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From Fig. 6.5.5.  
Principles of Symmetry, Dynamics, and 

Spectroscopy
W. G. Harter, Wiley Interscience, NY (1993)
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A sketch of modern 
molecular spectroscopy

The frequency hierarchy
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Example of frequency
hierarchy

for 16µm spectra 
of CF4 

(Freon-14)
W.G.Harter

Ch. 31
Atomic, Molecular, &

Optical Physics Handbook
Am. Int. of Physics

Gordon Drake Editor
(1996)
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Example of frequency
hierarchy

for 16µm spectra 
of CF4 

(Freon-14)
W.G.Harter

Fig. 32.7
Springer Handbook of
Atomic, Molecular, &

Optical Physics
Gordon Drake Editor

(2005)
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From: Electromagnetic Spectrum 
Wikepedia Commons (2013)

From: Electromagnetic Spectrum 
Wikepedia Commons (2013)

750Thz
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Frequency·Wavelength
speed of light
υ·λ = c 

=2.997.2458·108m/s

Wavelength
 λ=

Frequency 
υ= 

Units of frequency (Hz), wavelength (m), and energy (eV)

Exa: 1018

Peta: 1015

Tera: 1012

Giga: 109

Mega: 106

kilo: 103

milli: 10-3

micro: 10-6

nano: 10-9

pico: 10-12

femto: 10-15

atto: 10-18

jokey!
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Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots) 
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          2-state U(2)-spin tunneling models
          3D R(3)-rotor and D-function lab-body wave models
          2D harmonic oscillator and U(2) 2nd quantization

Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots)
           Quantum levels of ∞-Square well and Bohr rotor
            Example of CO2 rotational (υ=0)⇔(υ=1)bands 
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra?
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference
             Wavepacket explodes! (Then revives)

Quantum “revivals” of gently localized rotor waves:  A lesson in quantum number theory
             Farey-Sums and Ford-products
            Ford Circles and Farey-Trees
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 Quantum levels of ∞-Square well and Bohr rotor
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           Spectral windows in atmosphere due to molecules
Simple molecular-spectra models
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models

More advanced molecular-spectra models (Using symmetry-group theory)
          2-state U(2)-spin tunneling models
          3D R(3)-rotor and D-function lab-body wave models
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Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots)
           Quantum levels of ∞-Square well and Bohr rotor
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            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra?
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet
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             Wavepacket explodes! (Then revives)

Quantum “revivals” of gently localized rotor waves:  A lesson in quantum number theory
             Farey-Sums and Ford-products
            Ford Circles and Farey-Trees
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A sketch of modern molecular spectroscopy
           The frequency hierarchy   Example of16µm spectra of CF4

           Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules
Simple molecular-spectra models
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models

More advanced molecular-spectra models (Using symmetry-group theory)
          2-state U(2)-spin tunneling models
          3D R(3)-rotor and D-function lab-body wave models
          2D harmonic oscillator and U(2) 2nd quantization

Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots)
           Quantum levels of ∞-Square well and Bohr rotor
            Example of CO2 rotational (υ=0)⇔(υ=1)bands 
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra?
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference
             Wavepacket explodes! (Then revives)

Quantum “revivals” of gently localized rotor waves:  A lesson in quantum number theory
             Farey-Sums and Ford-products
            Ford Circles and Farey-Trees
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 Quantum dynamics of ∞-Square well and Bohr rotor
How what makes that “dipole”spectra?

ψ2(x)

ψ1(x)

Ψ(x,0)=
ψ1(x)+ψ2(x)

t = 0
−ψ2(x)

ψ1(x)

ψ1(x)

Ψ(x,t)=
ψ1(x)−ψ2(x)

t = τbeat/2

"Slosh!" "Slosh!"

Fig. 12.1.2 Exercise in prison. Infinite square well eigensolution combination "sloshes" back and forth.

“Sloshing” charge acts like dipole antenna
broadcasting* linear polarized radiation

*Or receives (Depending on relative phase)
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Ψ(x,t)=
ψ1(x)−ψ2(x)

t = τbeat/2

"Slosh!" "Slosh!"

Fig. 12.1.2  Infinite square well eigensolution combination "sloshes" back and forth.

