GCC Lagrange and Riemann Equations for Trebuchet
or

“How do we ignore all those constraint forces?”
(Ch. 1-5 of Unit 2 and Unit 3)

Review of Lagrangian equation derivation (Elementary trebuchet) (Mostly Unit 2.)
Coordinate geometry, kinetic energy, and dynamic metric tensor ~Ymn
Force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~mn tensor

Equations of motion and force analysis (Mostly Unit 2.)
Forces: total, genuine, potential, and/or fictitious
Lagrange equation forms
Riemann equation forms
2nd-guessing Riemann? (More like Unit 3.)
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Chapter 1. The Trebuchet: A dream problem for Galileo?
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http://www.uark.edu/rso/modphys/testing/markup/TrebuchetWeb.html

Trebuchet simulator

(a) What Galileo Might
Have Tried to Solve

Fig.2.1.2 Galileo's (supposed) problem
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Review of Lagrangian equation derivation (Elementary trebuchet)

=3 Coordinate geometry, kinetic energy, and dynamic metric tensor ~mn
Basic force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~Ymn tensor
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

geometry of trebuchet
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

geometry of trebuchet simplified somewhat...
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

X, =rsin-60
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geometry of trebuchet simplified somewhat...
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

xX=rsin-6 Xe=L(Sine

....................................................
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geometry of trebuchet simplified somewhat...
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

X =-rsin6 +  ¢sin . .
. > . ¢ x=—rsinb+/sing
xX=rsin-6 Xe=L(Sine

o y=rcost—/{coso

‘ Ty =rcosO-tcos s

geometry of trebuchet simplified somewhat...
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

tewe. 4 ; .
rsing , e x =—rsinf + /sing X —rcost  [cos¢ 0

X,=rsin-0 X, =05in . . . :
e O -.;---4 ¢ y =rcos6 —Lcosp y —rsinf  /sing ¢

~~0) g ;yeZECOS )

"
})

‘ Ty =rcos0-0cos

S S Ir . .
Kinetic energy of driver M Kinetic energy of projectile m T(m)= E[mxz + myz}

T(M):le(2+lMY2
2 2
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

X =rsin6 +  ¢sin . . . :
> > .gb X =—rsinf+ /sim¢ X —rcost  fcoso 0
X =rSin X=4Sin : : - ;
oo r \.;‘---6-E ¢ y=rcosf—/{cosp y —rsint  fsing ¢
0 g EyeZECOSgb
yr=rcos
X=-Rsin6 9 ‘ Ty =rcosO-tcos s

S S Ir . .
Kinetic energy of driver M Kinetic energy of projectile m T(m)= E[mxz + myz}

N 1 X 1 (. .\l —rcos® —rsin@ || —rcos® fcosp | @
T(M)=—MX?+= MY _Lo _1
(M) 7 +2 T(m) 2’”( x oy )( : ] 2’”( 0 ¢ )[ lcos¢  Ising J[ —rsin6 /sm¢ ]( ¢ }

Tuesday, October 28, 2014

10



= ] + ] 1 1
X rsz.ng R ESZW X =—rsinf + (sing
Xr=rsin =

r Xe=Lsing y=rcosd—/Lcosp

....................................................
P/ [y '

Y g ;yeZECOS ¢

‘ Ty =rcos0-tcos¢

Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn
[ X ] —rcosf  fcos¢ 0

Y —rsin@  /sing ¢

1
Kinetic energy of projectile m T(m)= E[mxz + myz}

Kinetic energy of driver M

1 oo 1o 1 1 . —rcos® —rsin® || -rcos6 (lcos¢ | 6
T(M)==MX"+—=MY T(m)=— - =— ' _
( ) 7 7 (m) 2m( X Yy )( y 2m( 0 ¢ ) fc(is¢ fsinq) —7sinf fSiIl(P (p

P MR+ mr? - - )
—— MR26? TotalKE:TzT(M)+T(m)=l( 6 ¢ + mr mr{cos(6 — @) ( 9 j

! 2 _ —mrlcos(60—0) mt? ¢

1r v 2 2142 S 2.2
Total KE =T = | (MR +mr?)0 = 2mrtcos(6 - ) 69-+ mt’) }
T:%_MX2+MY2+mx2+my2}

11
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

X ml-n?g + fsing X =—rsinf + £sing x || —rcos6 fcosp |[ 6
R— LI LA L » = rcosf — £coso v )\ -rsin@ ¢sing || ¢
ox ax |  Raw Jacobian
: 0
‘ dxX Y dY Rcos6 0
Ty :FCOS9—€COS¢ ar | | 9 9o | 46 ) | Rsin® 0 do
dx | dx  dx do | | —rcos@ lcos¢ do
dy 2 I —rsingd  /sing
dy dy
90 I

S S Ir . .
Kinetic energy of driver M Kinetic energy of projectile m T(m)= E[mxz + myz}

T(M):%]\/D.(2+%MY2 T(m):%m( vy )( x ]:lm( 6 o )[ —rcosf —rsinf J[ —rcosf  fcos¢ ]( 0 )

yp 2 lcos¢  [sing —rsinf  (sing ¢
1 Tz 22 1/ . . /\}R2+mr2 —mr/lcos(6— @) 0
—— MR*6 TotalKE:T:T(M)+T(m):—( 6 ¢ .
2 ! 2 _ —mrlcos(60—0) mt? ¢
™) 2142 S 2.2
Total KE =T = | (MR +mr?)0 = 2mrtcos(6 - ) 69-+ mt’) }
T:%_MX2+MY2+mx2+my2}
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

— 0] + / :
X ml-n?g , (sing X =—rsinf + £sing i || —rcos6 fcosp | 6
o )Cr—VSln --------- P \‘-")-‘-:-K'E_ESlnqb Y= 7ycosO — Zcos¢ y —rsinf fSiIl(b ¢
0 g EyeZECOSgb
yr=rcost = ox % Raw Jacobian
—_ ; ,_ o dxX JaYy oY Rcos6 0
X RSlné’iQ, ‘ Ty =rcos0-tcos¢ av | | % @ | a0 ) | Rsin6 0 a6
o~ dx | dx  dx do | |[-rcos8 lcosp do
dy 2 I —rsingd  /sing
oy o
% o x,y) to (0,0
o o Ir o Jacobian
Kinetic energy of driver M Kinetic energy of projectile m T(m)= E[mx + my }
1.2 1o : A —rsi —rcosf { )
T(M)==MX?+—= MY? rm=2m( & 3 ) X |=dm( 6 g )| TS0 Trsime ) Treost feosd |,Q
2 2 2 ¥y 2 lcosp  [sing —rsin@  /sin¢ ¢
r 1, . MR+ —mrtcos(6— )
=— MR*6° Total KE =T =T(M)+T(m)= l( 0 ¢ ) " mrlcos(9 -¢) ’
2 ! 2 | —mrlcos(6— @) mé* ¢
T P A 2342 Y 2:2
otal KE=T = 5 (MR” + mr=)0” =2mrlcos(0 —¢) 00+ ml~¢
T:%_MXz + MY? + mi? +my2}
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

X =rsint +  4sin . . . :
> > .gb X =—rsinf+ /sim¢ X —rcost  [lcos¢ 0
Xr—=rSsin X=USIn : ; : :
----------------- r' ‘6 ¢ y = 7cosO — gCOS¢ y —rsinf ESln¢ ¢
P\
ax ax | Raw Jacobian
X d0 8(])
‘ T o 9 dx Yy oJy Rcos6 0
Y =rcosU-Lcos¢ dy | | 90 9 do | | \Rsin6 0 do
de | dx  dx do | ||[[-rcos6 lcoso do
dy 2 I —rsingd  /sing
5 % ) 10 (6,0
0 A X,y) Lo
(X Y) lo (‘93 .) 1 ,
Jacobian

Kinetic energy of driver M

Jacobian

T(M):le(2+lMY2
2 2

1 o x o |_1 . —rcosf —rsinf
T(m)=5m( Xy )( ; ]—2771( 0 ¢ )[ feosp  Ising J[

T
=1MR2¢92 -
2]

TotalKE:T:T(M)+T(M)=%( 6 ¢ )

AN

—mrlcos(6— )

Total KE =T =

T =

N = N —

MX2+MY2+mx2+my2}

1
Kinetic energy of projectile m T(m)= E[mxz + myz}

—rcosf  fcos¢

—rsin@  /sing

me?

