Based on QTCA Lectures 7, 23-25
Group Theory in Quantum Mechanics

Quantum theory of harmonic oscillators U2)Uis)...

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , QTCA Unit 7 Ch. 21-22, PSDS - Ch. 8 )

Review : 1-D ata algebra of U(1) representations

Review : 2-D Classical and semi-classical harmonic oscillator ABCD-analysis
U(2) vs R(3):2-State Schrodinger: ind:|V(1))=H|V (1)) vs. Classical 2D-HO. 0*Xx=-KeX

Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0
Spinor-complex variable analogies. arithmetic, vector algebra, operator calculus

2-D ata algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basics
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry
Anti-commutation relations
Two-dimensional (or 2-particle) base states. ket-kets and bra-bras
Outer product arrays
Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator eigensolutions
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* Review : [-D ata algebra of U(1) representations

Tuesday, April 1, 2014



Review :  Creation-Destruction ata algebra

4 N
4 N , [ 7o o ot [agn
(X-I—iP) ( /Ma)x+ip/~/Ma)) aT:(X_lP):( Mo X—ip/ M(U)
Y Ton Jho J2n
Define { Destruction operator ) and \ Creation Operator y

Commutation relations between a = (X+iP)/2 and a'= (X-iP)/2 with X=VMoxA2 and P=pAN2M :
_a,aqzaaT-aTa=£(\/Mw x+ip/\/Ma))(\/Ma) x—ip/\/Ma))—i(\/Ma) x—ip/x/Ma))(\/Ma) x+ip/\/Ma))

a,ang(px—xp):%[x,p]ﬂ @a,aqzﬂ or (aaT=aTa+1) [ x,p |=xp-px=hi1
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Review :

Ist excited state wavefunction y(x)={x |1)

Expanding the creation operator

(x |a|0y = (x |1) = yy(x) PP . ¢
energyE]-EO_"_ A (O Y2 PO sl
—ho B CSE .
VMo <x‘ X’O> — i<x‘ p‘0> /NM® ) = <x‘ 1> =Y (x) Clazvical turningploints X

(xal(0)= |

The operator coordinate re

Wavefunction creationism (1! Excited state)

TI§=

TR

presentatigns generate the first excited statefwavefunction.

| v h&l//o( )
1)= =—| VMo —i— /
o)== b o)~ 2 9
~Maox?/2h ~Maox?/2h a aT
| VM@ x° LR o
\/ﬁ const. [ dx  const.
—~Mwx?>/2h
_ L [Mx+zﬁwa/F)
\/E const. I
_ 2 /
) Mo o~ Mox>/2n (24)- Mo 34@ Y
\/E const. th
Zero-point
energyEy T
=ho/2
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Review : Matrix <a“a*‘“> calculation

n\ln—1
Derive normalization for n* state obtained by (a')" operator: ~ Use: a"a™ =n!| 1+na'a+ %a’fzﬁ T

fn natn ¥ |
|n>:a_|0>’ Where. 1:<n|n>:<0|a a |20>:n!<0|1+na a;..|o>: n
COnSt. (const.) (const.) (const.)
tn
a 0 ) tn _ tn—1 Tn
|n) = 0) Root-factorial normalization Use: @aa'" =na'™ "+a"a
Jn!
Apply creation a': Apply destruction a:
tn+l tn+l tn tn—1 tn tn—1
N - |0>_\/—a 0) ~aa'"|0) (ma'""+a'a)0) ~—a'""’|0)
) Jn! " (n+1)! ) Jn! Jn! (n—1)!
(af[n)=nr1|n+1) aln)=+ln|n—1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
| 1
. .
sz
Ty — a) = . \/g
* - Use: aa”=na™ '+al"a

Number operator and Hamiltonian operator
v v a'aa’™|0) a'a”'|0) a'"|0)

Number operator N=a'a counts quanta. a'a|n)= =n =n =n|n
Hamiltonian operator 0 1 172 s
H |n) = ho a'a |n) + 10/21 |n) = ho(n+1/2)n)  H=relaat)=io 2 +ho 1/2

3 1/2

Hamiltonian operator is ho N plus zero-point energy 120/2 .
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Review : Expectation values of position, momentum, and uncertainty for eigenstate |n)

.. T
Operator for position X: ,/A;I;’x = aJ;a

expectation for position (X):

X| :<n|x|n>:,/ n|(a+aT)|n> 0
(

expectation for (posztlon)2 X?):

x21,=(n|x?|n) = <n|(a+aT) [n)

M
h 2 ataiaa +ai?
=5 <n|(a +a'a+aa' +a )|n)
0]
h
=—— (2n+1)
2Mw

aa' =1+a'a

a—a'
pP= :
2hM @ 21

Operator for momentum P:

expectation for momentum (P):

B1,= (rlpln) =122 s~y =0

expectati()n for (momentum)? (p?):
P = (nlp?|m) =2 2 (n](a" - |

= hMTw(n|(aT2 ~a'a-aa' +a2)|n)

:hMTw (2n+1)

Uncertainty or standard deviation Aqg of a statistical quantity ¢ 1s its root mean-square difference.

(Aq)° =

Ax| _ i _ h(2n+1)
" X \ 2Mo

(¢-7)°

or: qu\/ (q—c7)2

S MMo(2n+1
Ap|n= p :\/ (2 )

Heisenberg uncertainty product for the n-quantum eigenstate |n)

(Av-Ap)], F\/T—\/

2n+1

2M®

2

\/th(2n+1)

[(Ax-Ap)ln - h(n%D

Heisenberg minimum uncertainty product occurs for the 0-quantum (ground) eigenstate.

[(AX'AP)‘() ==

h
2

J
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2-D Classical and semi-classical harmonic oscillator ABCD-analysis
U(2) vs R(3):2-State Schrodinger: ind:|V(1))=H|W(t)) vs. Classical 2D-HO. 0*Xx=-KeX
Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w, 0o,
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours (Here: ki =k= k)

1 | 1 k+k —k X
V=§(k+k12)x12—k12x1x2+5(k+k12)x§: <x‘K‘x>:§X.K.X:( X, X, ) 12 12 1

1
2 ~ki,  k+k, X,

(a) PE Contours and gradients

ALOW axis (NorthWest)

Review: —

What direction ’X> =|en>
is the same as K|x)??
Not most directions!
Only extremal axes
WOTK. (major or minor axes)

(b) Symmetric U+ Coordinate (c) Anti-symmetric U- Coordinate - (SouthEast)

SLOW Mode FAST Mode Fig. 3.3.4 Plot of potential function V(x},x;) showing elliptical V(x},x;)=const. level curves.
/“7\\QX /
/ | X\\\ X1 1 0° X2 ) X1 u .
[ phfisor | [y_phase \ plfisor hasoyX1/80° ~Qidso Potential
|- phay AN \{/ od, Qut-of-phase Energy
\ \ SO oA % : mode ) &*
A N N \Xz X2
o 01 < \‘ Q' =
NN K i
AN I a § 9\
is SLOW s > 0,
phasor \\\\ ( ‘ i h K \ ]
1 | 4 \\\\\\ ‘ 1 7 | | | | | X\l 1 & U- 4 L X‘l 1 W
— 5 is FAST] i X2
= phasor phasor g I(Jhasodf
(90° turned) Q'
-

phasor /
With Bilateral symmetry (k; =k= k2) the extremal axes lie at £45° <

Fig. 3.3.5 Topography lines of potential function V(x;,x5) and orthogonal €, ande_ normal mode slopes
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2D-HO beats and mixed mode geometry

. . 0 — 1 — Coupled Optical
R@Vlew. A “visualization gauge” (a) r ((1) O) r ((1)_ TC) Pendula  E(t)
We hold these two fixed... even  +45°

[+)

parity
states odd -45°

02
- A %
!0

local

and let these two

tate at beat frequency

t=1/6

)+ Uo
\2 U

Lauoc@

ﬂlpped Y

|+}—|—}°' $

1/4 (\"‘
revivals
or beats
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Some of the most famous 2-state systems and their two-complex-component coordinates.

(a) Electron Spin-1/2-Polarization

Review:

Spin-up
|1)=T)

Spin-dn
12)=I1)

|X )=

v

(

\

x| (o)
Xl | | <¢Ix>/
= TY T+ L)

(b) Photon Spin-1-Polarization

Plane-x

| 1)=1x)

3

|y )=

Plane-y M

12)=ly>

( \
Xy

=|xXx

| <yI\|f>/

Y)+HyXyly)

(¢) Ammonia (NH3) Inversion States

\

,

/ pi=Im y, \

Re x;

P2
@Xz /
Px
O
Py
\ j;y y
Pup
)
Xup
PpN
XDN
/

N-UP (v ) (wewy) [
UP
|1)=|UP)
V)= _
0.0 Fig. 10.5.1

N-DN @ vDN <DN|V> OTCA Unit 3 Chapter 10

|2)=|DN) o ~ o\
=|UP){UP|v)+|DN)XDN|[v)
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2-D Classical and semi-classical harmonic oscillator ABCD-analysis
U(2) vs R(3):2-State Schrodinger: ind:|V(1))=H|W(t)) vs. Classical 2D-HO. 0*Xx=-KeX
Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w, 0o,
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U(2) vs R(3):2-State Schrodinger: in0:\V(1))=H|V(t)) vs. Classical 2D-HO.: 0*x=-Kex

