Based on QTCA Lectures 7, 23-25
Group Theory in Quantum Mechanics

Spectral Analysis of U(2) Operators

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , QTCA Unit 7 Ch. 21-22, PSDS - Ch. 8 )

Review:How C> (Bilateral op reflection) symmetry is eigen-solver & three famous 2-state systems

U(2) vs R(3):2-State Schrodinger: ind:|V(1))=H|W(t)) vs. Classical 2D-HO. 0*X=-KeX
Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0o,
Deriving o-exponential time evolution (or revolution) operator U=eHi=¢ 0t
Spinor arithmetic like  complex arithmetic
Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing’-Theorem vs Lorentz)

Geometry of U(2) evolution (or R(3) revolution) operator U=e =g pupt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
2D Spinor vs 3D vector rotation

NMR Hamiltonian: 3D Spin Moment m in B field
How probability \»-waves and flux 1)-waves evolved
Properties of amplitude *\-squares
Euler s state definition using rotations R(c,0,0), R(0,(3,0),and R(0,0,7)
Spin-1 (3D-real vector) case
Spin-1/2 (2D-complex spinor) case
3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sg =Sx, and Chirality Sc =Sy

Polarization ellipse and spinor state dynamics From OTCA
Fundamental Euler R(03Y) and Darboux R[Q@OO] representations of U(2) and R(3)  Lectures §-9
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¥ Review:How C> (Bilateral op reflection) symmetry is eigen-solver & three famous 2-state systems <
U(2) vs R(3): VS.
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Review:How symmetry groups become eigen-solvers

Suppose you need to diagonalize a complicated operator K and knew that K commutes
with some other operators G and H for which irreducible projectors are more easily found.

KG=GKor G'/KG=K or GKG'=K (Here assuming unitary
KH=HK or H' KH=K or HKH'=K Gi=G-' and H'=H-)

This means K is invariant to the transformation by G and H
and all their products GH, GH?2, G2H.,.. etc. and all their inverses GT,HT,.. etc.

The group gk ={1, G, H,.. }so formed by such operators is called a symmetry group for K.

In certain ideal cases a K-matrix @K> is a linear combination of matrices (1),(G),(H),... from C?K)
Then spectral resolution of {(1),(G),(H),.. } also resolves (K).

We will study 1deal cases first. More general cases are built from this 1dea.
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Review:C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1} 2D HO Matrix operator equations
(a) unit base state (b) unit base State k +k —k
1 _ 1T 12
0==2)=p =)= 1>— 3 B vE Tl (O
’ o Xy —kp kit )
| mirror M M
reflection

<-|->

_ | K Ky ][ Y ] More conventional
K

2 Ky *2 ) coordinate notation
x) = - K |x) Do o)
C: (Bilateral op reflection) symmetry conditions:  K-matrix is made of its symmetry operators in

K., =K=K,, and: K, =k=K,=—k, (Let. M=1)

11— group C2 = {1,0'3} Wlth pI"OdMCt table: C2 1 Oy
Ky Ky, kK 01 Lo B
Oy | Op 1

K = K1 + ko,

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=03|0)=|0os)}

[ (111} (1]1]o ) ]z[l 0 ] [ (1]o,[1) (1|0 ,]0,) ]z( 0 1] P~ projectors:

(o51]1) (o4]1]oy) 01 (o5los1) {oslos]os) b
1 1
Minimal equation of o is: 03%=1 pr_ 140 | 2 2
. . . 1 1
or: 052—1=0=(c3—1)(05+1) Spectral decomposition of Cx(o5) into {P+,P~} ? 32
L | 1 =P"+P 1ol
with eigenvalues: p_1-0, | 2 2
(X" (05)=+1, x(08) = —1} o,=P"—P~ 2 |
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Review:  C> Symmetric 2DHO eigensolutions

K = Kl — k : : : .
1295 K-matrix 1s made of its symmetry operators

k. +k —k
K( L0 ]—klz[ vl ]:[ 17z 2 ] in group C> ={1,03} Withproduct(tablle:

0 1 0 —kp  kthy o 1
Cz(o3) spectrally decomposed into {P*,P~}projectors: P+=1+ZGB = ? ? = “? ®( [12 [12 ):|+><+|
1 :P++P_ 2 2 _k"\E_E : """"
N P Teeesesesseesssscesssssesseeesse- SR EEEL - factored projectors
_ R ) o1
os=P P . SR R ®( A ):|‘><—|
Eigenvalues; of 05 : E : 2 e 2
+ 0] - _ ; S N N ) - ,
IX'(os) =+1, x"(08) = =1} . Diagpnalizing transformatipn (%—tran) of K-matrix:
Ejzger)walueskofK=K-(1 ; kzz-crlf: \é\é [ k+k, ki, ] \é \é _[ k, 0
e'(K)=K—ki, e (K)=K+kp 1 -1 =k, k4k DLt || 0 k+2k
) P i 12 KRy 5 114k
A gD—tran)
Even mode |+)=(0,) = ( 71A2 C, mode phase character tables Lo
p 1S position JIE J? =
p=0  p=I NG

m=02 1 1 norm. <x2|+> <x2|_>

1 @@1/\/2 (D-tran is its

Xp=IN2 X/ =IN2
Odd mode |-)=|1,) = ( g

Oown 1nverse
in this case!)

m=1 |1
2

m is wave-number
or “momentum’”
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Review:C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
Yo\ | kthky —ky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X

%) = - K x) | )

( (3] %) ]_[ ([ Klx) (n[Klx) | (alx) ] [ (+x ] ( (+K]|+) MJ[
(,]%) (| -

C> Symmetric 2DHQO uncoupled dynamics

<x2|x> <x2|K|x1> <x2|K|x2>

Each mode runs independently

Mx + (kpx, _| 0 (+)-mode at frequency wy=v (ki/M) - | 2 s
MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-= v (ki+2ki2)/M igenket vectors: |+)= ) , -)=| ¥

Spect/al d]composition ofinitial(tate j(O)(x; x2) =(1,0): Mixed mode dynami(’s

! wmp k
_ 1 |_| & 11 1 1o-1 1 £ SR
I'X(O)‘(P++P)[ 0 )‘ 1 ®(J§ 7 )[ 0 jJ’ ®(ﬁ o )( 0 ] o i
\/5 AT ANAN

. (4)-mode
1
2
XO= ()
b

e (XIS SERE k'-f

' 5 "-*ﬁ\h Y s Sm:isr
] 2 e AN __} g ¥ cos(@yro)t/

N = s”’—‘
—~
S
~
[l
Si—
+
~
+
Si—
L
[l
7~ 2\
N = N =
N
+
7~ N\
l\)l*l—‘ 0 =

Y I

' 3 j ) . r?rlI 1'3 = ﬂ .
SO. X(t): e : +e ! ’ ‘ B f\.
. 2 5 i (—)-mode Vi \} T
2 ab _ab T : EV e
0 . e + e i%e 2 t+e erb a—b GXLS f L
100% AM modulation results — —=e ——=¢ 2 cos # ;
—im,t —im_t
e T +te TC (0, +o_ - - -
x, (1) 2 e_l(w - " "'(w+zw_)’+ i(%zw_)’ jfetw.) | cos o
1 e e —— 2
— = — e
Xy (t) e—iw+t _e—ia)_t 2 _l.(a)+—(u_)t i(w+—a)_)t L (o —o)
2 2 ISIn
Note the'i phase
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Review: 2D HO potential energy V(x,, x2) form defines elliptical V-contours (Here: ki =k= k»)

1 | 1 k+k —k X
V=§(k+k12)x12—k12x1x2+5(k+k12)x§: <x‘K‘x>:§X.K.X:( X, X, ) 12 12 1

1
2 ~ki,  k+k, X,

(a) PE Contours and gradients

ALOW axis (NorthWest)

What direction ’X> =|en>
is the same as K|x)??
Not most directions!
Only extremal axes
WOTK. (major or minor axes)

(b) Symmetric U+ Coordinate (c) Anti-symmetric U- Coordinate - (SouthEast)

SLOW Mode FAST Mode Fig. 3.3.4 Plot of potential function V(x},x;) showing elliptical V(x},x;)=const. level curves.
/“7\\QX /
/ | X\\\ X1 1 0° X2 ) X1 u .
[ phfisor | [y_phase \ plfisor hasoyX1/80° ~Qidso Potential
|- phay AN \{/ od, Qut-of-phase Energy
\ \ SO oA % : mode ) &*
A N N \Xz X2
o 01 < \‘ Q' =
NN K i
AN I a § 9\
is SLOW s > 0,
phasor \\\\ ( ‘ i h K \ ]
1 | 4 \\\\\\ ‘ 1 7 | | | | | X\l 1 & U- 4 L X‘l 1 W
— 5 is FAST] i X2
= phasor phasor g I(Jhasodf
(90° turned) Q'
-

phasor /
With Bilateral symmetry (k; =k= k2) the extremal axes lie at £45° <

Fig. 3.3.5 Topography lines of potential function V(x;,x5) and orthogonal €, ande_ normal mode slopes
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Review:  2D-HO beats and mixed mode geometry
0
r (=0

A “visualization gauge” (a)

We hold these two fixed...

r' (o=m)

] O,

OO

1/4

revivals
or beats

1/2

Coupled Optical
Pendula E(t)

even +45°

[+ P
parity
states odd -45°

-~
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Spin-up
|1)=T)

Spin-dn
12)=I1)

v

Plane-x %
| 1)=x)
Plane-y | | |
12)=ly)

|X )=

|y )=

(

\

x| (o)
Xl | | <¢Ix>/
= TY T+ L)

(b) Photon Spin-1-Polarization

( \
Xy

=|xXx

| <yI\|f>/

Y)+HyXyly)

(¢) Ammonia (NH3) Inversion States

/ p:i=Im Y, \
1:
Re x;

Review: Some of the most famous 2-state systems and their two-complex-component coordinates.

(a) Electron Spin-1/2-Polarization

N-UP (v ) (wpw))
UP
|1)=|UP) o -
00 B B N\
N-DN @ vDN <DN|V> OTCA Unit 3 Chapter 10
2)=|DN)) A 7\ Ry
=|UP){UP|v)+|DN)XDN|[v)
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» U(2) vs R(3):2-State Schrodinger: in0:V(1))=H|V (1)) vs. Classical 2D-HO. 0?X=-K*X -«
% Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w,0,
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U(2) vs R(3):2-State Schrodinger: in0:¥(1))=H|¥ (7)) vs.
in| (1)) =H|¥())

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D

Classical 2D-HO: 0*Xx=-KeX
)=
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U(2) vs R(3):2-State Schrodinger: in0:¥(1))=H|¥ (7)) vs.
in| (1)) =H|¥())

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

Classical 2D-HO: 0*Xx=-KeX
)=

Ho [ A B=iC | _ gt obey: (Hj) *= Hy
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) ¥y X +ip 1 (2 =2%2)
¥ | ntin ) | @
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U(2) vs R(3):2-State Schrodinger: in0:¥(1))=H|¥ (7)) vs.
in| (1)) =H|¥())

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

Classical 2D-HO: 0*Xx=-KeX
)=

Ho [ A B=iC | _ gt obey: (Hj) *= Hy
B+iC D \
that operates on 2-D complex Dirac ket vector |¥) . Both have 4 parameters
) ¥ X +ip 1 (2 =2+2)
Y ) | ntin | | @

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 15-order equation i0\U=HWV
into pairs of real 1%-order differential equations.
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U(2) vs R(3):2-State Schrodinger: in0:\V(1))=H|V(t)) vs. Classical 2D-HO.: 0*x=-Kex
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

H- A B-iC |_gt obey: (Hj) *= Hy
B+iC D \
that operates on 2-D complex Dirac ket vector |¥) . Both have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ d
2 . ()= ¥ (o)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 15-order equation i0\U=HWV ;91 +ip :( A B-iC ] X1 +ipy
into pairs of real 1%*-order differential equations. o\ Xp+ipy B+iC D X +ipy
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U(2) vs R(3):2-State Schrodinger: in0:¥(1))=H|¥ (7)) vs.
in| (1)) =H|¥())

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

Classical 2D-HO: 0*Xx=-KeX
)=

B+iC D \
that operates on 2-D complex Dirac ket vector |¥) . Both have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
2 . 2w () = B (1)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 15-order equation i0\V=HWV ;O mtim
into pairs of real 1%-order differential equations. or( Xy +ip;

_ A  B-iC X +1ip;
B+lC D X2+ip2

— — , T
X, = Ap, + Bp, - Cx, py=—Ax,— Bx, —(p, it —p | [ Ax +Bxy+Cpy+idp +iBpy —iCx,
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U(2) vs R(3):2-State Schrodinger: in0:\V(1))=H|V(t)) vs. Classical 2D-HO.: 0*x=-Kex

in| (1)) =H|¥()) |x>=—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B=iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Af 2 2 B Do 2
P Y Xy +ip a H. = S\ P )T B(x1x2 +p1p2)+ C(x1p2 x2p1)+ S \P2 %
Y ] | ntin | | @

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 15-order equation i0\U=HWV
into pairs of real 1%-order differential equations.

