Geometry and Symmetry of Coulomb Orbital Dynamics 1.

(Ch. 2-4 of Unit 5 12.11.14)

Rutherford scattering and differential scattering cross-sections
Parabolic “kite” and envelope geometry

Eccentricity vector € and (g, \)-geometry of orbital mechanics
e-vector and Coulomb r-orbit geometry

Review and connection to standard development

e-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra

Example with elliptical orbit

Analytic geometry derivation of e-construction

Algebra of e-construction geometry

Connection formulas for (a,b) and (,\) with (v,R)
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3 Review and added: Rutherford scattering and differential scattering cross-sections
Parabolic “kite” and envelope geometry
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ST~ Rutherford scatterine of o2
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————————————————— —F T\ |
- AR _@\A” radius~7.3-10"m particles from Aut’® nucleus at O

_____________ > — T P /% in
_________________ _1\ _CZ_T: Ci . _O_ _(t_y)_ L i( Assume “Dead-On” closest approach 2a.

\\:_,// (E=k/2a) a~10-"m >>7.3-10-""m

C"

Pick an “impact parameter” line y =b.

e . Draw circle of radius a around
i ]E _______________ b=impact center point C=(-a,b) tangent to y-axis.
A0 parameter X B o
N / Draw “focus-locus” line OCF.
~_' _7
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(a) cy oy
——————————————————— et . +2
_________________ 7 _l_ :\_\_ - Rutherford scattering of o
- / C<1|>— _@A’/‘ radius~7.3-10"m particles from Aut’® nucleus at O
_____________ > 1 a !l g ¥ n
_________________ _1\ _a_ L Cl . _O_ _(t_y)_ L i( Assume “Dead-On” closest approach 2a.
~_|L (E=k/2a) a~10-"1"m >>7.3-10"m
___________________ 6 |___________
(b) F y
Pick an “impact parameter” line y =b.
§—_> ______________ . Draw circle of radius a around
_________________ b=impact center point C=(-a,b) tangent to y-axis.
A0 parameter X
N / Draw “focus-locus” line OCF.
/
~ ~

B'
(C) \f/—\ O=scattering angle

\
F_ o>

F0) parameter X

Copy angle /BCF (equal to ©/2)
to make angle Z/FCB’ (also equal to ©/2)
Resulting line CB' is outgoing asymptote

at scattering angle © .
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_________________ ;7 -~ | = Rutherford scattering of o**
————————————————— — == _
- / C<1|>— _@A’/‘ radius~7.3-10"m particles from Aut’® nucleus at O
_____________ > - g1 a ¥ n
_________________ _1\ _a_ L Cl . _O_ _(t_y)_ L i( Assume “Dead-On” closest approach 2a.
~_|L (E=k/2a) a~10-"1"m >>7.3-10"m
___________________ 6 |___________
(b) F y
Pick an “impact parameter” line y =b.
§—_> ______________ . Draw circle of radius a around
_________________ b=impact center point C=(-a,b) tangent to y-axis.
A0 parameter X
N / Draw “focus-locus” line OCF.
~ /
-
B\k_\
(C) \\ O=scattering angle Copy angle /BCF (equal to ©/2)
F_o/,) y to make angle Z/FCB’ (also equal to ©/2)

B, ——
\

F0) parameter X

O=scattering angle
a

A parameter X

Resulting line CB/' is outgoing asymptote

at scattering angle © .

Locate secondary focus O' by drawing
circle around point C of diameter CO
thru point O. Diameter O'CO is 2ae.
Hyperbolic orbit points P now found
using constant 2a=PO-PO’
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_________________ _1\ _a_ L Ci Y, _O_ _(t_y)_ L f Assume “Dead-On” closest approach 2a.
\\:_,// (E=k/2a) a~10""m >>7.3-10""m
C"

b F y
( ) Pick an “impact parameter” line y =b.
E—_> ______________ IS Draw circle of radius a around
_________________ b=impact center point C=(-a,b) tangent to y-axis.
A0 parameter X _
/ Draw “focus-locus” line OCF.

B'
(C) \f/\ O=scattering angle

\
F_ o>

Copy angle /BCF (equal to ©/2)
y to make angle /FCB’ (also equal to ©/2)

Resulting line CB' is outgoing asymptote

at scattering angle © .

foreward backward

O _nn_O Locate secondary focus O' by drawing
(d) @zsca%terizng %ngle \“c“ircle around point C of diameter CO
—q)/—a— thru point O. Diameter O'CO is 2ae.
\\y 6/2 b Hyéerbolic orbit points P now found
E—! ________ = t;n_cLe_P 5 | _IL ﬁ\ibzl;@p_a; — usin;ég constant 2a=PO-PO’
. distance PO’ P~ N——7 "0 parameter X
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Smaller impact b-parameter \ oreward backand
Larger Rutherford back-scattering angle @\\ (21) :% _(29
O, N \ O=scattering angle
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/ 2
— r T —— -3 a_ P —
B \ C L. Tb=impact
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P\ N parameter X
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Smaller impact b-parameter \

Larger Rutherford back-scattering angle @\\

0
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Larger impact b-parameter

Smaller Rutherford back-scattering angle ©

Larger forward-scattering angle ® =m-
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foreward
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O=scattering angle
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b=impact
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Review.: Coulomb scattering geometry

Review and added: Rutherford scattering and differential scattering cross-sections
¥ Parabolic “kite’” and envelope geometry
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Rutherford scattering geometry

b
impact parameter

17
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Rutherford scattering geometry “Kite” geometry of envelope parabola

Envelope parabola ~ Hyperbola ‘261 —Ir-r , , Confffpoinf 7 W@O‘@
-0 / d / -« r >P o
< 2" focus F 2" focus F «
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is (-o0 is (-2a,+2b) a focal-directrix 7
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Rutherford scattering geometry

“Kite” geometry of envelope parabola

Envelope parabola 2a =r-r’ contact point W\Q)&O&e
2 focus F/ = " 7’ )P oSy
P <« >/
«—is (-0,+2b) r\\\ 2a F ’ pambola A
) focal-directrix ,//
\ .
. tangent-kite P /
: \ ac g = y,
Hyperbola 3 Y\ =T b,
2" focus F’ :; \ LT A / b,
N \ A~ Z
is (-2a,+2b) 2 \ a” vy
g \ q-- /
incomin S '\ _-a a /
asymptote A TN ,’ r , :
- L @ 7/ 1r-r’ =2a applies
_- 8 Q
R SIS Y N\ / to each point on
hyperbolic = 2 /| \dE / h bol
impact b N ) / upper nyper a
parameter Y \ /// and to the contact
. b
\| /7 point P for the
/
2a o 2a envelope parabola
p =7a F circle of curvature
at min-point
of parabola
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Rutherford scattering geometry

Envelope parabola
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“Kite” geometry of envelope parabola

Hyperbola
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Rutherford scattering geometry “Kite” geometry of envelope parabola

o, - )
Envelope parabola  Hyperbola ‘261 —-r ” contact point W@‘"
-0 d / -« r. >P o
< 2" focus F' 2" focus F . ’i‘( >
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Rutherford scattering geometry “Kite” geometry of envelope parabola

_ ’ r . ¢
Envelope parabola ~ Hyperbola 4261 — T ” contact point m@“"
-0 d / - r. >P o
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Rutherford scattering geometry

Also: Approximate

O(b) model of deep-space
db H-atom scattering
b= from solar wind
impact parameter as our Sun travels
around galaxy.
N Lyman-o shock wave
" E%:“h found just inside Mars
_f_,:"f e orbital radius 2a~1.24u.

