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Some things we’re trying to
explain / predict / understand:

Inner worsings of molecules
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Matrix Diagonalization by computer:
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Eigenvalues
(Quantum levels)

Hl-matrix : :
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Eigenvectors

Cleme  wn e (Quantum states)
B Audb A Ok b A hows allu-

Friday, May 31, 2013



Friday, May 31, 2013

Bl-matrix
[ Hyy Hjy Hp

o

“

— e
l'd-Ir

..but what’s left for the

Carbonj

fHy Hy Hy
Hy Hzpp Hiz -

cor et knows all...

Eigenvalues
(Quantum levels)

Eigenvectors
(Quantum states)

o)




Eigenvalues
(Quantum levels)
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Commuting)
ildﬂ symmetry Fourier CIMZ}’SIS (Back to our roots 1N —ez’“"m)

Group product table => Hamiltonian H-matrices (C, and C, examples)
Group roots => H-matrix spectral resolution by P'")projectors
Commutivity conundrum... ? Hg=gH 7?
o New symmetry insights: Localvs. Global symmetry  Projector invariance
“Mock-Mach” principle Conway, et.al, May (2008) Cvitanovic, (2008)

(Non-Commuting)
e Non-Abelian symmetry analysis I. (Simplest example: D3)
Local vs. Global product tables => H-matrices
All-commuting invariants => Global invariant (character) P\*)projectors
Mutually-commuting sets => Local vs. Global eigensolutions by P\") projectors
=>  H-matrix spectral resolution by B\") projectors

e Non-Abelian symmetry analysis II. (Octahedral example: oy .
Global-local product tables => H-matrices... '
... and all the above ...

=> eigensolution formulas by local-symmetry defined P") projectors

Friday, May 31, 2013 7



Commuting)

» Abelian symmetry = Fourier analysis (Back to our roots 1'N=e?riz)

Group product table => Hamiltonian H-matrices (C,and C, examples) 3 &
Group roots => H-matrix spectral resolution by P h)rajectam % g5

rl

|
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Expand C, symmetric H= |  w ¢ w o {using C, group table( ﬁ,,.m
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C, group table gives r-matrices,...
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15 Step (contd.)

Expand C; symmetric H=

H=rx% r 4 rpr4 . +r, 0= XZr et ,.
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2nd Step

H diagonalized by spectral resolution of r, r,...,r’=
All =7 satisfy x’=1 and us¢ 6"-roots-of-1 |for eigenvalues '
v, ::zegm r Dm(r ) qg—.?mm.fﬁ =y m_wfm*
I;u:f - I Bm(ﬂ})qi’ =2 mim-p ﬁ_IJm:%}m* , I;!J,‘r
’fJ_ I_ p=power (exponent) Vi \ /
'J'-"'Jf _'J'-"': - i_ =1
i 6 or position point '#'f

'#} 'P"; 'J'f; ‘=e _ X
rGroupS “know” their roots and will "m_’;””’“ : ”f !
tell you them if you ask nicely! o
You efficiently get:
*invariant projectors
irreducible projectors
irreducible representations (irreps)
*H eigenvalues
*H eigenvectors
o T matrices
edispersion functions

~ J
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21d Step (contd.)

H diagonalized by spectral resolution of r, r’

top-row tlip
not needed...

All =7 satisfy x’=1 and us¢ 6"-roots-of-1 |for eigenvalues . P(m) = Pt
Iy . vina] CNCIRUINE
wn:j Dm(?')zﬂ 2 im0 :Ifm:lryjm 6 r:: EWP P P P P
w::J':eZm'ﬁ | Bm(r” ) —p 2 Tim-p/6 qflm:%}m* " 14 Pm ’ P(U ’
W—*iz"”-"j_‘e‘rm ‘ p=power (exponent) \ / ) e 'P(-v: _
Wi=vs =1 or position point 1l ;j e w0
v =y, =y tme m = momentum =1 4 -Iﬁ-
v =5t =y e or wave-number ! 5 b i
i W_a P( 4 i ) PG'J
0 (U] (1) (2) 3 O p D (3)
I';J _JL}; JL};] - XFEP - x]” P - IFL‘P . XFSP
(x - S T S (o (o (. .
: x;-,.l : : O o S o . .
| Ifx’* N % DU % HEN = % SN %) I ) B &7 | |
. ,‘” Jti} :‘1 o Y B Y I Y N R : 1 : :
| x) N \ oo o o \ :
' )
Projectors v are eigenvalue “placeholders "having
orthogonal—idemgfotent products, eigenzequations,
P(m)P(n)=6mnP{m) r’ P(n)= xf HP{HJ
and one completeness rule: pO+p)+P+..4PO)=1 )
12

Friday, May 31, 2013




21d Step (contd.)

H diagonalized by s wf

ectral resolution of r, r°,...,r°

top-row flip
not needed...

All x=r’ satisfy x’=1 and 6™-roots-of-1 |for eigenvalues P = Pt
ool (O (D 2 3 ()
,—27im/6 —yy m* g p P P P P P
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I,Uf‘r=€2“"ﬂ Dm(?*r})q‘? =2 mwim p fi_x m_%:'m* i '1"-"'}! Pru -P(u-
Vi =W;:_€"”“ ’ p=power (exponent Vi \ / ) p? e
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w*’—w;*’—uff——e 76 m = momenium W, /\w;’ﬂ » -P””‘
o276 S , : P -
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rxj,,ﬂ' 1 S I £ e O Y (T .
: ;]_{;l S O e Y
B PN =7 NEDORIN =2 NN 7 RO 5 MR 7 M 7 O
Inverse C s spectral resolunon m-wave qxl il ") =TI p/6; i
m
P - v," ¢’ V" Ze 5" LA S A
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P d wgd upd oyl oyl
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transformation:

C72

Fourier

matrix
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3rd Step
Display all eigensolutions for all possible C s symmetric real H

m—1

ni—1
H - z A Z To E x”lp("'] = Z wtmIPt phere W™ = E FJ;{;:L = wlkem) L?ﬂﬁﬂﬂfmmrl)
p=0 p=t =0 B=0 CIEEnRVULHES ﬂfH ﬁ}
Elementary : ,f 0 1 2 3 4

Bloch Model
H= H,1-rr- !