R% + mr? —mrlcos(6—0)

|

6
0

(MR + mr2)0% = 2mrtcos(6 — ) 66+ mfzq')z}

[

J

6
0

J

|

Tuesday, October 28, 2014

14



Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

x =rsind + ¢sin . . . :
i > .gb X =-rsm6+ {sing X —rcost)  [cos¢ 0
Xr—=rSin Xi=iSin . . . i
proseenennses e e 6 ¢ y=rcosf—/lcos@ Y —rsin@  fsing ¢
5 0 g EyeZECOSgb
2x ax | Raw Jacobian
; d0  dp
‘ T o 9 dx Yy Iy Rcos6 0
Y =rcost-Ltcose ar |_| 2 3 | a0 ) | \gsin6 0 d6
dx % @ do —rcosf  lcos¢ do
dy 29  Ip —rsinf  (sing
% » ) to (0,0
d0  do x,y o0
(X.1) 10 (0,9 »
. o o Ir 5 5 Jacobian
Kinetic energy of driver M Jacobian Kinetic energy of projectile m T(m)= E[mx + my }

N 1 ] 1 ¢ . .\ —rcos6 —rsin@ || —rcos® lcos¢ |,9'
T(MY=—MX"+— MY —— . _ -
(M) 2 2 T(m) 2m( X Yy )( y ] 2m( 6 ¢ )[ gc(lsq) Ising J[ —rsinf  /sin¢ ] ¢

p T . VR 4mr? - cos(6— )
=— MR*6? Total KE=T = T(M)+T(m) = l( 0 ¢ ) " mrteos(©=0) 01 lenc}’”q'”
2y 2 | —mrtcos(6 - ¢) me* o | 2
Total KE=T = %_(MRZ +mr?)0? = 2mrlcos(6— ) 06 + mzzqsz}
Tzé_Mf(z + MY? + mx? +my2}
Vx. x Iy
Vyy
, = M I BRLY MR? + mr? —mrlcos(6— )
m p—
o m Vo6 Vo0 —mrlcos(0—0) mt?
yyay

Dynamic metric tensor ~mn Dynamic metric tensor Ymn in GCC 0 and ¢

in raw Cartesian X,Y and x,y
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Review of Lagrangian equation derivation (Elementary trebuchet)
Coordinate geometry, kinetic energy, and dynamic metric tensor ~Ymn
=P Bc1sic force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~Ymn tensor
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_g g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
Write work-sums in columns: | ar || @ ¥ [ do ): Rsin6 0 [ do ]
.. dx dx  dx do —rcos@  (cos¢ do
dW = FX dX = MXdX dy 0 dp —rsinf  /sing

+F, dY  +MYdYy

+F dx + mx dx

+F, dy + my dy
- J
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + midy

Write work-sums in columngj'(( UsingaGCC db ancg do in Jagobian)\
dW= F,dX = MXdX = FX—6d0+FX—f§d¢ = MXa—gd9+MXa—f;d¢
y Y Y . dY . dY
F, dY MY dY F,Z—d0+F,—d MY Z—d6 + MY Z—d
+F, + tE— +Y¢¢ tMY —-do+ 5’¢¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mx§—;d¢
. dy dy . dy . dy
L +F, dy + my dy +Fy£d9 +Fy8_¢d¢ +my£d9+mya—¢d¢

J

dXx
dy
dx

Raw Jacobian

RcosO 0
do | | Rsin6 0 do
do —rcosO  (cos® do

Ising

—rsinf

Tuesday, October 28, 2014
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + midy

Write work-sums in columngj'(( UsingaGCC db ancg do in Jagobian)\
dW= F,dX = MXdX = FX—6d0+FX—f§d¢ = MXa—gd9+MXa—f;d¢
y Y Y . dY . dY
F, dY MY dY F,Z—d0+F,—d MY Z—d6 + MY Z—d
+F, + tE— +Y¢¢ tMY —-do+ 5’¢¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mx§—;d¢
. dy dy . dy . dy
L +F, dy + my dy +Fy£d9 +Fy8_¢d¢ +my£d9+mya—¢d¢

J

dXx
dy
dx

Assuming variables 0 and ¢ are independent...

Raw Jacobian

RcosO 0
do | | Rsin6 0 do
do —rcosO  (cos® do

Ising

—rsinf

Tuesday, October 28, 2014
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + midy

(Write work-sums in columngj'(( Usingag(}CC db and

X . dX

dW= F, dX = MXdX = F,—dO0+F,—dp = MX—dO+MX—d
+F, dY  +MYdYy +FY8—Yd9+FY8—Yd¢ +MY8—Yd9+MY&—Yd¢
0 0 90 o
VF dx +mide +F25d0 +R %5 d0  mi 2 a0+ mi O do
90 By 90 By
. dy dy . dy . dy
+F d + d +F —dO +F —d +my — dO + my — d
L L dy my dy ' 30 ya¢¢ my mya(qu

do in Jacobian)

J

dXx
dy
dx

Assuming variables 0 and ¢ are independent...

\

" Set d0=1 dv=0
+Fyg—g +MY§—§
-I—F;g—g +m)'é%
FRR 2

Raw Jacobian

RcosO 0
do | | Rsin6 0 do
do —rcosO  (cos® do

Ising

—rsinf

Tuesday, October 28, 2014
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + midy

dXx aY

Write work-sums in columngj'(( UsingaGCC db ancg do in Jagobian)\ - 29
dW= F,dX = MXdX = FX—GdeJrFX—f;d(p = MX8—§d9+MXa—;d¢ dy %
y Y Y . dY . dY
F, dY MY dy F,~—df+F, —d MY =—df+ MY ~—d
+F, + +Y9+Y¢¢ tMY —-do+ 5’¢¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mx§—;d¢

. dy dy . dy . dy
L +F, dy + my dy +Fy£d9 +Fy8_¢d¢ +my£d9+mya—¢d¢ )

Assuming variables 0 and ¢ are independent...

Raw Jacobian

RcosO 0
do | | Rsin6 0 do
do —rcosO  (cos® do

Ising

—rsinf

" Set: do=1 do=0 ) (Set: do=0 do=1 b
0 90 P op
+Fyg—g +MY80.,—E +FY8&—; +MY88—;
+Ec% +m)'é% +F;§—; +mjc'§—;
+Fy% +my% +Fy§—qy> +my§—qy)

N AN /)

Tuesday, October 28, 2014
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + midy

dXx aY

Raw Jacobian

Rcos6
Rsin6

0
0

do

Write work-sums in columnsj'(( Using GCC dO and do in Jacobian) | || % [ ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW: FX dX = ZWXdX = FX—6d9+FX—¢d¢ - MXa—9d9+MXa—¢d¢ dy 20 a(]) —rsin® ﬁsin(p
+F, dY  +MYdYy Yd9+FY8—Yd¢ +MY(9—Yd9+MY‘9—Yd¢
0 " o0 o0
+F_ dx + mX dx +F—d9+F@d¢ +mjé@d9+mjéﬂd¢
; * 99 d0 op
. dy dy . dy . dy
+F, dy + my dy + F,—d0 +F,— d¢ +my — dO + my — d¢
L o0 o0 P )
% 8_X — i X Xi&_X
0  dt dt d6
Lagrange d
trickery: (using —(XU )= XU + XU)
S;ip dt
4 s )
Set: do=1 dy=0 Set: d0=0 do=1
FX8_X — ma_X FX&)—X — MXé)_X
90 90 op op
Y . dY oY . 0Y
+F,—  +MY— = ——
5 g +F, % + MY =
ox . 0x . 0
+FZ tmE = d Tl
X 89 mx 89 +F;c a¢) + mx a
dy . dy 0 J
+F ==  +mj—= Y 5 2
y (99 my a@ +F;)8—¢ + my 8_
N \ %

