Geometry and Symmetry of Coulomb Orbital Dynamics I1.

(Ch. 2-4 of Unit 5 12.11.14)

Eccentricity vector € and (g, \)-geometry of orbital mechanics

e-vector and Coulomb r-orbit geometry Review Of lectures
Review and connection to standard development 28 and 29

e-vector and Coulomb p=mv geometry

Example with elliptical orbit

Analytic geometry derivation of e-construction

Algebra of e-construction geometry
Connection formulas for (a,b) and (,\) with (,R)
Ruler & compass construction of e-vector and orbits
(R=-0.375 elliptic orbit)
(R=+0.5 hyperbolic orbit)
Properties of Coulomb trajectory families and envelopes
Graphical e-development of orbits
Launch angle fixed-Varied launch energy

Launch energy fixed-Varied launch angle
Launch optimization and orbit family envelopes
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Eccentricity vector € and (g,\) geometry of orbital mechanics

Isotropic field V'=V(r) guarantees conservation angular momentum vector L

(Review of Lect. 28-29)

Coulomb V=-k/r also conserves eccentricity vector €

L=rXp=mrXr

(...for sake of comparison...)
IHO V=(k/2)r* also conserves Stokes vector S
pxL r px(rxp) gA (XA pr)
- _ = Xip1 Tt X2p2
km r km Sc= X1p2 = X2D1

A = km-e is known as the Laplace-Hamilton-Gibbs-Runge-Lenz vectoy, SS1erate symmetty groups:U(2) cU(2)
> or:R(3) CR(3) xR(3) CO(4)

E=r—

Consider dot product of € with a radial vector r:

...or of € with momentum vector p:

rer r0p><L rxpelL LeL e.ppor_pOprzp.fzp
gor = =r— =r— y fm r
r km km...--~ “km )
Let angle qS be angle betw;_egg_e -and radial vector r IL i g=0 apogee
"""""" =
T _ lkm . I
SFCOS(P = of =T £C0S( For A=L’/km that matches: r= ecosd =y A if: ¢:5 zenith
A
(a) Attractive (k>0) (b) Attractive (k>0) (c) Repulsive (k<0) e if: ¢=m perigee

Elliptic (E<0)

Hyperbolic (E>0)

Hyperbolic (E>0)

/ latus
(Rotational pXL certh i;’\adius
(Nothing N XL E
momentum here) p 8\\ ~ perhelion @ aphelion
) @ CGe-c---------g ...
L=rXxpis A
P GD(\(Nothmg E > E E > l-¢
normal to the A here)  \(attrative (repulsive P Nothing ___—
) ( Zf P €=Tr- XL orce force here) perigee apogee
orbit plane.) (altractive = DAL center)
force center) km center)
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Eccentricity vector € and (g, \)-geometry of orbital mechanics

e-vector and Coulomb r-orbit geometry
> Review and connection to standard development
e-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra
Example with elliptical orbit

Analytic geometry derivation of e-construction
Algebra of e-construction geometry
Connection formulas for (a,b) and (s, \) with (v,R)
Ruler & compass construction of e-vector and orbits

(R=-0.375 elliptic orbit)
(R=4+0.5 hyperbolic orbit)
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(From Lecture 28 p. 63-74) Geometry of Coulomb orbits (Let: v =p here)

r/e = ME.+.r cos r=M\A-+recos r =
A ¢ ? l1—ecos@
Y - cos o, (Review of Lect. 28-29)
- Zg : 1 1-gcos¢ 1 ¢ c0s 0
€ — — _
e r A A A
q N/ (1+¢€) perhelion
iE L
D "¢ L_ =k | JK2 +2E 1 Im

COS
1 /m ?

aphelion p=X\/(1-¢) P 1im

) Major axis: p++p—=2a
p+tp-=[\(1+e)+\(1-¢€)]/(1-e?)=2)/|1-¢?
Focal axis: p1 - p-=2ac

p+-p—=[\(1+e)-\(1-¢)]/(1-€?)=2Ne/|1-€?|

"All conics defined by:

Defining eccentricity €

Distance to Foca-point =& Distance to Direcix-line )

(x,y) physical (r,0) Minor radius: b=v/(a?-a’c?)=V/ (a\) (ellipse:c<1)
parameters constants parameters  Minor radius: b=v/(a’e?-a®)=v/(\a) (hyperb:e>1)
k k k>m+2°E b’ £’= 1—b—2 (ellipse: £<1) b—2=\/1—82
a=— E=— | &= 5 = 1_—2 a o a 2
2E 2a k*m d e’=1+— (hyperbola: £>1) —=,/e’-1
L r p ’ .
b= L=km A= — X =a(l-€?) (ellipse:e<l)
J2m I E| km a X =a(e’-1) (hyperb:e>1)
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Eccentricity vector € and (g, \)-geometry of orbital mechanics

e-vector and Coulomb r-orbit geometry

Review and connection to standard development

3 c-vector and Coulomb p=mv geometry

e-vector and Coulomb p=mv algebra
Example with elliptical orbit

Analytic geometry derivation of e-construction
Algebra of e-construction geometry
Connection formulas for (a,b) and (s, \) with (v,R)
Ruler & compass construction of e-vector and orbits

(R=-0.375 elliptic orbit)
(R=4+0.5 hyperbolic orbit)
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Dual radii » and /' locate Thales rectangles in circles
5 with diameters that are tangent vectors p and -p

—h
P
A4

Dot product of €
with momentum

vector p:

Eop= per pepXxL
r km
= p L f' = pr = gpx
This says: % :
Y \ Bisector of angle between

"Projection of p ontor

0.5 dual radii » and 7’ is normal

to tangent vectors p and -p

IS eccentricity € times

projection of p onto X-axis"

(%=¢)

-1.%

256
-06
0.6
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Dot product of €
with momentum

vector p:

per pepXL
r km
:p.f':przgpx

80p:

This says:
"Projection of p ontor
IS eccentricity € times

projection of p onto X-axis"

-0.%

Bisector of ¢
dual radii 7 ¢
to tangent v

(%=¢)

-1.%

ingle b/ tween
ind 7/ is normal
>ctors /p and -p

(Review of Lect. 29)

