Analysis of 1D 2-Body Collisions

(Ch. 3, Ch. 4, and Ch. 5 of Unit 1)

Review of (V1,V2) and (v1,y2) geometry and X2 launcher in box

Integration of (V1,V>) data to space-time plots (y1(t),t) and (y2(1),t) plots
Integration of (V1,V>) data to space-space plots (yi, y2) (Lect. 2 topic)
=3 L xample of (V1,V3) and (yi, y2) data for high mass ratios: mi/m2>=49, 100),...

Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Algebra and Geometry of “ellipse-Rotation” group product: R= C*M

Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry Des~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with De~Cée, (Resulting from m;/m>=3)
Solutions to Exercises 1.4.1 and 1.4.2
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Geometry of X2 launcher bouncing in box (Review)

Integration of (V1,V>) data to space-time plots (yi(t),t) and (v2(t),t) plots
=3 [ntegration of (V1,V>) data to space-space plots (y1, y;) <m(Lect. 2 topic not mentioned)
Example of (V1,V>2) and (y1, y2) data for high mass ratios: mi/m>=49, 100,...
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Geometric “Integration” (Converting Velocity data to Space-space trajectory)

Fig. 4.11

in Unit 1
n;ezlocny axis Step-0: At starting position y(0)=(1,3) draw initial velocity v(0)=(-1,-1) line.
fym2 Step-1: Extend v(0) line to floor point y(0)=(0,?) and draw Bang—l(()])

velocity v(1)=(1,-1) line. (Find v(1) using V-V plot.)
Step-2: Extend v(1) line to collision point y(0)=(?,?) and draw Bang—2(1 2)
velocity v(2)=(0.5,2.5). (Find v(2) using V-V plot.)
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L, Ceiling aty =7 7]
p - 1 | [ | 1
s it
e R4
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Geometric “Integration” (Converting Velocity data to Space-space trajectory)

Fig. 4.11

in Unit 1
”I}yszloc”y axis Step-2: Extend v(2) line to ceiling point y(3)=(?,7.1) and draw Bang-3 ;5
velocity v(3)=(1,-1) line. (Find v(3) using V-V plot.)
= Q Step-3: Extend v(3) line to collision point y(4)=(?,?) and draw Bang—4(]2)
velocity v(4)=(0.5,2.5). (Find v(4) using V-V plot.)
% Step-4: Extend v(4) line to ceiling point y(4)=(?,7.1) and draw Bang—5(20)

velocity v(5)=(1,-1) line. (Find v(5) using V-V plot.)
Step-5: Extend v(35) line to collision point y(6)=(?,?) and draw Bang—6(]2)
velocity v(6)=(0.5,2.5). (Find v(6) using V-V plot.)
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D
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Geometry of X2 launcher bouncing in box (Review)

Integration of (V1,V>) data to space-time plots (yi(t),t) and (v2(t),t) plots
Integration of (V1,V>) data to space-space plots (yi, y2) (Lect. 2 topic not mentioned)
=3 xample of (V1,V>2) and (v1, v2) data for high mass ratios: mi;/m2=49, 100,...
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Geometric “Integration” (Converting Velocity data to Space-time trajectory)

m2 Velocity axis
- oA A 1

ym2 700 8
12 :
3 GX Example with masses: mi=49 and m>=1
0 \ Bang—6(]‘>)
Bang-4
e Bang-3330) 5 7 9111315 17 19
S A N S A
v |
! 6
Bame=12) ¥
/ 22 S S TR
e G y :;: 8I]0]2}4:.~5
|/ _:
/
/

1.0 mli Valocity axis Vym]

Start at
(1.0,-1.0)

V5 1
X /Du’lg-l 01)

Bang-3(20)

Ba;lqg-l(oj) . . . . . . . |

Fig. 5.1
in Unit 1
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Geometric “Integration” (Converting Velocity data to Space-time trajectory)

v

m2 Velocity axis 10
N

ym2 7
12 %

.0

J

Example with masses: mi=49 and m>=1
) Kinetic Energy Ellipse

1 1 49 1
KE=—mV +-m\V; =—+—=25
Bangd(1p) Bang-30) 5 7 9111315 17 19 2 2 2 2
’ R A A Vf V22 xf xj
4 3 1= T ~ 2 2
5 2KE/m, 2KE/m, a;, a,
Bang=27y >
( )/' Ellipse radius 1 Ellipse radius 2
a,=2KEIM,  a,=.2KE/m,
- = /2KE/49 = /2KE/1
10 ml Wocity axis Vi = ,/50/49 = /50/1
/Dung-] 01)
Bang—3(20)

Fig. 5.1
in Unit 1
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Multiple collisions calculated by matrix operator products
Matrix or tensor algebra of 1-D 2-body collisions
“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C*M

Tuesday, September 3, 2013 8



Multiple Collisions by Matrix Operator Products

FIN IN
oM _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: 5 m +m,

Tuesday, September 3, 2013



Multiple Collisions by Matrix Operator Products

, . Ve v™  my +m,y
T-Symmetry & Momentum Axioms give: V™ =——"——==—""—2=
1 2

Gives vV in terms of v¥...