Tuesday, October 28, 2014
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC df and do in Jacobian) )| ¢ || @ % |0 )| &sno 0 [ a6 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW= F,dX = MXdX = FX—6d0+FX—¢d¢ = MX8—9d9+MXa—¢d¢ dy % _rsind  fsing
y Y Y . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mx§—;d¢
. dy dy . dy . dy
+F, dy + my dy + F,—d0 +F,— d¢ +my — dO + my — d¢
\ LA A—— LA *
20X d(i. 0X)| .ddX d( .. 0X o0xX
==X = |-X—==— =—| X— |- X— |
o il ) i) e
Lagrange A L
, ; 0X dJX
trickery: (using —(XU )= XU + XU) . bylemmal: % 94 |
STEP S 21
A B -and lemma 2 : B_X:ia_X
. 0q dl Oq: )
4 N[ )
Set: di=1 dos=0 Set: d0=0 do=1
FX8_X — B_X FX&)—X — MXé)_X
d0 d0 0] 20)
Y . dY .
+F,—  +MY—— +FY&—Y Y sad
90 96 9 P
dx dx 0 0
+ F — +mi — ox . 0X
8y .. é’y a a
+ F — +my — g9 v 2
" d6 d0 " 90 ny 00
\ )\ J
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC dO and d¢ in Jacobian) \| @ || # [ 40 ): Rsin 0 [ df ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—6d9+FX—¢d¢ = MXa—9d9+MXa—¢d¢ dy 20  Jp —rsin®  Ising
’ Y Y . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
y dy dy . dy . dy
F d d F—do +F —d — do —d
L +F, dy + my dy + Y 30 + ya(p 1) +my819 +mya¢ 1) )
pOX _df ,0X ) dJX :i(Xa_)_()_Xg_X J 5’()'(2/2) 8()'(2/2)
0 dt\ IO dt d0 dt\  Jo d0 = ——— |-
Lagrange ) v ax dt| 90 90
trickery: (using —(XU )= XU + XU) by lemma I: ——=— ,
STEP dt STEP o STEP 8(U / 2) U
A B and lemma 2 : 9X _doX (using J :UB—)
g didg ’ T
4 N[ )
Set: di=1 dos=0 Set: d0=0 do=1
FX8_X — B_X FX&)—X — MXé)_X
d0 d0 20) 20)
7)4 . dY y
+F, — + MY — +FY8—Y +MY8—Y
00 00 ol I
o0x dx 0 0
+ F — +mi — ox . 0X
8)7 . é’y a a
+ F — +my — g9 v 2
" d6 d0 "0 ny o6
\ AN /
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC dO and d¢ in Jacobian) \| @ || # [ 40 ): Rsin 0 [ df ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW= F, dX = MXdX = FX—6d0+FX—¢d¢> = MXa—9d9+MXa—¢d¢ iy % 3 g fsino
y Y 224 . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)‘ég—;d¢
) dy dy . 0y . dy
F d d F ~2do +F = d ~ df —d
L +F, dy + my dy + Y 30 + ya(p 1) +my819 +mya¢ 1) )
pOX _df ,0X ) dJX :i(Xa_)_(j_Xg_X J 5’()'(2/2) 8()'(2/2)
0 dt\ 0 dt 96 dt\  d0 d0 =—| —— |-
Lagrange ) v ax dt| 90 90
trickery: (using —(XU )= XU + XU) by lemma I: ——=—
STEP dt STEP o STEP 8(U2 / 2) U
A B and lemma 2 : 9X _doX (using J :UB—)
9 didg ! T
4 N )
Set: do=1 dy=0 M MY Set: d0=0 do=1 ; MX2 ; MX2
P OX X 4?5 0 X ux?X 4% 7
96 - 06 di 96 a6 I 2z dt dp I
MY MY> My® MY
J J oY ;Y d? J
+FY8—Y Y AN S T th=-  FMY—- 4 82' _ (92
90 d0 dt 90 90 0 ¢ dt  dp 9
Mx* My Mi* M
% % % 0
e L SN B T - A R
6 90 dt 90 90 op op dr 99 P
My* My’ My' My’
+Fy% +my% +;z %3 o % ta e e
N ! J ¢ ¢ A
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
(Write work-sums in columnsj'(( Using GCC df) and d¢ in Jacobian) )| @ || @ % |[ @ |_| &sno 0 | a0
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW = F, dX = MXdX = Fx—6d9+Fx—¢d¢ = MXa—Qd9+MX8—¢d¢ & || % % “rsin®  fsing
y Y 224 . dY . dY
+F, dY + MY dY +Fy0~,—9d9+Fy—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
. dy dy . dy . dy
+F, dy + my dy + F,—d0 +F,— d¢ +my — dO + my — d¢
L 96 3 26 2 ,
STEP
D Add up first and last columns for each variable 0 and o
Lagrange
trickery:
4 N[ )
Set: di=1 d(b:O MX2 MX2 Set: di=0 dgb:] MX? MX?
9 9 oX ox  d% 5 ¢
F 9IX _ MX&—X _ 4”2 72 F,— = X\ — = 2 2
96 - 06 di 96 a6 I 2z dt dp I
MY? MY? MY? MY?
J J oY . dY d? J
+FY8—Y Y A N thoy  TMY=s g 82' - (92
d0 d0 dt do 0 ¢ t dp 0
Mx*  Mx Mi® o Mi
o0x . 0X d? 9 J 0 dx . 0x d? 2 ¢ 2
+ F — + mX — + = — +F, +mx -
96 90 dt 90 90 op op dr dp  Io
My* My’ My* My’
+Fy? +mjﬁ? +d 82 — &2 +Fya—y +mjﬁa—y 7 82. — 82
o 6 dt 96 6 )L 0 o p 9 y
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy IX g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
(Write work-sums in columnsj'(( Using GCC df and d¢ in Jacobian) \| ¢ | % [ 49 ): Rsing 0 [ 49 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW= F,dX = MXdX = FX—6d0+FX—¢d¢ = MXa—9d9+MX8—¢d¢ i % g fsino
y Y 224 . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
L +F, dy + my dy +Fy%d9 +Fyg—;d(/) +my%d9+myg—qy)d¢
STEP 2 72 .2 )
, MX* MY’ Mi® M
D Add up first and last columns for each variable 0 and o for: T = St T 2x + 2y
Lagrange OX 9y _dx Oy —
ckery: | Let:Fy=——+F —+F,— +F,—=
lrickery. 9 T a0 e
- doJr oJr
------------------- =F, = ——
drdo  d0
o N [ D
Seti; di=1 d(b:O MX2 MX2 Set: di=0 dgb:] MX? MX?
s z 9 oX LIX  d9, ¢
p0X o pdX o d” 2 7 9 F22 9x 2 2
% 96, 00 i di 9 o o dt o I
;o i MY?: _ MY? MY? _MY?
oY a9 J oY LY a? J
+FYE&—Y§ Y el 42 2 thoy  TMY=s g 82' - (92
0 0 i dt o 0 0 0 £ oo Y
L i Mx*  Mi? Mi* M
O Idx da 5 J > dx L ox da ) J 7
+Fi—i +mi—  * - +F— +mx — a—
00 J dt 90 0 op op dr o op
+Fy§% +my% *3 5 6 o T3 ta e
\_ REAT Lar o9 00 ) U ¢ ¢ ¢ ¢ )
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
(Write work-sums in columnsj'(( Using GCC df) and d¢ in Jacobian) | @ || # ¥ [ 49 ): Rsing 0 [ 49 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—Gde-i-FX—q)d(P = MX8—9d9+MX8—q)d¢ dy 0 _rsin@  fsing
y Y 224 . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mx§—;d¢
. dy dy . dy . dy
F d d F.2=d0 +F, == d == d6 +my == d
L +F, dy + my dy + ' 30 + "9 1) +my89 +my8¢ 1) )
STEP 2 72 .2 )
, MX* MY’ Mi® M
D Add up first and last columns for each variable 0 and s for: T = Sttt 2y
Lagrange L 0X L dY L dx . dy - Let -F¢‘9_X+F o X g
trleerJ/ L6t°FX0'?_9+FY%+F;‘8—9 +F;3—9 . Xa(p Y&QD xa¢ ya(p
B O S T 1
, g 90 0 idt o 9o
4 i N (. ; L)
Set: d0=1 dy=0 M MR Set: dO=0 do=1 SMX MY
Féa_X_MX&_X_:dgz_gzi pX o g o 42 "2
X 06, 0 i dr 90 20 dp d i dr I 9
: ; : MT? UY? : 5 8MY'2 aMYz
+F Y my Y 4%y 7 FoY my 2L d_ 2 2
- - = y: :
"o 0 dt 90 90 d o dt  dp 2
M Mi* Mi* M
o0x 0x d&Z 82 dx . 0X daz 5’2
+ F.— +mi — - thi—— tmi——
"00 J dt 90 90 09 J dt dp o
My My L My* My’
0 0 Iy | 9 J 0 0
i T e Fel e Taa o
ey 06 i d [.09 .09 . ) U o0 00 dl o 0 .9 0 .. )
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Review of Lagrangian equation derivation (Elementary trebuchet)
Coordinate geometry, kinetic energy, and dynamic metric tensor ~Ymn
Basic force, work, and acceleration

=P/ o grangian force equation
Canonical momentum and ~Ymn tensor
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + midy

dX

Raw Jacobian

Rcos6 0

(Write work-sums in columnsj'(( Using GCC df and d¢ in Jacobian) \| ¢ || ® % | a ): Rsing 0 [ 40 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—6d9+FX—¢d¢ = MXa—9d9+MXa—¢d¢ dy 20  Jp —rsin®  fsing
y Y 224 . dY . dY
F, dY MY dy F,=—d6+F,—d MY Z—d6+ MY ~—d
+F, + tE— +Y¢¢ tMY —-do+ 5’¢¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
. dy dy . dy . dy
L +F, dy + my dy +Fy£d9 +Fy8_¢d¢ +my£d9+mya—¢d¢ )
STEP 2 72 .2 )
, MX* MY’ Mi® M
D Add up first and last columns for each variable 0 and s for: T = Sttt 2y
Lagrange OX oY  Ox Jy — ‘ X aYy _ Jdx dy
: .| Let:F,=—+F, —+F Z= +F == Let :Fy——+F, ——+F ——+F -
trickery. 90 "0 a0 oo R T
. daT T doT T
=F'9:——.—— =F =——F———
dt 96 90 dt 6 ¢

Completes derivation of Lagrange covariant-force equation for each GCC variable 0 and ¢ .

FyRcosO+ F,Rsin0 — Frcost —Fr

sin 6

Fy-0+F,-0+F.cos¢ + F sing
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Force, Work, and Acceleration

dW=F, dX+ F, d¥+ F. dx+ F. dy 20 o Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
(Write work-sums in columnsj'(( Using GCC df) and d¢ in Jacobian) | @ || # ¥ [ 49 ): Rsing 0 [ 49 ]
B _ .. B 0 0X _ .0X .0X dx dx  dx do —rcos  lcos¢ do
dw = FX dX = MXdX = FX—6d0+FX—¢d¢ = MXa—9d9+MXa—¢d¢ dy a0 I —rsin®  Ising
y Y 224 . dY . dY
F, dY MY dy F,=—d6+F,—d MY Z—d6+ MY ~—d
+F, + tE — dO+F, y o+ 5 40+ % il
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mx§—;d¢
. dy dy . dy . dy
L +F, dy + my dy +Fy£d9 +Fy8_¢d¢ +my£d9+mya—¢d¢ )
STEP 2 72 .2 )
, MX* MY® Mi* M
D Add up first and last columns for each variable 0 and s for: T = Sttt 2y
Lagrange X Y _dx _dy — Pox v ax L dy
: .| Let:F,=—+F, —+F Z= +F == Let :Fy——+ b —+F —+F -
trickery. 90 "0 a0 oo TR Y
. daT T doT oT
=F9:——,—— EEP:_—'_—
dt 96 90 dt 96 9o

Add Fy gravity given
(Fx=0, Fy=-Mg)
(F:=0, Fy=-mg)

These are competing torques on main beam R
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_g g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC dO and d¢ in Jacobian) \| @ || # [ 46 ): Rsin 0 [ df ]
B 3 . B 0 0X _ .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—9d9+FX—¢d¢ = MX8—9d9+MX8—¢d¢ dy 20  Jp —rsin®  (sing
. Y Y . dY . dY
F, dY MY dY F,=—d0+F,—d MY Z—d6 + MY Z—d
+ Iy, + + Iy, 20 + Iy ¢ (P + 20 + 5’([5 ¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
) dy dy . 0y . dy
L +F, dy + my dy +Fy%d9 +Fy8_¢d¢ +my%d9+mya—¢d¢ )
STEP 2 ) .2 -2
, MX* MY* Mx* M
D Add up first and last columns for each variable 0 and ¢ for: T=-—"—+——+——+ 2y
Lagrange OX Y _dx _ dy — Yox L ov . ox 9y
: .| Let:F,=—+F, —+F Z= +F == Let :Fy——+ b —+F —+F -
trickery. 90 a0 a0 e d "I T
. daT T doT oT
=F9:——,—— EF;):——_——
dt 96 90 dt 96 9o

oo LIT_IT g LI T
Y drdo 98 T4 b ap
Add Fy gravity given Add F, gravity given

(Fx=0, Fy=-Mg)
(F.=0, F,=-mg)
L _doT_aT

*dr I I =_mgtsmg

(Fx=0, Fy=-Mg)
(Fr=0, F,=-mg)

...................