X, = Ap,+ Bp, — Cx, p, =—Ax,— Bx, — Cp,
X, = Bp, + Dp, + Cx;, Py =—Bx;— Dx, +Cp,
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U(2) vs R(3):2-State Schrodinger: in0:\V(1))=H|V(t)) vs. Classical 2D-HO.: 0*x=-Kex

in| (1)) =H|¥()) |x>:—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B=iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Af 2 2 B Do 2
|‘{’> Y, x| +ipy a H_ = > P X +B(x1x2+p1p2)+C(x1p2 x2p1)+ > Py X,
Y ] | ntin | | @

Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

OH  OH,

xl :—apc = Ap1+Bp2—Cx2 P = I =—(Ax1+Bx2+Cp2)
. _— 1
. _ L . o, _ 5 =—2"c—_(Bx, +Dx, —C,
X, = Bp, + Dp, + Cx, Py =—Bx;— Dx, +Cp, X, = op, Bp,+ Dp, + Cx, Py ox, ( X+ Dx, Pl)
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U(2) vs R(3):2-State Schrodinger: in0:\V(1))=H|V(t)) vs. Classical 2D-HO.: 0*x=-Kex

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B=iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) . P 5
: _ 2, .2 2., .2
9 = Vi | | -+ | | @ H, = 3(191 TX )+ B(xlxz +p1p2)+ C(x1p2 —x2p1)+3(p2 +x2)
¥, Xy TP, a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations. i = % = Ap, + Bp, — Cx, P =- 3;[0 = —(Ax1 + Bx, + sz)
X
, , OM vs. Classical Py !
X, = Ap, + Bp, = Cx, py=—dx; = Bxy=Cp, Equations are . OJH N P T
' ; identical Xy =——5=DBp +Dp,+Cx P25 = (% + Dx, = Cp))
X, = Bp, + Dp, + Cx, Py =—Bx;— Dx, +Cp, ap, 2
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U(2) vs R(3):2-State Schrodinger: in0:\V(1))=H|V(t)) vs. Classical 2D-HO.: 0*x=-Kex

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H :( A B=iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
, oAl 2 2\, C D( o 2
9 = Vi | | -+ | | @ c=5\P1 X (x1x2+p1pz)+ (xlpz—x2p1)+3 Dy T,
¥, Xy +ipy a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW ;
into pairs of real 1%-order differential equations. X, = % = Ap, + Bp, — Cx, p=- ai[c = —(Ax, + Bx, + Cp,)
_ b= Ax. - Bx, - Cp OM vs. Classical Py a[;
1= AN T P TR Equati JH : c
. quations are X2=a—;=BP1+DP2+Cx1 pzz_E:_(Bxﬁsz_cpl)
2

= —Bx, — Dx, +Cp, identical
Finally a 2™ time|derivative|[(Assume constant A, 2, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X) = —K-\X>

N X = Ap, + Bp, - (X, X, = Bp, + Dp, + (X,
= —A(Ax1 + Bx, + sz)— B(Bx1 + Dx, — Cpl)— C(Bp1 + Dp, + Cxl) = —B(Ax1 + Bx, + Cp2)—D(Bx1 + Dx, — Cp1)+ C(Ap1 + Bp, — sz)
= (42 + B2+ C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+ BD)x, =( B2+ D+ C?)x, +C(4+ D) p,
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U(2) vs R(3):2-State Schrodinger: in0:\V(1))=H|V(t)) vs. Classical 2D-HO.: 0*x=-Kex

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B=iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. Al 5 2 D2 2
) ¥ X +1py a chg(Pl X )+B(xlxz+p1pz)+c(x1p2_xzp1)+j(pz +x2)
Y ] | ntin | | @
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW ;
into pairs of real 1%-order differential equations. i) = ? = Ap,+ Bp, - Cx, P = ai[ —(Ax, + Bx, + Cp,))
_ b= Ax. - Bx, - Cp OM vs. Classical Py a[;
I R R ) Equations are ., _JH, - Bx. + Dy — C
Bx, — Dx, +Cp, identical X, = —3172 = Bp, + Dp, + Cx, %) 8x2 ( X+ Dxy — pl)
Finally a 2" time derivatij:l(Assume constant A, 7, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, ~Cx, i, = Bp, + Dp, +Cx,
=—A(Ax1+Bx2+Cp2)—B(Bx1+Dx2 Cpl) (Bp1+Dp2+Cx1) =—B(Ax1+Bx2+Cp2)—D(Bx1+Dx2—Cp1)+C(Ap1+Bp2—Cx2)
= (42 + B2+ C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+ BD)x, =( B2+ D+ C?)x, +C(4+ D) p,
Xo_ | A*+B? AB+BD ]Sfornljooi}gEOHOOke | x _| Y| R K X
X, AB+BD B*+D? harmonic oscillator e Xy Ky Ky | %
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U(2) vs R(3):2-State Schrodinger: in0:\V(1))=H|V(t)) vs. Classical 2D-HO.: 0*x=-Kex

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H :( A B=iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
, oAl 2 2\, C D( o 2
9 = Vi | | -+ | | @ c=5\P1 X (x1x2+p1pz)+ (xlpz—x2p1)+3 Dy T,
¥, Xy TP, a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW ;
into pairs of real 1%-order differential equations. X, = % = Ap, + Bp, — Cx, p=- ai[c = —(Ax, + Bx, + Cp,)
_ b= Ax. - Bx, - Cp OM vs. Classical Py a[;
1= AN T P TR Equati JH : c
| qua ons are x2: apc =Bpl+Dp2+Cx1 p2:— axz :—(BX1+DX2_CP1)
2

Finally a 2™ time|derivative|[(Assume constant A, 2, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X) = —K-\X>

BT —Bx, - Dx, + Cp, identical

\ &, = Ap, + Bp, ~Ci, %, = Bp, + Dp, a3
= —A(Ax1 + Bx, + sz)— B(Bx1 + Dx, — Cpl)— C(Bp1 + Dp, + Cxl) = —B(Ax1 + Bx, + sz)— D(Bx1 + Dx, — Cp1)+ C(Ap1 + Bp, — sz)
= (42 + B2+ C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+ BD)x, =( B2+ D+ C?)x, +C(4+ D) p,
. For C=0 2 >
X 2, p2 X ) X X K, K X
== A"+B°  AB+BD ! Is form of 2D Hooke — I T :
X, AB+BD B*+D? X, harmonic oscillator 0"\ X, X Ky Ky | %

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!

2
0 (A B oY (A B > | A2+B% AB+BD
[— = =|i—| = === .
o \ B D o1 B D ot AB+BD B>+D
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U(2) vs R(3):2-State Schrodinger: in0:¥(1))=H|¥ (7)) vs.

in| (1)) =H|¥())

First start with 2-by-2 Hermitian (self-conjugate) matrix
( A B-iC |_yt

B+iC D

that operates on 2-D complex Dirac ket vector |¥) .

i

Cll HC =

= |
2 Xy +1py

Separate real x; and imaginary pi parts of W amplitudes

a,

to convert the complex 1%t-order equation (O W=HW

into pairs of real 1%-order differential equations. i =
_ . OM vs. Classical

py=—Ax = Bxy = Cp, Equations are .

: identical i

=—Bx,;— Dx, +Cp,
Finally a 2™ time|derivative [(Assume constant A,

Classical 2D-HO: 0*Xx=-KeX
)=

Then start with classical Hamiltonian. (Designed to give same result.)

D( ) 2)
+x
5 Py X

;1(1912 +x12)+ Bxxy +pipy )+ C(4py =3, )+

Then Hamilton’s equations of motion are the following.

oH , oH

8—pc:Apl+sz—Cx2 P =— 8xlc =—(Ax1+Bx2+Cp2)
1

oH . oH B

P <= Bp,+ Dp, + Cx, pz“ﬁ__(Bxl"'sz_Cpl)
Py 2

, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X) = —K-\X>
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
= —A(Ax1 + Bx, + sz)— B(Bx1 + Dx, — Cpl)— C(Bp1 + Dp, + Cxl) = —B(Ax1 + Bx, + sz)— D(Bx1 + Dx, — Cp1)+ C(Ap1 + Bp, — sz)
= (42 + B2+ C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+ BD)x, =( B2+ D+ C?)x, +C(4+ D) p,
. For C=0 2 ;
Yo A>+B®>  AB+BD Xy ol Y || N || Ky Ky Xy
== . Is form of 2D Hooke 2l e Bl e Tk k N
Xy AB+BD B“+D Xy harmonic oscillator ! 2 2 21 B 2
Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!
2 2 2 2, p2
d [ A B (.a) A B J A*+B* AB+BD
I—= =l | = =5 =
o \ B D o1 B D ot AB+BD B?+D?
Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t
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X A2+ B%?  AB+BD X For C=0 i o8 _ Ky Ky |
K, K

X 9 2 Is form of 2D Hooke % =| —_
*2 AB+BD B"+D X9 harmonic oscillator [ Xy X, . ) X,

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!
2
0 (A B (.3)2 A B 9? A2+B%  AB+BD
—= =|i—| = =>-——5=
o \ B D ot B D ot AB+BD B*+D?

Conclusion: 2-state Schro-equation lhg|\}'(;)> =H|¥(r)) 18 like “square-root” of Newton-Hooke. \/ |%)=-K-|x)
t

) (a)
=X = Ky + Kppx,

k, By K __p2 K,
=X, = Ky x + Ky x, | 00“ Ml () () () K) 2 oooa |

2 2
mK, =A"+B" =k +k,, mK,,=AB+BD=-k,,

m,K,, = AB+ BD =~k

2, "2
12s MKy =B"+D"=k,+k,.
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X A2+ B%?  AB+BD X For C=0 i o8 _ Ky Ky |
K, K

X 9 D) Is form of 2D Hooke % =| —_
*2 AB+BD B"+D X9 harmonic oscillator [ Xy X, . ) X,

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!
2
0 (A B (.3)2 A B 9? A2+B%  AB+BD
—= =|i—| = =>-——5=
o \ B D ot B D ot AB+BD B*+D?

Conclusion: 2-state Schro-equation lhg|\11(;)> =H|¥(r)) 18 like “square-root” of Newton-Hooke. \/ |%)=-K-|x)
t

2
9_[ a4 B-ic :(z‘ifz A p-ic | 9 _ A2+B>+C*  AB+BD—iAC—iCD
o \ B+iC D ot B+iC D ot | AB+BD+iAC+iCD — B*+C*+D?

General case for C=()

) (a)
=X = Ky + Kppx,

k, == % K __p2 K,
=X, = Ky x + Ky x, | 00“ Ml () () () K) 2 oooa |

2 2
mK, =A"+B" =k +k,, mK,,=AB+BD=-k,,

m,K,, = AB+ BD =~k

2, "2
12s MKy =B"+D"=k,+k,.

Friday, March 21, 2014 24



U(2) vs R(3):2-State Schrodinger: in0:V(t))=H|W(2)) vs. Classical 2D-HO. 0?X=-KeX

> Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H:@MO'M (—
Deriving o-exponential time evolution (or revolution) operator U=¢MHi=¢ou~pu!
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing”-Theorem vs Lorentz)

Friday, March 21, 2014
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

_A=D[ 1 0 |, 5 0 1 |, o[ 0 —i |, 4+D[ 1 0
2 {0 -1 10 i 0 2 {01

A—D A+ D
H=— C + B Cp +C G- +

7 A N2

O

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (complex, circular, chiral, cyclotron, ...
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

_A=D[ 1 0 |, 5 0 1 |, o[ 0 —i |, 4+D[ 1 0
2 {0 -1 10 i 0 2 {01

A—D A+ D
H=— C + B Cp +C G- +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (complex, circular, chiral, cyclotron, Coriolis, centrifugal,

O

curly, and circulating-current-carrying...)

Motivation for coloring scheme: ’
The Traffic Signal \

Standing waves @

Friday, March 21, 2014
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

_A=Df 10 |, L0 1], 0 i |, AED[ 1 0
2 {0 -1 10 i 0 2 Lo 1

A—D A+ D
H=— C + B Cp +C G~ +

2 A N2

O

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (complex, circular, chiral, cyclotron, Coriolis, centrifugal,

curly, and circulating-current-carrying...)

Motivation for coloring scheme:
The Traffic Signal

@(_ C=0.:Moving waves or
Standing waves C=0 — “Galloping” waves

(a) CHA-symmetry

N
(A 0) )
0D fdst
X
Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) (c) C2C-cicular U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

O

The {61, 64, 05, Gc } are best known as Pauli-spin operators {G1=009, 63=0x, Gc=Cy, 64=0 7 } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

C=0:Moving waves or
Standing waves C=0 “Galloping” waves
(a) CHA-symmetry &
(A 0) )
0D fast
X
Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) (c) C2C-cicular U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

O

The {61, 64, 05, Gc } are best known as Pauli-spin operators {G1=009, 63=0x, Gc=Cy, 64=0 7 } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

C=0:Moving waves or
Standing waves C=0 “Galloping” waves
(a) CHA-symmetry &
(A 0) )
0D fast
X
Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) (c) C2C-cicular U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

Gy
The {61, 64, 05, Gc } are best known as Pauli-spin operators {G1=009, 63=0x, Gc=Cy, 64=0 7 } developed in 1927.
Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Each Hamilton quaternion squares to negative-1 (12 = j2? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)
q q g J giary

(a) CHA-symmetry (a-b) CHAE-symmetry (b) CHP-symmetry x4 A\
(A 0) X2 A "2 @Z//
0D fdst
X
: X
Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) (c) C2C-cicular U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

O

The {61, 64, 05, Gc } are best known as Pauli-spin operators {G1=009, 63=0x, Gc=Cy, 64=0 7 } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Each Hamilton quaternion squares to negative-1 (12 = j2? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)
q q g J giary

Each Pauli 6y squares to positive-1 (6.2 = 6y? = 6 z2 = +1) (Each makes a cyclic C> group CZAZ{I, 64}, C"={1,03}, or C2C={1, oc}.)

(@) CA-symmetry (a-b) Cy*B-symmetry (b) CoP-symmetry g
(A 0) ) A "2
0D fgdst (

1 X

Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) (c) C2C-cicular U(2)system.
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U(2) vs R(3):2-State Schrodinger: in0:V(t))=H|W(2)) vs. Classical 2D-HO. 0?X=-KeX
Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0
Deriving o-exponential time evolution (or revolution) operator U=¢Mi=¢ou~pu!
3 Spinor arithmetic like  complex arithmetic
Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing”-Theorem vs Lorentz)
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

()= P(0))

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
evolution
operator

\_
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

()= P(0))

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
o B e 16 [ et R evolution
—iHt _ B+iC D _e 2 0 -1 1 0 i 0 2 0 1
e =e = 54=0 7 Os=0r Oc=0y operator
\_
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ' =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
e_iH-t — B+iC D — o 2 0 -1 1 0 i 0 2 0 1
B B 04=0 7 Op=0x 0c=0y operator
PA “A A-D e D
—io —iwn et —iWn N ~ +
—e (T 2 10T here: o=| p, |m@it=| w, |f= 2 .t and: w, =
B B B 0 o)
Yc We C
\_ J
Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
36
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
S A O DT 0 g O e O AP0, evolution
e_iH-t — o B+iC D 2 0 -1 1 0 i 0 2 0 1
B 04=0 7 Op=0x 0c=0y operator
YA “A A-D 4D
—io —iwn" —iGelyt —iwn: N ~ +
—g PP _ gmiGewt SiWgT e = pp |[Fw-t=| wp |t= ?3 -tand: wy = 5
Yc We C
1\ J
Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each 0y squares to one (unit matrix 1=0,-0, )
(oxr=0y?=072=+1)
37
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
S A O DT 0 g O e O AP0, evolution
e _, \ BHC D _, 2Lo0 - 1 0 i 0 2 Lo 1
B B 04=0 2z Op=0x Oc=0y operator
YA “A A-D 4D
—io —iwn- iGelyt —iwn® N ~ +
—g PP _ gmiGewt SiWgT e = pp |[Fw-t=| wp |t= ?3 -tand: wy = 5
Yc We C
\ y,
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
Each 0y squares to one (unit matrix 1=o,.5, ) and each quaternion squares to minus-one (—1=i-i=j-j, etc.) just like i=~/-1.
(oxr=0y?=072=+1)
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
—iH't
()= W(0))
Hamilton generalized Euler’s expansion e ' =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
S A O DT 0 g O e O AP0, evolution
e_iH-t — B+iC D 2 0 -1 1 0 i 0 2 0 1
B 04=0 2z Op=0x Oc=0y operator
YA N A__D 4D
—io —iwn et —iWn N ~ +
—e (T 2 10T here: o=| p, |m@it=| w, |f= 2 .t and: w, =
B B B 0 o)
Yc We C
\ y,
Symmetry relations make spinors O x =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each 0y squares to one (unit matrix 1=o,.5, ) and each quaternion squares to minus-one (—1=i-i=j-j, etc.) just like i=~/-1.