M

Fig. 5.3.2 Family of iso-energetic Rutherford scattering orbits with varying impact parameter.

Incremental window do=>b-db normal to beam axis at x=-co scatters to area d4 = R* sin@dOd¢p = R*dQ
onto a sphere at R=+o0 where is called the incremental solid angled(2 = sin @dOd @

do  bdbdp b db

dQ sin®dOdp sin® dO

© k 0O . do _ k' . 40
Geometry b= a cot S =57 cotz gives the Rutherford DSC. ;6| 62

Ratio

1s called the differential scattering crossection (DSC)

Agrees exactly with 15t Born approximation to guantum Coulomb DSC!
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b:

Two Extremes:
Ow)

\ Rutherford (Coulomb) scattering

impact parameter

has infinite () total cross section

o=|dQ—=1|dQ sin
J dQ j 16E?

= 0

do k4 | 9
2

Hard-sphere scattering has

finite (27tr? here) total cross section

Wednesday, December 24, 2014
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Eccentricity vector € and (g, \)-geometry of orbital mechanics
P c-vector and Coulomb r-orbit geometry

Review and connection to standard development

e-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra

Example with elliptical orbit

Analytic geometry derivation of e-construction

Algebra of e-construction geometry

Connection formulas for (a,b) and (,\) with (+,R)

Wednesday, December 24, 2014
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Eccentricity vector € and (c,\) geometry of orbital mechanics

Isotropic field V=V(r) guarantees conservation angular momentum vector L

L=rXp=mrXr

Wednesday, December 24, 2014
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Eccentricity vector € and (c,\) geometry of orbital mechanics

Isotropic field V=V(r) guarantees conservation angular momentum vector L

L=rXp=mrXr

Coulomb V=-k/r also conserves eccentricity vector €

8=f_pXL=£_PX(rXP)
km r km

Wednesday, December 24, 2014
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Eccentricity vector € and (g,\) geometry of orbital mechanics

Isotropic field V=V(r) guarantees conservation angular momentum vector L

L=rXp=mrXr

(...for sake of comparison...)

Coulomb V=-k/r also conserves eccentricity vector €  (IHO V=¢/2)r? also conserves Stokes vector S
Si=(xPtpr-xr-pr)

pr=£_p><(r><p) Sr=xip1+ xp>

km r km Sc= X1p2 = X2D1

E=r—

A = km-e is known as the Laplace-Hamilton-Gibbs-Runge-Lenz vectoy. 9enerate symmetry groups:U(2) cU(2)
» or:R(3) CR(3)xR(3) CO(4)
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Eccentricity vector € and (g,\) geometry of orbital mechanics

Isotropic field V=V(r) guarantees conservation angular momentum vector L

L=rXp=mrXr

(...for sake of comparison...)

Coulomb V=-k/r also conserves eccentricity vector €  (IHO V=¢/2)r? also conserves Stokes vector S
Si=(xPtpr-xr-pr)

pr=£_p><(r><p) Sr=xip1+ xp>

km r km SCZXJD-.MWJ

E=r—

A = km-e is known as the Laplace-Hamilton-Gibbs-Runge-Lenz vectoy. 9enerate symmetry groups:U(2) cU(2)
» or:R(3) CR(3)xR(3) CO(4)

Consider dot product of € with a radial vector r:

rer repxL rxpelL LelL
geor = — =r— =r—
r km km km
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Eccentricity vector € and (g,\) geometry of orbital mechanics

Isotropic field V'=V(r) guarantees conservation angular momentum vector L

L=rXp=mrXr

(...for sake of comparison...)

Coulomb V=-k/r also conserves eccentricity vector €  (IHO V=¢/2)r? also conserves Stokes vector S
Si=(xPtpr-xr-pr)

pr=£_p><(r><p) Sr=xip1+ xp>

km r km Sc= X1p2 = X2D1

E=r—

A = km-e is known as the Laplace-Hamilton-Gibbs-Runge-Lenz vectoy. 9enerate symmetry groups:U(2) cU(2)
» or:R(3) CR(3)xR(3) CO(4)

Consider dot product of € with a radial vector r: ...or of € with momentum vector p:
per pepxL .
rer repxL rxpelL LeL gop= — =per=p
goy = — =7y — =y — 7 kn’l r
r km km km
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Eccentricity vector € and (g,\) geometry of orbital mechanics

Isotropic field V'=V(r) guarantees conservation angular momentum vector L

L=rXp=mrXr

(...for sake of comparison...)

Coulomb V=-k/r also conserves eccentricity vector €  (IHO V=¢/2)r? also conserves Stokes vector S
Si=(xPtpr-xr-pr)

pr=£_p><(r><p) Sr=xip1+ xp>

km r km Sc= X1p2 = X2D1

E=r—

A = km-e is known as the Laplace-Hamilton-Gibbs-Runge-Lenz vectoy, SS1erate symmetty groups:U(2) cU(2)
> or:R(3) CR(3) xR(3) CO(4)

Consider dot product of € with a radial vector r: ...or of € with momentum vector p:
per pepxL .
rer r0p><L rxpelL LeL gop= — =per=p
801’ = =r— S 7 km r
r km km ______ - km

-
-

-
-
-
-
-
-
-
-
-
-
.-
- .-
-
-° 2 -
- -
- .”
- .
-

ercos =y ——"
¢ km
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Eccentricity vector € and (g,\) geometry of orbital mechanics

Isotropic field V'=V(r) guarantees conservation angular momentum vector L

L=rXp=mrXr

(...for sake of comparison...)

Coulomb V=-k/r also conserves eccentricity vector €  (IHO V=¢/2)r? also conserves Stokes vector S
Si=(xPtpr-xr-pr)

pr=£_p><(r><p) Sr=xip1+ xp>

km r km Sc= X1p2 = X2D1

E=r—

A = km-e is known as the Laplace-Hamilton-Gibbs-Runge-Lenz vectoy, SS1erate symmetty groups:U(2) cU(2)
> or:R(3) CR(3) xR(3) CO(4)

Consider dot product of € with a radial vector r: ...or of € with momentum vector p:
per pepxL .
rer r0p><L rxpelL LeL gop= — =per=p
801’ = =r— S 7 km r
r km km ______ - km

-
-

-
-
-
-
-
-
-
-
-
-
-
-

-

PR Lz/km
ercosqb—r—— or: r=
km l1-¢€cos¢
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Eccentricity vector € and (g,\) geometry of orbital mechanics

Isotropic field V'=V(r) guarantees conservation angular momentum vector L

L=rXp=mrXr

(...for sake of comparison...)
IHO V=(k/2)r* also conserves Stokes vector S
pxL r px(rxp) gA (XA pr)
= _— — = X1p1t X2p2
km r km Sc= X1p2 = X2D1

Coulomb V=-k/r also conserves eccentricity vector €

E=r—

A = km-e is known as the Laplace-Hamilton-Gibbs-Runge-Lenz vectoy, SS1erate symmetty groups:U(2) cU(2)
> or:R(3) CR(3) xR(3) CO(4)

Consider dot product of € with a radial vector r:

...or of € with momentum vector p:

rer r0p><L rxpelL LeL e.ppor_pOprzp.fzp
801' = =r— =r— 7 fem r
r km k.- km r
Let angle qﬁ be angle between e- and radial Vector r li if: 0=0 apogee
_______ _ —€
g L*/km ) A o T
Srcos¢ =r—— or: r= For A=L"/km that matches: r=————=4 A4 if: ¢=— zenith
km l1—-¢ecosq l1—ecos¢ 2
A
1+8 it 0= 0pjgee

/ E latus
. E radius
zeni E >\‘/]FOI/'CQ C@I’ltel/')

perhelion @ aphelion
...... - SRR CEEREEECEEE

(attractive

perigee apogee
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Eccentricity vector € and (g,\) geometry of orbital mechanics

Isotropic field V'=V(r) guarantees conservation angular momentum vector L

L=rXp=mrXr

Coulomb V=-k/r also conserves eccentricity vector €

pxL r PX(I'XP)

8=f’— =
km r km

A = km-e 1s known as the Laplace-Hamilton-Gibbs-Runge-Lenz vector.

