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TThhee BBLLAACCKK BBOOXX ooff
qquuaannttuumm pphhyyssiiccss,, cchheemmiissttrryy,, aanndd ssppeeccttrroossccooppyy

MMaattrriixx DDiiaaggoonnaalliizzaattiioonn::

Eigenvalues
(Quantum levels)

Most of the information!

BBLLAACCKK BBOOXX
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TThhee BBLLAACCKK BBOOXX ooff
qquuaannttuumm pphhyyssiiccss,, cchheemmiissttrryy,, aanndd ssppeeccttrroossccooppyy
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PPeeeekkiinngg iinnttoo BBLLAACCKK BBOOXX ooff mmaattrriixx ddiiaaggoonnaalliizzaattiioonn::
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SSoommee wwaayyss ttoo ppiiccttuurree AAMMOO eeiiggeennssttaatteess

••Potential Energy Surfaces (PES)
electronic

vibrational

vibronic

••Rotational Energy Surfaces (RES)
pure rotational (centrifugal) effects

rovibrational (centrifugal and Coriolis) effects

rovibronic (centrifugal, Coriolis, and Jahn-Teller) effects

•• Generalized phase spaces
vibrational polyad sphere

high energy pulse state space

J=10

J=10



BOA-“Entangled” or correlated products:

Ψυ(ε)(xelectron....Xnuclei...) = ψε(x(X...)...) · ηυ(ε)(X...)
electron x(X)-coordinates

have
adiabatic dependence

on
nuclear X-coordinates

nuclear υε-quanta
have

adiabatic dependence
on

electron ε-quanta

Born-Oppenheimer-Approximate (BOA)
Potential-Energy-Surfaces (PES)

ε=AυA=12
3

0

ε=B

ε=C

υB=1
2

3

0

X

“FAST” stuff “SLOW”stuff



Compare BOA to unentangled state: |ε〉|η〉=|ε,η〉 .

ψε(x)·ηυ(X)=〈x|ε〉〈X|η〉=〈x,X|ε,η〉

Simplest entangled state: (|ε〉|η〉+|ε′〉|η′〉)/√2 (it only takes two to entangle)

ψε(x)·ηυ(X)+ψε′(x)·ηυ′(X)=(〈x|ε〉〈X|η〉+〈x|ε′〉〈X|η′〉)/√2

BOA-“Entangled” or correlated products

Ψυ(ε)(xelectron....Xnuclei...) = ψε(x(X...)...) · ηυ(ε)(X...)

Born-Oppenheimer-Approximate (BOA)
Potential-Energy-Surfaces (PES)

ε=AυA=12
3

0

ε=B

ε=C

υB=1
2

3

0

X

“FAST” stuff “SLOW”stuff



ε=C

BOA-“Entangled” or correlated products

ΦJ[υ(ε)](xelect.....Qvib....Θrotate) = ψε(x(Q(Θ)...)...)·ηυ(ε)(Q(Θ)...)·ρJ[υ(ε)](Θ)
electron x(Q(Θ))-coords

depend on
vibration Q-coords

and
rotation Θ coords

vibe υ(ε)-quanta
depend on

electron ε-quanta

Generalized BOA dependency
Rotational-Energy-Surfaces (RES)

ε=AυA=12
3

0

ε=B
υB=1

2
3

0

X

“FAST” “SLOW”

υA=1 0

J=4

0
1
2
3

J=4

1
2
3

J=4

1
2
3

“SLOWER”

vibe Q(Θ)-coords
depend on

rotation Θ-coords

rotation J[υ(ε)]-quanta
depend on

vibe υ-quanta
and

electron ε-quanta



ΦJ[υ(ε)](xvibronic,Θrotate) = ψε(x(Θ)) ·ρJ[ε](Θ)
= ψε(x(body))·ρJ,M,K(α,β,γ)

= ψµ(x) ·DM,K=n+µ(α,β,γ)√[J]
l _ J*

ψµ(x)= ψµ(x)Dµ,µ(α,β,γ)
l _ l l

sum
µ=−J...+J

BOA

body-wave from lab-wave lab-wave from body-wave

ψµ(x)= ψµ(x)Dµ,µ(α,β,γ)
l l _ l*

sum
µ=−J...+J

“Hook-up” unentangled lab-based products: ψµ(x)·Dm,n(α,β,γ)√[R]
(with Clebsch-Gordan Cµ m M )

l R*

l R J l R*ΦJ(lR) =CµmM ψµ(x)·Dm,n(α,β,γ)√[R]
sum

µ=−J...+J
with

m=M−µ

frame
rotation

l R J

Detailed model
of BOA rotor
entanglement

Using rotational symmetry analysis

bod-based vibronic factor

lab-based vibronic factor

α

βz z
LAB BOD

LABhook-up



l R J l R*ΦJ(lR) =CµmM ψµ(x)·Dm,n(αβγ)√[R]

