Classical Constraints: Comparing various methods

(Ch. 9 of Unit 3)

Some Ways to do constraint analysis

Way 1. Simple constraint insertion
Way 2. GCC constraint webs
Find covariant force equations
Compare covariant vs. contravariant forces

Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion

Way_ 1. Lagrangian has the constraint(s) simply 1nserted.
s e ~

1 : : . .
L =3 (mx2 + myz) — mgy Let: ¥ =§ o and: y = kxx
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(a) Constrained motion

Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

X

Way_ 1. Lagrangian has the constraint(s) simply inserted.
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1 .2 .2 l ;.2
L =5 (mx~ +my~)—mgy Let:.y =7 kx~  and:
Lagrangian then has one ding_e_ns,ienjx;‘°'dne momentum py, and one force f..
_ Loz oL
PR L =L (mi? + mked)®) - m gk =2 o=
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Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion Wy |. ] Lagranglan has the constraint(s) simply inserted.
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Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion Wy |. ] Lagranglan has the constraint(s) simply inserted.
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Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion Wy |. ] Lagranglan has the constraint(s) simply inserted.

—
1

2 . .
_|L L=5 (mx + my ) mgy Let: .y =5 kx and:-y = kxx
Y=15 a2 LS
Lagrang1an then has one d1_1_1_1_e_n310n'x""6fie momentum py, and one force f..
= vl k'xz’ oL f oL
=3 (mx + m( x) ) — m5 >8 Py = s X 9y
X =) (x +kox?? - gkxz) = m(x + kzxzfc) = ”"1(1\7230'62 — gkx)
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Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion Wy |. ] Lagranglan has the constraint(s) simply inserted.
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L= =5 (mx + my ) mgy Let;,y =3 kx2 and:---j/ = kxx
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L= (mx + m(kxx) )—m5 k.xz’ Py = oL Jr = oL
2 25 *oox X
-2 (x + kx5 - gkxz) _______ = m(X + k2x2)'c) = m(k*xi? — ghx)

S oL e
Lagrange equation p, = f, =57 .

P, = m(x + k2x2 + 2k2xx2");g§
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(a) Constrain

Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

ed motion  Way 1. Lagrangian has the constraint(s) simply inserted.
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y= ékXZ L Iz (mx + my )— mgy Lety =5 SO andy = Joex
Lagrangian then has one din_i_gnsienjx;‘"éhe momentum py, and one force f..
Foaaeme "' aL E)L
=2k 1, .2 VAN By, _ 9= _ 9=
L =5 (mx” + m(kxx)") — myghx Py =2 /s .
2, 72.2.2 2 . . :
X =%1 (X" +k"x" X" —gkx™) . = m(x+k2x2x) :___m(kzxxz — gkx)

Tuesday, November 6, 2012



Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion  Way . Lagrangian has the constraint(s) simply inserted.

s N
1 .2 .2 l 7.2 .
y= éka L=5 (mx~ + my )— mgy Letg’l,y =3 and: -y
Lagrangian then has Qn’é dimgns}ie—nj@f’%ﬁe momentum py, and one force f..
2k 1, .2 VNI _9dL _dL
Y L =5 (mi” + m(kxx) )—ngkx Px=73% f = .
X =%¢ ()'c2 + k2 xq? - gkxz) ___________ = m(% + kzxzy‘C) _____=__m(k2x)'c2 — gkx)
. 3L T T
Lagrange equation py = fy =5, T e
L 22D 2 .23 9L 20
Py =m(X+k"X"X+2k%xx") =ox = m(k XX —glgx)
. 2 2. T '
p=m(l+k"x7)x = —mk“xx" — mgkx
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Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion  Way . Lagrangian has the constraint(s) simply inserted.
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Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.
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Lagrangian then has one dimension ¥;” one m

(a) Constrained motion  Way I. Lagrangian has the constraint(s) simply inserted.
— A
[, . . .
L ) (mxz T m}"z) —mgy Let:.y =3 for® and:--

p, =m(l+ kzxz))'c' =

1, .2 21 ) _dL _odL
L =5 (mi” + m(kxx) )—ngkx Px=73% x = o0
=%¢ ()'c2 + k2 xq? - gkxz) ____________ = m(% + kx5 _____=__m(k2x)'c2 — gkx)
Lagrange equation p, = f, —g)% gives oscillator-#= —K (x,%)X...with $pring factor” K:
----------------------- .2
: ., 72 2. 2 .2\ _0dL 2.2 .~k -
P =m(X+k"x"X+2k%xx7) =5 "= m(k"xx~ — ghkx) ¥ = & kx
X .."""--.___-:).C ‘\‘ 1+ kzxz
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Some Ways to do constraint analysis

Way 1. Simple constraint insertion
=) Wary 2. GCC constraint webs
Find covariant force equations
Compare covariant vs. contravariant forces
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My 2. GCC constraint webs.
b) GC

C constraint web |

(a) Constrained motion ,
—kx +0

( Y =
(Y—- \\\\ L
(Y=-2 \\\ V= ékzx2 +Y
\\\
-
NN X
X X\
Cartesian =t3 N—
x=X (x,y) x=X \
_1; > transform to =-2 =X
V= 2kx +¥ GCC (X,Y)

Incorporate the constraint curve y=1/2kx’ into any matching GCC web.

Tuesday, November 6, 2012
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Way 2. GCC constraint webs.
G

(a) Constrained motion (Zz L+

) GCC constraint web |
(Y= 0A\\\\
(V=1 \\\\ =L ko1
(Y=- \\\ Y= éka +Y
\\\
\\\
NN X
X N\
Cartesian =t3 N—
x =X () T TN
_ 1.2 transform t =-2 .=
V= 2kx+Y ...... ggSCO()Ziy)O x:_l 0 _;
Incorporate.the constraint curve y=1 /2kx? into any matching GCC web.
x=q¢'=x T y=1/2kx? +q°= kX?/2+Y
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Way 2. GCC constraint webs.
(a) Constrained motion  (b) GC

(= 0A\\\
(Y=-1
(Y=-2
_/y(xZZ,y=2k)
N maps to
(X=2,Y=0)

constraint web | (c) GCC E-vectors

L

XX\
Cartesian =13
X = X (x,y) X —X x=X
_ 1 2 transform to,x"xY: l XZ =-2
V=Y Gecpey YTk
Incorporate the Constraint curve y=1/2kx? into any matching GCC web.
x=¢'=x T y=1/2kx? +q°= kX?/2+Y
Find: Covariant Ex in column$-0f Jacobian J matrix
= 88X %Y EX - kl ! EY N (1) ]
R Ay v
0X oY
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Way 2. GCC constraint webs.
(c) GCC E-vectors

_|_
(Y= A\ \
(Y=- fx2+Y \ \\
[ (x=2.y=25) \ \\\
- maps to X
(X=2,Y=0) \ \\\/ E
\\\\ // , X
Y Cartesian X =x \\/ /
X = (x.) T
_1; > transform to,x"x —y 1y ~1
y= 2kx +Y " GCC (XY) Y=y ZkX
Incorporate the Constraint curve y=1/2kx? into any matching GCC web.
x=¢'=X Vv=1/2kx? +¢°= kX?/2+Y
Find: Cox‘igifiant Ex in column$-of Jacobian J matrix Contravariant E* in rows of Kajobian K
Ox N Oz 0X 0X
— =1 —=0" .7 —=1 —=0 —
J—| 0X (9Y E = 1 E, = 0 ] oz dy _x EY ( 10 )
Oy Oy kx 1 oy _ oY _ E :( by 1 )
0X oY oz oy

Tuesday, November 6, 2012 17



Way 2. GCC constraint webs.