' -
] —'— '
-

.=

F=———-—— =§—MgRsin0+mgrsin9

These are competing torques on main beam R... ... and a torque on throwing lever {

Tuesday, October 28, 2014 32



F0rce Work, and Acceleration

dW=F,dX+ F, dY+ F. dx+ F. dy ax ax | Raw Jacobian
26 90
—MXdX + MYdY+ mxdx + mydy dx Y Iy Rcos® 0
(Write work-sums in columns. X( Usmg GCC do ancg do in Jagoblan)\ = I [ o ): Rsin 0 [ o ]
X X x X X —rcosf  [lcoso
dw = F dX = MXdX = FX—GdQ —¢d¢ = 8—9d9 MXa—¢d¢ dy 20 a_¢ _rsing  fsing
; Y Y Y Y
F, dY MY dY F,=—d6+F,“—d My a6+ M2l g
+F dx  +midx Fxg—de ag—;m +mx§—9d9 mxg—:;dgb
YF dy  +mydy Fayde +Fayd¢ ey 22 a0 +my 22 do
_ y ¥ 90 > 9 L dP Y,
STEP 2 ) .2 -2
MX* MY* Mx* M
D 4dd up first and last columns for each variable 0 and ¢ for: T=-—"—+——+——+ 2y
Lagrange OX Y _dx _ dy — Yox L ov . ox 9y
: . | Let:Fy—+F,—+F.— +F — Let . Fy—+F, —+F —+F —
trickery. 90 a0 a0 e “ap T ap a7 I
_p 49T _JT _p 49T _JT
Y drae 00 Y dr dh I

F Rcos@+l_1j"__f_€__s_}p_(?_____lj“__rcost9 Frsm@ Fy-0+F, -0+ F/(cos¢ +F€sm_f]_)_.
_p_ddT _JT _p_ddr _dT
Y drdo 98 T4 b ap
Add Fy gravity given Add F, gravity given

(Fx=0, Fy=-Mg)

Fx=0, Fy=-M
(Fa=0, £y =g (F.=0, F,=-mg)

(F:=0, Fy=-mg)

doT OT i~ : : ié’_T_é’_T =—mglsin¢
R =22l 2L \gRsin0+ g QArethere ; A VIR S5 L .
" dt 90 90 gsm mgrsm + sign errors here? e ¢ ______ (P _______
These are competing torques on main beam R... ... and a torque on throwing lever {
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_g g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mydy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC dO and d¢ in Jacobian) \| @ || # % | a ): Rsin 0 [ df ]
B 3 . B 0 0X _ .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—9d9+FX—¢d¢ = MX8—9d9+MX8—¢d¢ dy 20  Jp —rsin®  (sing
. Y Y . dY . dY
F, dY MY dY F,=—d0+F,—d MY Z—d6 + MY Z—d
+ Iy, + + Iy, 20 + Iy ¢ (P + 20 + 5’([5 ¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
) dy dy . 0y . dy
L +F, dy + my dy +Fy%d9 +Fy8_¢d¢ +my%d9+mya—¢d¢ )
STEP 2 ) .2 -2
, MX* MY* Mx* M
D Add up first and last columns for each variable 0 and ¢ for: T=-—"—+——+——+ 2y
Lagrange OX Y _dx _ dy — Yox L ov . ox 9y
: .| Let:F,=—+F, —+F Z= +F == Let :Fy——+ b —+F —+F -
trickery. 90 a0 a0 e d "I T
. daT T doT oT
=F9:——,—— EF;):——_——
dt 96 90 dt 96 9o

oo LIT_IT g LI T
Y drdo 98 T4 b ap
Add Fy gravity given Add F, gravity given

(Fx=0, Fy=-Mg)
. . (F.=0, F,=-mg)

Q:Argthere F o= d dT JT
+ sign errors here?

(Fx=0, Fy=-Mg)
(Fx=0, F,=-mg)

-
-
---------------
-

*dr I I =_mgtsmg

A: No. Beam in -# position.

These are competing torques on main beam R... ... and a torque on throwing lever {

Tuesday, October 28, 2014 34



Review of Lagrangian equation derivation (Elementary trebuchet)
Coordinate geometry, kinetic energy, and dynamic metric tensor ~Ymn
Basic force, work, and acceleration
Lagrangian force equation

- Canonical momentum and ~Ymn tensor
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Canonical momentum and ~Ymn tensor

: oT : :
Standard formulation of pn = % The vymn tensor/matrix formulation
Total KE=T =T(M)+T(m) Total KE=T =T(M)+T(m)
- 1[( MR + mr)62 = 2mrl cos(6 — 0) 60 + m€2¢52} _ 1( 0 ) Too Too || 6| 1w
2 i mn
2 Yoo 7V 0 ) 2
(p’e ¢’¢

where: Yoo Vo | MR* +mr®  —mrlcos(6 —0)
Y LEASOFLS |y o0 Vg —mrlcos(6 - ) me>
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Canonical momentum and ~Ymn tensor

oT : :
Standard formulation of pn = Py The vymn tensor/matrix formulation
Total KE=T =T(M)+T(m) Total KE=T =T(M)+T(m)
] . . . -
= 5[( MR? + mr?)0? = 2mrlcos(6 — ) ¢ + mzzqﬂ _ %( 6 ¢ ) To.6 Vo [ 0 ): % o
Yoo Vo0 ¢
a9 where: Yoo Vo0 B MR? + mr? —mrlcos(6— )
Dy = 5 80( (MR2 + mr )(92 — mrlcos(0 —§) 0+ — mfqu ) Ymn tensor is Yoo Yoo a _mrlcos(6 — o) .
= (MR? + mr*)0 — mrigcos(6 — )
Py = gg a?/)( ( MR? + mr*)6?* — mrtcos(6 — ¢) 6+ — m€2¢ ]

— mfz(p — mrl6cos(6— o)
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Canonical momentum and ~Ymn tensor
oT

Standard formulation of pn = Py The vymn tensor/matrix formulation
Total KE=T =T(M)+T(m) Total KE=T =T(M)+T(m)
= 5[(MR2 +mr*)0* = 2mricos(6 — ) 9¢+m€2¢2} :%( 6 4 ) Yoo Yoy [ 0 ):lqumqn
Yoo Vo0 ¢ 2
a9 , , . where: 7/9,9 Ve’q) _ MR2 +mr2 —mrlcos(6— )
Dy = by 80( (MR* + mr )9 — mrlcos(0 — ) 9¢+ mf 1) ) Ymn tensor is Yoo Yoo _mrlcos(6 — o) .
= (MR* +mr*)0 — mrl¢cos(6 — ) Womenmm Ymn-MAatrix theorem. (matrix-proof on page 43)
aT 8 2 2 2 ] aT
MR” + 0~ — mrlcos(6—¢) 6 + 14 =
py= a¢ 8(/)( ( mr ) mrlcos(0 — @) ¢ m 1) | v ) Yoo Yoo B - )
2 = oar T ) if: 7,9 =7, (Symmetry)
= ml*$p— mrl0cos(6— @) Py 5 To.0 V.0
¢
B MR? + mr? —mrfcos(6 — @) ( 6 J
—mrlcos(0 —¢) mt* 0

J
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Canonical momentum and ~Ymn tensor

BT

-m

Standard formulation of pm =
Total KE=T =T(M)+T(m)

= %[(MRz +mr?)6?% = 2mrlcos(6 — ¢) 6 + mezqﬂ

of d
0 90

= (MR? + mr*)0 — mrigcos(6 — )
of 9
APV

— mfz(p — mrl6cos(6— o)

Dy = ( (MR? + mr*)6* — mrlcos(6 — ¢) 6+ — mfqu j

RS

( ( MR? + mr*)6?* — mrtcos(6 — ¢) 6+ — m£2¢]

The vymn tensor/matrix formulation

Total KE=T =T(M)+T(m)

3l ¢ «5)(

where:

Ymn LENSOY 1S

Vo0

Yoo Vo0 0 1 .
i zgymnq q
7’¢’g 7¢,¢ ¢

I ERLY MR? + mr? —mrlcos(6— )

Y. —mrlcos(6— ) ml*

/- : A
Momentum ~ymp-matrix theorem. (matrix-proof on page 43)

aT
Py 00 Yoo Yoo 0 | .
= o7 = : if: Yo.0 = Vo (symmetry)
Py 9L Vo0 Vo0 ¢
¢
B MR* +mr*  —mrlcos(6—¢) ( 0 ]
—mrlcos(0 —¢) mt* ¢
\_ J
( Momentum Ymn-tensor theorem. (proof here)
% Pm = Ymn 4
oT
proof: Given: p —aqu where T=—7/ququ
01 i 19 1 3
Then: p aquamq q Eyfka?mq Eyfkq 20"
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Canonical momentum and ~Ymn tensor

BT

-m

Standard formulation of pm =
Total KE=T =T(M)+T(m)

= %[(MRz +mr?)6?% = 2mrlcos(6 — ¢) 6 + mezqﬂ

of d
0 90

= (MR? + mr*)0 — mrigcos(6 — )
of 9
APV

— mfz(p — mrl6cos(6— o)