Review: in| W (1)) = H|¥ (1)) %)=-K:|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H :( A B=iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
oAl 2 2\, C D( o 2
) ¥, X +ip, ay TS\ (x5, + Py )+ C 31, _x2p1)+3 Py TX
)= ¥, | | mtip | | @
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW ;
into pairs of real 1%-order differential equations. X, = % = Ap, + Bp, — Cx, p=- ai[c = —(Ax, + Bx, + Cp,)
_ b= Ax. - Bx, - Cp OM vs. Classical Py a[;
= — — — . H . .
'1 1 2 2 Equations are s = oH, _ Bp,+ Dp, +Cx, py=-5 = —(Bx, + Dx,~ Cp,)
ap, X

Finally a 2™ time|derivative|[(Assume constant A, 2, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X) = —K-\X>

BT —Bx, - Dx, + Cp, identical

\ &, = Ap, + Bp, ~Ci, %, = Bp, + Dp, a3
= —A(Ax1 + Bx, + sz)— B(Bx1 + Dx, — Cpl)— C(Bp1 + Dp, + Cxl) = —B(Ax1 + Bx, + sz)— D(Bx1 + Dx, — Cp1)+ C(Ap1 + Bp, — sz)
= (42 + B2+ C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+ BD)x, =( B2+ D+ C?)x, +C(4+ D) p,
. For C=0 2 >
X 2, p2 X ) X X K, K X
== A"+B°  AB+BD ! Is form of 2D Hooke — I T :
X, AB+BD B*+D? X, harmonic oscillator 0"\ X, X Ky Ky | %

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!
2
0 [ A B (.8)2 A B 9° | A*+B* AB+BD
I—= =l | = =5 =
o \ B D o1 B D ot AB+BD B?+D?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t
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Review:

0| | A2+B* 4B+BD || X For C=0 Il oy || 8 || Ky Ky || oy
. == 5 5 Is form of 2D Hooke 372 =l . |7 KK
Xy AB+BD B+ D X9 harmonic oscillator % X2 21 22 )

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!
2
0 (A B (.3)2 A B 9? A2+B%  AB+BD
—= =|i—| = =>-——5=
o \ B D ot B D ot AB+BD B*+D?

Conclusion: 2-state Schro-equation zh§|‘11 (t))=H|¥(r)) 1s like “square-root” of Newton-Hooke. \/ |%)=-K-|x)
t

2
9_[ a4 B-ic :(z‘ifz A p-ic | 9 _ A2+B>+C*  AB+BD—iAC—iCD
o \ B+iC D ot B+iC D ot | AB+BD+iAC+iCD — B*+C*+D?

General case for C=()

) (a)
=X = Ky + Kppx,

k, == % K __p2 K,
=X, = Ky x + Ky x, | 00“ Ml () () () K) 2 oooa |

2 2
mK, =A*+B* =k +k,, mK,,=AB+BD=—k,,

m,K,, = AB+ BD =~k

2, "2
12s MKy =B"+D"=k,+k,.

Tuesday, April 1, 2014
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2-D Classical and semi-classical harmonic oscillator ABCD-analysis
U(2) vs R(3):2-State Schrodinger: ind:|V(1))=H|W(t)) vs. Classical 2D-HO. 0*Xx=-KeX
* Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w, 0o,
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

_A=DE T 0 | g 0 1| o[ 0 =i | A4ED[ 1 0
Review: 200 -1 10 i 0 ) 2 {01

A—D A+ D
H=— C + B Cp +C G~ +

2 A N2

O

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (complex, circular, chiral, cyclotron, Coriolis, centrifugal,

curly, and circulating-current-carrying...)

Motivation for coloring scheme:
The Traffic Signal

@(_ C=0.:Moving waves or
Standing waves C=0 — “Galloping” waves

(a) CHA-symmetry

N
(A 0) )
0D fdst
X
Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) (c) C2C-cicular U(2)system.

Tuesday, April 1, 2014
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
—iHt

; . Y(t))=e " P(0

Revzew. ’ ( )> ‘ ( )> From QTCA Lecture 7
Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful.
A BHC ) ATDE 0 gl 0 e 0 ARDE 0,
—iHt _ B+iC D _ 2 0 -1 1 0 i 0 2 0 1
€ —¢ —¢ 04=0z O0p=0x Oc=0y
PA “A A-D 4D
—_7 _ . ey — . . R ~ +
—e PeTW0T Z 10w, here: (o= g |FRt=| wy |t= ?3 -t and: w) = 5
: : —iwpt © w

=(1cosp—io _sinp)e 0 ¢ ¢ C

L (Icosyp—io  sing) )

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.

ABCD Time
evolution
operator

Hamilton 1s able to generalize Euler’s complex rotation operators e ¥and €. (Recall Euler - DeMoivre Theorem.)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 . 4“. —
e =1+( zgo)—i—Z!( i) —|—3!( ip) —1—4!( ip) 1 2!90 -|-4!90 ] [cos ]

-~

. 1 o
—i(p +§so3 ) —i(sing)

Note even powers of (-i) are £/ and odd powers of (-i) are ii.:(—i)O =+1, (—i)1 =—1, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—l')5 =—1, elc.

Hamilton replaces (-i) with —ic in the e~ power series above to get a sequence of terms just like it.

. 0 __ . 1_ . . 2 _ . 3 . 4 . 5 .
(—ic,)) =+1, (=io_ ) =—io_, (=ic )" =-1, (=io ) =+io_, (—ic ) =+1, (=io ) =—io_, etc.\_

Then:
e(v ) =1cosy +(y")sin,

The

Crazy Thing

Theorem:

//Xﬁ
If ((&3))2= -1

This allows Hamilton to generalize Euler’s rotation € to e_i%gp for any Ca,ﬁ;gp =(ce)=p,0,+p,0,+0.0.=(Ce Cp)@

e V=] CoOsy — I siny generalizes to: ( e 7= lcosp — i o sin )
j : LA (oe¢
Here: @ = -1 Here: : -0, = —i(cep)=—i CALD)
3 . ¥
Crazy thing is
just -1

Tuesday, April 1, 2014
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“Crazy-Thing "-Theorem vs Lorentz

Use projectors to derive regular rotations and Lorentz rotations

<1|GB| 1> <1|GB|GB>

(o5041) {o4]os]0p)

(1fi1) (1f1fo,) |
(<%11> (o110, ]( ) (

Minimal equation of o3 is: o5%=1
or: 032—1=0=(os—1)(05+1)

0
1

1
0

1
0

0
1

Moo

Spectral decomposition of Cz(o;) into {P+,P~}

. . + —
with eigenvalues: 1 =P +P
+ — + — —_ B
X" (05) 1, x (05) 1 0= P —P
Regular rotation Rp(p)=e*¢7s Lorentz rotation Lp(p)=e ">
R (QD) — e—i(pGB _ e—i(p)(+(63) P+ _l_e—igo)("(GB) P LB(p): e—PGB — e—P%+(GB) P+
B
_ 0D pr oD pe =e P Pp*
Review: L L L
_ _i(p E f +i(p i _§ — e_p
—¢ 1 | Te o 1
7 2 7 3 2 2
— ; _; : -p
1 e i _l_e+z<p e i _e+zgo _ 1 eP+e
- 2 —iQ +ip —iQp +ip 2 e—P —e
e —e e +e
Calculation agrees with “Crazy-thing” Theorein .
cosQp  —ising coshp  —sinhp
= =1cos@p—ic,sin = .
—isinQ COS 4 p SING —sinh p cosh p

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=03|0)=|0z)}

P*-projectors:

1 1
pt 1+0, | 2 2
2 1 |
2 2
1 1
p-_1-05_| 2 2
2 11
2 2
+ e_pl_(GB) P_
+e PV P
1 _1
te?| 27
1 1
2 2
+p o P — P
P e’ +e'’

lecoshp—ogsinhp

Tuesday, April 1, 2014
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Review:
Comparing Lorentz rotations

Lorentz rotation La(p)=e?°

L,(p)= e_p[ 0 - )

=1coshp—o , sinhp

Comparing regular rotations

Regular rotation Ru(p)=e ¥4

_i[ (1) _01 ]SOA
€
10 S N O
— CoOsyYy, —1 S
[0 ! [0 —1 4
Cosy, —isiny, 0
- 0 cos , +ising,
B
0 e
Example A:
AorZ
rotation

Lorentz rotation Li(p)=e

L(p)=e
cosh —sinh
- —sinh cosh

Regular rotation Rp(p)=e?

€
1 0 : :
= cosy, —1 sin ¢
[ 0 1
COS —4sin
| —isin %) COs Y
Example ©:
or

rotation

Lorentz rotation Lc(p)=e*°c

A0 )
L(p)=e

cosh p +isinh p

—isinh p cosh p

=1coshp—o sinhp

Regular rotation Rc(p)=e'#°c¢

0 =i
{05 e
e

|10
0 1

sin @
t 0 ¢

Cosy, —1 [ O —t

cosy, —singp,

sing,,  Ccosy,

Example C:
CorY
rotation

Tuesday, April 1, 2014
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

S p l n- ] (3 D -re al vec Z or ) case uler Angle Dial j Fuler fete il astro;j:mer s
o olar coordinate diagram
R eVl ew ° (Twist coordinate) - . ®
(a)
BOD frame view LAB frame view Euler

Polar angles of
BOD zenith z=x3 are

Polar angles of
LAB zenith z=x3 are

(azimuth angle=—, (azimuth angle=q,

polar angle=— ) polar angle=p )

—X 3
zenith

Axis-Angle Dial

Dial BOD y=x, (Crank Polar Angle)
axis
x’-Frame
x”-Frame Y
x-Frame Dial

. S| Dial
. =<

’ . ~ ' h e 4 . g g
X ;=X,C0S O+X,SIn O - | |1 o E . . - _ : ;
| " i . 1
- . Axis-Angle Dial

y ¢

Rotational Analog Computer (CTHH]{ Azimuth Angla}
— e—T

, 3
X' ,=-X,81n oc+x2cos o

Fig. 10.4.3-4 Mechanical device demonstrating Euler angles (o.,3,y)

Tuesday, April 1, 2014 19



Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

Review:
ja)=R(a0)[1)

= R|aabout Z]-R[Fabout Y |-R|vabout Z]‘ T>
e CcOS ﬁ —sin é _i
_| e 2 0 2 2 e 2
0 e2 sin g CcoS b 0
2
_¢Qi1. 2T
e 2 Cos é —e % sin é A
— ia_7 ia_—l—fy
e 2 sin ﬁ e ? cosé 0
L] 3
e 2cos— -
— A 2 6_2% = xl —l_ Zpl
ezg Sing KR

Recall from Lecture 12 p. 117:

...................................................................................