(a) Constrained motion  (b) GC (c) GCC E-vectors

\

constraint web |

(= 0N\ \
=2\, \ N
/3 (x=2,y=2k) \ \\\\
- maps to X
(X=2,Y=0) >< \ \\/ E
\\\ \\\\ =/ X
xFX
Cartesian =13 \\/ /
x=X (x.y) X =x x=X |
_1; > transform to,x"x —y 1y =-2

y=okeHY Gecpm TV kX
Incorporate the Constraint curve y=1/2kx? into any matching GCC web.

x=q¢'=xX y=1/2kx? +q°= kX?/2+Y
Find: Cox‘igifiant Ex in columnjé:"()'f Jacobian J matrix Contravariant E* in rows of Kajobian K

Ox N Oz 0X 0X

—=1 —=0" . —=1 —=0 E' =

A E e )] NN SR A
_’y _ ,/'_’y :/' T or _ 4. 9 _ E = —k 1
3X +kz P 1 2 oy 1 X
. . . . . . i 1 o[ X X || 1 o4

Find: 1% coordinate differentials and velocity relations: P il B | I v g 1@
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My 2. GCC constraint webs.
G

C constraint web | (c) GCC E-vectors

Y_ —kx2+0 \
(Y=-2 \\\/ k2 +Y \ \\
[ (x=20=2k \\\/ \ \\\
V= P
()?n—azp;t_om ><’</( \ \\/ EX
)X \\\ _ \\\\ S
Cartesian \\/ \\/ /
X = X (x.y) X_x XZX \/ \/
2 transform to - _ 1y =-2 =X =
kx+}_’_ ..... G .(?_C(XY) S Y=y- kX x__] 0
Incorporate the Constraint curve y=1 /2kx? into any matching GCC web.
X=q = T Y=1/2k +q7= kXP/2+Y
Find: Covarlant Eiin columns of Jacobian J matrix Contravariant E* in rows of Kajobian K
Ox _ (‘9:17 b 0X . 0X _ X
J= aa—X %Y Q EX — kl ) EY - ;) ] agl g_yo =K i _(( 10 ) )
y Oy _ s\ kT oY _ 4. Y _ E' =( _
X = +kz~ P =1 P k ™ 1 kr 1
. . ) ) N ) 1 0 X X _ 1 0 z
Find: 1% coordinate differentials and-velocity relations: ol B | s v ke 1 9

Find: Kinetic coefficients y4s=mgupfroni-metric tensor g4p or Jacobian square gss=JucJpc=(JJ') 5
E «E  E -E —m 1 —|— Kx® kx
E +E_ E -E kr 1

/YXX 7X Y

’yYX fYYY

m
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My 2. GCC constraint webs.
b) GC

C constraint web | (c) GCC E-vectors

_ kx40
. ( : \ \\ \\| | B/
(Y=-2 \\\/ k2 +Y \ \\
[ (x=20=2k \\\/ \ \\\
V= P
()?n—azp;t_om ><’</( \ \\/ EX
)X \\\ _ \\\\ S
Cartesian \\/ \\/ /
X = X (x.y) X_x XZX \/ \/
2 transform to - _ 1y =-2 =X =
kx+}_’_ ..... G .(?_C(XY) S Y=y- kX x__] 0
Incorporate the Constraint curve y=1 /2kx? into any matching GCC web.
X=q = T Y=1/2k +q7= kXP/2+Y
Find: Covarlant Eiin columns of Jacobian J matrix Contravariant E* in rows of Kajobian K
Ox _ (‘9:17 b 0X . 0X _ X
J= aa—X %Y Q EX — kl ) EY - ;) ] agl g_y_ 0 =K i _(( 10 ) )
y Oy _ s\ kT oY _ 4. Y _ E' =( _
X = +kz~ PY% =1 or ’ Dy ! S
. . ) ) N ) 1 0 X X _ 1 0 z
Find: 1% coordinate differentials and-velocity relations: ol B | s v ke 1 9

Find: Kinetic coefficients y4s=mgpfroni-metric tensor g4p or Jacobian square gss=JuacJpc=(JJ') 5

m E E, E -E, | Txx Uy 1 —|— Kz kx 1l E*«E* E'-E" |_ vt N —kz
. . B B m| E'«E" E'.E' AN m| —kr 14k
B, -E, E B, Tvx Ty ko 1 (Need contra-v ‘for'Hamilton or’Riemann equations)
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My 2. GCC constraint webs.
b) GC

C constraint web | (c) GCC E-vectors

_ kx40
. ( : \ \\ \\| | B/
(Y=-2 \\\/ k2 +Y \ \\
[ (x=20=2k \\\/ \ \\\
V= P
()?n—azp;t_om ><’</( \ \\/ EX
)X \\\ _ \\\\ S
Cartesian \\/ \\/ /
X = X (x.y) X_x XZX \/ \/
2 transform to - _ 1y =-2 =X =
kx+}_’_ ..... G .(?_C(XY) S Y=y- kX x__] 0
Incorporate the Constraint curve y=1 /2kx? into any matching GCC web.
X=q = T Y=1/2k +q7= kXP/2+Y
Find: Covarlant Eiin columns of Jacobian J matrix Contravariant E* in rows of Kajobian K
Ox _ (‘9:17 b 0X . 0X _ X
J= aa—X %Y Q EX — kl ) EY - ;) ] agl g_y_ 0 =K i _(( 10 ) )
y Oy _ s\ kT oY _ 4. Y _ E' =( _
X = +kx~ P =1 P k ™ 1 kx 1
. . ) ) N ) 1 0 X X _ 1 0 z
Find: 1% coordinate differentials and-velocity relations: ol B | s v ke 1 9

Find: Kinetic coefficients y4s=mgpfroni-metric tensor g4p or Jacobian square gss=JuacJpc=(JJ') 5

- E «.E E <E | Y Vay 1 + K2k ] 1| EY.EX EY.E" |_ A XY 1 .
: B | = m{ BB EE ) | 9 9 | m| ke 14K
E -E  E «E Tyx fYYY ki ~1* __________ (Need contra-v ‘for'Hamilton or’Riemann equations)

-----
- -
- o

Find: Kinetic energy: T =1 m(? +3%)=1 L G X2 42500 XV 595 ¥ 2) = m[ (1+K2X%) X2 + kXXY +1 Yz}
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Way 2. GCC constraint webs.
(a) Constrained motion  (b) GC

constraint web |

(c) GCC E-vectors
\

N

-
e

(Y=10 \\
(Y=-1 \\ 5 X
(Y=- \\ kx?+Y \ \\
/(=220 \\ \ \\\
- maps to X
(X=2,Y=0) >< \ \\/ E
\\\ \\\\ =/ X
xFX
Y Cartesian X =x T \\/ /
X = (x.y) a4 X=X
_ lkx2+Y transform tg,x'” Y=y— ikXZ =-2 ~1
P il GCC () 2
Incorporate the Constraint curve y=1/2kx? into any matching GCC web.
x=¢'=x T y=12kx? +q°= kX?/2+Y
Find: Coiiaifiant Ex in column$-of Jacobian J matrix Contravariant E* in rows of Kajobian K
or . or oX oX
—=1 —=01 .- — =1 == X
| 00X (9Y_/"Q _ |1 {0 oz Yy ! B E ( 10 )
J= o EX = : EY, = K .
@ = +ka:'@ :'i ka: ! or = —hzx or =1 E = ( —kz 1 )
0X oY Oz dy .
, ) , R N . 1 0 X X |_| 1 0|z
Find: 1% coordinate differentials and-velocity relations: | e 1l Y v T

Find: Kinetic coefficients y4s=mgpfroni-metric tensor g4p or Jacobian square gss=JuacJpc=(JJ') 5

m EX ° EX EX ° EY B /YXX /YXY _ 1 _i_ ]*?2$2 ]CZIZN ] l EX ° EX EX o EY _ ,YXX ,}/XY _ i 1 —]{PLL’
: B | = m{ BB EE ) | 9 9 | m| ke 14K
E -E  E «E Tyx - vy ki ~1* (Need contra-v ‘for'Hamilton or’Riemann equations)