Dy = ( (MR? + mr*)6* — mrlcos(6 — ¢) 6+ — mfqu j

RS

( ( MR? + mr*)6?* — mrtcos(6 — ¢) 6+ — m£2¢]

The vymn tensor/matrix formulation

Total KE=T =T(M)+T(m)

3l ¢ «5)(

where:
Ymn LENSOY 1S

Vo0

Yoo Vo0 0 1 .
i zgymnq q
7’¢’g 7¢,¢ ¢

I ERLY MR? + mr? —mrlcos(6— )

Y. —mrlcos(6— ) ml*

/- : A
Momentum ~ymp-matrix theorem. (matrix-proof on page 43)

a_T
| oar |” : if: Yo.0 = Vo (symmetry)
Py or Yoo Yoo |\ 9
g
_ MR? + mr? —mrlcos(6 —¢) ( 0 ]
—mr{cos(6 —¢) mb? ¢
> J
(" Momentum Ymn-1€NSOr theorem: (proof here)
\_ Pm = Ymn qn
oT 1 o
proof: Given:p aq—’” where: Tzayjkq]qk
0 1 1 96 1 a
e _a—_yﬂfg i —yjkﬁq 27 ud aqm

| .
:Eyjk&;q +— yjkqjék
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Canonical momentum and ~Ymn tensor

oT
Standard formulation of pm = 3

Total KE=T =T(M)+T(m)

= %[(MRz +mr?)6?% = 2mrlcos(6 — ¢) 6 + mezqﬂ

of o
36 90
= (MR? + mr*)0 — mrigcos(6 — )
of o
% |2
= m£2¢ — mrlOcos(6—¢)

Dy = ( (MR? + mr*)6* — mrlcos(6 — ¢) 6+ — mfqu j

Py = ( ( MR? + mr*)6?* — mrtcos(6 — ¢) 6+ — m£2¢]

The vymn tensor/matrix formulation

Total KE=T =T(M)+T(m)

1/ . . Yoo Vo0 0 1 en
:5( 0 (b ) [ ¢ ]zgymnq q
To.0 Voo

where: I ERLY B MR? + mr? —mrlcos(6 — )
Ymn LENSOY 1S Yoo Yoo _mrlcos(6— ) .
A : N
Momentum ~ymp-matrix theorem. (matrix-proof on page 43)
ar
Py 00 Yoo Yoo 0 | .
= o7 = : if: Yo.0 = Vo (symmetry)
Py 9L Vo0 Vo0 ¢
¢
B MR* +mr*  —mrlcos(6—¢) ( 0 ]
—mrlcos(0 —¢) mt* ¢
\_ J
(" Momentum Ymn-tensor theorem. (proof here)
% Pm — Ymn q”
oT |
proof: Given:p, 8q—m where : Tzayjkqqu
J 1 1 94 1 ;94
Then: Py —a—_'}/]k(] q _y]kﬁq —)/]kq aqm

1 ' k A S
==V 0"+ ijq’5 —mGq S i’
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Canonical momentum and ~Ymn tensor
oT

Standard formulation of pn = Yo The vymn tensor/matrix formulation
Total KE=T =T(M)+T(m) Total KE=T =T(M)+T(m)
= | (MR? +mr?)6? = 2mr( cos(6 - 9) 69+ mt*)? | Lo g) Too Too || 6| 1w
2 2 / 2 mn
Yoo Vo0 ¢
a9 where: I ERLY B MR? + mr? —mrlcos(6— )
Po=7g 80( (MR? + mr*)6* — mrlcos(6 — ¢) 6+ — mf2¢ j Vmn t€nsor is Yoo Yo B —mrlcos(6—0) .
= (MR* +mr*)0 — mrl¢cos(6 — ) Womenmm Ymn-MAatrix theorem. (matrix-proof on page 43)
aT 8 2 2 2 ] aT
MR* + mr)0* — mrlcos(6 —¢) 06 + — mf —
Py = % 8(/)( ( %) (6-9)6¢ ¢ Pe 3 Yoo oo o) . )
, = o7 = : if: Yo.0 = Vo (symmetry)
= ml*$p— mrl0cos(6— @) Py =5 Vo0 Vo0 ¢
¢
B MR* +mr*  —mrlcos(6—¢) ( 0 ]
—mrlcos(0 —¢) mt* 0
\_ J
(" Momentum Ymn-1€NSOr theorem: (proof here)
% Pm — Ymn q”
oT R T
proof: Given:p aq—’” where: T —ngkq’q
o 1 1 9 1 ;94
Then: p, —a——ijq 4 ——Y,kaqm T2Vl aqm

1 3V IR S g1 i
=57/jk5,fﬂ +5ijq]5m=57/mkq +5?’jm61]

= Ywd" Y=Y oED
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Momentum ~ymp-matrix theorem. (matrix-proof here on page 43)

d( . . 0 o 5 ( 6
{] A R R R
Py | aT 2 J/( . . 0 o (g
¢ a(P %( 0 ¢ )0'}’- ¢ +( 6 ¢ )of}/.aq_) (p
6 o .
B (10)-7- ; +(¢9 d))-yo ()
=2 |
(0 1) Z (64 )re "
_1| Yoo Yoy [ 6 ]_I_l Yoo Vo0 [ o ]
2 Vo0 Vo0 0 2 Yos Voo 6
4 14 -
L ) e

B MR? + mr? —mrfcos(6 — @) [ 0 ]
—mrlcos(6 — ) mé? 0 QED
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Equations of motion and force analysis (Mostly Unit 2.)
= [‘orces. total, genuine, potential, and/or fictitious
Lagrange equation forms
Riemann equation forms
2nd-guessing Riemann? (More like Unit 3.)
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Forces: total, genuine, potential, and/or fictitious

Coriolis Force ~ éd).
o /

r | ConstrainNFotce

Constraintt Force

Centrifugal ’A

A\ .
Force Centrifugal Force
2 2
~ 0 UPPOFt amns o 0
Steadymg Force Gravitational Force
Gravitational Force ~mg
~ Mg
Acceleration Applied Constraint
and ‘Real’ 'Internal’
'Fictitious' Forces: Forces:
. Gravity Stresses
Forces. Stimuli Support...

Cfnot:ll.'jng FriCTn... g)o not cozt)ribute.
. dJdT dT v |
Dy = —+F,+0

dt 90 96

d 0T OT
) = — = FFE +0
e P T a0 00 T

(modified)

Lagrange Force equations
(See also derivation Eq. (2.4.7) on p. 23, Unit 2)

Compare to derivation Eq (12.25a) in Ch. 12 of Unit I and Eq. (3.5.10) in Unit 3.
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Forces: total, genuine, potential, and/or fictitious

Coriolis Force ~ éd).
o /

r | ConstrainNFotce

Constraintt Force

Centrifugal ’A

Force ) Centrifugal Force
2 2
~0 UPPOFt amns ~0
Steadying Foree Gravitational Force
Gravitational Force ~mg .
Y, For conservative forces
~ Mg

Acceleration Applied Constraint |, }ore- F, = _oV and: B_V _

and ‘Real’ 'Internal’ a0 a0

'Fictitious' Forces: Forces: F oV q oV
. Gravity Stresses =——— 4and:. —=

Coriolis i
Centrifugal Frictipn... (Do not contribute.

| /\ h’ X FI: X é/Do no work.) B
Po= 406 ~ 00 Po =35

oL . dL

00

d OT _dT oL . _dL

Py =

Dy = -=—+F,+0 Py =3
pe2se | dr g 09 gl 9
(modified) Lagrange Force equations Lagrange Potential equations

(See also derivation Eq. (2.4.7) on p. 23, Unit 2) L — ]"’_ V
Compare to derivation Eq (12.25a) in Ch. 12 of Unit I and Eq. (3.5.10) in Unit 3.

Po = =~

0

0
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Equations of motion and force analysis (Mostly Unit 2.)
Forces: total, genuine, potential, and/or fictitious
= | qorange equation force analysis
Riemann equation force analysis
2nd-guessing Riemann? (More like Unit 3.)
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d T oT . OJT _

Lagrange equation force analysis -~ -——"=p,~==F,
Dot means total differentiation 7 94 q
Everything that can move contributes. (Very easy to miss a term!)

P, = %pez %((MR2 +mr’ )0 — mrf(ﬁCOS(Q — (P)) [M,R,m,7, and ¢ are (thankfully) zero]

= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)

= (MR + mr* )6 — mr(§ cos(6 — §) + mr(6¢ sin(6 — ) — mrL¢” sin(6 — )

, _d d
p(P_Ep(p_E

= mézq')' — mrlo cos(0 — @)+ mrl 6?(6? — 45) si(6 — o)
— mgz(b' — mrlBcos(0 — @) — mrlO¢ sin(6 — @)+ mrl 6* sin(6 — )

( 0*¢— mrl6cos(6 — ¢))
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. . d JdT T T
Lagrange equation force analysis - ;,M —j —=p, —g—u =F,
Dot means total differentiation 7 94 q
Everything that can move contributes. (Very easy to miss a term!)
P, = %pez %((MR2 +mr’ )9 — mrf(ﬁCOS(Q — (P)) [M,R,m,7, and ¢ are (thankfully) zero]

= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)

= (MR + mr* )6 — mr(§ cos(6 — §) + mr(6¢ sin(6 — ) — mrL¢” sin(6 — )

, _d d
p(P_Ep(p_E

= m€2¢5 — mrlo cos(0 — @)+ mrl 9(9 — 45) si(6 — o)
— mgz(b' — mrlOcos(0 — @) — mrlO¢ sin(6 — )+ mrl6? sin(6 — )

( 0*¢— mrl6cos(6 — qb))

