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(Ch. 9 and Ch. 11 of Unit 1)
Constructing 2D IHO orbits by phasor plots

Review of phasor “clock” geometry (From Lecture 7)
Integrating IHO equations by phasor geometry

Constructing 2D IHO orbits using Kepler anomaly plots

Mean-anomaly and eccentric-anomaly geometry
Calculus and vector geometry of IHO orbits
A confusing introduction to Coriolis-centrifugal force geometry

Some Kepler's “laws” for central (isotropic) force F(r)
Angular momentum invariance of IHO: F(r)=-k-r with U(r)=k-r*/2 (Derived rigorously)
Angular momentum invariance of Coulomb: F(r)=-GMm/r’ with U(r)=-GMm:/r (Derived later)
Total energy E=KE+PE invariance of IHO: F(r)=-k'r (Derived rigorously)
Total energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r’ (Derived later)

Brief introduction to matrix quadratic form geometry

BoxIt simulation of U(2) orbits
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Constructing 2D IHO orbits by phasor plots

=P Review of phasor “clock” geometry (From Lecture 7)
Integrating IHO equations by phasor geometry
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Isotropic Harmonic Oscillator phase dynamics in uniform-body

(a) 1-D Oscillator Phasor Plot
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(a) Phasor Plots Trvelodity i/ Unit 1
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Ellipsometry Contact Plots = T Z

b r)\/rs. -~ 9 , > X 3 X
Relative phase Aa.=0. -0 \ \ T~
Xy \ |
Ao=—15° \ \ -

(Right-polarized anti-clockwise case) '\\ \ |
i
\ \
\ \
\ \u
Q) Initial phase (o =120° 0. =+135°) /8/ \ \
X B T .
\.\
\ \\
...after time advances by /80°: AN \

(o) =120°-18 °:—6()O,0<y:+1350-180°:—45°) N

\\ - 1 > ‘
V180N L Suchoe

o o 50 o 51500

o
1
=4

\'hl
=

(¢}
=

W

W
o]
1
=\

b}

>
[¢)
=2
N
[¢)

i / o 4ee

AWl
'

},- . =i ‘+75

12

V / (D S - -\" = sV +90°

S H0se

| +120°

: £ A 2 b

_— e 165°
1240°  +210° 180°

0 - © (¢}
360°54330°  +300

Tuesday, September 17, 2013



Constructing 2D IHO orbits by phasor plots

Review of phasor “clock™ geometry (From Lecture 7)
=3 [n11cgrating IHO equations by phasor geometry (case of unequal x and y phasor area)
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Inital velocity: v(0)=(-8.0 5.0)
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Initial position: r(0)=(7.0 3.0)

BoxlIt simulation of U(2) orbits
http://www.uark.edu/ua/modphys/markup/BoxItVVeb.html
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Inital velocity: v(0)=(-8.0 6.0) v /@
| | v/0 | — Ny
i Arbitrary initial position
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Inital velocity: v(0)=(-8.0 6.0)
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i Arbitrary initial position
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Inital velocity: v(0)=(-8.0 6.0)

Arbitrary initial position

r(0)=(x(0).y(0)

and initial velocity

V(0)=(vx(0),v4(0)

Usually have x and y
phasor circles of unequal size
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Initial position: r(0)=(7.0 3.0)
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Inital velocity: v(0)=(-8.0 6.0)

Arbitrary initial position

.................................. £(0)=(x(0),9(0)

and initial velocity

V(0)=(vx(0),v4(0)

I Usually have x and y
phasor circles of unequal size
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Initial position: v(0)=(7.0 3.0)
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Inital velocity: v(0)=(-8.0 6.0)

Arbitrary initial position

r(0)=(x(0).y(0)

and initial velocity

V(0)=(vx(0),v4(0)
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Inital velocity: v(0)=(-8.0 6.0)

Arbitrary initial position

.................................. £(0)=(x(0),9(0)

and initial velocity
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I || Usually h d
\Q{ / \\\\\\\ ] ~/ p;Z:m’y ciif?;isxoc}nun)e/qual size
| 4l

P I A | |
- \ VAN Vs

(0]
4

11
7

10

~ g — , ,

Initial position: v(0)=(7.0 3.0)
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Inital velocity: v(0)=(-8.0 6.0)

Arbitrary initial position

.................................. £(0)=(x(0),9(0)

and initial velocity

V(0)=(vx(0),v4(0)
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Inital velocity: v(0)=(-8.0 6.0)