(...for sake of comparison...)

IHO V=(/2)r? also conserves Stokes vector S
Si=(xPtpr-xr-pr)
Sr=xp; + x2p2
Sc= X1p2 = X2D1

Generate symmetry groups:U(2) CU(2)

Consider dot product of € with a radial vector r:

> or:R(3) CR(3)xR(3) CO(4)
...or of € with momentum vector p:

rer r0p><L rxpelL LeL e.ppor_pOprzp.fzp
€ . r = =rv— =r—- 7 kn/l r
r fom ..+ e r
Let angle qS be angle between e- and radial vector r g ¢p=0 apogee
....... I-¢
————— T 2
S It L™ /km ) )‘ . T
er COS(P =r—— or: r= For A=L"/km that matches: r=————=< A4 if: ¢=— zenith
km l1—-¢ecosq l1—ecos¢ 2
—;t if: ¢o=rm :
(a) Attractive (k>0) 1.,.8 perigee

Elliptic (E<0)

(Rotational

(Nothing
momentum here)
L=rXxpis

normal to the

(attractive

orbit plane.)
force center) km

(attractive

/ E latus
s radius

zenith Ex/fOVCQ center)
perhelion @ aphelion
...... - SRR CEEREEECEEE

perigee apogee
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Eccentricity vector € and (g,\) geometry of orbital mechanics

Isotropic field V'=V(r) guarantees conservation angular momentum vector L

L=rXp=mrXr

Coulomb V=-k/r also conserves eccentricity vector €

pxL r PX(I'XP)

8=f’— =
km r km

(...for sake of comparison...)

IHO V=(/2)r? also conserves Stokes vector S
Si=(xPtpr-xr-pr)
Sr=xp; + x2p2
Sc= X1p2 = X2D1

A = km-e is known as the Laplace-Hamilton-Gibbs-Runge-Lenz vectoy. 9enerate symmetry groups:U(2) cU(2)

Consider dot product of € with a radial vector r:

> or:R(3) CR(3)xR(3) CO(4)
...or of € with momentum vector p:

rer rOpr rxpelL LeL e.ppor_pOprzp.fzp

€ . r = =rv— =r—- 7 kn/l r

r fom ..+ “km r

Let angle qS be angle between e- and radial vector r g ¢p=0 apogee
....... I-€
————— T 2
R L /km ) A : T
ercosg=r—— or: r= For A=L"/km that matches: r=————=< A4 if: ¢=— zenith
km l1—-¢ecosq l1—ecos¢ 2
—;t if: ¢o=rm :

(a) Attractive (k>0) (b) Attractive (k>0) 1+g perigee

Elliptic (E<0)

Hyperbolic (E>0)

(Rotational pXL
Nothi
momentum ‘ hoer el )ng P \8\ -
L=rx p1s GD(\(Nothmg E
normal to the A here) (attrative
orbit plane.) (attractive E=T- EXL orgeen ter)
force center) km

1
/ : latus
1 .
: radius

onith |
zeni N

perhelion @ aphelion
.................... JRERCRREEEEE

perigee apogee

Wednesday, December 24, 2014

35



Eccentricity vector € and (g,\) geometry of orbital mechanics

Isotropic field V'=V(r) guarantees conservation angular momentum vector L

L=rXp=mrXr

(...for sake of comparison...)
Coulomb V=-k/r also conserves eccentricity vector € IHO V=(k/2)r? also conserves Stokes vector S
=L 24+pn.2-v,2-n,2
pxL ot px(rxp) SA_Q(XI DI°-X2°-px*)
=—— Sr=xip1+ Xap>
km r km Sc= X1p2 = X2D1

E=r—

A = km-e is known as the Laplace-Hamilton-Gibbs-Runge-Lenz vectoy, SS1erate symmetty groups:U(2) cU(2)
> or:R(3) CR(3) xR(3) CO(4)

Consider dot product of € with a radial vector r: ...or of € with momentum vector p:
per pepxL .
rer rOpr rxpelL LeL gop= — =per=p
S . r= =r — =r— 7 kn/l r
r km k.- -~ km ,
Let angle qS be angle betw;_egg_e -and radial vector r IL i g=0 apogee
"""""" —€
£ ¢ = L or r L'k 2 A T ;
rcosp=r—— e _ . :
_ For A=L"/km that matches: r= =3 A ifi g== Zeni
km l—€cos¢ I—ecoso ¢ 5
A
(a) Attractive (k>0) (b) Attractive (k>0) (c) Repulsive (k<0) e if: ¢=m perigee
Elliptic (E<0) Hyperbolic (E>0) Hyperbolic (E>0) .
/ E latus
(Rotational pXL S l;\adius
(Nothing N XL

momentum here) p 8\ Y S ) _p_e_r_h_e_]z;o_iz ) @ o _Cl!?_h_é’_[f(fl_l _______

— : )
L=rxpis @&(Nothmg . > < T S -
normal to the A here)  \(attrative (repulsive P Nothing | __—
orbit plane.) (atiractive E=T- [!XL Orgjnter) force here) pergee apogee

force center) km center)
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Eccentricity vector € and (g, \)-geometry of orbital mechanics

e-vector and Coulomb r-orbit geometry
P Review and connection to standard development
e-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra
Example with elliptical orbit

Analytic geometry derivation of e-construction

Algebra of e-construction geometry
Connection formulas for (a,b) and (,\) with (+,R)
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(From Lecture 28 p. 64-74) Geometry of Coulomb orbits (Let: r =p here)

r/e = Me, +.r cos r=\A+recos r =
¢ ? l—€coso
Y Fcosd_
DL s
B ;:/8 1 1—-¢€ecosgp 1 Scos¢
S —_ = — -
, r A A A
r'/e
i N/ (1+¢€) perhelion
|'1.5.<..|./.
D Lk K +2Ewm

. Y aphelion pi=>\ /(
All conics defined by:

Defining eccentricity €

Distance to Foca-point =& Distance to Direcix-line )

(x,y) physical (r,0)
parameters constants parameters
2 2 2
_k ok égz\/k m2LE 1J_rb—2
2F 2a k™ m a
L |  »
b = L= kmA A= =
2mlE| km a

= COS
1) P Wim u*m ‘
Major axis: p++p—=2a
p+Tp—=[\(1+e)+tX(1-¢)]/(1-e%)=2N\/|1-€?|
Focal axis: p+ - p—=2ac

p+-p—=[\(1+e)-\(1-¢)]/(1-€?)=2Ne/|1-€?|

Minor radius: b=v/(a?-a’c?)=V/ (a\) (ellipse:c<1)
Minor radius: b=/ (a’€?-a?)=v/' (\a) (hyperb:e>1)

2 2

b b
g£’= 1—— (ellipse: £<1) —22\/1—82
a a

2 2
£’= I+— (hyperbola: e>1) —
a a

X =a(l-€?) (ellipse:e<l)
X =a(e’-1) (hyperb:e>1)

g7 -1
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Eccentricity vector € and (g, \)-geometry of orbital mechanics

e-vector and Coulomb r-orbit geometry
Review and connection to standard development
3 £-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra
Example with elliptical orbit