256

-16

-06

0p

16

256
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Dot product of €

with momentum

vector p:

per pepXxL
 km

=per=p, =¢p,

8.p:

This says:
"Projection of p ontor

IS eccentricity € times

'

projection of p onto X-axis'

a€

\

(%=¢)

Hyperbola has eccentricity € > 1
(Here:£=54=1.25)

(Review of Lect. 29)
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e-vector and Coulomb r-orbit geometry
Review and connection to standard development
e-vector and Coulomb p=mv geometry
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Algebra of e-construction geometry
Connection formulas for (a,b) and (s, \) with (v,R)
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e-vector and Coulomb p=mv geometry (Review of Lect. 29 p.50-62)

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r:
A L*/km

]": — . L
l-ecos¢p 1—ecoso o=——
d mr?

dr Lz —z( £C0SQ) 7
};': 7"¢ -
dt  km (1—€ecosp)” mr

o [’ —esing ¢

fm (1— 8005(1))2

Polar angle ¢ using: [, = myr

2 d¢

5
dt—mr(b

my?  m

2
:L 1 :L(lzm] (1—{-:cos¢)2

myr

_ L1 (kmj(l Scoscp)——(l £COSQ)
m

I?
2
iz: (%j (1- 8005(p)2

using.
r

. km 2 . o
y= km( sz reg esmo using. (1—8C08¢)2

_(km]z 2
=|— | r
L2

: k L k. :
r= —?mr2¢ gsing = _Z €smg again using.: L = mr2 1)
Cartesian x =r cos ¢ Cartesian 'y =r Sin ¢.
X:%Z 7cos@ —sing r¢ y:?: 7sing +cos r¢
k
— —%Sin¢ CV@ZOCify.' ) _Z(COS¢_ 8)

[P =mx= _mTk Slnd) ] (Mamentun@ [

=my= m—k(cosq) 8}
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Eccentricity vector € and (g, \)-geometry of orbital mechanics

e-vector and Coulomb r-orbit geometry
Review and connection to standard development

e-vector and Coulomb p=mv geometry

e-vector and Coulomb p=mv algebra

> Example with elliptical orbit

Analytic geometry derivation of e-construction
Algebra of e-construction geometry
Connection formulas for (a,b) and (s, \) with (v,R)
Ruler & compass construction of e-vector and orbits

(R=-0.375 elliptic orbit)
(R=4+0.5 hyperbolic orbit)
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Coulomb p=mv geometry|(¢p=0)

p is smallest at apogee

perhelion
(1 +e)|f
I

focal A 4= _
radius | | b=1 -

/
e -
! £=N3/2 -
=0.866 -
A=1/2 7

aphelion

M(I-€)

major
radius

_ Kinetic Energy
Potential Energy
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Cowlomb p=mv geometry|(¢ >0)
p grows as ¥ falls from appogee
A KE
—0+ Ay R R=—— scale line
a \T r PE
bisects
P\ — angle< "=y
il R
‘ p QMJ = JRis Ltop
Wk, L os ot A \  p momentum line
focal k 6Y. Y M - +7
. a=2  _] angle<t =2y
radius // A b/ i —f
€ & _
! €=V3/2 7
)2, =0.866-
5 A=1/2 -
o
TS
__________ N 8
Example of geome
for momentum functions.:
mk .
major x_ X = ——smqb
radius L
heli N
ap}; ]l_oglj _ Kinetic Energy and
N Potential Energy
L A E2

.k
- e P =my :—(COS¢— 8)
0>R=KE/PE>-1 scale subtends angle 2~ with length 2r sinvy as is derived several pages ahead. y L

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.
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perhelion_

M(1 +e){ N
jbcal‘

radius

ae //

Coulomb p=mv geometry|(¢ >0)

=00 p grows as ¥ falls from apog/ee{
oy p \ p-circle grows as r-circle '

R=—— scale lin
PE

i /‘W/f_ bisects
A X0 e = - angle< =2y
‘ - —~Ris Ltop
r R’ N
—| p momentum line
bisects
angle<" =2y

aphelion \

M(I-€)

0>R —KE/PE >-] scale subtends angle 2~y with length 2r sinvy as is derived several pages ahead.

W\

radius

Example of geometry
for momentum functions:

k
P =mx = —m—smq)
L

_ Kinetic Energy and
Potential Energy

.k
Py—my —z(cosq)— £)

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.
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perhelion_

e +e)f
jbcal‘ 7

Coulomb
p grows as

p-circle grows

=mv geometry|(¢ >0)

aphelion
M(I-€)

major
radius

_ Kinetic Energy
Potential Energy

0>R —KE/PE >-] scale subtends angle 2~y with length 2r sinvy as is derived several pages ahead.

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.

falls from apogee
KE ,
s r-circle shrinks| R=—— scale line
PE
7| bisects
—| angle<, =n—2y
+{Ris Ltop
—: p momentum line
bisects
a=2 | angle<" =2y
b=1 _—
€=V3/2 7
=0.866_—
A=12 -
Example of geometry

for momentum functions:

k
P =mx = —m—smq)
L

and

.k
Py—my —z(cosq)— £)
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perhelion

e +e)f ]
focal k

radius
ac

Coulomb p=mv geometry

(¢ >0)

p grows as ¥ falls from appogee

p-circle grows as r-circle shrinks

/|

major
radius

_ Kinetic Energy
Potential Energy

0>R=KE/PE>-1 scale subtends angle 2~ with length 2r sinvy as is derived several pages ahead.

KE
R=—— scale line
PE

bisectsu
angle<(; =2y
Ris Ltop

p momentum line
bisects

angle< " =2y

Example of geometry

for momentum functions.

mk .

P =mx = - sin g

and

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.

.k
Py—my —z(cosq)— £)
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Coulomb p=mv geometry
p grows as ¥ falls from ap

p-circle grows as r-circle shrinks

A

aphelion

M(1-¢)

_ Kinetic Energy
Potential Energy

0>R=KE/PE>-1 scale subtends angle 2~ with length 2r sinvy as is derived several pages ahead.

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.

and

(¢ >0)

ogee

KE
R=—— scale line
PE

bisectsu
angle<(; =2y
Ris Ltop

p momentum line
bisects

angle< " =2y

Example of geometry
for momentum functions.

mk .