FIN coMm IN
v, 2V -V,

FIN | coMm N |
Vv, 2V -V,
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Multiple Collisions by Matrix Operator Products

, . Ve v™  my +m,y
T-Symmetry & Momentum Axioms give: V™ =——"——==—""—2=
1 2

Gives vV in terms of v¥...

IN IN
my;" +m,v
FIN 2VC0M _ IN 2 171 272 _VllN
Vi _ Vi _ m,+m,

FIN com N | N N
v, 2V Vv, o MV + MYy N

m, +m2
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Multiple Collisions by Matrix Operator Products

FIN IN
oM _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: 5 ——
1 2
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
. . N , m,v 1IN +my éN o my —myv" +2m,v; m, —m, 2m, v
Vi _ 2V -V _ m, + m, ! B 2my" +myvs —myy’ ~ 2m, m, —m, vy
V§ " 2V — VéN ) myv +my, m, +m, m, +m,
moam,
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Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
———— ‘| [0155-bang ” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C*M

Tuesday, September 3, 2013
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Multiple Collisions by Matrix Operator Products

FIN IN
oM _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give:

2 m, +m,
Gives v/'V in terms of v/V... Finally as a matrix operation: vV =Mev",
myv" —myv" +2m,v" m,—m 2m vy
FIN com I 2mlvfw +m,vy W 11 2V 2V2 | —m, ) "
n = 2V " — m, +m, 1 2my +myvy —mwy 2m, m, —m, vy
vy VM —y ¥ 5 myy +my, e - m, +m, m, +m,
m, + m, ?

Matrix operations include...
Floor-bang F of m;:

S
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V 5 ——
1 2
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
. o Sy N 4y o my —myv" +2m,v; m—-m,  2m, v
Vi _ 2V -V _ m, + m, ! 2my" +myvs —myy’ ~ 2m, m, —m, vy
V§ " 2V — VéN ) my; +my, m, +m, m, +m,
moam,

Matrix operations include...
Floor-bang F of m;: Ceiling-bang € of mo:

(31 S
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
N N my" —m,v" +2m,vi m,—m 2m vt
FIN COM _ _IN QI TThVy i N N - N : jN o 2 llN
V| B 2V -V B m, +m, ! 2my, +myv, —mv, 2m, m, —m, V)
V§IN 2VC0M - V£N 2 mIVIIN + mzvgv . VIN - ml + m2 - ml + m2
. . _ m, +m, ?
Matrix operations include...
Floor-bang F of m;: Mass-bang M of m; and m; : Ceiling-bang C of m>:
( A
m, —m, 2m,
1 0 m +m, m,+m 1 0
F— M = 1 2 1 2 C=
0 1 2m,  m,—m, 0 -1
mtm,  mtm,

\
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/'V in terms of v/V... Finally as a matrix operation: vV =Mev",
m N L, my," —my, +2m,v." m—-m, 2m, v
vlFIN _ D COM _ VllN _ —— -V ) o) mlva n mzvéN _ mlvéN ) 2m, m, —m, véN
V;IN ZVCOM — V;N ) mIVIIN + mzvéN _ N - m, +m, - m, +m,
2
. . . m, + m,
Matrix operations include...
Floor-bang F of mj: Mass-bang M of m;and m> : Ceiling-bang € of m>:
( m, —m, 2m, )
—1 m +m, m +m 1
F — O M _ 1 2 1 2 C — O
0 1 2m, m, —m, 0 -1
| mtmy mytm,
(096 004
Let: mi=49 and m>=1 M= '
| 196 -0.96

Tuesday, September 3, 2013 17



Multiple collisions calculated by matrix operator products
Matrix or tensor algebra of 1-D 2-body collisions
“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C*M
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
mv® +m, v ml"lIN - mz"llN + 2m2v§v m —m, 2m, VIIN
vlFIN B D COM _ VllN B 2 1’;11 +mz — 2m1va +m2véN —mlvéN 2m, m, —m, véN
V§ " 2V — VéN ) my, +m,v, N ) m, +m, ) m, +m,
. . _ mom,
Matrix operations include...
Floor-bang F of mj: Mass-bang M of m;and m> : Ceiling-bang € of m>:
( m, —m, 2m, )
F: _1 O M: m1+m2 m1+m2 C: 1 O
0 1 2m,  m,—m, 0 -1
| mtmy mytm,
)
096 0.04
Let: m;=49 and m>=1 M=
: ’ | 196 —0.96 )
o 17 S D . 1 0 || 09 004 |_| 096 0.04
Define “ellipse-Rotation” R as group product: R= C N|=£ 0 _1 ) ( 106 096 j ( o6 096 ]

Tuesday, September 3, 2013 19



|FIN®)

