
Lecture 22. 
Relativity of wave-optics and Lorentz-Minkowski coordinates I.

Ch. 2 of Unit 8 CMwBang! and p.1-23 Relativity&QuantumTheory by Rule&Compass

1. Optical wave coordinates and frames 
Old-fashioned vs. New-fashioned spacetime frames
Dueling lasers make lab frame space-time grid (CW or PW)

Comparing Continuous-Wave (CW) vs. Pulse-Wave (PW) frames with Review of Light 

2. Applying Occam’s razor to relativity axioms 
Einstein PW Axioms versus Evenson CW Axioms  (Traditional: The ″Roadrunner″ Axiom) 

               CW light clearly shows Doppler shifts
       Check that red is red is red,...green is green is green,...blue is blue is blue,... etc.

Is dispersion linear?… does astronomy work?... how about spectroscopy?
Is Doppler a geometric factor or arithmetic sum?

Introducing rapidity ρ = ln b.
That old Time-Reversal meta-Axiom (that is so-oo-o neglected!) 

3. Spectral theory of Einstein-Lorentz relativity
Applying Doppler Shifts to per-space-time (ck,ω) graph
CW Minkowski space-time coordinates (x,ct) and PW grids

Relating Doppler Shifts b or r=1/b to velocity u/c or rapidity ρ 
   Connection: Conventional approach to relativity and old-fashioned formulas

AMOP Lecture  2 
Thur. 1.16 -Tue 1.21-Thur 1.23.2014
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8Thursday, January 23, 2014

http://www.uark.edu/ua/pirelli/php/waves_interfering_montage.php
http://www.uark.edu/ua/pirelli/php/waves_interfering_montage.php


http://www.uark.edu/ua/pirelli/php/waves_interfering_montage.php

8Thursday, January 23, 2014

http://www.uark.edu/ua/pirelli/php/waves_interfering_montage.php
http://www.uark.edu/ua/pirelli/php/waves_interfering_montage.php


http://www.uark.edu/ua/pirelli/php/waves_interfering_montage.php

8Thursday, January 23, 2014

http://www.uark.edu/ua/pirelli/php/waves_interfering_montage.php
http://www.uark.edu/ua/pirelli/php/waves_interfering_montage.php


Speed of light c
c = λ

τ
= 0.5·10−6

5/3·10−15 = 3·10
8
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Light waves are the lead actors in our portrayal of relativity and quantum theory.

This differs from standard treatments following Einstein’s original works that

are based more on Newtonian notions of particles, bodies, and rigid frames.

Light, which Newton also regarded as fundamentally corpuscular (particle-like),
had by the late 1800's been shown to have a fundamental wave nature due to
work of (among others) Young, Huygens, and most notably, Maxwell.

Then one of Einstein’s 1905 works, following Planck’s 1900 hypothesis

of light quanta, showed that light also had to have a particle-like nature.

Wave-particle duality may be understood by looking at interference properties
of waves in general and how that applies in particular to light waves.

Relativity and quantum mechanics are practically the same subject when viewed
in the light of wave interference/resonance, that is, light wave addition.

?? ??
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It helps to introduce two archetypes of light waves and contrast them.

The first (PW) is a Particle-like Wave or part of a Pulse-Wave train.
The second (CW) is a Coherent Wave or part of a Continuous-Wave train.

(1) The PW archetype (2) The CW archetype
CW amplitude is NON-zero
everywhere except here...and here...and here...and here...

PW amplitude is ZERO
everywhere except here...and here...and here...

PW amplitude... φCWamplitude...
...is mostly flat ZEROS. ...is mostly NON-zero with rounded crests and troughs.
...but has sharp PEAKS. ...but has sharp ZEROS.
...is best defined by where it IS. ...is best defined by where it IS NOT.

Ideal PW shape is a Dirac Delta function. Ideal CW shape is a cosine wave (cos(φ))

(Discussed on next page) (Discussed on next page)

φ
φ
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H sin 60°

H

60°

H cos 60°

φ=π/3cos 60°

=0.500

cos

...continuing to contrast two light wave archetypes:
PW Pulse-Wave trains versus CW Continuous-Wave trains.
(1) The PW archetype (2) The CW archetype

φ

CW amplitude is NON-zero
everywhere except here...and here...and here...and here...

PW amplitude is ZERO
everywhere except here...and here...and here...

Ideal PW shape is the Dirac Delta function δ(φ)... Ideal CW cosine wave (cos(φ)) shape using right triangle geometry...
infinitely high at one point and zero elsewhere! is found in student-calculators,
(Definition: δ(φ)=∞ if φ=0 else δ(φ)=0 ) Also,
its area is one! ( ∫dφδ(φ)=1 ) This mathematical
definition is not attainable in a laser lab.
(An infinite pulse uses all the energy in the universe!)

Real laser lab PW shape varies a lot... Real laser lab CW shape is very nearly a cosine wave and can be
...Gaussian? ...sawtooth?...square?...etc. tuned precisely to any frequency (or color if it’s in visible spectrum)

φ

...infrared... red green blue ...ultra-violet...radio...microwave... ( )

Quite a variety of shapes.
(A jungle of possibilities!)

versus All the same shape.
phasephasephasephasephasephase

(Differing only in frequency, amplitude, and phase )
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cos(φ)

+cos(2φ)

+cos(3φ)

+cos(4φ)

+cos(5φ)

+cos(6φ)

+cos(7φ)

+cos(8φ)

+cos(9φ)

+cos(10φ)

PW forms are also called
Wave Packets (WP)
since
they are
interfering
sums of
many
CW terms

CW terms are
also called
Color Waves
or
Fourier
Spectral
Components

CW terms interfering constructively
(narrow regions of peaks)

CW terms interfering destructively
(wide regions of zeros)

... and vice-versa ...
CW forms can be
made artificially
from PW sums ...