P =mx = - sin g

.k
Py—my —z(cosq)— £)
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- > / Coulomb p=mv geometry|(¢ >0)
p grows as ¥ falls from appogee
KE ,
p-circle grows as r-circle shrinks| R=—— scale line
| bisects
—| angle<, =n—2y
+Ris Ltop
\ —: p momentum line
S biseqts
a=2 | angle<". =2y
b=1 .
€=V3/2 7
=(0.866 -
A=12 -
Example of geometry
for momentum functions.
: mk
major Px=mx = ——smqb
: L
\ radius
aphelio
p}\/( I-¢ S _ Kinetic Energy and
Potential Energy

.k
DAl P =my :—(COS¢— 8)
0>R=KE/PE>-1 scale subtends angle 2~ with length 2r sinvy as is derived several pages ahead. y L

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.
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Coulomb p=mv geometry

(¢ >0)

p grows as ¥ falls from appogee

p-circle grows as r-circle shrinks

N\
N\

pe heli\on*_
MI+eA

focal ﬁ
radlius Yy a=2  _]
ae ||/ b=I -
/ €=V3/2 7
=(0.866
A=1/2 -
Example

radius
aphelio a

M(I-€

_ Kinetic Energy
Potential Energy

0>R=KE/PE>-1 scale subtends angle 2~ with length 2r sinvy as is derived several pages ahead.

and

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.

KE
R=—— scale line
PE

bisectsu
angle<(; =2y
Ris Ltop

p momentum line
bisects

angle< " =2y

of geometry

for momentum functions:

mk .

P =mx = - sin g

.k
Py—my —z(cosq)— £)
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> Coulomb p=mv geometry
/ p grows as ¥ falls from ap

p-circle grows as r-circle shrinks

(¢ >0)

ogee

KE
R=—— scale line
PE

bisectsu
angle<(; =2y
Ris Ltop

p momentum line
bisects

T T a=2 | angle<". =2y
b=1 -
X €=V3/2 7
/ 4 —0.866
1 A=1/2 -

Example of geometry

for momentum functions:

: mk
P =mx = —Tsmq)

_ Kinetic Energy and
Potential Energy

.k
: P =my=—(cos@—¢€)
0>R=KE/PE>-1 scale subtends angle 2~ with length 2r sinvy as is derived several pages ahead. y L

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.
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Coulomb p=mv geometry|(¢ >0)
p maximum for ¥ at perigee

perhelion
M(I+¢€)
focal A S
radius a=2 ]
ae / b=1 ]
’ £=3/2 -
=(0.866 -
A=1/2 -
Example of geometry

aphelio
M(I-€

major
radius
a

y=-a(cosd-¢/

=-a(l+¢)

x=-asind=0
_ Kinetic Energy

~ Potential Energy

for momentum functions:

: mk .
P =mx = - sIn @

and

.k
Py—my —Z(cosq)— £)
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Eccentricity vector € and (g, \)-geometry of orbital mechanics
e-vector and Coulomb r-orbit geometry
Review and connection to standard development
e-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra
Example with elliptical orbit

¥ Analytic geometry derivation of e-construction
Algebra of e-construction geometry
Connection formulas for (a,b) and (s, \) with (v,R)
Ruler & compass construction of e-vector and orbits

(R=-0.375 elliptic orbit)
(R=4+0.5 hyperbolic orbit)
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e-vector and Coulomb orbit construction steps
Copy double angle 2~ (/FPQ ) onto /PFT

Extend /PFT chord PT to make R-ratio scale line
Label chord PT with R=0 at P and R=-1.0 at T.

Mark R-line fractions R=0, +1/4, +122,... above P and
R=0,-1/8-1/4,-122,...,-3/4 below P and -5/4,-3/2,... below T.

Pick launch point P Copy F-center circle around launch point P
(radius vector r ) Copy elevation angle ~ (/FPP’) onto /P'PQ

and elevation angle ~y from radius ~ Extend resulting line QPQ’ to make focus locus

(momentum initial p direction )

KE/PE

Pick initial R=KE/PE value
(here R=-3/8) Draw g-vector

o _ Initial KE _ mv*(0)/2
Initial PE -k /r(0)
focus F and 2™ focus ¥ allow final [

construction of orbital trajectory. =X

Initial velocity jz_ 4 v (0)

Escapevelocity | /2 (c0)

Here it is an R=-3/8 ellipse.

(Detailed Analytic geometry of e-vector follows.)

Wednesday, December 24, 2014 24




(b) Next several pages give

VAN

step-by-step constructions

of e-vector and Coulomb

orbit and trajectory physics

(l

Fig. 5.4.2 Construction of eccentricity vector € and
orbit from initial x, p with KE/PE=-3/8.
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e-vector and Coulomb orbit construction steps

Pick launch point P

(radius vectorr )

and elevation angle ~y from radius

(momentum initial p direction )

Next several pages give

step-by-step constructions
of e-vector and Coulomb

orbit and trajectory physics

Wednesday, December 24, 2014
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e-vector and Coulomb orbit construction steps

Pick launch point P

(radius vectorr )

and elevation angle ~y from radius

(momentum initial p direction )

Copy F-center circle around launch point P

Copy elevation angle ~ (/FPP’ ) onto /P'PQ

Extend resulting line QPQ’ to make focus locus

Next several pages give

step-by-step constructions
of e-vector and Coulomb

orbit and trajectory physics

Wednesday, December 24, 2014
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e-vector and Coulomb orbit construction steps
Copy double angle 2~ (/FPQ ) onto /PFT

Extend /PFT chord PT to make R-ratio scale line
Label chord PT with R=0 at P and R=-1.0 at T.

Mark R-line fractions R=0, +1/4, +122,... above P and
R=0,-1/8-1/4,-122,...,-3/4 below P and -5/4,-3/2,... below T.