Arbitrary initial position

................................. £(0)=(x(0),9(0)

i and initial velocity
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Initial position: v(0)=(7.0 3.0)
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Constructing 2D IHQO orbits using Kepler anomaly plots

= \[can-anomaly and eccentric-anomaly geometry
Calculus and vector geometry of IHO orbits
A confusing introduction to Coriolis-centrifugal force geometry

Tuesday, September 17, 2013
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Linear Harmonic

Force-Field Kepler’s
Orbits Mean Anomaly
(slope angle 04

-a Kepler’s -b

Ecce‘qtric Anomaly Line
(slope 1s polar angle p=atyn[y/x])

Step 1. Draw concentric
circles of radius a and b

and a radius OA at angle Wt

xX=a cos 0t

A

Wt

bsin Wt

a cos Wt

Step 3. Draw horizontial line BR

Step 2. Draw vertical line AX ~ Jrom b-circle at ®t to line AX.

from a-circle at ot to x-axis ~ Intersection is orbit point R.
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Unait 1
Fig. 11.1
(top 2/3’s)
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Linear Harmonic
Force-Field
Orbits

Kepler’s
Mean Anomas

E——
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circles of radius a and b

and a radius OA at angle ot
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Step 3. Draw horizontial line BR
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Constructing 2D IHQO orbits using Kepler anomaly plots

Mean-anomaly and eccentric-anomaly geometry
= Calculus and vector geometry of IHO orbits
A confusing introduction to Coriolis-centrifugal force geometry

Tuesday, September 17, 2013
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(a) Orbits

Calculus of IHO orblts

To make velocity vector v

just rotate by n/2 or 90°

the mean-anomaly ¢ of position vector r,

/Tlme frame angle

| o=
radius vector .x = . = = b mean-anomaly ¢ of position vector r
Y Y SIn@7 rotated by ni/2 or 90° is m.a. of vector v
E’z
V — i 2
, x am simmt
velocity vector : v = = = (for m=1)
vy, bw cos wt s )
2
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(a) Orbits

Calculus of IHO orblts

To make velocity vector v

just rotate by w/2 or 90°
the mean-anomaly ¢ of position vector r’

_ T X acoswt
radius vector .r = = = .
"y Y bsin wt
) Yy —amsinwt
velocity vector : v = = -
vy, bw cos wt
: F a,
accelerationor force vector . —=a = =
. m a
or changeof velocity Y

Tlme frame angle

0=t
(Mean Anomaly)
= mean-anomaly ¢ of position vectorr .
bsm¢ J rotated by ni/2 or 90° is m.a. of vector v Unlt 1
p ] Fig. 11.5
dr acos(q) + 5
—=r= (for m=1)
dt : T m.a. O+7/2 of vector v rotated by
bsin(¢+ 5 | <€ .
another /2 1s m.a. of vector a
2n
—aw? coswt &v . d°r acos(¢+ 2 )
=—=V=r-= —2 =
—ba)2 sinwt dt dt bsin(¢ +2§7r)
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(a) Ol”bl'ts,,,-f
Calculus of I[HO 01‘b1ts

To make velocity vector v
just rotate by n/2 or 90°
the mean-anomaly ¢ of position vector ry

Tlme frame angle

=
| r, N 1COS a)t (Mean Anomaly) —T
radius vector :x = = = , = . mean-anomaly ¢ of position vector r Unit 1
"y Y bsinwt bsing rotated by ni/2 or 90° is m.a. of vector v ) nit
Fig. 11.5
s
. Yy —aw sin wt dr acos|p+ 5
velocity vector : v = = =—=r= (form=1)
v b cos mt dt : pin m.a. 0+m/2 of vector v rotated by
y bsin(p+ 5 | < .
) another n/2 is m.a. of vector a
( 2r
. F da, _aw? coswt av . d*r acos(d) T )
accelerationor force vector .:—=a = = ) = I =V=f=—0= ,
. a : . T
or changeof velocity Y —bw” sinwt dt bsm(qb+ ) )
\
I \ ...and so forth...
. N A taw’sinot | da . . dr acos(¢+ j)
jerkor changeof acceleration:j=| = |= = o =a=V=F=—01=
Jy _bw> cos wt ! dt bsin(q) +3g)
\
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(a) Orbits |
Calculus of IHO orbits

To make velocity vector v
just rotate by n/2 or 90°
the mean-anomaly ¢ of position vector r