(this is digital
sampling or
digital-to-analog
synthesis.)

“pulse-packets”

(this φ-dimension is
time and/or space)

(10-Cosine Waves
make up this pulse)

φ=kx - ωt

http://www.uark.edu/ua/pirelli/php/waves_pw_from_cw_anim.php
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period = τ

τ/2

τ/5

τ/10

τ/50

PW widths reduce proportionally with more CW terms (greater Spectral width)

1 CW term
Δυ =υ=1/τ

2 CW terms
Δυ =2υ

5 CW terms
Δυ =5υ

10 CW terms
Δυ =10υ

50 CW terms
Δυ =50υ

Space-time width (pulse width) Spectral width (harmonic frequency range)

Δt = τ

Δt = τ/2

Δt = τ/5

Δt = τ/10

Δt = τ/50

1 10 20 30 40 50

2 10 20 30 40 50

5 10 20 30 40 50

10 20 30 40 50

10 20 30 40 50

MMoorree
WWaavvee--lliikkee

MMoorree
PPaarrttiiccllee--lliikkee

Fourier-Heisenberg product: Δt ·Δυ =1 (time-frequency uncertainty relation)

Δυ=1υ= fundamental frequency

Δυ=2υ

Δυ=5υ

Δυ=10υ

Δυ=50υ

(1 cosine wave)

(2 cosine waves)

(5 cosine waves)

(10 cosine waves)

(50 cosine waves)

(up to 2nd octave)

fundamental

this dimension is time this dimension is frequency or per-time

Less prone

to

interference

More prone

to

interference

(up to 5th)

(up to 10th)

http://www.uark.edu/ua/pirelli/php/waves_pw_from_cw_width.php
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How fast is light? Light goes one foot in a nano-second .

This may seem quite fast to us.

But, on a cosmic scale lightspeed is positively sub-glacial. In your lifetime light

cannot cross one pixel (.) of the Hubble photo below.
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Ways to recall (roughly) the speed c of light

Light travels ~one foot in one nanosecond...

one nanosecond

one foot

1 foot ~1 light-nanosecond

...or~one billion feet in one second...

1 billion feet ~1 light-second

Light travels ~3/10 of a meter in one nanosecond...

one foot

3/10 meter ~1 light-nanosecond

...or~3 hundred million meters in one second...

300,000,000 meters ~1 light-second

Current Standard c Value
K. M. Evenson - US NIST

c=299,792,458 meters/second

US-English
units

Metric
units

1 foot=0.3048 meter

c=186,282.397 miles/second

SOURCESOURCE

SOURCESOURCE

SOURCESOURCE

or:

or:

http://www.uark.edu/ua/pirelli/php/lightspeed_memnonic.php
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one foot

1 foot = 0.3048 meter

SOURCESOURCE

Think of light wave as pairs of steps:
LEFT

RIGHT

LEFT

RIGHT

length per step = wavelength λ

time per step
= period τ one nanosecond

length per step = wavelength λ

length per step = wavelength λ

1
time per stepsteps per time =

Frequency υ =
1
τ

Frequency υ=

Wave speed c is length per steptime per step
λ
τc =

1/2 foot = 0.1524 meter

http://www.uark.edu/ua/pirelli/php/wave_pair_steps.php
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one foot

1 foot = 0.3048 meter

SOURCESOURCE

Light speed using per-space and per-time
LEFT

RIGHT

LEFT

RIGHT

seconds per step
= period τ

1/2 foot = 0.1524 meter

one nanosecond

Wave speed c is steps per secondsteps per meter
υ
κc =

meters per step = wavelength λ

1
seconds per stepsteps per second =

Frequency υ =
1
τ

Frequency υ=

Wave-number κ =steps per meter = 1
meters per step

Wave-number κ =
1
λ

υ
κc =

λ
τc =λ·υc =

speed formulae:
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x (meters)

(one foot)

SOURCESOURCE

ct c(seconds)

0.15 m 0.3 m

c(1.0 ns)

c(0.5 ns)

x

t
c =

x

ct
1 =

slower

than

light

slower

than

light

faster

than

light

faster

than

light

slower

than

light

slower

than

light

faster

than

light

faster

than

light
slower

than

light

slower

than

light

faster

than

light

faster

than

light

x (meters)

(one foot)

0.15 m 0.3 m

SOURCESOURCE

c(1.0 ns)

c(0.5 ns)

cκ (per-meter)

υ (per second)

c(0.33/m )

2.0 GHz

1.0 GHz

υ
cκ1 =

c(0.67/m) c(1.0/m)

cκ (per-meter)

υ (per second)

c(0.33/m )

2.0 GHz

1.0 GHz

υ
cκ1 =

c(0.67/m) c(1.0/m)

ct c(seconds)

Continuous Wave in Spacetime world defined by one vector in Per-Spacetime

υ
κc =

slower

than

light

slower

than

light

faster

than

light

faster

than

light
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Frequency ν=ω/2π
750 THz

(Waves per second)

ggrreeeenn

Frequency ν=ω/2π
600 THz

(Waves per second)

Frequency ν=ω/2π
500 THz

(Waves per second)

Frequency ν=ω/2π
400 THz

(Waves per second)

oorraannggee

rreedd

bblluuee

330000 TTHHzz llaasseerr

990000 TTHHzz llaasseerr

11220000 TTHHzz llaasseerr

Color depends on light frequency ν ...