Original :
Spin State |1)

.........................................................

(3) Rotate by o

around Z %

General Spin Stateé
'¥)=R(opy)|T)-

............................

(2) Rotate by 3

around Y

(1) Rotate by y

around Z

v

S

Tuesday, April 1, 2014
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Euler R(oy) versus Darboux R[@OO]

Axis-Angle Dial

(Angle of Crank Rotation)

Euler Angle Dial An
Euler Angle Dial B astronomer’s
Y (Polar coordinate) diagram .
(Twist coordinate) Axis-Angle Scale
0,
(d) (w-Axis Polar Angle)
Euler
angle S SRRUEEEEEESSNY AN T A I
goniometer S
_? A
Euler Angle Dial \
o 2
Azimuthal coordinate) -~
gt —. > \sos dial
Third rotation R(a00) Second rotation R(030) First rotation R(OOy) dial g
“ Sets the /3 dial . .;iu - :
o . dia™m >e
Review. ° 8
. «
Recall Lecture|12 p.131:
Sets the a0 . Axis-Angle Scale
 S— ] — -~ ¢
. . , / . Rotational Analog Computer (00-Axis Azimuth)
R(¢ around Z) R(/ around ¥) R(/
_a cmﬁ _gmﬁ | (_,”;. B —c‘l”; qu" cos%— i, \ln% —lsin7((-) —:(—)\.)
» & . A ! 2 . . - - - ll'
R(apy)=| ¢ 0 2 ;2 ¢ 0 2 2 | R[O]— -~ R[(pl)()] !
' 1” - .‘l 4" i 1”_ f I'M [ —l ; z e R — -: a1 ;
0 o2 sinz: cosS 0 o2 e 2 ““_f e 2 ws% isin > ((—) +i0, ) cos > +10, sin >
[ ( - i - y - [ : . : - .0 [0 - |a .0 0 |a . €
= COS * C(N'Lj 10 -1 ' sin ﬂin’—j—l 0 ! cos ¢ smﬂ—l ! 0 mu+' coq—i +COS— 10 -1 ® sin—=—1i ! (‘)\ sSiIN—=—1{ ] (')/SIl\
' 2 20 0 1 1 2 2 i 0 2 2 0 -1 ). 2 2. ' 20 0 1 2 i 0 2 0 -l I 2
e emeeeeeeemeeseseeseseesesessisiaiiiiaiaiisiaiisissassesssssssssssssssssssssses . f : cos@ sint ‘sin@ sind ‘cost}
Euler R(o3y) is simpler to form than ©-axis Darboux R[@00O)]. : : 5 x TSR g, TTTTTTTTTImITeees )
. oy ‘ . COs— = icossin— ~sin—(sin@sin? + icos@sin? ) |:
Euler state definition lets us relate R(o37) to R[e0O] ... : P 2 2 2 (sine * ): :
I (1[3":’): R((IB]’)| ()()U) ((IB ' make better coordinate \) E E sin%(sin(psin U} —icos@sin 1‘3) cos?+icost‘3sin?
\ — | : B B B : :
(e g e g V) (i ) % icosl( Fa/2] cospyz = ) : €0s0/2; 5
e ? cosT —e sin -p, sin[(y—)/2] sm[3/7'f= sin®/2 =cosP sind sin®/2 b
P g% g x; =:cos[(y—0)/2] smp/2 ©, 5in@/2 =:sing sind sin@/2 o
e 2sinT- e rcosT N0 ) | xqkip, | L U A T T :
L 2 2 ) 2T p=sin] (+0)/2] 9_9?[5_/,2,, O,sin®/2 = cos® sin®/2 :
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U(2) vs R(3): Vs.
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2D-Oscillator basics
First rewrite a classical 2-D Hamiltonian (10.1.3a) with a thick-tip pen! (They’re operators now!)

A D
H= E(plz +x12)+B(x1x2 +pP2 )+ C(X;P, —X2P1)+E(p% +x%)

(Mass factors VM, spring constants K, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lecture 12.)
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2D-Oscillator basics
First rewrite a classical 2-D Hamiltonian (10.1.3a) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (X;X5 +P1P2 )+ C(XP2 —X2P1)+E(p% +x%)

(Mass factors VM, spring constants Kj;, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lecture 12.)
Define a and at operators

a;=(x;+ip)2 a', = (x;-1p)2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"2
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2D-Oscillator basics
First rewrite a classical 2-D Hamiltonian (10.1.3a) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (X;X5 +P1P2 )+ C(XP2 —X2P1)+E(p% +x%)

(Mass factors VM, spring constants Kj;, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lecture 12.)
Define a and at operators

a;=(x;+ip)2 a', = (x;-1p)2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"2
X = (a.kl T a; )/\/2 P = 1 (afl -d; )/\/2 X, = (aTz + a )/\/2 P> = 1 (afz -d) )/\/2
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2D-Oscillator basics
First rewrite a classical 2-D Hamiltonian (10.1.3a) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (X;X5 +P1P2 )+ C(XP2 —X2P1)+E(p% +x%)

(Mass factors VM, spring constants Kj;, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lecture 12.)
Define a and at operators

a;=(x;+ip)2 a', = (x;-1p)2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"2
X = (aTl T a; )/\/2 P = 1 (an -d; )/\/2 X, = (aTz + a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
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2D-Oscillator basics
First rewrite a classical 2-D Hamiltonian (10.1.3a) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (X;X5 +P1P2 )+ C(XP2 —X2P1)+E(p% +x%)

(Mass factors VM, spring constants Kj;, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lecture 12.)
Define a and at operators

a;=(x;+ip)2 a', = (x;-1p)2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"2
X = (aTl T a; )/\/2 P = 1 (an -d; )/\/2 X, = (aTz + a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[ X/, P2l=0=[X>,p:], [a;,a",]=0=[a,,a’/]
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2D-Oscillator basics
First rewrite a classical 2-D Hamiltonian (10.1.3a) with a thick-tip pen! (They’re operators now!)

Al o 2 D2 2
H= 5(p1 X )+ (XX +P1P2 )+ C (%P, ~ X2P1)+E(P2 +x2)
(Mass factors VM, spring constants K, and Planck 7/ constants are absorbed into 4, B, C, and D constants used in Lecture 12.)
Define a and at operators

a;=(x;+ip)2 a', = (x;-1p)2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"2
X = (aTl T a; )/\/2 P = 1 (an -d; )/\/2 X, = (aTz + a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X;,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.

[a,a’,]=1, [a)a)]=1

Tuesday, April 1, 2014 29



2D-Oscillator basics
First rewrite a classical 2-D Hamiltonian (10.1.3a) with a thick-tip pen! (They’re operators now!)

Al o 2 D2 2
H= 5('31 X )+ (XX +P1P2 )+ C (%P, ~ X2P1)+E(P2 +x2)
(Mass factors VM, spring constants K, and Planck 7/ constants are absorbed into 4, B, C, and D constants used in Lecture 12.)
Define a and at operators

a;=(x;+ip)2 a', = (x;-1p)2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"2
X = (aTl T a; )/\/2 P = 1 (afl -d; )/\/2 X, = (aTz + a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X;,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.
[a,a]=1, [axa’)]=1

This applies 1n general to N-dimensional oscillator problems.

([ ama an] = aman - anam — O) ([ ama aTn] = amaTn - aTnam: 5mn-l) ([ aera aTn] = aeraTn - aTnaTm: O)
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2D-Oscillator basics
First rewrite a classical 2-D Hamiltonian (10.1.3a) with a thick-tip pen! (They’re operators now!)

Al o 2 D2 2
H= 5(p1 X )+ (XX +P1P2 )+ C (%P, ~ X2P1)+E(P2 +x2)
(Mass factors VM, spring constants K, and Planck 7/ constants are absorbed into 4, B, C, and D constants used in Lecture 12.)
Define a and at operators

a;=(x;+ip)2 a', = (x;-1p)2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"2
X = (aTl T a; )/\/2 P = 1 (afl -d; )/\/2 X, = (aTz + a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X;,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.
[a,a]=1, [axa’)]=1

This applies 1n general to N-dimensional oscillator problems.

([ ama an] = aman - anam — O) ([ ama aTn] = amaTn - aTnam: 5mn-l) ([ aTma aTn] = aTmaTn - aTnaer: O)

New symmetrized a',a, operators replace the old ket-bras |m)n| that define[semi-classical H matrix.

H H
H 11 Hipp
Hy Hy
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2D-Oscillator basics
First rewrite a classical 2-D Hamiltonian (10.1.3a) with a thick-tip pen! (They’re operators now!)