-
-~

o T em

27y XV Fyiy ¥ 7) = m[ LA+ K2X2)X? + kXXY +1 Yz}

..and Lagrangian: 7 -7 _y = m[%(l X)X+ kXXY +; YZ-gY —%" Xz} V=mgy=mg(Y+kX?/2)
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Way 2. GCC constraint webs.
(a) Constrained motion  (b) GC

constraint web |

(c) GCC E-vectors
\

N

-
e

(Y=10 \\
(Y=-1 \\ 5 X
(Y=- \\ kx?+Y \ \\
/(=220 \\ \ \\\
- maps to X
(X=2,Y=0) >< \ \\/ E
\\\ \\\\ =/ X
xFX
Y Cartesian X =x T \\/ /
X = (x.y) a4 X=X
_ lkx2+Y transform tg,x'” Y=y— ikXZ =-2 ~1
P il GCC () 2
Incorporate the Constraint curve y=1/2kx? into any matching GCC web.
x=¢'=x T y=12kx? +q°= kX?/2+Y
Find: Coiiaifiant Ex in column$-of Jacobian J matrix Contravariant E* in rows of Kajobian K
or . or oX oX
—=1 —=01 .- — =1 == X
| 00X (9Y_/"Q _ |1 {0 oz Yy ! B E ( 10 )
J= o EX = : EY, = K .
@ = +ka:'@ :'i ka: ! or = —hzx or =1 E = ( —kz 1 )
0X oY Oz dy .
, ) , R N . 1 0 X X |_| 1 0|z
Find: 1% coordinate differentials and-velocity relations: | e 1l Y v T

Find: Kinetic coefficients y4s=mgpfroni-metric tensor g4p or Jacobian square gss=JuacJpc=(JJ') 5

m EX ° EX EX ° EY B /YXX /YXY _ 1 _i_ ]*?2$2 ]CZIZN ] l EX ° EX EX o EY _ ,YXX ,}/XY _ i 1 —]{PLL’
: B | = m{ BB EE ) | 9 9 | m| ke 14K
E -E  E «E Tyx - vy ki ~1* (Need contra-v ‘for'Hamilton or’Riemann equations)

-
-~

o T em

27y XV Fyiy ¥ 7) = m[ LA+ K2X2)X? + kXXY +1 Yz}

..and Lagrangian: 7 -7 _y = m[%(l X)X+ kXXY +; YZ-gY —%" Xz} V=mgy=mg(Y+kX?/2)
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Some Ways to do constraint analysis

Way 1. Simple constraint insertion
Way 2. GCC constraint webs
= Find covariant force equations
Compare covariant vs. contravariant forces

Tuesday, November 6, 2012
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Find: Lagrange equations from Lagrangian L=T -V = m[ %(l +k°X*)X? + kXXY +% YZ2—gv —%k X 2}

. L
[ Py ]:m[ 1+ k2 X% kX ]( X ):(3){] (15" Lagrange equations) P, =Q%m
Dy kX 1

Tuesday, November 6, 2012
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Find: Lagrange equations from Lagrangian L=T -V = m[ %(l +k°X*)X? + kXXY +% YZ2—gv —%k X 2}
Py |_p +E°XT kXX 0x (15" Lagrange equations) P, =QLm
Py kX 1 Y 7 9q
. | . . _dL
Py |_d| [ 1+k2x? kx |[ X | 13 (2" Lagrange equations) p,, =5;m +F O
by | di o1 LY )] g

Tuesday, November 6, 2012
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Find: Lagrange equations from Lagrangian L=T-V = m[

FAHRX)X XY +5 72 - gy =4 X7 |

: oL \ .‘
2 2 -= . * .
Px o, HEX° kx| X || ok (15" Lagrange equations) D, —IL
Y 9L g L 9™
Py X1 oL \
_dL 4 ooV

SedS -
- -~
~ -
~ -
~ -
~~ e

~ e
S -
-~ LT

N
-
-

by | d [m[ 2 v )( % )]{g; ] (2" Lagrange equations‘“)\“ P s T

27
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Find: Lagrange equations from Lagrangian L=T-V =m

B(l+ K2 X)X? +KXXY +3 Y2 - gv = X:.Z}
: oL . '- '

p 2y2 X % . . _ oL

X |_ | 1+E°XT kX ( ! ): 3 £ (I Lagrange equations) P =
pY kX 1 aY ‘\“ Y q
7 d 22 oL (2" Lagrange e uation“s““) =9L 4 peov

x |_4d| | 14X kX X ||_| ox grange eq Py 3
py ) a1 LY )| S |

________
~aa -

~

~aa

-~

QU IV
~ <t~

Py |_ [ reitx? kx4 X ), d 1erPx? kx| X \_[ 3% || Ky gy
Py kX 1 Jdtl Y dt kX 1 Y S g
No constraints added yet to these equations (only gravity in L) so covariant force F °¥ is zero(Fy” =0=F,""

Y

Tuesday, November 6, 2012
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Find: Lagrange equations from Lagrangian L=T -V = m[ %(1 +k°X*)X? + kXXY +% Y?— gV -

212 : L R '-

PX o] LHEXT R X X (15" Lagrange equations) \p :QLm

p d 2 x2 : 9L (2" Lagrange equations) 9L 4 peov

X |24 | 1+EXT kX X _| ox grange eq D, om T m

py ) di| kX 1 Y 9L

Px |_ | 1+82Xx% kx |d| X +mi +k2x% kx| X | _[ 5% | | KX+ kXY S gk

Py kX 1 )dt .Y di\ kX L Y % g

-
-

-

-
-
-
- _—
______
_____
- -

pX aX ( 1+k2X2 kX ][ X ]_'_m( 2k2XX kX )[ X ]_m[ k2XX2+ICXY—gkX ]:( 0 ):
p, 2L o1 ¥ oo 7 = 0

cov

r X
cov

FY

gk

2

XP}
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Find: Lagrange equations from Lagrangian L=7 -V = m[ 2(1+k2X )X* +kXXY + Y2 - gy - Xz}

2
: L :
2 2 =% :
Px |_,l X5 kx| X 9x (15" Lagrange equatmns) - =Q,Lm
Dy kX 1 Y 37 . ”

. . N AL ooy
Py | _d m[ 1+ 82X2 gy )( X ) :[g)@] (2" Lagrange equatzons)\‘ Pi= o T

[ py ) 4 kX1

<
SiIeeal
- -
~ -
~ -
-~ e
-~ e
e -
-~ -
N -
- -
- -
- -
~
-

_ ol X kX |4 X +mi 1+k2X% kX || X |_
kX 1 dt Y dt kX 1 Y
cov

No constralnts added yet to these: equatlons (only grav1ty in L) so covariant force F, " 1s-zero(Fy” ' =0=Fy

QU QI

Y]
U I
N
[l
w‘l\)
%
_|_
E
<

-
.=

-

-
="
-
- _—
______
_____
- -

. oL _.: a _ _ . . .. cov
Px=ox |_ | 1+2x% kx| X | | 2xk kb | X || KXCHRY gk |0 |_| Tx
JdL kX 1 Y """""" F;ov

- kX 1

. _0dL . 2""2 cov
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Find: Lagrange equations from Lagrangian L=T-V = m[ 51+ k2X )X + kXXY + y? —-gY -
: oL ‘ '
2 2 9L \
Px || XS kXX 9x (1" Lagrange equatmns) \ P, =Q%m
Py kX | Y 37 dq
) oL d LN . _dL cov:'-,
_d| [ 1erx? kx ( be ] _ 35( (2" Lagrange equations), pm\\‘—aqm +F,
dt Srrai.l kX 1 Y 3)_7 “\
..... \ - -------,--.--.----""' . oL ““ . /"
_ oLy kx4 X, Al 1ek2x? kx| X || 9y || KXY ghy
kX 1 )dt Y |  kx 1 Y oL g
No constramts added yet to these: equatlons (only gravrty in L) so covaridait force F,°" is-zerd (Fy”'=0=F;"")