This is true for spinor components based on any unit vector a=(a,,a,,a,) for which aea=1=a;+a, +a, .
To see this just try it out on any a -component(O'a =oea=a,0,+a,0,+a,06, . Deﬁning Spinor/vector operator)
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
e—iH-t — e B+iC D _o 2 0 -1 1 0 i 0 2 0 1
B B 04=0 2z Op=0x 0c=0y operator
PA WA A__D e D
—io —iwn el —iWn N ~ +
—g PP _ gmiGewt SiWgT e = pp |[Fw-t=| wp |t= ?3 -tand: wy = 5
Pc Ye C
\_ J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.

Each 0y squares to one (unit matrix 1=0, -0, ) and each quaternion squares to minus-one (—1=i‘i=j*j, efc.) just like i=~/-1.

. . . A . ~ ~ 2 2 2
This is true for spinor components based on any unit vector a=(ay,a,,a,) for which aea=1=a,+a, +a; .

To see this just try it out on any a -component(O'a =oea=a,0,+a,0,+a,06, . Deﬁning Spinar/vector Opemtor)
o=(cea)oea)=(a,0,+a,0, +a,0,)Na,0,+a,0, +a,0,)

a,0,a,0, +a,0.a,0, +a,0,a,0, a,a,0,0, +aya,0,0, +a,a,0,0,
= +a,0,a,0, +a,0,a,0, +a,0,a,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0,
+a,0,a,0, +a,0,a,0, +a,0,a,0, +a,a,o0,0, +a,a,0,0, +a,a,0,0,
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
it _ , \ B+iC D 3 2 {0 -1 1 0 i 0 2 {0 1
B 04=0 2z Op=0x Oc=0y operator
PA WA A__D e D
—io —iwn el —iWn N ~ +
—g PP _ gmiGewt SiWgT e = pp |[Fw-t=| wp |t= ]23 -tand: wy = 5
Pc Ye C
\_ J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0; powerful.

Each 0y squares to one (unit matrix 1=0, -0, ) and each quaternion squares to minus-one (—1=i‘i=j*j, efc.) just like i=~/-1.

. . . B A . A A 2 2 2
This is true for spinor components based on any unit vector a =(ay,a,,a,) for which aea=1=a,+a, +a; .

To see this just try it out on any a-component: O, =0e®a=a,0,+a,0, +a,0,

2 A A .
o,=(ocea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,) o ][ - j ( 0 ] [ 0 ]
= =i =i0y
a0 a0 +aXO-XClYO-Y +aXGXaZo'Z a,a,0 O +aXaYGXGY +aXaZGXGZ 06—1 16 0 -1 0 i 0
X z
= +a,0,a,0, +a,0,a,0, +a,0,a,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0, (0 1](1 ) j (0 _1] [ 0 _l_) .
= = —7 = —7 y
+a,6,a4,6y +a,6,a,06, +a,06,a,0, +a,ay6,06y +a,a,0,0, +a,a,0,0, 00 A bo io

To finish we need another symmetry property called anti-commutation: o.0,=-0,6, , c,0,=-0,0,,elc.

o’=(ocea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

a; +a,a,0,0, +a,a,0,0,
= -—a,a,0,0, +a;1 +a,a,0,0, =(ay+a, +a))1=1
-aya,0,0, —a,da,0,0, +a;1
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U(2) vs R(3):2-State Schrodinger: in0:V(t))=H|W(2)) vs. Classical 2D-HO. 0?X=-KeX
Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0
Deriving o-exponential time evolution (or revolution) operator U=¢Mi=¢ou~pu!
Spinor arithmetic like  complex arithmetic
3 Spinor vector algebra like  complex vector algebrq
Spinor exponentials  like  complex exponentials (“Crazy-Thing”-Theorem vs Lorentz)
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
S A O DT 0 g O e O AP0, evolution
e_iH-t — o B+iC D 2 0 -1 1 0 i 0 2 0 1
B 04=0 2z Op=0x Oc=0y operator
YA N A__D 4D
—io —iwn- —iGelyt —iwn: N ~ +
—e (T 2 10T here: o=| p, |m@it=| w, |f= 2 .t and: w, =
B B B 0 o)
Yc We C
1\ J
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
o-products do dot * and cross x products by symmetries: 0,0, =1i0,=-0,0,, 0,0, =10, =—0,0,, 0,0,=1i0,=-0,0,
43
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

()= M (0))

Hamilton generalized Euler’s expansion e ' =coswt —isinwt so matrix exponential becomes powerful. ABCD Time
LA BC G ATDE L0 g O e O AP0 evolution
it B+C D B 2 {0 -1 1 0 i 0 2 10 1
- B 04=0 2 0p=0x  Oc¢=0Oy operator
A WA A-D y
—i0 O _jy.- et —ion: a - +D
=e T 2 gm0 T here: (= o |F@-t=| wy |t= 2 -tand: w, = 5
B
Pc Ye C
\_ J
Symmetry relations make spinors O v =0z, Oy=0¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
o-products do dot ¢ and cross x products by symmetries: 0,0, =1i0,=—0,0, 0,0, =Ii0,=—0,0,, 6,0,=Ii0,=—-0,0

oc,0,=(cea)oeb)=(a,0, +a,0,+a,0,)b,0,+b,0,+b,0,)
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

W)= | P(0))

Hamilton generalized Euler’s expansion e ' =coswt —isinwt so matrix exponential becomes powerful. ABCD Time
LA BC G ATDE L0 g O e O AP0 evolution
it B+C D B 2 {0 -1 1 0 i 0 2 10 1
- B 04=0 2 0p=0x  Oc¢=0Oy operator
A WA A-D y
—i0 O _jy.- et —ion: a - +D
=e T 2 gm0 T here: (= o |F@-t=| wy |t= 2 -tand: w, = 5
B
Pc Ye C
\_ J
Symmetry relations make spinors O v =0z, Oy=0¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
o-products do dot ¢ and cross x products by symmetries: 0,0, =1i0,=—0,0, 0,0, =Ii0,=—0,0,, 6,0,=Ii0,=—-0,0

c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)
a.b,1 +a.b,0,0, -a,b,0,0,
= —a,b,0,0, +a,b, 1 +a,b,0,0,

+a,b,0,0, -—a,b,0,0, +a,b,1
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

W)= | P(0))

Hamilton generalized Euler’s expansion e ' =coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—i A B-iC ' _Z'A_D 1 0 1—iB 0 1 f—iC 0 —i .t_l'A+D 10 -t e\/OIuIiOn
it B+C D B 2 {0 -1 1 0 i 0 2 10 1
- B 04=0 2 0p=0x  Oc¢=0Oy operator
A WA A-D y
—i0 O _jy.- et —ion: a - +D
=e T 2 gm0 T here: (= o |F@-t=| wy |t= 2 -tand: w, = 5
B
Pc Ye C
\_ J
Symmetry relations make spinors O v =0z, Oy=0¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
o-products do dot ¢ and cross x products by symmetries: 0,0, =1i0,=—0,0, 0,0, =Ii0,=—0,0,, 6,0,=Ii0,=—-0,0

c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)

a

ayb,1 +a.b,0,0, -a,b,0,0, +i(ay,b, —a,b, )0
= -a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a,b,)o,
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,
Oy Ox
1 0 0 1 |_ 0o 1 |_ 0 —i |_
[0 -1 ][ 10 ]_[ -1 0]_1[ i 0 ]_IGY
Ox Gy
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
it _ , \ B+iC D _, 2 L0 1 0 i 0 2 {0 1
B B 04=0 2z Op=0x 0c=0y operator
PA WA A__D e D
—io —iwn el —iWn N ~ +
—g PP _ gmiGewt SiWgT e = pp |[Fw-t=| wp |t= ?3 -tand: wy = 5
Pc Ye C
\_ J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0; powerful.
o-products do dot ¢ and cross x products by symmetries: 0,0, =1i0,=—0,0, 0,0, =Ii0,=—0,0,, 6,0,=Ii0,=—-0,0

c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)

ayb,1 +a.b,0,0, -a,b,0,0, +i(ay,b, —a,b, )0
= —a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a,b,)o,
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,
6z = Oy
Write the product in Gibbs notation. (This 1s where Gibbs gof his {i,j,k} notation!) [ 1o ][ 0 1 ]:[ 0 1 ]:{ 0 i ]ziGY
0 -1 1 0 -1 0 i 0
0,0,=(cea)ceb)= (a*b)l + i(axb)eo Ox " 9z
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ' =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
S A O DT 0 g O e O AP0, evolution
~Ht_, | BHC D _, 210 - 10 i 0 2 |01
e = = 5.=0 7 Oz=0x Oc=0y operator
PA WA A-D
—i0 O .- eyt —fIn: - R A+ D
—g PP _ gmiGewt SiWgT e = pp |[Fw-t=| wp |t= ]23 -tand: wy = 5
Yc We C
\_ J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0; powerful.
o-products do dot ¢ and cross x products by symmetries: 0,0, =1i0,=—0,0, 0,0, =Ii0,=—0,0,, 6,0,=Ii0,=—-0,0

c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)

a

ayb,1 +a.b,0,0, -a,b,0,0, +i(ay,b, —a,b, )0
= —a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a,b,)o,
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,
0z Ox
Write the product in Gibbs notation. (This 1s where Gibbs gof his {i,j,k} notation!) ( 1o ][ 0 1 ]:[ 0 1 ]:{ 0 i ]ziGY
0 -1 1 0 -1 0 i 0
0,0,=(cea)ceb)= (a*b)l + i(axb)eo Ox " 9z

(Recall complex variable result.)

A*B= —|—z'Ay )*(B, +1B,) —iA,)(B, +1iB,)
+AYB +7,AB AYBX = AoB) + i(AxB),
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U(2) vs R(3):2-State Schrodinger: in0:V(t))=H|W(2)) vs. Classical 2D-HO. 0?X=-KeX
Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0
Deriving o-exponential time evolution (or revolution) operator U=eHi=¢ 0t
Spinor arithmetic like  complex arithmetic
Spinor vector algebra like  complex vector algebra
> Spinor exponentials  like  complex exponentials ( “Crazy—Thing”—Theorem«
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
S A O DT 0 g O e O AP0, evolution
Mt \ BHC D _, 20 1 0 i 0 2 L0 1
B B 04=0 2z Op=0x Oc=0y operator
YA “A A-D 4D
—io —iwn- iGelyt —iwn® N ~ +
—g PP _ gmiGewt SiWgT e = pp |[Fw-t=| wp |t= ?3 -tand: wy = 5
Yc We C
\ .
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall Euler - DeMoivre Theorem.)
“ip . 1 . N2 1 . \3 1 CoNA _ l 2 i 1..]=
e " =14 (—ip)+ o (Hie) + o (i) + (i) = [l e e = leosy]
—ilp 4o ~) —ilsing)
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

evolution
operator

Hamilton generalized Euler’s expansion e ' =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
A BHC ) AP0 gl 0 e 0 ARDE 0,
e_iH-t — B+iC D — o 2 0 -1 1 0 i 0 2 0 1
- B 04=0 7 Op=0x Oc=0y
YA “A A-D e D
—io —iwn- iGelyt —iwn® N ~ +
—e (T 2 10T here: o=| p, |m@it=| w, |f= 2 .t and: w, =
B B B 0 o)
Yc We C
\ y
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall Euler - DeMoivre Theorem.)
1 i)+ o+ Lo+ L (i)t 1 1o
e " =14 (—ip)+ o (Hie) + o (i) + (i) = [l e e = leosy]
Note even powers of (-i) are £/ —i(p + %@3 ) —i(siny)
—7 47.: 0 1 . 2 3 . 4 5 .
and odd powers of (-i) are i (=)’ =+1, (=) =—i, (=)’ =—1, (=)’ =+i, (=)' =+1, (=)’ =—i, etc.
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
e—iH-t — e B+iC D _o 2 0 -1 1 0 i 0 2 0 1
B B 04=0 2z Op=0x Oc=0y operator
PA WA A__D e D
—io —iwn el —iWn N ~ +
—g PP _ gmiGewt SiWgT e $=| pp |[Fw-t=| wp |t= ?3 -tand: wy = 5
- \ we .
\- J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =0, or quaternions i=-i

Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall Eul€ eMoivre Theorem.)

e =14 (—ig) + %<_w)z n %(_W n %(_W = 1 — %gﬂ + %gfl )= [cos¢] (Unit spinor vector
! ! . : : ~h ° -
Note even powers of (-i) are +/ — iy + %@3 ) —i(sing) Ty = o2e)_ (G ep)y
and odd powers of (-i) are +i.: (=) =+1, (=)' =—i, (=)’ =-1, (=) =+i, (=)' =+1, (i)’ =—i, etc.

_ P04 +Pp0 5 +PO0

\/ 2 2 2
P+ P+ Pc

. 0 __ . 1 . 2 . 3 . 4 . 5 .
(—io,)) =+1, (=io_ ) =—io_, (-io )" =-1, (=io_ ) =+io_, (—ic ) =+1, (—ic ) =—io_, etc. \_ Y,

Hamilton replaces (-i) with —ic in the e~ power series above to get a sequence of terms just like it.
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ' =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
S A O DT 0 g O e O AP0, evolution
—iHt _ B+iC D 2 0 -1 1 0 i 0 2 0 1
e T =e G4=0 7 Os=0r Oc=0y operator
YA N A__D
—i0 O .- et —fion - R A+ D
—g PP _ gmiGewt SiWgT e $=| pp |[Fw-t=| wp |t= ?3 -tand: wy = 5
o \ e .
\_ J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =0, or quaternions i=-i

Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall Eul€ eMoivre Theorem.)