Analytic geometry derivation of e-construction

Algebra of e-construction geometry
Connection formulas for (a,b) and (,\) with (+,R)
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Dot product of €

with momentum

vector p:

per pepXL
r m

=per=p, =éep,

80p:

This says:
"Projection of p ontor

IS eccentricity € times

projection of p onto X-axis"

(3=¢)

-1.4

Projection of p onto radiusx : p =per

0.%

-0.%

us X-axis : p =peX=pe€

)

Ellipse has eccentricity € <1
| (Here:e=~3/2=0.866)

256

-06
0.6

256
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Dot product of €
with momentum

vector p:

per pepXL
r km
:p.f':przgpx

Eop= 0.%

This says:

"Projection of p ontor os 1dius X-axis . px:p.f(:p.g
-0.%

IS eccentricity € times

projection of p onto X-axis"

)

(X=¢)
Ellipse has eccentricity € <1

| (Here:e=~3/2=0.866)

-1.4

256
-06
0.6
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/
/

Projection(s) of p 075'1\"61(\1\1'1,15 r:p=p-ft —

/pr:gp x \ P \

Dot product of €
with momentum

vector p:

per pepXL
r km
:p.f':przgpx

gep= 0.5

This says:

"Projection of p ontor o 1dius X-axis :
-0.%

IS eccentricity € times

projection of p onto X-axis" a

(X=¢)
Ellipse has eccentricity € <1

| (Here:e=~3/2=0.866)

-1.4

256
-06
0.6
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Projection(s) of p on ifag’ms r:p=per :

N\
/ N
7 \

Dot product of €
with momentum

vector p:

Slope of p
over focus

equals ¢

per pepXL
r km
:p.f':przgpx

=

0.%

SOpz

This says:

"Projection of p ontor 1dius X-axis px=p°f(=p°8

-0.%
IS eccentricity € times

projection of p onto X-axis"

(X=¢)
Ellipse has eccentricity € <1

| (Here:e=~3/2=0.866)

-1.4

256
-06
0.6
25
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Dot product of €
with momentum

Projection of p onto radiusx : p =per

vector p:

per pepXL
r km
:p.f':przgpx

=

80p:

This says:
"Projection of p ontor
IS eccentricity € times

projection of p onto X-axis"

0.%

-0.%

Slope of p
over focus

equals ¢

(3=¢)

-1.4

Ellipse has eccentricity € <1
| (Here:e=~3/2=0.866)

us X-axis : p =peX=pe€

256

-06

0p

256
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Dual radii » and /' locate Thales rectangles in circles
5 with diameters that are tangent vectors p and -p

—h
P
A4

Dot product of €
with momentum

vector p:

Eop= per pepXxL
r km
= p L f' = pr = gpx
This says: % :
Y \ Bisector of angle between

"Projection of p ontor

0.5 dual radii » and 7’ is normal

to tangent vectors p and -p

IS eccentricity € times

projection of p onto X-axis"

(%=¢)

-1.%

256
-06
0.6
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Dot product of €
with momentum

vector p:

per pepXL
r km
:p.f':przgpx

80p:

This says:
"Projection of p ontor
IS eccentricity € times

projection of p onto X-axis"

-0.%

Bisector of ¢
dual radii 7 ¢
to tangent v

(%=¢)

-1.%

ingle b/ tween
ind 7/ is normal
>ctors /p and -p

25
-16

-06

0p

16

256
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Dot product of €

with momentum

vector p:

per pepXxL
 km

=per=p, =¢p,

8.p:

This says:
"Projection of p ontor
IS eccentricity € times
'

projection of p onto X-axis'
(X=¢)

a€

\

Hyperbola has eccentricity € > 1
(Here:£=54=1.25)

Wednesday, December 24, 2014

47



Eccentricity vector € and (g, \)-geometry of orbital mechanics
e-vector and Coulomb r-orbit geometry

Review and connection to standard development

e-vector and Coulomb p=mv geometry

¥ c-vector and Coulomb p=mv algebra
Example with elliptical orbit

Analytic geometry derivation of e-construction

Algebra of e-construction geometry

Connection formulas for (a,b) and (,\) with (+,R)
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e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r: Polar angle ¢ using: [ = mr2 @ = ml’qu
A 12/km d

:1— ecos¢:1— £COSQ

v
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e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r: Polar angle ¢ using: [ = mr2 @ = ml’qu
A 12/km d

:l—ecos¢:1—£cos¢ ¢ = =

v
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e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r: Polar angle ¢ using: [ = mr2 @ = mrqu
! 12/km ) dt
l-ecos¢p 1—ecoso qb:—2 =L 12=L(krfj (1—8COS¢)2
mr my m\ L

2
1 [ fkm
USIing: 5 (?) (1-€ecosg)’

r
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e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r: Polar angle ¢ using: [ = mr2 @ — ml”z(b
) 2/km  dt
l-ecos¢p 1—ecoso qb:—2 =L 12=L(k’?] (1—8COS¢)2
d mr m y m\ [,

a2 —E(—ecos@
dt  fm (I—SCOS¢)2

V=

r

2
1 [ fkm
USIing: 5 (?) (1-€ecosg)’

Wednesday, December 24, 2014 52



e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r: Polar angle ¢ using: [ = mr2 @ = ml”z(b
) 12/km  dt
l-ecos¢p 1—ecoso qb:—2 =L 12=L(k’?] (1—8COS¢)2
d mr m y m\ [
a2 —;(—ecos@ .
dt  km (1-gcosg) mr

r

2
1 [ fkm
USIing: 5 (?) (1-€ecosg)’
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e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r:
A Llkm
l—€ecos¢p 1—ecoso

d
dr Lz —;( £C0SQ)

=

V=

dt  fm (1- 8cos¢)

b=

Polar angle ¢ using: [, = myr

L

mrz

2 d¢

5
dt—mr(b

my?  m

2
:L 1 :L(lzm] (1—{-:cos¢)2

myr

_ L1 (km)(l scosqb)——(l £COSQ)
m

I
1 [ km
using: ", (L ) (1-¢€cosg)
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e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r:
A Llkm
l—€ecos¢p 1—ecoso

d
dr Lz —z( £C0SQ)

=

V=

dt  fm (1- 8cos¢)

[ —esing ¢
fm (1— 8005(1))2

r=

b=

Polar angle ¢ using: [, = myr

L

mrz

2 d¢

5
dt—mr(b

my?  m

2
:L 1 :L(lzm] (1—{-:cos¢)2

myr

_ L1 (kmj(l ecoscp)——(l £COSQ)
m

I

2
1 [ fkm
USIing: 5 (?j (1-€ecosg)’

r
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e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r:
A Llkm
l-ecos¢p 1—ecoso

d
dr Lz —z( £C0SQ)

dt  km (1—€ecosp)”
[ —esing ¢
km(l—ECOS¢)2

o) 2
lfm ( lz;/lj r2q5 €sing

=

V=

r=

F=—

Polar angle ¢ using: [, = myr

2 do

= mr* ¢

2dt
. L
G=—5 === L(km] (1-€cosg)’
mr my m\ 1’
r(ﬁzi zél (kmj(l ecoscp)——(l £COSQ)
mr  mr m\ J?
2
1 km ?
o ——=| — | (1—¢€cos@)
using. 7”2 (sz
HAHEE: (l—ecosq’))2 I?
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e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r: Polar angle ¢ using: [ = mr2 49 = mrqu
! lkm , &
l-ecos¢p 1—ecoso qb:—2 =L 12=L(km] (1—8C05¢)2
? (~ecosp) " e
2 ——(—€cos , L
s_ar L gy ,,q):i _ L1 (kmj(l Scoscp)——(l £C0SQ)
dt  Jom (1—€cosg)’ mrmrm\ [’
2
2 | km
F= L esing 5 Using: ~ 5 (_zj (1- ECOS(P)Z
km (1-ecos@) , e AL
2
. L2 km ol . - I = (k—m] 1"2
r__km( 2 j reg esing using. (1_8008@2 72
;= —imrzd)esin(p = —ﬁesinq)
I L

