1)= dt ,xp@ ar - Pog dt><d,t/¢dt at
dL 5.0+ p (P) (Consolidating)
Lt da\"e” T ar
' d oL .
__Z= (Rearranging)
dt(p99+p‘7’¢ j) ot
a’H _ dL Defining the
. dr - Hamiltonian function
Hamiltonian functlon of GCC and momenta: H ( 0,0, p,, Pyt ) peé + p(p(ﬁ — L o
OH l oL »/ by assumed Lagrange functionality

0 o091 10

&
<

by Lagrange equations
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dL(0,9,0,0,t)= — 54 +a—¢d¢ —GdG a—¢d¢ +—di
dL dL do oL dy oL d9 oL d<p oL
dt 90 di a¢ dt 89 dt a¢ dt ot

dL. YV de *d¢ &L *d¢ oL

velocity chain

£(6,9,6,9,t)=

L 0, ,9, .,t e Lagrange equations
(6:0.0.0.1)= dt ,xpedt p¢dt><dy¢dt ot
dL 0.0+ p (P) (Consolidating)
Lt ar\0 T Ee ar
jt(pgg + P¢¢ L) _ _%_f (Rearranging)
a’H _ dL Defining the
. dr - Hamiltonian function
Hamiltonian functlon of GCC and momenta: H ( 0,0,p,,p,.t ) p.0+p.d—L
0°7¢ 0 ¢ by assumed Lagrange functionality
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dL Do+ P, (P) (Consolidating)
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Lagrangian function of GCC and velocities: L(G,(p,é,(ﬁ,t) = T(9,¢,9,(15,t) — V(H,(p,t)

oL dL oL dL oL

dL(6,0,0,0,t)=  —dO+-—d —de—ﬂi+—d
(6.0.0.04)= 35 AT R
PN 0 T 90 dr a¢ di ' 96 di a¢ a0
L(G,(P,é,(ﬁ,t) %_p* do z d¢ * d@ v dd) JL Lagrange equations
dt 0 dt "0 drt ><.df/ Poar ™ at
dL 2.0+ p (P) (Consolidating)
Cdt ar\0 T Ee ar
d oL .
__Z= (Rearranging)
dt(p99+p‘7’¢ j) ot
d_H _ dL) Defining the
dt ~ ot) Hamiltonian function

o . . RN
Hamiltonian function of GCC and momenta: @(9,¢, Py p¢,t) =p,0+p ¢q) — L/ Poincare-Legendre relation

[aa_g[:_pe aBTHH:é %{0 aa_fb[:_% a—q) % Hamilton&equationsj
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( Po P ) 2,2
mrlcos(6—¢)  MR*+mr Dy 1
T

---------------------------------- 1\ e .. MR*+mr*  —mrlcos(6—9) 0 1 o
(£ T:_( 0 ¢ ) ) =Y md
, 2 —mrlcos(6 — @) mt 0 2
N—
. o
Do Yoo Yoo |[ 6 Covariant metric tensor
p(b > V(pg 7¢¢ ¢ ﬁymn
6 ) | v y% || po | Contravariant metric tensor
S,
—

1
2 me? [MR2 + mr? sin?(0 - ¢)}

Lagrangian function of GCC and velocities: L(G,(p,é,(ﬁ,t) = T(9,¢,9,(15,t) — V(G,(p,t)

Hamiltonian function of GCC and momenta: H (9,¢, Po> p¢,t) = p99 + p¢q5 — L Poincare-Legendre relation

H= p.0

+ p(PqS -T

+V

H =(Y000+75,0)0+ (7560 +7,0) 0 - %(79999' Y000 +7 5,00 +7,,00) +V
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. o
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p(b V(pg 7¢¢ ¢ “Ymn
6 ) | v y% || po | Contravariant metric tensor
S,
lﬁ 2
mf mr{cos(6 — @) Dy
( Py p¢ ) 5 5
P mrlcos(60—¢) MR+ mr Dy 1
=3 22, 2.2 =5V PnlPy
2 m/f [MR + mr~ sin (9—(1))} 2

Lagrangian function ofGCC and Vgld’c':;ties: L(G,(p,é,(ﬁ,t) =T (9,¢,9,(ﬁ,t) — V(G,(p,t)

Hamiltonian fur}pti'an of GCC a/ndxmomenta: H (9,¢, Po> p¢,t) = pQQ + p¢q5 — L Poincare-Legendre relation

.
.

H = p;9

+ p¢(ﬁ —T

+V

H =(Ys0+75,0)0+ (7560 +7,0)0 - %(79099 Y000 +7 5500 +7,,00) +V

=T+V

(

Only correct
numerically!
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Lagrangian function ofGCC and Vgld’c':;ties: L(G,(p,é,(ﬁ,t) =T (9,¢,9,(ﬁ,t) — V(G,(p,t)

Hamiltonian fur}pti'an of GCC a/ndxmomenta: H (9,¢, Po> p¢,t) = peé + p¢q5 — L Poincare-Legendre relation

.
ka ,‘
4 .

o k.

H = p;@ + p¢,¢ -T +V
H = (7/090 T 79¢¢)9 + (YWQ T y¢¢¢)¢_ 5(}/9996 Y000V 500+ }’¢¢,¢¢) i

H = 5 (7/9969 T '}/9¢¢9 T y¢90¢ + %p(pq)q)) +V =T+V=E ( Only cormect

numerically!

Hamiltonian must be explicit
In momenta pm
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H= p;9

.
-
b .

.
b ‘
* .
’ .
. .
’ g
| o G |
o’ . e
’ .
. ’
. g
‘ .
4 .
‘ .

H = (7999 T 7/9¢¢) 0+ (7’9@9 "‘ V¢¢¢)¢ - %(7’9999 T V9¢¢9 + V¢99¢ + 7¢¢¢¢) +V

1 . e Y .
H = (10000 + Vos0+ 7,00+ V0096 +V =T+V=E ( Oy o
: Hamiltonian must be explicit
. o
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o) |y % )| e ol
A
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Lagrangian function of GCC and velocities: L(G,(p,é,(ﬁ,t) = T(9,¢,9,(15,t) — V(H,(p,t)

Hamiltonian function of GCC and momenta: H (Q,Q), Po> p¢,t) = p99 + p¢q5 — L Poincare-Legendre relation

H= p0

_|_

P¢</5 d

+V

H = (7/999 T 7/9¢¢)9 + (%P@é T y¢¢¢)¢ - %(}/9999 * y9¢q59 * 7¢39(/5 " }/MWB) tV

1

H==
2

H =

=T+V=F

(" Pope + 7" Popy + 7" PuDs +7" Pyp, ) +V =T +V

2ml?

ml’ p,p, +2mr{cos(6 — PIpyp, + (MR* + mr* )P Dy N

MR* + mr* sin® (6 — ¢)_

vV

( Correct formally

( Only correct
numerically!