Set equal to real (gravity) force F, plus fictitious force OT/Oq" terms

po=F, +§_g:F9 +%(%(MR2 +mr2)92 +%m€2q52 — mr€9¢cos(9—¢))
=Fy+mr/l 0¢ sin(6 — @)

pr: F(P +8&—;= F(P +O%L%(MR2 + mr2)92 +%m€2q52 — mrﬁéécos(@—qb)j

= F, —mr( 0¢ sin(6 — ¢)
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. . d JdT T T
Lagrange equation force analysis - ;,M —5 —=p, —j—u =F,
Dot means total differentiation 7 94 q
Everything that can move contributes. (Very easy to miss a term!)
P, = %pgz %((MR2 +mr’ )9 — mrf(ﬁCOS(Q — (P)) [M,R,m,7, and ¢ are (thankfully) zero]

= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)

= (MR + mr* )6 — mr(§ cos(6 — §) + mr(6¢ sin(6 — ) — mrL¢” sin(6 — )

4 d
p(p—Ep(p_E

= m€2¢5 — mrlo cos(0 — @)+ mrl 9(9 — 45) si(6 — o)
— mgzq')' — mrlOcos(0 — @) — mrlO¢ sin(6 — )+ mrl6? sin(6 — )

( fng — mrl6cos(6 — qb))

Set equal to real (gravity) force F, plus fictitious force OT/Oq" terms

py=F, +g—g= F, +%(%(MR2 + mrz)é2 +%m€2q52 — mrﬁ@ﬁ)cos(@—Q))]
= F, + mrl0¢ sin(0 — ¢)

Py= F(P +8&—§;= F(P +5%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)]

= F, —mr( 0¢ sin(6 — ¢)

gravity forces F,, from p.31-34
F, =—MgRsin0+ mgrsin0

Fy=—mglsing
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. . d JdT T T
Lagrange equation force analysis - ;,M —j —=p, —g—u =F,
Dot means total differentiation 7 94 q
Everything that can move contributes. (Very easy to miss a term!)
P, = %pez %((MR2 +mr’ )9 — mrf(ﬁCOS(Q — (P)) [M,R,m,7, and ¢ are (thankfully) zero]

= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)
= ((MR® +mr* )6 — mrt ¢ cos(6 — ¢) + mr0 sin(6 — )~ mrl§* sin(6 = 9) = Fy+mri0f sin(6 - ).

4 d
p(p—Ep(p_E

= m€2¢5 — mrlBcos(0 — @)+ mrl6(6 —¢)sin(6 — ) .
= m%) — mrtcos(0 —9) — mrt09 sin(0 — 9) + mrt6?sin(@—9) = F, ~mr(6sin(0—9)f--

( fzgf) — mrl6cos(6 — qb))

Set equal to real (gravity) force F, plus fictitious force OT/Oq" terms

py=F, +§—g= F, +%(%(MR2 + mrz)é2 +%m€2q52 — mrﬁéQScos(@—Q))) -
=F,+ mrl0¢ sin(6 — ¢)

Py= F(P +8&—§;= F(P +O%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)j

= F, —mr{6¢ sin(6 - ¢)

gravity forces F,, from p.31 to 34
F, =—MgRsin0+ mgrsin0

Fy=—mglsing
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. . d JdT T T
Lagrange equation force analysis - j,u —j —=p, —j—u =F,
Dot means total differentiation 7 94 q
Everything that can move contributes. (Very easy to miss a term!)
P, = %pez %((MR2 +mr’ )9 — mrf(ﬁCOS(Q — (P)) [M,R,m,7, and ¢ are (thankfully) zero]

= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)
= (MR + mr* )6 — mr(§ cos(6 — 9) + mrtig-sin@=0) — mr(¢’ sin(0 —¢) = F, EmrtO¢-sin(@=0) -

4 d
p(p—Ep(p_E

= ml*¢ — mrl6cos(6 — @)+ mrl6(6 — §)sin(6 — ¢) :
= ml?¢ — mrl6cos(0 — ) — mitBp-sin(E=0) + mri0°sin(0 — ) = F, ~mrtosin(@=0){

( fch) — mrl6cos(6 — qb))

Set equal to real (gravity) force F, plus fictitious force OT/Oq" terms

py=F, +g—g= F, +%(%(MR2 + mrz)é2 +%m€2q52 — mrféQSCOS(Q—Q))) -
=F,+ mrl0¢ sin(6 — ¢)

Py= F(P +8&—§;= F(P +O%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)j

= F, —mr{6¢ sin(6 - ¢)

gravity forces F,, from p.31 to 34
F, =—MgRsin0+ mgrsin0

Fy=—mglsing
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d T oT . OJT _

Lagrange equation force analysis -~ -——"=p,~==F,
Dot means total differentiation 9 1 1
Everything that can move contributes. (Very easy to miss a term!)

. d d ) 2\ : o -

Dy = Epg— E((MR + mr )9 —mrlpcos(6 — (P)) [M ,R,m,r, and / are (thankfully) zero]
= (MR + mr* )0 — mr(¢ cos(0 — §)+ mri¢(6 — §)sin(6 — ¢)
= (MR2 +mr® )é —mrl¢cos(0 —¢)— mrld*sin(6 — o) =F,

o d_d( . .

Py = Ep(p— E( 0°¢p— mré@cos(@—gﬁ))
= ml*¢ — mrl6cos(6 — d)+ mrl6(6 — §)sin(6 — 9)
= mfz(ﬁ — mrlBcos(6 — )+ mrl6? sin(6 —¢) =F,

Set equal to real (gravity) force F, plus fictitious force OT/Oq" terms

py=F, +g—g=F9 +%(%(MR2 +mr2)92 +%m€2q52 — mrKQQSCOS(H—q)))

=Fy+mrl O SIN(O — (1) | ---rvmmemmeememmeem e

Py= F(P +8&—§;= F(P +O%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)j

= F, — 70O SIN(6 = ) | -eeeeemoemeeeeee e

¢

gravity forces F,, from p.31 to 34
F, =—MgRsin0+ mgrsin0

Fy=—mglsing
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d T oT . OJT _

Lagrange equation force analysis -~ -——"=p,~==F,
Dot means total differentiation 1 1 &
Everything that can move contributes. (Very easy to miss a term!)
. d d - : L .
P, = Epaz E((MRZ +mr’ )9 —mrlpcos(6 — (P)) [M ,R,m,7, and ¢ are (thankfully) zero]
= (MR + mr* )0 — mr(¢ cos(0 — §)+ mri¢(6 — §)sin(6 — ¢)
= (MR2 +mr’ )é —mrl¢cos(0 —d)—mrlo* sin(6 — ) = F, =—MgRsin0 + mgrsin® |-
d d 5 .
), =—p, = —|ml p—mri0cos(6— )
Py i Py i ( ¢ (0-0)
= ml*¢ — mrl6cos(6 — d)+ mrl(6 — §)sin(6 — 9) ,
= m(z(ﬁ — mrlHcos(6 —¢)+ mrl6? sin(6 —¢) = Fy=—mglsing |- i

Set equal to real (gravity) force F, plus fictitious force OT/Oq" terms

py=F, +g—g= F, +%(%(MR2 + mrz)é2 +%m€2q52 — mrKQQSCOS(H—q)))
= F, + mrl0¢ sin(0 — ¢)

Py= F(P +8&—§;= F(P +O%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)j

= F, —mr( 0¢ sin(6 — ¢)

gravity forces F,, from p.31 to 34 -
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Lagrange equation force analysis

dt 04" 9"

d oT oT

or _ .

"o "

D= (MR2 + mr’ )é —mrldcos(0 — @) — mrld* sin(6 — @)

= F, =—MgRsin0 + mgrsin0

Py= ml?¢  —mrl6cos(0 — )+ mrl6? sin(6 — ¢)

= F(p =—mg/lsing
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Equations of motion and force analysis (Mostly Unit 2.)
Forces: total, genuine, potential, and/or fictitious
Lagrange equation force analysis

> Ricmann equation force analysis
2nd-guessing Riemann? (More like Unit 3.)
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Laora ] 4 ] 9
grange equation force analysis 237 30

d oT T

Py

JdT

Riemann equation force analysis solves for GCC accelerations 6 and ¢

D= (MR2 + mr’ )é —mrldcos(0 — @) — mrld* sin(6 — @)

= F, =—MgRsin0 + mgrsin0

py=| ml*¢ —mriGcos(6 —¢)+mrl6sin(6 —¢)

= F(p =—mg/lsing
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doT 9T . IT _
droq"  dg"

Riemann equation force analysis F

Riemann equation force analysis solves for GCC accelerations 6 and ¢

Dy= (MR2 +mr’ )é — mrfécos(@ —0)— mr€¢2 sin(6 — ¢) = F, =—MgRsin0 + mgrsin6

p¢= m€2¢ —mrlOcos(6—¢)+ mrl6? sin(6 —¢) = F, =—mglsing

Fy
Fy

In matrix form.

Py | (MR2 + mrz) —mr/cos(6 — o) o B mrl¢” sin(6 — @) ~
Py —mrlcos(6 — ) me 0 —mr(6” sin(6 — ¢)
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doT 9T . IT _
i dg"  dg" "

F

Riemann equation force analysis el

Riemann equation force analysis solves for GCC accelerations 6 and ¢

Dy= (MR2 +mr’ )é — mrﬁécos(@ —0)— mréqﬁz sin(6 — ¢) = F, =—MgRsin0 + mgrsin6

p¢= m€2¢ —mrlOcos(6—¢)+ mrl6? sin(6 —¢) = F, =—mglsing
In matrix form.