(HI-r - -r\ﬂ
-rH;=-r - « - 1

rHy - | e )
-f H'.r o =roxn +rxy Frax’
r H. -1 - I — v cos(27m f6)

: -+ - - - -rH,

_~ /s
B2(6)

ad i eigenvalues of H

2 ]‘iﬂ]ghhﬂ[‘ 78 7N\ ' p=0 1 2 3 4 5

coupling P . f A A ) . - . -¢ . \o0

H= /1 - 517 - 517 . 6 .--iIL-.,J [ A4 { 25| A5 (HE = g \
1 LA U R - HE - _5 - _5 JI UHE{TL__I [kﬂi::l
.II : - -5 s H.E' - -5 s e TUIH? + f-HI];T -+ ?'—E}I':m;g
III".. IIII." II".I - -5 - H o 75| = - 2seos(4mm6)
Ak I'. .'II 1y 'lI _5 _5 O H El y
/ ll"'-ll- _."IIII 3 F} \ -5 -5 - H 2
/ ! gl - 3
& D )

T s - eigenvalues of HB3(0)
3" Neighbor 1A W5 Tlp=0 1 2 3 4 5

coupling ’ T ¢ \ o 1 A 0
H= H 1 -1 - 0 e N Hs - -t |

Ir —2i-2 : . H. . -t i .
l 3 H E— L-...‘EH{"-'I (laf-;-;-i}'
| 3 * * 2 _ T'I_]I(_]m +'i"'-I.XET +T—H:'{""L:j.
-t - Hz - |5 _ I, — 2t (—1)™)
= _E— " H__:I'n " 4
erd e | -+ - . H.
-:'Jl":- Ir} :'JI"!- F.}I.-:_ i . / 3
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3rd Step (contd.)
...eigensolutions for all possible C g symmetric complex H
- =30, 5 et -

n=I n=f] =il

Z WPl phere - T — E ?';J:{;:L = wlkem) (I)@E?'fﬁjn f m@ "’)
=l

p=0

e HZB(ﬁ) eigernvaliies

[ _tj% singlaf thift o
K/_t‘ 6 (0 Zeeman splitting
splif double f_\= @

- ?5 /

B |
3 singlef shiff
2]

Note “gauge” shift
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Commutivity conundrum... ? Hg=gH 7?

e New symmetry insights: Localvs. Global symmetry  Projector invariance

“Mock-Mach™ principle Conway, et.al, May (2008) Cvitanovic, (2008)
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Abelian (Commutative) C,, C,, ...,C ...

H diagonalized by v’ symmetry operators that COMMUTE
with H (WH=Hr),
and with each other (r'ri=r""1=prir’).

Non-Abelian (do not commute) D,, O,,...

While a/l H symmetry operations COMMUTE
with H (UH=HU )
most do not with each other (UV # VU ).

Q: So how do we write H in terms of non-commutative U ?

Friday, May 31, 2013
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...from PURE group theory...

A revolutionary simplification
to classify all groups and their algebras

The
SYMMETRIES

3l ¥
i/

-~
i'l’h‘

i

‘\
:

A “kaleidoscopic™
approach that uses
an “intrinsic” group

l
!

w"!ﬁ
|

h
i

;f
ﬁ‘ \

Jobn H. Conway « Heidi Burgiel « Chaim Goodman-Strauss

(2008) AK. Peters Ltd. Wellesley, MA (12482

. from APPL[EDH‘H siring theory). . .

A new/old approach to Clebsch-Gordon-
Racah-Yutsis invariants

Predrag Cvitanovic

GROUP THEORY

(2008) Princeton. Oxford 0X20 1TW

Friday, May 31, 2013
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...from PURE group theory... ...from APPLIED uosupersymmeny. ..
A revolutionary simplification A new/old approach to Clebsch-Gordon-
to classify all groups and their algebras Racah-Yutsis invariants

The Predrag Cvitanovic

GROUP THEORY

SYMMETRIES

Main 1deas:

...Intrinsic group relativity...

and: T "ﬁ

A main message:

...use invariant projectors...

...all groups are lattices...

...a generalization of the space-group
approach to floppy molecules.
(P. Gronier and S. Altman)

lower-dimensional reps. Most Of computations o Iolow e spetirar

decomposition

M= MP, + AgPg 4o b APy,

which associates with each distinct root A, of invariant matrix M a projection op-
o erator (3.48):

A “kaleidoscopic™ Ch. 3 P 1-[ M — A1
approach that uses p——— oy

an mirmsic. group | The exposition given here in sections. 3.5-3.6 is taken I"mm_ F::1'5.. [73, 74). Who
wrote this down first T do not know, but 1 like Harter's exposition [155, 156, 157]
best.

Jobn H. Conway « Heidi Burgiel « Chaim Goodman-Strauss

(2008) A.K. Peters Lid. Wellesley, MA (12482 2008) Princeton. Oxford O0X20 1TW
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“Give me a place to stand...
and I will move the Earth’
Archimedes 287-212 B.C.E

IdeElS O'f dllEllity/l'elﬂtiVity gO Wdy bEle (...VanVleck. Casimir.... Mach. Newton. Archimedes...)

Lab-fixed (Extrinsic-Global)R vs. Body-fixed (Intrinsic-Local)R

Lab Based Operations z-Crank does Body Based Operations
§ operations R
R{c00) or R{O0y)
commuies ¥ Crank docs
— operation
with all R
Mock-Mach

relativity principle

' R|1)=R|1)
|

...for one state [1) only!

Z-Crank does

= operations
Ri-000) or R(00-y)

...But how do you actually make the R and R operations?

Friday, May 31, 2013
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Local vs. GIabaI}:roduct tables => H-matrices
All-commuting invariants => Global invariant (character) P\*)projectors
Mutually-commuting sets => Local vs. Global eigensolutions by P\") projectors
=>  H-matrix spectral resolution by B\") projectors

(Nnr_l-Enmmuting) .
e Non-Abelian symmetry analysis I. (Simplest example: D3) *
h!
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Example of GLOBAL vs LOCAL projector algebra

for D3~C3,,

D 3—d efined
local-wave -
bases

Friday, May 31, 2013
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Example of GLOBAL vs LOCAL projector algebra

for D3~C3,,

D 3—d efined
local-wave
bases
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Example of RELATIVITY-DUALITY for D ~C,

To represent external {..'T,U,V,... }switch gﬂ__‘:g"' on top of group table

R =

Friday, May 31, 2013

R =

RG (1) =
P
o
I

I

H‘“{ij}: RE(i )=

RY{

)=
e
().