22− 660000TTHHzz

33− 990000TTHHzz

4− 11220000TTHHzz

11− 330000TTHHzz

Frequency ν

600THz laser

((ggrreeeenn))

((nneeaarr iinnffrraarreedd))

750THz

500THz

400THz

((nneeaarr UUVV))

((vvaaccuuuumm UUVV))

blue

green

orange

red

(invisible)

(invisible)

00

http://www.uark.edu/ua/pirelli/php/color_freq.php
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Frequency ν=ω/2π
750 THz

(Waves per second)

Wavelength λ=1/κ
400 nm = 0.4 µm
(meters per wave)

ggrreeeenn

Frequency ν=ω/2π
600 THz

(Waves per second)

Wavelength λ=1/κ
500 nm = 0.5 µm
(meters per wave)

Frequency ν=ω/2π
500 THz

(Waves per second)

Wavelength λ=1/κ
600 nm = 0.6 µm
(meters per wave)

Frequency ν=ω/2π
400 THz

(Waves per second)

Wavelength λ=1/κ
750 nm = 0.75 µm
(meters per wave)

oorraannggee

rreedd

bblluuee

330000 TTHHzz llaasseerr

k=+1

ω = 1c

990000 TTHHzz llaasseerr

11220000 TTHHzz llaasseerr

ω = 4c

Color depends on light frequency ν or wavelenthλ...

22− 660000TTHHzz

33− 990000TTHHzz

4− 11220000TTHHzz

11− 330000TTHHzz

400nm

500nm

600nm

750nm

Frequency ν

600THz laser

((ggrreeeenn))

ω = 2c

ω = 3c

((nneeaarr iinnffrraarreedd))

750THz

500THz

400THz

333nm

λ=250nm

λ= 1000nm= 1µm=1micron

((nneeaarr UUVV))

((vvaaccuuuumm UUVV))

blue

green

orange

red

(invisible)

(invisible)

00
547.72nm=547.72THz

Very special mks frequency
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Frequency ν=ω/2π
750 THz

(Waves per meter)

Wavelength λ=1/κ
400 nm = 0.4 µm
(meters per wave)

Period τ=1/ν
1/(750 T)sec.

(Seconds per wave)

Wavenumber κ=k/2π
2.5 Million/meter

(Waves per meter)

Wavespeed c =λ ·ν=λ /τ =ν /κ =ω /k

ggrreeeenn

Frequency ν=ω/2π
600 THz

(Waves per second)

Wavelength λ=1/κ
500 nm = 0.5 µm
(meters per wave)

Period τ=1/ν
1/(600 T)sec.

(Seconds per wave.)

Wavenumber κ=k/2π
20,000/cm

(Waves per centimeter)

Wavespeed c =λ ·ν=λ /τ =ν /κ =ω /k

Frequency ν=ω/2π
500 THz

(Waves per second)

Wavelength λ=1/κ
600 nm = 0.6 µm
(meters per wave)

Period τ=1/ν
1/(500 T)sec.

(Seconds per wave.)

Wavenumber κ=k/2π
16,667/cm

(Waves per centimeter)

Wavespeed c =λ ·ν=λ /τ =ν /κ =ω /k

Frequency ν=ω/2π
400 THz

(Waves per second)

Wavelength λ=1/κ
750 nm = 0.75 µm
(meters per wave)

Period τ=1/ν
1/(400 T)sec.

(Seconds per wave.)

Wavenumber κ=k/2π
13,333/cm

(Waves per meter)

Wavespeed c =λ ·ν=λ /τ =ν /κ =ω /k

oorraannggee

rreedd

bblluuee

330000 TTHHzz llaasseerr

k=+1

ω = 1c

990000 TTHHzz llaasseerr

k=+3

11220000 TTHHzz llaasseerr

k=+4

ω = 4c

Color depends on light frequency ν or wavelenthλ...

22− 660000TTHHzz

33− 990000TTHHzz

4− 11220000TTHHzz

11− 330000TTHHzz

400nm

500nm

600nm

750nm

Frequency ν

600THz laser

((ggrreeeenn))

k=+2
ω = 2c

ω = 3c

((nneeaarr iinnffrraarreedd))

750THz

500THz

400THz

333nm

λ=250nm

λ= 1000nm= 1µm=1micron

((nneeaarr UUVV))

((vvaaccuuuumm UUVV))

blue

green

orange

red

(invisible)

(invisible)

00

...but light speed

c=299,792,458m/s

is independent of Color

547.72nm=547.72THz
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2. Applying Occam’s razor to relativity axioms 
Einstein PW Axioms versus Evenson CW Axioms  (Traditional: The ″Roadrunner″ Axiom) 

               CW light clearly shows Doppler shifts
       Check that red is red is red,...green is green is green,...blue is blue is blue,... etc.

Is dispersion linear?… does astronomy work?... how about spectroscopy?
Is Doppler a geometric factor or arithmetic sum?