Hamiltonian must be explicit
In momenta pm

and numerically
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Hamilton equations for elementary trebuchet

....................................................
) (Y

0 ] yo0 % ( Py } Contravariant metric tensor

¢ vy Pe Y
X=-Rsinf - " 4f2
m/ mr{cos(6 — o) Dy
> ( Py Py ) , ~ ) X ] ]
1 mrlcos(60—¢) MR+ mr Dy 1
r=- ==1""PuP,
2 me> [MR2 + mr? sin®(6 — <p)} 2
6 = V%pe + J/Q(Pp(p
Coordinate equations 6=7"p,+7" Py
oH _ 0 JoH . 0
——=0= 7" P9+7¢¢P¢ =0= 7" Pty ¢p¢
dp, 0 Py
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Hamilton equations for elementary trebuchet

....................................................
P>

(Y

0 ] yo0 % ( Py } Contravariant metric tensor

¢ y9 90 | P, ¥
o )
ml mrlcos(6 — ) Pg
( Py Py ) , B ) 5 ] ]
1 mrlcos(0—¢)  MR” + mr Py 1
T=— =—y""p,.p,
2 me? [MR2 + mr? sin2(6 - <p)} 2
6 = V%pe + J/Q(Pp(p
Coordinate equations o=7"pe+7"p,
——=0= 'y(p p9+)f¢¢p¢ ——=0= Y pytY ¢p¢
dp, 0 Py
Momentum/force equations
OH 9oL 9T av (May just use Lagrange resullts... OH 9oL 9T av
Dy =— =—= — ...but to be formally correct... p¢ =— =—= —
89. 060 do  Jo ...must convert contra-velocities ¢ . da dp o
= mrl0¢ sin(6 — ¢)+ F, to covariant momenta!) = -mrlO¢ sin(0 — )+ Fq)
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Hamilton equations for elementary trebuchet

....................................................
) (Y

0 ] yo0 % ( Py } Contravariant metric tensor

¢ y9 90 | P, ¥
o )
ml mrlcos(6 — ) Pg
( Py Py ) , B ) 5 ] ]
1 mrlcos(0—¢)  MR” + mr Py 1
T=- ==v""p,.D,
2 me? [MR2 + mr? sin2(6 - <p)} 2
6 = V%pe + J/Q(Pp(p
Coordinate equations o=7"pe+7"p,
oH _ . 40 dH _ . o9 6
——=0= 'y(p p9+)f¢¢p¢ ——=0= Y pytY ¢p¢
dp, 0 Py
Momentum/force equations
dJH oL 9T av (May just use Lagrange resullts... dJH oL 9T 9V
Dy =— =—= — ...but to be formally correct... p¢ =— = —= —
89. 00 96 db ...must convert contra-velocities ¢ . I P IP
= mr(@(f) sin(6 — @) + FQ to covariant momenta!) = -mrmq') sin(6 — ¢) + Fq)
=mrl(y% py+7% p )1 * py+ 7% p,) sin(6 - 9) + F, =-mrl(y% py + 7% )7 py + 7% py) sin(6 - 9) + F,
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Hamilton equations for elementary trebuchet

....................................................

- yo0 % |\ p, | Contravariant metric tensor
Py

00 00 Ay

4 4

A

X=-Rsin6 9 o
ml mrlcos(6 — ) Pg
Z (p(, p¢) (cos(6 — MR? + mr? p]
r-t o0 =9) b ! Vm”p P,
2 me? [MR2 + mr? sin2(6 - <p)}
: 0
0= 760]?9 Ty (Pp(p
Coordinate equations 6=7"p,+7"
oH _ . 40 dH _ . o9 6
FYS = 0= 7/¢ p9+)f¢¢p¢ 3, =0= 7 " DpytY ¢p¢
Py Py
Momentum/force equations
BH oL 8T oV (May just use Lagrange resullts... OH oL IT oV
Dy = ...but to be formally correct... p¢ =— =—= —
do 89 89 do ...must convert contra-velocities 8¢ a(P 3(/) 3(1)
= mrl0¢ sin(6 — @) + F, to covariant momenta!) = -mrl0¢sin(6—¢)+ F 0
=mrl(y% py+7% p )1 * py+ 7% p,) sin(0 - 9) + F, =-mrl(y% py + 7% p )7 py + 7% py) sin(6 - 9) + F,
= mri(y 99y¢9 2 4 [y00y9? 4 (}/H"))2 1p,py + y9¢y¢¢p(2b) sin(60—¢)+ F, = -[messy factor] sin(6 — @) + F,
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Hamilton equations for elementary trebuchet

....................................................

0 ] yo0 % |\ p, | Contravariant metric tensor
| mn
i ¢ VAA A " Y
X=-Rsinbig o
( b p ) mf mrlcos(6 —¢) Py
fa) 0
1 ’ mrlcos(6 — ) MR? + mr? Py .
I'=> 7 PPy

Coordinate equations

oH

dp,

Momentum/force equations
dH _JdL_ JdT IV
906 20 96 96

= mrl0¢ sin(6 — @)+ F,

=6= v p+y?

pgz

=mri(y% py+7% p )1 " py+ 7% py) sin(0 - 9) + F,

=mri(y % pg + [y 01" + (v 1p,py + 77" p3) sin(6 - ) + F,

A lesson on Hamiltonian “elegance” ...

me? [MR2 + mr? sin2(6 - <p)}

. 0
0= V%pe Ty (Pp(p

(b = pre + V¢¢p

0H .
S—=0= 1" Pt p,
Py

H _AL_JT v
Po b o do

d¢
-mrl0¢ sin(0 — @) + F,

=-mrl(y% py + 7" p )7 o + 7" py) sin(6 - 9) + F,

= -[messy factor]sin(60 —¢)+ F 0

...may be very elegant formally...but may not be so elegant computationally!

Wednesday, October 29, 2014

27



Hamiltonian energy and momentum conservation and symmetry coordinates
=P Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry
Algebraic approach
Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =0 —0 —m/2and 63 =0  +7m/2

Jacobian:

0,
Oy

20,
20

90,

d0

20,
dp

9Py

op

OB =-0+0 —m/2

Previous lab absolute
trebuchet coordinate

angles © and ¢

Begm-normal
relative azimuthal

compared to

new angles
0p and Op.

Beam-normal
vertical-absolute

polar angle Oy

-
-
-
-
P’
U

A

s\
eB

Lab (6,0) and beam-normal (0s,¢s)

relative coordinates for trebuchet.

\_:j‘
S

(Each value is positive.)
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =0 —0 —m/2and 63 =0  +7m/2
Jacobian: OB =-0+0¢ —1/2
20, d0,
0, | d0  do 0 _( 1 0 j 0
QSB % % ¢ -1 1 ¢
a0  dp
Kajobian of inverse transform ¢p =¢ —0 —m/2and =0 -m/2
0 | | 90, 9o, || 6, _( 10 ] 0,
A F R
00, dp,

Previous lab absolute
trebuchet coordinate

angles © and ¢

compared to

new angles
0p and Op.

A

-
-
-
-
P’
U

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle Oy

s\
eB

| D7,
D B 4
9

Lab (6,0) and beam-normal (0s,¢s)
relative coordinates for trebuchet.

(Each value is positive.)
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian:
0,

6, | | 9

Py 9,
00

+1t/2 Previous lab absolute
(1) B =-0+ (I) ) trebuchet coordinate

2 angles 0 and ¢

a(; 0 1 0 0 compared to

% ¢ _( -1 1 j ¢ new angles

P 0z and Op.

Kajobian of inverse transform ¢p =¢ —0 —m/2and =0 -m/2 L

P | | 0=6B+0B

My | 6 |_ [ 10 ] 0,
90\ 9 Ll e,
dp,

%
o | | 99,
¢ I

20,

Be careful with momentum.
Poincare invariance is crucial!

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle 6y

I
I
I
I
L
I

K N
Poincare invariant must remain invariant .- ’ ON X
A\~ |
2 +P¢¢ :( 0 ¢ ) » :pgeB—I_p(fq)B \
0

B
Fig. 2.9.6

Lab (6,0) and beam-normal (0s,¢s)
relative coordinates for trebuchet.