. 1 1 1, 1 1 (17 - . )
¢ =1+ (mip) + (i) + (i) + (i) = 1 d +5¢ 1= leosyl Unit spinor vector
. o o I CAL P
—i(y 3¢ ) —i(sing) o, = =(cep)
Note even powers of (-i) are £/ and odd powers of (-i) are ii.:(—i)O =+1, (—i)1 =—1, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—l')5 =—1, elc.
. N : i : , o _ P04, TP0 5 TPO0
Hamilton replaces (-i) with —ic inthe e ™~ power series above to get a sequence of terms just like it. = 5 5 5
\/SOA TP T¥c
. 0 __ . 1_ . . 2 _ . 3. . 4 . 5 _ .
(—io,)) =+1, (=io_ ) =—io_, (-io )" =-1, (=io_ ) =+io_, (—ic ) =+1, (—ic ) =—io_, etc. \_ Y,

This allows Hamilton to generalize Euler’s rotation € to e_i%gp for any Ca,ggo =(0ep)=p,0,+,0,+p,0,=(ce Cp)@

—1 . . . —i0 . .
e ¥=1 COSyYy — 1 sy generalizes to:( e ‘“90=ICOSQO — Lo,Smy )
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
LA BHC | ADE 0 g 0L e O AP L0 evolution
e—iH-t — e B+iC D _o 2 0 -1 1 0 i 0 2 0 1
B B 04=0 2z Op=0x 0c=0y operator
PA WA A__D
—i0 O .- i ehet e - R A+ D
—g PP _ gmiGewt SiWgT e = pp |[Fw-t=| wp |t= ?3 -tand: wy = 5
: . —iwpt W
=(1cosp—io _sinp)e 0 e ¢ C
\_ b Y,

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.

Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall Euler - DeMoivre Theorem.)

e =1+ (i) + i) il (i) = [ —opt Hmgte]= [cosyl : The

2! 3! 4! 2! 4! Crazy Thing

— ’L(QO + l gp?’ .. ) _ Z( sin 90) Theorem:
3! If (v )?=-1
Note even powers of (-i) are +/ and odd powers of (-i) are ii.:(—i)O =+1, (—i)1 =—1, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—l')5 =—1, elc. Th \
. en:
Hamilton replaces (-i) with —ic_in the e~ ¥ power series above to get a sequence of terms just like it. .

P 9 ' P © 1 : e(v ) =1cos, +(v-)siny
(—io, ) =+1, (—io, ) = —io_, (=io, ) =-1, (—iaw)3 =+io_, (—io, ) =41, (—io, )y = —io_, elc. - J

This allows Hamilton to generalize Euler’s rotation € to e_i%gp for any (0&0 =(0ep)=p,0,+,0,+p,0,=(ce Cp)@

—1 . . . —i0 . .
e ¥=1 COSyYy — 1 sy generalizes to:( e ‘“90=ICOSQO — Lo,Smy )
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
LA BHC | ADE 0 g 0L e O AP T 0 evolution
e—iH-t — e B+iC D _o 2 0 -1 1 0 i 0 2 0 1
B B 04=0 2z Op=0x 0c=0y operator
PA WA A__D
—i0 O .- eyt e - R A+ D
—e PeTW0T Z 10w, here: (o= g |FRt=| wy |t= 2 -t and: w) = 5
B
: . —iwpt W
=(1cosp—io _sinp)e 0 e ¢ C
\_ b Y,

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.

Hamilton 1s able to generalize Euler’s complex rotation operators e ¥and €. (Recall Euler - DeMoivre Theorem.)

> . 1, . 1, . 1, . 1 1 4l
e :1—1—(—290)—1—5(—290)2+§(—Z¢)3+E(—w)4m: 1 —5902 +ZSO4"']: [cos¢] The
- : : o ' Crazy Thing
—i(p + §g03 -r) —i(sin ) Theorem:
Note even powers of (-i) are +/ and odd powers of (-i) are ii.:(—i)O =+1, (—i)1 =—1, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—j)s =—i, elc. If ( Ve )2: _1

Then:

(~ic ) =+1, (=io ) =—io_, (=ic ) =-1, (=ic ) =+io_, (—ic ) =+, (=ic ) =—io_, etc.\_ cos (v )sin:

Hamilton replaces (-i) with —ic in the e~ power series above to get a sequence of terms just like it.

This allows Hamilton to generalize Euler’s rotation € to e_i%gp for any (0&0 =(0ep)=p,0,+,0,+p,0,=(ce Cp)@

e V=] CoOsy — I siny generalizes to: ( e 7= lcosp — i o sin )
: A (oo
Here: o = -1 Here: v/ = —l0, = —i(ce Lp) =—1 ( gOLP)
Crazy thing is
just -1
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U(2) vs R(3):2-State Schrodinger: in0:V(t))=H|W(2)) vs. Classical 2D-HO. 0?X=-KeX
Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0
Deriving o-exponential time evolution (or revolution) operator U=¢Mi=¢ou~pu!
Spinor arithmetic like  complex arithmetic
Spinor vector algebra like  complex vector algebra
> Spinor exponentials  like  complex exponentials (“Crazy-Thing”-Theorem vs Lorentz)
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“Crazy-Thing -Theorem vs Lorentz

Use projectors to derive regular rotations and Lorentz rotations

(1) (1]t]o,) (0] (1ot (1o,fo,) (o)
(os[1]1) (o51]o) 01 (05l05|1) {04]04]0) b0
Minimal equation of o5 is: op5%=1 pr-119s _
or: 052—1=0=(c5—1)(05+1) Spectral decomposition of Cz(o;) into {P+,P~} ’
with eigenvalues: 1 =P"+P~ I— o
_ s
IX(op)=+1, x (08) = —1} G,=P"—P" P=—-
Regular rotation Rp(p)=e'#s
R, (¢)= o P08 = om0 (0p) PF + o @) P

DI = NI =

|
Nl — NI —
N

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=03|0)=|0z)}

P*-projectors:

N = N =
N,
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“Crazy-Thing -Theorem vs Lorentz

Use projectors to derive regular rotations and Lorentz rotations
Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=0c5|0)=|0s)}

P*-projectors:

( (1fif1) (1f1]o,) (1]o,1)  (1]o]o,)

Regular rotation Rp(p)=e#7s
RB (q)) = ¢ 78 = e_i(p%-'-(GB) P*

P+

_ o i0GD)

i

) o

+ e_i(P%_(GB) P_

+e P

(osl1]1) (o4]1]oy) (05l05|1) {04]04]0) L

Minimal equation of o3 is: oz 2=1 v 1o, |2 2

.. . 1 |

or: 052—1=0=(c5—1)(o5+1) Spectral decomposition of Cz(o;) into {P+,P~} ’ 2 2

with eigenvalues: 1 =P"+P~ -6 L
_ - _ B _

X (op)=+1, x (08) = —1} GB=P+—P_ b= 2 1o
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“Crazy-Thing -Theorem vs Lorentz

Use projectors to derive regular rotations and Lorentz rotations
Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=0c5|0)=|0s)}

P*-projectors:

() (afog) | (1 o (1os[1) (tloglos) | (0
( <GB|1|1> <GB|1|GB> ]_( 01 )’ ( <GB|GB|1> <GB|GB|GB> ] [ 10 ]

1 1
Minimal equation of o3 is: o52=1 v_I40o, | 2 2
L - 1 1
or: op2—1=0=(0p—1)(05+1) Spectral decomposition of Cz(o;) into {P+,P~} 5 3
with eigenvalues: 1 =P +P" .
- _ _ _
X (op)=+1, x (08) = —1} - i
B 2 2
Regular rotation Rp(p)=e*#°s
R,(p)=e ™ = @ @0 Pt 0 pr
— oot Pt 4 o D P
1 1 1 1
— o 2 2 4 oti? )
1 1 1 1
22 22

Friday, March 21, 2014

59



“Crazy-Thing -Theorem vs Lorentz

Use projectors to derive regular rotations and Lorentz rotations

<1|GB| 1> <1|GB|GB>

(o5041) {o4]os]0p)

0 (i) (1o
(os[1]1) (o51]o) 01
Minimal equation of 03 is: o5%=1

or: 032—1=0=(os—1)(05+1)

Mo

Spectral decomposition of Cz(o;) into {Pt,P~}

. , ositio
with eigenvalues: | —ptip
+ — _|_ o _ )
{X (GB) 1, X (GB) 1} GB :P+_P
Regular rotation Rp(p)=e#7s
RB (gD) — e_i(pGB — e_l(pl-'-(GB) P+ -|— e_l(p%_(GB) P_
= e_i(P("‘l) P+ n e_i(p(_l) P_
1 1 | .
i 2 2 i )
=e" +e'"
1 1 | |
2 2 —5 5
1 e_l(p + +l§0 e_lq) _ e+l§0
= 3 e—ifp _ e+iq) o0 4 gti0

+_1+GB_

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=03|0)=|0z)}

P*-projectors:

2

N = N =

|
NI — RO —
N

D = NI =
N~

Friday, March 21, 2014

60



“Crazy-Thing -Theorem vs Lorentz

Use projectors to derive regular rotations and Lorentz rotations

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=03|0)=|0z)}

<1|GB| 1> <1|GB|GB>

(o5041) {o4]os]0p)

0 (i) (1o
(os[1]1) (o51]o) 01
Minimal equation of 03 is: o5%=1

or: 032—1=0=(os—1)(05+1)

Mo

Spectral decomposition of Cz(o;) into {Pt,P~}

. . + —
with eigenvalues: 1 =P +P
H(op)=+1, y(05) = — _
X" (05) 1, x (05) 1 0= P —P
Regular rotation Rp(p)=e*¢7s
R ()= & =) Pt ) pr
B
_ i) pr LD pr
1 1 1 1
el 2 2 vio|l 2 T2
- € I N 11
7 2 2 2
1 e—i(p _l_e+i<p e—iq) _e+i(p
-2 —i i —i /
e’ - e+
Calculation agrees with “Crazy-thing” Theorein
COS —i8InQ o
= . =1cosp—io,sing
—ising COS

+_1+GB_

P*-projectors:

2

N = N =

|
NI — RO —
N

D = NI =
N~
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“Crazy-Thing "-Theorem vs Lorentz

Use projectors to derive regular rotations and Lorentz rotations

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=03|0)=|0z)}

(o) 4o
(osl1]1) (o4]1]oy) 01
Minimal equation of o3 is: o5%=1
or: 032—1=0=(os—1)(05+1)
with eigenvalues:
X (op)=+1, x (0p) = —1j

|

<1|GB| 1> <1|GB|GB>
(o5041) {o4]os]0p)

Mo

Spectral decomposition of Cz(o;) into {P+,P~}
1 =P"+P~

+ —
GB=P —-P

Regular rotation Rp(p)=e*¢7s Lorentz rotation Lp(p)=e ">
s P i _ _ POy _ =P (0p) Pt
R.(p)=e " =% ) P %0 P L(p)=e"" =™ P
_ 0D pr oD pe =e P Pp*
1 1 1 _1 % %
_ _i(p E f +i(p i § — e_p
€ 1 1 te 11 1 1
7 2 2 2 2 2
— ; _; : -p
1 e 4 ot e P _ ot o eP+e
- 2 —iQ +ip —iQp +ip 2 e—P —e
e —e e +e
Calculation agrees with “Crazy-thing” Theorein .
cosQp  —ising coshp  —sinhp
= =1cos@p—ic,sin = .
—isinQ COS 4 p SING —sinh p cosh p

P*-projectors:

1)Jr:1+GB _
2

N = N =
D= NI =
N~

~
[l
ok
SIE
oy
[l
— BNl
|
N — DO —
N—

+ e_pl_(GB) P_

+e PV P

lecoshp—ogsinhp
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Comparing Lorentz rotations

Lorentz rotation La(p)=e?°

L,(p)= e_p[ 0 - )

=1coshp—o , sinhp

Comparing regular rotations

Regular rotation Ru(p)=e ¥4

_i[ (1) _01 ]SOA
€
10 10 |
— CoOsyYy, —1 S
[0 ! [0 —1 4
Cosy, —isiny, 0
N 0 cos, +ising,
B
0 e
Example A:
AorZ
rotation

|

Lorentz rotation Li(p)=e

L(p)=e
cosh —sinh
- —sinh cosh

Regular rotation Rp(p)=e?

€
1 0 : :
= cosy, —1 sin ¢
[ 0 1
COS —4sin
| —isin %) COs Y
Example
or

rotation

Lorentz rotation Lc(p)=e*°c

cosh p +isinh p

—isinh p cosh p

=1coshp—o sinhp

Regular rotation Rc(p)=e'#°c¢

0 =i
{05 e
e

|10
0 1

0 —

sin @
i 0 ¢

Cosy, —1 [

cosy, —singp,

sing,,  Ccosy,

Example C:
CorY
rotation
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U(2) vs R(3): VS.

»Geometry of U(2) evolution (or R(3) revolution) operator U= Mi=¢0uwpt <€
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
2D Spinor vs 3D vector rotation

NMR Hamiltonian: 3D Spin Moment m in B field
How probability \»-waves and flux 1)-waves evolved
 Properties of amplitude \»*\-squares
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

()= P(0))

. . . —Q o« o . .
Hamilton generalized Euler’s expansion e ' = cosQt —isin Q¢ so matrix exponential becomes powerful.
g p p p

| A B-iC A-D[ 1 0 o 0 1 . 0 —i A+D| 1 0
| i _ i —iB —iC| " i f . o .
o HT _ B+iC D —e 2 {0 -1 1 0 i 0 2 101 _ e—l(wOGO + WeG )t _ e—lwo't(

ABCD Time
evolution
operator

lcoswt—io sinw:-t

~N

04=0z OB=Ox Oc=Oy 2
e'V=1cospy — ising
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |[FW-=| wp |f= -t and: wy = T : —\
B 2 (e “=1cosp — io,sing )
w
\ e C C )
10
e [O _1]%1: 10 Cosp, — 1 0 sin :
0 1 A 1 A Example 1.
o | AorZ é )
_ | cosp, —ising, 0 | et 0 rotation Theh.
0 cosp, +ising, 0 % C;e;lzy Thing
eorem:
If ( =1
N
Then:
e(\)g’ 2100590 +(\)Slngp
g W,
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4 . )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time

]‘P( t)> _ e—iH-t‘LP(O)> evolution
operator
Hamilton generalized Euler’s expansion e " = cosQtf —isinQ¢ so matrix exponential becomes powerful.