“Sloshing” charge acts like dipole antenna
broadcasting* linear polarized radiation

Rotating charge broadcasts*
circularly polarized radiation

*Or receives (Depending on relative phase)
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            Ford Circles and Farey-Trees

37Monday, March 25, 2013



 Quantum dynamics of Double-well tunneling
Cheap models of NH3 inversion doublet and general 2-state quantum systems
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 Quantum dynamics of Double-well tunneling
Cheap models of NH3 inversion doublet and general 2-state quantum systems
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If you add some excited state (−)-symmetry wave...
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 Quantum dynamics of Double-well tunneling
Cheap models of NH3 inversion doublet and general 2-state quantum systems
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 Quantum dynamics of Double-well tunneling
Cheap models of NH3 inversion doublet and general 2-state quantum systems
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 Quantum dynamics of Double-well tunneling
Cheap models of NH3 inversion doublet and general 2-state quantum systems
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If you add some excited state (−)-symmetry wave...

...to ground state (+)-symmetry wave...

...then you get a localized asymmetric wave...

...that tunnels out and “oozes” back & forth
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A sketch of modern molecular spectroscopy
           The frequency hierarchy   Example of16µm spectra of CF4

           Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules
Simple molecular-spectra models
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models

More advanced molecular-spectra models (Using symmetry-group theory)
          2-state U(2)-spin tunneling models
          3D R(3)-rotor and D-function lab-body wave models
          2D harmonic oscillator and U(2) 2nd quantization

Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots)
           Quantum levels of ∞-Square well and Bohr rotor
            Example of CO2 rotational (υ=0)⇔(υ=1)bands 
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra?
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference
             Wavepacket explodes! (Then revives)

Quantum “revivals” of gently localized rotor waves:  A lesson in quantum number theory
             Farey-Sums and Ford-products
            Ford Circles and Farey-Trees
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PulseWave forms are also called
Wave Packets (WP)
since
they are
interfering
sums of
many
CW terms

CW terms are
also called
Color Waves
or
Fourier
Spectral
Components

CW terms interfering constructively
(narrow regions of peaks)

CW terms interfering destructively
(wide regions of zeros)

... and vice-versa ...
CW forms can be
made artificially
from PW sums ...

(this is digital
sampling or
digital-to-analog
synthesis.)

“pulse-packets”

(this φ-dimension is
time and/or space)

(10-Cosine Waves
make up this pulse)

φ=kx - ωt

 Quantum “blasts” of strongly localized ∞-well or rotor waves
A lesson in quantum interference
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period = τ
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τ/5

τ/10

τ/50

PW widths reduce proportionally with more CW terms (greater Spectral width)

1 CW term
Δυ =υ=1/τ

2 CW terms
Δυ =2υ

5 CW terms
Δυ =5υ

10 CW terms
Δυ =10υ

50 CW terms
Δυ =50υ

Space-time width (pulse width) Spectral width (harmonic frequency range)

Δt = τ

Δt = τ/2

Δt = τ/5

Δt = τ/10

Δt = τ/50

1 10 20 30 40 50

2 10 20 30 40 50

5 10 20 30 40 50

10 20 30 40 50

10 20 30 40 50

Δυ=1υ= fundamental frequency

Δυ=2υ

Δυ=5υ

Δυ=10υ

Δυ=50υ

(1 cosine wave)

(2 cosine waves)

(5 cosine waves)

(10 cosine waves)

(50 cosine waves)

(up to 2nd octave)

fundamental

this dimension is time this dimension is frequency or per-time

(up to 5th)

(up to 10th)

 Quantum “blasts” of strongly localized ∞-well or rotor waves
A lesson in quantum interference
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 Quantum “blasts” of strongly localized ∞-well or rotor waves
A lesson in quantum interference
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δ x − a( ) = x a = x εnn=1

∞∑ εn a = ann=1
∞∑ sin knx 
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      Fig. 12.2.2 Ultra-thin prisoner M. 

Initial wavepacket combination of 100 energy states.