57
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e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r: Polar angle ¢ using: [ = mr? @ = mrqu
A _ Llm ,
l-ecos¢p 1—ecoso ¢:L2 _L :L(km] (1—ecosg)?
d - 5) mr my*  m\ [
2 ——(—€cos . L 1 k
;= dr _ L _di r(pzi =—=— ( m](l ecosq))——(l £COSQ)
i km (1- gcos¢) mr mr m\ [’
2
2 1 km
F= L esing 5 Using: ~ 5 (_2j (1- ECOS(P)Z
km (1—ecos@) 4 L
7 2
] L2 km ol . . ! :(k—m] 7"2
;= _km( 2 j repesmng using. (1—gcosd)? \ I
SN 7 S S S 2
F=— 7 mregesing =— 7 gsmnag again using: L =mr- @
Cartesian x =r cos ¢ Cartesiany =r Sin ¢.
. . ay . :
)'C:@ = 7cos@—sing ro y:j = 7sm+cosP rg

dt 4

58
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e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r: Polar angle ¢ using: [ = mr? @ — mrqu
A _ Llkm ,
l-ecos¢p 1—ecoso ¢:L _ L1 Lffm (1—ecosg)’
d mr®  my? om\ [’
2 ——(—€cos9) . L1 _L(k
;= dr _ L _di r(pzi =—=— ( m](l ecosq))——(l £COSQ)
i km (1- gcos¢) mr mr m\ [’
2
2 el 1 km 2
;= L esing ¢ > Using: ~ 5 — (Tj (1—€cosg)
km (1—ecos@) r L
2
] L2 km ol . . ! :(k—mj 7"2
r——km( 2 j reg esing using. (l—ecos¢)2 72
SN 7 S S S 2
F=— 7 mr-gesing = — 7 €smg again using: L =mr" @
Cartesian x =r cos @. Cartezlan Yy =rsin ¢:
x:% = Fcos¢—sing r¢ J.’_% Fsing +cos¢ r¢
k. . k
= —% gsing cosP —sin¢g %(1 —€cosp)  TT €sing sing +cos ¢ Z(l —€C0s Q)

59

Wednesday, December 24, 2014



e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r: Polar angle ¢ using: [ = mr? @ — mrqu
A _ Llkm ,
l-ecos¢p 1—ecoso ¢:L _L1 :L(km] (1—ecosg)’
d a 5) mr®  mp? o om\ [’
2 ——(—€cos . I 1 k
P dr _ L dt r¢:£ =—= ( m](l ecosq))——(l £cosQ)
i km (1- gcos¢) mr mr m\ [’
2
2 1 km
F= L esing 5 Using: ~ 5 (Tj (1- ECOS(P)Z
km (1—ecos@) r L
2
] L2 km ol . . ! :(k—mj 7"2
;= _km( 2 j repesmng using. (1—gcosd)? \ I
ko Lk L 2
;= —?mr P esing = _ngm¢ again using: L =mr" @
Cartesian x =r cos @. Carteélan Yy =rsin ¢:
x:% = FcosP—sing r¢ J"—j); Fsing +cosg r¢
k. . k
= —% €Sing-eosp) — s g %(1 —gcosQp) T 7 €sin¢ sing +cos ¢ Z(l —€C0s9)

k
= —%sinq) :z(COSq)— £)
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e-vector and Coulomb p=mv algebra

Finding time derivatives of orbital coordinates r, ¢, x, y, and eventually velocity v or momentum p=mv

Radius r:
A L*/km
]/': — . L
l-ecos¢p 1—ecoso o=——
d mr2
dr Lz —z( £C0SQ) T
r= rg=— =——
dt  Jom (1- ecos¢) mr

[ —esing o
fm (1— 8005(1))2

r=

Polar angle ¢ using: [, = myr

2 d¢

.
a "

2
:L 1 :L(lzm] (1—{-:cos¢)2

my?  m
L 1 (kmj(l ecoscp)——(l £COSQ)
mr m\ J?

2
iz: (%j (1-gcosg)’

using.
r

2
. L2 km ? ol . - I = (k—m] 1"2
F=— P repesmng using. (1—gcosd)? \ I
ok ek S 2
;= —?mr pesing = 7 gsmnag again using: L =mr- @
Cartesian x =r cos ¢ Cartesian 'y =r Sin ¢.
X:%Z 7cos@ —sing r¢ y:?: 7sing +cos r¢
k
) _%Siw (Velocity: )~ =7(c050=¢)

[P =mx= _mTk Slnd) ] (Momentum) [

=my= m—k(cosq) 8}
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Eccentricity vector € and (g, \)-geometry of orbital mechanics
e-vector and Coulomb r-orbit geometry

Review and connection to standard development

e-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra

> Example with elliptical orbit
Analytic geometry derivation of e-construction

Algebra of e-construction geometry

Connection formulas for (a,b) and (,\) with (+,R)
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Coulomb p=mv geometry|(¢p=0)

p is smallest at apogee

perhelion
(1 +e)|f
I

focal A 4= _
radius | | b=1 -

/
e -
! £=N3/2 -
=0.866 -
A=1/2 7

aphelion

M(I-€)

major
radius

_ Kinetic Energy
Potential Energy
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Cowlomb p=mv geometry|(¢ >0)
p grows as ¥ falls from appogee
A KE
—0+ Ay R R=—— scale line
a \T r PE
bisects
P\ — angle< "=y
il R
‘ p QMJ = JRis Ltop
Wk, L os ot A \  p momentum line
focal k 6Y. Y M - +7
. a=2  _] angle<t =2y
radius // A b/ i —f
€ & _
! €=V3/2 7
)2, =0.866-
5 A=1/2 -
o
TS
__________ N 8
Example of geome
for momentum functions.:
mk .
major x_ X = ——smqb
radius L
heli N
ap}; ]l_oglj _ Kinetic Energy and
N Potential Energy
L A E2

.k
- e P =my :—(COS¢— 8)
0>R=KE/PE>-1 scale subtends angle 2~ with length 2r sinvy as is derived several pages ahead. y L

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.

Wednesday, December 24, 2014 64



perhelion_

M(1 +e){ N
jbcal‘

radius

ae //

Coulomb p=mv geometry|(¢ >0)

=00 p grows as ¥ falls from apog/ee{
oy p \ p-circle grows as r-circle '

R=—— scale lin
PE

= /‘W/f_ bisects
A X0 e = - angle< =2y
‘ - —~Ris Ltop
r R’ N
—| p momentum line
bisects
angle<" =2y

aphelion \

M(I-€)

0>R —KE/PE >-] scale subtends angle 2~y with length 2r sinvy as is derived several pages ahead.

W\

radius

Example of geometry
for momentum functions:

k
P =mx = —m—smq)
L

_ Kinetic Energy and
Potential Energy

.k
Py—my —z(cosq)— £)

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.
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perhelion_

e +e)f
jbcal‘ 7

Coulomb
p grows as

p-circle grows

=mv geometry|(¢ >0)

aphelion
M(I-€)

major
radius

_ Kinetic Energy
Potential Energy

0>R —KE/PE >-] scale subtends angle 2~y with length 2r sinvy as is derived several pages ahead.