Pe | (MR>+mr*)  —mrlcos(®©—¢) | é | mrtd?sino-9) | [ F
Py —mrlcos(6 — ) me 0 —mr(6” sin(6 — ¢) F,

This uses the[ Yoo Vo0 ]:£ MR*>+mr*  —mrlcos(6—0¢) ] ( —MgRsin 6+ mgrsin6 ]

Ymn LENSOY . _ _ 2 )
Vo0 Vo0 mr{cos(6—0) m/ —mgf Sll’l¢
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doT 9T . IT _
i dg"  ag"

F

Riemann equation force analysis el

Riemann equation force analysis solves for GCC accelerations 6 and ¢

Dy= (MR2 +mr’ )é — mréécos(@ —0)— mréqﬁz sin(6 — ¢) = F, =—MgRsin0 + mgrsin6

p¢= m€2¢ —mrlOcos(6—¢)+ mrl6? sin(6 —¢) = F, =—mglsing
In matrix form.

Pe | (MR>+mr*)  —mrlcos(®©—¢) | é | mrtd?sino-9) | [ F
Py —mrlcos(6 — ) me 0 —mr(6” sin(6 — ¢) F,

This uses the[ Yoo Vo0 ]:£ MR*>+mr*  —mrlcos(6—0¢) ] ( —MgRsin 6+ mgrsin6 ]

Tmn LERSOF |y 0 Voo —mrlcos(6 — ) me?

Po | | Yoo Voo |[ 6 | | Fytmrig’sin(6-¢)
pq) }/¢’Q }/(D,(P ¢ F;Z) — ml’féz Sin(9 — ¢)
Need to invert the ymp-matrix... Lets consolidate ...

Tuesday, October 28, 2014
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Riemann equation force analysis <97 T _, 9T _p

dt 9g"  dg" " ag" "
Po= (MR2 +mr’ )é —mrldcos(6 —@)—mrl)* sin(6 — @) = F, =—MgRsin0 + mgrsin6
p¢= m€2¢5 —mrlOcos(6—¢)+ mrl6? sin(6 —¢) = F, =—mglsing

In matrix form.
Pe | (MR>+mr*)  —mrlcos®©—¢) | é | mrtd?sino-9) | [ F
Py —mrlcos(6 — ) me 0 —mr(6” sin(6 — ¢) F,

This uses the | Yoo Yoo | | MR*+mr*  —mrlcos(6—9) —MgRsin6 + mgrsin 6

Po | | Yoo Voo |[ 6 | | Fy+mrig®sin(6—¢)
p(p }/¢’9 Y¢’¢ ¢ F;I) — ml"féz Sin(Q — ¢)

Need to invert the Ymn-matrix...

—mg/lsingQ
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: . . d JdT JT dT
Riemann equation force analysis - =p,——=F
q f y At aqll aqu p.u é’q“ M

Po=|(MR* + mr* )0 — mr(§ cos(6 — §) — mr(¢” sin(6 — ¢)

=F, =—MgRsin0 + mgrsin6

p¢= m€2¢ —mrlOcos(6—¢)+ mrl6° sin(6 — @)

In matrix form.
Py | (MR2 + mrz) —mrlcos(6— o) o B mrl¢” sin(6 — @) ~
2 —mr{cos(6 —¢) me’ 0 —mr(6sin(6 — 0)

This uses the [ Yoo Vo, ]_{ MR*+mr*  —mrlcos(0—¢) ]

= F(p =—mg/lsing@

Fy
Fy

—MgRsin6 + mgrsin0
Ymn tensor : Yoo Yoo —mrlcos(6— ) iy =[ —mgf sinq) )
[ p, ]_[ Yoo oo ]( g ] [ B+ mrtd*sin@-0)
P, B Yoo Voo o | Fy - mr(6° sin(6 — ¢)
me’ mr{cos(6—0)
Need to invert the Ymn-matrix... Yoo Yoo h [ mrlcos(8—¢)  MR*>+mr’ ]
[ Yoo Yos ] = mfz[MR2+mr2 Sin2(9—(b)] < “Super}gnertian
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; . . T T T Vo v
Riemann equation force analysis j;aa-“ —5 —=p, —%:Fu becomes 7" P, =i"--
q q q

Po= (MR2 +mr’ )é —mrldcos(6 —@)—mrl)* sin(6 — @) = F, =—MgRsin0 + mgrsin6

Py~ ml*p  —mrl6cos(6 — )+ mrl6* sin(6 — ¢)

In matrix form.
Py | (MR2 + mrz) —mrlcos(6— o) o B mrl¢” sin(6 — @) ~
2 —mr{cos(6 —¢) me’ 0 —mr(6sin(6 — 0)

This uses the [ Yoo Vo, ]_{ MR*+mr*  —mrlcos(0—¢) ]

= F(p =—mg/{sin@

Fy
Fy

| —MgRsin6 + mgrsin0
Ymn tENSOY . Yoo Vo —mrlcos(6 — ) . = _mgg Sin¢
Po | | Yoo Voo |[ 6 | | Fy+mrig®sin(6—¢)
P, Yoo Voo || O F, — mrt6”sin(6 - ¢)
me’ mr{cos(6— )
Need to invert the Ymn-matrix... Yoo Yoo _ [ mrlcos(—¢)  MR®+mr’ ]
... and Clpply it... Yoo Vos - mfz[MRz - Sinz(Q—(b)] < Super}ﬁnertza
—1 —T . .
Yoo Yoo Po 2 Yoo Yoo F, + mrl¢®sin(6 —¢) Riemann
: =l - | = . equation
Voo Voo Py ¢ Yoo Yoo Fy—mr(6~sin(0 - ¢) form
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. ’ ; T T BT Ve eV
Riemann equation force analysis j;aa-“ —5 7= b5 =F, becomes 7" P, =i"--
q q

Po= (MR2 +mr’ )é —mrldcos(6 —@)—mrl)* sin(6 — @) = F, =—MgRsin0 + mgrsin6

Py~ m€2¢ — mrlOcos(6 — )+ mrl6? sin(6 — @)

In matrix form.
Py | (MR2 + mrz) —mrlcos(6— o) o B mrl¢” sin(6 — @) ~
2 —mr{cos(6 —¢) ml’ 0 —mr(6sin(6 — 0)

This uses the [ Yoo Vo, ]_{ MR*+mr*  —mrlcos(0—¢) ]

= F(p =—mg/lsing@

Fy
Fy

—MgRsin6 + mgrsin0
Tmn LERSOF |y 0 Voo —mrlcos(6 — @) me* =[ _mglsing )
[ b, ]_[ Yoo Yos ]( : ] [ B+ mrtg?sin@-¢)
P, B Yoo Voo o | F; — mr(6”sin(6 — ¢)
me’ mr{cos(6—0)
Need to invert the Ymn-matrix... Yoo Yoo h [ mrlcos(—¢)  MR®+mr’ ]
[ Yoo Yoo ] T P MR+t sin® (0 ¢) | e—— L

-1 —T ) .
Yoo Yoo Po 2 Yoo Yoo F, + mrl¢®sin(6 —¢) Riemann
: =l - | = . equation
Voo Voo Py ¢ Yoo Voo Fy—mrt0~sin(6 — ) form

Gravity-free case:

Fy=0=F, ( 4 N
] 9 || oo Tee O |mresin@- o)
¢ }/¢,9 7/¢,¢ _92
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: : . dJdT 9T . OT Wy

Riemann equation force analysis il Sl becomes 7" p.=q"--
Dy= (MR2 +mr’ )é —mrldcos(6 —@)—mrl)* sin(6 — @) = F, =—MgRsin 6 + mgrsin 0
py=| ml*¢ —mriGcos(6 —¢)+mrl6sin(6 —¢) = F, = —mglsing

In matrix form.

(MR* +mr?)

Gravity-free case:

—mrlcos(0—¢) | 6 mrl¢’sin(6—¢) | | K
Py —mrlcos(6 — ) mi’ 0 —mr(6” sin(6 — ¢) F,
This uses the | Vo0 Vo _ MR*>+mr*  —mrlcos(6—0¢) — MgRsin0 + mgrsin®
Ymn tensor : Yoo Yoo —mrlcos(6— ) . = _mgg Sin¢
Po | | Yoo Voo |[ 6 | | Fy+mrig®sin(6—¢)
p(p }/¢’9 Y¢’¢ ¢ F;I) — ml"féz Sin(Q — ¢) ,
m/l mrf cos(60 —¢)
Need to invert the Ymn-matrix... Yoo Yoo _ [ mrlcos(0—¢)  MR>+mr’ ] |
Yoo Yoo — -y [MRZ + mr? sin? 6 — ¢)] < Super}énertza
- - ; . .
Yoo Yoo Py 0 Yoo Yoo F, + mrl¢®sin(6 —¢) Riemann
: =l - | = . equation
Yoo Yoo Py 0) Yoo Yoo F, —mr(6”sin(6 — ) form

p
;

Yoo
Voo

Yo
Voo

qsz
—6?

me*

Fy=0=F, [
IS

() e

Tuesday, October 28, 2014
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—6?

|

] mr{sin(0 — @)

65



Equations of motion and force analysis (Mostly Unit 2.)
Forces: total, genuine, potential, and/or fictitious
Lagrange equation force analysis
Riemann equation force analysis

2 1d-guessing Riemann? (More like Unit 3.)
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becomes v p,=d" -