ΦJ(lµ) = ψµ(x)·DMK(α,β,γ)√[J]
l _ J*BOA

l R J l _ l* R* l R J l J*ΦJ(lR) =CµmM ψµ(x)Dµ,µ(α,β,γ)·Dm,n(αβγ)√[R]=CµnKψµ(x)·DMK(αβγ)√[R]
sum

µ=−J...+J

sum
µ=−J...+J

with
m=M−µ

sum
µ=−J...+J

with
m=M−µ

sum
µ=−J...+J

with: K=µ+n

Compare wave Products:
Lab “hook-up” versus “BOA-constricted bod”

LABhook-up

l R J′ l* R* l R J JJ′ J*CµmM Dµµ(αβγ)·Dmn(αβγ)CµnK =δ DMK(αβγ)

sum
µ=−J...+J

with
m=M−µ

sum
µ=−J...+J

with
n=K−µ

l R J l* R* l R J J*CµmM Dµµ(αβγ)·Dmn(αβγ) =CµnKDMK(αβγ)

sum
µ=−J...J

with
m=M−µ

with: K=µ+n

LABhook-up

ΦJ(lR) =CµnK
l R J√[R]

√[J]

LABhook-up ΦJ(lµ)
BOA

sum
µ=−J...+JThis has form:

...that follows from
well known
coupling identity.

LABhook-up
state:
sharp R
mixed µ

sharp n

BOAbod
state:
mixed R
sharp µ

sharp n
BOTH HAVE...

An elementary
“rovibronic species”

“...gyro in the suitcase”



MMuullttiippllee--RREE ssuurrffaacceess:: UUssiinngg sseemmii--ccllaassssiiccaall ggeeoommeettrryy......
CCaann wwee ddeessccrriibbee iinntteerrnnaall--rroottoorr mmoolleeccuulleess aanndd tthheeiirr ssppiinn ssyymmmmeettrryy??
CCaann wwee ddeessccrriibbee hhyyppeerrffiinnee ssppiinn ddyynnaammiiccss??
The Simplest Cases:

Rigid top with one body fixed “Gyro” (one spin-1/2, one CH3, ...)



MMuullttiippllee--RREE ssuurrffaacceess:: UUssiinngg sseemmii--ccllaassssiiccaall ggeeoommeettrryy......
CCaann wwee ddeessccrriibbee iinntteerrnnaall--rroottoorr mmoolleeccuulleess aanndd tthheeiirr ssppiinn ssyymmmmeettrryy??
CCaann wwee ddeessccrriibbee hhyyppeerrffiinnee ssppiinn ddyynnaammiiccss??
The Simplest Cases:

Rigid top with one body fixed “Gyro” (one spin-1/2, one CH3, ...)

J. Chem. Phys. 101, 2710 (1994)

One of the first Applications of
Multiple RES introduced in Comp.Phys.Rpt. 8,319(1988)

Problem: Mathematica graphic engines were not terrific!
(..and Los Alamos graphics was too $$expensive$$)

See also:

Hougen, Kleiner, and Ortigoso
JCP 96, 455 (1992)



Compound Rotor Hamiltonian: Rigid rotor with body-fixed “gyro”...

H=ARx2+BRy2+CRz2+...+(coupling or constraint)+...+BSS·S

Rotor RR PLUS “Gyro” Spin SS EQUALS Compound Rotor JJ== RR++SS

RR
RR SS

JJ

“whir-rr”

“whir-rr”

x(BODY)

y(BODY)

S~ΩΩ

In general, this term is the difficult part...

...but suppose it’s zero!
Constraints do no work.

Zero-Interaction Potential ‘Proximation (ZIPP)



Compound Rotor Hamiltonian: Rigid rotor with body-fixed “gyro”...

H=ARx2+BRy2+CRz2+...+(coupling or constraint)+...+BSS·S

Rotor RR PLUS “Gyro” Spin SS EQUALS Compound Rotor JJ== RR++SS

RR
RR SS

JJ

“whir-rr”

“whir-rr”

x(BODY)

y(BODY)

S~ΩΩ

In general, this term is the difficult part...