; A B-iC A-D[ 1 0 o 0 1 . 0 —i A+D[ 1 0
| o P (e I o B L S I o e IO o .
e M= * =e ~ l = ¢ (@000 F RN _ i t(l coswt — io sinw'f)

04=07 OB=Ox Oc=Ov 2
e'V=1cospy — ising
YA YA A=-D generalizes to:
- - 2 A+D
where: ©=| ¢, |[FW-=| wp |f= -t and: wy = T : —\
B 2 Ce ““=1cosy — o0, siny
Yc We £ J
\ ¢ Y,
¥ A (o8¢
_‘[(1) O ]*OA 1 0 , 0 |. Here: = —0 =—l(0“-P)=—l( )
e = 01 cosp, —i O sing, Example |1: ©
- | AorZ é )
_ | cosp, —ising, 0 _ e i rotation The .
0 cosp, +ising, 0 % C;e;lzy Thing
eorem:
If ()2= -1
J
Then:
e(\)g’ =1cosy +(\)Slngp
‘L\ _J
Unit spinor vector
(ge®) .
.= =(0ep)
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4 . )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
]‘P(t)>= e—iH-t‘LP(O)> evolution
operator

. . . —Q o« o . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

| A B-iC A-D[ 1 0 o 0 1 . 0 —i A+D| 1 0
| i _ i —iB —iC| " i f . o .
o HT _ B+iC D —e 2 {0 -1 1 0 i 0 2 101 _ e—l(wodo + WeG )t _ e—lwo't(

_ _ l1coswt—io sinw-t)
04=07 OB=0Ox Oc=Oy

@
e'V=1cospy — ising
YA YA A=-D generalizes to:
- - 2 A+D
where: ©=| ¢, |[FW-=| wp |f= -t and: wy = T : —\
B 2 (e “=1cosp — o, sing )
\ e “c C y
¥ A (o8¢
_Z[(l) o ]“OA 1 0 , 0 |. Here: = —10, —l(G“-P)=—l( )
€ = 0 1 COSQDA—Z 1 Sll’lgOA Example ] SO
o | AorZ é )
_ | cosp, —ising, 0 _| e 0 rotation The .
0 cosp, —ising, 0 % C;E;lzy Thing
eorem:
i 0 =i . If =1
e [Z 0 ]%: 10 Jeosp —i [ 0" =0 lsing Example 2: , ( /
C . C Then:
0 1 t 0 CorY |
| cosp, —sing, rotation e(\)gp =1cos, +(v-)siny
B sing,  cosg, ¢\ _/
Unit spinor vector
(cod) . .
.= =(0ep)
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. )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_iH- evolution
w(0))=e P (0))
operator
Hamilton generalized Euler’s expansion e " = cosQt —isinQ¢ so matrix exponential becomes powerful.
| —i[ A B ]-z —iA;D [ L0 ]-t—iB( 0 1 J-t—iC[ 0 ]'t—iA;D[ Lo ) | L |
it _  \ B+iC D . 0 -1 10 i 0 0 1) _ ilwyoy +Dec)r _ i t(lcoswt— i sinw-t)
04=07 O0B=Ox Oc=0Oy '
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-=| wp |f= -t and: wy = T : —\
B (e T=1cosyp - o, sing )
w
L Pc C C J
i : G (oe¢
_Z[(l) o ]“OA 1 0 , 0 |. Here: : —io E—-i(cep)= —l( )
€ = 0 1 Cosp, —1 4 sm e, Example I: : ¥
N | AorZ (" ¥ )
_ | o8y, Tising, 0 e o0 rotation The
0 cosp, —ising, 0 " Crazy Thing
Theorem:
—1 0 —i ©, . 2— -
e [Z ! ] |10 cosp, —i [ U 1 lsing, Example 2: , ¢ . 1
0 1 i 0 CorY Then:
_ | cosg, —sing,, rotation e(\)e ZICOSe+(G’)Sine
sing,  cosg, ¢\ J
Let: =01 Unit spinor vector
Example 3: o i(000) _ —i(oe®)p _ Ti0 Lcosp—io, sinp=1cosp—i (O ®p)siny = (o) = (G ed)

Any p=wt-axial

rotation

1cosy — 0 4 4 8IN Y — 0 pPp sinp — 0 e Sing

10 cosyp —i 10 O 4 sinp —i 0 1 Dpsinp —i 0 — D sinp
0 1 0o -1 )4 1 0 )8 i o ¢

(—ipp —Pc)sing
COSp +ip , siny

COSp —ip 4 siny

(—ipp + 0 )sing

Friday, March 21, 2014

68



We test these operators by making them rotate each other ....

r )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_H evolution
()= M| P(0))
operator
Hamilton generalized Euler’s expansion e " = cosQt —isinQ¢ so matrix exponential becomes powerful.
_ —i( A, pic ]-t —iA;D£ Lo j-t—iB[ ! J-t—iC[ 9 B -—iA;D[ Lo ) : - .
e_,H.t —o B+iC D _e 0 -1 0 i 0 1 _ e—l(wOO'O + wea )t _ e—la)o t(lcoswt— i sinw-t)
04=07 O0B=Ox Oc=0Oy '
e '"=1cosp — isinyp
YA YA A=-D generalizes to:
- - 2 A+ D
where: ¢=| p, |=W-t=| wy |t= -t and: wy = —rr ) N\
B (e T=lcosy - io, siny )
w
L Pc C C J
—z[ 10 ]soA (0 i
0-1/_11 0 o 0 | =i
€ = [ 0 1 |G [ 1 [P Example 1: e [Z ! ] = (13 (1) cosp, — i [ U lsing, Example 2:
- | Ador7 ! CorY
_ COsS@p, —1i81yY, 0 _[ e_w“ 0 rotation cos,, —Singoc rotation
0 cosp, —ising, 0 e | sing,  cosg,
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4 . )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time

W) ="MW (0)) evolution
operator

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.

| A B-iC A-D| 1 0 5o 0 1 . 0 —i A+D|l 1 0
. —i . ‘= ‘t—iB t—iC| =i 't . o .

1coswt—io _sin w-t)

04=07 O0B=Ox Oc=0Oy '
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-=| wp |f= -t and: wy = T : —\
B (e T=1cosyp - io,sing )
e “c C
\_ J
—z[ 10 ]soA (0
01 |1 0 . 0 |. —Z[Q Z](pc .
€ = [ 0 1 |S8FaT? [ 1 [P Example 1. e VT2 é (1) cos,, —i [ 0 BZ sing,, Example 2:
N | Aor”Z ! CorY
_ COsS@p, —1i81yY, 0 N _ B_WA 0 rotation _ cosp,, —sin o rotation
0 cosp, —ising, 0 e sing, cosg,,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.
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. )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
“P( t)> _ ~iHt ‘ ‘P(O)> evolution
operator

. . R . —iQ .. . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.

; A B-iC A-D[ 1 0 . 0 1 . 0 —i A+D[ 1 0
. —i . ‘= ‘t—iB t—iC| =i 't . o .
ol _ B+iC D o 2 0 -1 1 0 i 0 2 0 1 _ e—l(uJOO'O + WeG)t _ e—za)o't(

lcoswt—io sinw-t)
04=07 O0B=Ox Oc=0Oy '
e '"=1cosp — isinyp
YA YA A=-D generalizes to:
here: G L B 2 d: _A+D
= ) Lo,siny )
Yc W C
\_ J
—z[ 10 ]soA (0
01 |1 0 . 0 |. —z[Q Z](pc .
€ = [ 0 1 |G [ 1 [P Example 1: e ' " =1 (1) cosp, — i [ U lsing, Example 2:
- | AdorZ 0 00 CorY
_ | cosw, Tising, 0 B | e™ 0 rotation _ | cose. —sing,, rotation
0 cosp, —ising, 0 e sing, cosg,,

. — — A A A . —l.O',A — . . . —
3D axis vector p=w-t corresponds to generatoro = 0,04 +0ppp+0cpc of rotation e . =R(p)=1cosy — [0, SInyp about axis .

Friday, March 21, 2014 71



. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

r )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_H evolution
()= M| P(0))
operator

Hamilton generalized Euler’s expansion e " = cosQt —isinQ¢ so matrix exponential becomes powerful.

| —i[ 4 e ]-z N [ Lo ]-t—iB( 01 J-t—iC[ v )'t—iA;D( Lo ) , - .
oM, \ BHC D —o 0 -1 1 0 i 0 0 1) _ e—l(uJOGO + WeG )t _ ol t(lCOS ot —io sinw-t)

04=07z O0B=0Ox Oc=0Ov p
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+D
where: ¢=| p, |=W-t=| wy |t= -t and: wy = —rr ) N\
B (e T=1cosp — i 0,siny )
w
L Pc C C J
—i[ 1 0 ]SOA {0 —i
01 |1 0 . 0 |. —i 0 =i g, |
e = CosSp, —1 s, Example - e [z 0 ] 0: 1 0 cosp. —i 0 — sin Example -
0 1 _1 O 1 C . 0 C
- | Aor7 ! CorY
_ COsS@p, —1i81yY, 0 _ B_WA 0 rotation B cosp,, —sin o rotation
0 cosp, —ising, 0 e | sing,  cosg,

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:al(f'mtated) :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)
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. )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
“P( t)> _ ~iHt ‘ ‘P(0)> evolution
operator

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.

| A B-iC A-D| 1 0 5o 0 1 . 0 —i A+D|l 1 0
. —i . ‘= ‘t—iB t—iC| =i 't . o .

lcoswt—io sinw-t)
04=07 O0B=Ox Oc=0Oy '
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-=| wp |f= -t and: wy = T : —\
B (e T=lcosy - io, siny )
Yc W C
\_ J
—z[ 10 ]soA (0
01 |1 0 . 0 |. —Z[Q Z](pc .
€ = [ 0 1 |S8FaT? [ 1 [P Example 1. e VT2 é (1) cos,, —i [ 0 BZ sing,, Example 2:
N | Aor”Z ! CorY
_ COsS@p, —1i81yY, 0 N _ B_WA 0 rotation _ cosp,, —sin o rotation
0 cosp, —ising, 0 e sing, cosg,,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:aff’mtated) :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)

Rle) - o R'(e) ﬁ Zor A

cosp, —singy, 1 0] cosp,  singy,
0 —1

—sing, cosy,

singp,  cosy,

Y or C
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o{,
—iH- B+i D
e th:e iC

. )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
“P( t)> _ ~iHt ‘ ‘P(0)> evolution
operator

. . R . —iQ .. . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.
A—D[ 10

B—iC

].t ¥
=e€

0 -1

[ o A e < B
: :e_l(wooO +w.c)t:e_lwot(lc:oscut—ia sinw-t)

R(e,)
| cosp, — sing,,
sin . Cosp,

2 2
Cos™ p, —sin” p,

2sinp, cosy,,

cosp,,

1 0
0 —1

2s8inp, cosy,,

< 2 2
sin” ¢, —cos” g,

—sing, cosy,

04=07 O0B=Ox Oc=0Oy '
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-=| wp |f= -t and: wy = T : —\
B (e T=1cosyp - io,sing )
e “c C
\_ J
—z[ 10 ]soA (0
01 |1 0 . 0 |. —Z[Q Z](pc .
€ = [ 0 1 |S8FaT? [ 1 [P Example 1. e VT2 é (1) cos,, —i [ 0 BZ sing,, Example 2:
N | Aor”Z ! CorY
_ COsS@p, —1i81yY, 0 N _ B_WA 0 rotation _ cosp,, —sin o rotation
0 cosp, —ising, 0 e sing, cosg,,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:aff’mtated) :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)

. GA . R71(900>

Z or A

[,

sing,,

Y or C
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
“P( t)> _ ~iHt ‘ ‘P(0)> evolution
operator

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.

| A B-iC A-D| 1 0 5o 0 1 . 0 —i A+D|l 1 0
. —i . ‘= ‘t—iB t—iC| =i 't . o .

1coswt—io _sin w-t)

04=07 O0B=Ox Oc=0Oy '
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-=| wp |f= -t and: wy = T : —\
B (e T=1cosyp - io,sing )
e “c C
\_ J
—z[ 10 ]soA (0
01 |1 0 . 0 |. —Z[Q Z](pc .
€ = [ 0 1 |S8FaT? [ 1 [P Example 1. e VT2 é (1) cos,, —i [ 0 BZ sing,, Example 2:
N | Aor”Z ! CorY
_ COsS@p, —1i81yY, 0 N _ B_WA 0 rotation _ cosp,, —sin o rotation
0 cosp, —ising, 0 e sing, cosg,,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by anyR($) matrix acting twice (fore-and-aft) to give: o\ * TOaed :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)

L
Rlp) - o, - R'(s) Zor A
_ cosp, —sing, 1 0 ] cosp, sing, ﬁ

sing,  cosg, 0 —1 —sing, cosy,

2 s 2 s
cos”p, —sin”p,  2sing, cosy,

Y or C

. . 2 2
2sinp, cosp,  sin” @, —cos @,

|1 0 ]congoU—l—

0 -1

= O, cos2¢p,+ O, sin2p’
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

()= M| P(0))

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.

ABCD Time
evolution
operator

~N

; A B-iC A-D[ 1 0 o 0 1 . 0 —i A+D( 1 0
—1 ic D 't —1 2 0 1 ‘t—iB Lo t—iC| 0 -t—ziz 0 1 : . o .
_. . — J— . . — . .
e HT _, o =e : = ¢ (Wo0p T wea)t _ i t(lcoswt—ia smw-t)
04=0z Op=0Ox Oc=0Oy ¥
e '"=1cosp — isiny
YA “A A=-D generalizes to:
here: G L B 9) d: _A+D
e =1cosp — io sing )
Yc W C
\_ /
[1 0
1 4 i
0-174 [ 1 0 . 0 |. —i{ 0 —i g, .
€ = [ 0 1 |S8FaT? [ 1 [P Example 1. e "0 10 cos,, —i [ 0 = sing,, Example 2:
N | AorZ 01 00 CorY
_ COsS@p, —1i81yY, 0 _ e_w“ 0 rotation cosp,, —sin o rotation
0 cosp, —ising, 0 e | sing,  cosg,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:aff’mtated) :R(Cp)auR_l(Cp):R(Cp)a MRT(CP)

-1
Rle) - o, - R(g)
_| cose. —sing, 1 0 CoS(,,
sing,  cosg, 0 —1 —sing, cosy,

1
0

2 s 2
cos” p,, —sin” g,

2sinyp,, cosy,

. . 2
2sinp, cosp,  sin” @, —cos @,

0

]cos 20, +

, Cos2p.+ O,

sing,,

/7t

Friday, March 21, 2014

76



4 )

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
“P( t)> _ ~iHt ‘ ‘P(0)> evolution
operator

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.

| A B-iC A-D| 1 0 5o 0 1 . 0 —i A+D|l 1 0
. —i . ‘= ‘t—iB t—iC| =i 't . o .

1coswt—io _sin w-t)

O04=07 Op=O0Ox Oc=Ovy ¥
e '"=1cosp — isiny
YA YA A=-D generalizes to:
here: G L B 2 d: _A+D
= % io,sing )
rc “c C
\_ J
—z[ 10 ]soA (0
0 —1 11 0 o 0 . —z[ 0 —i ]<p0 .
€ = [ 0o 1 | [ 1 [P Example 1: e ' "7 = L Olaosp —i [ U 7 lsing, Example 2:
N | AorZ 01 Pl CorY
_ COsS@p, —1i81yY, 0 _ B_WA 0 rotation B cosp,, —sin o rotation
0 cosp, —ising, 0 e | sing,  cosg,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:al(f'mtated) :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)
R(SOO) - 0, R™ (900)

cosp, —sing, |[ 1 ] cosp,  sing, 1z (The 3D-rotation 1s by 2, twice the 2D angle . )
0 —1

sing,  cosg, —sing, cosy,
2 s 2 s
cos @, —sin" @,  2sinp, cosy,

. . 2 2
2sinp, cosp,  sin” @, —cos @,

1 0 0 1 |,
= 0 ]congoc—l— | sin 2, 1 Wp |
= 0, cos2p, + O, sin2 Q = © = w
A e B Yo B B \/ 2+ 2+ P B \/ 2+ 2+ 9
Pc oo |NPATPBTPC | w. [NEATEBRTYC
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. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isin Q¢ so matrix exponential becomes powerful.

