Introduction to Orbital Dynamics
(Ch. 2-4 of Unit 5 12.04.14)

Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

: : : Review: “3st Hell”
Effective potentials for IHO and Coulomb orbits (Leevcsz7 Ch_S ;p(j,,{;:oyj ’

Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations «— \
Quadrature integration techniques

Detailed orbital functions

(A mystery similarity appears)

Relating orbital energy-momentum to conic-sectional orbital geometry
Kepler equation of time and phase geometry

Geometry and Symmetry of Coulomb orbits
Detailed elliptic geometry

Detailed hyperbolic geometry
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V=V(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V=V(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V=V(p)
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Total energy E=T+V (p)=T+ . V(p) conserved for constant parameters m and k of T and V(p).
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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In either case: IHO or Coulomb orbit blows up if k is negative.
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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In either case: IHO or Coulomb orbit blows up if k is negative.

NOTE: Our Coulomb field is attractive if k is positive

That is,if -k/p is negative.

Coulomb V(p) =-k/p
(Explicit minus (-) convention)
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials
* Review: “3steps from Hell”

Effective potentials for IHO and Coulomb orbits (Lect. 7 Ch. 9 Unit 1)

Stable equilibrium radii and radial/angular frequency ratios

Classical turning radii and apogee/perigee parameters

Polar coordinate differential equations

Quadrature integration techniques
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry
Kepler equation of time and phase geometry
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Review: “Three (equa({;ﬁ%gps from Hell” (Lect. 7 Ch. 9 Unit 1)
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
¥ Stable equilibrium radii and radial/angular frequency ratios

Classical turning radii and apogee/perigee parameters

Polar coordinate differential equations

Quadrature integration techniques
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry
Kepler equation of time and phase geometry
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
3 Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations <«

\ (A mystery similarity appears)
Quadrature integration techniques /
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m 2 M 2 M., M 2.0 M., U oT o=—"—
T=—g p+—g 0" =—p +—p¢-=—p°+ where: p, = — = mp~¢ = const = |1 2

27PP 279 2 2 2 2mP2 ’ ¢ For ALL central forces mp

2
Total energy E=T+V(p)=T _|_2H
m

>+ V(p) conserved for constant parameters m and k of T and V(p).

Effective potential for IHOscillator V'(p)-+,/>  Effective potential for Coulomb V() =/

2 2
: ' W=29

L ps r/ |1 5 ﬁm?’ .............. E

This plot shows

negative values of
V(r)=-k/p (attractive)

nw=04

perigee P+

REENANTEY0 apogee p> _—
‘ Cla331§:al turmng radil p+ for bound orbits are where radial kinetic energy P ‘is zero.
0=-E TR kp 0=—E L H ko
5 2mp* 2 X 2mp2 P
0=‘u——Ep2+E/o4 or else: ():“_L_EL+E
2m 2 2m p4 p2
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m 2 M o M .o M 9.0 M.y U oT o=—"—
T=—g p+—g 0" =—p"+—p¢p"=—p°+ where: p, =——=mp°d = const = [I 2

2°7PP 2% 2 2 2 2mP2 ’ ¢ For ALL central forces mp

2
Total energy E=T+V(p)=T +2H
m

>+V(p) conserved for constant parameters m and k of Tand V(p).

Effective potential for IHOscillator V'(p)-+,/>  Effective potential for Coulomb V() =/

2
| BTt

w=209 2 2mP2 P
PRI = g

This plot shows

negative values of
V(r)=-k/p (attractive)

nw=04

perigee P+

3 xu=0 apogee p= "
‘ Cla331§:al turmng radil p+ for bound orbits are where radial kinetic energy P is zero.
0=-F TR kp 0=_F P
2 2mp” 2 2 2 2mp* P 2
0=‘u——Ep2+E/o4 or else: Oz‘u—L—EL+E O:_—+kp+Ep20 or else: 0= —E—E
2m 2 2m p* p? 2 2m 2mp* P
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m 2 M o M .o M 9.0 M.y U oT o=—"—
T=—g p+—g 0" =—p"+—p¢p"=—p°+ where: p, =——=mp°d = const = [I 2

2°7PP 2% 2 2 2 2mP2 ’ ¢ For ALL central forces mp

2
Total energy E=T+V(p)=T +2u
m

>+V(p) conserved for constant parameters m and k of Tand V(p).

Effective potential for IHOscillator V'(p)-+,/>  Effective potential for Coulomb V() =/

2
| BTt

w=209 2 2mP2 P
PRI = g

This plot shows

negative values of
V(r)=-k/p (attractive)

nw=04

perigee P+

5 wu=0 apogee p> "

Cla331§:al turmng radi1 p+ for bound orbits are where radial kinetic energy P ‘is zero.

0=-F TR kp 0=_F P
, l2€mP 2 . - ) 2mp2 P ) i
0=‘u——Ep2+—/o4 or else: O—‘u——— —t+3 O:_—+kp+Ep20 or else: 0= 2———E
y E£\E—ki%im ! E¢\/E2—ku2/m

P = or else: 5= 5

k P+ u=im
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m 2 M 2 M., M 2.0 M., U oT o=—"—
T=—g p+—g 0" =—p +—p¢-=—p°+ where: p, = — = mp~¢ = const = |1 2

27PP 279 2 2 2 2mP2 ’ ¢ For ALL central forces mp

2
Total energy E=T+V(p)=T _|_2H
m

>+ V(p) conserved for constant parameters m and k of T and V(p).

Effective potential for IHOscillator V'(p)-+,/>  Effective potential for Coulomb V() =/

2 2
:""E=T+Veﬁ(p)=ﬂp2+ = 2+lkp2 1‘2 E = +V€J7(p):ﬁp2+ H™ ko
: 2 2 B, 1=29 2 2mp2 p
_ 1 Pstable
'/ Lt P TE
.|‘;.).+. .(.fq_r,E:. 0 65) ............ .. p-=
3 - This plot shows
negative values of
1 V(r)=-k/p (attractive)
1 “u 004ap0g€€ onperigee p+ "
‘ Cla331§:al turmng radil p+ for bound orbits are where radial kinetic energy P ‘is zero.
0=-E TR kp 0=—E L H ko
2mp* 2 2mp2 P
u 2 ko4 w1 L _k — 1 2 ook
O=——-FEp"+—=p orelse: O———— —+ = O=—+4+kp+ Ep~0 orelse: 0= ———F
/ \
» _E + B>k 2im e L _E FE k2 im |kt KP+2E 1 m | ki k+2Eu Im

P+ : = = or else: =
k pi2 ‘uz/m \pi 2F pi%/m

Notice mysterious similarity: E—k and k—2E
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters

3 Polar coordinate differential equations -

eorn | ™ st s
Quadrature integration techmque/ (A mystery similarity appears)
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy d=—"—
I'=—g p+—g. 0" =—p°+—p¢-"=—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 22 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+ V¥ (p)= T+2” ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,0) equations for Coulomb V(p) =-k/p
2 2
myp_po Ly p=_t 99 Mg pp
2 2mp2 2 mp2 dt 2 2mp2
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=—"—
I'=—g p+—g, 0" =—p°+—p¢"=—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 22 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+ V¥ (p)= T+2” ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,0) equations for Coulomb V(p) =-k/p
2 2
myp_po Ly p=_t 99 Mg pp
2 2mp2 2 mp2 dt 2 2mp2

dp dt _do ¢
dt dp dp p mp*p
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 : U
m 2 M 9 M., M o9 M .o oT 5. ¢=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
27PP 259 22 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,0) equations for Coulomb V(p) =-k/p
2 2
ﬂpZZE_ au _lkpz q-): U Ed(P ﬁpZZE_ ‘U —k/P
2 2mp2 2 mp2 dt 2 2mp2

dp  2E  u*  kp? dp dt _dp _¢ _ u . dp [2E ut 2k
m p2p?  m dt dp dp p mp*p dt
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

T_Egppp

Total energy E=T+V(p)= T+2
m

_g¢¢¢ = —P
2

—p2q52

1

mp*

2 .
oT _
a 5 where: Py == =mp (p const = |1 0=
a¢ For ALL central forces

m .»
2 2mp

~+V(p) conserved for constant parameters m and k of T and V(p).

(0,0) equations for IHOscillator V(p) =kp°/2

(0,0) equations for Coulomb V(p) =-k/p

2
m .o U 1. - , d m .2 _ H
TP =B kp b=t =2 TP =B kip
_dp_ 2E_ _u _kp® @_0_ K .. dp E 2 2%
P =" m. mlp?  om dp P mp°p P m  mip? mp
T S dp=tdp
dq)zﬂﬂzﬂ dp g mpp d¢:ﬂﬂzﬂ . dp :
mpzp m. 2_E_ ,uz _k-pz mpzp m. 2.':E_ .Uz _2/:{
p m mp2 m e p m m2p2 mp
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 : U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“¢=const=[I 2
27PP 259 22 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,0) equations for Coulomb V(p) =-k/p
2 2
ﬂpz_ . au _lkpz _ ‘LL Ed(P ﬁpz_E_ ‘U _k/p
2 mp2 2 mp2 dt 2 mp2
. dp [2E u* kp® a_¢_ _dp_ 2B 2 2k
--------------- .‘..-.--------------‘-' ( dp e e e
dp= AP K dp "y = du gt dp K dp
mp’p m g2 jp?  Lett—=u so:i P mp’p mo g2
: P T > p d __du e, P T a2
.............. m m’p m P = 5 m m”p mp
L u
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M 9 M., M o9 M .o oT 5. ¢=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
27PP 259 2 5 2 2 2m,02 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2ﬂ >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
2 2
ﬂpz_ . auz_lkpz _ ‘LL Ed(P ﬁpz_E_ :uz_k/p
2 mp 2 mp2 dt 2 mp
c_dp_ 2E__ut _kp® do_9_ u dp_ [2E 2 2%
p dt m m2p2 m dp P mpzp p dt m m2p2 mp
--------------------------------- ( dp
dq;_ﬂﬂzﬂ T R S D __-_—2:du dq)_ﬂﬂ_ﬂ dp
m pzp m 5 2F ‘le kpz Let: —=u sO: < P m Pzp m ) ) ‘le 2k
I P du P R
.............. m m p m dp:__2 m m p mp
_ g u _d
do M du do M u
"2E ptut k " 2E  ptut 2k
m m* _mu2 m m? m
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)
u

2
m 2 M 9 M., M o9 M .o oT 5. ¢=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“¢=const=[I 2
27PP 259 22 2 2 2m,02 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2ﬂ ~+V(p) conserved for constant parameters m and k of T'and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
2 2
1
ﬂpz_ . uuz__kpz _ ‘LL Ed(P ﬁpz_E_ :uz_k/p
2 mp 2 mp2 dt 2 mp
_dp_ 2By kp® o _o_ u dp _|2E > 2k
p dt m m2p2 m dp P mpzp p dt m m2p2 mp
T - Ao _ gy ‘ /
dp A _ 1 Doty — = du gt _ 1 p
mp'p M hE P Let: - =u sot - P ; mp'p Mmoo by A 2k
,,,,,,,,,,,,,, i lp? o m dp:——;t P 2p? - mp
U —du’ - - u u —du
dp=" SE - dp="
YT , 1 o= 2ud " 2E_ ptud 2k
. S Let:x:u=—2 s0:<du_ dx . 2 T
m mu o, =
2V

Wednesday, December 24, 2014 37



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 u
m .2 m D m . m 2.0 N .n U oT 2 ¢=—
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2°PP 229 22 2 2 Zmp2 ¢ d¢ For ALL central forces mp
Total energy E=T+V(p)=T +2ﬂ ~+V(p) conserved for constant parameters m and k of T'and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
2 2
m .o i) 1. - d m .o M
2P B TRk - 2P B
mp mp-  dt mp
c_dp_ 2E__ut _kp® do_9_ u dp  E 2 2%
p dt m m2p2 m dp P mpzp p dt m m2p2 mp
R T ECT LR CEP LT e P L P TR R LT RERry ([ dp 0 eeeeeeaes
oo tidp 1 L S — 8 = du - tdp 1 dp
mpzp m 5 2E_ ‘le _kp2 Let ;:M SO: A P J mpzp m o) 2E_ Hz _2k
,,,,,,,,,,,,,, i lp? o m dp:——;t P 2p? - mp
_H du” - co dop="1 —du
O B kA kT dx = 2udu o 2E 1w 2ky
Y SN A Let: x = uz=L SO: 1 d _E —
: % A 2 U Y qu="2 m 2 m
moomt o my p RN m.
dp="— dx EH dp =" .
m T % m 2E  ’x 2k
2&\/2E_M2X_:k ----------------------------------- R SGIGEECETTEEEREPRE 2&\/’%—“2’“—-&
m g2 mx m m
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 ST
m 2 M 9 M., M o9 M .o oT 5. d=—"—
T=— +— =— P +— =—p°+ here: =—= = { =
R T T T S
Total energy E=T+V(p)=T +2u ~+V(p) conserved for constant parameters m and k of T'and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
2 2
m .o H 1. 2 d m .o H
Ep =L — 2—Ekp — ‘uzz 0 E,O =F — Z_k/p
mp mp-  dt mp
p:@_ 2F u? _kp2 _______ ao _¢ _ u p:@: 2F u? 2k
dt m. mlp* m dp P mpp dt m  mPp* mp
--------------------------------- (4
do- i dp _ 1 L — = d Jotidp 1 dp
ml:)zp m. 2F . ,uz _kp2 Let ;:u so: { P J mpzp o, 2E uz 2k
ok i lp? o m dp:——;t ............ Pl 2p? - mp
_H du” - co dop="1 —du
O E k2 kT dx = Zudu o 2F 12 2k
Y SN A Let: x = uz=L SO: 1 d _E —
: % A 2 U Y qu="2 m 2 m
moomt o my p RN m.
dq)—ﬁ —dx : L X d¢_£ —dx
m 2 m 2E  i*x 2k
2\/;\/2E_,uzx_k """""""""""""""""""""""""""""""""" 2\/;\/’%_#;_2\/;
“d B
dqb—% —— = dq)—% du
m m m
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters

Polar coordinate differential equations <« \ (A mystery similarity appears)
3 Quadrature integration technique/
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT 5. o=—"—
I'=—g p'+—g, 0" =—p+—p°0"=—p~+ where: p, = —=mp ¢ =const = [ 2
2 °PP 2 590 22 2 2 2mp2 ¢ ¢ For ALL central forces "p
Total energy E=T+ V¥ (p)= T+2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,0) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
2 - ‘u—xz—z—Ex+£ hetix =u ) — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V(p)=kp" repeatedly enjoy the integral ¢(z) below. anuoduced bricsty in Unit 3)
dz
¢(z)= D]

\/—(Az2 + Bz + C)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=—"—
I'=—g p+—g, 0" =—p°+—p¢"=—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+ V¥ (p)= T+2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,0) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
2 - ‘u—xz—z—Ex+£ hetix =u ) — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V(p)=kp" repeatedly enjoy the integral ¢(z) below. anuoduced bricsty in Unit 3)
dz dz dz
¢(z)=D]

B D _ D
[+ mirc) VA )ex) VA Yo -o)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,0) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ,u_x2_2_Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz dz dz
¢(z)=D]

D D
=—=] =—=]
\/—(Az2 +Be+C) VAT (z=z)(x-x) VA Yz -2)(z-2)
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .
Defining o and (3:
e =o0xp
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 H
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,0) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ,u_x2_2_Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz dz dz
¢(z)=D]

D D
=—=] =—=]
\/—(Az2+Bz+C) VAT (z=z)(x-x) VA Yz -2)(z-2)
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .

Defining o and (3: c 42 —B .. \/82 T aAC
7, =at 3, where: a=—"—== ,and: f="t—"—=
B 2 2A 2 2A

Solution based on quadratic roots of Az°+Bz+C=0.
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,0) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ,u_x2_2_Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz dz dz
¢(z)=D]

D D
=—=] =—=]
\/—(Az2+Bz+C) VAT (z=z)(x-x) VA Yz -2)(z-2)
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .

Defining o and (3: c 42 —B .. \/82 T aAC
7, =at 3, where: a=—"—== ,and: f="t—"—=
B 2 2A 2 2A

Solution based on quadratic roots of Az°+Bz+C=0.

JA

D

. 1%~
= Sin

dz
$(2)=|
P —(e-a) B
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mp2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2ﬂ >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ,u_x2_2_Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz dz dz
¢(z)=D]

D D
=—=] =—=]
\/—(Az2+Bz+C) VAT (z=z)(x-x) VA Yz -2)(z-2)
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .

Defining o and [3: c 42 —B . —» VB —aAcC
7, =at 3, where: a=—"—== ,and: f="t—"—=
N 2 2A 2 2A

Solution based on quadratic roots of 4z°+Bz+C=(. Variable z may be p or u=1/p or p° or x=1/p"...

JA

D

dz :Sin_lz—oc (¢)—\/Bz_4ACsin£¢ ) i
JB = (z-a) P ST D A

¢(z)=]
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mp2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2ﬂ >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ,u_x2_2_Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz dz dz
¢(z)=D]

D D
=—=] =—=]
\/—(Az2+Bz+C) VAT (z=z)(x-x) VA Yz -2)(z-2)
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .

Defining o and [3: c 42 —B . —» VB —aAcC
7, =at 3, where: a=—"—== ,and: f="t—"—=
N 2 2A 2 2A

Solution based on quadratic roots of 4z°+Bz+C=(. Variable z may be p or u=1/p or p° or x=1/p"...

\/Z dz N 0/ 2

0= =sin”1 £ _VB-4AC VA B

b \/[32—(z—oc)2 P )= 5?5
2(9) = p - Sin%¢ - o
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mp2 ’ ¢ For ALL central forces mp
Total energy E=T+V(p)=T +2ﬂ ~+V(p) conserved for constant parameters m and k of T'and V(p).
mp
(0,0) equations for IHOscillator V(p) =kp°/2 (0,¢) equations for Coulomb V(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ‘u—xz—z—Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V(p)=kp" repeatedly enjoy the integral ¢(z) below. anuoduced bricsty in Unit 3)
dz dz dz
¢(z)=D]

B D _ D
T ebire) VA o)) VA Jo-ai—o)

Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .
4tz —-B

- B* —4AC
7o =0t B, where: o= = ,and: f= e Tl \/
B 2 2A 2 2A

Solution based on quadratic roots of 4z°+Bz+C=(. Variable z may be p or u=1/p or p° or x=1/p"...

\/Z dz N 0/ 2

o) =] —sin == _VB*-4AC . NA B

R T W M TR
[ 2= B - Sin%¢—aj 0

radial-polar-coordinate orbit function \
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters

Polar coordinate differential equations « (A mystery similarity appears)
3 Quadrature integration techniquq/
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry
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Orbits in Isotropic Oscillator and

Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=—"—
I'=—g p+—g, 0" =—p°+—p¢"=—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 22 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+V( ,0)=T+2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,¢) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
dgb:% 2 —dx d¢=ﬂ —du
m 2
2\/—('ux2—2Ex+k) Let:x=uz=L Let: u=l \/—(‘uu2+2ku—2E]
m2 m m p? p m2 m m
dz D dz D dz D dz D . 71—«
¢=D] =—=] =—=] =—=] = —=sin
\/—(Az2+Bz+C) VA \/_(Z_Z+)(Z_Z—) VA \/(Z+_Z)(Z_Z—) JA \/ﬁz—(z—a) JA p
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=—"—
I'=—g p+—g, 0" =—p°+—p¢"=—p°+ where: p, = —=mp“® = const = [I 2
2 7P 270 2 5 2 2 2mP2 ’ ¢ For ALL central forces mp
Total energy E=T+ V¥ (p)= T+2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,¢) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
dgb:% 2 —dx d¢=ﬂ —du
m 2
2 |- ,u_x2_2_Ex+£ Let:x=uz=L Let: u=l - ‘u—u2+%u—2—E
m2 m m p? p m2 m m
dz dz dz dz D . 1z«

¢=D] _ D [ _D f D j -
\/_(Az2+Bz+C) JA \/_(Z—Z+)(Z—Z_) JA \/(Z+—Z)(z—z_) JA \/ﬁz—(z—a)z T
Roots z+ are classical turning points (perigee z_=a—3 , apogee z+=a+[3).
VB2 —4AC oA

—B :
o=—/, fB= Z=0 + psin
2A P 2A P
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy 7T 1n polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)