(Each value is positive.)
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =0 —0 — /2 and 6B =6 +1t/2 Previous lab absolute
Jacobian: OB =-0+0 —1/2 trebuchet coordinate Begm-normal
. angles 0 and ¢ relatiye azimuthal
d0, b, coordixate angle Op
9’3 00 I 0 ( 1 0 j 0 compared to
¢B ) % % ¢ - ¢ new angles
0  dp Op and Op. ¢—9
Kajobian of inverse transform ¢3 =0 —0 —mw/2and 6=0B -m/2 N
[ 0 ]_ &98 8qJ)B [ 0, ]_[ 1 0O ][ 0, ] : Beam-normal
|| o 0 ) 11 ; | vertical-absolute
¢ 5’9¢ % O O : polar angle 6y
B B .
Dm transform is TRANSPOSE INVERSE fO g™ Be careful with momentum. |
0 Poincare invariance is crucial! — )
pi | | 9, 96, | ps _(1 lj P, |
Py P9 I Py 0 1 Py Poi variant must i ariant - N’X
} &¢B 9% omcare mvariant must remain immvarian 0 - ‘ X
90y I . . o P . . /
p )| e ae e ) (0 pérd=( 6 6 ) 7 |=pibu i, N\
= = q)
P, 9, 9 | p; 0 1 )| p eB
2 9 | 96, 9,
( 0 ‘P ) 393 393 d0 d0 p g Fig. 2.9.6
5 b 8_9 ﬂ % 8¢B pf Lab (0,0) and beam-normal (050s)
8¢B 8¢B &)¢ 8¢ relative coordinates for trebuchet.

(Each value is positive.)
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =0 —0 — /2 and 6B =6 +1t/2 Previous lab absolute
Jacobian: OB -0 +0 /2 trebuchet coordinate Begm-normal
. angles 0 and ¢ relatiye azimuthal
d6, db, coordixate angle Op
9‘3 0 0 ( 1 0 j 0 compared to
QSB ) % % ¢ - ¢ new angles
89 &Qb GB and q)B. q)—e
Kajobian of inverse transform ¢p =¢ —0 —m/2and =0 -m/2 - A _
[ 6 ]_ d6, do, [ 0, ]_[ 1 0O ][ 0, ] : Beam-normal
S ; B ' | vertical-absolute
¢ o @ iz b Z | olar angle 0
893 5’¢B . | P g B
Dm transform is TRanspose INVERsE fo g™ Be careful with momentum. |
20 I Poincare invariance is crucial! — )
pg _ d6, do, Do _( 1 1 j Do | e o
2 P9 I Py 01 Py Poi variant must i ariant - N’X
} &¢B &qu omcare mvariant must remain immvarian )\ - | X
20, dop, : : . Do : , /
p )| e ae e ) (0 po+pé=(0 ¢ ) 7 |=plbyerls, \
P, 90, 9y | p; 0 1 )| p; eB
. a¢ 8¢ B B &_9 % 893 a(rbB
Resulting momentum transform: Po=Po Py ( 6 ¢ ) 00, 06, Er ) 24 Fig 29.6
p _ p B B B 8—9 ﬂ % 8¢B pf Lab (6,0) and beam-normal (0s,¢s)
¢ ¢ 8¢B 8¢B &¢ 8¢ relative coordinates for trebuchet.

(Each value is positive.)
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =0 —0 — /2 and 6B =6 +1t/2 Previous lab absolute
Jacobian: (I) B =-0 +¢ ) trebuchet coordinate Beqm-normal
. angles 0 and ¢ relatiye azimuthal
d0, b, coordixate angle Op
9’3 0 o 0 ( 1 0 j 0 compared to
QSB ) % % ¢ - ¢ new angles
89 &Qb GB and q)B. q)—e
Kajobian of inverse transform ¢3 =0 —0 —mw/2and 6=0B -m/2 N
[ 0 ]_ 40, P, [ 0, ]_[ 1 0 ][ 0y ] : Beam-normal
i B A B A | vertical-absolute
¢ X @ O b O | olar angle 9
893 5’¢B . | P g B
Dm transform is TRanspose INVERsE fo g™ De careful with momentum. |
0 9 Poincare invariance is crucial! — )
pg _ d0, 0, Do _( 1 1 j Dy P -
Py 9 9 Py 01 Py Poi variant must i ariant - N’X
} &¢B 8¢B omcare mvariant must remain imvarian 0 - ‘ X
20, dop, : : . Do : , /
n) | 28 e | _(1 _IJ o pb +pé =6 ¢ )[ =it \ 5
P, 9, 9 | p; 0 1 )| p B
. a¢ 8¢ B B &_9 % 893 a(rbB
Resulting momentum transform: p,= p, -p, ( 6 g ) 06, 96, || 90 9o | ps Fig. 2.9.6
— B B b 00 5’¢ % % pf Lab (0,0) and beam-normal (050s)
p ¢ p ¢ % % &)¢ 8¢ relati;; czlom’;'nates for treb;tchet.
o) o) o) ach value is positive.
ml +(MR” + mr +2mr/ cos(6 — . : :
H == PP ( )PP PoP, €080 ~9) +V Original (9,6) Hamiltonian

2m0*| MR® +mr’sin® (6 ¢) |
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Coordinate transformation helps reduce symmetric Hamiltonian

Jacobian:

b
B

Poincare invariant must remain invariant

pf+pd =6 9 )[

Define beam-relative angle ¢p =0 —0 —m/2and 63 =0  +7m/2
OB =-0+0 —1/2
20, J0,
| d0  do 0 _( 1 0 j 0
T N
a0 I
Kajobian of inverse transform ¢p =¢ —0 —m/2and =0 -m/2
06 9 0=0B+0B
| 98, 9, || 6, _( 10 ] 0,
o a0 |4 L1 1) 4
00, dp,
Dm transform is TRANSPOSE INVERSE [0 g™
a0 I
_ d6, do, Po | [ 1 1 Do
) P9 I Py _I 0 1 j Py
o 9P,
} 893 a¢B
| a8 a6 || P _(1—1j P
B % o0, p(f Lo 1 p(f
ap I

Resulting momentum transform: p,= p, —pf

H =

py= P,

(6, 9, |

B m€2p9p9 + (MR + mrz)p¢p¢ +2mrl p,p, cos(6 —0)

2ml?

2
2( B B
mt (pe —p(p) +

| MR’ + mr* sin’ (0 - 9) |

2
MR? +mr2)(pf) —2mr€pf (pg —p(f)sin(pB

Previous lab absolute
trebuchet coordinate

angles © and ¢

compared to

new angles
0p and Op.

Be careful with momentum.
Poincare invariance is crucial!

%
90,
d0

99
20,

99

I
I
I
I
L
I

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle Oy

-
-
-
-

P

+V

9,

+V

H =

ml? [MR2 + mr? cos? ¢BI

Po
by
90, 9,
20  Jo
90, 99,
dp  Ip

]:pgéB'I'pf‘I)B

B
Po
Ipr

-
V)
U

| D7,
D B 4
9

b\

B
Fig. 2.9.6

Lab (6,0) and beam-normal (0s,¢s)
relative coordinates for trebuchet.

(Each value is positive.)