Al o 2 D2 2
H= 5('31 X )+ (XX +P1P2 )+ C (%P, ~ X2P1)+E(P2 +x2)
(Mass factors VM, spring constants K, and Planck 7/ constants are absorbed into 4, B, C, and D constants used in Lecture 12.)
Define a and at operators

a;=(x;+ip)2 a', = (x;-1p)2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"2
X = (aTl T a; )/\/2 P = 1 (afl -d; )/\/2 X, = (aTz + a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X;,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.
[a,a]=1, [axa’)]=1

This applies 1n general to N-dimensional oscillator problems.

([ ama an] = aman - anam — O) ([ ama aTn] = amaTn - aTnam: 5mn-l) ([ aera aTn] = aeraTn - aTnaTm: O)

New symmetrized a',a, operators replace the old ket-bras |m)n| that define[semi-classical H matrix.

H:Hll(a-{a1+1/2)+ leafaz ( H,, H, J

Hy Hy

+H,aa,;+Ho, (aga2 +1/ 2)

Tuesday, April 1, 2014 32



2D-Oscillator basics
First rewrite a classical 2-D Hamiltonian (10.1.3a) with a thick-tip pen! (They’re operators now!)

Al o 2 D2 2
H= 5('31 X )+ (XX +P1P2 )+ C (%P, ~ X2P1)+E(P2 +x2)
(Mass factors VM, spring constants K, and Planck 7/ constants are absorbed into 4, B, C, and D constants used in Lecture 12.)
Define a and at operators

a;=(x;+ip)2 a', = (x;-1p)2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"2
X = (a.kl T a; )/\/2 P = 1 (afl -d; )/\/2 X, = (aTz + a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X;,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.
[a,a]=1, [axa’)]=1

This applies 1n general to N-dimensional oscillator problems.

([ ama an] = aman - anam — O) ([ ama aTn] = amaTn - aTnam: 5mn-l) ([ aera aTn] = aeraTn - aTnaTm: O)

New symmetrized a',,a, operators replace the old ket-bras |m)n| that define[semi-classical H matrix.
y p p

H=Hy (afa, +1/2)+ Haja, = Alafa, +1/2)+(#-iC)ala, (Hu H12] ( A —iC}
H-= =

+H,aa, + H,, (aga2 +1/ 2) +(B+iC)aba, + D(aga2 +1/ 2)
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2D-Oscillator basics
First rewrite a classical 2-D Hamiltonian (10.1.3a) with a thick-tip pen! (They’re operators now!)

Al o 2 D2 2
H= 5('31 X )+ (XX +P1P2 )+ C (%P, ~ X2P1)+E(P2 +x2)
(Mass factors VM, spring constants K, and Planck 7/ constants are absorbed into 4, B, C, and D constants used in Lecture 12.)
Define a and at operators

a;=(x;+ip)2 a', = (x;-1p)2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"2
X = (a.kl T a; )/\/2 P = 1 (afl -d; )/\/2 X, = (aTz + a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X;,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.
[a,a]=1, [axa’)]=1

This applies 1n general to N-dimensional oscillator problems.

([ ama an] = aman - anam — O) ([ ama aTn] = amaTn - aTnam: 5mn-l) ([ aera aTn] = aeraTn - aTnaTm: O)

New symmetrized a',,a, operators replace the old ket-bras |m)n| that define[semi-classical H matrix.
y p p

H-= 11 12 =( A iC }
Hy Hy

+iC D

+H,aa, + H,, (aga2 +1/ 2) +(B+iC)aba, + D(aga2 +1/ 2)

Both are elementary "place-holders" for parameters H,,, or A, 5+iC, and D.

mY(n|—(a'a +a.a’ |/2=a'a. +5 .1/2
m=n n—m m=n m.,n
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Commutivity is known as Bose symmetry. Bose and Einstein discovered this symmetry of light quanta.
(a,, a',) operators called Boson operators create or destroy quanta or "particles" known as Bosons.
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Commutivity is known as Bose symmetry. Bose and Einstein discovered this symmetry of light quanta.

a,, a',) operators called Boson operators create or destroy quanta or "particles" known as Bosons.
p P ydq p

If a¥,, raises electromagnetic mode quantum number m to m+1 it is said to create a photon.
If a',, raises crystal vibration mode quantum number m to m+1 it is said to create a phonon.

If a',, raises liquid “He rotational quantum number m to m+1 it is said to create a roton.
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Commutivity is known as Bose symmetry. Bose and Einstein discovered this symmetry of light quanta.
(a,, a',) operators called Boson operators create or destroy quanta or "particles" known as Bosons.

If a¥,, raises electromagnetic mode quantum number m to m+1 it is said to create a photon.
If a¥,, raises crystal vibration mode quantum number m to m+1 it is said to create a phonon.

If a',, raises liquid “He rotational quantum number m to m+1 it is said to create a roton.

Anti-commutivity 1s named Fermi-Dirac symmetry or anti-symmetry. It 1s found 1n electron waves.

Fermi operators (C,,,C,) are defined to create Fermions and use anti-commutators {A,B} = AB+BA.

{c,..c,}=¢C,.C,+¢C,C,=0 {c,,c’,=¢c,c’+c,c,=5,,1 (ct,ch1=c',c,+c’,c’,=0
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Commutivity is known as Bose symmetry. Bose and Einstein discovered this symmetry of light quanta.
(a,, a',) operators called Boson operators create or destroy quanta or "particles" known as Bosons.

If a¥,, raises electromagnetic mode quantum number m to m+1 it is said to create a photon.
If a¥,, raises crystal vibration mode quantum number m to m+1 it is said to create a phonon.

If a',, raises liquid “He rotational quantum number m to m+1 it is said to create a roton.

Anti-commutivity 1s named Fermi-Dirac symmetry or anti-symmetry. It 1s found 1n electron waves.

Fermi operators (C,,,C,) are defined to create Fermions and use anti-commutators {A,B} = AB+BA.
{€1,C1}=C1C\C,C,=0 {emchi=c,c’+c’,c,=5,,1 {cneh=c’,c’+c’c, =0

Fermi ¢, has a rigid birth-control policy; they are allowed just one Fermion or else, none at all.

Creating two Fermions of the same type 1s punished by death. This 1s because x=-x implies x=0.
c’ch, 0y=-c",c",10)=0
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Commutivity is known as Bose symmetry. Bose and Einstein discovered this symmetry of light quanta.
(a,, a',) operators called Boson operators create or destroy quanta or "particles" known as Bosons.

If a¥,, raises electromagnetic mode quantum number m to m+1 it is said to create a photon.
If a¥,, raises crystal vibration mode quantum number m to m+1 it is said to create a phonon.

If a',, raises liquid “He rotational quantum number m to m+1 it is said to create a roton.

Anti-commutivity 1s named Fermi-Dirac symmetry or anti-symmetry. It 1s found 1n electron waves.

Fermi operators (C,,,C,) are defined to create Fermions and use anti-commutators {A,B} = AB+BA.
{€1,C1}=C1C\C,C,=0 {emchi=c,c’+c’,c,=5,,1 {cneh=c’,c’+c’c, =0

Fermi ¢, has a rigid birth-control policy; they are allowed just one Fermion or else, none at all.
Creating two Fermions of the same type 1s punished by death. This 1s because x=-x implies x=0.
ch,ch00=-¢c',cl,10)=0
That no two indistinguishable Fermions can be in the same state, 1s called the Pauli exclusion principle.

Quantum numbers of #=0 and n=1 are the only allowed eigenvalues of the number operator €',,C,.

¢c,00=0, cc,|l)=1), ¢',c,|n)=0 for: n>1
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particles) is a"ket-ket"” |n)|n,)
It 1s outer product of the kets for each single dimension or particle.
The dual description is done similarly using "bra-bras” {ny|(n;| = (n)n:))’
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particles) is a"ket-ket"” |n;)|ny)
It 1s outer product of the kets for each single dimension or particle.
The dual description is done similarly using "bra-bras” {ny|(n;| = (n)n:))’

This applies to all types of states W )|W,) : eigenstates |n)|ny), or (n[{nl,
position states |x)x,) and (x,[{x;|, coherent states ooy and (o[ o], or whatever.
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particles) is a"ket-ket"” |n;)|ny)
It 1s outer product of the kets for each single dimension or particle.
The dual description is done similarly using "bra-bras” {ny|(n;| = (n)n:))’

This applies to all types of states W )|W,) : eigenstates |n)|ny), or (n[{nl,
position states |x)x,) and (x,[{x;|, coherent states ooy and (o[ o], or whatever.

Scalar product is defined so that each kind of particle or dimension
will "find" each other and ignore the presence of other kind(s). ez 1y (I 2) = g [ )G [W2)
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particles) is a"ket-ket"” |n)|n,)
It 1s outer product of the kets for each single dimension or particle.
The dual description is done similarly using "bra-bras” {ny|(n;| = (n)n:))’

This applies to all types of states |W)|W¥,) : eigenstates |n)|n,), or {n,|{nl,
position states |x)x,) and (x,[{x;|, coherent states ooy and (o[ o], or whatever.

Scalar product is defined so that each kind of particle or dimension
will "find" each other and ignore the presence of other kind(s). ez 1y (I 2) = g [ )G [W2)

Probability axiom-1 gives correct probability for finding particle-1 at x; and particle-2 at x;,
if state | )|¥,) must choose between all (x; , x5). ‘ (x), le‘l’z,‘{b)‘Z:‘ (0 <x1”q,1>|\{,2>‘2

=|(x1|\P1)‘2‘(x2|‘P2>‘2
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particles) is a"ket-ket"” |n)|n,)
It 1s outer product of the kets for each single dimension or particle.
The dual description is done similarly using "bra-bras” {ny|(n;| = (n)n:))’

This applies to all types of states |W)|W¥,) : eigenstates |n)|n,), or {n,|{nl,
position states |x)x,) and (x,[{x;|, coherent states ooy and (o[ o], or whatever.