Introducing rapidity ρ = ln b.
That old Time-Reversal meta-Axiom (that is so-oo-o neglected!) 
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Tradition: Start with the ″Roadrunner″ Axiom! 
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List 1-17 of Roadrunner Episodes
Chuck Jones-Wikipedia-2012
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List 17-34 of Roadrunner Episodes
Chuck Jones-Wikipedia-2012
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List 35-49 of Roadrunner Episodes
Chuck Jones-Wikipedia-2012

29Thursday, January 23, 2014
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               CW light clearly shows Doppler shifts
       Check that red is red is red,...green is green is green,...blue is blue is blue,... etc.

Is dispersion linear?… does astronomy work?... how about spectroscopy?
Is Doppler a geometric factor or arithmetic sum?

Introducing rapidity ρ = ln b.
That old Time-Reversal meta-Axiom (that is so-oo-o neglected!) 

30Thursday, January 23, 2014



31Thursday, January 23, 2014



2. Applying Occam’s razor to relativity axioms 
Einstein PW Axioms versus Evenson CW Axioms  (Traditional: The ″Roadrunner″ Axiom) 

               CW light clearly shows Doppler shifts
       Check that red is red is red,...green is green is green,...blue is blue is blue,... etc.

Is dispersion linear?… does astronomy work?... how about spectroscopy?
Is Doppler a geometric factor or arithmetic sum?

Introducing rapidity ρ = ln b.
That old Time-Reversal meta-Axiom (that is so-oo-o neglected!) 

32Thursday, January 23, 2014



http://www.uark.edu/ua/pirelli/php/doppler_segue.php
Related subject matter at:
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http://www.uark.edu/ua/pirelli/php/doppler_cw_logic_3.php
Related subject matter at:
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2. Applying Occam’s razor to relativity axioms 
Einstein PW Axioms versus Evenson CW Axioms  (Traditional: The ″Roadrunner″ Axiom) 

               CW light clearly shows Doppler shifts
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What if ν=600THz green excited an Ar atom but NOT a λ=0.500µm optical cavity? (or vice-versa?) 

That would mean Good-Bye Light Amplification by Stimulated Emission of Radiation .

38Thursday, January 23, 2014



What if ν=600THz green excited an Ar atom but NOT a λ=0.500µm optical cavity? (or vice-versa?) 

That would mean Good-Bye Light Amplification by Stimulated Emission of Radiation .

38Thursday, January 23, 2014



What if ν=600THz green excited an Ar atom but NOT a λ=0.500µm optical cavity? (or vice-versa?) 

That would mean Good-Bye Light Amplification by Stimulated Emission of Radiation .
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Linear Dispersion (means NO dispersion) has all colors (Fourier components) march in “lockstep”

NON-linear Dispersion (has dispersion) so different colors (Fourier components) go different speeds

ω =(const.)·k

ω = ω(k)

See animation: www.uark.edu/ua/pirelli/php/train_PW_Occum_Evenson.php
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2. Applying Occam’s razor to relativity axioms 
Einstein PW Axioms versus Evenson CW Axioms  (Traditional: The ″Roadrunner″ Axiom) 

               CW light clearly shows Doppler shifts
       Check that red is red is red,...green is green is green,...blue is blue is blue,... etc.
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2. Applying Occam’s razor to relativity axioms 
Einstein PW Axioms versus Evenson CW Axioms  (Traditional: The ″Roadrunner″ Axiom) 
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Source υΑ=300THz

b=2 SOURCERECEIVER CRECEIVER C RECEIVER BRECEIVER B SOURCE ASOURCE A

AliceBobCarla

υΒ=bBA υΑυ
C
=b

CA
υΑ=bCB υΒ
=b

CB
b
BA

υΑ

This implies:

b
CA
=b

CB
b
BA

2 time 2 equals 4 Doppler arithmetic
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Source υΑ=300THz

b=2 SOURCERECEIVER CRECEIVER C RECEIVER BRECEIVER B SOURCE ASOURCE A

AliceBobCarla

υΒ=bBA υΑυ
C
=b

CA
υΑ=bCB υΒ
=b

CB
b
BA

υΑ

This implies:

b
CA
=b

CB
b
BA

2 time 2 equals 4 Doppler arithmetic

b-Product rule

2 times 2 = 4 Doppler arithmetic
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2. Applying Occam’s razor to relativity axioms 
Einstein PW Axioms versus Evenson CW Axioms  (Traditional: The ″Roadrunner″ Axiom) 

               CW light clearly shows Doppler shifts
       Check that red is red is red,...green is green is green,...blue is blue is blue,... etc.

Is dispersion linear?… does astronomy work?... how about spectroscopy?
Is Doppler a geometric factor or arithmetic sum?

Introducing rapidity ρ = ln b.
That old Time-Reversal meta-Axiom (that is so-oo-o neglected!) 
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See animation: www.uark.edu/ua/pirelli/php/time_rev_sym.php
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See animation: www.uark.edu/ua/pirelli/php/time_rev_sym.php
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3. Spectral theory of Einstein-Lorentz relativity
Applying Doppler Shifts to per-space-time (ck,ω) graph
CW Minkowski space-time coordinates (x,ct) and PW grids

Relating Doppler Shifts b or r=1/b to velocity u/c or rapidity ρ 
   Lorentz transformation  

Connection: Conventional approach to relativity and old-fashioned formulas
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T
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e
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Ψ(x,t)=(e-iωt)(2coskx)=ei(kx-ωt)+ei(-kx-ωt)
(d) Dispersion plot
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Fig. 5 in SR&QM

recall also:
p. 3-11 of Lect.1
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3. Spectral theory of Einstein-Lorentz relativity
Applying Doppler Shifts to per-space-time (ck,ω) graph
CW Minkowski space-time coordinates (x,ct) and PW grids