Original (9,6) Hamiltonian

Transformed (0s565) Hamiltonian
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Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =0 —0 —m/2and 63 =0  +7mw/2 Previous lab absolute
Jacobian: OB =_0 +0 —11/2 trebuchet coordinate Beqm-normal
: angles 0 and ¢ relatye azimuthal
5’& 8& coordikate angle Op
0, 06 I 0 [ 1 0 j 0 compared to
‘153 ) % % (b - ¢ new angles
89 &¢ GB and q)B. q)—e
Kajobian of inverse transform ¢ =¢ —6 —m/2and 6=60B -m/2 AL |
[ 0 ] _ 90, I, [ 0, ] _ ( 10 ][ 0, ] Beam-normal
|| o 0 o L1 ) vertical-absolute
’ a;: Tﬂi s P polar angle Op
Dm transform is TRANSPOSE INVERSE fO g™ Be careful with momentum.
0 I Poincare invariance is crucial! )
pg _ d0, 99, Do _( I 1 j Do e
p f ﬁ @ Py 0 1 Dy P 6
20, 9P, Poincare invariant must remain invariant ‘ X
;
aQB 8¢B . . . . 1% . . /
Po % 8—9 Pf ( 1 -1 J Pg 2 +p¢¢ :( 0 ¢ )[ p9 :pgeB'i'pf(bB \
= B = B ¢
P, 0, JIp, P, 0 1 P,
dp  Ip 90 Jp 20, 9,
: ) _ B B — — et Rt ]
Resulting momentum transtorm: p,= p,-p, ( 6 g ) 20, 98, % o0 Fie 296
p — pB . @ ﬂ % % Lab (8,0) and beam-normal (©s,(s)
C Wy 0y NN O il e iy
ml>p,p, +(MR> +mr*)p,p, +2mrl p,p, cos(6 — )
H = e - - : ¢ 00 + (MR —mr)gcos@+ mglcoso
zmg I:MR + mr Sln (0 ¢):| F, =—MgRsin6 + mgrsin0
o( B B\ 2 2\ B\ oot
ml (pe — Py ) +(MR + mr )(p¢ ) 2mr€p¢ (p — Py )smq’)B .
H= —(MR—mr)gsm@B —mgfcos(¢B+93)

mt* [MR2 + mr? cos ¢)B}
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Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

= Algebraic approach
Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics
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Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2
ml? (pg—pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB

me? [MR2 + mr? cos” (])B}

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0p angles 0 and o

ml? [MR2 + mr? cos’ qu}

2
(m€2+2mr€sin¢8+1)(pf) +2A(mr€sin¢3—m£2)pf=Em€2[MR2+mrzcosz¢B}—

(Assume zero-gravity)

. B .o B A=
SO . Pg = ﬁ =0 and P = A = const. compared to
B
. . I — _ new angles
H is not a function of t so : H=const.=E 0, and o,
2 2
mfz(/\—pf) +(MR2 +mr2)(p(f) —ZmMpf (A—pf)sinq)B N |
H = =const.= E

(using last line of p. 36)

Beam-normal
vertical-absolut

polar angle Oy

Lab (0,0) and beam-normal (0505
relative coordinates for trebuchet.

(Each value is positive.)
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Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2
méz(pg—pf) +(MR2+mr2)(pf)

H

—2mr€pf (pg —pf)sin(pB

(using last line of p. 36)

(Assume zero-gravity)

me? [MR2 + mr? cos” ¢B}

For zero-gravity H is not a function of 0p

SO ! pg = =0 and: pg = A = const.

06,
H is not a function of t so : H=const.=E

2 2
mfz(A—pf) +(MR2 +mr2)(pf) —ZmMpf (A—pf)sin@g
H =

ml? [MR2 + mr? cos’ qu}

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

compared to

new angles
GB and q)B.

=const.= E
Beam-normal
vertical-absolut

polar angle Oy

2
(mf2 +2mrlsing, + ])(pf) + 2A(mr€sin¢B — mfz)pf = Em/? [MR2 + mr? cos® (/)B}— m
Divide thru by m(* and define / by: MR? = [ —mr?

2
(1—2%sm¢3 +J](pf) +2A(%sincp8 _ 1),95 A2 E[[— 2 ‘PB} =0

where: [ = MR* + mr? = Jml* is defining J after dividing thru by mé*

Lab (0,0) and beam-normal (0505
relative coordinates for trebuchet.

(Each value is positive.)
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Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2
ml? (pg—pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB

me? [MR2 + mr? cos” (])B}

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0p angles 0 and o

SO ! pg = =0 and: pg = A = const.

di
aeB comparea o
; ; N & g — new angles
H is not a function of t so : H=const.=E 6, and 0,
2 2
me? (A—pB) +(MR2 + mrz)(pB) — ZmMpB (A—pB)sin¢ A |
¢ ¢ ¢ ¢ B
H = = const.= E

ml? [MR2 + mr? cos’ qu}

2
(mf2 +2mrlsing, + ])(pf) + 2A(mr€sin¢8 — mfz)pf = Em/? [MR2 + mr? cos® (/)B}— ml*A?!
Divide thru by m(* and define / by: MR? = [ —mr?

2
(1—2%sin¢3 +J](pf) +2A(%sin¢3 —ljpf L A2 _E[l—mrz sin’ ‘PB}: 0

/]

(Assume zero-gravity)

(using last line of p. 36)

Beam-normal
vertical-absolut

polar angle Oy

where: [ = MR* + mr? = Jml* is defining J after dividing thru by mé*

-
-
-
-
-
U

Throwing-momentumpy is a function of beam-relative angle ¢p

s\
eB

Lab (0,0) and beam-normal (0505
relative coordinates for trebuchet.

(Each value is positive.)
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Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2
ml? (pg—pf) +(MR2 +mr2)(pf) —Zmrépf (pg —pf)sin(pB

me? [MR2 + mr? cos” ¢B}

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0p angles 0 and o

SO ! pg = =0 and: pg = A = const.

dt
aQB comparea o
; ; N & g — new angles
H is not a function of t so : H=const.=E 6, and 0,
2 2
me* (A— pB) +(MR2 + mrz)(pB) — ZmFEpB (A— pB)sin¢ RN A
¢ ¢ ¢ ¢ B
H = = const.= E

ml? [MR2 + mr? cos’ qu}

2
(mf2 +2mrlsing, + ])(pf) + 2A(mr€sin¢B — mfz)pf = Em/? [MR2 + mr? cos® (/)B}— ml*A?!

L
Divide thru by m(* and define / by: MR? = [ —mr? | 0
(to get function of sin’ 0p) |

2
(1—2%sm¢3 +J](pf) +2A(%sincp8 _ ljpf A2 E[[— 2 ‘PB} =0

(Assume zero-gravity)

(using last line of p. 36)

Beam-normal
vertical-absolut

polar angle Oy

/]

where: [ = MR* + mr? = Jml* is defining J after dividing thru by mé*
Throwing-momentum Py is a function of beam-relative angle ¢ 5

2
) ZA(I—Zsinq)B]i\/MXZ(l—;sin(ij —4(1—223in(p8+J)(A2—E[]—mr2sin2(p3})
Py =

2(1—223in¢B+J]

. , , —b+\b* - 4ac
(using quadratic solution: x= > )
a

-
-
-
-
-
U

s\
eB

Lab (0,0) and beam-normal (0505
relative coordinates for trebuchet.