Scalar product is defined so that each kind of particle or dimension
will "find" each other and ignore the presence of other kind(s). ez 1y (I 2) = g [ )G [W2)

Probability axiom-1 gives correct probability for finding particle-1 at x; and particle-2 at x;,
if state | )|¥,) must choose between all (x; , x5). ‘ (x), le‘l’z,‘{b)‘Z:‘ (0 <x1”q,1>|\{,2>‘2

=|(x1|\P1)‘2‘(x2|‘P2>‘2

Product of individual probabilities ‘(x Y 1>|2 and ‘<X2|\Pg>‘2 respects standard Bayesian probability theory.
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particles) is a"ket-ket"” |n)|n,)
It 1s outer product of the kets for each single dimension or particle.
The dual description is done similarly using "bra-bras” {ny|(n;| = (n)n:))’

This applies to all types of states |W)|W¥,) : eigenstates |n)|n,), or {n,|{nl,
position states |x)x,) and (x,[{x;|, coherent states ooy and (o[ o], or whatever.

Scalar product is defined so that each kind of particle or dimension
will "find" each other and ignore the presence of other kind(s). ez 1y (I 2) = g [ )G [W2)

Probability axiom-1 gives correct probability for finding particle-1 at x; and particle-2 at x;,
if state | )|¥,) must choose between all (x; , x5). ‘ (x), le‘l’z,‘{b)‘Z:‘ (0 (x1||‘1’,)|‘{’2)‘2

=|(x1|\P1)‘2‘(x2|‘P2>‘2

Product of individual probabilities ‘(x Y 1>|2 and ‘(Xgl\P2>‘2 respects standard Bayesian probability theory.

Note common shorthand big-bra-big-ket notation {x;,x,|¥;,¥,) = (6| )Y )
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particles) is a"ket-ket"” |n)|n,)
It 1s outer product of the kets for each single dimension or particle.
The dual description is done similarly using "bra-bras” {ny|(n;| = (n)n:))’

This applies to all types of states |W)|W¥,) : eigenstates |n)|n,), or {n,|{nl,
position states |x)x,) and (x,[{x;|, coherent states ooy and (o[ o], or whatever.

Scalar product is defined so that each kind of particle or dimension
will "find" each other and ignore the presence of other kind(s). ez 1y (I 2) = g [ )G [W2)

Probability axiom-1 gives correct probability for finding particle-1 at x; and particle-2 at x;,
if state | )|¥,) must choose between all (x; , x5). ‘ (x), le‘l’z,‘{b)‘Z:‘ (0 (x1||‘1’,)|‘{’2)‘2

=|(x1|\P1)‘2‘(x2|‘P2>‘2

Product of individual probabilities ‘(x Y 1>|2 and ‘(Xgl\P2>‘2 respects standard Bayesian probability theory.

Note common shorthand big-bra-big-ket notation {x;,x,|¥;,¥,) = (6| )Y )

Must ask a perennial modern question: "How are these structures stored in a computer program?"
The usual answer 1s 1n outer product or tensor arrays. Next pages show sketches of these objects.
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry
Anti-commutation relations
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
* Outer product arrays
Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator eigensolutions

<
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1 Type—?2
1 0 0 1 0 0
| O 1 10 - _| O _| 1 _| 0

Tuesday, April 1, 2014



Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1 Type—?2
1 0 0 1 0 0
0 1 0 0 1 0
0,)= 0 )= ]21)= 05)= )= 0 [22)=

Outer products are constructed for the states that might have non-negligible amplitudes.

1 0 0 0
0 1 0 0

0 0 0 0

1\(1) |0 1\(0) |0 0V(1) |1 0Y(0) |0

ollo| [0 oll1] |0 1ol [0 1ol [0
|01>|02>: ollol™ 1o |01>|12>: ollol™ 1o |11>|02>: ollol" 1o |11>|22>: oll11711
0 0 0 0

0 0 0 0

0 0 0 0
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1

10,)=

)=

0
1

,121)

0
0
1

Type—?2

0,)=

1
0
0

1) =

(@I

|22)=

0
0

Outer products are constructed for the states that might have non-negligible amplitudes.

o O

S O O -

e O O O e

S =

S O O -

O O O

S O =l O O

O O O

o O

—_ O O .-

O O O e

Herein lies conflict between standard
oo-D analysis and finite computers
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1

10,)=

Type—?2

0,)=

9

Ip)=

O =

bl

2,)=

0
0

Outer products are constructed for the states that might have non-negligible amplitudes.

o O

S O O -

e O O O e

S =

S O O -

e O O O ek

S O =l O O

e O O O ek

o O

—_ O O .-

e O () S| e

Herein lies conflict between standard
oo-D analysis and finite computers

Make adjustable-size finite phasor

arrays for each particle/dimension.
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1

10,)=

Type—?2

0,)=

9

Ip)=

(@I

bl

2,)=

0
0

Outer products are constructed for the states that might have non-negligible amplitudes.

1)1
0(0
010

o O

S O O -

e O O O e

S =

S O O -

O O O

o O

S O =

O O O

o O

—_ O O .-

O O O e

Herein lies conflict between standard
oo-D analysis and finite computers

Make adjustable-size finite phasor
arrays for each particle/dimension.

Convergence is achieved by orderly
upgrades in the number of phasors to

a point where results do not change.
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1 Type—?2
1 0 0 1 0 0
| 0 _| 1 | O .. _| 0 _| 1 _| 0]
0,)= N )= N 2))= E 0,) N L) NE 2;) Ll

Outer products are constructed for the states that might have non-negligible amplitudes.

1 0 0 0
0 1 0 0 o .
Herein lies conflict between standard
0 0 0 0 . .
: : : : co-D analysis and finite computers
(1) |o 1\(0) |o 0Y(1) |1 0)(0) |0
offo] [0 of 1] [0 1{{o] |o 1{{o] |0 . : :
0102)=1 ol o 1510 [ 10012 =| o {1 o IF Lo | 121020 = g 1l o 1= 1o | 1220=] o |l 1= 4 Make adjustable-size finite phasor
: : : o S ERE arrays for each particle/dimension.
0 0 0 0
0 0 0 0 Convergence is achieved by orderly
0 0 0 0 upgrades in the number of phasors to
: a point where results do not change.

A 2-wave state product has a lexicographic (00, 01, 02, ...10, 11, 12,..., 20, 21, 22, ..) array indexing.
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1 Type—?2
1 0 0 1 0 0
0 1 0 0 1 0
0,)= 0 )= ]21)= . 05)= 0 )= 0 [22)=

Outer products are constructed for the states that might have non-negligible amplitudes.

1 0 0 0
0 1 0 0 — .
Herein lies conflict between standard
0 0 0 0 . .
: : : : co-D analysis and finite computers
(1) |o 1\(0) |o 0Y(1) |1 0)(0) |0
ofjo| |o of1]| |0 1{jo| |o 1{{o] |0 . . .
0,)|0,)= = 10)|1,)= = 1,}]0,)= = 11,)]2,)= = Make adjustable-size finite phasor
olflo| |o oflo| |o oflo]| |o 011 1 : , ,
- : : ; : : N ; arrays for each particle/dimension.
0 0 0 0
0 0 0 0 Convergence is achieved by orderly
0 0 0 0 upgrades in the number of phasors to
: a point where results do not change.

A 2-wave state product has a lexicographic (00, 01, 02, ...10, 11, 12,..., 20, 21, 22, ..) array indexing.
<O|\P1><O|‘P2> <0102 |\P1‘P2>
(O[F )(1[¥2) || (0,1 |W))
(O[)2[¥2) | | (0.2:[¥¥,)

) (o)) | TEIEs | | T
(L %)
Cle) || e | 7| el || e

GO | | GO )
L) | | 2w w,)
Cle)ew)| | Colee)
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1
1
0 1
0,)= 0 )= ]21)=

0
0

Type—?2
1 0
0 1
0,) = )= [25)=
0

0
0

Outer products are constructed for the states that might have non-negligible amplitudes.

1 0

0 1

0 0

1\(1) |0 1Y(0) |0

010 0 011 0
|01>|02>: 0 0 = 0 |Ol>|12>: O 0 = 0
0 0

0 0

0 0

o O
o O

P — (a») Ol...

A T N Y I

o o Ol
o O Ol

Herein lies conflict between standard
oo-D analysis and finite computers

Make adjustable-size finite phasor
arrays for each particle/dimension.

Convergence is achieved by orderly
upgrades in the number of phasors to

a point where results do not change.

A 2-wave state product has a lexicographic (00, 01, 02, ...10, 11, 12,..., 20, 21, 22, ..) array indexing.

(0¥, )(0]¥:)

(o] )11+
(ol (2].)

<0102 |\P1‘{]2>
(0,1,[¥,¥,)
(0.2, |¥%,¥,)

(L0,['¥)¥,) shorthand

<<11;22 |I$;22>> big-bra-big-ket 1¥)=
: notation

<2102 |\qu]2>

(2, |¥,¥,)

(2.2, |¥,¥,)

0,0, |¥)
(0,1,['¥)
(0.2,[¥)

€

Tuesday, April 1, 2014

58



U(2) vs R(3): Vs.