Py~ aX =m( 1+k2X2 kX ][ X j+m( XX kX j[ X ]_m k2 XX + kXY — ghX =( 0 )z Fy”
Py~ aY kX 1 Y kX 0~ \Y —g 0 F;OV

55( ( 1+k2X2 X ]( X )4_ k2H2+gkX ( 0 ] F)C('OV

= <. . m = =

9L LY 2 cov

—9L kX 1 Y kX +g 0 Fy

% (1+k2X2)X+kXY+k2XX2+gkX ( 0 ] Fe

= m = =
py —3% e s aYscIvg 0 FEo

gk

2

XP}
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Find: Lagrange equations from Lagrangian L=7 -V = m[ 51+ k2X )X + kXXY + Y2 - gy - XZ}

2
Px 1+k°X* kX || X o4 t oL
=m| 'T =] 9F (15t Lagrange equatmns) pm =
Py kX | Y 37 \ dq
. oL nd L w b 9L pacov
d 12X kx ( be ) 9L (2" Lagrange equations) Pui= +F
=—\m . = ' ' q .
oL 3 \ ;
dt \ kX 1 Y 5y
..... . oL o) o) .
_ | XY R |4l X | Al 14X kY || X || ox |o,,| KX HRXY S gkX
kX 1 )dt Y |  kx 1 Y oL g
No constralnts added yet to these: equatlons (only grav1ty in L) so covariait force " is-zerd(Fy” =0=F;""
Py~ aX =m( 1+k2X? kX ][ b'e ]+m( 2IEXX kX J[ X ]_m k2 XXZ + kXY — ghX =( 0 )z Fy"
by =57 1 Y KX 0N Y A 0 Feo
5% |_ ( 1+k2X% kX j{ ' )Jr n k2H2+gkX ( 0 ] Fy"
JIL T 2 B B cov
9L kX 1 Y kX +g 0 by
Py —3% (1+k2X2)X+kXY+ k2XX2+gkX ( 0 ] Fy
—_ m —_ —
py —3% XX+ T kg 0 FEo

Use 48 to get contravariant (Riemann) equations. (Contra-forceF,,

on

also zero here.)
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Find: Lagrange equations from Lagrangian

L=T-V= m[2(1+k2X ) X2 +kXXY+ y? gY—&kX:.Z}

2
. oL '\
242 9L g
Px || XS kXX 9x (1" Lagrange equatmns) Doy =Q%m
Py kX | Y 37 dq
) : 9L (2" Lagrange e uationg‘“) 4 0L + OV
:im 1+k° X" kX (X]_g)( grange eq . Pw o
. ; . :
ap w1 LY 7
------------------------- . oL ““ . . /"
_ L1+ x? |4 X d| 1+k2°x% kx || X |_[§% |-, | KXXTHRXY A gy
kX 1 )d Y k1 Y §§ _g,f

-
-

-

-
-
-
- _—
______
_____
- -

... " /‘ . e cov
Py~ aX =m( 1+k°X° kX ][ X j+m( 2k°XX kX j[ X ]_m k2 XX + kXY — ghX =( 0 }z Fy
Y o y Rt cov
Py~ aY kX I kX 0\ Nl T8 0 Fy
JL . 2 2 cov
KL :n{ 1+ kX7 kX J( X j+ | XX GRS =[ 0 ]: P
_9L 4 2 0 cov
oY kX 1 kX T Fy
. aL ) .- “af: ...............
Py —5% < (1+k2X2)X+kXY+k2XX2+gkX ( 0 ] Fy
Py =57 X+ T+ kg 0 e

Use '# to get contravariait (Rigmann) equations. (Contfa-forcefy,

T
Px —ox XL 1 —kX
p, —9L Y kX 1+k°X?

—kX

L( !
2v2
m\ —kX 1+k°X T

also zero here.)

X (KX 2+ g) _( 0 ]_ F.,
kX2+g 0 Fcin
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Find: Lagrange equations from Lagrangian L=T-V = m[ 51+ k2X )X + kXXY + Y?—gV —%k X,z}
. dL ‘
2 2 =3 '\ '
Px Al 1+k°X° kx| X |} ox (15t Lagrange equatmns) p, =2F
Py kX 1 Y o7 A
. 0L 2nd L . . _dL Fcov
d 12X kx ( be ) oL (2" Lagrange equations) D=+
=—\m . = . ' q
oL : \
al &1 Y oY
..... . oL o) o) L
_l 1HEXT kX (4] X | 4l X kX || X || ox |2, FAXT HRXY S ghX
X 1 dt Y dt X 1 Y 9t o
No constralnts added yet to these: equatlons (only grav1ty in L) so covariait force " is-zerd(Fy” =0=F;""
Py~ aX =m( 1+K2X2 kX ][ X )M{ XX X ][ X ]_m kXX 4+ XY — ghX =( 0 )z Fy"
pY aY kX 1 Y kX\\v,\g\:\ \\QY B ':: -—"g O F;OV
% | [ ek ( X j+ XA gl =( 0 ]: Fy™
g)% kX 1 Y | kX2+;g 0 Fy”
. L .. 3”: .....................
py—3% - < (1+k2X2)X+kXY+k2XX2+gkX _( 0 ]_ F
py —3% e ans e 0 FEo

Use 142 to get contravariait (Rigmann) equations. (Contta-forceF;

also zero here.)

con

. _ oL oL B : X

1 ( | kX ] Px—5x =(X)+[ 14(;;] KX (kX P+ 2) :(o]: Feon
_ 2y2 . oL % AR B, Y S BT B v ot 2 Y

m\ —kX 1+k°X Py 5% Yo ) kX kX kX %+ g 0 S
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Find: Lagrange equations from Lagrangian L=7 -V = m[ 2(1+k2X )X* +kXXY + Y2 - gy =% X,z}

2

Py x| % )_[ 5% YY)

=m| 'T L= gi{ (15t Lagrange equatmns) pm =

Py kX 1 Y 57 dq
212 : 9L 2m [ ti i =0k peov:
Py | d oy x| X[ 5% ( agrange equations), P sy m
- > 17| oL

ap L X1 Y o
..... \ - --------,--.--.---""" . oL ““ . /"

_ oLy kx4 X, Al 1ek2x? kx| X || 9y || KXY ghy

kX 1 )d Y a1 Y gg _g,x

-
-

-

—"'
—————
_____
______
- -

[“ o 3 o e
py -2L o1 7 g 0 L 0 )| per
%( _ ( 1+k° X% kX )( ' k> XX+ ghX _( 0 ]_ F&
). <t | ()
b3k | XK+ V kX g s o) Fyo
Use 48 to get contravarie‘ihtx(Ri@mann) equations. (antféi;forcch@,; also zero here.)
i( 1 —kX ] Px 5% _( X)_{ CLimmeesgX ] kX (kX +2) _( 0 ]_ F
m\ —kX 1+k*X? py —3k P ) e 1+k2X2 sz +g Lo ) FY
1 [ 1 —kX } by 5% :[ ¥ ]+ oﬂ,/: ¥ :( 0 ]: ol i=0=X
m\ —kX 1+k*x? pY_gI% Y l~€X"2'+g Y+kX2+g 0 Fc);n
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Some Ways to do constraint analysis
Way 1. Simple constraint insertion
Way 2. GCC constraint webs

Find covariant force equations
_) Compare covariant vs. contravariant forces
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Constraint force components are covariant

Frictionless constraint forces have
. cov
covariant components  Fp

F=FEY + FOE" = FOVX + FEOVY

Frictional force components are contravariant

Frictional or driving forces haveA
contravariant components  Fo,

_ X Y _ X oOor Y Jdr
F_FconEX+FconEY_Fcon oX +Fcon Y

Tuesday, November 6, 2012
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant components Fg®" contravariant components  Feop

_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F=F"E” +F;, 'E" =Fy VX+FY VY F=F_E,+F Ey=F_ =5 +F_ 5

Frictionless constraint of mass m by parabola Y=const.
1s normal to parabola (along its gradient VY.)