. )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
“P( t)> _ ~iHt ‘ ‘P(0)> evolution
operator

; A B-iC A-D[ 1 0 o 0 1 . 0 —i A+D( 1 0
—1 ic D 't —1 2 0 1 ‘t—iB Lo t—iC| 0 -t—ziz 0 1 : . o .
_. . — J— . . — . .
e HT _, o =e : = ¢ (Wo0p T wea)t _ i t(lcoswt—ia smw-t)
04=0z Op=0Ox Oc=0Oy ¥
e '"=1cosp — isiny
YA “A A=-D generalizes to:
here: G L B 9) d: _A+D
e =1cosp — io sing )
fc “c C
\_ /
[1 0
1 4 i
0-174 [ 1 0 . 0 |. —i{ 0 —i g, .
€ = [ 0 1 |S8FaT? [ 1 [P Example 1. e "0 10 cos,, —i [ 0 = sing,, Example 2:
N | AorZ 01 v CorY
_ COsS@p, —1i81yY, 0 _ B_WA 0 rotation cosp,, —sin o rotation
0 cosp, —ising, 0 e | sing,  cosg,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:al(f'mtated) :R(CP)UMR_l(Cp):R(Cp)a MRT(CP)

. O R (900)

|

2sinyp,, cosy,

R(.)

—sing,

cosp,,

E
cosy,,

sin,,

cosp,,

—singp,,

1
0

0
-1

2 s 2
cos” p,, —sin” g,

. . 2
2sinp, cosp,  sin” @, —cos @,

1
0

G,

0

]cos 20, +

cos2p,+ O,

sing,,

cosp,,

: 2 2
—2singp, cosp,,  cos”p, —sin’ @,

2 2 .
cos”p, —sin" ¢, 2sing, cosy,

0 1

CoS2¢p,,

—0, sin2p, + O, cos2yp,

-1
R(S"c) ~ o, R (‘pc)
| cosg, —sing, 0 1 cosp.,  singp,
sing,,  cosp, 1 0 —sing,,  cosp,

(' The 3D-rotation is by 2, rwice the 2D angle .)
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U(2) vs R(3): VS.

»Geometry of U(2) evolution (or R(3) revolution) operator U= Mi=¢0uwpt
» The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
2D Spinor vs 3D vector rotation

NMR Hamiltonian: 3D Spin Moment m in B field
How probability \»-waves and flux 1)-waves evolved
 Properties of amplitude \»*\-squares
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o) 4-D[ 1 o 0 1 0 i Notation for
H= = +— + B +C .
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + @, Oy +0p Op +O- O, =a)060+m06:w01+w0w

A A A

Symmetry archetypes: A4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o0 A-D( 1 0 0 1 0 i Notation for
H= = +— + B +C .
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + @, O, +0p Op +O- O, :a)060+a)00:a)01+w6w

= QO 1 + QA SA +QB SB +QC SC :QOI+ QeS

1 1 i :
5 0 0 5 0 — Notation for
~AXDE 10, ypy| 2 28] % |+ac ? s
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chirachircular-complex... )

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
4 B—iC A+D( 1 o A-D( 1 0 0 1 0 i Notation for
H= = +— +B +C :
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space
= w0, O, + w, 0, +Op Oh +W, Op =0y0,+0eG6=w0yl+0s,
= Q, 1 + Q, S, +Q,8, +Q. Sp =Qyl+ QeS

1 1 i :
5 0 0 5 0 — Notation for
AP L0, 4 p) 2 +2B] % |+2c ? %
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

A

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chiral*circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o A-D( 1 0 0 1 0 i Notation for
H= = +— +B +C :
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space
= w0, O, + w, 0, +Op Oh +W, Op =0y0,+0eG6=w0yl+0s,
= Q, 1 + Q, S, +Q,8, +Q. Sp =Qyl+ QeS

1 1 i :
5 0 0 5 0 — Notation for
AP L0, 4 p) 2 +2B] % |+2c ? %
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chirachircular-complex... )

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })

. ® A-D
Notation for A 5 4+ D
: where: 0= -t=| w, |t= -t and: @, =
2D Spinor space B 2
_l[ A4  B-iC ]-t Oc C
_iH ° —i DeG)t  —iwnt —i (eGt  —int —iC, @F  —iwy: : .
e iH-t —e B+iC D _ e l(a)OGO + WeC)t — e o te [ ©8G 1 _ e o te i, _ e i t(lcosa)-t— l()'w sma)-t)
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor space

. B . Notation for
A4 B-iC |_A+D[ 1 0 |, A=D1 0 | [0 1 |, [0 -
B+iC D 2 0 1 2 0 -1 1 O i 0
= w0, O, + w, 0, +w0p Oy +W, Op =0y0,+0eG6=w0yl+0s,

= Q, 1 + Q, S, +Q,8, +Q. Sp =Qyl+ QeS

1 1 ] .
A+D 5 0 0 5 0 —5 Notation for
- POy 4-p)| 2 +2B] % |+2c ?
2 0 1 0o _L 1 i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

Symmetry archetypes: 4 (Asymmetric diagonal)| B (Bilateralfbalancedﬂ C( Chimchircular-complex... )

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })

. A—-D
Notation for DA - i D
, where: 0= -t=| w, |t= -t and: @, =
2D Spinor space B 2
. Oc
: A B—iC C
H- - B+iC D ! —i(WnOn + WeG)t  —iwyt —i M)eG- —iwnt —iC, Wt —iwnt
e Mt = : =e 070 =g 0700 _ ;TI00 T TR0TE — oT 10 (lcosw-t—icwsina)-t)
_j DeS) it _i O —iQ Q1 . Q1
= (821 T QS)t_ mikdyet —i (b1eS —¢ 40t Icos———iG , sin—
2 2
Notation for 24 A-D
. A+ D
where: @=Q-t=| Q, |i= 2B -t and: Q) =
3D Vector space
Q- 2C
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

(4 B-ic)_4+D[ 1 0 )|, 4-D[ 1 0 0 1 0 —i Notation for
H= = +— + B +C 2D Spi
B+iC D 2 0 1 2 0 -1 1 0 i 0 pinor space
= w0, O, + w, o0, +wp Oy +W, Op =0y0,+0eG6=w0yl+0s,
= L 1 + Q, S, +Qz S, +Q- S, =Qp1+ QeS
1 1 ] .
A+D 5 0 0 5 0 —5 Notation for
- POy 4-p)| 2 +2B] % |+2c ?
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum
Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C( Chimchircular-complex... )
“Crank” The {G;, 64, Gz, Gc } are the well known Pauli-spin operators {G;=0y, Gz=0x, Gc=Cy, G4=0C7 }
veclor The {1, Sy, Sz, Sc} are the Jordan-Angular-Momentum operators {1=69, Ss=Sx, Sc=Sy, S4=S7}
g N Wy A—D (Often labeled {Jv, Jv,Jz})
~ ~ 2
oo s B Notation for P - eD
Pc e : where: =0 -t=| @, |t= -t and: @, =
\- €/ J 2D Spinor space ? b B 0" 2
_{ A B-iC ) ) @c C
e—iH-t —e B+iC D _ e—z(coocfo + WeG)t _ e—za)o-te_i oGt _ e—zwo-te—zcwa)-t _ e—za)O-t (lcosa)'t . iO'w sina)-t)
“Crank”’ _ e—i(QOI + QeS) 1 _ e—iQO'te—i Q-reS _, it [lcos Q1 s sin Q4 ]
W
vector 2 2
4 ) ]
Op 2 _ Notation for 24 A-D
: S A-Pp where: ©=Q-1=| @, |t=| o2z |tand: @ =272
= Op [Frr=) Yy t=1 28 |t 3D Vector space ' b e -0
O 2 2C £2c
\_ J
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U(2) vs

G

—>

R(3): VS.

eometry of U(2) evolution (or R(3) revolution) operator U=eHi=¢0u=pt!
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
3 2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field

How probability \»-waves and flux 1)-waves evolved
 Properties of amplitude \»*\-squares
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)

U(2):2D Spinor {|")|Y)}-space (complex)

1) spin “dn”
C}m -
1) spin “dn”

) .
C%’;é ) -
1) spin “dn”

s

\ / ’T> spin “
4} spin “dn”
v)

C/ 1) spin

up )

up )

{(up )

State vector [W)=|1)(T/%)+] ) (| W)

1

|

|

v )
B

¥
\Pi

¥
\Pi

o)

COSE —sinﬁ
2

2
B

sin—  cos—
2

2

B

COS—
2

p

Sin —
2

COS—

Sin —

COS—

sin —

Life in 2D Spinor space is “Half-Fast”
“Spinor” means spin S=1/2

o)

SRy

1= Sl-

Spin vector S=|X)(X|S)+|Y)(Y|S) +|2)(Z|S)

_ O O

i

Sy cosf 0 sinf 0
s, |=| o 1 o 0
S, —sinf 0 cosp 1

sin 3 J3/2
= 0 = 0
cos 3 1/2

“Vector” means spin S=1
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

U(2):2D Spinor {|")|Y)}-space (complex) R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)
State vector |W)=|T){(T|¥)+|]) (| |¥) Spin vector S=|X)(X|S)+|Y)(Y[S) +|Z){Z]S)
|¢> spin “dn”
/ S sin 3
¥) COSé . 0
/‘g\i\ [‘PT]_ 2_(0] S, |=| o |=| o
2 2 T . ' ’» N - _ —a S COS _1
Y 97| 8 U s ) Lo
2 X A rotation
by ©=3=180°
e q S
|¢> spin “dn 7
B _q Sx sin 3 1
K?% Yol | T2 || V2 So|=| 0 |=| 0
‘T> spin “up” Y, . B 1 ; Sz cos 3 0
sin — —= Y
\J 2 \/5 X Y-rotation
|¢> spin “dn” by ©=3=270°
ﬁ _\/g SX sinﬁ
COS — — _ _
A Ea [TT]_ o | s | Lows )
e - - S CoS
\ ’ >Spm v i Siné 1 8
2 2
|i,> spin “dn”
B o[
\ v, ) 0082 _[ —1j S, =] 0
B B — 0
| ’T> \P¢ Sinﬁ 0 SZ
LA 2 < Y4rotation
with m-phase (Only “half-way” home after 2r =360° rotation) v ©=8=360°

Life in 2D Spinor space is “Half-Fast” and needs ©=4m1=720° to return to original state
“Spinor” means spin S=1/2 “Vector” means spin S=1
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U(2) vs R(3): VS.

»Geometry of U(2) evolution (or R(3) revolution) operator U= Mi=¢0uwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
2D Spinor vs 3D vector rotation

¥ NMR Hamiltonian: 3D Spin Moment m in B field
How probability \»-waves and flux 1)-waves evolved
 Properties of amplitude \»*\-squares
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Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

H-m-B-go-B=| 57 SV &% =ng[ ) - ) +ng[ . ) +gBy{ N )
g +igBy —gB, 0 -1 1 0 i 0
= gB, 0, + gBy 0y +gBy 0, =0eG=00,
Notation for
R A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }
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Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

H-m-B-go-B=| 57 SV &% =ng[ ) - ) +ng£ . ) +gB¥( N ]
g +igBy —gB, 0 -1 1 0 i 0
= gB, 0, + gBy 0y +gBy 0, =0eG=00,
Notation for
R A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }

The driving ©=Qt crank vector defined by ABCD of Hamiltonian H . Notation for
~N 3D Vector space
a A-D
=Q-t=| (2 |'t=| 2B |t
2 2C

Two views of Hamilton crank vector (9, ) whirling Stokes state vector S in ABC-space.
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Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

H-m-B-go-B=| 57 SV &% =ng[ ) - ) +ng£ . ) +gB¥( N ]
g +igBy —gB, 0 -1 1 0 i 0
= gB, 0, + gBy 0y +gBy 0, =0eG=00,
Notation for
R A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }

The driving ©=Qt crank vector defined by ABCD of Hamiltonian H . Notation for
- N 3D Vector space
Oa 25 A-D By
O=| 0, |=Q-t=| 2, |t=| 2B t=g| B, |t
e 2 2C B
\ C C Y y

For fermion spin that Q is the gB-field!

Two views of Hamilton crank vector (9, ) whirling Stokes state vector S in ABC-space.
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Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

H-m-B-go-B=| 57 SV &% =ng[ ) - ] +ng£ . j +gB¥( N ]
g +igBy —gB, 0 -1 1 0 i 0
=gB, 0, + gBy 0, +gBy Oy =We5=00G,
Notation for
R A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }

The driving ©=Qt crank vector defined by ABCD of Hamiltonian H . Notation for
- N 3D Vector space
Oa 25 A-D By
O=| 0, |=Q-t=| 2, |t=| 2B t=g| B, |t
e 2 2C B
\ C C Y y

For fermion spin that Q is the gB-field!
Q: But, how is a spin state-|\) or spin vector-S defined?

Two views of Hamilton crank vector (9, ) whirling Stokes state vector S in ABC-space.
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Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

H-m-B-go-B=| 57 SV &% =ng[ ) - ) +ng£ . ) +gB¥( N ]
g +igBy —gB, 0 -1 1 0 i 0
= gB, 0, + gBy 0y +gBy 0, =0eG=00,
Notation for
R A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }

The driving ©=Qt crank vector defined by ABCD of Hamiltonian H . Notation for
- N 3D Vector space
Oa 25 A-D By
O=| 0, |=Q-t=| 2, |t=| 2B t=g| B, |t
e 2 2C B
\ C C Y y

For fermion spin that Q is the gB-field!
Q: But, how is a spin state-|\) or spin vector-S defined?