2 .U

U oT d=—"—
where: p, = —=mp (p const = [l 2

2 - a¢ For ALL central forces mp

" m _m .o m 2-2:ﬁ-2+

Total energy E=T+ V¥ (p)= T+2 ~+V(p) conserved for constant parameters m and k of T and V(p).
m
(0,¢) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
dgb:i% 2 —dx dozﬂ —du
T m 2
Eg\/—('uzxz—zEx+k) Let:x=uz=L Let: u=l \/—(‘uu2+2ku—2E]
Nm® mom p’ p m* o omom
dz - DS dg D dz dz D . _z-«
o="D] : =l == =S T
. \/—(Az +Bz+C) JA A-(z-z)(z-z.) VAT J(z, - 2)(z-2 \/— \/ﬁ JA
: Roots zy are classzcal turning points (perigee z_=o— 6 apogee z..= oz+6)
.- ,- : _B VB* —4AC oA
! - - ao=— , B= z=0+ Psin
CTTTTTLITTTTTT R ST 2A 2A
2 ' :
gt g 2B ok K
m? m m . 2m:
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

T= —g p —g ¢ ——p —p2¢zzﬁp2+ ‘uz where: p a—T—mpq) const = |1 ¢:L2
2 7P % 2 2 2mP2 " ¢ For ALL central forces mp
Total energy E=T+V( ,0)=T+2 ~+V(p) conserved for constant parameters m and k of T and V(p).
m
(0,¢) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
” :% 2 —dx do :EE —du
T 11 2 :
Eg\/_('uzxz—zEx+k) Let:x:uz=L Let: u=l "'\/—(‘uu2+2ku—2E] !
N m? o omm P’ p m o omom
dz - D .7 dz D dz iz - D L=
9="D] .- == =—7=] =—sinT
5 \/—(Az +Bz+C) JA \/ (z—2z.)(z—2z) JA \/(z+—z)(z Z_ \/— \/,3 \/Z
: Roots zy are classzcal turmng pomts (perzgee zZ_=Q- 6 apogee z. = oz+6)
: VB* —4AC o< A ,-
o L . , B= z—oc+,Bsm
; ; 2A
2 : : ) ' , :
gt g 28 ok po M A:“— p=2k oo 28 po K
m* m m Lo2m: 2 m L
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

22
T'= Egppp —P ¢

Total energy E=T+V(p)=T +2
m

(0,0) orbits for IHOscillator V(p) =kp°/2
do By —dx

_g¢¢¢ = —P
2

m .o
=—p+
2P

m 2
EZ\/—('uxz—zEx+k) Let:x = u?=——
N \m®  moom p’

12

2mp

2

b=
mp

oT
=—=mp (/5 const = |l

where: p
4 el For ALL central forces

~+V(p) conserved for constant parameters m and k of T and V(p).

(0,0) orbits for Coulomb Vip) =-k/p

dz dz

dz

, B=

D D
\/_(Az +..Bz+C) VA (=2 )(z-2) VA Wz —2)(e-= \/_ \/ﬁ

Roots zy are classzcal turmng pomts (perigee z_=a— 6 apogee z. = oHrﬁ)

VB2

—-4AC

o5/ A

2A

z—oc+,Bs1n

4= g
2
m

Wednesday, December 24, 2014

54



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy 7T 1n polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)

2 .U

U oT d=—"—
where: p, = —=mp (p const = [l 2

2 - a¢ For ALL central forces mp

2

Total energy E=T+V(p)=T +2
m

(0,¢) orbits for IHOscillator V'(p) =kp°/2 (0,0) orbits for Coulomb Vip) =-k/p
' —dx

dp=" do = :

1 2 sm: 2

12, H_2x2_2_Ex+£ Let:x=uz=L Let: u=l - u—uz‘*%”—z—.E :

N\ Um mom p’ p | 2

5= i D & D dz dz _ D z5a
\/—(Az +'Bz+c) VA (z-2)(zm2) VA (7 -2)(z- */_ VB~ \/Z
: Roots zy are classzcal turning points (perigee z_=o— 6 apogee z, = oz+6)

: o= -5 , p= \/B —4AC =0+ .BSHI ¢\/—
Sty T . ,7""'""""5 2A 2A i

2mp

~+V(p) conserved for constant parameters m and k of T and V(p).

B \/E2 — k,uz/m Algebra details|\on following pages 3 \/k2 + 2E/,L2/m
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy 7T 1n polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)

2 .U

U oT d=—"—
where: p, = —=mp (p const = [l 2

2 - a¢ For ALL central forces mp

2

Total energy E=T+V(p)=T +2
m

(0,¢) orbits for IHOscillator V'(p) =kp°/2 (0,0) orbits for Coulomb Vip) =-k/p
' —dx

2mp

~+V(p) conserved for constant parameters m and k of T and V(p).

m*>omom p’ p

dp=" do = :
'm 2 ¥/ 2 :

- 2F k -
Eg\/—('uxz—x+) Let:x=uz=L Let: u=l \/—(‘uu2+2ku—2?5] :

¢=D] 2 LD J L& _—— | & & - D:. z=a
\/—(Az +.Bz+C) VA \/ Z Z+ Z Z_ ) JA \/(z+—z)(z 7 \/_ \/ﬁ \/,_4_
: Roots zy are classzcal turning points (perigee z_=o— 6 apogee 7. = a+ 5)

_B JB% —4AC oA

o=—/, 3= z—oc+,Bs1n

"""" ..'-'.' """ . 2A 2A

B \/E2 — k,uz/m Algebra details|\on following pages 3 \/k2 + 2E/,L2/m

2
/m
E% — ku?/ 1 -k k> +2Eu*/m |
o 1im 1% /m p Uim [ im
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° —_ 2 J—
Algebra details and checks a=—2 . B V8 2A4AC
(0,0) orbits for IHOscillator V'(p) =kp"/2 (0,¢) equations for Coulomb V(p) =-k/p
2 2
m2 m m 2m m> m m m
2E _2k
— ; _ E'=Z++Z_ o = m _ —k =Z++Z_
T Wimoo 2 s Wi 2
2 5 )
(2_E Tk
m m2 m
p= 5
M
m2
2Em Y p km \/(%)ZMWZE
p (m " _4mm— \/Ez—k,uz/m 7 —7 B m m: m :\/k2+2Eu2/m=Z+—Z_
= = = 2 2
s 12 im 2 o U 12 im 2
I’I’l2 X m

Checking that roots z4 are Eclassical iturning points (perigee z_=a—3 , apogee z.=a—+[3) from p.27.

~
~

E++\E*~ki*/m 1 ERJE —kuim
Pt = \/ or else: = \/ = pi= or else:

kK2 E L m L ktJK+2E0 m
k P+ 1 /m 2E P+ 1/ m
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations
Quadrature integration techniques
> Detailed orbital functions
Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry
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Orbits in Isotropic Oscillator and Coulomb Potentials

(0,0) orbits for IHOscillator V'(p) =kp°/2

Energy:
E=k(a*+b%)/2

Angular momentum:

w=\(km) ab

Apogee is
slower

turning poin

Perigee is
faster
turning point [ D
p.— | 2
(Just derived equation of IHO orbit ellipse )
1 E E*—ku’/
A="7="2 +\/ 2 - mSin(_2¢)
L P U/m LU/m
( o1 1) 111 B
—=t—| —=+t—|+t=| —=—— cos(2¢)
p? 2[a2 bz] 2(a2 b2]
\One of many equations of center-centered ellipse )

(p,¢) orbits for Coulomb V(p) =-k/p

Energy:
E=k/

Angular momentum:

w=\|km\|=b\N(2m|E|)

L he e Y

I
|
_ﬁ Apogee is
Eié slower
Hl turning point
Perigee is Al
| P+
faster J
turning point os |1 L |2
! ! YA T T '

o

TR

(=3

(Just derived equiation éf Coulomb orbit ellipse
1~k JK +2E 1% Im

U=—= sin(—
4 ,
[ 2 42 (to be discussed shortly)
l_a Na b CoS ¢

b* b?