2-D ata algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basics
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry
Anti-commutation relations
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Outer product arrays
* Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator eigensolutions
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Entangled 2-particle states

A matrix operator M is rarely a single nilpotent operator |1){2| or idempotent |1){1].

Tuesday, April 1, 2014

60



Entangled 2-particle states

A matrix operator M is rarely a single nilpotent operator |1){2| or idempotent |1){1].

A two-particle state |¥) is rarely a single outer product [¥)|¥,) of 1-particle states [¥;) and [¥,).
(Even rarer 1s |[¥)|¥)).)
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Entangled 2-particle states

A matrix operator M is rarely a single nilpotent operator |1){2| or idempotent |1){1].

A two-particle state |¥) is rarely a single outer product [¥)|¥,) of 1-particle states [¥;) and [¥,).
(Even rarer 1s |[¥)|¥)).)

n n

A general n-by-n matrix M operator is a combination of n? terms: M= X ¥ M ik
j=lk=1 7

)k

Tuesday, April 1, 2014

62



Entangled 2-particle states

A matrix operator M is rarely a single nilpotent operator |1){2| or idempotent |1){1].

A two-particle state |¥) is rarely a single outer product [¥)|¥,) of 1-particle states [¥;) and [¥,).
(Even rarer 1s |[¥)|¥)).)

n n

A general n-by-n matrix M operator is a combination of n? terms: M= X ¥ M ik
j=lk=1 7’

)k

n
...that might be diagonalized to a combination of n projectors: M= X ,ue‘ e><e‘
e=1
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Entangled 2-particle states

A matrix operator M is rarely a single nilpotent operator |1){2| or idempotent |1){1].

A two-particle state |¥) is rarely a single outer product [¥)|¥,) of 1-particle states [¥;) and [¥,).
(Even rarer 1s |[¥)|¥)).)

n n

A general n-by-n matrix M operator is a combination of n? terms: M= X ¥ M ik
j=lk=1 7

)k

n
...that might be diagonalized to a combination of n projectors: M= X ,ue‘ e><e‘
e=1

So a general two-particle state |¥) is a combination of entangled products: “P>=22l// j k|\lj j>|\lj k>
jk o
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Entangled 2-particle states

A matrix operator M is rarely a single nilpotent operator |1){2| or idempotent |1){1].

A two-particle state |¥) is rarely a single outer product [¥)|¥,) of 1-particle states [¥;) and [¥,).
(Even rarer 1s |[¥)|¥)).)

n n

A general n-by-n matrix M operator is a combination of n? terms: M= X ¥ M ik
j=lk=1 7

)k

n
..that might be diagonalized to a combination of n projectors: M= X ,ue‘ e><e‘
e=1

So a general two-particle state [¥) is a combination of entangled products: “P>=22l// j k|\lj j>|\lj k>
jk o

...that might be de-entangled to a combination of n terms: “P>=Z¢e‘(Pe>‘ (Pe>
e

Tuesday, April 1, 2014

65



U(2) vs R(3): Vs.

2-D ata algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basics
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry
Anti-commutation relations
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Outer product arrays
Entangled 2-particle states
* Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator eigensolutions
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Two-particle (or 2-dimensional) matrix operators

When 2-particle operator ax acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz :aﬂnl ’nz =\/n + ‘nl+1n2 a§|nln2>=|nl>a§‘n2 =\/n2+ ‘nl n2+1>
al"’ll”lz a1|n1 ’nz \/7|n1—1n2 a2|nln2 —|n1 az‘nz \/7|n1n2—1
a;"finds" its type-1 ay"finds" its type-2
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Two-particle (or 2-dimensional) matrix operators

When 2-particle operator ax acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz :aﬂnl ’nz =\/n + ‘nl+1n2 a§|nln2>=|nl>a§‘n2 =\/n2+ ‘nl n2+1>
al"’ll”lz a1|n1 ’nz \/7|n1—1n2 a2|nln2 —|n1 az‘nz \/7|n1n2—1
a;"finds" its type-1 ay"finds" its type-2

General definition of the 2D oscillator base state.

REIRCI

|myny) = g 111y !
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Two-particle (or 2-dimensional) matrix operators
When 2-particle operator @k acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz aﬂnl ’nz =\/n + ‘nl+1n2 a2|nln2 —|n1 az‘nz =\/n, +1 ‘nl n2+1
al‘nlnz a1|n1 ’nz \/7|n1—1n2 a2|nln2 —|n1 az‘nz \/7|n1 n2—1
a;"finds" its type-1 ay"finds" its type-2

General definition of the 2D oscillator base state.
(aI)n1 (adg)n2 H=H,, (a{fa1 +1/ 2)+ H,aja,

|I’l1n2> = |0 O>
NIRY

The a,,'a, combinations in the ABCD Hamiltonian H have fairly simple matrix elements.
H =A(afa1+1/2)+( —iC)aja,

+Hyaa; + Hy, (aga2 +1/ 2)

+(z+iC)aba, + D(aga2 + 1/2)
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Two-particle (or 2-dimensional) matrix operators
When 2-particle operator @k acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz :aﬂnl ’nz =\/n + ‘nl+1n2 a§|nln2>=|nl>a§‘n2 =\/n2+ ‘nl n2+1>
al‘nlnz a1|n1 ’nz \/7’111—1112 a2|nln2 —|n1 az‘nz \/7|n1n2—1
a;"finds" its type-1 ay"finds" its type-2

General definition of the 2D oscillator base state.
(aI)n1 (a;)”2 H=H,, (a{fa1 +1/ 2)+ H,aja,

|I’l1n2> = |0 O>
NIRY

The a,,'a, combinations in the ABCD Hamiltonian H have fairly simple matrix elements.
H =A(aIa1+1/2)+( —iC)aja,

+Hyaa; + Hy, (aga2 +1/ 2)

afal |n1n2> = n1|n1 n2> aifa2|n1n2> = \/nl +1\/n2 |n1 +1n, —1>

a§a1 |n1n2> = \/nl \/nz +1|n1 —1n, +1> a§a2|nln2> = n2|nl n2>

+(z+iC)aba, + D(aga2 + 1/2)

Tuesday, April 1, 2014 70



Two-particle (or 2-dimensional) matrix operators
When 2-particle operator ax acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz aﬂnl |n2 =\/n + |n1+1n2 a2|nln2>—|nl a2|n2 =\/n, +1 |n1 ny +1
a1|n1n2 a1|n1 |n2 \/7|n1 1n2 a2|nln2>—|nl a2|n2 \/7|n1 Ny —
a;"finds" its type-1 ay"finds" its type-2

General definition of the 2D oscillator base state.

(ai{-)nl (a; )l’lz H = Hll (a}-al + 1 / 2)+ leai;-az
|I’l1n2> = |0 0>
v ling! +H,,ata, +H22(a§a2 +1/2)

The a,,'a, combinations in the ABCD Hamiltonian H have fairly simple matrix elements.

H =A(aja,+1/2)+(5-iC)a/a,
aja;|mmy)=m|n ny) aja,|nmny)=Jny +1ny |y +1n, ~1) ( )

a§a1 |n1n2> = \/nl \/nz +1|n1 —1n,+ 1> a§a2|nln2> = n2|nl n2>
00) |o1) 02) | |10) 1) 12) | |20 21) 22)
(00| | 0 |
(01 D

(02| 2D

+(z+iC)aba, + D(aga2 + 1/2)

<1:0|
(1]

(H)= A(1/2)+ D(1/2)+ (2]
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Two-particle (or 2-dimensional) matrix operators
When 2-particle operator ax acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz aﬂnl |n2 =\/n + |n1+1n2 a2|nln2>—|nl a2|n2 =\/n, +1 |n1 n2+1
a1|n1n2 a1|n1 |n2 \/7|n1 1n2 a2|nln2>—|nl a2|n2 \/7|n1 Ny —
a;"'finds" its type-1 ay"finds" its type-2

General definition of the 2D oscillator base state.

(ai{-)nl (a; )l’lz H = Hll (a}-al + 1 / 2)+ leai;-az
|I’l1n2> = |0 0>
v ling! +H,,ata, +H22(a§a2 +1/2)

The a,,'a, combinations in the ABCD Hamiltonian H have fairly simple matrix elements.

H = A(aira1 +1/2)+( —iC)aja,

3I31|”1”2>:”1|”1”2> airaz|”1”l2>:\/”1+1\/”2|”1+1”l2—1> : ) . ( . 1 )
+(1s+iC)ala, + Dlala, +1/2
a§a1|n1n2>=\/nl\/n2+1|n1—1n2+1> a;az|nln2>:n2|nl n2> 2= 272
oo) Jony  Jo2) | o) ) 12) | o) 2 |22)

(00| | ©

(01] D | B+iC

(02] 2D J2(B+iC)

aol| - r-ic | a

(11 . 2(B=iC) - A+D
(H)=A(1/2)+ DA/2)+ 1 | A+2D

(20

(21]

(22|
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Two-particle (or 2-dimensional) matrix operators
When 2-particle operator ax acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz aﬂnl |n2 =\/n + |n1+1n2 a2|nln2>—|nl a2|n2 =\/n, +1 |n1 ny +1
a|niny) =@ [ny)|ny) = | my —1ny) ay|myny) =|ny yag|ny) = \Jny [y my = 1)
a;"finds" its type-1 ay"finds" its type-2

General definition of the 2D oscillator base state.