Riemann equation force analysis <2~ =p, 5 =F
dt og"* odq* " dg* "
-1 | _ .
Yoo Ve Po 2 Yoo Yoo F, +mrl¢’ sin(6 — o) Riemann
: =l - | = . equation
Yoo Voo P ¢ Yoo Yoo F, —mr(6sin(6 — ¢) form
ravity-free case:
Fy=0=F, 5 N ) _ .
Is[ 0 } 213[ Too ye,q} J ( ¢ ]mrfsin(Q—q)):[ "t mrgCOS(G (p) ][ (b
¢ Yoo Yoo —6* mrlcos(0—¢) MR’ +mr’ —6?
Let:(@—(b):—% SO: IS=m€2[MR2+mr2] and let: w=60=¢
.o - _ .2 2 2
I 9 =/ Yoo Vo (P —— 0 O mre
(b Vo0 7/¢,¢ 9> 0 MR® + mr” ®°
» mt’ 0 \
5 - 2 2 —mrlw’
[ 6 ] Yoo Vo —¢’ ) 0 MR +mr ( —mrl o> ] TS -
N : mre= = + mr
¢ Voo Voo 0° mleiMRz +mr2:| mriw’ ey
Trying to 2nd-guess Riemann results
/
L// /
N Centrifugal Force

mlo?=IFI/¢ /\/(r2+€2)l |

[Fl= ma?N (@2 +02)

(r,0)-hypotenuse

_0=¢ 0="T 4=
Fig.2.5.1 Centrifugal force for a particular state of motion ( ©@=9=0, 0==, ¢=0 )

] mr/lsin(6 — ¢
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Riemann equation force analysis <<~ =p,~ o =F
q y dt 9" dq" L gt
-1 -1 . .
Yoo Ve Po j Yoo Yoo F, +mrl¢’ sin(6 — o) Riemann
: = - | T - equation
Yoo Voo Dy Yoo Yoo F, —mr{6”sin(6 — ) form
ravity-free case:
Fy=0=F, 5 N ) _ .
Is[ 0 } =IS[ Too ye,q} J ( (p ]mrfsin(Q—q)):[ "t mrgCOS(G ¢) ][ (b
¢ Yoo Yoo —6? mrlcos(0—¢) MR’ +mr’ —0?
Let:(@—(b):—% SO: IS=m€2[MR2+mr2] and let: w=0=¢
.o - .2 )
I 9 =/ Yoo Vo __(P —— 0 o’ mr/
(b Vo0 %p,(p 9> 0 MR® + mr” ®°
» mt’ 0 \
.. . — fwz
[ 0 ] Yoo Vo —¢’ / 0 MR+ mr’ ( —mrlo? ] MIZ;W -
N : mre= = + mr
¢ Yoo Voo 6> mfZ[MR2 +mr2] mri®* \ Wi/l

Irying to 2nd-guess Riemann results
The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).

~_ / L

DI /

\\/\
mlo’ =IF/ /\/(r2+€2)l

R A triangle proportionality:
c A , L/t=rN@?+02)
~ / 14 /

Centrifugal Force
[Fl= mo?N(#?+02)

(r,0)-hypotenuse

_0=¢ 0="T 4=
Fig.2.5.1 Centrifugal force for a particular state of motion ( ©@=9=0, 0==, ¢=0 )

becomes v p,=d" -

] mr/{sin(6 — ¢
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. . . d T . T - Hv o v
Riemann equation force analysis -5 :=p.~5 =5  becomes v h,=i -
-1 1 . .
Yoo Ve Po 2 Yoo Yoo F, +mrl¢’ sin(6 — o) Riemann
: = - | T - equation
Voo Voo Py ¢ Yoo Voo Fy—mr(6”sin(6 —9) form
ravity-free case:
Fy=0=F, 5 N ) _ .
15[ o ] =15[ Foa Too J ( 4 ]mrzsin<e—¢>=[ " it eostt =) ][ 4 ]mrfsin<9—¢
¢ Voo Yoo -6° mricos(0—¢)  MR*+mr? _6?
Let:(@—(b):—% S0: IS=m€2[MR2+mr2] and let: @ =60=¢
.o - .2 2
I 0 =/ Yoo Voo __(P —— 0 o’ mr/
¢ Yoo Yoo 0° 0 MR*+mr’ W’
. me’? 0 N
0 Yoo Voo — / 0 MR +mr’ —mrfow? ]\;1’;”%(0 .
.. = mrre= =
¢ ’}/q),e y¢,¢ 92 mfz I:]WR2 + mr2] mrfa)z wz:_/n;r

Irying to 2nd-guess Riemann results
The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).

This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

> L 7/ /
S /
S

mlo’ =IF/ /\/(r2+€2)l

_0=¢ 0="T 4=
Fig.2.5.1 Centrifugal force for a particular state of motion ( ©@=9=0, 0==, ¢=0 )

triangle proportionality:
R A gle prop ty
= /G*\ y

L/t=rN@?+02)

Centrifugal Force
[Fl= mo?N(#?+02)

(r,0)-hypotenuse

\

mfz(ﬁ = FL=mw*\r? + (*

or: @zFL/m(zza)zr/é

rt

= mw>r/
V2 + 02
Move to top of page...
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Irying to 2nd-guess Riemann results (contd.)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).
This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

. . i} /
R\ triangle proportionality: ml*¢ = FL = mo*\r? + (? i = mw>r/
~ v v

L/t=rANr?+02)

~ L/// , or: ¢=FL/ml*=w*r//
= . 2
TN Centrifugal Force 2nd-guessing [ § ) —n;trfa) :
mlo?=IF10 N(r2+12) IFl= m@?N(r2+/2) Riemann: G| | MR+
o (r,0)-hypotenuse wrll
Fig.2.5.1 Centrifugal force for a particular state of motion ( @=6=¢, 6=—, 6=0 )

2
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Irying to 2nd-guess Riemann results (contd.)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).

This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

. . i} /
R\ triangle proportionality: ml*¢ = FL = mo*\r? + (? i = mw>r/
~ v v

L/t=rN@r2+0?)

\\\ L/// / or: ¢5=FL/m£2=a)2r/€
h . 2
A Centrifugal Force 2nd-guessing [ § ) —n;trfa) :
mlo? =IF1¢ N2 +02) IFl= m@?N(#2+12) Riemann. G | T| ME+mr
|_ O (r,0)-hypotenuse W/l
Fig.2.5.1 Centrifugal force for a particular state of motion ( w=60=9¢, gzg, 6=0 )

It may seem paradoxical that the f-coordinate for main r-arm feels any torque or acceleration at all.
Indeed, if the device is rigid there can be none since the centrifugal force has no moment;
(Its line of action hits the f-axis of the R-arm. )
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Irying to 2nd-guess Riemann results (contd.)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).

This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

. . i} /
R\ triangle proportionality: ml*¢ = FL = mo*\r? + (? i = mw>r/
~ v v

L/t=rN@r2+0?)

~ L/// , or: ¢=FL/ml*=w*r//
= . 2
TN Centrifugal Force 2nd-guessing [ § ) —n;trfa) :
mlo?=IF10 N(r2+(?) IFl= mo?N(2+¢2) Riemann: g T MR
o (r,0)-hypotenuse wrll
Fig.2.5.1 Centrifugal force for a particular state of motion ( w=60=9¢, Ozg, o=0 )

It may seem paradoxical that the f-coordinate for main r-arm feels any torque or acceleration at all.
Indeed, if the device is rigid there can be none since the centrifugal force has no moment;
(Its line of action hits the f-axis of the R-arm. )

However, this device 1sn't rigid. The /-leg pivot is frictionless and can only transmit a component
m-£®? of force along /.
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Irying to 2nd-guess Riemann results (contd.)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).

This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

R triangle proportionality: mﬁ(jj = FL = mw?\r* + 02 *M = mw*r/
~/ T

L/t=rN@r2+0?)

So L/// , or: ¢=FL/ml*=w*r//
= . _ 2
TN Centrifugal Force 2nd-guessing [ § ) n;lrfa) :
ml@?=IF10 N2 +02) IFl= moyN(r2+(?) Riemann: g T MR
o (r,0)-hypotenuse wrll
Fig.2.5.1 Centrifugal force for a particular state of motion ( w=60=9¢, Ozg, o=0 )

It may seem paradoxical that the f-coordinate for main r-arm feels any torque or acceleration at all.
Indeed, 1f the device 1s rigid there can be none since the centrifugal force has no moment;
(Its line of action hits the f-axis of the R-arm. )

However, this device 1sn't rigid. The /-leg pivot is frictionless and can only transmit a component
m-£®? of force along /.

This causes a negative torque -mr{ ®? on the big r-arm.

It reduces f-angular momentum to exactly cancel the rate of increase in ¢-momentum.

(MR2 + mr? )é = —mw’r!
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Irying to 2nd-guess Riemann results (contd.)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).
This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

R triangle proportionality: mﬁ(jj = FL = mw?\r* + 02 *M = mw*r/
~/ T

L/t=rN@r2+0?)

~ L/// , or: ¢=FL/ml*=w*r//
~ ) _ ’
TN Centrifugal Force 2nd-guessing [ ¢ ~ ”';Ma’ R
mla? =110 N(r2+02) Fl= mo>N(r2+¢2) Riemann: g T MR g
o (r,0)-hypotenuse wr/l
Fig.2.5.1 Centrifugal force for a particular state of motion ( w=60=9¢, Ozg, o=0 )

It may seem paradoxical that the f-coordinate for main r-arm feels any torque or acceleration at all.
Indeed, 1f the device 1s rigid there can be none since the centrifugal force has no moment;
(Its line of action hits the f-axis of the R-arm. )

However, this device 1sn't rigid. The /-leg pivot is frictionless and can only transmit a component
m-£®? of force along /.

This causes a negative torque -mr{ ®? on the big r-arm.

It reduces f-angular momentum to exactly cancel the rate of increase in ¢-momentum.

(MR2 + mrz)é — _ma)zrg Checks with 0 Riemann equation--------------------------------.:

Note the time derivative of total momentum 1s zero 1f outside torques are zero.(twirling skater analogy)

Po+ by =0, if F,=0=F,
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