(1) .

ol

A1) .

26




Example of RELATIVITY-DUALITY for D ~C,

To represent external {..'T,U,V,... }switch gﬂ__‘:g"' on top of group table

RS (1) = RG(r) = RS (%) = RO )= RO (i) =
A A Y AN (RN AU [ Y AR I
1. 1 Co 1

1 1 1 . 1
1 l : 171
I 1] I I

| 1)\ 1 | 1)\ 1

RESULT:

Any R(T)

commuie (EvenifT and U do not...)
with any R(U).:

..and T-U=V if & only if T-U=V.

RY{

(1) .

(1) .

To represent internal {..T,U,V,... } switch g:;“g"“ on side of group table

R (1= RE(I) = RC (1) =

Rﬂ{i}:
1 . . . . Xf{. 1 . . . Af ,

A f 1.0

Friday, May 31, 2013
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Example of RELATIVITY-DUALITY for D ~C,
To represent external {..T,U,V,... }switch g ::g‘

Ri(y= RY(p) = H'-';{rz} — R“{ij}: RE(1 )= R‘-’E{ij} -
A [ 1 A (AN Y A [ T AR [ T A [ Y AU
1 e e e e | A T
1 l 1 . 1 1 l
1 l 11 . 1 l
1 l 1 o1 1 l
\ A l \ 1 - 1 -1 |1

H= {1[H]1)=H*

So an Bl-matrix

L : }-JI — { r |:EI|1}_J|-__I:‘
if;gﬁ) having Global symmetryD, r,= {f{l'EIIEIIl}} =r*
= .7 T = L=
- commute THTZHI”_II‘I_"J_QI_'E—I'] i;—le,,—%lj _ _ .
with any R(U).." _ i = GuED=i i)
is made from : 3 y i
Ir) l
Local symmetry matrices localD defined

= 1) Ie)Ied) i) i) i)
o \H 1B i1, 1
R - D - | | ety b HI; I; 1,
o T | ) | P T | T R f PR £ T R G|1p iy I3 |H ;B
poo b ot s e s o G|l s HOE

I O 1 IC R I OO R I R 1 T Gli; I, I,\r B H

To represent internal {..T,U,V,... } switch g :g?

RE(1)= RE(F) = RO (%)= R(i)= RE(1)=
A I O A I Y

1 AT B N
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Example of RELATIVITY-DUALIT)
To represent external {..T,U,V,... }

Ri(y= RY(p) = H'-';{rz}=
A O N A [ T A [

R N B T BT R

R o B (R ST B A

)=
Iy = <13

r,=(r
r, = (r?

= (il
(1!

So an Hl-matrix
RESULT: j :
Any R(T) having Global symmetryD,

CoOmm ute:-_
with any R(U).."
is made from

B =H1%5E 5 i1, -

E =)

Local symmetry matrices

To represent internal {.. T,U,V,... } s\

RO(1)= RE() = RS ()=

Friday, May 31, 2013

w-ll

ol

local-Ds-deﬁned
Hamiltonian matrix
= [1) |r )|r2)|1)|11)|13)
Al\H 1 » i, 1, I
(rllb | H K l;-,ljlj
s H L L L

;I I3 H 1B
I, I3 L), HT,

I;1, I, rh 1 H

o’
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R ) - KU ) -

Q: How do you reduce/diagonalize all these matrices? l | H |

AZ(]) Divide & Conquer (Use subgroup chains and sub-classes) local-D,defined
(2) Find commuting invariants (Using character projection algebra) mi ol ”f’ W 1) 1’
H o '
B H
i
I
i

(3) Assemble

T ~ S, | T
T ’ L o o
) ~
(P LB S D] [N
m S S S~ ~

(

(
(i,
(i
(

Tae ts [
'N. e Pl L oy |>:
s ro o —a

S, T, ey,

S ,o o
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R ) - KU ) -

Q: How do you reduce/diagonalize all these matrices? l : | “ l

AI(]) Divide & Conquer (Use subgroup chains and sub-classes) 10“1_],3@
. . . . . . . HBs= 1) .r )r;) in)]ait.r)ixi:)
(2) Find commuting invariants (Using character projection algebra) o e T e
s JH 1 li, 45
(3) Assemble 5|\ H 1 1 I
Glli; |6, i;|H r x
(i, I i5 i: K HFE
Gli; [, I, B H
. . y . D, rc-irl :'r’+r-" i+
Important invariant numbers or “characters P=[ 1 |

10} — - - - ) ) 1>— 1y
(%= Irreducible representation (irrep) dimension or level degeneracy P =T -Tye
For symmetry group or algebra G PE=2 -1 0|3

Centrum: ¥(G)=LX,,. ep(cl) (f OC)” =Number of classes, invariants, irrep types, all-commuting ops

Rank:  p(G)=X

) (€ Oc)/ =Number of irrep idempotents P\%), murually-commuting ops

irrep(o

Order:  AG)=Z,, 0 (L% =Total number of irrep projectors P(%) or symmetry ops

mn

Friday, May 31, 2013
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BN - R

L S I. L
|
|
1. |
1 |
LY I' El

Q: How do you reduce/diagonalize all these matrices? ‘ : |

13

A:(l) Divide & Conquer (Use subgroup chains and sub-classes)

local-D ~defined
(2) Find commuting invariants (Using character projection algebra) Hamiltonian matsix
(3) Assemble H= 1) Ir e i) i) i)

IH g B li; i, i;
el |H 1|1, 1; I

“\w e og ;00

Gl |5 &3 H BB
G0z |1; 12K HF
G\t |1, 1,8 B H

_ _ y . D, r:%l :r"+r3 'il,+ij+ij
Important invariant numbers or “characters A
(%= Trreducible representation (irrep) dimension or level degeneracy PI_:' L1 -1js
For symmetry group or algebra G; P:=2 -1 0|3

Centrum: K¥(G)=X (f CI)” =Number of classes, invariants, irrep types, all-

irrep(or)