 Quantum “blasts” of strongly localized ∞-well or rotor waves
A lesson in quantum interference
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Ψ x( ) = 2
W

sin kna
n

Nmax
∑ sin knx
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Ψ x( ) = 2
W

sin kna
n

Nmax
∑ sin knx

       → 2
W

dk Δn
Δk

sin ka sin kx
0

Kmax
∫
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Ψ x( ) = 2
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Nmax
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Kmax
∫

        = 2
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∫
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Ψ x( ) = 2
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Nmax
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       → 2
W
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sin ka sin kx
0

Kmax
∫

        = 2
W

W
π

dk sin ka sin kx
0
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∫

  

Ψ x( ) ≅ 2
π

dk sin ka sin kx = 1
π

dk cosk x − a( )− cosk x + a( )( )
0

Kmax
∫

0

Kmax
∫
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Initial wavepacket combination of 100 energy states.   

Ψ x( ) = 2
W

sin kna
n

Nmax
∑ sin knx

       → 2
W

dk Δn
Δk

sin ka sin kx
0

Kmax
∫

        = 2
W

W
π

dk sin ka sin kx
0

Kmax
∫

  

Ψ x( ) ≅ 2
π

dk sin ka sin kx = 1
π

dk cos k x − a( ) − cos k x + a( )( )
0

Kmax
∫

0

Kmax
∫

         ≅
sin Kmax (x-a)

π (x-a)
−

sin Kmax (x+a)
π (x+a)

≅
sin Kmax (x-a)

π (x-a)
  for: x ≈ a
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A lesson in quantum interference

53Monday, March 25, 2013



  
δ x − a( ) = x a = x εnn=1
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Initial wavepacket combination of 100 energy states.   

Ψ x( ) = 2
W

sin kna
n

Nmax
∑ sin knx

       → 2
W

dk Δn
Δk

sin ka sin kx
0

Kmax
∫

        = 2
W

W
π

dk sin ka sin kx
0

Kmax
∫

  

Ψ x( ) ≅ 2
π

dk sin ka sin kx = 1
π

dk cos k x − a( ) − cos k x + a( )( )
0

Kmax
∫

0

Kmax
∫

         ≅
sin Kmax (x-a)

π (x-a)
−

sin Kmax (x+a)
π (x+a)

≅
sin Kmax (x-a)

π (x-a)
  for: x ≈ a

"Last-in-first-out" effect. Last Kmax-value dominates and 
“inside”  K get "smothered" by interference with neighbors.

 Quantum “blasts” of strongly localized ∞-well or rotor waves
A lesson in quantum interference
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A sketch of modern molecular spectroscopy
           The frequency hierarchy   Example of16µm spectra of CF4

           Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules
Simple molecular-spectra models
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models

More advanced molecular-spectra models (Using symmetry-group theory)
          2-state U(2)-spin tunneling models
          3D R(3)-rotor and D-function lab-body wave models
          2D harmonic oscillator and U(2) 2nd quantization

Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots)
           Quantum levels of ∞-Square well and Bohr rotor
            Example of CO2 rotational (υ=0)⇔(υ=1)bands 
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra?
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference
             Wavepacket explodes! (Then revives)

Quantum “revivals” of gently localized rotor waves:  A lesson in quantum number theory
             Farey-Sums and Ford-products
            Ford Circles and Farey-Trees
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Wavepacket explodes! 

t = 0.0004τ1

t = 0.0008τ1

t = 0.0012τ1

t = 0.0016τ1

t = 0.0020τ1

ReΨ(x,t)  ImΨ(x,t)

Envelope |Ψ(x,t)|

Time given in units of period τ1 (slowest phasor of ground level). 
fundamental zero-point period τ1 =1/ν1
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Wavepacket explodes! 

t = 0.0004τ1

t = 0.0008τ1

t = 0.0012τ1

t = 0.0016τ1

t = 0.0020τ1

ReΨ(x,t)  ImΨ(x,t)

Envelope |Ψ(x,t)|

Time given in units of period τ1 (slowest phasor of ground level). 
fundamental zero-point period τ1 =1/ν1 is

   

τ1 =
2π
ω1

= 2π
ε1

= h
h2 / 8MW 2 = 8MW 2

h
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Wavepacket explodes! 

t = 0.0004τ1

t = 0.0008τ1

t = 0.0012τ1

t = 0.0016τ1

t = 0.0020τ1

ReΨ(x,t)  ImΨ(x,t)

Envelope |Ψ(x,t)|

Time given in units of period τ1 (slowest phasor of ground level). 
fundamental zero-point period τ1 =1/ν1 is

   