Pick launch point P Copy F-center circle around launch point P
(radius vector r ) Copy elevation angle v (/FPP’) onto /P'PQ

and elevation angle ~y from radius ~ Extend resulting line QPQ’ to make focus locus

(momentum initial p direction )

KE/PE
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e-vector and Coulomb orbit construction steps

Pick launch point P
(radius vectorr )

and elevation angle ~y from radius

(momentum initial p direction )

Copy double angle 2~ (/FPQ ) onto /PFT
Extend /PFT chord PT to make R-ratio scale line
Label chord PT with R=0 at P and R=-1.0 at T.

Mark R-line fractions R=0, +1/4, +122,... above P and
R=0,-1/8-1/4,-122,...,-3/4 below P and -5/4,-3/2,... below T.

Copy F-center circle around launch point P
Copy elevation angle ~ (/FPP’ ) onto /P'PQ

Extend resulting line QPQ’ to make focus locus

KE/PE

o _ Initial KE _ mv*(0)/2
Initial PE -k /r(0)

Initial velocity 2_ 4 v (0)
Escapevelocity | /2 (c0)

—+
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e-vector and Coulomb orbit construction steps
Copy double angle 2~ (/FPQ ) onto /PFT

Extend /PFT chord PT to make R-ratio scale line
Label chord PT with R=0 at P and R=-1.0 at T.

Mark R-line fractions R=0, +1/4, +122,... above P and
R=0,-1/8-1/4,-122,...,-3/4 below P and -5/4,-3/2,... below T.

Pick launch point P Copy F-center circle around launch point P
(radius vector r ) Copy elevation angle ~ (/FPP’) onto /P'PQ

and elevation angle ~y from radius ~ Extend resulting line QPQ’ to make focus locus

(momentum initial p direction )

KE/PE

Pick initial R=KE/PE value
(here R=-3/8) Draw g-vector

o _ Initial KE _ mv*(0)/2
Initial PE -k /r(0)
focus F and 2™ focus ¥ allow final [

construction of orbital trajectory. =X

Initial velocity jz_ 4 v (0)

Escapevelocity | /2 (c0)

Here it is an R=-3/8 ellipse.

(Detailed Analytic geometry of e-vector follows.)
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e-vector and Coulomb orbit construction steps
Copy double angle 2~ (/FPQ ) onto /PFT

Pick launch point P Copy F-center circle around launch point P Extend /PFT chord PT to make R-ratio scale line

(radius vectorr ) Copy elevation angle ~ (/FPP’ ) onto /P'PQ

Label chord PT with R=0 at P and R=-1.0 at T.

: : S )
and elevation angle ~y from radius ~ Extend resulting line QPQ’ to make focus locus Mark R-line fractions R=0, +1/4 +112... above P and
R=0, -1/8-1/4,-1/2,....-3/4 below P and -5/4,-3/2.... below T.

(momentum initial p direction )

//} /1 ‘ / / A

a
F

Pick initial R=KE/PE value

A\ /p hyperbold
' (here R=+1/2) Draw g-vector 105
from focus F to R-point o Initial KE_mv*(0)/2

(Here it intersects 2" focus F’ " Initial PE =k / 7(0)

(|
L
F focus F and 2" focus F' allow final . L )\2 2
< Initial velocity v(0)
construction of orbital trajectory. =1 : =T
5 Escapevelocity V2 (o)
Here it is an R=+1/2 hyperbola.
C
T % (Detailed Analytic geometry of e-vector follows.)
co
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Eccentricity vector € and (g, \)-geometry of orbital mechanics
e-vector and Coulomb r-orbit geometry
Review and connection to standard development
e-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra
Example with elliptical orbit
Analytic geometry derivation of e-construction
¥ Algebra of e-construction geometry
Connection formulas for (a,b) and (,\) with (,R)
Ruler & compass construction of e-vector and orbits

(R=-0.375 elliptic orbit)
(R=+0.5 hyperbolic orbit)
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" Analytic geometry derivation of e-constructions . pxL (mvo)(mvoro)siny .
E=r-— . =r- . pr
where: prz pXxL

E\G
N\T©

Z A%

Y

s S\ 4
= 2 \%

= = TA\¢

A O\ P
SYACSEN

Fig. 5.4.3
Construction of eccentricity vector €
and orbit from initial r, p with KE/PE=+1/2.

R Initial KE mv? (0)/2
Initial PE -k /r(0)

. Initial velocity 2_ +v2 (0)
~\ Escapevelocity ] 2 (o)
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- Analytic geometry derivation of e-constructions . pxL _, (mvo)(mvoro)siny i
e=f-——=f- = b
where: prz pXxL
— mv,%/2 . KE ~
7 \/8 € =f+2siny —>~—L__=p+2siny — L
NG —klr, P PE PX
Z A% 0
=,
S 2\ 4
<> 2 OO
A X7
) O\ P
SYRACSEN

Fig. 5.4.3
Construction of eccentricity vector €
and orbit from initial r, p with KE/PE=+1/2.

R Initial KE mv? (0)/2
Initial PE -k /r(0)

. Initial velocity 2_ +v2 (0)
~\ Escapevelocity ] 2 (c0)
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- Analytic geometry derivation of e-constructions . pxL (mvo)(mvoro ) siny °
E=Tr— =r -
km km P
where: pr =pXxL
2
— mv,“/2 . . KFE -
= \/8 € =f+2siny —>~—L__=f+2siny — L
N\ _ px px
> ¢ kir, PE
AN
s 2 /O The eccentricty vector is:
(}é ‘59» Q 0
% Q\;% <> ?P €= C?S ;e siny| |R= o }/.
SRR siny 1 (2R+1)siny

R Initial KE mv? (0)/2
Initial PE -k /r(0)

2
N Initial velocity | N V? (0)
~\ Escapevelocity | /2 (o
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- Analytic geometry derivation of e-constructions P . <L _ o (mvo)(mvoro ) siny ¢
km km P
where: prE p XL
— mv, /2 . KE -
7 \/8 € =f2siny —>—L__=f+2siny — L
= \% —kir, P PE ¥
= g
E'é % /O The eccentricty vector is:
= o\ Q
= 0
% < <> ?P €= C(.)Sy +2siny| |R= ©08 ’}/.
SYRACEEN sin y 1 (2R+1)siny
60/ = = 1
> < For: y=45° and: R=+5

8_[ N2 }_[1/\/5]
An2eren ) Lonl2)