(Each value is positive.)
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Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

Algebraic approach
== Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
Energy for zero-gravity (Assume zero-gravity)

Total KE=T = %[(MRz +mr*)6* = 2mricos(6 —¢) 06 + mz%bz}

2 2\, : Previous lab absolute
Pg = % - (MR +mr )6 - mrﬁq)cos(@ - ¢) trebuchet coordinate Begm-normal
angles 0 and ¢ relaiye azimuthal
oT o . coordixate angle Op
Py= @ =ml°p—mrl6cos(6—0) compared to
Transform to beam-relative coordinates and momenta new angles
—_ B - B GB and q)B. q)_e
[e =0p —71'/2] 0B =6 +n/2j Po=Do D,
= —_ _— B R \ N N
¢G=0B+0B OB =-0+0 —m/2 p,= P

Beam-normal
vertical-absolut

2F = (MR2 + mr? )92 + 2mr€¢59 sIng , + m€2¢2 = const. polar angle 05

pg =A=const.=  p, + Py

= ((MR2 +mr®)0 + mrf(ﬁsin¢3)+ (m€2q5 +mrl0 sinq)B)

Case of equal arms r ={ (easier algebra)

- K
QN X
, OB
2E = MR*6+mr? (9'2+2¢9 sing , + gbz)
> (For: r=10)
A= MR*0+mr*(1+sing, )(6+¢)
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 () 6, —0

Case of equal arms r ={ (easier algebra)

2E = MR*0+mr? (9’2+2q39' sing +q52)

A = MR*6 + mr? (1+ sin(DB)(é +¢)

e 9 o'clock
)
) Starting point

> (For: r=1) (c) Gy —+m/2

3 o'clock )
= — — — —— g \
Optimum release point

e 6 o'clock

Max
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 () 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

2E = MR26*+mr? (9’2+2q39' sin +q’>2) o
b > (For: r=1) () Op ’ 2
A= MR +mr? (1+sing,, ) (6+9) c3 oclock -,
’ Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Max

29 2[5 . 2
— . 2E = MR 9—7:/2 +mr (d’—n/z _¢—7t/2) or { 2F = MR2(92

y 5 For: 0_pp=0=9¢_p
A=MR0__, A= MR w
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r ={ (easier alg

3

2E = MR*0+mr? (9’2+2q39' sing +q52)

(@) 05 —-T/2 () 6, —0

ebra) c . 9 O'CIOij 6 o'clock
Starting point e o

> (For: r=1) (c) Gy —+m/2

A = MR*6 + mr? (1+ sin(DB)(é +¢)

3 o'clock )
= — — — —— g \
Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

-

5 - .
—n | 2E=MR?0>,,+mr (cp_m—(p_ﬂ

_ MR
A=MR*__,,

\

Move to 6 o’clock with ¢p~ 0° (bea

2E = MR?6} +mr? (45 +67
¢p=0:5 _ -
A= MR*6+mr* (¢, +6,)

/2 )2 2E = MR*0* ; :
or: For.6__,=0=¢__,

A= MR’w

m r slowing, throwing arm { accelerating)

Max
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 () 6, —0

Case of equal arms r ={ (easier algebra)

2E = MR*0? +mr” (9’2+2q39' sing, +q52)

A = MR*6 + mr? (1+ sin(DB)(é +¢)

> (For: r=

e 9 o'clock
)
Starting point

0 (c) Gy —+m/2

3 o'clock )
= — — — —— g \
Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

-

_ MR
A=MR*__,,

\

242 2( 4 0
_—m | 2E=MRO7,,+mr (¢_ﬂ/2_¢—n/2) Or.{

2E = MR*w?

N R0 For.6__,=0=¢__,

Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating)

o o 2E = MR?6} +mr? (45 +67
B= V)

A= MR2(9.0 + mr? ((bo + 90)

Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing)

¢B:n/2:< /2

/2

. . . 2
2E = MR*0. y+mr? (9., +6,5) = MR?w?

A= MR*0_,.+2mr? ((f)n/2 + 97;/2) = MR*®

e 6 o'clock

Max
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 () 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

2E = MR26*+mr? (9’2+2q39' sin +q’>2) o
b > (For: r=1) () Op ’ 2
A= MR +mr? (1+sing,, ) (6+9) c3 oclock -,
’ Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Max

-

. . . 2
| 2E=MR*0*  +mr*(d__,—0_ 2E = MR20> . .
¢B:7:< 72 2.( 72 ”/2) or: , For: 0__,=0=¢__,
A=MR0__, A= MR w
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67467 +266sin0,)
2 B

2E = MR26? + 2('2+9’2) e
o T ¢0 0 %((f)—é)z (For: (DB:—Ej

¢p=0:1 2

A= MR*6, +mr* (¢, +6
o (¢0 O) = mTrz(d’zH?z) (For:qZ)B:O)

Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) 2

T((/B+9)2 (For: Op = %)

2.2 2 . 3 2
b, =21 2E = MR?G7 5+ mr (64 0,5) = MR’
B_ .

2. 2 - . _ 2
A= MR 9m2+2mr (¢n/2+9ﬂ/2) = MR " ®
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 () 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

2E = MR26*+mr? (9’2+2q39' sin +q’>2) o
b > (For: r=1) () Op ’ 2
A= MR +mr? (1+sing,, ) (6+9) c3 oclock -,
’ Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Max

-

. . . 2
| 2E=MR*0*  +mr*(d__,—0_ 2E = MR20> . .
¢B:7:< 72 2.( 72 ”/2) or: , For: 0__,=0=¢__,
A=MR0__, A= MR w
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67467 +266sin0,)
2 B

2E = MR26? + 2('2+9’2) e
o T ¢0 0 %((f)—é)z (For: (DB:—Ej

¢p=0:1 2

A= MR*6, +mr* (¢, +6
o (¢0 O) = mTrz(d’zH?z) (For:qZ)B:O)

Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) 2

T((/B+9)2 (For: Op = %)

2
mr

242 20 s\ 2 0
¢, =1/2:1 2E = MR7Or o+ mr (¢7r/2+97r/2) - MR?0? — (@ _Qn/z)_W(‘Pn/zJ“Qn/z)
B_ .

2 A 2( . . 2

A= MR"0_ ,+2mr (¢n/2+9ﬂ/2) =MR'0o . _2mr2 | |
(60—97”2)— MR> (¢n/2+97r/2)
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 () 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

2E = MR26*+mr? (9’2+2q39' sin +q’>2) o
b > (For: r=1) () Op ’ 2
A= MR +mr? (1+sing,, ) (6+9) c3 oclock -,
’ Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Max

-

. . . 2
| 2E=MR*0*  +mr*(d__,—0_ 2E = MR20> . .
¢B:7:< 72 2.( 72 ”/2) or: , For: 0__,=0=¢__,
A=MR0__, A= MR w
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67467 +266sin0,)
2 B

2E = MR26? + 2('2+9’2) e
o T ¢0 0 %((f)—é)z (For: (DB:—Ej

¢p=0:1 2

A= MR*6, +mr* (¢, +6
o (¢0 O) = mTrz(d’zH?z) (For:qZ)B:O)

Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) 2

T((/B+9)2 (For: Op = %)

2
mr

. . . 2 2 A2 . . 2
b, =21 2E = MR*Gy 5+ mr (0 40,5 ) = MpPw? — (@079~ R (972 +6z12) |
B~ . : : >(w+0_,)==(¢_,, +0
A= MR*0 +2mr* (9, +6,,) =MR'® —__ _ N | (@+0,,)=7 (/2 +622)
(w_eﬂ/z): MR (¢n/2 +97r/2)
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 () 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

2E = MR26*+mr? (9’2+2q39' sin +q’>2) o
b > (For: r=1) () Op ’ 2
A= MR +mr? (1+sing,, ) (6+9) c3 oclock -,
’ Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Max

-

. . . 2
| 2E=MR*0*  +mr*(d__,—0_ 2E = MR20> . .
¢B:7:< 72 2.( 72 ”/2) or: , For: 0__,=0=¢__,
A=MR0__, A= MR w
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67467 +266sin0,)
2 B

2E = MR26? + 2('2+9’2) e
o T ¢0 0 %((f)—é)z (For: (DB:—Ej

¢p=0:1 2

A= MR*6, +mr* (¢, +6
o (¢0 O) = mTrz(d’zH?z) (For:qZ)B:O)

Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) 2

T((/B+9)2 (For: Op = %)

2
%(%/2 +0.) )2 | . |
2 ;(w+9n/2)T§(¢7r/2 +97r/2)

C(bn/Zzéir/Z + 20))

242 2( i )2 2 A2 =
¢ —71/2 - 2E= MR 97?/2+mr (¢7t/2 +07r/2) = Mszz/ (CO 9727/2)
B - .