FIN-9
1 :[ 1 0 j[
vé«“IN—9 0 -1

I
O

096 0.04
196 -0.96

i

096 0.04
196 -0.96

i

0.96
1.96

M

0.04
-0.96

i

0
-1

i

0.96
1.96

M

0.04
—0.96

(INITIAL (0))

Tuesday, September 3, 2013
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‘FIN9>= C . M o C o M . C o M o C o M o F |INO>

Ml (10 ) (09 004 Y[ 1 0 (09 004 J[1 0 (09 004 J(1 0 )09 004 J[ -1 0 ) v =-1
YN 0 -1 J{ 196 096 J{ 0o -1 ) 196 096 J{ 0 -1 )J{ 196 096 )| 0 -1 )| 196 096 )| 0 +1 ) w__,
- " s (INITIAL (0))
|[FIN’) = R . R . R . R « FInN)
-9
o) 096 004 | 096 0.04 | 096 004 | 096 0.04 [ w=t
LFIN-9 196 096 196 096 196 096 196 096 vy =1
’ (after Bang-1)

“ellipse-Rotation” group product. R= C*M

Tuesday, September 3, 2013 21



‘FIN9>: C ° M ° C ° M ° C ° M ° C ° M ° F |IN0>
Ml (10 ) (09 004 Y[ 1 0 (09 004 J[1 0 (09 004 J(1 0 )09 004 J[ -1 0 ) v =-1
pFIN=9 0 -1 196 096 || 0 -1 196 -096 || 0 -1 196 -096 )| 0 -1 196 —0.96 0 +1 ) Mo
|\ U \ U \ U (INITIAL (0))
|FIN’) = R . R R . R « FIn)
-9
e 096 004 | 096 0.04 | 096 0.04 . 096 004 [ w=t
VN9 ~1.96 096 ~196 096 ~1.96 096 ~196 096 v, =—1
[ v =02925
| v, =-6.768

(after Bang-1)

]<afterBang-9> “ellipse-Rotation” group product. R= C-M
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‘FIN9>: C ° M ° C ° M ° C ° M ° C ° M ° F |IN0>
Ml (10 ) (09 004 Y[ 1 0 (09 004 J[1 0 (09 004 J(1 0 )09 004 J[ -1 0 ) v =-1
YN 0 -1 )\ 196 —096 J{ 0 -1 )J{ 196 096 )| 0 -1 )| 196 —096 J{ 0 -1 J{ 196 -096 )| 0 +1 ) o4

|\ U \ U \ U (INITIAL (0))

FIN’) = R . R . R . R - Fln)
M| 0.96 004 0.96 0.4 0.96 0.4 096 0.04 =1
FIN- ~196 0.96 ~1.96 0.96 ~1.96 0.96 ~1.96 0.96 vy =1
2 (after Bang-1)

n;Z I;elocity axis 10 _

ym 704 8 V1—02925
29 =
vy =—6.768 . .
ﬂ.o (after Bang:9) “ellipse-Rotation” group product. R= C*M
| I % rang—O(]))
Yo
f : |
/ : : :Ariang—ﬁ] )
w1
i
i M
e 012)
1N RE 4
I /
sl g
iy
141 iR} B
IR
I
| 4'/ | I ! 1.0 ml Vdlocity axif| V
;'(;l. i _: | i
7 tart at
7 : F': : I L(qm,-m)
” -/ ; } \Bung-] 0])
// | | | i
/ l | : L
. T J R

| | | l
,:» ! : : Bang—3/‘>0)
| | | l
| | | l I
_z:t_o : : R

\ ALY
Lol | 'i |

\ 1 lR
ol 14
U

ER N2 A mm—

11
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|FIN®) C - M e C - M - C - M . M - F |IN°)
FIN-9 IN _
| (1 0 )[o09 004 \(1 0 (09 004 J[1 0 )09 o004 )\[1 096 004 \( -1 o | v =-1
FIN-9 0 -1 )\ 196 <096 J{ 0 -1 ){ 196 =096 J{ 0 -1 J{ 196 -096 | 0 196 096 ) 0 +1 )| o
|\ U \ U \ U (INITIAL (0))

|FIN®) = R . R . R . . F|n°)
I 096 0.04 096 004 096 004 096 004 | ow=l
FIN- ~196 0.96 ~1.96 0.96 ~1.96 0.96 ~1.96 0.96 vy =1
) (after Bang-1)

r;Z Ij:locityaxis 10 _O 2

ym 7.04 _ Vl = V. 925

| v, =-6.768 U S,
(after Banged) ellipse-Rotation” group product. R= C*M

\ Bang—6(]‘>)

1.0 ml Vdlocity axi.