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.

falls from apogee
KE ,
s r-circle shrinks| R=—— scale line
PE
7| bisects
—| angle<, =n—2y
+{Ris Ltop
—: p momentum line
bisects
a=2 | angle<" =2y
b=1 _—
€=V3/2 7
=0.866_—
A=12 -
Example of geometry

for momentum functions:

k
P =mx = —m—smq)
L

and

.k
Py—my —z(cosq)— £)
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perhelion

e +e)f ]
focal k

radius
ac

Coulomb p=mv geometry

(¢ >0)

p grows as ¥ falls from appogee

p-circle grows as r-circle shrinks

/|

major
radius

_ Kinetic Energy
Potential Energy

0>R=KE/PE>-1 scale subtends angle 2~ with length 2r sinvy as is derived several pages ahead.

KE
R=—— scale line
PE

bisectsu
angle<(; =2y
Ris Ltop

p momentum line
bisects

angle< " =2y

Example of geometry

for momentum functions.

mk .

P =mx = - sin g

and

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.

.k
Py—my —z(cosq)— £)
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Coulomb p=mv geometry
p grows as ¥ falls from ap

p-circle grows as r-circle shrinks

A

aphelion

M(1-¢)

_ Kinetic Energy
Potential Energy

0>R=KE/PE>-1 scale subtends angle 2~ with length 2r sinvy as is derived several pages ahead.

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.

and

(¢ >0)

ogee

KE
R=—— scale line
PE

bisectsu
angle<(; =2y
Ris Ltop

p momentum line
bisects

angle< " =2y

Example of geometry
for momentum functions.

mk .

P =mx = - sin g

.k
Py—my —z(cosq)— £)
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- > / Coulomb p=mv geometry|(¢ >0)
p grows as ¥ falls from appogee
KE ,
p-circle grows as r-circle shrinks| R=—— scale line
| bisects
—| angle<, =n—2y
+Ris Ltop
\ —: p momentum line
S biseqts
a=2 | angle<". =2y
b=1 .
€=V3/2 7
=(0.866 -
A=12 -
Example of geometry
for momentum functions.
: mk
major Px=mx = ——smqb
: L
\ radius
aphelio
p}\/( I-¢ S _ Kinetic Energy and
Potential Energy

.k
DAl P =my :—(COS¢— 8)
0>R=KE/PE>-1 scale subtends angle 2~ with length 2r sinvy as is derived several pages ahead. y L

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.

Wednesday, December 24, 2014 69



Coulomb p=mv geometry

(¢ >0)

p grows as ¥ falls from appogee

p-circle grows as r-circle shrinks

N\
N\

pe heli\on*_
MI+eA

focal ﬁ
radlius Yy a=2  _]
ae ||/ b=I -
/ €=V3/2 7
=(0.866
A=1/2 -
Example

radius
aphelio a

M(I-€

_ Kinetic Energy
Potential Energy

0>R=KE/PE>-1 scale subtends angle 2~ with length 2r sinvy as is derived several pages ahead.

and

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.

KE
R=—— scale line
PE

bisectsu
angle<(; =2y
Ris Ltop

p momentum line
bisects

angle< " =2y

of geometry

for momentum functions:

mk .

P =mx = - sin g

.k
Py—my —z(cosq)— £)
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> Coulomb p=mv geometry
/ p grows as ¥ falls from ap

p-circle grows as r-circle shrinks

(¢ >0)

ogee

KE
R=—— scale line
PE

bisectsu
angle<(; =2y
Ris Ltop

p momentum line
bisects

T T a=2 | angle<". =2y
b=1 -
X €=V3/2 7
/ 4 —0.866
1 A=1/2 -

Example of geometry

for momentum functions:

: mk
P =mx = —Tsmq)

_ Kinetic Energy and
Potential Energy

.k
: P =my=—(cos@—¢€)
0>R=KE/PE>-1 scale subtends angle 2~ with length 2r sinvy as is derived several pages ahead. y L

Note similarity of (R,r)-triangle in r-circle of radius r to that in p-circle of diameter p above.
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Coulomb p=mv geometry|(¢ >0)
p maximum for ¥ at perigee

perhelion
M(I+¢€)
focal A S
radius a=2 ]
ae / b=1 ]
’ £=3/2 -
=(0.866 -
A=1/2 -
Example of geometry

aphelio
M(I-€

major
radius
a

y=-a(cosd-¢/

=-a(l+¢)

x=-asind=0
_ Kinetic Energy

~ Potential Energy

for momentum functions:

: mk .
P =mx = - sIn @

and

.k
Py—my —Z(cosq)— £)
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e-vector and Coulomb orbit construction steps
Copy double angle 2~ (/FPQ ) onto /PFT

Extend /PFT chord PT to make R-ratio scale line
Label chord PT with R=0 at P and R=-1.0 at T.

Mark R-line fractions R=0, +1/4, +122,... above P and
R=0,-1/8-1/4,-122,...,-3/4 below P and -5/4,-3/2,... below T.

Pick launch point P Copy F-center circle around launch point P
(radius vector r ) Copy elevation angle ~ (/FPP’) onto /P'PQ

and elevation angle ~y from radius ~ Extend resulting line QPQ’ to make focus locus

(momentum initial p direction )

KE/PE

Pick initial R=KE/PE value
(here R=-3/8) Draw g-vector

o _ Initial KE _ mv*(0)/2
Initial PE -k /r(0)
focus F and 2™ focus ¥ allow final [

construction of orbital trajectory. =X

Initial velocity jz_ 4 v (0)

Escapevelocity | /2 (c0)

Here it is an R=-3/8 ellipse.

(Detailed Analytic geometry of e-vector follows.)
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Eccentricity vector € and (g, \)-geometry of orbital mechanics
e-vector and Coulomb r-orbit geometry
Review and connection to standard development
e-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra
Example with elliptical orbit
» Analytic geometry derivation of e-construction

Algebra of e-construction geometry

Connection formulas for (a,b) and (,\) with (+,R)
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(b) Next several pages give

VAN

step-by-step constructions

of e-vector and Coulomb

orbit and trajectory physics

(l

Fig. 5.4.2 Construction of eccentricity vector € and
orbit from initial x, p with KE/PE=-3/8.
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e-vector and Coulomb orbit construction steps

Pick launch point P

(radius vectorr )

and elevation angle ~y from radius

(momentum initial p direction )

Next several pages give

step-by-step constructions
of e-vector and Coulomb

orbit and trajectory physics
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e-vector and Coulomb orbit construction steps

Pick launch point P

(radius vectorr )

and elevation angle ~y from radius

(momentum initial p direction )

Copy F-center circle around launch point P

Copy elevation angle ~ (/FPP’ ) onto /P'PQ

Extend resulting line QPQ’ to make focus locus

Next several pages give

step-by-step constructions
of e-vector and Coulomb

orbit and trajectory physics

Wednesday, December 24, 2014

77



e-vector and Coulomb orbit construction steps
Copy double angle 2~ (/FPQ ) onto /PFT

Extend /PFT chord PT to make R-ratio scale line
Label chord PT with R=0 at P and R=-1.0 at T.

Mark R-line fractions R=0, +1/4, +122,... above P and
R=0,-1/8-1/4,-122,...,-3/4 below P and -5/4,-3/2,... below T.