2 . 2 . . _ 2
A= MR 9717/2+ 2mr (¢n/2+97t/2) =MR'o T 2mr

(0- 67:/2) = W((pnﬂ + 97:/2)
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 () 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

2E = MR +mr? (9’2+2q39' sin +q’>2) o
b > (For: r=1) () Op ’ 2
A= MR +mr? (1+sing,, ) (6+9) c3 oclock -,
’ Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Max

-

. . . 2
| 2E=MR*0*  +mr*(d__,—0_ 2E = MR20> . .
¢B:7:< 72 2.( 72 ”/2) or: , For: 0__,=0=¢__,
A=MR0__, A= MR w
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67467 +266sin0,)
2 B

2E = MR26? + 2('2+92) e
o T ¢0 0 %((f)—é)z (For: (DB:—E)

¢p=0:1 2

A= MR*6, +mr* (¢, +6
o (¢0 O) = mTrz(d’zH?z) (For:qZ)B:O)

Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) 2

T((/B+9)2 (For: Op = %)

2
mr

. . . 2 2 A2 . . 2
b =m/2: 2E = MR*G7 5+ mr (6,5 +6,0) = MR2w? — (@7 Qn/z)__MRz (9272 +6z12) | |
p= <. . Ny :
. 2 2/ : . _ 2 > (0)+9 ) (P +6
A= MR"0_ ,+2mr (¢n/2+9ﬂ/2) =MRo — -6 )_2mr2 (<p iy ) /2 lz( /2 7r/2)
- mi2) T 2 P22 T Yr2 —
MR fj C(PE/Z_QE/Z +2a)>
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 () 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

2E = MR26*+mr? (9’2+2q39' sin +q’>2) o
b > (For: r=1) () Op ’ 2
A= MR +mr? (1+sing,, ) (6+9) c3 oclock -,
’ Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Max

-

. . . 2
| 2E=MR*0*  +mr*(d__,—0_ 2E = MR20> . .
¢B:7:< 72 2.( 72 ”/2) or: , For: 0__,=0=¢__,
A=MR0__, A= MR w
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67467 +266sin0,)
2 B

2E = MR26? + 2('2+9’2) e
o T ¢0 0 %((f)—é)z (For: (DB:—Ej

¢p=0:1 2

A= MR*6, +mr* (¢, +6
o (¢0 O) = mTrz(d’zH?z) (For:qZ)B:O)

Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) 2

T((/B+9)2 (For: Op = %)

2
mr

79 2/ . 2 242 o . . 2
(P — /2 2E= MR 9m2+mr (¢7r/2 +97r/2) = MRza)z/’ (w 9%/2) MR2 ((Pn/z +67r/2) . 1( . ' )
B ) - _ -
. 2 2/ : . _ 2 ,(a)+9 ) (P +6
A= MR6_ +2mr (¢n/2+9ﬂ/2) =MR'o -6 )_2mr2 (<p o ) /2 lz n/2 " Vrl2
Vr2) T 2 \Ym/2 " V)2 -
l MR fj C¢n/2_0n/2+2a)>
: 2mr? -
OOy =" (20+26,,)
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 () 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point e o

2E = MR26*+mr? (9’2+2q39' sin +q’>2) o
b > (For: r=1) () Op ’ 2
A= MR +mr? (1+sing,, ) (6+9) c3 oclock -,
’ Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

Max

-

. . . 2
| 2E=MR*0*  +mr*(d__,—0_ 2E = MR20> . .
¢B:7:< 72 2.( 72 ”/2) or: , For: 0__,=0=¢__,
A=MR0__, A= MR w
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67467 +266sin0,)
2 B

2E = MR?6} +mr? (45 +67

¢B:O;<

[ 2
%((f)—é)z (For: Op = —%)

A= MR*6, +mr* (¢, +6
o (¢0 O) = mTrz(d’zH?z) (For:qZ)B:O)

Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) 2

T((/B+9)2 (For: Op = %)

2
b, =21 2E = MR*G7 5+ mr (6,5 +6,0) = MR2w? — (@7 Qn/z)__MRz (9212 +6712) | |
B~ : . 1 .
. 2 2/ : . _ 2 ,(a)+9 ) (P +6
A= MR"0_ ,+2mr (¢n/2+9ﬂ/2) =MRo — -6 )_2mr2 (<p iy ) /2 lz( /2 7r/2)
- mi2) T 2 P22 T Yr2 —
l MR fj C(Pn/Z_en/Z +2a)>
: 2mr? :
w-6_, I—MRz (20+26,,)
dmp? : dmr? .
w-— w=0_,+———0
MR2 /2 MR2 /2
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r ={ (easier algebra) e _ 9 o'clock
) Starting point

2E = MR*0+mr? (9’2+2q39' sing +q52)

A = MR*6 + mr? (1+ sin(DB)(é +¢)

(@) 05 —-T/2 () 6, —0

e 6 o'clock

Max

> (For: r=1) (c) Gy —+m/2

3 o'clock )
= — — — —— g \
Optimum release point

Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)

-

) 2( : . 2
‘PB_iH 28 = MRO gy + mr (d)_”/z_(p_”/z) or:{ 2E= MR 0’ For: 0_,,=0=0__
2 2/ _ a2 T T
A=MR0__, A= MR w
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr (67467 +266sin0,)
- T B
2E = MR*? + mr? ((/52+92) (2
¢B —0: 0 0 0 %((j)—@)z (For: Op =_§j
A= MR*6+mr* (¢, +6,) ’
0 0 T Y% omer
= T(gb +0 ) (For: ¢ =0)
Move to 3 o’clock with ¢p~ +90° (beam r slowed, throwing arm ( releasing) 2 6207 [Fongy -
— 0+ or: op =—
2 2 ( B 2)
b =m/2: 2E = MR*6+ mr (60 + 6,5 ) = MR20? — (@7 Qn/z)__MRz (9212 +0z2) |
B~ ’ R . _ L .
2 2/ : . _ 2 > (0)+9 ) (P +6
A= MR"0_ ,+2mr (¢n/2+9ﬂ/2) =MRo — -6 )_2mr2 (<p iy ) /2 lz( /2 7r/2)
Vw2 T /2 /2 - :
i l MR2 fj § C(Pn/Z:en/Z +2a)>
. omr? .
a)—9n/2=m—r2(2a)+29ﬂ/2) 4 4mr? )
l MR . 1- R
4mr? _9 4mr? p >0z = A @
o= R O=0g,+ UR> /2 1+ .
N MR )
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r ={ (easier algebra) (%) 95 —72 (b) o5 —0
S 9 o'clock 6 o'clock
2E=MR*0* +mr? (92+2¢59 sing , + <p2) Starting point c ° Maximum KE of m
- (For: r=0) (¢) Op—+1/2
A:MR29+mr2(1+Sin(pB)(9+(/5) 3 o'clock .
‘ ) Optimum release point & Mid point
Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)
_1 | 2E= MR*0* 26 —¢_ .V — MR 0> . .
¢B=—n:< 2T (4’_”/2 d)_”/z) or 2k = MR o For.6__,=0=¢__,
2 A=MR*__, A= MR’
k KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr’ (67407 +26605in0,
2 b

2E = MR?6} +mr? (45 +67

2 . N2
¢B —0: %((Z)—Q) (For: Op =_§j

= m—”2(¢2+e2) (For: ¢, =0)
2
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) 2

T((/B+9)2 (For: Op = %)

A= MR2(9.0 + mr? ((bo + 90)