<
» o _ Initial KE _ mv*(0)/2
A Initial PE —k / (0)
=
2 2
_ 4 Initial velocity | LY (0)
~\ Escapevelocity | /2 (o
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0.0

Analytic geometry derivation of e-constructions c_p_ PX L _ . (mvo)(mvoro ) siny ¢
-5 = op B km km P
o
g where: pr =pXxL
= 212
=r+2 siny ™o 2y =f+2siny — L
€ =T = —

The eccentricty vector is:
0
BV \psiny|  |re|
1 (2R+1)siny

...... : |
For: y=45° and: R=+§

b
- o)

N2 (2R+1)
2

4
- The eccentricty parameter defined by;:
- e=cos’p+(QReDsin Y= 12 |
L ' ~_5___E b i
3 |

_ Initial KE mv? (0)/2

C
%
R = —
Initial PE -k /r(0)
2 2
] 4O

N Initial velocity
| Escapevelocity

V2 (o0

37
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Eccentricity vector € and (g,\)-geometry of orbital mechanics
e-vector and Coulomb r-orbit geometry
Review and connection to standard development
e-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra
Example with elliptical orbit

Analytic geometry derivation of e-construction

Algebra of e-construction geometry
¥ Connection formulas for (a,b) and (g,\) with (v,R)
Ruler & compass construction of e-vector and orbits

(R=-0.375 elliptic orbit)
(R=+0.5 hyperbolic orbit)
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Algebra of e-construction geometry

KE b?

The eccentricty parameter relates ratios R = ——and —
a

£’= H4R(R+)sin’y

¥

=1- —~ forellipse (e<1)
a
¥

=1+ —~ for hyperbola (¢ > 1)
a

Three pairs of parameters for Coulomb orbits:
1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)
Now we relate a 4th pair: 4.Initial (v,R)
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Three pairs of parameters for Coulomb orbits:

Algebra Ofe_canStruCtlanéeon/ﬁ)zetry 1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (V,R)
a

£’= W4 R(RH)sin’y

2 2
=1- b—2 for ellipse (& <1) where: 4R(R+1)sin2y:— b—2 |
a a
b’ b’
=1+ — for hyperbola (¢ > 1) where: 4R(R+1)sin2}/:+ — = g1
a a
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Three pairs of parameters for Coulomb orbits:

Algebra Ofe_canStrMCtZOHéeon/Zzetry 1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (V,R)
a

£’= W4 R(R+)sin’y

2 2
=1- b—2 for ellipse (& <1) where: 4R(R+1)sin2y:— b—2 | implying: R(R+1) <0
a a
b* b*
=1+ — for hyperbola (€ > 1) where: 4R(R+1)sin2}/=+ — = g1 implying: R(R+1)>0
a a
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Three pairs of parameters for Coulomb orbits:

Algebra Ofé‘—C‘OnSﬂ'MC‘thn geometry 1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)

. . KE b
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (V,R)
a
4 )
£’= W4 R(R+)sin’y
b2 . .2 b2 2 . . . p2
=1-— forellipse (e<1) where: 4R(R+l)sin"y=——=¢e"—1 implying: R(R+l)<0  (or: -R">R)
a’ a® (or: 0>R>-1
b2 .2 b2 7 : . : R2 R
=1+— for hyperbola (¢ >1) where: 4R(R+l)sin“y=+— =¢e“—1 implying: R(R+]1)>0  (or:-R°<R)
L a? a2 (or: O<R<—9
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Algebra of e-construction geometry

Three pairs of parameters for Coulomb orbits:
1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)

. . KE . b N
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (v,R)
a
4 )
£2= 1+4R(R+1)sin2y
b2 . .2 b2 2 . . . p2
=1-— forellipse (e<1) where: 4R(R+l)sin"y=——=¢e"—1 implying: R(R+l)<0  (or: -R">R)
a’ a® (or: 0>R>-1
b2 .2 b2 7 : : : _R2 R
=1+ — for hyperbola (¢ >1) where: 4R(R+l)sin“y=+— =e“—1 implying: R(R+1)>0  (or:-R"<R)
a2 a2 (or: 0<R<-1)
- J
—k . KE . .. . .
Total 2—=E =energy = KE+PE relates ratio R = oE to individual radii a, b, and A.
a
—k —k 1 1
2—=E=KE+PE=R-PE+PE:(R+1)PE= (R+l)— or: —=(R+]l)—=(RH)
a r a r
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Algebra of e-construction geometry

Three pairs of parameters for Coulomb orbits:
1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)

. . KE . b
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (v,R)
a
4 )
£2= 1+4R(R+1)sin2y
b2 . .2 b2 2 . . . p2
=1-— forellipse (e<1) where: 4R(R+l)sin"y=——=¢e"—1 implying: R(R+l)<0  (or: -R">R)
a’ a® (or: 0>R>-1
b2 .2 b2 7 : : : _R2 R
=1+ — for hyperbola (¢ >1) where: 4R(R+l)sin“y=+— =e“—1 implying: R(R+1)>0  (or:-R"<R)
a2 a2 (or: 0<R<-1)
- J
—k . KE . .. . .
Total 2—=E =energy = KE+PE relates ratio R = oE to individual radii a, b, and A.
a
—k —k 1 1
2—=E=KE+PE=R-PE+PE:(R+1)PE= (R+1)— or: 2—= (R+1)—=(RH)
a v a r

r 1 : el o . :
a= = assuming unit 1nitial radius (r=1).
2(R+1) \ 2(R+D)
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Algebra of e-construction geometry

Three pairs of parameters for Coulomb orbits:
1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)