Pick launch point P Copy F-center circle around launch point P
(radius vector r ) Copy elevation angle v (/FPP’) onto /P'PQ

and elevation angle ~y from radius ~ Extend resulting line QPQ’ to make focus locus

(momentum initial p direction )

KE/PE
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e-vector and Coulomb orbit construction steps

Pick launch point P
(radius vectorr )

and elevation angle ~y from radius

(momentum initial p direction )

Copy double angle 2~ (/FPQ ) onto /PFT
Extend /PFT chord PT to make R-ratio scale line
Label chord PT with R=0 at P and R=-1.0 at T.

Mark R-line fractions R=0, +1/4, +122,... above P and
R=0,-1/8-1/4,-122,...,-3/4 below P and -5/4,-3/2,... below T.

Copy F-center circle around launch point P
Copy elevation angle ~ (/FPP’ ) onto /P'PQ

Extend resulting line QPQ’ to make focus locus

KE/PE

o _ Initial KE _ mv*(0)/2
Initial PE -k /r(0)

Initial velocity 2_ 4 v (0)
Escapevelocity | /2 (c0)

—+
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e-vector and Coulomb orbit construction steps
Copy double angle 2~ (/FPQ ) onto /PFT

Extend /PFT chord PT to make R-ratio scale line
Label chord PT with R=0 at P and R=-1.0 at T.

Mark R-line fractions R=0, +1/4, +122,... above P and
R=0,-1/8-1/4,-122,...,-3/4 below P and -5/4,-3/2,... below T.

Pick launch point P Copy F-center circle around launch point P
(radius vector r ) Copy elevation angle ~ (/FPP’) onto /P'PQ

and elevation angle ~y from radius ~ Extend resulting line QPQ’ to make focus locus

(momentum initial p direction )

KE/PE

Pick initial R=KE/PE value
(here R=-3/8) Draw g-vector

o _ Initial KE _ mv*(0)/2
Initial PE -k /r(0)
focus F and 2™ focus ¥ allow final [

construction of orbital trajectory. =X

Initial velocity jz_ 4 v (0)

Escapevelocity | /2 (c0)

Here it is an R=-3/8 ellipse.

(Detailed Analytic geometry of e-vector follows.)
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e-vector and Coulomb orbit construction steps
Copy double angle 2~ (/FPQ ) onto /PFT

Pick launch point P Copy F-center circle around launch point P Extend /PFT chord PT to make R-ratio scale line

(radius vectorr ) Copy elevation angle ~ (/FPP’ ) onto /P'PQ

Label chord PT with R=0 at P and R=-1.0 at T.

: : S )
and elevation angle ~y from radius ~ Extend resulting line QPQ’ to make focus locus Mark R-line fractions R=0, +1/4 +112... above P and
R=0, -1/8-1/4,-1/2,....-3/4 below P and -5/4,-3/2.... below T.

(momentum initial p direction )

//} /1 ‘ / / A

a
F

Pick initial R=KE/PE value

A\ /p hyperbold
' (here R=+1/2) Draw g-vector 105
from focus F to R-point o Initial KE_mv*(0)/2

(Here it intersects 2" focus F’ " Initial PE =k / 7(0)

(|
L
F focus F and 2" focus F' allow final . L )\2 2
< Initial velocity v(0)
construction of orbital trajectory. =1 : =T
5 Escapevelocity V2 (o)
Here it is an R=+1/2 hyperbola.
C
T % (Detailed Analytic geometry of e-vector follows.)
co
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Eccentricity vector € and (g, \)-geometry of orbital mechanics
e-vector and Coulomb r-orbit geometry

Review and connection to standard development

e-vector and Coulomb p=mv geometry

e-vector and Coulomb p=mv algebra
Example with elliptical orbit

Analytic geometry derivation of e-construction

¥ Algebra of e-construction geometry
Connection formulas for (a,b) and (,\) with (+,R)
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" Analytic geometry derivation of e-constructions . pxL (mvo)(mvoro)siny .
E=r-— . =r- . pr
where: prz pXxL

E\G
N\T©

Z A%

Y

s S\ 4
= 2 \%

= = TA\¢

A O\ P
SYACSEN

Fig. 5.4.3
Construction of eccentricity vector €
and orbit from initial r, p with KE/PE=+1/2.

R Initial KE mv? (0)/2
Initial PE -k /r(0)

. Initial velocity 2_ +v2 (0)
~\ Escapevelocity ] 2 (o)
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- Analytic geometry derivation of e-constructions . pxL _, (mvo)(mvoro)siny i
e=f-——=f- = b
where: prz pXxL
— mv,%/2 . KE ~
7 \/8 € =f+2siny —>—L__=p+2siny — L
NG —klr, P PE PX
Z A% 0
=,
S 2\ 4
<> 2 OO
A X7
) O\ P
SYRACSEN

Fig. 5.4.3
Construction of eccentricity vector €
and orbit from initial r, p with KE/PE=+1/2.

R Initial KE mv? (0)/2
Initial PE -k /r(0)

. Initial velocity 2_ +v2 (0)
~\ Escapevelocity ] 2 (c0)
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- Analytic geometry derivation of e-constructions . pxL (mvo)(mvoro ) siny °
E=Tr— =r -
km km P
where: pr =pXxL
2
— mv,“/2 . . KFE -
= \/8 € =f+2siny —>~—L__=f+2siny — L
N\ _ px px
> ¢ kir, PE
AN
s 2 /O The eccentricty vector is:
(}é ‘59» Q 0
% Q\;% <> ?P €= C?S ;e siny| |R= o }/.
SRR siny 1 (2R+1)siny

R Initial KE mv? (0)/2
Initial PE -k /r(0)

2
N Initial velocity | N V? (0)
~\ Escapevelocity | /2 (o
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- Analytic geometry derivation of e-constructions P . <L _ o (mvo)(mvoro ) siny ¢
km km P
where: prE p XL
— mv, /2 . KE -
7 \/8 € =f2siny —>—L__=p+2siny — L
= \% —kir, P PE ¥
= g
E'é % /O The eccentricty vector is:
= o\ Q
= 0
% < <> ?P €= C(.)Sy +2siny| |R= ©08 ’}/.
SYRACEEN sin y 1 (2R+1)siny
60/ = = 1
> < For: y=45° and: R=+5

8_[ N2 }_[1/\/5]
An2eren ) Lonl2)

<
» o _ Initial KE _ mv*(0)/2
A Initial PE —k / (0)
=
2 2
_ 4 Initial velocity | LY (0)
~\ Escapevelocity | /2 (o
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0.0

Analytic geometry derivation of e-constructions c_p_ PX L _ . (mvo)(mvoro ) siny ¢
-5 = op B km km P
o
g where: pr =pXxL
= 212
=r+2 siny ™o 2y =f+2siny — L
€ =T = —

The eccentricty vector is:
0
BV \psiny|  |re|
1 (2R+1)siny

...... : |
For: y=45° and: R=+§

b
- o)

N2 (2R+1)
2

4
- The eccentricty parameter defined by;:
- e=cos’p+(QReDsin Y= 12 |
L ' ~_5___E b i
3 |

_ Initial KE mv? (0)/2

C
%
R = —
Initial PE -k /r(0)
2 2
] 4O

N Initial velocity
| Escapevelocity

V2 (o0

87

Wednesday, December 24, 2014



Eccentricity vector € and (g, \)-geometry of orbital mechanics
e-vector and Coulomb r-orbit geometry

Review and connection to standard development

e-vector and Coulomb p=mv geometry
e-vector and Coulomb p=mv algebra

Example with elliptical orbit

Analytic geometry derivation of e-construction

Algebra of e-construction geometry

¥ Connection formulas for (a,b) and (¢,\) with (v,R)
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Algebra of e-construction geometry

KE b?