Tlme frame angle

d=01
. v, X acoswt | acos¢ (\ ' (Mean Anomaly)
radius vector :x = = = b = b mean-anomaly ¢ of position vector r Unit 1
"y Y st SIng rotated by n/2 or 90° is m.a. of vector v ) nit
Fig. 11.5
1
. Yy —a sin Wt ar acos(¢+ 2
velocity vector : v = = =—=r= (for w=1)
v b cos mt dt : T m.a. 0+m/2 of vector v rotated by
y bsin|p+ 5 | <€ .
. another n/2 1s m.a. of vector a
21
. F —aw? coswt a d*r acos(¢+ 2 )
accelerationor force vector :—=a = = o =v=i=—0 =
. . 2
or changeof velocity —bw* sinwt dt b Sln(‘P + %”)
\
A ...and so forth...

. A B +aw’ sinwt da . . . dr acos(¢+ 2 )

jerkor changeof acceleration:j=| = |= =—-=a=V=f=——1=
Jy _bw> coswt dt dt bsin((p +3g )
...and so on...
4r
. . N +aw’ coswt Ay d*r acos(<p * )
inaugurationor changeof jerk i=| = |= = =j=a=V=T=—F=
Ly +bhw? sinwt ! dt bsin((/) +4§7r)
J
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Constructing 2D IHQO orbits using Kepler anomaly plots

Mean-anomaly and eccentric-anomaly geometry
Calculus and vector geometry of IHO orbits
=P | confusing introduction to Coriolis-centrifugal force geometry

Tuesday, September 17, 2013

24



(a) “Earthronaut” orbiting
tunnel inside Earth

centrifugal
force=+kr
orbital velocity=V = mm2r orbital velocity=V
Earthronaut centrip
says: force=

(due to spri
“This is great!

w? I’'m weightless.”

(b) “Carnival kid” orbiting in
space attached to a spring

centrifugal
force=+kr

=+m?r

Carnival kid

says.

etal
F = -kr

perigee

(x=0,y=b)

Negative power
( FeV=|F||V|cos 6 <0)

ng) :
“This is awful! Unlt 1
[ can hardly Fig. 11.2
hold onto
this darn
spring.”
Unit 1
Fig. 11.3
Velocity Positive power

( FeV=|F||V|cos 6 >0)

mass losing speed : A mass gaining speed
as it rises o perhelionfb  ~ b S fs itfa?glsp
(Radius r increasin ‘/~ / / @ (Radius r decreasing)
Velocity Z 9 > , A\ apogee
U
\Y% : —4 p=
centripetal force F=-kr aphelion=a (x=a, y=0)
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(a) Centrifugal and Coriolis
Forces on Merry-Go-Round

Rotational
velocity
V=wr

Mathematician Force
(would hold m back)

Coriolis for Lo oriolis force
(depends on Physicist Force —
radial path (where m wants to go) wifioal

speed) centrifugal force Vcen rifugal force

\

centrifugal force .

(b) Centrifugal and Coriolis
Forces on Oscillator Orbit
(Falling phase)

N s | circle
(c) Centrifugal and Coriolis \ /// CWZ e
Forces on Oscillator Orbit
centrifugal force (RZS an P has e)

Coriolis force

centripetal force F=-kr

A

elocity ci;(;;le ™ \’/ centrifugal force is ln Ch ] 2 Of Unlt] and ln Unlt 6
curvature Velogity Total inertial force F=+kr

(d) Centrifugal Force
on Oscillator Orbit
(apogee and perigee)

centripetal force F=-kr

\J

circle

centrifugal force is centripetal force F=-kr

Total inertial force F=+kr

Velocity
A"

Quite confusing?

Discussion of Coriolis
<L Coriolis foree/ |- | forces will be done more elegantly
) and made more physically intuitive

Unit 1
Fig. 11.4
a-d
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Some Kepler s “laws” for central (isotropic) force F(r)

w4 ngular momentum invariance of IHO: F(r)=-k-r with U(r)=kr*/2 (Derived rigorously)
Angular momentum invariance of Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r (Derived later)
Total energy E=KE+PE invariance of IHO: F(r)=-kr (Derived rigorously)
Total energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r’ (Derived later)

Tuesday, September 17, 2013
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Some Kepler's “laws” for central (isotropic) force F(r) 4
...and certainly apply to the IHO: F(r)=-k-r with U(r)=k-r?/2 (Recall from Lecture 7: k = Gm?ﬂp@) Unit 1