C A: By U(2) group operator |(t)) =R[@]|(0)).
See Euler angles o3y (p. 107-117) or Spin Asymmetry S, , Chirality Sc (p.119-122)

Two views of Hamilton crank vector (9, ) whirling Stokes state vector S in ABC-space.
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U(2) vs

G

—>

R(3): VS.

eometry of U(2) evolution (or R(3) revolution) operator U=eHi=¢0u=pt!
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field

P FHow probability \>-waves and flux 1)-waves evolved
 Properties of amplitude \»*\-squares
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How Probability Amplitudes ¥ or y Come About (4n optical view)
Maxwell-Planck-Poynting flux S=cU=ce |E[*=ce E*E=nhv_has count rate n=Nc/V(ms")

If each E-field amplitude factor is scaled by a factor ::)O Z?{ the result 1s a
flux probability amplitude \y=E 0 whose square equals flux count rate nm=2s).

hv
\|I*\|I =n (m3s)
A fixed probability amplitude w=E E—Ohas square equal to NV (particles per volume).
p ty amplitude \y= Ex| - has square eq

VY =NV (w3
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How Probability Amplitudes ¥ or y Come About (4n optical view)
Maxwell-Planck-Poynting flux S=cU=ce |E[*=ce E*E=nhv_has count rate n=Nc/V(ms")

If each E-field amplitude factor is scaled by a factor ;:)O Z?( the resultis a
flux probability amplitude \y=E P 0 whose square equals flux count rate nm=2s).

\|I*\|I =n (m3s)
. : €0
A fixed probability amplitude \y= Ex| o~ has square equal to NV (particles per volume).

VY =NV (w3

Here's how to answer Planck's worries about photons
Q: How can classical oscillator energy (Amplitude)? (frequency)? jive with linear Planck law S=nhv! ?
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How Probability Amplitudes ¥ or y Come About (4n optical view)
Maxwell-Planck-Poynting flux §=cU=ce |E|*=ce E*E nhD has count rate n=Nc/V(m?3s)

If each E-field amplitude factor 1s scaled by a factor«/ «/ —the result 1s a

flux probability amplitude \y=E P 0 whose square equals ﬂux count rate nm3s).

\|I*\|I =n (m3s)
. : €0
A fixed probability amplitude \y= Ex| o~ has square equal to NV (particles per volume).

VY =NV (w3

Here's how to answer Planck's worries about photons
Q: How can classical oscillator energy (Amplitude)? (frequency)? jive with linear Planck law S=nhv! ?

A: Let amplitude \ or 1) contain inverse square root of frequency:y = E . 0 (the “quantum amplitude”)
v
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How Probability Amplitudes ¥ or y Come About (4n optical view)
Maxwell-Planck-Poynting flux S=cU=ce |E[*=ce E*E=nhv_has count rate n=Nc/V(ms")

If each E-field amplitude factor is scaled by a factor ;:)O Z?( the resultis a
flux probability amplitude \y=E 0 whose square equals flux count rate nm=2s).

hv
\|I*\|I =n (m3s)
A fixed probability amplitude w=E 0 has square equal to NV (particles per volume).
p ty amplitude = Ex[

VY =NV (w3

Here's how to answer Planck's worries about photons
Q: How can classical oscillator energy (Amplitude)? (frequency)? jive with linear Planck law S=nhv! ?

A: Let amplitude \ or 1) contain inverse square root of frequency:y = E (the “quantum amplitude”)

hv

A
Energy ~| Al 0 where vector potential A defines electric field: E=—— L = iwA = 2TivA

ot
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How Probability Amplitudes ¥ or y Come About (4n optical view)
Maxwell-Planck-Poynting flux S=cU=ce |E[*=ce E*E=nhv_has count rate n=Nc/V(ms")

If each E-field amplitude factor is scaled by a factor ;:)O Z?( the resultis a
flux probability amplitude \y=E 0 whose square equals flux count rate nm=2s).

hv
\|I*\|I =n (m3s)
A fixed probability amplitude w=E 0 has square equal to NV (particles per volume).
p ty amplitude = Ex[

VY =NV (w3

Here's how to answer Planck's worries about photons
Q: How can classical oscillator energy (Amplitude)? (frequency)? jive with linear Planck law S=nhv! ?

A: Let amplitude \ or 1) contain inverse square root of frequency:y = E . 0 (the “quantum amplitude”)
v
A
Energy ~ |A|2 »* where vector potential A defines electric field: Ezaa_t za)A 27m)A

Energy ~ |A| () —‘A\/_‘

271'\/_

Both (n) and (v) in nhv are frequencies and will transform as such.
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How Probability Amplitudes ¥ or y Come About (4n optical view)
Maxwell-Planck-Poynting flux S=cU=ce |E[*=ce E*E=nhv_has count rate n=Nc/V(ms")

If each E-field amplitude factor is scaled by a factor ::)O Z?{ the result 1s a
flux probability amplitude \y=E 0 whose square equals flux count rate nm=2s).

hv
\|I*\|I =n (m?s)
. : €0
A fixed probability amplitude \y= Ex| . has square equal to NV (particles per volume).
vy=NV w3

Probability Waves \Y(x,t) (More optical views)
Optical E-field amplitudes like E(x,?) =E,e***Y vary with space x and time ¢. So

do scaled y¢,» ampliudes whose sum-x (integral-J) over cells AV (or 47) must be
particle number N. For 1-particle systems (N=1) this 1s the unit norm rule.

Z (X, 1) W(x AV =N or: wee ) v, )ar=N
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How Probability Amplitudes ¥ or y Come About (4n optical view)
Maxwell-Planck-Poynting flux S=cU=ce |E[*=ce E*E=nhv_has count rate n=Nc/V(ms")

If each E-field amplitude factor is scaled by a factor ::)O Z?{ the result 1s a
ux probability amplitude EA |2 whose square equals flux count rate nm=2s).
Ly Y=

hv
\|I*\|I =n (m?s)
. : €0
A fixed probability amplitude \y= Ex| . has square equal to NV (particles per volume).
vy=NV w3

Probability Waves \Y(x,t) (More optical views)
Optical E-field amplitudes like E(x,?) =E,e***Y vary with space x and time ¢. So

do scaled y¢,» ampliudes whose sum-x (integral-J) over cells AV (or 47) must be
particle number N. For 1-particle systems (N=1) this 1s the unit norm rule.

Z (X, 1) W(x AV =N or: wee ) v, )ar=N
Born interpreted w0 “w(x.1) as probable expectation of particle count. Schrodinger

objected to the probability wave interpretation that 1s now accepted and called the
Schrodinger theory. A relativistic wave view lends merit to his objections.
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Doppler Transformation of 2-CW Modes
Doppler shift of oppos ite-k [-CW beams. As derived before phases are invariant: (k'x"-0’t' =kx-wt)

E-wave:E=E el(k-X-00+F eilkx-0.1) Y-wave: Y=y ek *x'w—)t)‘hp eitkx-00.
— - — —
blue shift red shift (scaled blue Shl'fl‘\ (scaled red shift A
’7 ’ B & r r
E" =bE_ | |E_=rE | w=£/= |v_=Vby_||v =Vry_
= = N /AN <
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Doppler Transformation of 2-CW Modes
Doppler shift of oppos ite-k [-CW beams. As derived before phases are invariant: (k'x"-0’t' =kx-wt)

E-wave:E=E el(k-X-00+F eilkx-0.1) Y-wave: Y=y ek *x'w—)t)‘hp eitkx-00.
— - — —
blue shift red shift (scaled blue Shl'fl‘\ (scaled red shift A
’7 ’ B & r r
E" =bE_ | |E_=rE | w=£/= |v_=Vby_||v =Vry_
= < N /N <

Parameters related to relative velocity u:

e P—e=P b2 -1 b2: 1_—|-B _ 1+tanhp

_ _ _sinh p — _
B—H/C—tanh p_sgéh 0 o etP4eP o b2_|_1 1—[3 l—tanh P

Friday, March 21, 2014 104



Doppler Transformation of 2-CW Modes
Doppler shift of oppos ite-k [-CW beams. As derived before phases are invariant: (k'x"-0’t' =kx-wt)

E-wave:E= E%ei (kx-00.0) 4 Eee"(k X0 Y) Y-wave: ‘P=\pﬁei(k *x'w—)t)*‘\peei(k*x_m*t)

blue shift red shift (scaled blue S]’ll'fl‘\ (scaled red shift A
’r ’r B & _ _
E" =bE_ | |E_=rE | w=£/= |v_=Vby_||v =Vry_
= = - /2N <
Parameters related to relative velocity u:
y h osinh eP—eP p?-1 12— 1+ _ l4tanhp
B =u/c=tan P= cosh p e+p_|_e p b2_|_1 1—[3 l—tanh P
Transformation of SWR (or SWQ) and u_,,,» (O Uy, , o ) 1S @ non-linear transformation

oyp—E "B _bE —E__(I4+BE_—~(1-B)E__(E_-E )+BE_+E ) _ SWR+]3
' +E° 0 +E_ (1+P)E_+(1-P)E. (E +E_+B(E_—E ) [+PBSWR
SWR (or SWQ) Transformation Ucpoup (OF Upr o ) Transformation
,_ SWR+P _ SWR+u/c , _ Ugpou/e B _(UgpopeTU)/c
SR [+SWR-3 1+SWR-u/c U snour/ € I+u,,.-Blc 1+u,,, -u/c
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» Euler s state deﬁnitfon usiné rotations R(l a,0, 0}, R(0,3,0),and R(0,0,7)
- Spin-1 (3D-real vector) case
Spin-1/2 (2D-complex spinor) case
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Euler s state definition using rotations R(c,0,0), R(0,(3,0),and R(0,0,7)
Spin-1 (3D-real vector) case

Euler Angle Dial

o
Azimuthal coordinate)

Euler Angle Dial
B

(Polar coordinate)

An
astronomer’s
diagram

3T7X3

_—>
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Sets the (3 dial
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Sets the (3 dial

))=(R(a00)) (R(0B0)) (R(007))

coso. -sina 0 \( cosf 0 sinf3 \( cosy -smy O
=| sma cosa O 0 1 O smy cosy O
. 0 0 1 ){ -sinf3 0 cosf oo 0 1,
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Sets the ,B dial

))=(R(a00)) (R(0B0)) (R(007))

coso. -sina 0 \( cosf 0 sinf3 \( cosy -smy O
=| sma cosa O 0 1 O smy cosy O
. 0 0 1 ){ -sinf3 0 cosf oo 0 1,

o) =R(oPy)Jex)  ley)=R(chy)ley)  |ez)=R(abr)le,)

<ex coscrcos fcosy —sinocsiny  -coscrcos Bsiny —sincrcosy (cosocsin 3
(<eA|R(aﬁ}/)|eB>)= <eY sino cos fcosy +cosasiny  -sinocos fsiny +cosocosy | sinosin 3
—Cos Y sin sin’ sin cos
<ez ysinf3 ysinf3 9 p )

Note lab frame polar coordinates
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Sets the (3 dial

Sets the )'d_igl

L -

))=(R(a00)) (R(0B0)) (R(007))

coso. -sina 0 \( cosf 0 sinf3 \( cosy -smy O
=| sma cosa O 0 1 O smy cosy O
. 0 0 1 ){ -sinf3 0 cosf oo 0 1,

o) =R(oPy)Jex)  ley)=R(chy)ley)  |ez)=R(abr)le,)

<ex coscrcos fcosy —sinocsiny  -coscrcos Bsiny —sincrcosy (cosocsin 3
(<eA|R(aﬂ}/)|eB>)= <eY sino cos fcosy +cosasiny  -sinocos fsiny +cosocosy | sinosin 3
<ez ( —cosy sin 3 siny sin 3 | cos B )j

Note lab-frame polar coordinates of Z(body)
...and body-frame polar coordinates of Z(lab)
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,)

Spin-1 (3D-real vector) case

BOD frame view LAB frame view
Zl-B Polar angles of B Polar angles of
lz LAB zenith z=x3 are 7 “ BOD zenith z=x3 are
e : V| (azimuth angle=—, ;! y (azimuth angle=q,
—Y polar angle=— ) i polar angle=p )
4| BOD  LAB
B
x’-Frame
x”-Frame y
x-Frame Dial

’ — . -
X' ;=X,C0S OlTX,SIn oc/,

, .
X' ,=-X,81n 0c+x2cos o

Fig. 10.4.3-4 Mechanical device demonstrating Euler angles (o.,3,y)
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

Spin-1 (3D-real vector) case

BOD frame view

Polar angles of
LAB zenith z=x3 are

(azimuth angle=—,

polar angle=— )

iy

’/ __ . .
X' ;=X,C0S OlTX,SIn oc/,

—X 3
zenith

LAB frame view
Polar angles of

BOD zenith 7=x 3 are

(azimuth angle=q,
polar angle=p )

, .
X' ,=-X,81n oc+x2cos o

Fig. 10.4.3-4 Mechanical device demonstrating Euler angles (o.,3,y)

Euler Angle Dial An

astronomer’s
(Polar coordinate) diagram

Euler Angle Dial ,
Y y
(Twist coordinate)

(a)
Euler
angle

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

s Euler Angle Dial An
Euler Angle Dial j astronomer’s

(Polar coordinate) diagram

Spin-1 (3D-real vector) case

(Twist coordinate)

(@)

BOD frame view LAB frame view f::;:
Polar angles of Polar angles of goniome‘té;

LAB zenith z=x3 are BOD zenith 7=x 3 are

(azimuth angle=—, (azimuth angle=q,

polar angle=— ) polar angle=p )

zenith

B | Axis-Angle Dial
: o
Dial (Crank Polar Angle)

Axis-Angle Dial
0]

Rotational Analog Gomputer](Crank Azimuth Angle)

, 3
X' ,=-X,81n oc+x2cos o

Fig. 10.4.3-4 Mechanical device demonstrating Euler angles (o.,3,y)
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» Euler s state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,)
Spin-1 (3D-real vector) case
> Spin-1/2 (2D-complex spinor) case
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

...................................................................................

‘ a> =R (&67)‘ T> SZ OI’lglnal (1) Rotate by y

= R[ozaboutZ:-R[ﬁaboutY]-R[vaboutZ]‘T> Spln State |1> around Z
. B . B |
_ e 2 0 oo - 6_% 0 |: A |T> . (2) Rotate by B y
— ) Z% _ ﬁ é Z% : around Y S
e Sin COS 0 e : 0

2 2 S, S,

.........................................................

(3) Rotate by o
around Z

~
S -
-
~
=~ -
>

General Spin Stateé
'¥)=R(opy)|T)-
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

a) =

R{a)|1)
Rl about 7|

—€

-R[Fabout Y |-R|~yabout Z]‘ T>

Cosﬁ —sinﬁ il
2 e 2 0
ol
sinﬁ cosﬁ 0 e?2
2
_Z'O‘_V
2 Siné A
oty
2 Cosé 0
_% _ T, + ipl
T, + ip2

...................................................................................

Original |
Spin State |1)

............................

(2) Rotate by 3
around Y

.........................................................

(3) Rotate by o

around Z %

General Spin Stateé
'¥)=R(opy)|T)-

(1) Rotate by y
around Z

v
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U(2) vs R(3): VS.