. . KE . b
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (v,R)
a
4 )
£2= 1+4R(R+1)sin2y
b2 . .2 b2 2 . . . p2
=1-— forellipse (e<1) where: 4R(R+l)sin"y=——=¢e"—1 implying: R(R+l)<0  (or: -R">R)
a’ a® (or: 0>R>-1
b2 .2 b2 7 : : : _R2 R
=1+ — for hyperbola (¢ >1) where: 4R(R+l)sin“y=+— =e“—1 implying: R(R+1)>0  (or:-R"<R)
a2 a2 (or: 0<R<-1)
- J
—k . KE . .. . .
Total 2—=E =energy = KE+PE relates ratio R = oE to individual radii a, b, and A.
a
—k —k 1 1
2—=E=KE+PE=R-PE+PE:(R+1)PE= (R+1)— or: 2—= (R+1)—=(RH)
a v a r

r 1 : el o . :
a= = assuming unit 1nitial radius (r=1).
2(R+1) \ 2(R+D)

b2

4R(R+1)sin27/=$ — implies: 2\/ FR(R+1) sin}/=é or:. b= 2a\/ FR(R+1)siny
a

a

FR . /iR . : . .
b=r |—siny| = [——siny assuming unit initial radius (=1
[ R+l }/( R+l 4 5 ( )D
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Algebra of e-construction geometry

Three pairs of parameters for Coulomb orbits:
1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)

. . KE . b
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (v,R)
a
4 )
£2= 1+4R(R+1)sin2y
b2 . .2 b2 2 . . . p2
=1-— forellipse (e<1) where: 4R(R+l)sin"y=——=¢e"—1 implying: R(R+l)<0  (or: -R">R)
a’ a® (or: 0>R>-1
b2 .2 b2 7 : : : _R2 R
=1+ — for hyperbola (¢ >1) where: 4R(R+l)sin“y=+— =e“—1 implying: R(R+1)>0  (or:-R"<R)
a2 a2 (or: 0<R<-1)
- J
—k . KE . .. . .
Total 2—=E =energy = KE+PE relates ratio R = oE to individual radii a, b, and A.
a
—k —k 1 1
2—=E=KE+PE=R-PE+PE:(R+1)PE= (R+1)— or: 2—= (R+1)—=(RH)
a v a r

r 1 : el o . :
a= = assuming unit 1nitial radius (r=1).
2(R+1) \ 2(R+D)

b2

4R(R+1)sin27/=$ — implies: 2\/ FR(R+1) sin}/=é or:. b= 2a\/ FR(R+1)siny
a

a

FR . /iR . : . .
b=r |—siny| = [——siny assuming unit initial radius (=1
[ R+l }/( R+l 4 5 ( )D

Latus radius is similarly related:

12
[& =—=F 2rRsin27/j
a
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Algebra of e-construction geometry

The eccentricty parameter relates ratios R= Eand
(e°= W4AR(R+)sin“y R
32 2
=1-—ellipse(e < 1) 4R(R+1)sin2y=——2
a a
b’ b’
=1+ —2hyperbola (e>1) 4R(R+1)sin2y=+ —
N d a__J
g v 1 : :
a= = assuming unit initial radius (r=1).
_ 2(RH)  2(RH])

[

/iR . /iR . . L .
b=r |[—siny| = |——siny assuming unit initial radius (=1
- : R+1 y[ R+1 4 8 us (r )D

Latus radius 1s similarly related:

12
[ =—=F 2rRsin2y]
a

2

From &~ result (at top):

b_ 2 FR(R+)siny= \/i(Tez)
a
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Eccentricity vector € and (g, \)-geometry of orbital mechanics
e-vector and Coulomb r-orbit geometry
Review and connection to standard development
e-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra
Example with elliptical orbit
Analytic geometry derivation of e-construction
Algebra of e-construction geometry
Connection formulas for (a,b) and (e,\) with (,R)
Ruler & compass construction of e-vector and orbits

> (R=-0.375 elliptic orbit)
(R=+0.5 hyperbolic orbit)
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R=-3/8 elliptic orbit
construction
Extend FP to make R=-3/8
majo,r axzs, SUm =) 5
FPP :(r+r'=2a) at
, °
L lntersect
of r'-arc
7/
FP

AV
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Strike radius-r arc about
point P’to intersect original
radius-r circle about focus ¥

at ends of bisection lineBB”.
Draw radius-a circle at F

tangent to bisection lineBB

radius-a

R=-3/8 elliptic orbit
construction
R=-3/8
V=49

Wednesday, December 24, 2014

50



R=-3/8 elliptic orbit
construction
R=-3/8
V=49

Draw radius-a

Draw radius-a and radius-b circlds.at O
(Center of bisection line (+D).
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R=-3/8 elliptic orbit
construction
R=-3/8
V=49

Draw radius-a

Draw radius-a and radius-b circles.at O
(Center of bisection line (D).

Wednesday, December 24, 2014 52



R=-3/8 elliptic orbit

\/3—4 construction
=\ 1+4 R(R+])sin’y = — = .73

8—\/ +1 ( +4)sm 94 2 R=_3/8
TR 5 V=457
b= isin}/ —\/E =.54

R+ 10

2
A= b—=2Rsin2y = §=.375

a 8

b = 24/ R(R+])siny = tan 34°
a

. . /
Draw radius-a circle at K

Draw radius-a and radius-b circles.at O
(Center of bisection line (£b).) Do (a.b)-ellipse construction.
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Eccentricity vector € and (g, \)-geometry of orbital mechanics
e-vector and Coulomb r-orbit geometry
Review and connection to standard development
g-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra
Example with elliptical orbit

Analytic geometry derivation of e-construction
Algebra of e-construction geometry
Connection formulas for (a,b) and (,\) with (+,R)
Ruler & compass construction of e-vector and orbits

(R=-0.375 elliptic orbit)
¥ (R=+0.5 hyperbolic orbit)
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Major diameter 2a is difference (r-r'=2a). R=+]/2 hyperbalic
Major radius a is half of difference (r-r’)/2=a

Major diameter 2a needs to be centered on F-F focal axis orbit construction

R=+1/2
V=49
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Major diameter 2a is difference (r-r'=2a). R=+]/2 hyperbalic
Major radius a is half of difference (r-r')/2=a ...,

Major diameter 2a needs to be centered on F-F focal axis orbit construction
1. Bisect F-P radius r using F-P circle intersections to define r/2 sections. ----.