Start at
(1.0,-1.0)

~Bang=1 01)

. Bang53(20)

5 79111315 17
Doty

1012

Bang 6 w’_\
Bang- 4 4 ~~'-,‘18

19
VlFIN_ll
V§IN—11
m2 =]

/ e
12 8 ml =49
R a'ig-%u) e
\Bang-3 /
oA Bang-1 10
(0D N .
time

096 0.04
-1.96 0.96

=0.0100

Vy = 7071

(after Bang-11)

24
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)

Tuesday, September 3, 2013 25



Ellipse rescaling geometry and reflection symmetry analysis

Convert to rescaled velocity: V,=v, \/E , V,=v, \/E , symmetrize: KE =% mﬂ’f"‘% m2v22 :% V12 "'% sz

V2

[11]-tangent
slope
-m /m,= -49
Vil
'I_J"

V]

21 N4
19 3
17 S
15\ (|7

13\ /9
i1
26

Tuesday, September 3, 2013



Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

M 2m1 m2 - ml

FIN
v 1| m—-m, 2m, v

IV =— becomes:
V2 1 M 2m1 m2 — ml V2

V2FIN1 /\/mz Vz/\/mz

V2
[11]-tangent
slope
-m /m,= -49
Vil
-I_J"
12
‘ | fv?ope
| 1/1
|
1 V]
/ \w slope
21 | [\-\1/1
19
174 [
15 7
13

9
11
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

FIN / ,
VlFINl _ i m] _ m2 2m2 Vl becomes. Vl 1 / ml _ ] ml - m2 2m2 Vl / ml
v2F]N1 M 2m1 my, —m vy VZFINI / ,m2 2m1 my —my V2 /\,mz

or: v/ _ L mmmy 2ymmy Ny v _ L] memm 2mmy Ve
VNI M| 2 mm, my—m, Vv, ’ v, N2 M\ 2 mm, m—m, Vs

M

V2

[11]-tangent
slope
-m /m,= -49

s

7
//fv/ope
W 1/1

Ly,

slope

///
21 i~
| \

19 ]

17 S

1S 7
13

9
11
Tuesday, September 3, 2013
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-m 2m, V| VN Tm, 1| m—-my 2m, V, /(my,
=— becomes:
VgINl M 2m1 m2 - ml V2

2ml m2 — ml

VN | M NS

M
or: v/ _ L mmmy 2ymmy Ny v _ L] memm 2mmy Ve
VNI M| 2 mm, my—m, Vv, ’ v, N2 M\ 2(mmy my—m, V)

Then collisions become reflections ( cos6 - sin6 } and double-collisions become rotations [ 086 sind ]

sin@ —cos@ —sin@® cosf
2 2 2) ?
m,—m : mm . m,—m mm
where: | cosf=| ——= and: sinf=| ———= |  with: AL LRy R ek e e S |
2 m, +m, m, +m, m, +m, m, +m,
[11]-tangent
slope
-m /m,= -49
V|
"I.J"
12
\‘\3 //v?ope
|| R
Vi
/// N:‘ stope
21 | [\—?/‘?
19 ]
17 S
15 7
13\/9
11
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

Vf e 1| mmmy 2my Vi b . VlFlNl /\my 1| mmmy 2my Vi /ymy
-, ccomes: -
vy b M 2myp my—my vy VM g | M Zm = N [y
vFIN _ ) Vv ~ VARL — 2 V -
or: 1 _ R nmym,; N YR  or: 1 _ R ) nmymy, L2 CaMeV
Vf Ny M\ 2 /mm, m,—my Vv, V; N2 M\ 2 mm, m—m, Vv,
Then collisions become reflections ( cos§  sing } and double-collisions become rotations | <% ]

sin@ —cos@ —sin@ cos@

2 2
— 2\mm — 2 mm
where: | cosg=| Th— ™ and: |\, sin@= INTTR L withe Ry AN
K2 m, +m, 2 m, +m, m, +m, m, +m,
[11]-tangent
slope
-m /m,= -49
y Mpmma 48
\ m;+m 50
12
\‘\3 //fiojpe B +l
| 7 F1g. 5.2a-c
VI
/// \\\i" stope .
21 lh<r (revised)

19 : " Jm 7

17 S
15\ (|7
13\/9

i1
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-my, 2m, V| VRN 1| m-my 2m, V) /I {my
=— becomes:
VgINl M 2ml m2 - ml V2

VZFINI /\/mz 2m1 mz_ml Vz/\,mz

M
o | V] mm 2 Vg MmO
Vlel M\ 2 /mm, m,—my Vv, , VfINZ M\ 2 mm, m—m, Vv,
cos®  sin® } and double-collisions become rotations _C;’fe 2;“:;]

Then collisions become reflections ( b o
Sin —COS

2 2
. | m—m . no=| 2N | e [mmmy |2,
where: |, cose_[ml_l_mz] and: Vo sme_[ ml+m2] with: (m1+m2] +[ ml+m2] 1
[11]-tangent
e 49 rfik
' L _my-my 48
4
\l \' m1+m2 50 2\/7’1’11 m2
| 0=16.26° “\ ", +m,
12 1
: slope : _14
e 1 "
» - v, ¥m 7 F1g. 5.2a-C
vz B-1626° : \“
o I\ T (revised)
19 :
S
17 17 S5
18 i
Note: If m;-m: is perfect-square, then 0-triangle is rational (32+4=5 eic.)
31
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V)
where:

cosOE(

[11]-tangent
slope
-m ;/m,= -49

21/ 7
19 \
17 3
15 7
13\ /g
i

m, —m,

m, +m2

sin@ —cos@

j and: sin@ = [

m, +m2

Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

Then collisions become reflections | < *"° | and double-collisions become rotations

V2 with:

(revised)

Tuesday, September 3, 2013
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19

17

IS
13

[11]-tangent
slope [11]-tangéent slope
-m ;/m,= -49 -

7  Fig. 5.2a-c

(revised)

11
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
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Fig.
What ellipse rescaling leads to...(in Ch. 9-12) .