Rank: [}(G)ZZWEP(H] (f (I) " =Number of irrep idempotents P%), mutually-comn

M1 2

Order: “(G)ZZI.HEF( o) (fm)j =Total number of irrep projectors P(%*) or symmetry op

m,n
Centrum: K(Dy=X (£ =10+10+20=3 £41=1
L] B fl-j‘:: I
_ , _ O 11 1l4n]—,
Example: G=D;  rank:  p(D)=3,, () =11+1'+2'=4 i

Order:  °(DY=%,, (£ =17+17+2°=6
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Spectral analysis of non-commutative “Group-table Hamiltonian”

D, Example Ist Step: Spectral resolution of Center (Class algebra of D;)
1 rl I; 1y 13 Each class-sum x, commues with all of D,
) T 5
rl 12 r 2 13 L ki=1 | K=t +1° | Kg=1; +iy+ i3
r r- 1 13 17 1y \
i io i 1 L 2 ’ K2 2K1 + Ko ks
1 2 K3 2K3 3K1 + kg

r
iz ig i1 1'2 1 I"1
; ; NV | Class products give spectral polynomial and
all-commuting projectors P(%=P4/, P2 and P"
0=kK3 —9ka =(ka —3-1)(ka+3-1)(ka—0-1)

A Igebra Center like cell nucleus;
Its invariants are made here.
echaracters (invariant)
*projectors (invariant)

oH eigenvalues (depend on local sym.)
*H eigenvectors (depend on local sym.)

v
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Spectral analysis of non-commutative “Group-table Hamiltonian™

D. Exam p le Ist Step: Spectral resolution of Center (Class algebra of D,)
1 rl p? I; 1y 13 Each class-sum x, commues with all of D,
k 3

2 1 . . !
rl 12 ' 2 3 1 k1 =1 | ko=r'41" | K3=1i)+1y+41;
r r“ 1 I3 17 1y
: ; ; 1 I‘l o) ? ) 2H}1 + Ko 21‘%}3

1 e K3 2K 3Kk + 3K

r
iz ig i1 1'2 1 I"1
; ; NV | Class products give spectral polynomial and
all-commuting projectors P/*=P*'!, P12, and P"
0=kK3 —9ka =(ka —3-1)(ka+3-1)(ka—0-1)

' ' N n

|

0= (ks —3-1)PA 0= (kg+3 1)PA 0= (kg —0-1)PE
kgP4 = 43 . P4 kgPA2 = —3. P42 ksP” = +0-P*
Class resolution into sum of eigenvalue - Projector | pAi= (KK, +31)(K,-0-1)
k1 =1-P4 +1.P424+1.PF (+3+3) (+3-0)
4 (K=3'1)(K,-0-1)
Ko = 2 - P4 —2.PA2 —1.PF prio= (_3:_3) {_j:_{])
k3 =3-PA —3.P4 4+ 0.PF pi= (K3-3-D(K;+3-1)
(+0-3) (+0+3)

Friday, May 31, 2013
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Spectral analysis of non-commutative “Group-table Hamiltonian™

D. Exam p le Ist Step: Spectral resolution of Center (Class algebra of D,)
1 rl I; 1y 13 Each class-sum x, commues with all of D,
2 1 . . !
r 1 r by 13 1 R
]:‘1 rz 1 i2 iS il K1 = 1 Ko = 1'1 -+ 1"2 Ky =11 + 1o + 13
. — 5 - 2 1 K2 2K1 + K2 2K3
19 1o 13 1 r

K3 2K3 3K1 + 3kog

r
i2 ig i1 1'2 1 I"1
; ; NV | Class products give spectral polynomial and
all-commuting projectors P/*=P*'!, P12, and P"
0=kK3 —9ka =(ka —3-1)(ka+3-1)(ka—0-1)

|

0= (kg —3-1)PA 0= (kg+3-1)PA 0= (kg —0-1)PE
kP4 = 43 . P4 kP42 = —3 . P42 kgP¥ = +0 - P*¥
Class re.mfuﬁag into sum a£ -::‘;};'u::*m-'uz’amﬂ: Projector pi,_ (K3+3-1)(15-01)
ki=1-P"7"+1-P"2+4+1-P (+3+3) (+3-0)
Ky =2-PA —2.P4 _1.PF P S (a)
K3 = 3 - PAl — 3 ].:’flfILE +0 - PE PEi= {K;-S'])(K1+3'1)

Inverse resolution gives D3 Character Table (+0-3) (+0+3)
PAlZ(Hl --Hg+ﬁg)fﬁ:( 1 I‘l ——r2+i1+i2+i3)/6
PAEZ(HH + Ko — K3)/6=( 1 r! ——I‘E—i;[—ig—ig)/ﬁ

PY = (2k; — k3)/3 = (21 —r!' —r?)/3

Friday, May 31, 2013
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Spectral reduction of non-commutative “Group-table Hamiltonian™
2nd Step: Spectral resolution of Class Projector(s) of D,

Correlate D, characters with its subgoup(s) C,(i)

D, Example
D, «x ﬂr+r ‘1 L
P4f— | 1 6
PiS1 1 -1s
PE=2 -1 03
Ay 0,
level L .
splitting £ Ay
I S

C2 K= l ij
p” =1 1]n
pl? Al -1
D;oC, 0, 1,
nli=] 1
nia= I
nF=11 1
-
E E
level
un-splitting
or
clustering

Sl'gl's

It

Friep

or ELSE Cy) (C,and C;don’t commute)

Cyx=1r' r
p=11 1 1|53
pl= 1|1 & g*3

Friday, May 31, 2013
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Spectral reduction of non-commutative “Group-table Hamiltonian™
D, Example

D, «x Jf_[rﬂ*

i

+l +l

Pi={1 1
PiS1
Pi=2 -1

1

11

/6

fad

Rank p(DyF4
idempotent
P{%),

2nd Step: Spectral resolution of Class Projector(s) of D,
Carrelate D, characters with its subgoup(s) C,(i} arELSE Cs(r) (C,and C,ydon’t commute)