...but suppose it’s zero!
Constraints do no work.Zero-Interaction Potential ‘Proximation (ZIPP)

Let:RR== JJ -- SS and consider non-constant terms (ignore gyro S terms that are constant)

H=A(Jx-Sx)2+B(Jy-Sy)2+C(Jz-Sz)2+...+0 (for constraint)+...+(constant BS terms)

(ZIPPed)



H=ARx2+BRy2+CRz2+...+(coupling or constraint)+...+BSS·S

Let:RR== JJ -- SS and consider non-constant terms (ignore gyro S terms that are constant)

H=A(Jx-Sx)2+B(Jy-Sy)2+C(Jz-Sz)2+...+0 (for constraint)+...+(constant BS terms)

H=AJx2+BJy2+CJz2+...-2AJxSx-2BJySy-2CJzSz+...+(more constant terms)

“Coriolis effect“ subtracts linear or 1st-order Jm or T1
m terms for gyro-rotor H



H=ARx2+BRy2+CRz2+...+(coupling or constraint)+...+BSS·S

“Coriolis effect“ subtracts linear or 1st-order Jm or T1
m terms for gyro-rotor H

BR2 to B(J-S)2 is analogous to p2/2M to (p-eA)2/2M gauge-transformation
...J•S is analogous to ep•A



RE Surface for1st-order Jm or T1
m term is a cardioid displaced in J-direction

Energy sphere intersections are concentric circular precession paths
All paths precess with the same sense around gyro S-vector

FFiixxeedd PPooiinnttss for JJ lie on “North” and
“South” poles of RE surface

S

precessing vector

Highest RE for
gyro-rotor at
South pole
fixed point

Lowest RE for
gyro-rotor at
Nouth pole
fixed point

Linear
Harmonic
precession
spectra



RR

JJ

S

RR
JJ

S

RR
JJ

JJ=R

JJ=RR+S
RR

JJ

Prolate Rotor RR MINUS “Gyro” x-Spin SSxx

Oblate Rotor RR MINUS “Gyro” x-Spin SSxx

High energy against S
||RR|| is large if

||JJ|| is constant

JJ=R

S is fixed ||RR|| is small

||JJ|| is constant

S is fixed ||RR|| is large

||JJ|| is constant

Low energy along S
||RR|| is small if

||JJ|| is constant

S

High
rotor
KE

S

High
rotor
KE

Low
rotor
KE

Low
rotor
KE

JJ--SS=RR



Spin gyro S=(1,1,1) attached (ZIPPed) to
Asymmetric Top (A=5, B=10, C=15)

S

S

RR
JJ

Time reversed
gyro -S=(-1,-1,-1) The two together

Crossing RE surfaces
analogous to

Crossing PE surfaces (Jahn-Teller)

Jz

Jx

Jy

“Sherman” (The shark)

S

unZIPPing
unZIPPing



Two or more RE’s beg to be unZIPPed.
Base RE surfaces are eigenvalues of matrix.
Classical RE
H=AJx2+BJy2+CJz2+...-2AJxSx-2BJySy-2CJzSz+...+(more constant terms)

Semi-Classical Spin-1/2 RE σx=( ),σy=( ),σz=( ), 1=( ) makes matrix
H=(AJx2+BJy2+CJz2)1...-AJxsxσx -BJysyσy -CJzszσz+...+1(more constant terms)

H =
Spin−up RE β,γ( ) Coupling β,γ( )
Coupling β,γ( )* Spin−down RE β,γ( )











0 1
1 0

0 -i
i 0

1 0
0 -1

1 0
0 1

Classical ZIPP A=0.2, B=0.8, C=1.4
Sx=0.0, Sy=0.1, Sz=0.2

Semi-Classical spin-1/2 unZIPP A=0.2, B=0.8, C=1.4
sx=0.0, sy=0.1, sz=0.2

Outer
RE
eigen-
surface

Inner
RE
eigen-
surface

Avoided
crossings
Avoided
crossings

Constant
Energy
Sphere
E=0.32

Constant
Energy
Sphere
E=0.32



(R=21/2)x(l=1/2) Diagonalization A=0.2, B=0.4, C=0.6
varying Dxx=sx , Dyy=sy=2Dxx , Dzz=sz=3Dxx



GGoooodd nneewwss
Rotational energy surfaces (RES) may help visualize matrix eigensolutions
in general, but rotational and vibrational-polyad states in particular.
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GGoooodd nneewwss
Rotational energy surfaces (RES) may help visualize matrix eigensolutions
in general, but rotational and vibrational-polyad states in particular.
BBaadd nneewwss
Well, not every matrix! If your RES looks like a potato, you may be in trouble!
GGoooodd nneewwss
RES can help expose new phenomena and suggest new experiments.
BBaadd nneewwss
That takes some thought and work. Let us know how you do.
GGoooodd nneewwss
RES can approximate rotational matrix with high
accuracy that improves as J increases.
BBaadd nneewwss
But, they suck for J = 1 or 2.
GGoooodd nneewwss
We may be able to fix that.
BBaadd nneewwss
Don’t count on it.



Durer’s “Melancholia”
1514

What’s up, Doc?