12.1
How this relates to Lagrangian, and Hamiltonian mechanics in Ch. 12
(a) Lagrangian L = L(v,v,)

v Collision line and velocity v, rescaled to momentum: p, =m,v,
COM tangent slope velocity v, rescaled to momentum: p, =m,v,
=-m,/m,=-16

|
COM Bisector
Jlope /Slope = 1/1
m d
\/— = || A
[ ]l
N Vi
, - c) Hamiltonian H = H(p ,,
. () (]91 pZ) Collision line and
COM Bisector slope B COM 1 ‘ol
=mym,; =1/16 Py=Myv; vé i”g]e/’; siope
\>+\ \<]=m v
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Fig.
What ellipse rescaling leads to...(in Ch. 9-12) .

12.1
How this relates to Lagrangian, and Hamiltonian mechanics in Ch. 12
(a) Lagrangian L = L(v,v,)

v Collision line and velocity v, rescaled to momentum: p, =m,v,
COM tangent slope velocity v, rescaled to momentum: p, =m,v,
=-m,/m,=-16

|
1 1
COM Bisector gy Lagrangian L(v,,v,)=KE = 5’"1"12 + Emzvz2
Jlope / slope = 1/1 rescaled to
ml ’ d 2 2
I = | A Hamiltonian H(p,,p,) = KE = by P
’ my | ) 2m, 2m,
g |
N Vi l
- : : _
g . (C) Hamiltonian H H(pl L 2) Collision line and
COM Bisector slope B COM 1 ‘ol
=mym,; =1/16 Py=Myv; vé i”g]e/’; siope
\>+ N \<]=m v
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What ellipse rescaling leads to...(in Ch. 9-12)

Fig.
12.1

How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12

(a)vLagmngian L=L(v,v,

Jlope

| /slope = 1/1

/7

Collision line and
COM tangent slope
= -m I/m 5 =-16

COM Bisector

(b) Estrangian E = E(V V)
Collision line and
COM tangent slope

=—\/m]/\/m2=—4

(c) Hamiltonian H = H(p ,p,)

COM Bisector slope

ﬁ/\ V1=\/m1v1

(Now we call this one
“I’Etrangian”)

Collision line and

_ _ D=m.,V COM tangent slope
my/m, =1/16 72.|Lv< — /]
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
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Reflections in clothing store mirrors

left image reht image

fa) o==120° rotations

rifaled |'I-'_ ! Fovicicd 'l

- |:|::I 3 Jr : i

|I.\_-II|. |.||I|ll.li|_:-\_- Illil-:-llll. I_Illlll.lil_:-\_.

'] . 1 i i ] Ik
|'|'.'||,I|._'|_||l='I |.-.-||_I|,_._II--,

k. o
I!..I'|:I

eflected

Iage F lg .
5.4a-

W

(b} o==180° rotations

.7 cail

fefi ianee

-
B il immaroe
robaied |'i_ !

L& —+ 1807

'-_- -
gl A . ' { f a0,

i §
Fefreclicd

Ihkrge

g ]
| .II'Ii|_'I_|I|.|I

Crs oripsend
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Symmetry: It s all done with mirrors!
(a)Reflections 6 ,=(}9), -6,4=(; ) (b)Reﬂeactions op=(7 0)s -0=('%
y=(")A y=(?)n]= -5,y y=() [05x

x=0,x=())

Mirror pﬁane -X= _(D

= A . yv

x=())
>
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Symmetry: It s all done with mirrors!

(a)Reflections 6 ,=(,"), -0y =1 ")

(b)ReﬂectzonS oz=01), -o5=(57,

y=()4 == .y
x=0,x=())
e
Vol ()
_y=((§) (edge-on) =-0,X
=0, yv
cos¢ sing
(c) o) reflection (sm¢ cosd
of x-vector: cos
y X_(qu)
ﬂsin(b
¢
cosQ >

x=())
>

...of y-vector:
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Symmetry: It s all done with mirrors!