τ1 =
2π
ω1

= 2π
ε1

= h
h2 / 8MW 2 = 8MW 2

h

   

Vn =
dωn
dk

= 1


dεn
dk

= 1

2

2M
dk2

dk

=
2kn
2M

= nπ
MW

= hn
2MW

εn-level classical velocity:
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Wavepacket explodes! 

t = 0.0004τ1

t = 0.0008τ1

t = 0.0012τ1

t = 0.0016τ1

t = 0.0020τ1

ReΨ(x,t)  ImΨ(x,t)

Envelope |Ψ(x,t)|

Time given in units of period τ1 (slowest phasor of ground level). 
fundamental zero-point period τ1 =1/ν1 is

   

τ1 =
2π
ω1

= 2π
ε1

= h
h2 / 8MW 2 = 8MW 2

h

   

Vn =
dωn
dk

= 1


dεn
dk

= 1

2

2M
dk2

dk

=
2kn
2M

= nπ
MW

= hn
2MW

εn-level classical velocity:

εn-level classical round
 trip time Tn(2W)

  

Tn(2W ) = 2W
Vn

= 2W 2MW
hn

= 4MW 2

hn

= 1
2n

8MW 2

h
=
τ1
2n
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Wavepacket explodes! 

t = 0.0004τ1

t = 0.0008τ1

t = 0.0012τ1

t = 0.0016τ1

t = 0.0020τ1

ReΨ(x,t)  ImΨ(x,t)

Envelope |Ψ(x,t)|

Time given in units of period τ1 (slowest phasor of ground level). 
fundamental zero-point period τ1 =1/ν1 is
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Vn =
dωn
dk

= 1


dεn
dk

= 1

2

2M
dk2

dk

=
2kn
2M

= nπ
MW

= hn
2MW

εn-level classical velocity:

εn-level classical round
 trip time Tn(2W)

  

Tn(2W ) = 2W
Vn

= 2W 2MW
hn

= 4MW 2

hn

= 1
2n

8MW 2

h
=
τ1
2n

εn-level 1-way time Tn(W)

  

Tn(W ) = Tn(2W ) / 2 =
τ1
4n

= 0.0025τ1  for: n=100( )
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Wavepacket explodes! 
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t = 0.0008τ1

t = 0.0012τ1

t = 0.0016τ1

t = 0.0020τ1

ReΨ(x,t)  ImΨ(x,t)

Envelope |Ψ(x,t)|

Time given in units of period τ1 (slowest phasor of ground level). 
fundamental zero-point period τ1 =1/ν1 is
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εn-level classical round
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Tn(2W ) = 2W
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= 2W 2MW
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= 1
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8MW 2

h
=
τ1
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εn-level 1-way time Tn(W)

  

Tn(W ) = Tn(2W ) / 2 =
τ1
4n

= 0.0025τ1  for: n=100( )
"Last-in-first-out" effect
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A sketch of modern molecular spectroscopy
           The frequency hierarchy   Example of16µm spectra of CF4

           Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules
Simple molecular-spectra models
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models

More advanced molecular-spectra models (Using symmetry-group theory)
          2-state U(2)-spin tunneling models
          3D R(3)-rotor and D-function lab-body wave models
          2D harmonic oscillator and U(2) 2nd quantization

Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots)
           Quantum levels of ∞-Square well and Bohr rotor
            Example of CO2 rotational (υ=0)⇔(υ=1)bands 
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra?
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference
             Wavepacket explodes! (Then revives)

Quantum “revivals” of gently localized rotor waves:  A lesson in quantum number theory
             Farey-Sums and Ford-products
            Ford Circles and Farey-Trees
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t = 0.5000τ1
= 1.5τbeat

t = 1.0000τ1
= 3.0τbeat

Wavepacket explodes! (Then revives)

  
τ1 = 2n Tn (2W ) = 8ML2

h

Zero-point period τ1 is just enough time for "particle" in εn-level to make 2n round trips.

In time τ1 ground ε1-level particle does 2 round trips, 
                             ε2-level particle makes 4 round trips, 
                             ε3-level particle makes 6 round trips,..,

At time τ1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,
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t = 0.5000τ1
= 1.5τbeat

t = 1.0000τ1
= 3.0τbeat

Wavepacket explodes! (Then revives)

  
τ1 = 2n Tn (2W ) = 8ML2

h

Zero-point period τ1 is just enough time for "particle" in εn-level to make 2n round trips.