0 . _ , . t :/Mﬁr Fig. 11.8
- a M% \%zb ® —

1. Area of triangle £, =r X v/2 is constant

{

i

rXv=rv —rv.=acosot-(bwcoswt)—bsinwt-(—awsmwt)=ab-w
=y T ( )-bs ( )  for IHO

"x _( X j_ acosa}t e v —aw sinwt
Ty y bsinwt..-|" vy, b cos wt
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Some Kepler's “laws” that apply to any central (isotropic) force F(r)
...and certainly apply to the IHO: F(r)=-k-r with U(r)=k-r?/2 (Recall from Lecture 7: k = Gm Ps) Unit 1

B Fig. 11.8
[ = Y - t?ﬂ@(ﬁ . t =/IG/%GT /\
~_ | a” \% \%zbw

1. Area of triangle £, =r X v/2 is constant

rXv=rv —rv.=acosot-(bwcoswt)—asinwt-(—bwsimwt)=ab-w
X"y y X ( ) ( ) l/fOV[HO

2. Angular momentum L =mr Xv 1s conserved

L:mlrxvI:m(rxvy—ryvx)zm-ab-a) L~ for [HO

\

XV =rvsing,
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Some Kepler s “laws " that apply to any central (isotropic) force F(r)
...and certainly apply to the IHO: F(r)=-k-r with U(r)=k-r?/2 (Recall from Lecture 7: k = Gm Ps) Unit 1

0 _ t;t&@(ﬁr IZ/IG/%(D‘ /& 11.8
a \% \%zbw

1. Area of triangle £, =r X v/2 is constant

3

{

rXV=ry —ry, = acosa)t-(ba) cosa)t)— asina)t-(—ba) sina)t) =ab-w

L~ for IHO
2. Angular momentum L = mr X v 1s conserved
L=mIr><VIzm(rxvy—ryvx)zm-ab-a) L~ for IHO
3. Equal area 1s swept by radius vector in each equal time interval T
rrXdr L | L
A, :J = ——dt=—|dt=—T v for IHO
2 g 2m,~ 2m

|by 2. \

rXxdr| =r-dr-sin
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Some Kepler s “laws " that apply to any central (isotropic) force F(r)
...and certainly apply to the IHO: F(r)=-k-r with U(r)=k-r?>/2 (Recall from Lecture 7: k = Gm Pe) Unit 1

b =, . _ Fais
a \% \%zbw

1. Area of triangle £, =r X v/2 is constant

{

g

rXV=ry —ry, = acosa)t-(ba) cosa)t)— asina)t-(—ba) sina)t) =ab-w

L~ for IHO
2. Angular momentum L = mr XV 1s conserved
21
L:mrXV=m(rxvy—ryv) m-ab-w=m-ab-— " for IHO
T
3. Equal area 1s swept by radius vector in each equal time interval T
T TY X dr T T
X d At X L L
AT:J—r o dt dt:f—r thz—Jdtz—T v for IHO
2 2 2 2m 2m
. 1 2m 2mA . L
In one period: T=—= r_ e, the area 1s: A_ = bl (=ab- -7 for ellipse orbit)

VDV @ L 2m
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Some Kepler s “laws " that apply to any central (isotropic) force F(r)
...and certainly apply to the IHO: F(r)=-k-r with U(r)=k-r?/2 (Recall from Lecture 7: k = Gm Pe) Unit 1

b =, . _ Fais
a \% \%zbw

1. Area of triangle £, =r X v/2 is constant

{

g

rXV=ry —ry, = acosa)t-(ba) cosa)t)— asina)t-(—ba) sina)t) =ab-w

L~ for IHO
2. Angular momentum L = mr XV 1s conserved
21
L:mrXV=m(rxvy—ryv) m-ab-w=m-ab-— " for IHO
T
3. Equal area 1s swept by radius vector in each equal time interval T
T TY X dr T T
X d At X L L
AT:J—r o dt dt:f—r thz—Jdtz—T v for IHO
2 2 2 2m 2m
1 2m 2mA L
In one period: T=—= r_ e, the area 1s: A_ = bl (=ab- -7 for ellipse orbit)
vV O L 2m

( Recall from Lecture 7: @ =<k/m =/Gpgy4n/3 )
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Some Kepler's “laws” for central (isotropic) force F(r)

Angular momentum invariance of IHO: F(r)=-k-r with U(r)=k-r*/2 (Derived rigorously)

-4 11g1LAT momentum invariance of Coulomb: F(r)=-GMm/r* with U(r)=-GMm:/r (Derived later)
Total energy E=KE+PE invariance of IHO: F(r)=-k'r (Derived rigorously)
Total energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r’ (Derived later)

Tuesday, September 17, 2013
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Some Kepler's “laws” that apply to any central (isotropic) force F(r)
Apply to IHO: F(r)=-k-r with U(r)=k-r*/2 and Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r

=0 Y il
| t = N — t?w@ﬁﬁ t Z/L/z"ar
S S = — S—

1. Area of triangle £} =r X v/2 is constant

FXV=ry —ry, =-

a"b\|GM

ab-\|Gpy4m/3  for IHO

for Coul.