(a)Reflections 6 ,=(,9), -6,4=(, ] (b)ReﬂectzonS og=(7 0> -05=(57
0 _ -
y=(")A y=Ol = -0,y y=(7)
"
Trorpire -x=())
_y=(‘(§) (edge-on) ='GA x
0,y
cosp sing —

(c) o) reflection (Sm b -cosd y=())

= -GB X
of x- vector (cos
X_

y sing .
| sing Flg'
{ ™ \JOS‘P S.3a-¢
cosQ >

Sing
q)y_( cosQ
cosQ -sing cosQ sing
(d)gatatzon R+¢ OpO4= (ym(p wsp)  (e)Rotation:R ¢—GAG¢ (Sm(p coso

IGA acts Y,
]St
A AA
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Why reflections underlie all symmetry analyses

They work in 1D, 2D, 3D,......ND

Product of odd number of reflections is a reflection

... even number of reflections is a rotation (or unit-op 1 )

Product of rotations just give rotations

Classical objects are semi-rigid and rotate easily
Waves patterns are non-rigid and reflect easily

Tuesday, September 3, 2013
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Why reflections underlie all symmetry analyses

They workin 1D, 2D, 3D,.....,ND

Product of odd number of reflections is a reflection

... even number of reflections is a rotation (or unit-op 1 )

Product of rotations just give rotations

Classical objects are semi-rigid and rotate easily
Waves patterns are non-rigid and reflect easily

-+ ...wave reflections underlie modern physics
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
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]ntrocyucmg Symmetry Operators
| Consider the mass ratio m;:m;= 3:1
r- ,.., - | - :_‘;.:
s _ __1 -
r.1l°,: s |05_. » [ rl N ;_05 \I;5 [
E_-o.s .". _ :_51 -
i 15_-1 vt H

To make KE elfipses into circles I’Etrangian plot reduces v scale by 1/\Nm; etc.

V/ y AL
' 90° ¢ Here:
IAmi=1N3=0.577
IANm>=1~N1=1.0

-120°

n

Hap iz

L/
// ////////
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r_ -:*-4 “Generic” 1nitial velocity “Symmetric” 1nitial velocity
. '. / (v] =].0, VZ 0]) (V]:]’VZZO) or(v]=],v2f-1)
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
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el'C'el e1°C'ez €€ er¢€, [ 1 O j
Effects of Ceiling Bang Matrix - = = _ =
g g C GZ { e,Cee, e,Cee, ] [ €€ e€,¢ J 0 -1

e e 5 —C.
2 2 eICe]

_ _ O c-reflected
_Gz.e ]_e ] state
C)=C|1)

1)=1[1)

Generic
Initial
state

Tuesday, September 3, 2013 49



e Cee,

e, Cee,

€

Effects of Ceiling Bang Matrix C =G = [
z

Known as matrix elements or components

T

Effects of Mass Bang Matri ¢ Mee, e-M-e,
ects o ass Ban atrix —_G =
g M 300 62°M° el 62°M° e2

O c-reflected
state

C)=C|1)
1)=1|1)

Generic
Initial
state

°€2=Gz°ez=-e2

Known as relative direction cosines
ee€ €€ | [ cos60° sin60°
€€ €,°€, sin60° —cos60°
O 30°-reflected
state

1)=1[1)

Generic
Initial
state
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: _ erk-e e Fee, | ece ece | [ 1 0
Effects of Floor Bang Matrix F__GZ—L e Fee elFec, ]—[ - ]_( 0 1 ]
7a =F. =_-0 . —+
165 €,=k-c,=-0¢,=+¢,

-0 ; -reflected

—_ state

l © “TC R=F =11

I n — nerli

I e] C;relitei:alc
state
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€€ ere€, -1 0
Effects of Floor Bang Matrix —_ = _ _ =
g F GZ { €€ €6, ] ( 0 1 ]

Ie2

-

A

-0 ; -reflected
state

1)=1[1)