In time τ1 ground ε1-level particle does 2 round trips, 
                             ε2-level particle makes 4 round trips, 
                             ε3-level particle makes 6 round trips,..,

At time τ1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,

But, after only 50 round-trips  
M's wave does a partial revival 
as it makes an upside down-delta 
function around x=0.8W.

64Monday, March 25, 2013



t = τ1/3

t = τ1/5

t = τ1/7

t = τ1/9

Fig. 12.2.5 The "Dance of the deltas." Mini-Revivals for prisoner M's wavepacket envelope function.

At fractional times τ1/n M undergoes a number of fractional revivals
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A sketch of modern molecular spectroscopy
           The frequency hierarchy   Example of16µm spectra of CF4

           Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules
Simple molecular-spectra models
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models

More advanced molecular-spectra models (Using symmetry-group theory)
          2-state U(2)-spin tunneling models
          3D R(3)-rotor and D-function lab-body wave models
          2D harmonic oscillator and U(2) 2nd quantization

Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots)
           Quantum levels of ∞-Square well and Bohr rotor
            Example of CO2 rotational (υ=0)⇔(υ=1)bands 
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra?
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference
             Wavepacket explodes! (Then revives)

Quantum “revivals” of gently localized rotor waves:  A lesson in quantum number theory
             Farey-Sums and Ford-products
            Ford Circles and Farey-Trees

66Monday, March 25, 2013



 Quantum “revivals” of gently*localized rotor waves
A lesson in quantum number theory

*gently means gently-truncated Gaussian distributions
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Δm = 9

2Δx = 4 %

-15 -10 -5 0 5 10 15 = m

1/1

0/1
1/1

2Δx = 4 % 0/1
Time t (units of fundamental period     ) τ1

Coordinate     φ   (units of 2π )

0/1

1/10

1/5

3/10

2/5

1/2

3/5

7/10

4/5

9/10

1/1

3/4

1/4

1/21/40-1/4-1/2

1/2
1/4

0
-1/4

-1/2

(Imagine "wrap-around" φ-coordinate) 
+π /2

−π /2

+π−π

3/4

1/4

0/1

1/2

1/1

Time t 

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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Δm = 9

2Δx = 4 %

-15 -10 -5 0 5 10 15 = m

1/1

0/1

1/2

1/4

1/6
1/7

1/3

1/5

2/5

2/7

3/7

1/8

Wave packet starts hereZeros start here Zeros start here

Time t
(units of τ1)

Coordinate φ
(units of 2π)

1/1

0/1
0 1/4 1/2-1/2 -1/4

N-level-rotor pulse wave and revival-beat wave dynamics 
(9 or10-levels (0, ±1, ±2, ±3, ±4,..., ±9, ±10, ±11...)  excited) Zeros (clearly) and “particle-packets” (faintly) have paths 

labeled by fraction sequences like: 0
7
, 1
7
, 2
7
, 3
7
, 4
7
, 5
7
, 6
7
,1
1

1
7

2
7

3
7

4
7

5
7

6
7

4
7

5
7

6
7

1
1

0
1

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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1/2

0/1

1/4

1/1

1/6
1/7

1/3

1/5

2/5

2/7

3/7

1/8

3/8

Wave packet starts hereZeros start here Zeros start here

4/7

5/7

6/7

3/5

4/5

2/3

1/7

2/7

3/7

4/7

5/7

6/7

1/5

2/5

3/5

4/5

1/3

2/3

1/2

0/1

1/1

3/4

1/4

3/4

5/8

7/8

1/8

3/8

5/8

7/8

5/65/6

1/6

Note, for example series :
0
7
, 1
7
, 2
7
, 3
7
, 4
7
, 5
7
, 6
7
,1
1
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A sketch of modern molecular spectroscopy
           The frequency hierarchy   Example of16µm spectra of CF4

           Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules
Simple molecular-spectra models
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models

More advanced molecular-spectra models (Using symmetry-group theory)
          2-state U(2)-spin tunneling models
          3D R(3)-rotor and D-function lab-body wave models
          2D harmonic oscillator and U(2) 2nd quantization

Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots)
           Quantum levels of ∞-Square well and Bohr rotor
            Example of CO2 rotational (υ=0)⇔(υ=1)bands 
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra?
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference
             Wavepacket explodes! (Then revives)

Quantum “revivals” of gently localized rotor waves:  A lesson in quantum number theory
             Farey-Sums and Ford-products
            Ford Circles and Farey-Trees
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)]          [John Farey, Phil. Mag.(1816)] 

n1+n2
d1+d2

t
⊗
=

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

n2/d2
- t⊗

1/2 - φ⊗
= 1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

n1/d1 - t⊗
1/2 - φ⊗

= -1/d1
(φ

⊗
,t

⊗
)

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

n1/d1 and n2/d2 path
intersection time

(Farey-Sum)

•
•
•

•
•
•

d1n2-n1d2
d1+d2

φ
⊗
=

n1/d1 and n2/d2 path
intersection point

(Ford-Cross)

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1
1/2-φ⊗t

⊗
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A sketch of modern molecular spectroscopy
           The frequency hierarchy   Example of16µm spectra of CF4

           Units of frequency (Hz), wavelength (m), and energy (eV)
           Spectral windows in atmosphere due to molecules
Simple molecular-spectra models
          2-well tunneling, Bohr mass-on-ring, 1D harmonic oscillator, Coulomb PE models

More advanced molecular-spectra models (Using symmetry-group theory)
          2-state U(2)-spin tunneling models
          3D R(3)-rotor and D-function lab-body wave models
          2D harmonic oscillator and U(2) 2nd quantization

Bohr Mass-On-a-Ring (model of rotation) and related ∞-Square Well (model of quantum dots)
           Quantum levels of ∞-Square well and Bohr rotor
            Example of CO2 rotational (υ=0)⇔(υ=1)bands 
            Quantum dynamics of ∞-Square well and Bohr rotor: What makes that “dipole”spectra?
            Quantum dynamics of Double-well tunneling: Cheap models of NH3 inversion doublet

Quantum “blasts” of strongly localized ∞-well or rotor waves: A lesson in quantum interference
             Wavepacket explodes! (Then revives)

Quantum “revivals” of gently localized rotor waves:  A lesson in quantum number theory
             Farey-Sums and Ford-products
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U of A Physics Day 2000
(Quantum computer simulation)

That makes an ∞-ly deep “3D-Magic-Eye” picture

80Monday, March 25, 2013



  
δ x − a( ) = x a = x εnn=1

∞∑ εn a = ann=1
∞∑ sin knx 

an = 〈εn|a〉= (2/W) sin kn a  ( kn = nπ/W )
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2 Δx = 2!/100

      Fig. 12.2.2 Ultra-thin prisoner M. 

Initial wavepacket combination of 100 energy states.   

Ψ x( ) = 2
W

sin kna
n

Nmax
∑ sin knx

       → 2
W

dk Δn
Δk

sin ka sin kx
0

Kmax
∫

        = 2
W

W
π

dk sin ka sin kx
0

Kmax
∫

  
Ψ x( ) ≅ sin Kmax (x-a)

π (x-a)
  for: x ≈ a

"Last-in-first-out" effect. Last Kmax-value dominates and 
“inside”  K get "smothered" by interference with neighbors.

 Quantum “blasts” of strongly localized ∞-well or rotor waves
A lesson in quantum uncertainty
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"Last-in-first-out" effect. Last Kmax-value dominates and 
“inside”  K get "smothered" by interference with neighbors.

Ψ(x) peaks at (x=a) and goes to zero on either side 
at (x=a±Δx) with half-width Δx

 Quantum “blasts” of strongly localized ∞-well or rotor waves
A lesson in quantum uncertainty
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 Quantum “blasts” of strongly localized ∞-well or rotor waves
A lesson in quantum uncertainty
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at (x=a±Δx) with half-width Δx

  sin Kmax (Δx)=0 , which implies: (Δx)Kmax = ± π ,    or:   Δx= ± π / Kmax

 Quantum “blasts” of strongly localized ∞-well or rotor waves
A lesson in quantum uncertainty
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 Quantum “blasts” of strongly localized ∞-well or rotor waves
A lesson in quantum uncertainty
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"Last-in-first-out" effect. Last Kmax-value dominates and 
“inside”  K get "smothered" by interference with neighbors.