2
) ) o)
b =m/2: 2E = MR?Og jptmr? (0, +6,) = MR?w? — N R (922 +9n/2) |
BT e : >(w+60_,.)==(d_,,+6
A= MRzeﬂ/2+2mr (¢n/2+9ﬂ/2) = MR*o — Yt ( 7/2) lz(‘%z n/z)
(@=0,))="—"F (‘p /2+97z/2) : -
MR fj C(Pn/Z:en/Z +2a)>
Large M>>m case l o,
) — w—0 ik (2a)+29 ) 4 4mr? )
@mz—a) +2m= Sa)) /2T > /2 I
MR _ 5
2 l 2 o, =—MR" g
0 —Qw ) dmr : Admre . /2 2
72 1+0 o= ;@ =01 +—267r/2 14
MR MR WR>
- /
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Case of equal arms r ={ (easier algebra) (%) 95 —72 (b) o5 —0
S 9 o'clock 6 o'clock
2 E=MR?*6% +mr? (92+2¢59 sin¢ pt <p2) Starting point c S Maximum KE of m
- (For: r=0) (¢) Op—+1/2
A:MR29+mr2(1+Sin(pB)(9+(/5) 3 o'clock .
‘ ) Optimum release point & Mid point
Start at 9 o’clock with ¢pp~-90° (beam r and throwing arm { rotating together)
_1 | 2E= MR*0* 26 —¢_ .V — MR 0> . .
¢B——n:< 2T (4’_7;/2 d)_”/z) or: 2k = MR @ For:6__,=w=¢__,
2 A=MR*__, A= MR’
k KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr’ (67407 +26605in0,
2 b

2E = MR?6} +mr? (45 +67

2 . N2
6, =0 " (o-0f (ror 0, --Z)

= m—”2(¢2+92) (For: ¢, =0)
2
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) 2

T(¢+9)2 (For: Op = %)

A= MR2(9.0 + mr? (([)0 + 90)

2
: . 7
b, =12 2E = MR*O7 )y +mr? (65 + 0,5 ) = Mr20? — (@767 )=—— R (912 +9n/2) |
B - . ) ; . _ . .
A= MRzeﬂ/2+2mr (¢n/2+9n/2) = MR*0 — Yt (@0+6,,) l2(¢n/2+9ﬂ/2)
(@=0,))="—"F (‘p /2+97z/2) 8 2
MR’ fj C¢7l’/2_ a2t 0))
Large M>m case  Optimum MR?=4mr? case | l o
) — _ - w—0 ik (2a)+29 ) 4 Amr?
Ccpn =0+ 20= Sa)) @,m =0+2mw= 2a)> mI27 2 /2 ==
0 1-0 : 1-1 4mr? - 4mr® > 102 = MR2 @
=—w0=0 b _ _
[n/z 140 j @n/Z 1+1a) Oj [0 R w=0_,+ R 0., 14 4mr2
N MR™ )
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Super-elastic Bounce

.’y

\ |/
N e
— BANG! —

)~
L AN L \//l\

d]‘"IIIT

Space Plot
(x versus y)

m= = 10 kg

4 V2= 2.5 mis
ml= 70ke

¥1= 0.5 ms

Velocity Plot —%
( Vy ] versus Vy )

Analogous

Superball
Models

Similar in some
ways to trebuchet
models

Class of W. G. Harter,
“Velocity Amplification
in Collision Experiments

Involving Superballs,”
Am. J. Phys.
39, 656 (1971)
(A class project )

Optimal Throw

100%
n m2 Energy
Transfer

FINAL V
is 2 times
INITIAL V

0%
3 Energy
Ve END/ ransfer
; ".

2-Bang Model

@

Fastest Throw

FINAL V
Is 3 times
" INITIAL V

1 . Graphic

v Solution
" :
f; Z‘Zuh,;f;’ 3 Bangy)  START
<-ml turnf around -> mj-mj»
-2 collision
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Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

Algebraic approach

Direct approach and Superball analogy
=/ rebuchet vs Flinger and sports kinematics

Many approaches to Mechanics
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Early Human Agriculture and Infrastructure Building Activity

Throwing Slinging
Splitting O

Chopping Reaping
< Cultivating and Digging <
3 ( >

Hammering

. Bull whi

What Trebuchet mechanics crackii
is really good for... Ay fish e el

Later Human Recreational Activity Tennis serving

Lacrosse

_ Tennis rallying
Hammer throwing
Batting
aseball & Golfing )
Football i"y
< Cultivating and Digging <
\

Water skiing

Space Probe “Planetary Slingshot”
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Trebuchet analogy with racquet swing - What we learn

Large force F Force F nearly F Y F mostiy
_ nearly parallel ~ perpendicular - m serves to
Driving to velocity v to velocity v mph  steer m here.
Force: SO V increases so v increases O
Gravi - rapidly. very little. 70 |
t:y r 2 /I
] /C ] 60 /
50 )/
Most veloczly \Y
gained earlier here. I'
Early oNn Later on |
(Gain the energy/momentum) (Steer or guide) %

Arm-racquet system
L flies nearly freely. ¢

Rotation of body ry, provides most of energy of arm-racquet lever L.
Follow-Through l&
Energy Input Small applied forces
Most of speed gained early mostly for steering.

‘ v
by arm-racquet system L.
Preparation Ball hit occurs.
Center-of-mass for semi-rigid

arm-racquet system L is "cocked."
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An Opposite to Trebuchet Mechanics- The “Flinger”

Early on
(Not much happening)
Not much
increase in
Driving velocity v
Force

Trebuchet-like experiment

Wﬁ E(}&% Ty

pt

W= 11

Later on

(Last-minute “cram” for energy) |

Anti-analogy can be useful pedagogy

Maximum
increase in
velocity v
just before
m slides off

end

Flinger experiment

wv= 54l

\\v= 41
\v: =1

Il'.v= 1

v= 1l

4

) Iy

o

_— Skateboard wheel swings

S
‘skateboard wheel
slides on pool que-stick
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Trebuchet model in rotating beam frame

Assume: Constant beam ()

Flinger model in rotating beam frame

\
\\ \ /€

N I R6 \\

; \
~<g clock

\\
\s

1 1 1
—mu? = V( ) V(rf> = —mu)g'rfg m(ogfr’(’)g
2 pheam 2 2
Assume: Constant beam
f beam
g Jrome Final /1_\
( 3 o'clock )
A position) Initial
/
/ ——
///
]nztzalf ;
16 o'clock position) \

Smo?, . (trebuchet) = Final Trebuchet KEbeam

2 frame

mme

1
~muj,,,.. (flinger) = Final F linger KE beam

2 frame

mme
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Trebuchet model in rotating beam frame

Flinger model in rotating beam frame

1

1

Assume: Constant beam —’m’UQ — V( ) V (rf> = —MmM

2

2 2
7’.
f

L 99

—mm T
9 0

i 2 Al
)
b eam

f frame Final
( 3 o'clock

position)

X /
\
\ , \ /€ /
A /
\
6

; \
~<g clock

~<_ ‘Inztzalz
1 ) (6 o'clock position)
_mvbeam (trebuchet) Fmal Trebuchet KEbea,m

2 frame , frame
1 1 1
—m(:)g (Tb +€) — —moog (frb +/ ): —m (2rb E)
2 Final Initial 2

Assume: Constant beam ()

Q)

1
~muj,,. (flinger) = Final F linger KE beam

2 frame

2

Final

lm(x)g('rb +€) — lmmgrbg =

2 Initial

mme

%mw%(%} + €)
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Trebuchet model in rotating beam frame