(a-{)n] (a; )l’lz H = Hll (a}-al + 1 / 2)+ leai;-az
|I’l1n2> = |0 0>
v ling! +H,,ata, +H22(a§a2 +1/2)

The a,,'a, combinations in the ABCD Hamiltonian H have fairly simple matrix elements.

H = A(aira1 +1/2)+( —iC)aja,

aja,|mny) = n|ny ny) aja,|nmny)=Jny +1ny |y +1n, ~1) : \ai ( . )
+(5+iC)asa; + D(asa, +1/2
a§a1|n1n2>=\/nl\/n2+1|n1—1n2 +1> a;az|nln2>:n2|nl n2>
|00) |01) |02) | |10) 111) 12) 20) |21) 22)

(00| | 0

(01] D .| B+iC

(02| 2D .- J2(B+iC)

<1b| : ;iCj | ..: 14 e .

(11] . 2(B=ic) - A+D | V2(B+iC)
(H)y=A(1/2)+ D(1/2)+ (12 | T JE(5+iC)

(20| . 2(B=iC) 2A

(21] : Ja(B-ic) - 2A+D

(22| : 2A+2D .-
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U(2) vs R(3): Vs.

2-D ata algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basics
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry
Anti-commutation relations
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Outer product arrays
Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator eigensolutions
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2-dimensional HO Hamiltonian matrices.: U(2) irreducible representations

|00) |01) 102)

10)

1)

12)

20) 121) 122)

(00|
(01]
(02|

0
D

2D

+iC

V2 (B+iC)

"Big-Endian"

indexing

(...01,02,..10,11 ...

20,21..)

o
|

(H)=A1/2)+DA/2)+ (12

A+ D

A+2D

V2(5+iC)
Va(B+iC)

0
o
2

2A
2A+D
2A+2D

Rearrangement of rows and columns brings the matrix to a block-diagonal form.
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2-dimensional HO Hamiltonian matrices.: U(2) irreducible representations

(H)=A1/2)+DA/2)+

00)

[01)

02)

10)

1)

12)

20) 21) 22)

(00|
(01]
(02|

0

D

2D

+iC

V2(B+iC)

<1:0|
(]
(12]

A+ D

A+2D

| N2(B+iC)

Va(B+iC)

0
o
2

2A
2A+D

2A4+2D .-

Rearrangement of rows and columns brings the matrix to a block-diagonal form.

CBase states |n )|n,) with the same total quantum number v=n; + n, define each block.)

- "Big-Endian"

indexing

(...01,02,..10,11 ...

- 2021.)
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2-dimensional HO Hamiltonian matrices.: U(2) irreducible representations
[12)

|00) |01) 102)

10)

1)

20)

21)

22)

(00|
(01]
(02|

0
D

2D

+iC

V2 (B+iC)

"Big-Endian"
indexing
(...01,02,..10,11 ...
20,21...)

(10
(|

(H)=A1/2)+DA/2)+ (12

A+ D

A+2D

V2(B+iC)

Va(B+iC)

0
o
2

2A

2A+ D

Rearrangement of rows and columns brings the matrix to a block-diagonal form.

2A+2D

CBase states |n;)|n,) with the same total quantum number v = n; + n, define each block)

|00) | |01)  [10) |02)

[11)

20)

|03) 12)

21)

30)

"Big-Endian"

0 | Vacuum (v=0)

indexing

D
—iC

+iC
A

Fundamental (v=1)
vibrational sub-space

(..01,02,..10,11 ..
20,21...)

(H)=A1/2)+DA/2)+ (1

2D

V2(5-iC)

V2(B+iC)
A+D

V2(5-iC)

V2 (B+iC)

2A

Overtone (V=2)
vibrational sub-space

3D

V3(B-iC)

V3 (1 +iC)
A+2D

Ja(B-ic)

Ja(p+ic)
2A+D

J3(B-iC)

V3(2+iC)

3A

Overtone (V=3)
vibrational sub-space

H* :A(afa1+1/2)+:D

(a§a2 +1/2)

A
nn,

2 2

A+D
2

(ny+n,+1)+

(”1"”2)
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U(2) vs R(3): Vs.

2-D ata algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basics
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry
Anti-commutation relations
Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Outer product arrays
Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator eigensolutions
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2D-Oscillator eigensolutions "Little-Endian" indexing (... 10, 01, .20,11,21...)

Fundamental eigenstates m.ny | [1,0) ]0.1)
. . . . <H>Fundamental _ <1 0 A n—iC |+ A+D 1
The first step is to diagonalize the fundamental 2-by-2 matrix . v=l ’ 2
0,1 | B+iC D
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2D-Oscillator eigensolutions

"Little-Endian" indexing (... 10, 01, ...20,11,21...)

Fundamental eigenstates m.ny | [1,0) ]0.1) b
. . . . Fundamental _ .
The first step is to diagonalize the fundamental 2-by-2 matrix . o B R
0,1 | B+iC D
Recall decomposition of H
( A B=iC )+A+D1=(A+D) 1 )+2B(o 1 j . (A_D)( 10 )1
B+iC D 2 0 1 0 )2 -1 )2
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2D-Oscillator eigensolutions

Fundamental eigenstates m.ny | [1,0) ]0.1)

. . . . <H>andamental _ <1’0| A _iC
The first step 1s to diagonalize the fundamental 2-by-2 matrix . v=I o
0,1 +iC D

Recall decomposition of H
( A Bl )+ALD1— (A+D)( Lo )+2 (O ! jl +2C( 0 - Jl+(A—D)( o ]1
+iC D 2 0 10 )2 i 0 )2 0 -1 )2

in terms of Jordan-Pauli spin operators.

p—

H=Q,1+QeS=0Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

+

A+ D
2

"Little-Endian" indexing (... 10, 01, ...20,11,21...)

1
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2D-Oscillator eigensolutions

Fundamental eigenstates m.ny | [1,0) ]0.1)

. . . . <H>andamental _ <1’0| A _iC
The first step 1s to diagonalize the fundamental 2-by-2 matrix . v=I o
0,1 +iC D

Recall decomposition of H
A =G APy ) DO i O L b o] O L b0 L
+iC D 2 0 1 0 )2 i 0 )2 0 -1 )2

in terms of Jordan-Pauli spin operators.

p—

H=Q,1+QeS=0Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues m. of H-Qy1/2 and fundamental transition frequency {2 = m. - O_ :

. QutQ A+DE|(2 )2+(2C)2+(A—D)2_A+D+\/(A—D)2+ 2, 2
. _ _ArD, (AP
- 2 2 2 2

+

A+D
2

"Little-Endian" indexing (... 10, 01, ...20,11,21...)

1
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2D-Oscillator eigensolutions

Fundamental eigenstates Lo mm 1.0) ]0.1)
The first step is to diagonalize the fundamental 2-by-2 matrix . Hh- - 21’0: A BoiC
0,1 +iC D

Recall decomposition of H
I 0

A BIC | Ay (a4 D)
+iC D 2 0 1

in terms of Jordan-Pauli spin operators.

Jols

H=Q,1+QeS=0Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues m. of H-Qy1/2 and fundamental transition frequency {2 = m. - O_ :

L QuEQ  A+DE(28P+(20) +(A= DY _A+D+\/(A—Dj2+ 2, 2
- B - 2

. =
+ 2 2 2

Polar angles (¢,%) of +€2-vector (or polar angles (¢,9%m) of —2-vector) gives H eigenvectors.

¢ 92 cosg —e P2 sinﬁ cosz‘/‘:A;D
2 2 Q
|a)+>= p |a)_>= p where: < p
ade sinE e cos— tang = —

Recall from Lecture 12 p. 117 and p.131:

Euler state definition lets us relate R(cy) to R[@¥0O] ...
| aBy)= R(aPy)|000) (ofymake better coordinates)

.o+y o=y .
—i —i . 1 X +ip,
e 2 cosﬁ —e 2 s1nﬁ
ia;y B ia;y B
e sin— e CcOoS— ;

) ) 0 Xy+ip,

"Little-Endian" indexing (... 10, 01, ...20,11,21...)

A+D
2

+ 1
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2D-Oscillator eigensolutions "Little-Endian" indexing (.. 10, 01, ...20,11,21...

Fundamental eigenstates m.ny | [1,0) ]0.1)

. . . . <H>andamental _ <1’0| A _ic |+
The first step 1s to diagonalize the fundamental 2-by-2 matrix . v=I o
0,1 +iC D

A+D
2

1

Recall decomposition of H
A B Ay aep) DO pan OO0 Lol O a0 L
+iC D 2 0 10 )2 i 0 )2 0 -1 )2

in terms of Jordan-Pauli spin operators.

p—

H=Q,1+QeS=0Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues m. of H-Qy1/2 and fundamental transition frequency {2 = m. - O_ :

L QuEQ  A+DE(28P+(20) +(A= DY _A+D+\/(A—Dj2+ 2, 2
- B - 2

. =
+ 2 2 2

Polar angles (¢,%) of +€2-vector (or polar angles (¢,9%m) of —2-vector) gives H eigenvectors.

i 1% —iop2 . U A-D
e ipl2 COSE —€ ipl2 SIHE COS'L9=?
|a)+>= p , |a)_>= p where: 1
ade sinE e cos— tang = —

More important for the general solution, are the eigen-creation operators aT+ and at- defined by

_ (% 0 . U e .U : (%
al =e 02 (cosgaf+e’¢ smgag) . a =92 (—smEaI+e’¢ cosaag)
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2D-Oscillator eigensolutions

m.ny | [1,0) [0,1)

Fundamental eigenstates

—iC
+iC D

<H>Fundamental _ <1’0| A

The first step 1s to diagonalize the fundamental 2-by-2 matrix . v=l o

Recall decomposition of H
I 0

( A B-iC ]+—A+D1=(A+D)(
+iC D 2 0

in terms of Jordan-Pauli spin operators.

p—

Jols

H=Q,1+QeS=0Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues m. of H-Qy1/2 and fundamental transition frequency {2 = m. - O_ :

. QutQ A+DE|(2 )2+(2C)2+(A—D)2_A+D+\/(A—Dj2+ 2, 2
. _ _ArD, (AP
- 2 2 2 2

Polar angles (¢,%) of +€2-vector (or polar angles (¢,9%m) of —2-vector) gives H eigenvectors.