Relating Doppler Shifts b or r=1/b to velocity u/c or rapidity ρ 
   Lorentz transformation  
           Connection: Conventional approach to relativity and old-fashioned formulas
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   K2 = ′R

= B eρ

eρ
⎛

⎝
⎜

⎞

⎠
⎟

K2 = ′L

= B e−ρ

−e=ρ
⎛

⎝
⎜

⎞

⎠
⎟
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   K2 = ′R

= B eρ

eρ
⎛

⎝
⎜
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⎟

′P = ′R + ′L
2

= B

eρ + e−ρ

2
eρ − e−ρ

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

K2 = ′L

= B e−ρ

−e=ρ
⎛

⎝
⎜

⎞

⎠
⎟

′P

Phase-vector: ′P =
′ω phase

c ′kphase

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

in per-space-time (ω ,ck)
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   K2 = ′R

= B eρ

eρ
⎛

⎝
⎜

⎞

⎠
⎟

′G = ′R − ′L
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= B

eρ − e−ρ

2
eρ + e−ρ
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⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
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eρ + e−ρ

2
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⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

K2 = ′L

= B e−ρ

−e=ρ
⎛

⎝
⎜

⎞

⎠
⎟

′P
′G

Phase-vector: ′P =
′ω phase

c ′kphase

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

in per-space-time (ω ,ck)

Group-vector: ′G =
′ω group

c ′kgroup

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

in per-space-time (ω ,ck)
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   K2 = ′R

= B eρ

eρ
⎛

⎝
⎜

⎞

⎠
⎟

′G = ′R − ′L
2

= B
sinhρ
coshρ

⎛

⎝
⎜

⎞
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⎜
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⎠
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⎠
⎟
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in per-space-time (ω ,ck)

Group-vector: ′G =
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⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

in per-space-time (ω ,ck)
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s
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4 4
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Fig. 9 in SR&QM

recall also:
p. 3-11 of Lect.1
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recall also:
p. 3-11 of Lect.1
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Space x′

P=Kphase
sinhρP=Kphase

G=Kgroup

Space x

Time
ct =cothρ

Vphase
slope:

c

= 0Vgroupc
slope:

sinh2ρ
coshρ

cτ1
2

= ∞

Vphase
slope:

c

cτ1
2

cτ1
2cτ1

2 cτ1
2

cτ1
2

cτ1
2

sechρcτ1
2 coshρcτ1

2

(a) Alice’s standing CW (x,ct) frame (b) Bob’s (x′,ct′) view

′ω (any)

c ′k(any)

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
B

=
coshρ sinhρ
sinhρ coshρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ω (any)

ck(any)

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
A

where:
coshρ sinhρ
sinhρ coshρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

γ β ⋅γ
β ⋅γ γ

⎛

⎝
⎜

⎞

⎠
⎟

′x(any)
c ′t(any)

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
B

=
coshρ sinhρ
sinhρ coshρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x(any)
ct(any)

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
A

⇔
x(any)
ct(any)

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
A

=
coshρ −sinhρ
−sinhρ coshρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

′x(any)
c ′t(any)

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
B

Einstein-Lorentz Transformation (ELT) of spacetime (x,ct) coordinates... 

...is based upon the same ELT of per-spacetime (ck,ω) coordinates... Old-fashioned notation
(discussed below)
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3. Spectral theory of Einstein-Lorentz relativity
Applying Doppler Shifts to per-space-time (ck,ω) graph
CW Minkowski space-time coordinates (x,ct) and PW grids

Relating Doppler Shifts b or r=1/b to velocity u/c or rapidity ρ 
   Lorentz transformation  
           Connection: Conventional approach to relativity and old-fashioned formulas
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Given phase and group wave formulas:

′ω phase

c ′kphase

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= ′P = ′R + ′L

2
=ω A

eρ + e−ρ

2
eρ − e−ρ

2

⎛
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⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=ω A

coshρ
sinhρ

⎛

⎝
⎜

⎞

⎠
⎟ =ω A

5
4
3
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⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

′ω group
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⎛

⎝
⎜
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⎠
⎟
⎟
= ′G = ′R + ′L

2
=ω A

eρ − e−ρ
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⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
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sinhρ
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⎛

⎝
⎜

⎞

⎠
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3
4
5
4

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

Connection to conventional approach to relativity and old-fashioned formulas
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Given phase and group wave formulas:

′ω phase

c ′kphase

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= ′P = ′R + ′L

2
=ω A

eρ + e−ρ

2
eρ − e−ρ

2

⎛
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⎜
⎜
⎜
⎜

⎞

⎠

⎟
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⎟
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⎜
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⎛
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⎜
⎜
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⎟
⎟
⎟

′ω group

c ′kgroup

⎛

⎝
⎜
⎜
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⎠
⎟
⎟
= ′G = ′R + ′L
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eρ − e−ρ
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eρ + e−ρ
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⎝

⎜
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⎜
⎜
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⎟
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sinhρ
coshρ
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⎝
⎜
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⎛