Ψ(x) peaks at (x=a) and goes to zero on either side 
at (x=a±Δx) with half-width Δx

  sin Kmax (Δx)=0 , which implies: (Δx)Kmax = ± π ,    or:   Δx= ± π / Kmax

Δx . |Kmax | = Δx . Δk = π   or:       Δx .Δp = π  = h/2 ∞-Well uncertainty relation

 Quantum “blasts” of strongly localized ∞-well or rotor waves
A lesson in quantum uncertainty
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Polygonal geometry of U(2)⊃CN character spectral function
Algebra
Geometry 

Introduction to wave dynamics of phase, mean phase, and group velocity
Expo-Cosine identity
Relating space-time and per-space-time
        Wave coordinates
        Pulse-waves (PW) vs Continuous -waves (CW)

Introduction to CN beat dynamics and “Revivals” due to Bohr-dispersion
         ∞-Square well PE versus Bohr rotor
         SinNx/x wavepackets bandwidth and uncertainty
                    SinNx/x explosion and revivals
         Bohr-rotor dynamics
                     Gaussian wave-packet bandwidth and uncertainty
                    Gaussian Bohr-rotor revivals
        Farey-Sums and Ford-products
        Phase dynamics
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

  
Ψ(φ,t=0) = 1

2π
e
− m

Δm

⎛

⎝⎜
⎞

⎠⎟
2

ei mφ

m=−∞

∞
∑
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

  
Ψ(φ,t=0) = 1

2π
e
− m

Δm

⎛

⎝⎜
⎞

⎠⎟
2

ei mφ

m=−∞

∞
∑

Complete the square in exponent 
to simplify φ-angle wavefunction.
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Complete the square in exponent 
to simplify φ-angle wavefunction.
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Gaussian wave-packet bandwidth and uncertainty
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to simplify φ-angle wavefunction.
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Gaussian wave-packet bandwidth and uncertainty
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Complete the square in exponent 
to simplify φ-angle wavefunction.

  
A Δm,φ( ) = e
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

m=0, ±1, ±2, ±3,...are momentum quanta in wavevector formula: km=2πm/L    (km=m   if: L=2π)
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to simplify φ-angle wavefunction.
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Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

m=0, ±1, ±2, ±3,...are momentum quanta in wavevector formula: km=2πm/L    (km=m   if: L=2π)

  

Ψ(φ,t=0) = 1
2π

e
− m

Δm

⎛

⎝⎜
⎞

⎠⎟
2

ei mφ

m=−∞

∞
∑

               = 1
2π

e
− m

Δm

⎛

⎝⎜
⎞

⎠⎟
2
+i mφ+

Δm
2
φ

⎛
⎝⎜

⎞
⎠⎟

2
−

Δm
2
φ

⎛
⎝⎜

⎞
⎠⎟

2

m=−∞

∞
∑

               = 1
2π

    e
− m

Δm
−i

Δm
2
φ

⎛

⎝⎜
⎞

⎠⎟
2

  

m=−∞

∞
∑    e

−
Δm
2
φ

⎛
⎝⎜

⎞
⎠⎟

2

               =              
A Δm,φ( )

2π
               e

−
Δm
2
φ

⎛
⎝⎜

⎞
⎠⎟

2

Complete the square in exponent 
to simplify φ-angle wavefunction.

   

A Δm,φ( ) = e
− m

Δm
−i

Δm
2
φ

⎛

⎝⎜
⎞

⎠⎟
2

m=−∞

∞
∑ Δm>>1⎯ →⎯⎯⎯ dk−∞

∞∫ e
− k

Δm
−i

Δm
2
φ

⎛

⎝⎜
⎞

⎠⎟
2

let:  K= k
Δm

− i
Δm
2

φ   so: dk=ΔmdK
⎡

⎣
⎢

⎤

⎦
⎥   then:  A Δm,φ( )  Δm dK−∞

∞∫ e− K( )2 = Δm π

  
Ψ(φ,t=0) =

Δm

2 π
 e
−

Δm
2

φ
⎛
⎝⎜

⎞
⎠⎟

2

It is a Gaussian distribution, too

97Monday, March 25, 2013



Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:
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Gaussian uncertainty relation
(Compare to  Δx . Δk = π  for ∞-Well)
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