¢ 92 cosg —e P2 sinﬁ cosz‘;‘:A;D
2 2 Q
|a)+>= p |a)_>= p where: < p
ade sinE e cos— tang = —

"Little-Endian" indexing (... 10, 01, ...20,11,21...)

A+D
2

+ 1

More important for the general solution, are the eigen-creation operators aT+ and at- defined by

_ (% 0 . U e .U : (%
al =e 02 (cosgaf+e’¢ smgag) . a =92 (—smEaI+e’¢ cosaag)

a]k_F create H eigenstates directly from the ground state.
al|0)=lo,) . a|0)=[o)
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Setting (7=0=C) and (4=, ) and (D=w_ ) gives diagonal block matrices.

(H)=A1/2)+ D(1/2)+

00)

01) |10)

02)

1)

20)

03)

12)

21)

B@ .

0

20

()]

+ 0

20

RI0N

o, +20_

20, +o_

3w

H” = A(afa1 +1/2)+D(a§a2 +1/2)

@, —0_=Q

(28 +(20) +(A-D)
—A-D
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Setting (7=0=C) and (4=, ) and (D=w_ ) gives diagonal block matrices.

100) [ [01) |10)|[02)  |11)  |20) []0O3)  |12) 121y  |30) | -+
(00| o
01| ® W, —0_ =L

{
(10 w, (28 +(20) +(A-D)
(02| 20 A D

11| O, +0

(H)=A1/2)+ D(1/2)+ <
20| 20
03| 3m_

{
{
(12| o, +20_
{
{

21| 20, +@_
30| 30

H" :A(afa1+1/2)+D(a§a2 +1/2) el =A(n1+%)+D(n2+%): A;D(n1+n2+1)+A;D(nl—n2)

nn,
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Setting (7=0=C) and (4=, ) and (D=w_ ) gives diagonal block matrices.

00)

|01) [10)][02) |11)  |20)

03)

|12) 121) 130) | -

(00| 0

@, —0_=Q

(28 +(20) +(A-D)

(H)=A1/2)+ D(1/2)+ <

20
W, +w

20

=A-D

3w

o, +20_
20, +o_

3w

H” = A(afa1 +1/2)+D(a§a2 +1/2)

nn,

1 1 A+D A-D
=A(n1+5)+D(n2+§): 5 (ny+ny+1)+ 5 (n,—n,)
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Setting (7=0=C) and (4=, ) and (D=w_ ) gives diagonal block matrices.

|00) | |01) [10)|]02)  |11)  |20) | |03) |12) 121) 130) | -
(o[ | 0

{
(10 w, (28 +(20) +(A-D)
(02| 20 .

(11] 0
(20| 20
(03] 30_

(12| o, +20_
{

{

(H)= A(1/2)+ D(1/2)+ o

21| 20, +@_
30| 30

HA :A(afal+1/2)+[)(a;az+1/2) e,flnz =A(n1+%)+D(n2 +%): A-Iz—D(nl+n2+1)+A;D(nl—n2)

Define fotal quantum number v=2j and half-difference or asymmetry quantum number m
n —n
1 2

V=n+n,=2j J=T T, 2
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Setting (7=0=C) and (4=, ) and (D=w_ ) gives diagonal block matrices.
|00) | |01) [10)|]02)  |11)  |20) | |03) |12) 121)  [30) | -

(00| | 0
(01] W W, —0_ =L

(10 w, (28 +(20) +(A-D)
(02] 20 o

11| O, +0

(H)=A1/2)+ D(1/2)+ <
20| 20
03| 300_

{
{
(12| o, +20_
{
{

21| 20, +@_
30| 30

A—-D
H* = A(afa, +1/2)+ D(aja, +1/2) el =A(n1+l)+D(n2+l)=A+D(n1+n2+1)+ (1, —11,)
172 2 2 2 2

Define fotal quantum number v=2j and half-difference or asymmetry quantum number m

. omtn, v m:nl_nZ
m=+1/2

v+1=2j+1 multiplies base frequency w=, v=1

m multiplies beat frequency ()

LU:::SZC) _ LU____'STZO'%_SCZ(__;Z)
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Setting (7=0=C) and (4=, ) and (D=w_ ) gives diagonal block matrices.

|00) | |01) [10)|]02)  |11)  |20) | |03) |12) 121)  [30) | -
(00| o
(01] 0
(10 o,
(02| 20
H)= A1/2)+ DA+ DT O
(20| 20,
(03] 30
(12| o, +20
(21] 20, +0_
(30] 30,
SU(2) Multiplets R(3) Multzplet’% .
j22< 0
- m=+3/2 _]
j=3/2 +1/2 "tensor" )
:gg Zji<<::::::%ji+]
0
J=1/2 m=+1/2 "vector" -1
"spinor" 172 :
P J=0" scalar” 4 =0

@, —0_=Q

= J(28P +(20P +(A-DY
=A-D
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w_ ) gives diagonal block matrices.

C) and (A=w; ) and (D=

0:

Setting (

X
i
< WO S
S // {7*zy..\““é\k\..i{ &\é\ \
i M s
5e S\l it
LS NNk .
SET ES ,,..g?..%\ ,.w..‘\ ..w.‘ i1
5 NGOV Y | |,
S o
&) AM ,.J_WHOI_?_~ WO ™~ %
5 a g ) m
= S W HW HW HW
K R I
— e, L I
m o W S S
EeeEssE=ss m
: S o 2s
a . I L&
< 2 ,

(H)=

92
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Structure of U(2)

Jj=0 | 8> =|00) "scalar" A }
(a) N-particle 2-level states (vacuum) =100y ...or spin-1/2 states
._1 Hg>=|10>=|1\> . ) _ |1 0> —q -f-|0 0> e ! 172 L +|] +I3/2 +I2 15/2 Mg=({J,)
]_5 |1/2> |01> |\L> Sp1nor l’f‘ 1| N=1k,, [2 Spin z-component
i = = 2| = — .
" 0°1)=a;1 10 0) - |T> :|Jm=—11-/]2/2
1Y =|20) 1= |20y=a,Ta,T 00y [1]11] v=2 [1]2] =&  [2]2 = [\y=7=12)
AR, 1021= |1 Iy=a,Ta,T |0 0)
': — n _ t n
J [o)=[11)  "3-vector 11 ~=3 a2 k(122 20202
)=l02) ) )
» 1 L1[101] N=4[1]1]1]2 111 2[2]s> [1]2]2]2 212212 N\ ?
|1/2>:|30>
1) =|nn,) - 3 | )=[21) il [afaafei2] (a1l 2l2] Flaf2]212] [12]2022] (212222
m "2 j== "4—SpiIlOI’" 5=5/2 a
2 ‘f%é>::|12> a2Ta1 azT ’G‘IJr ) 1 a:Ta
200 | 132
‘ 33//22> _ | 03> Total|Spin S ‘
>)=(40)
1) =(31)
j=2 §>= 22)  "tensor"
-21>:|13>
‘-22>:|04>
.V _n+tn
J_z_ 9 n=j+m=20+m
’n:mzwz n,=j—m=20-—m
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Introducing U(N)

(a) N-D Oscillator Degeneracy ( of quamtum levelv (b) Stacking numbers
Principal Quantum Number Dimension of oscillator
V=0 N=] PY triangular
=] \ ‘ N=> Py ° ’/ numbers
V=2 1 N=3 ‘ o0 3 @ ‘etrahedral
3 N=4 )/O numbers
D= —
: Sy N P
V=5 1 :3 :3 1 _
4 1 4 6 4 1
o7 1 510105 1 Neg

1 6 1520 15 6 1
1 7213535217 1
1 828 56 70 56 28 8 1

(c) Binomial coefficients ( 3\, & (3\, I/ (3\"\5/ /3\
(N-1+v)! — -1+v +0 (4\ \Uvs \ L7 (NI 4\ (d/ /4\
(N-1)!v! \() (\I/ (\2) (d/
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Introducing U(3)
(b) N—partzcle 3 level states ...or spin-1 states | = |Ty=|'~!

20 =) =1170)
3= {)y=1=1")
\\ /;33 . a;;\
U RN VAN
\ \ | (VTguOuZ;)
N2 33 \
RN IS i
\ \ 324%»
3 2 3\2 203 \
N
2x\
PN
212 222
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2 2
—|x; +x
2,.2 ( 1 2)
—iwyt iyt |2 e_<xl +X2) € 2

J2x,e7 00" 4 2 x e 00

1
\P(xl’xbt)zi‘l//lo (x1.72 ) e +Wor (x,%;) e

21

2
=0
(2 +2) (2 +2) vl or
_¢ 2 2 _ _
= (xl + X9 + 2X1X2 COS(G)IO 6001)t) =
T

e

IXf+x5 forit=Ty, /4 (21.1.30)
‘2

T

‘xl —Xy|  Jor:t=Tpe, /2
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