⎝

⎜
⎜
⎜
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⎞

⎠

⎟
⎟
⎟
⎟

Calculate phase velocity                 and           group velocity of coordinate waves:
Vphase

c
=

′ω phase

c ′kphase
= coshρ
sinhρ

= 5
3
= cothρ

Vgroup
c

=
′ω group

c ′kgroup
= sinhρ
coshρ

= 3
5
= tanhρ

′Vgroup
c

= u
c
=tanhρ = e

ρ − e−ρ

eρ + e−ρ
= b −b

−1

b +b−1 =
b2−1
b2+1

≡β

old-fashioned
relativity

parameter 
β=u/c

Connection to conventional approach to relativity and old-fashioned formulas
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Given phase and group wave formulas:

′ω phase

c ′kphase
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⎜
⎜
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⎟
⎟
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⎛

⎝
⎜
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⎟
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⎜
⎜
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⎟
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⎜
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⎟
⎟

Calculate phase velocity                 and           group velocity of coordinate waves:
Vphase

c
=

′ω phase

c ′kphase
= coshρ
sinhρ

= 5
3
= cothρ

Vgroup
c

=
′ω group

c ′kgroup
= sinhρ
coshρ

= 3
5
= tanhρ

′Vgroup
c

= u
c
=tanhρ = e

ρ − e−ρ

eρ + e−ρ
= b −b

−1

b +b−1 =
b2−1
b2+1

≡β

old-fashioned
relativity

parameter 
β=u/c

Solve          for Doppler-blue factor:b2−1
b2+1

≡β

Connection to conventional approach to relativity and old-fashioned formulas
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Given phase and group wave formulas:
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⎟
⎟

Calculate phase velocity                 and           group velocity of coordinate waves:
Vphase

c
=

′ω phase

c ′kphase
= coshρ
sinhρ

= 5
3
= cothρ

Vgroup
c

=
′ω group

c ′kgroup
= sinhρ
coshρ

= 3
5
= tanhρ

′Vgroup
c

= u
c
=tanhρ = e

ρ − e−ρ

eρ + e−ρ
= b −b

−1

b +b−1 =
b2−1
b2+1

≡β

old-fashioned
relativity

parameter 
β=u/c

Solve          for Doppler-blue factor:b2−1
b2+1

≡β

b2−1=βb2+β
b2−βb2 =1+β

Connection to conventional approach to relativity and old-fashioned formulas
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Calculate phase velocity                 and           group velocity of coordinate waves:
Vphase

c
=

′ω phase

c ′kphase
= coshρ
sinhρ

= 5
3
= cothρ

Vgroup
c

=
′ω group

c ′kgroup
= sinhρ
coshρ

= 3
5
= tanhρ

′Vgroup
c

= u
c
=tanhρ = e

ρ − e−ρ

eρ + e−ρ
= b −b

−1

b +b−1 =
b2−1
b2+1

≡β

old-fashioned
relativity

parameter 
β=u/c

Solve          for Doppler-blue factor:b2−1
b2+1

≡β

b2−1=βb2+β
b2−βb2 =1+β

b2 =1+β
1−β

Connection to conventional approach to relativity and old-fashioned formulas
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Given phase and group wave formulas:
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Calculate phase velocity                 and           group velocity of coordinate waves:
Vphase

c
=

′ω phase

c ′kphase
= coshρ
sinhρ

= 5
3
= cothρ

Vgroup
c

=
′ω group

c ′kgroup
= sinhρ
coshρ

= 3
5
= tanhρ

′Vgroup
c

= u
c
=tanhρ = e

ρ − e−ρ

eρ + e−ρ
= b −b

−1

b +b−1 =
b2−1
b2+1

≡β

old-fashioned
relativity

parameter 
β=u/c

Solve          for Doppler-blue factor:b2−1
b2+1

≡β b = 1+ β
1− β

= 1+ u / c
1− u / c

= 1+ u / c
1− u2 / c2

≡ 1+ β
λ

old-fashioned
Lorentz x-contraction

parameter 
λ = 1− u2 / c2

b2−1=βb2+β
b2−βb2 =1+β

b2 =1+β
1−β

Connection to conventional approach to relativity and old-fashioned formulas
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Calculate phase velocity                 and           group velocity of coordinate waves:
Vphase

c
=

′ω phase

c ′kphase
= coshρ
sinhρ

= 5
3
= cothρ

Vgroup
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=
′ω group

c ′kgroup
= sinhρ
coshρ

= 3
5
= tanhρ

′Vgroup
c

= u
c
=tanhρ = e

ρ − e−ρ

eρ + e−ρ
= b −b

−1

b +b−1 =
b2−1
b2+1

≡β

old-fashioned
relativity

parameter 
β=u/c

Solve          for Doppler-blue factor:b2−1
b2+1

≡β b = 1+ β
1− β

= 1+ u / c
1− u / c

= 1+ u / c
1− u2 / c2

≡ 1+ β
λ

old-fashioned
Lorentz x-contraction

parameter 
λ = 1− u2 / c2

Convert Lorentz parameter to hyper-function:

b2 =1+β
1−β

λ ≡ 1− u2 / c2

  = 1− tanh2 ρ = sechρ = 1
coshρ

≡ 1
γ

Connection to conventional approach to relativity and old-fashioned formulas

80Thursday, January 23, 2014



Given phase and group wave formulas:
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Calculate phase velocity                 and           group velocity of coordinate waves:
Vphase