F(Y = const.) = F*"E* + FEVE”
=0-VX + FOVY

=0-E + FEEY
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Constraint force components are covariant Frictional force components are contravariant

Frictional or driving forces have

Frictionless constraint forces have A
contravariant components  Fo,

. cov
covariant components  Fp
_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F=F,"E" +F, E" =Fy ' VX+F;, VY F=F_E,+F Ey=F_ =5 +F_ 5
Frictionless constraint of mass m by parabola Y=const.
1s normal to parabola (along its gradient VY.)
F(Y = const.) = F*"E* + FEVE”
=0-VX + FoVY
=0-EX + F{”E"
So constraint requirements 1n covariant equations
are Fy/V=0 and F%"#0 . (with: Y=0=Y ). V=0=7V
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Constraint force components are covariant Frictional force components are contravariant

Frictional or driving forces have

Frictionless constraint forces have A
contravariant components  Fo,

. cov
covariant components  Fp
_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F=F,"E" +F, E" =Fy ' VX+F;, VY F=F_E,+F Ey=F_ =5 +F_ 5
Frictionless constraint of mass m by parabola Y=const.
1s normal to parabola (along its gradient VY.)
X Y
F(Y =const.)=F )C(OVE + F}fovE
=0-VX + FoVY
=0-E + FEEY
So constraint requirements 1n covariant equations
are Fi7¥=0 and F°"#0 . (\Y}'Fh_:___Yz 0=Y ). Y=0=Y
--------------- ) 2 vy2 .2
1+ KXY X + 04 k2 XX 2+ gk R = AT KTy
m ) . = cov I+k°X 1+k°X
kXX +0+ kX 2+g Fy

FINALLY ! We get the Way 1. solution

Y
X =

— 8
kx
1+kzx2
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Constraint force components are covariant Frictional force components are contravariant
Frictional or driving forces have

Frictionless constraint forces have 4
covariant components Fg®" contravariant components F.,,

_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F=F,E° + F,E" =Fy VX+FY VY F=F Ey+F E,=F_ - +F,_ 5y

Frictionless constraint of mass m by parabola Y=const.
1s normal to parabola (along its gradient VY.)

_ _ X Y
F(Y =const.)=F )C(OVE + F}fovE
=0-VX + F;OVVY
=0-E + FEEY

So constraint requirements 1n covariant equations

are Fi7¥=0 and F°"#0 . (w_i_t__h_:___Y: 0=Y ). V=0=7V
. TN . k2 XX 24 ok X X2+
1+ 2 X)X +0FK2XK 4+ ghX R DT e T 0
m ) - = cov I+k°X 1+k°X
XX +0+ kX +g by
Y
F= FEoY E

=m(kXY+0+kX2+g)£ _]IX ]
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOV contravariant Components Fcon

_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F—FX E +FY E —FX VX+FY VY F_FconEX+FconEY_Fcon X +Fc0n8Y

Frictionless constraint of mass m by parabola Y=const.
1s normal to parabola (along its gradient VY.)

_ _ X Y
F(Y =const.)=F )C(OVE + F}fovE
=0-VX + F;OVVY
=0-E + FEEY

So constraint requirements 1n covariant equations

are Fi7¥=0 and F°"#0 . (w_i_t__h_:___Y: 0=Y ). V=0=7V
. TN . k2 XX 24 ok X X2+
1+ 2 X)X +0FK2XK 4+ ghX R DT e T 0
m ) - = cov I+k°X 1+k°X
XX +0+ kX +g by
Y
F= FE E

:m(kXY+O+kX2+g)[ _I;X ]

_ jlé%x%k-x':?*;g):;r (X2 0) 1+ E2x2) ( kX }
1+ k2 X2 1+ k% X2 1
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOV contravariant Components Fcon

_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F—FX E +FY E —FX VX+FY VY F_FconEX+FconEY_Fcon X +Fc0n8Y

Frictionless constraint of mass m by parabola Y=const.
1s normal to parabola (along its gradient VY.)

_ _ X Y
F(Y =const.)=F )C(OVE + F}fovE
=0-VX + F;OVVY
=0-E + FEEY

So constraint requirements 1n covariant equations

are Fi7¥=0 and F°"#0 . (w_i_t__h_:___Y: 0=Y ). V=0=7V
. TN . k2 XX 24 ok X X2+
1+ 2 X)X +0FK2XK 4+ ghX R DT e T 0
m ) - = cov I+k°X 1+k°X
XX +0+ kX +g by
Y
F= FEo E

=m(kXY+O+kX2+g)[ _I;X ]

_ | EETEERY ()1 £ E2H) [ kX ]
1+ k2 x? 1+ k2 x2 {

- > . Centripetal
[ Fx ] :mlkj(k;;(i[ _IIX ) [:{ mkX >+ mg—'D """"" force mkv*+mg
atx=0(What the roller-coaster rider feels)

y
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOV contravariant Components Fcon

_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F—FX E +FY E —FX VX+FY VY F_FconEX+FconEY_Fcon X +Fc0n8Y

Frictionless constraint of mass m by parabola Y=const.
1s normal to parabola (along its gradient VY.)

_ _ X Y
F(Y =const.)=F )C(OVE + F}fovE
=0-VX + F;OVVY
=0-E + FEEY

So constraint requirements 1n covariant equations

are Fi7¥=0 and F°"#0 . (w_i_t__h_:___Y: 0=Y ). V=0=7V
. TN . k2 XX 24 ok X X2+
1+ 2 X)X +0FK2XK 4+ ghX R DT e T 0
m ) - = cov I+k°X 1+k°X
XX +0+ kX +g by
Y
F= FEo E

=m(kXY+O+kX2+g)[ _I;X ]

_ | EETEERY ()1 £ E2H) [ kX ]
1+ k2 x? 1+ k2 x2 {

- > . Centripetal
[ Fx ] :mlkj(k;;(i[ _IIX ) [:{ mkX >+ mg—'D """"" force mkv*+mg
atx=0(What the roller-coaster rider feels)

y
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOV contravariant Components Fcon

_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F—FX E +FY E —FX VX+FY VY F_FconEX+FconEY_Fcon X +Fcon8Y

Frictionless constraint of mass m by parabola Y=const.
1s normal to parabola (along its gradient VY.)

_ _ X Y
F(Y =const.)=F )C(OVE + F}fovE
=0-VX + F;OVVY
=0-E + FEEY

So constraint requirements in covariant equations  Constraint requirements in contravariant equations

are Fy?"=0 and F” 20 . (with: Y=0=Y ). (with: ¥=0=7).
. TN . KAXX Py olkX X2+
1+ 2 X)X +0FK2XK 4+ ghX R DT e T 0
m ) Y = cov I+k°X 1+k°X
XX +0+ kX +g by
X+0 | | Fy, | 1 1 _kX Fg
F= F;OV gY Y+kX2+g Fcl;n m\ —kX 1+k*X? FYCOV

=m(kXY+O+kX2+g)[ _];X ]

:m(ili%x?fk%?s;g):;r (kX2+g)(1+:k-2=X.22)][ _iX ]

1+ k2 X7 1+ k2 X2 1 .
- > . Centripetal 2
_ . d 1 2
: =ka2+g2( kX] = N force mkv2+mg —8=y=,. GkX"+Y)
F, 1+k-x°\ 1 mkX "+ mg | 5 N
£.X=0 =kX*+kXX+Y(=kX"+Y for X =0)
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Other Ways to do constraint analysis

=) Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)

. 2 2, .2 2, 22 _ 4
2 v +i2uy ro=zxz=x"+y" = +v°) =u

u=0.3 u=0.4

u=0.2 .."Q ’
u=0.1 ./. !