Generic
Initial
state

Effects of Ceiling C after Bang MZ I‘_éog =C°M=GZ'G 30° O 30°-reflected

state
) M)=M|1)
€ , :
n=1]1)
Generic
Initial
state

|r—60°> = C°M| 1> =T oo | 1>

O 30° O 30°-reflected iS q I'_s0°-rotated
state state
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table <
Classical collision paths with Ds~Cs, (Resulting from mi/mz=3)
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_ _ _ _ Note: 7. =1Ir,,=r..I=r . and: [ =r
Dy | 1 |1y Ty {0y Oy O | 1 | Ty Ty 0y Oy _60 o o ) 180
L |1 Foog =1Iryy =1, =r,,and: [ =1
Tiro 1 Og =103 =051
Fino 1 Og =103 =051
O 1 o =Ilo,=0,1
O 1 O -60° —0z=090° O +60°
0. 1 7 reflection reflection reflection
1 1 plane plcme plane
1 —
0 |”120° = o V=
T 1 rotated state re ec3t% state
G O _30° |6600> — L500 | 1> 6300| 1> |r600> =
O T 1 ) reflected state R rotated itate O +30°
G reflec G6(’°|1> g |1 reflection
: plane l
Easy to make hexagonal (Ds) symmetry group table: ptane
Example I: Find G30°0-60°=____ 7 180° \ reflected state
: : fli tat
Solution: Find O 30°-plane and state-|0 -5(°) |i pidls| f>e | GZ> =0 [1)
Operate former on latter to get: 330°0-60°) =|I) o O;=0(°
That gives answer: G 30°50-60° =L reflection plane A reﬂlection
plane
Rest of @ 30° row, follows: , 5.)=5|1) 1'>-
}":w 1 Foo oo Ogw O O, ‘ 1 Tso  Teo i 0y Oy 62 reflected state Initial state
O3 ’ O3 | Oy O, To I Ty ‘ O ‘ Os O, i T 1 iy ‘
Example 2: Fll’ld r60000--600 = ? O‘+300 — _ 9 0.-30,0
. . | 1’1200> =S G, = reflection
Solution: Do Y s0°-rotation Y 60° |G -60°)=|0-30°) reflection rotated state /N = reﬂecteT tate  plane
Th . : 5 L . plane 500 | 1> |5600> = 7600> _ O _3p0 13
at gives answer.: L'60°0 -60° =0 -30 reflecte T tate rotated state
O _g|1 600 rla>
O +60° —0: O-60°
reflection reflection reflection
plane plane plane
54
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
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-5~ 4--- -4 “Generic” initial velocity “Symmetric” initial velocity

1; (v;=1.0,v,=0.1) (v;=1,v,=0) or (v;=1,v f-])

| 15 il p— k.
LN CHRR- Th M - e
. N 5 o= — :—_ -
g o = = > n : F -
Lo I 1: -t i - 1 : F =
: - . z = - : - — H - 1-.
. - : z 2 - : e e e K
: - Ees ° oo : = [eos . 5\ : [
= - - - — - * t oS
1 - Yo - -1 : : : 1~ 3 2 i
- wos <~ n . oS - ~a. - P * -
PPN RPN - P P v P PP [ R R - et f
= - 2 - i il
——— - == Loa — — - : E
[ 05 = - s : —
. - - . u
= - ‘l\ - - = 1
r- _1 % i M
= = \ __1 - 1:
- - = H L
.. - = i
- '_.i. —
Y 1.5 8 1S
[ —1
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Scaled y down by
IN3=0.577

- T
ASANK N P
ii%g.--—‘?&:;@!;
TN AL AN TV TN
SR SAK\NE
AR AR
KTV
&AL
o P,
XAV
L‘_:’?‘T

2 SN

1_“

..or could have scaled x up by
V3=1.732

/N

Space-space (V;, y,) paths |

R

™~

\VANIVAV
AVAN
/N/
O
\/

ected...

JANIIVAVAN
/

/\
.
X/

\
/N

\VAVARVA

and transforme
by the rest of D...
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<X
L
AT
YKL
PSR

>

S

-
K
X

>
Z

<
<

>
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5

...they’re just straight lines going forever.




Initial velocity vi=1, v2=0 [nitiqurelocity vi=1, v2=1 Initial velocity vi=0, v>=1

15 -~ INjo.5 0.5\1\' 2 ls,
Wit A il A in P ===
N\ N

¢ =Acos(M; m 2)/(Mi+m 2)
=Acos(1/3)=70.53°

. 1

—
--1.5I -0. 0.5
111111 g N e bl

6 =60°
=Acos(1/2) -\

NEYBAR W W AT ANY)
AN AR I AT A

| A T Y
NN T INENINCNC TR
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Geometric “Integration” (Converting Velocity data to Spacetime)

(@)

2.0

1.0

1g-1 1)

(b)

Height y

Bang-3 (20)

+0.

Bang-l(OI)

k Ba”g'Z(IZ) Floor at y=0

Ceiling at y=7

Bang-4.71»
T e

Time t

7

1
KE==MV}+=M,V; =—+—=4
2 2 2 2

2 2 2
v, XX

= + o 24_ 2
2KE/M, 2KE/M, a a,

Ceilinfg at y=7

Bang—9(12)

Bang-4(12) ang—6(12)
Bang-Z(]Z)

Bang—](oj) Bang—7(01)

Floor at y=0
Time t

Ellipse radius 2

a, =\2KE/M,

= /2KE/1

=,/8/1
=2.83

Kinetic Energy Ellipse
(c) ] 1
3
0 Vyz } ‘/12
s ang7(\ )\)9
dﬂ \ ) Ellipse radius 1
}f a,=J2KE/M,
. Bang-2v12)
B /4(]‘))\ \ = 1/2KE/7
Bang;i()o)\ Banfg\ﬁj‘ ) T_O/y ] = ./8/7
P \ E =1.07
-ég Zg-l( 1) 7
Fig. 4.7a-d
in Unit 1
i
(d)
y Bang-3p0)  Bang-5 20) Bang-§2¢)
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Geometric “Integration” (Converting Velocity data to Spacetime)

7

m2= 1kg
ml= 7kg

Y %_65

L 55

Q

6

5

V2= 162 m's
V1=-0875 m's

YE

7 t= 102

P E = 3.999930

6

Fig. 4.8
s . inUnitl

f 55

F 45

4 ®

t= 25

(@) £ - 39999964 ygg_

!