\One of many equations of focus-centered ellipse
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Orbits in Isotropic Oscillator and Coulomb Potentials
(p,¢) orbits for Coulomb V(p) =-k/p

(0,¢) orbits for IHOscillator V'(p) =kp°/2

Energy:
E=k(a*+b%)/2

w=(km) ab
1angled)
1 Ix
I
|
: Apogee is
| slower
' | turning poing”
Perigee is - : : oF A
faster 1 | | /
. . C | |
turning point | |
rns —W =W
p— | . 1 s P =
, E+yE=kiiim
P+ = =d
k
, E—\Eki2m
p_ = k :b

(to be discussed first: 1

Angular momentum:

Y

Energy:
E=k/2a

2a=
major diameter

05 > Angular momentum:
N \ u=|km\|=hN(2m|E|)
1 ~ \ 1 h=
05 - 0.5 il A=latus minor radius
1 1 | 1 I I 1 1 1 I 1 1 | I . 1 | 1 1 1 ‘/]-'(IC/I'”S
J N
Nz
- |
- |
b3 i
I :
_ﬁ | Apogee is
Ei | : slower
1
- h | turning point
Perigee is o |
g | | P+
faster Ll |
turning point : 05 :ll , |2
B : |I L1 1 1 1 | L1 | I
P \: A | P
| |
i
- C kK 2E L m
P+= =a+a€
1 2E
: k=K 2E 1 Im
= pP-= =a—a€
2FE
(from p.29 or p.57)

urning point relations)

(Just derived equation of IHO orbit ellipse N\ | (Just derived equation of Coulomb orbit ellipse
1 E E* —ku*im - k> +2EL°/
x=—= oy +\/ 2/,u sin(—2¢) u:lz 2k +\/ 2 S sin(~¢)
_ p-Wim Him PARN p__Him Hoim J
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Orbits in Isotropic Oscillator and Coulomb Potentials

(0,0) orbits for IHOscillator V'(p) =kp°/2 (p,¢) orbits for Coulomb V(p) =-k/p
Energy: Energy:
E=k(a*+b%)/2 Eetfon
Angular momentum: Angular momentum:
u=\(km) ab - \ u=\|km|=b\(2m|E|)
, 1 0, /D%.S \t
angle (1) R j T B )_Ix
X N |
/ | |
N s/
Apogee is ﬁ : Apogee is
slower =
: . . Ei | | slower
- turning poin L | : .
: S~ | | turning point
Perigee is - Perigee is :_}l : 04
faster : Jaster oft |
turning point  f 0 turning point | : . :ll . |2
p_/z |2 p_\E :inter—focal diameterll / p
1 1 - s —
= pepo=2ag
-k B >
p+2 _ E+ \/EZ_ku2/m _ 2 p+2+p_2 _ ZTE _ 242 pi+p_ =F =2a 2 k+\/k2+2Eu2/m
k o) - =a+a€
2 2 - -1 + 2F
p 5 E—\/Ez—k‘uz/m b2 p 2_p 5 _ 2\/E2—k‘u2/m _ a2_ b2 p+_p_:\/k +2§,u /m =20€E E k \/kZ-I—ZE‘LLZ/
= = + — - - —K— m
_ & k —ge — p_= =a—a€
2F
2 2 g2 2 2 12 g2 2
p+2p_2 _ E —Ek;k,u /m _ 22 —k‘u ,O+p_=k k(zl?)li,u /m C 2282 = 2£Lm Y. (from p.29 or p.57)
m
(to be discussed first] turning point relations)
Just derived equation of IHO orbit ellipse \ | (Just derived equation of Coulomb orbit ellipse
1 E E*—ku’lm 1 —k k> +2E1*Im
x=—= y -+ \/ y sin(—2¢) u=—=—-+ \/ 2 a sin(—¢)
p- U/m 1 im PARNS p_U/m K/m y,
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations
Quadrature integration techniques
Detailed orbital functions
¥ Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)

ol T /

EAH conics defined by: Eccentricity € J
D/

Distance to Focus F = e-Distance to Directrix D
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)

r/8—7\./8+rcos r=MA+recos r =
¢ ¢ l—€coso
Y [ 7 cos O
D re . p €=0.75 L Bi/ geometry.
h ; . - — £COS €
Me <0/ h=10 %:_ = ? COS ¢
e oF >gDP)=0.75DP) \ " Y
g =
i V
w AT L d .(b.F-F g Il. L .16% . IZT. LR |3. By p.59 physics.
D W : X
D| 7 F 11—k K +2E0m
—=—=— : COS ¢
rp  U/m LU/m

Distance to Focus F = e-Distance to Directrix DD’

EAJI conics defined by: Eccentricity ¢ J
D
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)

r/8—7\./8+rcosgb r=A+recos ¢ r=

l—€coso

By geometry:
1 ecos¢ 1 €

YY)

COS

By p.29 physics.:
|~k KH2EL*/m
- 2F

EAJI conics defined by: Eccentricity ¢ J
D

Distance to Focus F = e-Distance to Directrix DD’
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)

r/£—7\./8+rcos r=A+recos r=
qb ¢ 1—ecos¢
DL re Y 51:COS¢ e =0. By geometry:
B . i 1 1 ecos¢ 1 € cos
¢ __
, ro A A A
r'/€
-1 .
|'1.5.<. A By p.29 physics.:
D| ’-/® | — kN KH2E 1 m
erhelion 7 Pe= E
P N aphelion p+=X\/(1-¢)

All conics defined by: Eccentricity <

Pistance to Focus F = e:Distance to Directrix DD’

Major axis: p++p—=2a
D} p+p-=[\(1+e) N (1-)]/ (1-e2)=2)/(1-
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)

r/£—7\./8+rcos r=A+recos r=
qb ¢ 1—ecos¢
D e Y ; Leos g e =0. By geometry:
B . i 1 1 ecos¢ 1 € cos
¢ __
, ro A A A
r'/€
-1 .
|'1.5.<. A By p.29 physics.:
D| I/ | —k+ K+ 2E % Im
erheliong T PsT 2E
P N aphelion p+=X\/(1-¢)

All conics defined by: Eccentricity <

Pistance to Focus F = e-Distance to Directrix D
_ Veryimportant result! [ _ kJ

Major axis: p++p—=2a
D} p+p-=[\(1+e) N (1-)]/ (1-e2)=2)/(1-

p,+p. =— =2a 1mplies:

E 2a
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)

r/8—7\./8+rcos r=A+recos r =
¢ ¢ 1—ecos¢
D e Y e ¢ e =0. By geometry:
A ; 1 1 ecos¢ 1 €
Me =— COS @
, ro A A A
r'/e
i N/ (1+¢€) perhelion
|'1.5.<. 1 By p.29 physics.:
D| I/ —k+ K+ 2E % Im
erhelion\ T P 2F
P N aphelion p+=X\/(1-¢)

- , - .
All conics detined by: Eccentricitye | | | _r 1c)in(1-0)]/(1=2) =20/ (1
Pistance to Focus F = e-Distance to Directrix DD'| pocat axis: o +p_=2ac

_y  Very importantresult/[ —k] p-p—=[N\(1+e)-\(1-€)]/(1-e2)=2Ne/(1-c?)