R=+1/2
V=45
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Major diameter 2a is difference (r-r'=2a). R=+1/2 hyperbalic
Major radius a is half of difference (r-r')/2=a -« - e oo oo,

Major diameter 2a needs to be centered on F-F focal axis -=«---==emmmneemnan-. - orbit construction
1. Bisect F-P radius r using F-P circle intersections to define r/2 sections. ----*
2. Bisect F-F focal axis using E-F circle intersections to locate orbit center C ==+ R=+1/

V=45
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Major diameter 2a is difference (r-r'=2a). R=+1/ hyperbalic
Major radius a is half of difference (r-r’)/2=q -~ T '

Major diameter 2a needs to be centered on F-F focal axis -=«---==emmmneemnan-. - : orbit construction
1. Bisect F-P radius r using F-P circle intersections to define r/2 sections. ----+ 5
2. Bisect F-F focal axis using E-F circle intersections to locate orbit center C ==+ 5 R=+1/

. ’ . 4 . 4 . . . '
3. Bisect F -P radius r using F -P circle intersections. ---------==-===cnnsemmnsmmuaamazn. :

V=45
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Major diameter 2a is difference (r-r'=2a). R=+1/2 hyperbal iC
Major radius a is half of difference (r-r’)/2=a =i o -

Major diameter 2a needs to be centered on F-F focal axis «e-ve-eeeeeeneemn--. . orbit construction
1. Bisect F-P radius r using F-P circle intersections to define r/2 sections. -..-: 1
2. Bisect F-F focal axis using F-F circle intersections to locate orbit center C .--- R=+1/7
3. Bisect F'-P radius r’ using F'-P circle intersections. ----------=w-=eeemeemaemaememnn- :
4. Swing radius r’[2.0nto r/2 section to make major radius a=(r-r’)/2. Y :4 5°
(2 K g
e +0.50

L +0.25
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Major diameter 2a is difference (r-r'=2a). R=+1/2 hyperbalic
Major radius a is half of difference (r-r’)/2=q -~ T '

Major diameter 2a needs to be centered on F-F focal axis ----=-======x==x====- - orbit construction

1. Bisect F-P radius r using F-P circle intersections to define r/2 sections. ----+ 1 |

2. Bisect F-F focal axis using E-F circle intersections to locate orbit center C ==+ R=+1/
3. Bisect F'-P radius r’ using F'-P circle intersections. ----=-=-======s=smsssmsmascsmns-- :

4. Swing radius ¥’ 12.0nto r/2 section to make major radius a=(r-r’)/2. Y :4 50

5. Copy circle of major radius a=(r-r’)/2 about orbit centpr C .

KE
/ PE

e +0.50

[ +0.25
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Major diameter 2a is difference (r-r'=2a). R=+1/ hyperbalic
Major radius a is half of difference (r-r’)/2=a

Major diameter 2a needs to be centered on F-F’ focal axis orbit construction

1. Bisect F-P radius r using F-P circle intersections to define r/2 sections.

2. Bisect F-F focal axis using E-F circle intersections to locate orbit center C. R=+1/
3. Bisect ¥'-P radius r’ using F’-P circle intersections.

4. Swing radius ¥’ 12.0nto r/2 section to make major radius a=(r-r’)/2. Y :4 50

5. Copy circle of major radius a=(r-r’)/2 about orbit centpr C .
6. Draw of diameter 2ae about orbit center C|.
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Major diameter 2a is difference (r-r'=2a). R=+1/2 hyperbalic
Major radius a is half of difference (r-r’)/2=a

Major diameter 2a needs to be centered on F-F’ focal axis orbit construction

1. Bisect F-P radius r using F-P circle intersections to define r/2 sections.

2. Bisect F-F focal axis using E-F circle intersections to locate orbit center C. R=+1/
3. Bisect ¥'-P radius r’ using F’-P circle intersections.

4. Swing radius ¥’ 12.0nto r/2 section to make major radius a=(r-r’)/2. Y :4 50

5. Copy circle of major radius a=(r-r’)/2 about orbit centpr C .
6. Draw of diameter 2ae about orbit center C|.
7. Erect minor radius b tangent to a-circle from point a op Cég-axis to point b on
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Major diameter 2a is difference (r-r'=2a).

Major radius a is half of difference (r-r’)/2=a
. . ) ’ .

Major diameter 2a needs to be centered on F-F focal axis

1. Bisect F-P radius r using F-P circle intersections to define r/2 sections.
. 4 . . /. . . .

2. Bisect F-F focal axis using F-F circle intersections to locate orbit center C.
. ’ . 4 . 4 . . .

3. Bisect F -P radius r using F -P circle intersections.

4. Swing radius r’/2\onto r/2 section to make major radius a=(r-r’)/2.
5. Copy circle of major radius a=(r-r’)/2 about orbit centpr C .
6. Draw of diameter 2ae about orbit center C|.

7. Erect minor radius D\ tangent to a-circle from point a op Cég-axis to point b on
8. Complete orbit a-X-b'\box between and a-cfrcle and its

KE
/ PE

+0.50

|
F [ +0.25

M

-0.50
F

R=+1/2 hyperbolic
orbit construction

R=+1/2
V=45
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R=+1/2 hyperbolic

9. Draw section\of hyperbolic orbit. . .
orbit construction

R=+1/2
V=45
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9. Draw section\of hyperbolic orbit.

R=+1/2 hyperbolic

orbit construction

R=+1/2
V=49

P r-arc

i key

g :

s Y

E Ja-arc __ «(

\"%

i | F

; Construction based

: on: r-r=2aor. v¥=r-2a

e [*' draw an r-arc about focus F.
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---------- distance

9. Draw section\of hyperbolic orbit.

KE/
. PE
r-arc-minus-2a +0.50

(also on Ce-line)

Construction based
on: r-=2a or: r=r-2a
15t draw an r-arc about focus F.

25t set compass to (7-2a) using
r-arc-minus-2a on Ce-line. T

............................ -1.0

R=+1/2 hyperbolic

orbit construction

R=+1/2
V=49
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---------- distance

9. Draw section\of hyperbolic orbit.

r-arc

r-arc-minus-2a

(also on Ce-line)

Construction based
on: r-=2a or: r=r-2a
15t draw an r-arc about focus F.

25t set compass to (7-2a) using
r-arc-minus-2a on Ce-line. T

37 draw (r-2a)-arc about focus F’.