C,x=1 i, C,x=1r r
p” =l 1] p'=11 1 13 .
pl? Al -1 pi= (1 & ¥ g=e”"
p=12 e* e |13
D;oC,0, 1, D;oC, 04 1, 2,
nli=] 1 pli= 1 .
yl2= | pla= ]
nt= 1 1 nt = 1
Correlation shows products of P'* by the C,-unit or by the C,-unit make IRREDUCIBLE P,
I=pﬂ}+ pf: I=Pﬂ3 +PI_:_- +P3_:.-
Pl= Py, - 4 different pi= | P -
Prfj: p.ll'_l [dcmE:mm Pl= l_f;?{}
S 000 B I SR R T

Friday, May 31, 2013
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D, Example

2nd Step: Spectral resolution of Class Projector(s) of D,

Carrea'ate D, characters with its subgoup(s) C,(i} or ELSE ELSE C4(r) (C,and C,don’t commute)

D; ﬂ"*"\”‘“ C,x=1 i Cyx=1r' r
47
P; 1 1 /6 P”_‘-‘ —1 1 /2 Pﬂ'_;: 1 1 1 3 _—
| f A
PF'— | | -1 -'.ﬁ pf 2 41 -1lp Pj_;_-: | & £*|i c—C
P==2 -1 0}3 p= 2 €% e |3
Djj Cg 03 I’J DSj Cz 03 lq 23
HA I= 1 H.A f— 1 -
nt= 1 1 nt = 1
Correlation shows products of P'* by the C,-unit or by the C -unit make IRREDUCIBLE P,%)
S I3 )
FE P I=p" +p" +p>
Rank p(Dgy=4 Pi= Py, - 4 different pli= ]ﬁqd .
idempotent pi= ]"i'f_-‘l_ idempotent Pi— l—ﬂ
P E_ E pE. p(@) | 00 °
+ H4,15 P- PD .|}P|‘| + ny,Hy P:’L _ PI{LI, Efj

A= 153002
PDIDI P'p

Ar—amd o .'il
p=P'p
X

= (A+i)2=( 1+r'+r+i+i+i )6
; =P’3(l-ij)f2:( I+ r'+ri-i - i,-i,)6

P'p’ = P (1+1)2=(21-r"-r’-i - 1,221, )6
=Plp’ = P14 )n=(21- - r+i + i,2i, )6

P i=Plp’ =P(1+ r'+ r)5=(
B r=Pp"s =P (1+ r'+ r?)3=(

. |—P"pf"—P"(l+s*r +er?)/3
P"—P"p~*—P"(l+Er+s*r)

l+r+r+1 +1+1j)fﬁ

I,-1, )fﬁ

=(1+er S o )6

1+ r'+r- 1

=(1+ S S )/6

Friday, May 31, 2013
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2nd Step: (contd.)While some class projectors P'* split in two, Dy x=1 r+r i #i +H,

50 ALSO DO some classes ¥, ; Pl=1 1 1 /s
y, . Centrum &(Dg)=3

Rank p(Dg)=4 4 different : P=1 1 -1le
idempotents Idempotent dempotents E |
* o + s p(@ PE=2 -1 03

Ph_wf}’” =P!/(1+)2=( 1+r'+r+ E*‘ )fﬁ P“1J’=P‘“}:v”j =P!/(1+ r'+ r’)=( 1+ HE )6
PTf =P'p’" =P (1-i,)2=( _1""'!"'1'3-5-)”1 Hr—P’ U =P(1+ 1+ r7)a=( l+|r"+ -i,- d,-1,)6
Bf i 1:"I U2 = P!:(l"'i;)ﬂ_(ZI ri-r- E+@)Ifm Bfi= P‘:ph = PE(1+ er'+ er?)3=(1+ Er'e*r? )6

Ri=Pp-=P(1- 13)f~_(21 ri-r’+ + i;rl‘@)m P"I = Plp’t = PE(1+er’+ err?)3=(1+ r’+Er? )6

o —pE 1 pE *
P* splits into PT_PGIGI P|?r’; f and * PE splits into PE=PL +BL,
class K; splits into ' and ¥ class spht;s‘ into <, and K ,

39
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2nd Step: (contd.)While some class projectors P'* split in two, Dy x=1 r+r i #i +H,

50 ALSO DO some classes ¥, ; Pl=1 1 1 /s
y, . Centrum &(Dg)=3
Rank p(Dg)=4 4 different : P=1 1 -1le
idempotents Idempotent dempotents E
P P==2 -1 03

* P * B

Ph_wfpnj_lm(l"'i )2=( 1+ r'+ "3"'E+i +)ff1 P‘“—P‘i"}:v”j =P/(1+ r'+ r?)s (.l+r +ﬂ+1+1+1 )/6
P.f =P'p" =P"(1-i)2=( 1+r+r-i- i,-1)6 | p H.—P’ U =Ppl(14 rls P)s=( l+|r"+ -i,- d,-1,)6

BL_ PL V2 = PL(I'H )ﬂ_(ZI ri-r- EE ; @)Iﬁ Bfi= P‘:ph = PE(1+ er'+ er?)3=(1+ Er'e*r? )6
Ri=Pp-=P(1- 13)f~_(21 rl-r’+ + i) ﬂ)m P"I = Plp’t = PE(1+er’+ err?)3=(1+ r’+Er? )6

e 7 —pE L pE *
P= splits into P Poo iy, f * PE splits into PE=P", +BE,

class 1 splits inio Kiu bt class K sphtx into K, and X,

F=r i=i,

must must =i =i,i,

equal  equal -

K i
For Local g or g":’:;
Di~Cyfy 3

symmetry

symmetry Rank p(Dy)= 4 |

I, Is free parameter parameters in r,andr, are free

either case
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Centrum x(Dg)=3 7 3l s = Rank [J(Dj)=4.
idempotents D3 E%l _‘l‘ bl M idempotents
P Pi=1 1 1} P%
Po=1 1 -1)e = Py =Plp’ =PU(1+i )n=( 1+1'+ r—*+_@'f+ i+ )6
2 -l 03 Bi= R=Plp/> =P(14)2=( 1+r'+ -, i]-f))6

Bhi= Bli=Pp’2=Pr(1+ )2=(21-r- r’ 1}, - i) )6

Bi= Bi=Pip" =PI )=21- r'-r’+i + i3]
3rd qnd Final Step: o ‘
g=2,2,%, D0}t P}/

Spectral resolution of ALL 6 of D3 : :
The old ‘g-equals-1-times-g-times-1° Trick  P= wmZ,Dl0g

& .'rJ e I|r_',r

g=15-1= (Pl + Pl + PE, +BE,) -6 (P + Pl + PE, + P,

" Y,y
Order “(D;)=6
g=P"4 g Ph P g P+ PEE '8 Pf@ u Pfﬂ’ & P,;’H' Prn_iectr:s
+Pf}y '8 'Pgﬁt T Piy 8Py, Pi%

Six D3 projectors: _4 idempotents + 2 nilpotents (off-diag.)