c
=

′ω phase

c ′kphase
= coshρ
sinhρ

= 5
3
= cothρ

Vgroup
c

=
′ω group

c ′kgroup
= sinhρ
coshρ

= 3
5
= tanhρ

′Vgroup
c

= u
c
=tanhρ = e

ρ − e−ρ

eρ + e−ρ
= b −b

−1

b +b−1 =
b2−1
b2+1

≡β

old-fashioned
relativity

parameter 
β=u/c

Solve          for Doppler-blue factor:b2−1
b2+1

≡β b = 1+ β
1− β

= 1+ u / c
1− u / c

= 1+ u / c
1− u2 / c2

≡ 1+ β
λ

old-fashioned
Lorentz x-contraction

parameter 
λ = 1− u2 / c2

Convert Lorentz parameter to hyper-function:

old-fashioned
Einstein t-dilation

parameter 
γ = 1

1− u2 / c2

b2 =1+β
1−β

λ ≡ 1− u2 / c2

  = 1− tanh2 ρ = sechρ = 1
coshρ

≡ 1
γ

Connection to conventional approach to relativity and old-fashioned formulas
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Given phase and group wave formulas:

′ω phase

c ′kphase

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= ′P = ′R + ′L

2
=ω A

eρ + e−ρ

2
eρ − e−ρ

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=ω A

coshρ
sinhρ

⎛

⎝
⎜

⎞

⎠
⎟ =ω A

5
4
3
4

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

′ω group

c ′kgroup

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= ′G = ′R + ′L

2
=ω A

eρ − e−ρ

2
eρ + e−ρ

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=ω A

sinhρ
coshρ

⎛

⎝
⎜

⎞

⎠
⎟ =ω A

3
4
5
4

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

Calculate phase velocity                 and           group velocity of coordinate waves:
Vphase

c
=
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c ′kphase
= coshρ
sinhρ

= 5
3
= cothρ

Vgroup
c

=
′ω group

c ′kgroup
= sinhρ
coshρ

= 3
5
= tanhρ

′Vgroup
c

= u
c
=tanhρ = e

ρ − e−ρ

eρ + e−ρ
= b −b

−1

b +b−1 =
b2−1
b2+1

≡β

old-fashioned
relativity

parameter 

Solve          for Doppler-blue factor:b2−1
b2+1

≡β b = 1+ β
1− β

= 1+ u / c
1− u / c

= 1+ u / c
1− u2 / c2

≡ 1+ β
λ

old-fashioned
Lorentz x-contraction

parameter 
Convert Lorentz parameter to hyper-function:

old-fashioned
Einstein t-dilation

parameter 

b2 =1+β
1−β

λ = 1− u2 / c2 = sechρ
λ ≡ 1− u2 / c2

  = 1− tanh2 ρ = sechρ = 1
coshρ

≡ 1
γ

1
λ
=γ = 1

1− u2 / c2
= coshρ

β = u / c = tanhρ

Connection to conventional approach to relativity and old-fashioned formulas
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Given phase and group wave formulas:
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Calculate phase velocity                 and           group velocity of coordinate waves:
Vphase

c
=
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c ′kphase
= coshρ
sinhρ

= 5
3
= cothρ

Vgroup
c

=
′ω group

c ′kgroup
= sinhρ
coshρ

= 3
5
= tanhρ

′Vgroup
c

= u
c
=tanhρ = e

ρ − e−ρ

eρ + e−ρ
= b −b

−1

b +b−1 =
b2−1
b2+1

≡β

old-fashioned
relativity

parameter 

Solve          for Doppler-blue factor:b2−1
b2+1

≡β b = 1+ β
1− β

= 1+ u / c
1− u / c

= 1+ u / c
1− u2 / c2

≡ 1+ β
λ

old-fashioned
Lorentz x-contraction

parameter 
Convert Lorentz parameter to hyper-function:

old-fashioned
Einstein t-dilation

parameter 

b2 =1+β
1−β

b = eρ = coshρ + sinhρ = 1+u/c
1−u2/c2

≡ 1+ β
λ

Doppler-blue (again) 
λ = 1− u2 / c2 = sechρ

λ ≡ 1− u2 / c2

  = 1− tanh2 ρ = sechρ = 1
coshρ

≡ 1
γ

1
λ
=γ = 1

1− u2 / c2
= coshρ

β = u / c = tanhρ

Connection to conventional approach to relativity and old-fashioned formulas
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Given phase and group wave formulas:
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Calculate phase velocity                 and           group velocity of coordinate waves:
Vphase

c
=

′ω phase

c ′kphase
= coshρ
sinhρ

= 5
3
= cothρ

Vgroup
c

=
′ω group

c ′kgroup
= sinhρ
coshρ

= 3
5
= tanhρ

′Vgroup
c

= u
c
=tanhρ = e

ρ − e−ρ

eρ + e−ρ
= b −b

−1

b +b−1 =
b2−1
b2+1

≡β

old-fashioned
relativity

parameter 

Solve          for Doppler-blue factor:b2−1
b2+1

≡β b = 1+ β
1− β

= 1+ u / c
1− u / c

= 1+ u / c
1− u2 / c2

≡ 1+ β
λ

old-fashioned
Lorentz x-contraction

parameter 
λ = 1− u2 / c2 = sechρ

λ ≡ 1− u2 / c2

  = 1− tanh2 ρ = sechρ = 1
coshρ

≡ 1
γ

Convert Lorentz parameter to hyper-function:

old-fashioned
Einstein t-dilation

parameter 
1
λ
=γ = 1

1− u2 / c2
= coshρ

β = u / c = tanhρ
b2 =1+β

1−β

b = eρ = coshρ + sinhρ = 1+u/c
1−u2/c2

≡ 1+ β
λ

          =    1
λ

    +  β
λ

    = 1
1−u2/c2

+ u/c
1−u2/c2

  