+ v4 + 2u2v2

z=x+iy=(u+iv)2=u
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)
4

. . N2 2 2 . 2 2
z=x+iy=(u+iv)" =u"—v~+i2uy ro=z%z7=x
x:uz_-—vz _______________
y=2uv"
r::lf24-v2

u=0.3

u=0.

u=0.

()

~

+y2:(u2+vz)2:u

u=Q0.4

u=0;

+ v4 + 2u2v

=y
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Way 3. Parabolic OCC approach

. 2 2 2 2 2N\2
2 2+12uv ro=z¥z=x"+y" =W +v°) =u

-
-

___________________________ u=0.3
_o2 e T
X=U ~.\~‘~/t ________ —2:’ > > u=0.2
y=2uv" L 2u =r+x=\/x +y" +x
g u=0.1

4

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)
4
+v' +2u

2\/2
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49



Way 3. Parabolic OCC approach

. - N2 2 2 . 2 2 2 2 2N\2 4
z=x+iy=u+wv) =u—v- +i2uv ri=zkz=x"+y =W +v) =u
__________________________ u=0.3
_o2 e
E A=U V _________ 2 5 5 u=0.2
ey =2uv T 2u =r+x=+x"+y +x
u=0.1
2.2 ) )

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)

+v* +2u
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Way 3. Parabolic OCC approach

: . \2 2 2 . 2 2, .2 2 232
2=x+iy=W+iwv) =u-—v- +i2uy re=zxz=x"+y" "= +v°) =u
-------------------------- u=0.3
_o2 e
ATy " — u=0.3
ey =2uv 2uS=r+x=+x"+y +x

u=0.1

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

+v* +2u

y2 = d4u’v? = 4u2(u2 —X):

) y2 — 4y*y? = 4\/2(\/2 + Xx)

Gives confocal parabolics

dx dx du du 2u  +2v

ou dJv :(E E ):( 2u —2vJ ox dy | | E* | \-2v 2u ) |
I A I VI Y0 o G P
ou dv I @
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)

. .2 L 2 2, .2 2, .22 _ 4, 4 2.2
2=x+iy=W+iwv) =u-—v- +i2uy ro=z¥z=x"+y =W +v) =u +v +2uv
----------------------- u=0.3
o2 T
A= uIY 2 S 0
ey =2uv 2uS=r+x=+x"+y +x
- u=0.1
2.2
r=utHtve 2t =r—x= x2+y2—x
y: =duv =4u*(u’ - x) | , ,
) 5 9 5 : Gives confocal parabolics
v =4u v =4v (v +x):
ox  dx . [2u +2v]
du dv |_ _| 2u 2v ox dy | | E* |_\2v 2u ) [ u v
9y 9y (Eu Ev) (+2" 2”) v v _L E’ J_ 4fu? +9?) _2’[—v u] S
ou Jv ox dy

Metric gww~E,*E, and g*” are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*v=0“"/4r.
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

. ) 2 2 . 2 2, .2 2, .22 _ 4, 4 2.2
2=x+iy=W+iwv) =u-—v- +i2uy ro=z%z=x"+y" =W +v) =u +v +2u"v
————————————————————————————— u=0.3
I
""" X=U .,—\V s
———————— 2 _ _[2, 2
. y:2uv‘ 22U =r+x=4/x +y +X

LY =auPV =2 (VP x)

Gives confocal parabolics

dx  dx ou du [ 2u +2v]

LS e B e e R E

dy dy Lo +2v 2u dv  Iv EY 4(u2+v2) L /
ou Jv ox dy

Metric gww~E,*E, and g*” are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*v=0“"/4r.
L= %(g,4°") -V="2 (g, u"+g,v°) -V =2m@* +v*)u*+v*)-V
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
> Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

. .22 2. 2 2, .2 2, .22 _ 4, 4 2.2
z=x+iy=(u+iv)" =u"—v~+i2uy ro=z¥z=x"+y =W +v) =u +v +2uv
——————————————————————————— u=0.3
_o2 e
A= V """ > > u=0.2
-y = uv ~:::= 2142":}’ +X=\X"+Yy +Xx
2 2 u=0.1
r=uttve. 2 v2=r—x=""x3;|jy2—x
vyt =dutv = 4wt (= X) e LT ,
- 5 5 5 5 5 ~-(1ves confocal parabolics
y o =4uvt=4v (v +x): Tl e
ax  dx du ou (mm)
ou dv _ _| 2u 2v ox dy | | E* | \ —2v 2u _i """" ”"u‘.’\ e
9y 9y ( b B ) ( 2y 2u ) v v ‘L E’ ]‘ A +?) —2,[ —y ] ..... N /
v ox oy ) T i,
Metric giw=E.*E, and g*’ are diagonal. Lagrangian L uses g.,==0.4r. Haméiltonian H uses g"v=0""/4r.
_ m .a-b _m .2 .2 _ 222 2 RN
L=75(g,4q)-V=75 (g, u +g,v) -V —21;1(14 ;—v Yu”+v)=V e
=om (8 PPp)+V =3, (8P, +8 P)+V= Sm(u® 1+ v2) Stark-Coulomb potential
mu 1%
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

. .22 2. 2 2,22 22 4, 4 2.2
z=x+iy=w+iv) " =u’ —v"+i2uv ro=z¥z=x"+y =W +v ) =u +v +2uv
------------------------- u=0.3
2 vy e
----- A=W SV T u=0.2
[ 2, 2 '
-y =2uy 2u2‘~=.1j X=X +Yy +X
u=0.1
_ 2.2 2 22
F=U"F Ve v =r—x=4x"4+y —x
vyt =dutv = 4wt (= X) e LT ,
3 i -Q1ves confocal parabolics
2 2.2 2,.2 T
y =duvT =4V +x): T
ou dv =( E E )= 2u  2v ox dy | | E* | _\ 2v 2u _i """" ”"~~Y\ ...
a_y a_y " Y +2v  2u ﬂ i B EY h 4(u2+v2) B2 R CR /
ou Jv ox dy RRDISR

Metric g, =E,°E, and g*¥ are diagonal

. Lagrangian L uses gy=0u47. \ﬁ'ei'm:irlj;gnian H uses g"v=0"/4r.
L=%g.,q"¢") ~V="1 (g u*+g, v}) -V =2m@@*+v*)u*+v*)-V "

~a
-~
~
~
~
~
~
~
-
~
~ ~
~ ~
~ ~o
~
-
~
~
~
~
~
~
~
~ o
~

1 ab 1 uu 2 w2 _ plf_l_p\% V:8X+k/l” .
H=;, (& p,p,)tV =5, P, +8 p)+V= S 1 v7) +V Stark-Coulomb potential

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and Sepamb/l,eﬂiﬁfo u an('i,ov"parts.

——
’

2 2

k .
4u* +v*)E :2%41 (pi +p5)+4(u4 —vHe+4k for H=FE and: V=ex+—=¢e(u’ —v*) +
u +v

r
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

: N2 2 2. 2 2, .2 2, 22 _ 4, 4 2.2
z=x+iy=W+iv)" =u"—v"+i2uv re=zEz=x"+y =W V) T =u v +2uy
-------------------------- u=0.3
_o2 e
A=U V """ > > u=0.2
-y = 2uv ~:::= 21/[2"':.1’ +X=\X"+Yy +Xx
) 2 u=0.1
FEuUTt Ve 2 v2:r—x:"“x~%;ljy2—x
vyt =dutv = 4wt (= X) e LT ,
S, ., 5 ., i (ives confocal parabolics
y =duv =4 (v +x): e
dx Ox o [2u-’l—2u}
ou Jdv |_ | 2u 2v dx dy E" -2v  2u P AT S
= E E = = = == Seal .
9y 9y ( ’ v) (+2" 2u J v v LEVJ 4(u2+v2) 2’[ —v u] ~~~~~~ e A
v ox oy ) T i,
Metric giw=E.*E, and g*’ are diagonal. Lagrangian L uses g.,==0.4r. Haméiltonian H uses g"v=0""/4r.
_ m .a-b _m .2 .2 _ 222 2 RN
L=35@g,49)—-V=75(g,u+g,v) -V —21;1(14 ;—v Yu"+v )=V ST
uu 2 p, tp, V=ex+kir

+V

1 ab 1 2 ¢ S
H=; (g"p,p)+V =5 (g"p +8"p)+V = Stark-Coulomb potential

8m(u® +v?)