Major axis: p++p—=2a
DJ

p.+p =—— =2a 1mplies:

E 2a

kY 2u? ‘k‘ 2UE 2
P+ P- \/(E) Em |E Cm 1-¢*
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)

r/8—7\./8+rcos r=A+recos r =
¢ ¢ 1—ecos¢
DL re Y E:COS(D e =0. By geometry:
B . i 1 1 ecos¢ 1 € cos
e -
, ro A )
r'/e
i N/ (1+¢€) perhelion
|1.5.<. 1 By p.29 physics.:
D| ’-/® — kN KH2E 1 m
erhelion\g 7 Pe= E
P N aphelion p+=X\/(1-¢)

- , .
All conics detined by: Eccentricitye | | | _r 1c)in(1-0)]/(1=2) =20/ (1
Distance to Focus F = e-Distance to Directrix D | Focal axis: p.+p_=2as

—k Very importantresult/[ —k] p-p—=[N\(1+e)-\(1-€)]/(1-e2)=2Ne/(1-c?)

Major axis: p++p—=2a
DJ

p.t+p_ = =2a 1mplies:
2a

2U°E 2
‘ 1+ ,121 =2ae= /182
E k“m ‘1—8 ‘

\/ 2,uE_
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)

r/8—7\./8+rcos r=A+recos r =
¢ ¢ 1—ecos¢
D e Y ; Leos g e =0. By geometry:
A ; 1 1 ecos¢ 1 €
Me =— COS @
, ro A A A
r'/e
i N/ (1+¢€) perhelion
|'1.5.<. 1 By p.29 physics.:
D| ’-/® | — kN KH2E 1 m
erheliong. = T P 2F
P N aphelion p+=X\/(1-¢)

- , - .
All conics detined by: Eccentricitye | | | _r 1c)in(1-0)]/(1=2) =20/ (1
Pistance to Focus F = e-Distance to Directrix DD'| .01 axis: oo +p_=2ae

—k Very importantresult/[ —k] p-p—=[N\(1+e)-\(1-€)]/(1-e2)=2Ne/(1-c?)

Major axis: p++p—=2a
DJ

p.+p. = =2a 1implies: Latus radius: *=a(l-¢?)
2U°E 2
‘ 1+ ,121 =2a€e= ;Lez
E k™ m ‘1 — €

\/ 2,uE_
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)

r/8—7\./8+rcos r=A+recos r =
¢ ¢ 1—ecos¢
D e Y ; Leos g e =0. By geometry:
B . i 1 1 ecos¢ 1 € cos
e -
, ro A A A
r'/e
i N/ (1+¢€) perhelion
|'1.5.<. 1 By p.29 physics.:
D| I/ | —k+ K+ 2E % Im
erheliony T P 2F
P N aphelion p+=X\/(1-¢)

‘All conics defined by: Eccentricity <

P1stance to Focus F = e-Distance to Directrix D

p+Tp—=|\(1+e)+tX(1-¢)]/(1-e?)=2N\/(1-

Major axis: p++p—=2a
DJ Focal axis: p++p—=2ac

—k Very important result! _k p-p—=[N(1+e)-\(1-€)]/(1-e?)=2\e/(1-€?)
Pt P = =2a implies: |E= 9 Latus radius: =a(1-€?)
2
‘ 1+ 2‘? £ =2a€= 2;L£2
E k“m ‘1— € ‘

2 2
o \/ 2,u E—S implies: A=a(l—€*)= azk‘lj E::
_ m km
P Also important! Cua/km )
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)
r/8—7\./8+rcos¢ r=A+recos ¢ r=

""""""" l—¢€cosq
D|__r/e i By geometry:
e ; :l 1— ecos¢ 1 € cos
— )
q N/ (1+¢€) perhelion
|'1.5.<. A By p.29 physics.:
Dl T-/€ | | —ki\/k2+2E,u2/m
perheliong— 7 Pe= YE

aphelion p+=X\/(1-¢)
e : — Major axis: p++p—=2a
All conics defined by: Eccentricity € J )

D

p+tp—=[N\(1+e)+\(1-¢)]/(1-e?)=2\/(1-
Pistance to Focus F = e-Distance to Directrix DD'| g, ..7 4xis: 04 +p_=2ae

—k Very important result! _k p-p—=[\(1+e)-N(1-¢)]/(1-e?)=2\e/(1-€?)
Pt P = =2a 1mplies: [ = Z] Latus radius:  Z=a(1-¢%)
Minor radius:
\/ k‘\/1+ 2UE D ge— 278 b=V (a?-a’e?)=\/(a)\) (ellipse:e<1)
E k> m ‘1 — 82‘ b=V (a’c>-a?)=v (\a) (hyperb:e>1)

2 2
o \/ 2u E—S implies: A=a(l—€*)= azk‘lj E::
_ m km
P AZSO important! Cuzw/km )
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)
r/8—7\./8+rcosgb r=A+recos ¢ r=

""""""" l—¢€cosq
D|__r/e i By geometry:
e ; :l 1— ecos¢ 1 € cos
— )
q N/ (1+¢€) perhelion
|'1.5.<. A By p.29 physics.:
Dl T-/€ | —kJ_r\/k2+2E,u2/m
perhelio Q- 7 Pe= YE

aphelion p+=X\/(1-¢)
e : — Major axis: p++p—=2a
All conics defined by: Eccentricity € J )

D

p+tp—=[N\(1+e)+\(1-¢)]/(1-e?)=2\/(1-
Pistance to Focus F = e-Distance to Directrix DD'| g, ..7 4xis: 04 +p_=2ae