--------------------------------

KE
/ PE

+0.50

R=+1/2 hyperbolic

orbit construction

R=+1/2
V=45
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R=+1/2 hyperbolic

9. Draw section\of hyperbolic orbit. . .
orbit construction

R=+1/2
V=49

ey 1
P r-arc i\ :
: - :
: : ,_ / :
: r-arc-minus-2a I'=r-2a 10,50,
: - distance €
5 5 (also on Ce-line) &
1 E ‘ D ‘ —+025 :
: : N | :
. : ,«\ E
. 5 2a-arc Y % :
. 5 « o :
. e ‘> y 5
. : "’4 N i
: : . F :
: . Construction based :
: i on: r-r'=2a or: ¥'=r-2a :
eeoeo..io. 1% draw an r-arc about focus F. 5
. 25 get compass to (7-2a) using E
. r-arc-minus-Z2a on Ce-line. T 0.
37 draw (r-2a)-arc about focus F’. " Orbit points at intersections. :

-------------------------------------------------------
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R=+1/2 hyperbolic

9. Draw section\of hyperbolic orbit. . .
orbit construction

R=+1/2
V=45
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R=+1/2 hyperbolic

9. Draw section\of hyperbolic orbit. . .
orbit construction

R=+1/2
V=45
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R=+1/2 hyperbolic

9. Draw section\of hyperbolic orbit. . .
orbit construction

R=+1/2
o 7:450

KE
/ PE

+0.50
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R=+1/2 hyperbolic

9. Draw section\of hyperbolic orbit.

: orbit construction
—JI+4R(R+])sin’y = ,|= =1.58
8—\/ (R+1)sin™y > R=+1/2
a=— =1_ 3 5
2RH) 3 \ V=4
R 1 (Y,

b= ,[——siny —\/: =.408

R+1 6 o

2
A= b—=2Rsin27/ = l=.5 y

a 2

é = 24/ R(R+])siny = tan50.7°
a

0]

0]
()
o

T -1.0
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Properties of Coulomb trajectory families and envelopes
Graphical e-development of orbits

» Launch angle fixed-Varied launch energy
Launch energy fixed-Varied launch angle
Launch optimization and orbit family envelopes
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Graphs and protractors make Coulomb trajectory analysis easier

Launch Elgvation Angle

R v I I .
i \ y o / R iy

P Qi \13109 80 70° 2> S

120 o
130 50°
A4 40°
1500 30°
- 160° 200

T~

2
<

B ] Ay —
E G 00 00 (0o | P 5
= 80° K 3400 350° T 10° 00 -10°
3 W 1330° 309 7~
SREEN =200
707 30 409 70
N R o) o "o o/
\\\ﬁ)&(} c_;].O 50 z \}:/'/
A o T
SECLTE 50°" ~
/
=290°  A0° 700
= $ N - =
ER 1 13U A EX
T ~ \// | a N \/ N T
=280° @, 1 207 hoe s 80° =
Si RELAmn | | W =

)
b
>
Noy
D
1ij

i ik
(&)
o
S
o]
[um—
o
S
o
I

~ 2300 13005
<, 220° 140°
N

/// ~N 1.NO
/////// ARY 2000 1600150 \\\\\\\
W) 190° 1800 1700\
%%Il |8|(|)| \_\M NER

Range Longitude
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Start with
initial angle
a=20°
(horiz. elev.)
or
v=70°
(rad. elev.)
for velocity
v(0) or -v(0)

Or =V/{

%p/
Label Main Focus F <
J> ) Y
Construct fodus locus for 2" foci F
Launch Elgvation Angle
o V,,,;;;:;\T{T«i:::: I o I / .
10 80% 700 4
120 of 77,
N 130 50°
e | 0=y=50° w0
500 A 30°
A V()
1 60° / lo) —\
IS [/ =
I SERARY Ay
LU (/A VRS N 100
= —TO=20° e E
:1 /«\/\@Wfﬂmul RS =
Cos00 |\ 30 350° T N0 00 T -10°
X«R 330° 309 7
175° 9’ \\320 40° Z -:’02 ‘/“
-V (\:;i ;0 2310 \Y_ 50 ~ \
SR T 50°
0) 52907 40° <7002
= Y A2V L S =
=280¢ Y- 2PTHies oS 80° =
g,, N L /i G.»\ s ,\NE
=270 J V=
= F =
\?260° 100~ 2 (cv=ry) =100°
%zsm 1107
///// 24.00 12 OO\\\\\
. 230° 13005
<y, 220° 140° > Ch
210° : %
//////w'o 160° S\g \\\\\\\ d"/o
Ui/ 190° 1800 170° \pu <
////M“/\WI\IIIIW\\\\ %)

Range Longitude
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=

AR

L -
= =
q

Label Main Focus F Oo%
Start with |Construct focus locus for 2nd foci F/

.
Q
—Q.
2
<Y
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Graphs and protractors hel

p Coulomb trajectory launch optimization and orbit family envelopes
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes
Problem:
Find trajectory angle of minimum energy to fly 90° of longitude (1/4 around planet)
Solution:|Prime fodus ¥’ lies on radial line that bisects longitude angle
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes
Problem:
Find trajectory angle of minimum energy to fly 90° of longitude (1/4 around planet)
Solution:|Prime fodus ¥’ lies on radial line that bisects longitude angle
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes
Problem:
Find trajectory angle of minimum energy to fly 90° of longitude (1/4 around planet)
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes

Problem:
Find trajectory angle of minimum energy to fly 90° of longitude (1/4 around planet)

Solution:|Prime fodus ¥’ lies on radial line that bisects longitude angle

Launch Elgvation Angle
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes

Problem:
Find trajectory angle of minimum energy to fly 90° of longitude (1/4 around planet)

Solution:|Prime fodus ¥’ lies on radial line that bisects longitude angle

Launch Elgvation Angle
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Coulomb envelope geometry

(a)

focus locus

for KE/PE
=R=-3/8

(b)

Caustic
for KE/PE
=R=-3/8
'{onmct Pt.

for KE/PE
=R=-3/8
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Launch optimization

Optimum energy angle relations

Optimum (sm
focus-locustcircle to

Achig{e ranée P

0+p/

A

These\angles

because of

reflection
angles

O+p/7=m/2
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