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and Sepamb/l,eﬂiﬁfo u an('i,ov"parts.

k .
2%71 (Pj +pf)+4(b;4 — vf{)8+4k,.f.or: H=F and: V=ex+—= g(u2 — v2)+

4(u,~2 + vz)E = —
S e T r u> +v?
Each sub-Hamittonian part 4,-aidd. 2y 1s a constant. Together they sum to zero total energy 0=h,+h..
_1 2 g2 A L2 2 e A
0=, p, —4Eu”+4¢u +  5op. —4Ev ev'+4k = h, + h
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
== Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Metric gw=E.*E, and g*’ are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*'=0""/4r.

L= %(g,4°") -V="2 (g, i°+g,v°) -V =2m@* +v*)u*+v*)-V
uu 2 w2 . p3+p5 V=ex+kl/r .
p,t8 PtV = > +V Stark-Coulomb potential

1 b 1
H=; (8"p.p)+V=5 (g

8m(u’ +v?)
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Metric gw=E.*E, and g*’ are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*'=0""/4r.

L= %(g,4°") -V="2 (g, i°+g,v°) -V =2m@* +v*)u*+v*)-V
p5+p3 V=ex+kl/r

I 2 | |
" > +V Stark-Coulomb potential

1 b 2
H=; (“p p)+V=5 ("p, +8" p))+V=

8m(u’ +v?)

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and separable in,to"'u and v/parts.

4(u” +v*E :2%71 (pi +p5)+4(u4 —v e+4k for: H=F and: V=ex+—=e(u” —v>)+ 7
r u - +v
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Metric gw=E.*E, and g*’ are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*'=0""/4r.

L= %(g,4°") -V="2 (g, i°+g,v°) -V =2m@* +v*)u*+v*)-V
p5+p3 V=ex+kl/r

I 2 | |
" > +V Stark-Coulomb potential

1 b 2
H=; (“p p)+V=5 ("p, +8" p))+V=

8m(u’ +v?)

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and separable iI},tO'/u and \{,"i)arts.

k k
4(u?~ +v7)E =2%% (pj + p5)+4(uft — Vf)8+4k for: H=E and: V = ex + — = &(u” — \/2)+T'—2
\.\ ________ ,:'“ \\\ :' "\\\ ’~\\ r u + V

Each sub-Hamiltgnian pait-#.-4nd A, is a constant. Fogether they sum to zero total energy 0=h,+h,.

-
~ e
-
-

-
~a
-
-
~ao
~ e
.....
~aa
-
-
-~

102 2 a4 b2 T 2 a4 i
0=, p;—4Eu” +4eu +  5ops—4Ev —4evi+4k = h + h

v
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Metric gw=E.*E, and g*’ are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*'=0""/4r.

L= %(g,4°") -V="2 (g, i°+g,v°) -V =2m@* +v*)u*+v*)-V
p5+p3 V=ex+kl/r

I 2 | |
" > +V Stark-Coulomb potential

1 b 2
H=; (“p p)+V=5 ("p, +8" p))+V=

8m(u’ +v?)

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and separable in,to"'u and \{,"i)arts.

N 2
r u-+v
______
______

Each sub-Hamiltgnian pait-#.-4nd A, is a constant. Fogether they sum to zero total energy 0=h,+h,.

2

-
~ e
-
-

k k ;
AU’ +v)E=4 (p7+po)+d* —vHe+4k for H=E and: V=gx+—=e(u’ —v’)+——

-
~a
-
-~
-
~ e
.....
~aa
-
-
-~

102 2 a4 b2 T 2 a4 i
0=, p;—4Eu” +4eu +  5ops—4Ev —4evi+4k = h + h

v

Zero Stark-field (e=0) gives hy, or i, harmonic oscillation if £<0. It’s unstable or anharmonic otherwise.

oh oh . Oh

h
hu=—— =—8Eu+16ew’ = 3 =Pl p,=-=r=-8Ev-l6ev’ V=3

1%

=p,/m
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
=) Vay 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
c! =1§ kc® — y=0
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.

c! =1§ kxz—yzO

Imagine this is a coordinate line. Its normal constraining force F is along its ¢!'-gradient

 (F o V')
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
1 _1 2
¢ =5 kx"—y=0
Imagine this is a coordinate line. Its normal constraining force F is along its c!-gradient . (F o< V¢!)
oc’

F=AVe' = AV ke? - y)= 1 aaxl =){ k’i]
. _

9y
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
1 _1 2
¢ =5 kx"—y=0
Imagine this is a coordinate line. Its normal constzaining force F is along its c'-gradient . (F o< V¢!)
oc’

F=AVe' = AV ke? - y)= 1 aaxl =){ k’i}
. _

9y

Proportionality factor A = Flc 1s a Lagrange multiplier.
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
c! =1§ kc® — y=0

Imagine this is a coordinate line. Its normal constraining force F is along its c¢!-gradient
a_c1
ox
oc'

F=AVc = AVE k* —y) = 1

Proportionality factor A = F “ is a Lagrange multiplier.

It 1s like a covarlant constraint component F; of a contravariant vector E'=V¢!
that arises if ¢!(x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

dy

5]

 (F o V')
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
c! =1§ kc® — y=0

Imagine this is a coordinate line. Its normal constraining force F is along its c¢!-gradient
a_c1
ox
oc'

F=AVc = AVE k* —y) = 1

Proportionality factor A = F “ is a Lagrange multiplier.

It 1s like a covarlant constraint component F; of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —-mg add constraint force F
to become mf=F-mg=F—-mg with constraint :

dy

5]

F = FCVC

 (F o V')
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
c! =1§ kc® — y=0

Imagine this is a coordinate line. Its normal constraining force F is along its c¢!-gradient
a_c1
ox
oc'

F=AVc = AVE k* —y) = 1

Proportionality factor A = F “ is a Lagrange multiplier.

It 1s like a covarlant constraint component F; of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —-mg add constraint force F
to become mf=F-mg=F—-mg with constraint :

A H ]

dy

5]

F = FCVC

 (F o V')
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
c! =1§ kc® — y=0
Imagine this is a coordinate line. Its normal constraining force F is along its ¢'-gradient . (F « V¢!)
o'
F=AVe' =Vl i? —yy=a| & =){ ke }
ac! -1
dy

Proportionality factor A = F “ is a Lagrange multiplier.

It 1s like a covarlant constraint component F of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

lsHn) (e MRS

Constraint function y=1/2kx? gives derivatives y = kxx and y = k(x* + x¥) that give multiplier A.
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
c! =1§ kc® — y=0
Imagine this is a coordinate line. Its normal constraining force F is along its ¢'-gradient . (F « V¢!)
o'
F=AVe' =Vl i? —yy=a| & =){ ke }
ac! -1
dy

Proportionality factor A = F “ is a Lagrange multiplier.

It 1s like a covarlant constraint component F of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

lsHn) (e MRS

Constraint function y=1/2kx? gives derivatives y = kxx and y = k(x* + x¥) that give multiplier A.
A = m(=ki? — kxii — 2)
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
c! =1§ kc® — y=0
Imagine this is a coordinate line. Its normal constraining force F is along its ¢'-gradient . (F « V¢!)
o'
F=AVe' =Vl i? —yy=a| & =){ ke }
ac! -1
dy

Proportionality factor A = F “ is a Lagrange multiplier.