—k Very important result! 1 p-p—=[N(1+e)-\(1-€)]/(1-e?)=2\e/(1-€?)
Pt p-= =2a 1mplies: = Z Latus radius: N=a(1-¢?)
- Minor radius:
k‘ 1+ 2.‘21 E=2a8= 2;L£2 b=V (a?-a’e?)=\/(a)\) (ellipse:e<1)
E k™ m ‘1—8 ‘ b=V (a’e?-a?)=v/ (\a) (hyperb:e>1)
2 112E 21PE 1 b/a=\/(]-82) (ellipse:e<1)
ot \/ ,u =¢ implies: A=a(1—-&”)=a k‘lj :lf bla=v/(e2-1) (hyperb:e>1)
P_ m m _
AZSO lmpormnt/(uzw/km ) i_ Zgé % ?Zif;e% €8<>]]))
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Geometry of ALL Coulomb conic section orbits (Let:r =p here)

r/£—7\./8+rcos r=\A+recos =
qb ¢ 1—ecos¢
Dl e Y e ¢ . By geometry:
. i X 1 1 ecos¢ 1 € cos
e -
, ro A A A
r'/e
i N/ (1+¢€) perhelion
|'1.5.<. 1 By p.29 physics.:
D| ’-/® | — kN KH2E 1 m
erheliony T P
P N aphelion p+=X\/(1-¢) 2E

All conics defined by: Eccentricity <

Pistance to F ocus F = e-Dis;tance to Directrix D

p+tp—=[\(1+e)+X\(1-€)]/(1-€?)=2X\/(1-

Major axis: p++p—=2a
D} Focal axis: p++p—=2ac

(x.y) | physical (r.9) 0-p—=[\(1+e)-N(1-€)] /(1-€2)=2xe/(1-€2)
parameters parameters parameters Minor radius: b=V (a?-a?c?)=V/(a\) (ellipse:c<1)
major radius | Energy |  eccentricity Minor radius: b=/ (a’c?-a?)=v/(\a) (hyperb:e>1)
B N 2 2
o= % o E- zi 8:\/ KmiZlE bla=v/(1-¢?) (ellipse:e<1) e2=I-b/a?
| o “ kim bla=V/(e2-1) (hyperbe>1) e2=1+b%/a?
minor radius |  momentum. | latus radius
I 12 N =a(l-€?) (ellipse:e<l) as’=a=\
b= L=  A=— X\ =a(e?-1) (hyperb:e>1) asg’=a+\
vl Jkm. A=— a(e’-1) (hyperb:e>1)
74
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations
Quadrature integration techniques
Detailed orbital functions
Relating orbital energy-momentum to conic-sectional orbital geometry

¥ Kepler equation of time and phase geometry
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2
Starting with KE-eff.-PE results on p.31: —p°=E - “ >—kip orp3l: p= % = \/
2mp

Kepler equation of time for Coulomb orbits
Throughout the history of astronomy a most important consideration was the timing of orbits.

n P1 Py Pperigee _
f—ty=J di=] ap S pap _ /% | pdp

! p 2 2kp 2 Papogee — 2
0 0 2E_ u +2k 0 £p2+p—u— pog —1p2+p—b—
m  p’p*  mp k 2km 2a 2a
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2 2E  u* 2k

Starting with KE-eff.-PE results on p.31: —p°=E - E__ klp orp.3l:p= ap _ - —
2mp* dt m  g’p? mp
Kepler equation of time for Coulomb orbits

Throughout the history of astronomy a most important consideration was the timing of orbits.

t—t, = t} dt = le ap == le pdp == ppe}igee —pdp
10~ - A9 A\
fo Po 2F _ ,Uz + 2k 2k Po E 2 _‘U—z 2k papogee —_1 o) + _ﬁ
m  p’p*  mp k kP TP 2km 2a PP 2a
X=a€+acosQ , y=a 1-¢° sing ,

p= \/x2+y —\/a28 +2a Scosq0+azcoszg0+azsin2q)—azszsinzgo |

2

—\/a a’e” sin g0+2a Scosq)+[_2— a’e” cos g0+2a ecosq0+a

p=a(1+ecosq)) (azz-:cosgo-l—az)2

Ty = b sin @
= a(1-€%)sin @

X:a8+dCOS(2I
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2

2
Starting with KE-eff.-PE results on p.31: —-p*=E - E__ klp orp.3l:p= dp _ 2B _pT 2k
2 27’)’1,02 dt m m2p2 mp
Kepler equation of time for Coulomb orbits

Throughout the history of astronomy a most important consideration was the timing of orbits.

t—t, = t} dt = le ap == le pdp == ppe}igee —pdp
10~ - A9 A\
fo Po 2F _ ,uz + 2k 2k Po E 2 _‘U—z 2k papogee —_1 o) + _ﬁ
m  p’p*  mp k kP TP 2km 2a PP 2a
X=a€+acosQ , y=av 1-¢° sing ,

p= \/x2+y —\/a28 +2a Scosq0+azcoszg0+azsin2q)—azszsinzgo |

=\/a £2 X% sin’ g0+2a Scosq)+[_2= a282c0s2g0+2a28cosg0+a2

p=a(1+ecosq)) (azgcosgo-l—az)2

Ty = b sin @
= a(1-€%)sin @

x=a8+acos@|

fo | M j (a+ agcos @)aesin pd@ B / m J (a+ agcos@)aesin pd@
2k _(a+a8008(p)2 a2(1—82) \/[ —d ~2a 85,63(p a’e? cos (p+2g2 +2g§8005¢—;§+a282)
+a+ —
y a+ agcos @ Y 24 /
’ / 3
j (1+ecosp)de = (¢ +esing) Orbit Period =T = _2m = omy | 2L
0] ko

@

Wednesday, December 24, 2014 78



2 2
Starting with KE-eff.-PE results on p.31: ﬁpz Sy S klp orp3l:p= dp _ |2E_ 47 2k
2 27’1’1,02 dt m m2p2 mp
Kepler equation of time for Coulomb orbits
Throughout the history of astronomy a most important consideration was the timing of orbits.
41 p1 d P d P perigee —0d
f—t = | di=] p :%J pdp :% f pdp
fo Po 2F _ ,Uz + 2k Po E 2 _u_z papogee —_1 o) + _ﬁ
m  p’p*  mp kp tP 2km 2ap P 2
X=a€+acosQ , y=a 1-£° sing ,
2 2 2.2 Unit 1 Ch. 9

p= \/x2+y _\/a28 +24? ECOSQ +

a coszg0+a sinzq)—a € sinzgo

Recall IHO orbit

—\/a a’e’ sin’ go +24° ECOSP +[_2 —\ a’e? cos’ O+ 2a° ECOSQ + a’ time construction
2 (a) Orbits
p=a (1 + E€COS QD) (ae CoSQ + a) ]
velogity
T / TN N
Yy = b sin O / 90° p ggg}n
= ] —e2)qq accele a ton o ’\
aN(1-€2)sin () e f 90
w Jerk g
VGEe
| - Time
X =a€+ a cos
(~,R| (Mea

(a+ agcos @)aesin pd@

(a+ agcos@)aesin pd@

(a+aec03(p)2 a’ (1—82)

+a+accos@—

2a 2a

2k [
’/ j (1+ecos@)dp = ,/ ((p+es1ngo)

|

2a

:\/;j \/[ Wy 85,63

0—a 2¢2 cos (p+252+2978008(0—;§+a282)

3
Orbit Period =T —2—77: =27 m:

Dy
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Geometry and Symmetry of Coulomb orbits
3 Detailed elliptic geometry
Detailed hyperbolic geometry
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-------------------------