1 r ri i i "
] —~ x““w*"'f'x . I'l 3 . .
RI=TT T T T 1 06 4 e | 1
l},gl{f=(f I 1 -1-1 -1)/s _

Ri=(2<1 -1 -1 -1 +2)5 |Rh=(0 -1 T -I 1 0)N32
RE=(0 1 -1 -1+1 O)N32 [R5=(2 -1 -1+1+1 -2)/6

Friday, May 31, 2013
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+ “""" — *
xternal LAB internal BOD

symmety label-e symmety label-b
GLOBAL LOCAL

GLOBAL
(i3) = ( )3
x-symmetry

LOCAL
(i,) =0,

(broken i,)\ m i, OK

GLOBAL LOCAL

i (i3) =0, (iy) =0,

) X-Symmerry
i, OK

X-symmetry
13 OK

) X-Symmertry

Friday, May 31, 2013
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{'Hr;f:-r:u’ (LAB) symmetry
LIy =130

‘l

eb eb

ij-. global (v}

anti-symmeitry

anti-symmeiry
1

i 3 local

ij global (v)

anti-symmetry
"L'L" .
[ ]
[ lj’ elobal 3

(X} Symmelry

D ,>C,i, projector states
‘(m ) (m)‘ 1)

Local g commute through
ﬂ rhe (13

Local (BOD) symmetry

Tj|fjm}> :i_jP{m]“): Rg,rn ]
_ P[m]l |1> (- “h |[m]>

inside” to be a g’
1 r r i i
[ =(1 1 1 -1 -1 -I)/ri

L=(0 -1 1 -1+1 O)N32
2=(2 -1 -I+1+1 -2)/s

Ri=(2 -1 -1 -1 -1+2)/6
RE=(0 1 -1 -1+1 0)N32

Rl=¢1 1 1 1 1 1)s

Friday, May 31, 2013
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B~ Egﬂﬂﬁ* o

Spectral Efficiency: Same D(a)mn projectors give a lot!

1 v i i i
RY=(1 1 1 1 1 1)k T SR T R T S T R
By=(1 1 1-1-I D Rh=(2 -1 -1 -1 -1+2)6 |Rh=(0 1 1 -1+1 0)N3»
| I;{:;;}«(a I -1 -1+1 O)Ns2 [Rhy=(2 /1 -I+1+1 -2)ls

| \ 3 /
I IHI. : |
Eigenstates @réviou.sﬂ sl ;f /"/
eComplete Hamzﬁz‘onzan / /
([H YRR L L if \ !ﬁ / \\

A -block H+ K+ b - ;']—f}—

\
*Local symmetery eigenvalue formulae (1.s.-> off-diagonal zero.)

- . *_ ::-*:
f"l FE Fl F, !] !2 !] /

Ap-level: H +2r + 2;'+[3
gfpes_' .-f_l.—.'rn.“l‘u.’.'r.' _H + 2P - Ef—[}'
E-level: H - r - f'+[3’
E-level: H - r + f—f3
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When there is no there, there...

Nobody Home
where LOCAL
and GLOBAL

\@

ij global (y)

anti-symmeiry

i 3 local (y)

@

anti-symmetry /@&
[l

i 3 local

ij, global (y)

anti-symmetry

-

ij’ elobal 3

(X Symmelry

Friday, May 31, 2013
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Global-local product tables => H-matrices...
... and all the above ...

=> eigensolution formulas by local-symmetry defined P\, projectors &

Friday, May 31, 2013



LOCAL projector algebra for

Example of GLOBAL vs

=

Friday, May 31, 2013
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pAi= ]

Example: G=0 Centrum: x(0)=%,, (1*)° =10+10+20+30+30=5

d-orbitals

0o oC’j|Ilr

A .
f | I Cubic-Octahedral Rank: D(Q)ZZ (f[:t); =11+11+21+3131=]p
2= Group O (@)
7= 3 Order:  %0)=Zy, (£7)! =17+124+224+37437=24
=3 ”‘
O group , T Ry
— TYz ~ 11—
Xﬁg g 'Fl—-i Py R:{:yz oo
s-orbital r* >C‘£ — .ﬁq 1 1 1 1 1
d-orbiials Ao 1 1 1 —1 —1
(x?+y7-222 x2S B 9 —1 2 0 0
p-orbitalsix, v, 20T 3 0 —1 1 —1
X2,yz, Xy 1> 3 0 I | 1

-
(0)4 (1)g ()5 B)g=(-1)y4 205 (15 (2);=(-1);Re0

Fi=ry

e 1
e 1
| .
|

® A 1 ]. . .
. A ~ 1 . .
. E |- |
| T 1 1 | |
| T2 I | |

Friday, May 31, 2013
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(a) SF, ¥, Rotational Structure FT IR and Laser Diode Spectra
K.C. Kim,W. B. Person, D. Seitz, and B.J. Krohn

J.Mol. Spectrosc. T6, 322(1979).

Ri20) I Primary AET species mixing
| | e T Tad T e L 7] f e fp
il . koo e it ,:fagr;t.’;.xr.;.x Tujih distagce from
620cm'  6lsem 6l _— % sepegalrix .
(b) ABB) Fine Struct 1 1S ) . P(BB)
- SF6 v, PES)~16m ] LA TS <]
A" --'-wm*-‘wv'-wkuw AT o *‘::'.:,f - ul
Four foid axis ,.--",,':'.’--_:--M more. £ 4 fmixing “‘-"4'.3“ .ﬁ: ~~ x‘%ﬁ\:\.ﬁ
____...__:-__,_..-"‘"__':_...-':'j_...--"“" species mixing ,ff f;"r / . - Rt :"' i ot '
e .I'KE— a1 52 83 84 g5 86 87 &8
{c}Supurflnn Structure [Rotahmul axis funneling) i - : '

— /s

83 87 86 85 51 83 82 81 80 79 78 ?? 76 75 74 73 /2 71..FL

rol : > a— 1500%Hz OT2H: 7 KHz '_H_ 12 Mz

L B A " 210" Hz zl 03skHz LT -

:_.....:mﬂu | 90 Hz 2TH [EFA L1 62 kHz %‘ﬂ i

70 Hz m E a0 ] R E 4H: | & || T kHz [T T L1 B.2MHz | T2

Eﬂ i [AF [ L ARE/LLL W
_- BFR R ==

e

Observed repeating sequence(s)...A T E T?IT1 ET,A, T,T,

--+.

|

: . , AI | . M . Al l " .