The eccentricty parameter relates ratios R = ——and —
a

£’= H4R(R+)sin’y

¥

=1- —~ forellipse (e<1)
a
¥

=1+ —~ for hyperbola (¢ > 1)
a

Three pairs of parameters for Coulomb orbits:
1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)
Now we relate a 4th pair: 4.Initial (v,R)
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Three pairs of parameters for Coulomb orbits:

Algebra Ofe_canStruCtlanéeon/ﬁ)zetry 1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (V,R)
a

£’= W4 R(RH)sin’y

2 2
=1- b—2 for ellipse (& <1) where: 4R(R+1)sin2y:— b—2 |
a a
b’ b’
=1+ — for hyperbola (¢ > 1) where: 4R(R+1)sin2}/:+ — = g1
a a
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Three pairs of parameters for Coulomb orbits:

Algebra Ofe_canStrMCtZOHéeon/Zzetry 1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (V,R)
a

£’= W4 R(R+)sin’y

2 2
=1- b—2 for ellipse (& <1) where: 4R(R+1)sin2y:— b—2 | implying: R(R+1) <0
a a
b* b*
=1+ — for hyperbola (€ > 1) where: 4R(R+1)sin2}/=+ — = g1 implying: R(R+1)>0
a a
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Three pairs of parameters for Coulomb orbits:

Algebra Ofé‘—C‘OnSﬂ'MC‘thn geometry 1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)

. . KE b
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (V,R)
a
4 )
£’= W4 R(R+)sin’y
b2 . .2 b2 2 . . . p2
=1-— forellipse (e<1) where: 4R(R+l)sin"y=——=¢e"—1 implying: R(R+l)<0  (or: -R">R)
a’ a® (or: 0>R>-1
b2 .2 b2 7 : . : R2 R
=1+— for hyperbola (¢ >1) where: 4R(R+l)sin“y=+— =¢e“—1 implying: R(R+]1)>0  (or:-R°<R)
L a? a2 (or: O<R<—9
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Algebra of e-construction geometry

Three pairs of parameters for Coulomb orbits:
1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)

. . KE . b N
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (v,R)
a
4 )
£2= 1+4R(R+1)sin2y
b2 . .2 b2 2 . . . p2
=1-— forellipse (e<1) where: 4R(R+l)sin"y=——=¢e"—1 implying: R(R+l)<0  (or: -R">R)
a’ a® (or: 0>R>-1
b2 .2 b2 7 : : : _R2 R
=1+ — for hyperbola (¢ >1) where: 4R(R+l)sin“y=+— =e“—1 implying: R(R+1)>0  (or:-R"<R)
a2 a2 (or: 0<R<-1)
- J
—k . KE . .. . .
Total 2—=E =energy = KE+PE relates ratio R = oE to individual radii a, b, and A.
a
—k —k 1 1
2—=E=KE+PE=R-PE+PE:(R+1)PE= (R+l)— or: —=(R+]l)—=(RH)
a r a r
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Algebra of e-construction geometry

Three pairs of parameters for Coulomb orbits:
1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)

. . KE . b
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (v,R)
a
4 )
£2= 1+4R(R+1)sin2y
b2 . .2 b2 2 . . . p2
=1-— forellipse (e<1) where: 4R(R+l)sin"y=——=¢e"—1 implying: R(R+l)<0  (or: -R">R)
a’ a® (or: 0>R>-1
b2 .2 b2 7 : : : _R2 R
=1+ — for hyperbola (¢ >1) where: 4R(R+l)sin“y=+— =e“—1 implying: R(R+1)>0  (or:-R"<R)
a2 a2 (or: 0<R<-1)
- J
—k . KE . .. . .
Total 2—=E =energy = KE+PE relates ratio R = oE to individual radii a, b, and A.
a
—k —k 1 1
2—=E=KE+PE=R-PE+PE:(R+1)PE= (R+1)— or: 2—= (R+1)—=(RH)
a v a r

r 1 : el o . :
a= = assuming unit 1nitial radius (r=1).
2(R+1) \ 2(R+D)
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Algebra of e-construction geometry

Three pairs of parameters for Coulomb orbits:
1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)

. . KE . b
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (v,R)
a
4 )
£2= 1+4R(R+1)sin2y
b2 . .2 b2 2 . . . p2
=1-— forellipse (e<1) where: 4R(R+l)sin"y=——=¢e"—1 implying: R(R+l)<0  (or: -R">R)
a’ a® (or: 0>R>-1
b2 .2 b2 7 : : : _R2 R
=1+ — for hyperbola (¢ >1) where: 4R(R+l)sin“y=+— =e“—1 implying: R(R+1)>0  (or:-R"<R)
a2 a2 (or: 0<R<-1)
- J
—k . KE . .. . .
Total 2—=E =energy = KE+PE relates ratio R = oE to individual radii a, b, and A.
a
—k —k 1 1
2—=E=KE+PE=R-PE+PE:(R+1)PE= (R+1)— or: 2—= (R+1)—=(RH)
a v a r

r 1 : el o . :
a= = assuming unit 1nitial radius (r=1).
2(R+1) \ 2(R+D)

b2

4R(R+1)sin27/=$ — implies: 2\/ FR(R+1) sin}/=é or:. b= 2a\/ FR(R+1)siny
a

a

FR . /iR . : . .
b=r |—siny| = [——siny assuming unit initial radius (=1
[ R+l }/( R+l 4 5 ( )D
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Algebra of e-construction geometry

Three pairs of parameters for Coulomb orbits:
1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)

. . KE . b
The eccentricty parameter relates ratios R= ——and — Now we relate a 4th pair: 4.Initial (v,R)
a
4 )
£2= 1+4R(R+1)sin2y
b2 . .2 b2 2 . . . p2
=1-— forellipse (e<1) where: 4R(R+l)sin"y=——=¢e"—1 implying: R(R+l)<0  (or: -R">R)
a’ a® (or: 0>R>-1
b2 .2 b2 7 : : : _R2 R
=1+ — for hyperbola (¢ >1) where: 4R(R+l)sin“y=+— =e“—1 implying: R(R+1)>0  (or:-R"<R)
a2 a2 (or: 0<R<-1)
- J
—k . KE . .. . .
Total 2—=E =energy = KE+PE relates ratio R = oE to individual radii a, b, and A.
a
—k —k 1 1
2—=E=KE+PE=R-PE+PE:(R+1)PE= (R+1)— or: 2—= (R+1)—=(RH)
a v a r

r 1 : el o . :
a= = assuming unit 1nitial radius (r=1).
2(R+1) \ 2(R+D)

b2

4R(R+1)sin27/=$ — implies: 2\/ FR(R+1) sin}/=é or:. b= 2a\/ FR(R+1)siny
a

a

FR . /iR . : . .
b=r |—siny| = [——siny assuming unit initial radius (=1
[ R+l }/( R+l 4 5 ( )D

Latus radius is similarly related:

12
[& =—=F 2rRsin27/j
a
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Algebra of e-construction geometry

The eccentricty parameter relates ratios R= Eand
(e°= W4AR(R+)sin“y R
32 2
=1-—ellipse(e < 1) 4R(R+1)sin2y=——2
a a
b’ b’
=1+ —2hyperbola (e>1) 4R(R+1)sin2y=+ —
N d a__J
g v 1 : :
a= = assuming unit initial radius (r=1).
_ 2(RH)  2(RH])

[

/iR . /iR . . L .
b=r |[—siny| = |——siny assuming unit initial radius (=1
- : R+1 y[ R+1 4 8 us (r )D

Latus radius 1s similarly related:

12
[ =—=F 2rRsin2y]
a

2

From &~ result (at top):

b_ 2 FR(R+)siny= \/i(Tez)
a
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