Main AN r /6 T )\/ e Tr :COS ¢ Prime
Directrigg:;IfMain Prime Directrix
D . Focal : Focal D
. . Plane ..~ Plane
ANVN | 2R \ F
/el r/c
‘\ 5 7 COSP | >
¢
P f—=3 o |
perigee apogee
P P gy
b 2
e =V/3/2
A =1
?=]1-b?/a?
N =a(l-€?)
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-----

r(1-e coso) = A

Main __________ : Prime
Directrigg:;IfMain 7 )\ Prime Directrix
D % Focal ik _ 8 Focal D
' Plane'/x """"""""""""""""" ' (] & C/0S¢) Plane
L F \ F
/el r/e
‘\ 5 F COSQ T >
\
X r
&
P—¢ o |
perigee apogee
P P4y
b 2
e =V/3/2
A =1
e?=1-b?/a?
N =a(l-€?)
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r/e = A€ +rcoso

r(1-e coso) = A

Main Prime
Directrix  Main 7 )\ Prime Directrix
D Focal AT = 4 Focal D
Plane (1 < CIOS:¢) Plane
F E \ F
r/€ T
< \ ¥ COSQ /g >
L AJE
&
P —= P’
L
perigee apogee
P P4y
b 2
e =V3/2
A =1
e?=1-b%/a?
N =a(l-€?)
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-------------------------

r(1-e coso) = A

Main ol L A= : Prime
Directrigg:;ffj\/[ain )\ Prime Directrix
D . ! Focal T b Focal D
I i Plane T TT T T 7777 (] 8 C/0S¢) Plane
. F :/ E \ F‘
s / El .
<\ 5 r CoSQ /g >
L AJE
A
N/ Y
P P
; bl
[€
r. /€
perigee apogee
P P gy
b 2
e =V3/2
A =1
?=]1-b?/a?
N =a(l-€?)
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< rle = Njg +r coso r(l-e cosp) = A R,

-------------------------

Main . 1+
Directrigg,jfj\/[ain 7 )\ Prime Directrix
D . ! Focal ik _ 5 Focal D’
I ; Planex,/ ----------------------------- I (] 8 C/0S¢) Plane
_ F v \ F
r/el r/e g
¥ COSQ

p P
fO]/'.’ ¢ =77 le
l— L L
|=.,’i/8) N 1+¢&
( )}
perigee apogee
P P a4
b 2
e =V3/2
A =1
?=]1-b?/a?
N =a(l-€?)
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-------------------------

Main 7‘/6 T )\/8 Tr .COS¢

r(1-e coso) = A

AN P K rt : Prime
Directrigg:;IfMain 7 )\ Prime Directrix
D % Focal ik _ 8 Focal D
E Plane T TT T T 7777 I (] 8 ¢ 0S¢) Plane
AN | 2R L\ F
: r/el” ry/:
< \ 5 r CoSQ - >
for:¢p=m/2 |l )\ S
¢
p—=3 P’
fO]/'.’ ¢ =77 le
'(—/f A = 2’
r /& -
T I1+¢€
ﬁ /8
"€ - 3
perigee apogee
i Y'oaj
LA Al+e)+ad 21 0
: +e)+A(1- :
‘Major axis PP* =r +r = _Adre)rad-e) = : :\/3/2
"""""""" l-¢ 1+¢ 1+&)1-¢) | [ oA B
A
?=]1-b?/a?

Wednesday, December 24, 2014




-------------------------

r(1-e coso) = A

Main . 17 & Prime
D1rectr1x Maln : )\ Prime Directrix
D . Focal Bk _ 8 Focal D’

; ‘ . Plane T TT T T 7777 I (] 8 C/ 0S:¢) Plane

ANV | 2 : \ F

/el r/
‘\ 5 r CoSQ — >

for:¢p=m/2 |l )\ S
¢
p—=3 P’
for:o=m \ I
l——¢ = L y = —— | ..
i”—/g, Jd 1+¢ SRECEE
perigee apogee
i Y'oaj
------------- LA Al+e)tAd-g) 24 0
Major axis PP =r +r = + dre)rad-e) ~=2a : _\/3/2
"""""""" l-¢ l1+¢& (I+&)1—-¢) [ e S
: Focal axis FF" =7, —r. 1/1 —1)' = 2/182 =2a€ ... A
e ° e’=]-b’/a
N =a(l-€?)
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-------------------------

r(1-e coso) = A

Main JE AR S Prime
D1rectr1x “Main 7 : )\ Prime Directrix
D 7% Focal = Focal D
; ‘ . Plane T TT T T 7777 I (] 8 C/ 0S:¢) Plane
L |F Y : L\ F
/el r/
‘\ 5 r CoSQ - >
for:¢p=m/2 |l )\ S
¢
PI—= P
for:o=m \ I
Gk 4 EEFINEE
i”—/g, \REE: Col-g
"L +/ 3
perigee apogee
i P a¥4
A A Ad+e)+Ad- 2 . b2
+&)+ :
Major axis PP"  =r +r = + d+e)+ A 8) ~=2a : 'I\/3/2
"""""""" l—-¢ 14e  (+e)l—-g)  1-€ cricicieeeciieeead € 5
2 Z
: Focal axis FF’ :r+—r_—1/1 —11 =7 /182=2a8 >\: !
""""""""" — + — :
r.or ) ) ) 24 e’=1-b/a?
_____ Directrix axis DD'=""+""= = A= atl-2?)

Wednesday, December 24, 2014



The half-axes a/c and ac
a/s
.(
< >
A
iMaj(!r axis PP"  =r +r = 1212 =2a
1 : -------------- - g
Focal axis FF* =r, —r = 12)“82 =2a¢€
. . . , r 2a
Directrix axis DD'=—+—=

------------------------- E € €
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a/s

JHREE BES

: ‘Major axis PP’

>
A
=r, +r_ = 212=2a
l-¢
2
=7, —1_= )“82=2a8
l-¢
r 2a
E £ E

The half-axes a/c and ac proves that vmia =a
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The half-axes a/c and ac proves that vmia =a
a/e
[€ l A
' ..and minor axis is.
b=ay/ (1—?)
)V
< >
a
By e =2, e
g1 femedeesceccaana. —&°  ddceememeataaaaa
Focal axis FF* =r, —r = 2)’82 =2a¢e
................. 1—¢€ f e mmmmmm
2a
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Geometry of Coulomb conic section orbits (Let: r =p here)

[ 7 cos O
~~~D ’,./8 Y i
ME
r'/e
-1
A
<
D/ I /€

perheliWZX/(l—Fa)

aphelion p+=X\/(1-¢)

Becoming more and more eccentric... Singular Case!

r=AN+recos o

l—€coso
1 1-egcos 1 €
— = ? = ———CO0S{
r A A A
I —k K +2Eu’m
= + > COS
p  U/m LU /m

to € >1 (hyperbolas)

Eccentricity £=0 (circle) to 0<e<lI (ellipses)j5=] (parabola)
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Geometry and Symmetry of Coulomb orbits
Detailed elliptic geometry
3§ Detailed hyperbolic geometry
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