Θ =39.5°6
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k=4
m=5

J=6
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5
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6 4

5
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C2(x)
D2 (0)2 (1)2
A1 1 •
A2 • 1
B1 1 •
B2 • 1

C2(y)
D2 (0)2 (1)2
A1 1 •
A2 1 •
B1 • 1
B2 • 1

C2(z)
D2 (0)2 (1)2
A1 1 •
A2 • 1
B1 • 1
B2 1 •

A1

B1
26 kHz

K(x)=10

A2

B2
230 kHz

K(x)=9

(1)2

(0)2

A1

B1
84 MHz

K(x)=8

A2

B2
2 GHz

K(x)=7

(1)2

(0)2

A1

B1

A2

B2A1

2 GHz
K(z)=7

(1)2

A2
B1

B2

A1
84 MHz

K(z)=8

(0)2

230kHz
K(z)=9

(1)2

A2
B1

B2

A1
26 kHz

K(z)=10

(0)2

150 GHz

J=10

J=10
J=10



Oh or Td Spherical Top: (Hecht Ro-vib Hamiltonian 1960)

H = B Jx
2 + J y

2 + J z
2( ) + t440 J x

4 + J y
4 + Jz

4 −
3
5

J 4





+L

= BJ2 + t440 T0
4 +

5
14

T4
4 + T−4

4













 +L

J=30

K4=30
==2299
=28

etc.

35.3°35.3°

19.5°19.5°

JJ ==8888

KK44==8888
==8877
==8866

eettcc..

precessing
JJ vector



C4(100)
O (0)4 (1)4 (2)4 (3)4
A1 1 • • •
A2 • • 1 •
E2 1 • 1 •
T1 1 1 • 1
T2 • 1 1 1

C2(110)
O (0)2 (1)2
A1 1 •
A2 • 1
E2 1 1
T1 1 2
T2 2 1

C3(111)
O (0)3 (1)3 (2)3
A1 1 • •
A2 1 • •
E2 • 1 1
T1 1 1 1
T2 1 1 1

C1(abc)
O (0)1
A1 1
A2 1
E2 2
T1 3
T2 3

A1
T1

10-6cm-1 K(111)=30

(0)3

3 MHz

T2

A2

T1
10-5cm-1 K(111)=29

(1)3T2

E

T1

10-5cm-1 K(100)=25

(1)4

T2

5·10-6cm-1 K(100)=26

(2)4

T2

A2

E

T1

5·10-7cm-1 K(100)=27

(3)4

T2

9·10-8cm-1 K(100)=28

(0)4T1

A1

E

T1

4·10-8cm-1 K(100)=29

(1)4

T2

2·10-10cm-1 K(100)=30

(2)4

T2

A2

E

5 MHz

J=30

K4=30
==2299
=28

etc.

35.3°35.3°

19.5°19.5°

JJ ==8888

KK44==8888
==8877
==8866

eettcc..

precessing
JJ vector



JJ ==8888

KK44==8888
==8877
==8866

eettcc..

precessing
JJ vector



Durer’s “Melancholia”
1514

WWhhaatt rreeaassoonniinngg ccaann lleeaadd ttoo!!

IItt’’ss nnoott aallwwaayyss tthhee mmoosstt ccoommffoorrttaabbllee ooccccuuppaattiioonn!!

((WWhhyy iitt iiss mmoossttllyy iinn ddiissffaavvoorr))



m=13/2
m=6

m=5

m=4

m=3

m=2

m=1

m=0

m=-1

m=-2

m=-3

m=-4

m=-5

m=-6

m=13/2

m=11/2

m=9/2

m=7/2

m=5/2

m=3/2

m=1/2

m=6

m=5

m=4

m=3

m=2

m=1

m=0

m=-1

m=-2

m=-3

m=-4

m=-5

m=-6

Example: J=6



m=9/2

Example: J=4

m=4

m=3

m=2

m=1

m=0

Θ =26.6°4
4

Θ =47.9°4
3

Θ =63.4°4
2

Θ =77.1°4
1

m=-1

m=-2

m=-3

m=-4

Classical
J-polynomials
|J|kPk(Jx,Jy,Jz )

CCllaassssiiccaall
JJ--ppoollyynnoommiiaallss

CCllaassssiiccaall
JJ--PPoollyynnoommiiaallss

Classical
J-Polynomials

CC

CCllaassssiiccaall
JJ--ppoollyynnoommiiaallss
||JJ||kkPPkk((JJxx,,JJyy,,JJzz ))



m=13/2

Example: (J=6)-eigenvalues of v

m=6

m=5

m=4

m=3

m=2

m=1

m=0

m=-1

m=-2

m=-3

m=-4

m=-5

m=-6

6
0
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