_/\

!

i

L~ for IHO
L~ for Coul.
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Some Kepler's “laws” that apply to any central (isotropic) force F(r)
Apply to IHO: F(r)=-k-r with U(r)=k-r*/2 and Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r

t=0 v =V

t

— =i

[HO:

I

A\
r

1. Area of triangle X

b
~_ | a N~ |

=1r X Vv/2 1S constant

FXV=ry —ry, =-

ab-\|Gpy4m/3  for IHO
a?b\GM,  for Coul.

2. Angular momentum L = mr X v 1s conserved

-

L=mr><v=m(rxvy—ryvx):4

!

i

mab-\|Gpgy4r /3  for IHO

ma”""b\JGM

for Coul.

L~ for IHO
L~ for Coul.

L~ for IHO

L~ for Coul.
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Some Kepler's “laws” that apply to any central (isotropic) force F(r)
Apply to IHO: F(r)=-k-r with U(r)=k-r*/2 and Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r

Coulomb. i QQ Y. #\
=0 = t?w@m tZ/IG/%(D' T
HO- T S

\4
r

1. Area of triangle X

=1r X Vv/2 1S constant

ab-\|Gpy4m/3  for IHO

_ . _ L~ for [HO
IXV=ry —Fy, =-:
b a?b\GM,  for Coul. L~ for Coul.
2. Angular momentum L = mr X v 1s conserved
mab-\|Gpg4mn/3  for IHO L for IHO
L=mrXxv= m(rxvy —ryvx): 3
ma”"’b\JGM,  for Coul. L~ for Coul.
3. Equal area 1s swept by radius vector in each equal time interval T
In one period: 2meab -1 . 27 for IHO
| 27 2mA, 2mab-;m | mab\[GpyAn/3  GpAm/3
T=—= — — =< T e e that is Mo
V O L L 2mab-1 2r for Coul
Applies to Applies to =
anl)?/pcent:al III?O an;’ m‘a_l/zb\/ GM o Cl_3/2 \/ GM ® \
F(r) Coulomb N that is Wcoul
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Some Kepler's “laws” for central (isotropic) force F(r)
Angular momentum invariance of IHO: F(r)=-k-r with U(r)=k-r*/2 (Derived rigorously)
Angular momentum invariance of Coulomb: F(r)=-GMm/r’ with U(r)=-GMm:/r (Derived later)
3 T0tal energy E=KE+PE invariance of IHO: F(r)=-k'r (Derived rigorously)
Total energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r’ (Derived later)
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Kepler laws involve X-momentum conservation in isotropic force F(r)

Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r’/2

Total energy=KE + PE 1s constant

KE + PE = lV-M-V + lr-K-r
2 2
1% r
:l( vx Vy ). m O ° X +( }"x ry ). k O ° X
2 0O m v, 0 % r,
— lmv +lmv + lkl"i +lk1’2
2 2 2 2

Ve | | —awsinwt f v | [ x |_| acoswt
v, bw coswt , y bsin wt

1 1 1
= —m(—awsinwt)’ + Em(ba) coswt)’ + > k(acoswt)” + > k(bsinwt)’

Tuesday, September 17, 2013

38



Kepler laws involve X-momentum conservation in isotropic force F(r)

Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r’/2
Total IHO energy=KE + PE 1s constant

KE + PE = lV-M-V + lr-K-r
2 2
1% r
:l( vx Vy ). m O ° X +( }"x ry ). k 0 ° X
2 0O m v, 0 % r,
— lmv +lmv + lkl"i +lk1’2
2 2 2 2

1 1 1 1
= Em(—aa) sinwt)” + Em(ba) coswt)’ + > k(acoswt)” + > k(bsinwt)’

1 : 1 1 | :
= Emazwz(smz wt) + —mbzcoi(c:os2 W)’ + Ekaz(c:os2 wt) + Ekbz(sm2 wt)