Flinger model in rotating beam frame

I

Assume: Constant beam ()

frame

1
gmvbeam: V(r()) - V(rf> = imw frf ima) S

2 2 1 92 9 V(r)+

v
ﬂ%%zgl
f Final
( 3 o'clock
position)
A
/
/
//
\
\ /
\\ ,R \\ g //
\ | \
\\ 6 \
~.o clock\ g

- ‘Inizz}llf’/
L (6 o'clock position)
—muy,... (frebuchet) = Final Trebuchet K?beam

2  frame rame

2
1m0)2 (Tb + 6) — 1m0)2 (Tbg +€2) — lmu)g (2rb E)

2 Final Initial 2
3 o’clock 6 o’clock
2 2 .2
R6 N T
o’clock

Assume: Constant beam ()

Q)

1 .
~muj,,. (flinger) = Final F linger Kl]z: beam

2 frame rame
1 2 1 1
_mwQ(,rb +€) — —mo)Qrbg — —mw2€(27;) +€)
2 2 2
Final Initial
3 o’clock 3 o’clock

2
Flinger KE is ') gg more than 6 o’clock trebuchet

2 but misdirected
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Trebuchet model in rotating beam frame

Flinger model in rotating beam frame

Assume. Constant beam 0 lmvg _V (T()) v (7, ) _ lmwQT,? lm(DQr(,)? V(r)F
‘/—|\ 2 fbeam f 9 fo9
rame
) v Assume: Constant beam
f beam
g rame Final /‘I‘\
( 3 o'clock Q)
A position) Initial
!
/ — _" ______ > A
\ \\ /6 /)
\ []
\\\ IR \\ J/
N 6 \
~<o clock™ g

10 ‘Inz‘tz;al/’
@6 o'clock position)

Smo?,, (trebuchet) = Final Trebuchet K?beam

rame

2 frame

1 <1 1 2
—ma)g (fr'b + f) _ —ma)g (rbg +€2) — —mu)g (277) E) lm(g)g ('rb —|—€) _ lmo)grbg — lm(ogf(%é + 6)

1 .
~muj,,. (flinger) = Final F linger Kl]s: beam

2 frame rame

2 Final Initial 2 2 Final 2 Initial 2
3 o’clock 6 o’clock 3o clock 3 o’clock
2
R62=1%2+€ ¢ Flinger KE is "0 gg more than 6 o ’clock trebuchet
oclock 2 but misdirected
Initial _ lmo)g (47?) g) ‘
9 o’clock 2 .
9 9 9 Flinger KE is —w(2fr /— gg) less than 9 o’ clock trebuchet
RE=r+07-2r¢ 2 " — o
2 kb b and misdirected
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Trebuchet model in lab frame

Assume: Constant beam Viad
- rame
/I\ (D(Tb‘l’g)_ YUrotation I
) v
beam
g frame
A

— -

©° (2779 €) half-cocked 6 o'clock

vfwm (trebuchet) =<

frame

L(x)g (4rb f) fully-cocked 9 o'clock

Viah frame (t’r'ebuchet) —

((D(Tb + £+ 257‘6) half-cocked 6 o'clock
1

w(rb + 0+ 2 Erb) fully-cocked 9 o'clock

H Flinger model in lab frame

Z): YUrotation

0 » (D(TbJr

ab

rame

@ —— >

Final vy,
frame

2r;

9 .
Vo (flinger) = w”(2n,

frame

|

+ )

Ylab frame (ﬂ g 6T) —

o (1) 2 )= ool 1)~

/ \

L

{5.00(» {5.16(9 / {5.00(&)

5.820 6.000 5.820
(,=2,0=1),(r, =15,0=15),(r, =1,£=2]

(compare)

A

= 3.740 = 3.960 — 4120
n :2,6:1), (’rb :1.5,6:1.5),@ :1,6:2)
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Physics used to be pretty much bi-polar...

».
Experiment

Now that situation 1s changing...
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Many Approaches to Mechanics (Trebuchet Equations)

Each has advantages and disadvantages

* U.S. Approach
Quick’n dirty
Newton F=Ma Equations
Cartesian coordinates

* French Approach
Tres elegant
Lagrange Equations
in Generalized Coordinates

40T 8T
dt aqg aqg

Iy

Pride and Precision
Riemann Christoffel Equations
in Differential Manifolds

k_ .k k.m .n
Fr=g" + T "q"q

* Anglo-Irish Appproach
Powerfully Creative
Hamilton’s Equations
. OH
Phase Space P, = —
Oq’

 Unified Approach

1.
Theoretical

umerics
e German Approach —

A Analysis
graphics / \
A 5 e
A ’ Post-Modern ‘ ******** \

5 Scientific Method

Numerical -
Synthesis

Laboratory
Observation

All approaches have one thing in common:
The Art of Approximation

Physics lives and dies by the art of

approximate models and analogs.

B OH
0pk
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_g g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC d0 and do in Jacobian) | ¥ || % & [ 49 ): Rsing 0 [ 49 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—9d0+FX—¢d¢ = MX8—9d9+MX8—¢d¢ dy 0 _rsin@  fsing
y Y 224 . dY . dY
F, dY MY dy F,=—d6+F,—d MY Z—d6+ MY ~—d
+F, + tE— +Y¢¢ tMY —-do+ 5’¢¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
. dy dy . dy . dy
+F, dy + my dy +Fy%d9 +Fy8_¢d¢ +my%d9+mya—¢d¢
STEP 2 72 .2 )
, MX* MY® Mi* M
D Add up first and last columns for each variable 0 and s for: T = Sttt 2y
Lagrange L OX Y 9x 0y — Let.F¢9_X+F W o pOx g
trickery: | " ix gt ot Thog Y00 a0 tap g
. daT T doT oT
=F=—l_-2" =F="2"-7
dt 96 90 dt 96 9o

FyRcosO +F,Rsinf — F rcos6 — Frsin6 F,-0+F,-0+F./{cos¢ + FyESln(P
_p_ddr 5’_T _ . _doT JT i
Y drdo 98 T4 b ap
Add Fy gravity given =f Add F, gravity given

Fyv=0. Fy=-M (Fx=0, Fy=-Mg)
(0, Ly =-Mg) (F.=0, F,=-mg)

(Fr=0, F,=-mg) . : :
; aeAmTTTmmmmmmmseeees : d oT JT .
d oT OJT 7777777 et s : F=——F——=—mglsing

Fy= 55~ 5 = MeRsind + mgrsind. - I S
These are competing torques on main beam R... ... and a torque on throwing lever {
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Forces: total, genuine, potential, and/or fictitious

Coriolis Force ~ éd).
o /

r | ConstrainNFotce

Constraintt Force

Centrifugal ’A

Force ) Centrifugal Force
2 2
~0 UPPOFt amns ~0
Steadying Foree Gravitational Force
Gravitational Force ~mg .
Y, For conservative forces
~ Mg

Acceleration Applied Constraint |, }ore- F, = _oV and: B_V _

and ‘Real’ 'Internal’ a0 a0

'Fictitious' Forces: Forces: F oV q oV
. Gravity Stresses =——— 4and:. —=

Coriolis i
Centrifugal Frictipn... (Do not contribute.

| /\ h’ X FI: X é/Do no work.) B
Po= 406 ~ 00 Po =35

oL . dL

00

d OT _dT oL . _dL

Py =

Dy = -=—+F,+0 Py =3
peso 0 drop 09 "9 o9
(modified) Lagrange Force equations Lagrange Potential equations

(See also derivation Eq. (2.4.7) on p. 23, Unit 2) L — ]"’_ V
Compare to derivation Eq (12.25a) in Ch. 12 of Unit I and Eq. (3.5.10) in Unit 3.

Po = =~

0

0
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