Pen (i b) E—
2

278

t= 00"
3.99995 5 ()

time

v oy

By -'r B
e

PR !
T T

Fig. 4.9
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Exercise 1.4.1 and Exercise 1.4.2

Exercise 1.4.1: (a) Construct a bounce sequence plot of a mass ratio m;: m2 =4:1 with the following initial values

(x1(0)=1.5, x2(0)=3.0, vi(0)=-1, v2(0)=-1) and ceiling height ym.=7.0. This 4:1 case is quasi-periodic. The collision sequence in the (v;,v2) plot path appears to repeat several steps then jumps to
make new paths. Does the (x;,x2) plot also repeat those steps? Draw both plots for at least 16 collisions to analyze the sequences.

(b) Show that, with initial values (x;(0)=1.5, x2(0)=3.0, vi(0)=1, v2(0)=0), the collision sequence is periodic after 12 steps in both the (v;,>) plot and the (x;,x2) plot.

Exercise 1.4.2: Continue the (v;,v2) and (x;,x2) collision plots begun in class and shown in Fig. 4.7 and Fig. 4.11.

Continue until you reach the “gameover” point of last possible M;-M> collision assuming the floor is open after Bang-1 so both masses can fall thru indefinitely. Show where is this last last collision.

Exercise 1.4.2 solutions from Assignment 2 are given first followed by detailed solutions of Exercise 1.4.1 from Assignment 2.
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Solutions to Exercise 1. 4.2(Fig. 1.4.12 completion) Step-2: Extend v(2) line to ceiling point y(3)=(?,7.1) and draw Bang-3(20)

m2 Velocity axis
14 ym2

(12)

ml
Velocity axis

yml

Start at

FL(),—],?&

7
7/

velocity v(3)=(1,-1) line. (Find v(3) using V-V plot.)

Step-3: Extend v(3) line to collision point y(4)=(?,?) and draw Bang-4(12)
velocity v(4)=(0.5,2.5). (Find v(4) using V-V plot.)
Step-4: Extend v(4) line to ceiling point y(4)=(?,7.1) and draw Bang—5(20)
velocity v(5)=(1,-1) line. (Find v(5) using V-V plot.)

Step-5: Extend v(5) line to collision point y(6)=(?,?) and draw Bang-6(12)
velocity v(6)=(0.5,2.5). (Find v(6) using V-V plot.)

m,-Height

yQ'QXiS, Bang-5.5p  Ceiling aty;=7.1

“oang=o 70

[ A 3p 100]
LA v Suipa)

00
I'L=

Bang-l(()])

o Floor aty»=0.0 mJ_Helght
. -axis

/" Heights Y1
‘ y; & y,-axis

Bang-3p0)  Bang-5 5

Velocities - 7.0
V& V., axis 6.0
sio|-34 2 5.0
s’ 4.0
:‘g Bang-2(12)  Bang-4(12) Bang-6(12} 7
20) 20 par-t12 D4
“Gameover /1(},0/' I(jo Bang-2(1) Time
collision” 7 ra Time Bang-l(oj) Floor at y=0 XiS
occurs // Bang-](()l) .
way Bane 3oy L t-axis
down ) . Bang-3(20) floor is penetrated
here! /. bym, .

7
7/
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First part of Exercise 1.4.1 has pen-ball initial values v,(0)=-1=v,(0)

The V-V ,-path
for this problem

appears to repeat
steps 1to 4 in

7

steps 11 to 14 \

\

I

18

N,

h
-

15™ bounce
is off ceiling
(not like 5 bounce off floor)

]

©o

But, the y -y -steps 1 to 5
are only a scale model of
steps 11 to 15.

Step 4 hits floor but

step 14 hits ceiling.
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a )

—

\\\\f\f\"\’ \\\\\HHBHMT

(\\\“\ 90° g,
\
\

-90°

/’\’sjﬂuhm T

Tuesday, September 3, 2013



The V,-V,-path 3
for this problem

repeats steps 0 to 12
(more or less!)

10,23....

8,21

2nd part of Exercise 1.4.1 has pen-ball initial velocity values v,(0)=1 and v.(0)=0
at: x,(0)=1.5 and x:(0)=3.0

V2 axis

1,14,... Ceiling (v, = 7.0)

Y, axis

5,18,.. /IQI\
&
N
S
\ 3
L3
12,25,...
y; axis (y, = 0)
Simulations by Bouncelt
6,32,
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Estrangian plot
mi/m2=4/1
collision
sequence

shows symmet

(sort of)

c.o.m. lines

(cons. of mom.)
have slope

~NmaANmi=-2/1

COM line
has slope
\NmaoANm=1/2

¥ -90°
é‘%ﬂ’ﬂl”uhm

i

Vo

\
\
9,22
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