1 |

= Ema)z(a2 + blz) Given : k = mw®

Tuesday, September 17, 2013

39



Kepler laws involve X-momentum conservation in isotropic force F(r)

Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r’/2
Total IHO energy=KE + PE 1s constant

KE + PE = lV-M-V + lr-K-r
2 2
B 1( ) m 0 Ve ( ) k O ¥y
=—| v, Vv, |e ° +| 1. 1 e °
2 0 m v, 0 % r,
— lmv +lmv + lkl"i +lk1’2
2 2 2 2 7

1 1 1 1
= Em(—aa) sinwt)” + Em(ba) coswt)’ + > k(acoswt)” + > k(bsinwt)’

1 1 1 1
= 5 mazcozl(sin2 wt) + 5 mb’*®* (cos” mt)* + 5 ka®(cos’ wt) + 5 kb*(sin” wt)
I
1 I I
= Ema)z(a2 +b%) Given : k = mw’

1 1 /
E=KE+PE:5ma)2(a2+b2)=5k(a2+b2) since: @ = L3 :\/Gp@47r/3 or: mw’ =k
m
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Some Kepler's “laws” for central (isotropic) force F(r)

Angular momentum invariance of IHO: F(r)=-k-r with U(r)=k-r*/2 (Derived rigorously)
Angular momentum invariance of Coulomb: F(r)=-GMm/r’ with U(r)=-GMm:/r (Derived later)
Total energy E=KE+PE invariance of IHO: F(r)=-k'r (Derived rigorously)

=3 T0tal energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r* (Derived later)
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Kepler laws involve X-momentum conservation in isotropic force F(r)
Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r’/2
Total IHO energy=KE + PE 1s constant

KE + PE = lV-M-V + lr-K-r
2 2
B 1( ) m 0 Vs ( ) kK O Fy
=—( v, v, | o + 1, e o
2 0 m v, 0 k r,
= lmv +lmv + lkri +lkr2
2 2 2 2 7

1 1 1 1
= Em(—aa) sinwt)” + Em(ba) coswt)’ + > k(acoswt)” + > k(bsinwt)’

1 1 1 1
= Emaza)zl(sin2 wt) + Embzwz(cos2 W)’ + Ekaz(cos2 wt) + 5 kb*(sin” wt)
I
1 I I
= Ema)z(a2 +b%) Given : k = mw’

1 1 /
E=KE+PE=5ma)2(a2+b2)=5k(a2+b2) since: M = L3 :\/Gp@47r/3 or: mw’ =k
m

We'll see that the Coul. orbits are simpler: (like the period..not a function of b)
1 1 1 1 M M
E:KE+PE:—mvi+—mV2—E:_mvi+_mv2_G @m:_G ol
2 2 7 r 2 2 7 r a
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Quadratic forms and tangent contact geometry of their ellipses

A matrix Q that generates an ellipse by reQer=1 is called positive-definite

roQor =1
( | ; ) (x )
) ) 2 2
a X a X J
( X y )O L :1:( X y )O :—2-|——2
0 1 Y Y a“ b
b? b?
\ J \ J

A inverse matrix Q' generates an ellipse by p*Q -'*p=1 called inverse or dual ellipse:

peQ lep =1

2 p ap
( Pe Py )' j Oz | :1:( Pe Py )' , |ty
0 b Py kb
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(a) Quadratic form ellipse and (b) Ellipse tangents

Inverse quadratic form ellipse p(0) P(0)= p(0+m/2) Unit 1

Fig. 11.6

=

~
N

A\

7 P(®) F(0)=r(0+1/2)

/ \\\lt(qy |
B(0)X

O=m ¢

\ rep = /
Inverse ellz/( A vector P(® VZ; e’;agi(g)ztllcfr
g perpendicular 1; . P
peQ *p =per =/ to r(0) unit
Note some quadratic form muiual duality relations.: mutual
projection

| 1/a® 0 x | | x/a®> | | (I/a)cos¢ | X=7,=acos$=acost | _
p=Q-r= o = = ) where: . . so: [per=1
0 1/b° y y/b’ (1/b)sing y=r,=bsing =bsinwt

p is perpendicular to velocity V=t , a muiual orthogonality

en—n=(s e Pol_( . . (1/a)cos¢@ .fx=—asin¢ .pxz(l/a)cosq)
r p—O—(i’x ry) [Py]_( asin@ bcos¢) ((l/b)sinqb] Where'fyzbcosq) and'py:(l/b)singb
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