It 1s like a covarlant constraint component F of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

mx kx 0 mx _ mx _ Akx | 0
my =4 -1 | | mg ny mk (%% + x¥) —A mg
Constraint function y=1/2kx? gives derivatives y = kxx and y = k(x* + x¥) that give multiplier A.
A = m(=ki? — kxii — 2)
Then the A function gives the new constrained x-equation of motion.

mi = Mkx = —m(ki? + koo + 2)kx = —m(k* x> + k> x%5% + kgx)
1+ k*x?)i = (—kx* — 9)kx
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
c! =1§ kc® — y=0
Imagine this is a coordinate line. Its normal constraining force F is along its ¢'-gradient . (F « V¢!)
o'
F=AVe' =Vl i? —yy=a| & =){ ke }
ac! -1
dy

Proportionality factor A = F “ is a Lagrange multiplier.

It 1s like a covarlant constraint component F of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

mx kx 0 mx _ mx _ Akx | 0
my =4 -1 | | mg ny mk (%% + x¥) —A mg
Constraint function y=1/2kx? gives derivatives y = kxx and y = k(x* + x¥) that give multiplier A.
A =m(—ki® — kxk — g)
Then the A function gives the new constrained x-equation of motion.
(Same solution as before)

mi = Mkx = —m(ki? + koo + 2)kx = —m(k* x> + k> x%5% + kgx)
L —ki?
(1+k%x2)i = (ki — 9)kx T

— 8
12 7 kx
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
=y [ agrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Lagrange multiplier basics

Suppose you need to find maximum of H=(Ax’+Bxy+A4y?)/2 subject to constraint: C=(x’+y?)/2=const.

By geometry you are finding the largest ellipse (1f A>B>0) to centactthecircle C or the smallest.

The contact points satisfy
gradient proportionality equations:

VH=A1-VC

9 H . d.C
o,H | 7| 9,C
Ax+ By _1 X
Bx+Dy | y

Extreme cases occur only at contact points
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Lagrange multiplier basics

Suppose you need to find maximum of H=(Ax’+Bxy+A4y?)/2 subject to constraint: C=(x’+y?)/2=const.

By geometry you are finding the largest ellipse (1f A>B>0) to centactthecircle C or the smallest.

The contact points satisfy
gradient proportionality equations:

VH=A1-VC
Jd_H d.C
— 1
d,H d,C
Ax+ By _1 X
Bx+Dy | y
This amounts to a A-eigenvalue-eigenvector equation

A B
( B D ]( i ):A [ ; ] (More about this in Units 4-6)

Extreme cases occur only at contact points

(Perhaps, this is why we label eigenvalues A with a Greek “L”)
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues

= \[ultiple multipliers
“Non-Holonomic” multipliers
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Lagrange multipliers also work for constraints c(g*) = const. that cut across GCC lines.
It is only necessary to express the gradient of ¢(¢¥) in terms of the GCC using chainsaw sum rule.

. J
cha_c.éfziEk dc dc_ox! dc  or Bc:Ek.VC

ox’ o~ o 9g*  9g* ax/ agt or

Then the Lagrange equations for each GCC ¢* will share a A-multiplier on its c-gradient component.

(o ) [ g
bood o’ oL oc
oL |=| joc pp——=A——
2 9’ ;Laqz aqk aqk
\ J \ J
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Lagrange multipliers also work for constraints c(g*) = const. that cut across GCC lines.
It is only necessary to express the gradient of ¢(¢¥) in terms of the GCC using chainsaw sum rule.

. J
cha_c.éfziEk dc dc_ox! dc  or Bc:Ek.VC

ox’ o~ 0" 3" 3 ax’ gt or

Then the Lagrange equations for each GCC ¢* will share a A-multiplier on its c-gradient component.

a oL \ /'LQQ A
1 _a 1 o) 1
4 g oL Jdc
oL = dc P, ———F=A——
A k
\ J \ J
Two or more constraints ¢ (g¥)=const., ¢*(¢g*)=const.,.-- add two or more terms to the equations.
q
[ aL\(Aacl\(la&\
P15, I 9g' 2 94’ , oL 1 ac’
_ Pk~ =AY —
. JdL |= Lo+ 2 |+, k k
\ )\ J \ y
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢? surface functions.

Integral constraint differentials General differential constraint relations
1 1
0=dc' =9 dg' + 2 a + .. 0=Cldg' +Cldg* +...
o' oq”
q q
2 dc” 1 dc” 2 2 51 2,2
0=dc :—1dq +—2dq +... 0=C;dq +Cidq™ +...
dq dq
: Constrained equations of meotion
. oL ot . oc? . oL
pl——1=/11—1+/12—1+... pl__1:A'1C11+2’2C12+"'
dq dq dq dq
oL oc' dc* oL
pz—;zlla%+/lza%+... p2—8—2=l1C5+12C22+...
q q q q
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Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢? surface functions.

Integral constraint differentials

General differential constraint relations
oc’ oc’
0=dc' =—dq' +—dq° +... 0=C,dq' +Cldg* +...
dq dq
dc” dc”
O:dczz%dql+%dq2+... O:Cqu1+C22dq2+...
dq dq

_ . oL 1 2
p——=A—t A, —+... p——=AC, +A,C +...
| aql 1aq1 28q1 1 8q1 11 271
oL . o' . o’ JL ! 2
PRI Y R = A ACE
2 aqz laqz 2aq2 2 aqz 12 2V2

If a differential can’t be integrated to give a constraint function 1t’s called a non-holonomic constraint.
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Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢? surface functions.

Integral constraint differentials

General differential constraint relations
1 1
0=de' =2 ag' + 2 ag? 4. 0=Cldg' +Cldg? +...
1 2 1 2
dq dq
2 2
O:dczzac—ldql+aiqu2+... OzClqu1+C22dq2+...
dq dq

_ . oL 1 2
p——=A—t A, —+... p——=AC, +A,C +...
| aql 18q1 28q1 1 aql 11 271
oL . o' . o’ JL ! 2
PRI Y R = A ACE
2 aqz laqz 2aq2 2 aqz 12 2V2

If a differential can’t be integrated to give a constraint function 1t’s called a non-holonomic constraint.

I guess that means that integrable ones are holonomic, but why do we need the b1 ZLCT words.

A requirement for integrability (or “holonomicty”) 1s that double differentials are symmetric.
0°c” 9°c”

dq’9g* _-aqkaqj

Tuesday, November 6, 2012

84



Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢ surface functions.

Integral constraint differentials

General differential constraint relations
1 1
0=de' =2 ag' + 2 ag? 4. 0=Cldg' +Cldg? +...
1 2 1 2
dq dq
2 2
O:dczza%dq1+aiqu2+... O:C12dq1+C22dq2+...
dq dq

: Constrained equations of meotion
. oL, dc' . oc . oL
p——=A—+A,—+...

aql aql aql Dy —a—qlz /'LlCll +2,2C12 +...
) oc! oc? . oL
Pz_gz%g‘Flzg‘lﬂu p2—$=/11C5+2,2C22+...

If a differential can’t be integrated to give a constraint function 1t’s called a non-holonomic constraint

I guess that means that integrable ones are holonomic, but why do we need the b1 ZLCT words.

A requirement for integrability (or “holonomicty”) 1s that double differentials are symmetric.
0°c” 9°c”

dq’9g* - dg* g’

Force components F/ =§9: = ¢? must satisfy reciprocity relations to be gradients of a ¢’ function.
q

Integral constraint differentials General differential constraint relations
oF B 9%c’ B aFJ?/ doC!  mayor 8C}/
aqj a E)qjaqk B aqk aqf may not be aqk
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