Doppler-blue (again) 

Connection to conventional approach to relativity and old-fashioned formulas
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Connection to conventional approach to relativity and old-fashioned formulas

Given phase and group wave formulas:
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Calculate phase velocity                 and           group velocity of coordinate waves:
Vphase

c
=

′ω phase

c ′kphase
= coshρ
sinhρ

= 5
3
= cothρ

Vgroup
c

=
′ω group

c ′kgroup
= sinhρ
coshρ

= 3
5
= tanhρ

′Vgroup
c

= u
c
=tanhρ = e

ρ − e−ρ

eρ + e−ρ
= b −b

−1

b +b−1 =
b2−1
b2+1

≡β

old-fashioned
relativity

parameter 

Solve          for Doppler-blue factor:b2−1
b2+1

≡β b = 1+ β
1− β

= 1+ u / c
1− u / c

= 1+ u / c
1− u2 / c2

≡ 1+ β
λ

old-fashioned
Lorentz x-contraction

parameter 
λ = 1− u2 / c2 = sechρ

λ ≡ 1− u2 / c2

  = 1− tanh2 ρ = sechρ = 1
coshρ

≡ 1
γ

Convert Lorentz parameter to hyper-function:

old-fashioned
Einstein t-dilation

parameter 
1
λ
=γ = 1

1− u2 / c2
= coshρ

β = u / c = tanhρ
b2 =1+β

1−β

b = eρ = coshρ + sinhρ = 1+u/c
1−u2/c2

≡ 1+ β
λ

          =    1
λ

    +  β
λ

    = 1
1−u2/c2

+ u/c
1−u2/c2

  

Doppler-blue (again) 

old-fashioned asimultaneity coeff. 
u/c
1−u2/c2

= sinhρ
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Related material at
“per space-per-time”

setting of:

Connection to conventional approach to relativity and old-fashioned formulas
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BB==22

433221100--11

EEuucclliiddiiaann wwaavvee ggeeoommeettrryy wwiitthh ttiimmee--rreevveerrssaall ssyymmmmeettrryy iimmppllyy
ddiissppeerrssiioonn hhyyppeerrbboollaass:: ω ==nnBccoosshh ρ

4

BB ccoosshh ρ

BB ssiinnhh ρ
BB ee--ρ

ee--ρBB

ρ = ( ρ+ ρ)/2ρ = ( ρ− ρ)/2

ee++ρ

Lab
frame
area...

equals

Atom frame area...

by time-reversal axiom: r =1/b

r·b= 1
BB=bBB

=rBB

r
b

r

b

...that implies
hyperbolic invariants

′

per-space
ck′

per-time
ω′

Doppler
blue-shift

Doppler
red-shift

BBee++ρ

BBee--ρ
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red-shift

BBee++ρ

BBee--ρ
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GGrroouupp vveelloocciittyy u aanndd pphhaassee vveelloocciittyy c2/u
aarree hhyyppeerrbboolliicc ttaannggeenntt ssllooppeess

Newtonian speed u~cρ
Relativistic
group wave
speed u=c tanh ρ

LLooww ssppeeeedd aapppprrooxxiimmaattiioonn

33−

== BB==22ϖ

433221100--11

4

--22

BB ccoosshh ρ

BB ssiinnhh ρ
BB ee--ρ ck

ω

== 22BB==442ϖ

Δω

c Δk

PP
GG

BB ee++ρ

G
hyperbolas

P hyperbolas
c line

cc

ω

ck

u

c
u

c dω =dcckk
cckk
ω=

Group velocity

k=BB ssiinnhh ρ
ω=BB ccoosshh ρ

ω =cckk
cc
uu

Phase velocity

== BBϖ

Rare but important case where

with LARGE Δk
(not infinitesimal)

dω
dk =

Δω
Δk

PP
Δω

c Δk

cc
uu

BB ssiinnhh ρ

BB ccoosshh ρ

Rapidity ρ approaches u/c
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The most old-fashioned form(ula) of  all: Thales & Euclid means
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Connection to conventional approach to relativity and old-fashioned formulas
The most old-fashioned form(ula) of  all: Thales & Euclid means

half-sum=overall phase

half-difference=group phase
Re ψ

Im ψ

22−

433221100--11

geometric

mean:

1

2

1

2

difference

mean:

Relates to wave interference by (Galilean)

phasor angular velocity addition

ck

ω

arithmetric

mean:

[4+1]=5/2=5/2

(HALF-SUM )(HALF-

DIFFERENCE )

1/2

41

[4-1]=3/2

[1· 4] =2

3/2

Euclid’s 3-means (300 BC)

Geometric“heart” of wave mechanics

Linear velocity V
group

/c=u/c

is (HALF-DIFF./HALF-SUM)=3/5

(units of 300THz)

Thales (580BC) rectangle-in-circle

http://www.uark.edu/ua/pirelli/html/default.htmlhttp://www.uark.edu/ua/pirelli/php/phasors_2_3_zoom_anim.php
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Connection to conventional approach to relativity and old-fashioned formulas
The most old-fashioned form(ula) of  all: Thales & Euclid means

http://www.uark.edu/ua/pirelli/php/phasors_2_3_anim.php
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