Local correlations explain clustering... aly . .
.. but what about spacing and ordering?... Asls = 1 » dt

EjJl I - E |- | |

...and physical conseguences? T, (1 1 - 1 T (1 11

4] = | | | '['3 | | |
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O,, operator slide rule and subgroup / coset-space structure
T | .,

—_ Local C
~ 3

Friday, May 31, 2013
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C, subgroup correlation to O (largest local symmetry => smallest level-clusters)
C, Projectors to split octahedral P”

0o (34

(0)y (Mg 2)y B)g=(-1)y

+ps,) - P®

po, = (1+R,+p, +R,)/4

o p2mim-p/4 pi, = (1+iR, —p, — iﬁz)/4
a p=0 4 p2, =(1-R —|‘Pz—{(4
P, = (1 R+ ()1

: £+

largest local symmetry C,=> smallest level-clusters (6-levels)

Friday, May 31, 2013
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C, subgroup correlation to O
0oC, (1)y (3)4=(-1)y

C, Projectors to split octahedral P”

A ] ™ ™ ™ -
.xl . e | . 3 . r =(1+R3+p3+3’ﬁ)/4
IﬁE I I 5 B E??nm-fpf4 Riﬂ iy p14 — (]_ + ’LRz —_— pz — ERE)/!&I
o T T = z . =1-R,4p,—R,)/4
.I,] . | | | . P3, = (1 o ?’Rz — P, + TRz)xli
2
1-P*= (po, +p1, +pP2, +ps,) P°
1-PA = Py 40 +0 +0
1-Ph= 0 +0 +Py3 40 _
1.P"= PE, 40 _|_P£2‘I +0 10 split 0> c, octahedral P
‘PT = P, +P£;14 H o 4P3 related to 10 split sub-classes
P= 0 4P}, +P)%, P33,

P, (O D () 1 r1ToT3Ty  T1Torary PzfPy Pz R,R.R,R, R. R, i192i516 i3%4
24 - Pﬂ.-.tﬂg 1 1 1 1 1 1 1 1 1 1
24 - qu 1 1 1 1 1 -1 -1 -1 -1 -1
12 - Pﬁ 1 —a —a 1 1 —3 1 1 - 1
12 - Phh 1 —3 —3 11 +"“i -1 -1 +% -1
8- P33, ! ta —2 0 -1 3 e e 3 0
8- Py, 1 0 0 -1 1 0 11 0 -1
8- Pj: 1 +3 -3 0 -1 —1 —i  +i +3 0
8- P;da 1 -3 +3 0 -1 —3 +i  —i +5 0
8- P22, 1 0 0 -1 1 0 -1 -1 0 1
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Axl 10 split 0>, octahedral e-vals £“versus 10 sub-class parameters

\ B —_T, T E\LT,
1] i=05 =0 - A, —" A, —
:"—ﬂ‘ :“—ﬂ.j :"—." - I

\Sequence if i=1,,5, only non-zero parameter: A 1T ,L 1,1, E15A, TETII'

O > Cy 0° rn120° pn180° R,;90° 1, 180°
0 11 = Reryasq R, = ReR, 11 = 21256
! mp = Imryozs I, =ImR, !II = 134
E[]A%_‘Z g0 ‘|‘4TI ‘I‘zp:t:y + Pz ‘|‘4Rmy + 2Rz ‘[‘431 B 21.II
Eﬂé} .g[l D _Ep:.-:y ‘|_ Pz +2Rz [} _231?1
€0, 90 —2ry +20zy + P2 —2R;y — R, —24; {24
14 . . . .
E;: go —[—QTTL] — Pz _Rmy — 2Iz _|_231
EL: 9o —2my — +R$y — 21, — 211
24 . ) ]
E%ﬂ g0 —2r7 ‘I'Eﬂ:.-:y T Pz ‘I’ER:n:r; - R, +2i1 + 2211
5242 do 0 _mey + Pz _2Rz 0 1‘2'1:']]:
e5? 90 +d4ry +20zy + pz | —4Rgy—2R, | |-4ir | 2in
34 . . )
E-;;E 4o —2mq — 2 _Rmy + 21, +2i1
Es, Yo +2my — Pz ‘|'R:t:y + 21, — 215
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J=30 Energy levels of H=BJ*+ T4 follow simple local symmetry form
E D

v
210-10cn-1 15
A,
¥ 2
4-10-8cm-1
v
9-10-8cm-1 |
v oo

.—'I k

K(100)

2

GLOBAL
Oh labels

d-fold (100) -clusters
C  Symmetry

LOCAL 0

| i
C , labels
g St B ' b

i [-
2 Al
+ﬁ W, (1), |
1079cm ! | 1:7 - )
AN K111} -2 Fol e
: \- 1A -

P ~ 2
e Killl) =30

— < | 5 .
} {1} {I]"I'I_: {3]4={.—|]4""'-...,_‘_“_' 34_ 2"11_
Agptoeoe 3 modulo 4 _Gl e
Cubic 2| * ¢ equals E
Octahedral L, 1« 1 -1 ”::xi;m 4 2, T:':_
; 7 - an —
Symmelry TI | | . | 27 mod 4) |
Tyl 1 1 ¢ Ak
_ ] 27=28-1 T
- 1.,
) - IJ \ -
] 3-fold (111)-clusters T
T o fold (111) T, 4

f‘:&,.]

4 separatriv-" "
i - histers

C,; symmetry

. As ]

s I

[11}3 []]'3 [3}3 [-]}3#_
(2 modulo 3
equals
1 l -1 modulo 3

T. | 1 | | fand LOCAL

I 29 maod 3) C IﬂhElS
T4 1 1 I

— ¢ 20=30-1

ulas —
E

t+ 2ip
- 2i

2ip 2‘!1:[[

- 2y
'|'2i[[

T 21;11
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=> eigensolution formulas by local-symmetry defined P\") projectors
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2107101
¥

J=30

llI.

T -

4 .
1
T, S 5 kel
4-10 cm‘+ "#{]1’4
'
9-10-8em-1 | —_—
v
¢ ~Kfi—-37
5-10-7em1 s .
. e (3),

—." K(iil )31

{0E)d

4 3 (U],
N -

AS. Pines, A.G. Maki,
A. G. Robwietie, B, J. Krohn,
JK.G. Watson, & T, Urbanek,

JAm. Chem Soc. 106, 891 (1954}
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20% 300 40% s0° 60 L ' 140° 1507 160®

(111)-clusters

l_..l" A m ® " L] . - . B
7 2-fold (110)-clusters
' C, symmetry
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Each tunneling path matched to group element (complete set of
Feynman paths!)

When local symmetry conditions apply:
*Spectral algebra yields closed-form energies and statess
( using same table!) .
*Expressions easily deconvoluted ( same table , again!).

Transitions between local symmetries clearly defined.

We can now do a D, example (Next slide :-)
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Seven-Deadly-Sin Tunneling Theory
D7 - C7 ﬁ. calculator...(not recomm ended)

A 8 -
AR =Edible Undies CF = Advertisin
¢ ﬁ. = Prqﬁﬂ bution E_E < 5{'&\\'5 5|1m ols
AD = Quickie DE = Fafbive h%rrss 10n
K€ = Domestic. Abuse DF = Welfare
RF = Multery  D6= Slackers
- D o= Trophy Wife £F= Cattiness
€ BC = Last Dot EG=Bwyin
A= Lust BD* Sn’wrc’ﬂj GF:= 2nd P?ﬁct.
B= Gl\.ﬂ*umj g__ﬁ = Bulimia
C= Breed Bf = l-\icjh Metaboolism
D= Sleth BG = fat Men in ﬁpeedas
E= Wroth €D = Get Rich Quick Scams
Fe=E Ce: Muagings
6= Pn

Friday, May 31, 2013

59



Effects of broken or transition local symmetry for i-class

Dﬁtzd[ k'k} = —(iy + o + iy + ig + i5 + ig)
04 2, |
DE[ikik]= 04 —%[11 + iy + 5 +ig) + iy + iy va'ﬁ[ + iy — i5 — i)
24 h.c. %{11 + iy i + i) — i3 — iy
D7 (ixix) 14 34 04
14 —5(i + g +d5 +dg) —5(6 + i — @5 — 1) — i(ds — 14) _ﬁ(il —ig )+ (15 — ig)
34 h.c. —5[11 + i + 15 + 1-5:] +1.,-_'];§(i1 — 19 ] + %[ig — iﬁ:]
04 h.c. h.c. —(i5 + i4)
DTz (i) 14 34 24
14 +5(81 + iy +d5 + dg) +5(01 + i2 — @5 — 1) — i1z — 14) +v—}§(i1 —ig )+ 5 (i — i)
34 h.c. +3 (i1 + 1p + 15 + 1g) _v_l’ﬁ(il — iy )+ %[ig — 1g)
04 h.c. h.c. +(i5 + 14)
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1 (2 rfi; ()i
ro[1 iz ij
3

D ;-defined rer 1l
local-wave __f{'f 13 12 1() ~
bases iy [i;iz(r 1 1
i3 |0y |r rj 1

Lab-fixed {Extnnmc (Jlﬂhfi ) operations and rotation axes

+
|
|
|
|
|
|
|
|
|
I|
ill.i_? =T
implies
Body-fixed (Intrinsic-Local) operations appear -;-hUt- T]}EY OBEY THE Ii=T
to mnvc their mtatinn axes (relative to lab) 53“ E GROUP TABLE

{ After i_g

and set 12|1>_ll |12>_r |1)—r2 |1> ( After )iy

V upright)

and sef
upright)

—_ x
( After iy gnd i
sef upright) 1
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D, global
Dyglobal |2 | i ® 38l
1 A '
group vl 1 rédy ip i projector
product [Tl r 1li @ i I
tab]ﬂ il‘ 'E iE 1 r 1’2 tﬂble
i @|r¥ 1 r
il i7|r rd 1

Change Global to Local by switching

...column-g with column-g

...and row-g with row-g T
Just EWltch I Wlﬂl rT—rZ (i Hj ;‘ 0 ffie:i'*.'i' .':I.:E)
S -E{]Hjugﬂ (5
RarEn 1
D, local FLororgE kL D, local
- S projector
group rird 1|0 i i
table <3i; |i; @)[1 r r? product
3y () i 1 r table
'::r(j?} i i, |r r< 1

Dy (R P2

1 [
Sdl

=T

a----mm
- PP
PP = Smﬁ'%c 1{:;‘;??)

ab ‘cd

5

(Fust switch P’ withp/=P" .

——

Pﬂ,]l PTT P\TPT\ Pn'
‘1|: i
Pﬂ' ..... xXxi - '
Byl Py |
I e —
P‘{T | - P 0 P-T."' !
E E
u 110 Pal © Py
E E
P\T | P\'.T ! P.":"' I;-
PH - U PH’ 0 PH
m)Pn= Jnn m)
BB= 575, B
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Matrix “Placeholders”

4 A 1
— [%'c;r';{,rP

y g

S IV e
F‘D:H

4 A 3
IRE 2

'

. 4q T
N 2% N T

ey
_Q_.-::.r',i{,rP )

' ' "I-\.' ' ' ' ' '
.“'i_-}:-. I

for GL OBAL g opem tors in D
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Global (LAB) symmetry
1,102y =1,PgI1)

D ,>C,i, projector states
) =RGI)

eb

vy !

ij-. global (v}

anti-symmeitry

i 3 local (y)

Local (BOD) symmetry

13| m}> — ljp{m]| ] >: ]_;:S,]rn s

eh
[m]lj |1> (- “h |[m]>

anti-symmeiry
1

i 3 local

(X) symmeiry,

™,
XA

: i
[ lj’ global "3

(X} Symmelry

ij global (v)

anti-symmeftry
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