» 3D-real Stokes T}ector deﬁnes 2D:HO lz;olari/zation ellipses and spinor states
»  Asymmetry S4 =Sz Balance Sp =Sx, and Chirality Sc =Sy

Polarization ellipse and spinor state dynamics
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy a z, +ip,

Each point {E,E>} defines 2D-HO phase space or analogous W-space given by 2D amplitude array: a T, + 1p,
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state.

1 I( « a Ir « # 1
AsymmetrySAza(a|GA|a)=—( a; a )( o ]{ : ]=[a1a1—a2a2] =5[x12+p12—x§—p§]

2 0 -1 )| a | 2
1 1 # * 0 1 aq | * *
Balance 5325(6403‘61):5( a a )( L0 J :5|:a1a2 +a2a1] :|:p1p2 +x1x2]
a
. . 1 1 * % -1 a —1 * *
Chirality SC:E(a|GC|a):E( a  a )( (l) Ol ] 1 =?l[ala2—a2al]:[xlpz—xzpl]
a
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

@ /8
: . : - e %cos—
Each point {£},E>} defines 2D-HO phase space or analogous ‘¥-space given by 2D amplitude array: | & |_| & T®, |_ , o2
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state. a, z, + 1, 61'% sin 2
1 1 a | 1 I i B ( h
x % I 0 1 * * 2,.2 2 2 2 .2
A try S, =—\alo =—( ) =—|laa; —a,a, | =—| x; + p; — x5, — = —[cos” ——sin” — =—Cos
symmetry S 2(a| ala) S\ @ L 0 —1 ) . 2[ 141 —ay 2] 2[ i tpi—X Pz] X 5! 5 cos
1 Y O ap | 1 o« 0 oty o=y aty a-y| B. Bl_1 :
Balance SB_E(a’GB’a)_E( a  a )( Lo J . —5[0102 +a2a1} —[plpz +x1x2] —I[—sm sin 08— cos—— |cossin —2cosocsmﬁ
o 1 1/ « 0 —i a —ir , oa+y . o—y a-y a+y} B.BlI. .
Chiral Sc ==la|o =—( ) =—|a,a, —ara; |=| X py—Xx =I{cos sin — oS +—SIn——— |coS—sin— |=—sina sin
trality 5S¢ 2(‘4 cla) R [i 0] . 2[12 21][11)2 2p1] 2 2 2 2 P
2 J
Sz or 5
axis
R """Y-:‘.gfjnasinﬁ
S.E;E)SGQS“.[“5 ........

General Spin Stateé
'¥)=R(0py)|T)-
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

@ /8
: : : - e %cos—
Each point {£},E>} defines 2D-HO phase space or analogous ‘¥-space given by 2D amplitude array: | & |_| & T®, |_ , 2 |,
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state. a, z, + 1, 61'% sin 2
1 1 a 1 1 B B g I A
_ L LY 1 0 (N O S S (N O I S S B I Lo 2P 2P _ L
AsymmetrySA—z(a|GA|a)—2( a, a, )[ 0 _1) . —2[a1al a2a2]—2[x1+p1 x5 pz]— 2[cos sin 2] —2003[)’
1 1 « 0 1 a Ir « x . a+y . a-y o+y o=y B. Bl I .
Balance SB=5(a’O'B’a)=5( a a )( 1 0 J 0 =5|:a1a2 +Clzal} :|:p1p2 +xl.7C2:| :I|:—Sln Sin + COS 5 COS 5 COSESIH_ ZECOSQSIHﬂ
. 1 IR Y 0 —i a | —if s _ B o+y . o—y a-y . o+y B. B 1 .
Chirality SC_E(a|GC|a)_E( a, a, )[ - ] . —7[0102—0201]—[X1P2—X2P1] —I{cos sin 5 — oS 5 '—sm—z coszsm2 =5 nocsm/,B
azimuth- J
Sz or g olar
angle (3
SRy
326535‘5‘? """"""

General Spin Stateé

¥)=R(aBy) | T)
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Each point {E,E>} defines 2D-HO phase space or analogous W-space given by 2D amplitude array:
This defines real 3D spin vector (S4, Sk, Sc) “pointing” to a polarization ellipse or state.

Asymmetry S, = %(a|GA|a) =

1
Balance

2

Chirality S = %(a|0c|a

3-Ways to view spin-1/2 or 2-level system states

(a) Real Spinor
Space Picture
(2D-Oscillator Orbit)
X2

L/
x1=Re¥q
xy=Re¥»

Sp =—(a]0'3]a)=

1 ES *
5“1 a

1 % %k
=3l a0 @

(b) 2-Phasor
U(2) SpinorPicture
p1=Im*¥;
\
9
x17Re¥

p2=Im';
<o) .
2=RCTH

| Bl

W1 = x +ipy = ¥l el

Wy = Xy+ip, = ¥, 10,

@ /8
- e %cos— ,
a, _ 331+z.p1 4 2 e_%
% TPy eiE sin 8
2
a 1 1 B B g I h
1 . * 2, 2 2 2 2 . 2
=—|aja; —aya, | =—| x{ +pi — x5 —p; |= —[cos” —=—sin” = =—Cos
. 2[11 22] 2[1 pi =% Pz] 2[ 2 2] p
“ =l[a*a +aya } :[p Dy + X1 x ] :I[—sina+ysina_y+cosa+y cosa_y}cosﬁsinﬁ =£cosocsinﬁ
0 S A T dd 1P2 X1 X > > > > 5 SIS1=5
a —ir . o+y . a-y o—-y . o+y B.Bl I. .
=7[a1a2—a2a1]:[xlpz—xzpl] =/| cos 5 sin 5 —Cos 5 .—smT COSESIHE =—sing sin 3
ay . -,
azimuth
Sz or 5 angle olar
A
axis angleB
N SR -2
(c) 3-Dimensional Real - :S‘ @Sm@ _______
R(3)-SU(2)Vector Picture SICO T win

- -
~ -
-
-
-
-
-~ <
-
-

General Spin Stateé
- )=R@pYIT)-

~ 1
~

Sx -
SA=(P1* ¥ - ¥2F P2
Sgp=M1*¥Y2 + ¥Yo*¥)2
Sc=MW1*¥2 - ¥o*¥1)/2i

Fig. 10.5.2 Spinor, phasor, and vector descriptions of 2-state systems .
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U(2) vs R(3): VS.

» 3D-real Stokes T}ector deﬁnes 2D:HO lz;olari/zation ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

¥ Polarization ellipse and spinor state dynamics
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Polarization ellipse and spinor state dynamics

(a)
Stokes Vector
ABC-Space

(b)
Polarization
Xy-Space

Fig. 10.B.3 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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Polarization ellipse and spinor state dynamics A T JH crank-Q vector
X

for negativeﬁ?2

S(0) ~ |-B
)

%JB > Nwy
| |y[ " )
%.

(a)
Stokes Vector
ABC-Space

Fig. 10.5.5 Time evolution of a -type beat. S-vector rotates from A to C to -A to -C and back to A.

(b)
Polarization
Xy-Space

Fig. 10.B.3 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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Polarization ellipse and spinor state dynamics

(a)
Stokes Vector
ABC-Space

' Mm

(b)
Polarization
Xy-Space

Iy>[

S(0

-A

< H crank-Q vector

for negativeﬁ?2

-B
e

IR)

¢

Fig. 10.5.5 Time evolution of a -type beat. S-vector rotates from A to C to -A to -C and back to A.

Fig. 10.5.6 Time evolution of a C-type beat. S-vector rotates from A to B to -A to -B and back to A.

|X(15°))

1X(30°))

7

e

Ix<45°>>=|{+)>

|X(60°))

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).

28

ly)

A

X)

—60°" |

—
_ $ |X(150°))

H crank-Q vector
for C=1

-A Koy
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U(2) World : Complex 2D Spinors
2-State ket V)=

xl | e Zeosp
—o=y
2

. — e-1Y/2
oy
@ ) \PQ, VNel®%2ginB/2
R(3) World : Real 3D Vectors /4 B-iC
V) State | fombeos H-Operator &wc D
Spin Vector Sc | = Nsin sino. % Angular Ve]_OCity
S Sy Ncos ‘ Q: Qp 2B QsinVcos@

(for a=15° P=45°)

| 15°)> |X 150°)> Qc|=|2¢C |=| QsinVsing
ﬁ )
[ ] § - Qg 4D \Qcosd
_/

IL) B#45
- XS0 _Ji @)
1X(30°)) H crank-Q vector
fi =75° V=65°
x(45°)=|(+)) C( e :

ﬁB - (U

|X(60°)) ) -
. -A Koy
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From QTCA
»F undamental Euler R(0}y) and Darboux R[@OO] representations of U(2) and R(3) L;Zres 8-9
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Here spin-rotor S-polar Axis-Angle Dial

coordinates e
are Euler angles (Angle of Crank Rotation)
BOD frame view LAB frame view
Polar angles of Polar angles of
2B IZ LAB zemfh 7=x3 are ZB “ BOD zen%th =x3are
= : y (azimuth angle=—y, I (azimuth angle=q, > b
> -y polar angle=—3 ) * il 4 polar angle=p ) AXIS Angle SC&]C

(0,

(w—Axis Polar Angle)

;) :
X' ,=-X,SIn oc+x2cos o

Polar coordinates
for unit axis vector®

N

©. =cosp sind
O, = sin@ siny
Q, = cosY
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AR : T Euler Angle Dial An
Euler Angle Dial E B astronomer’s

diagram

¥ “ . ’ ¥ (Polar coordinate)
(Twist coordinate) : ' ‘

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

Third rotation aOO) Second rotation R(OS0)

i

a ’ o

Sets the ,8 dial

«

Sets the Qdial

 — —

R(ﬁﬁmd Y)

R((x around Z ) }/ around Z )
_ oy _; 0
—iZ cosE —s1nﬁ e 2 cosE —e 2 sin—
R(OC,B]/)Z e 2 0 2 _ 2 2 |_
0 e? sz 0052 e 2 sin= e 2 cosz
=cosoc—+]/cosé 1o —i 0 ﬁ i 0 - cosﬂsinﬁ—i o sinO‘—-H/cosé
2 20 0 1 ] 2 i 0 2 2 0 -1 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

(Angle of Crank Rotation)

Axis-Angle Scale

N
.
9 Jo

(@—Axis Polar Angle)

""“ Axis-Angle Scale

¢

(w—Axis Azimuth)

Rotational Analog Computer

® ~ .06 N C
cos;—z@)zsmz —zsm—(@ —zG)Y) =R[(p0®]=e_’m

—isin%(@ +i(:)Y) cos3+i(:)zsin5
L0, &) sing—i 0 —i @Ysing—i b0 (:)Zsing
0 1 2 i 0 I 2 0 -1 ) 2
cos( sint sin@ sin®
.0, . : :
—s1n3(s1nq051m9+zcosgosm19)

cos——1’00519sin9
2 2

sin%(sinq)sim?—icosq)sim?) cos%+icos19sin9
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L 7 - Euler Angle Dial An
Euler Angle Dial E B astronomer’s
Y - ' ¢ (Polar coordinate) diagram
(Twist coordinate) ' ‘

$7X3

B

—_——

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) First rotation R(OOy)

i

a ’ o

Sets the ,8 dial

«

Sets the Qdial

 — —

R ((x around Z )

2
2
R(ocBy)= ¢
0 e
= COS ycosﬁ 1o
20 0 1

FEuler R(0f3y) is simpler to form than ©-axis Darboux R[@V0].
Euler state definition lets us relate R(ofy) to R[@0O] ...
| ofy)=R(apy)|000)  (ofy make better coordinates) :

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

(Angle of Crank Rotation)

/4
Axis-Angle Scale 4 : 8
(@—Axis Polar Angle)
Ny - v
b L
dial ® @
- . B %
® #
i e

Axis-Angle Scale

¢

(w—Axis Azimuth)

cos® siny sin@ siny

cos%—icosﬁsin; —sin%(sinqosim9+icosgosinﬁ)-

sing(singosinz?—icosq)sim?) cos9+icos19sin9
2 2 2

.O0+y o=y
—1 —1 . 1
e 2 cosﬁ —e 2 s1nﬁ
o=y oty B
1— 1—
e 2 sinﬁ e 2 cosﬁ 0
2 2

i | X =ioos|(1r0)/2] cospi2 = i cosO/2
-p, = sin[(y—0)/2] smB/Z., ©. sin®/2
X, —'99%[(.Y.—.9<.)./.2...S.1.r.1.ﬁ/.2. O 5in6/2
X, +ip,

= cos( sind sin®/2
=sin@ siny sin©/2

](:) sin%—i( O I)i j@Ysin%—i( (1) 01 ](:)Zsin(;)
l K_H B f_g
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Euler R(o}y) rotation ® =0-4m-sequence [@O] fixed
©=128.7° ©=130"

O©=300°

(c) ® = 128.68° (d) o =180° () ® = 300°
Operator: R[¢p 8 0] = P Operator: R[¢ 8 o] = Operator: R[¢ 6 ©] = Operator: R[¢ 6 ©] = ‘ Operator: R[$ 6 @] =
R[80° 33.69° 0°]=1 R[80° 33.69° 128.68°) i LS R[80° 33.69° 180°] R[80° 33.69° 240°] g R[80° 33.69° 300°] M
ot oy 5 :
Al
: Lt ey
: - Position State: Position State: - — _

Position State: s Position State: Position State: Position State:
laBy) = R(6 6 @]1) = leBy) = R[¢ 8 w]|1) = loeBy) = R 6 w]|1) = - o) = R[6 8 wli1) = oBy) = R(¢ 8 wlll) = o aBy) = R[6 6 wlil) =
| -10° 0° 10° ) =|1) : 4 B e vk
(Initial Position State) : | 15.7° 32.20° 35.7°) | 50° 60° 70°) 180° 67.4° 100°) | 114.8° 57.4° 13489 | 1443° 32.2° 164.3%)
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O=0°"

(a) m=0°
Operator: R[¢ 8 @] =
R[80° 33.69° 0°]=1

Position State:

lBy) = R[¢ 6 @]|1) =

Position State:

(oY) = R($ 6 0]|1) =
|-10° 0° 10° ) =|1)
(Initial Position State)

| 15.7° 32.20° 35.7°)

(g) ®=360°
Operator: R[¢ 0 ©] =
R[B0° 33.69° 360°)

Position State:
lefy) =R($ 6 @]i1) =
| 170° 0° 190°)

(2nd Initial State)

Position State:

lofy) = R[¢ 6 w]|1) =

| 195.7° -32.2° 215.7°)

O=360" ©=420°

Position State:
lofy) = R(¢ 6 w]|1) =

| 50° 60° 70°)

(i) = 488.68°
Operator: R[¢ 6 @] =
R[80° 33.69° 488.68°]

Position State:
lafy) = R(o 0 0]|1) =

| 230° -60° 250°)

Euler R(aPy) rotation @ =0-4m-sequence [QO] fixed
O=128.7°

(c) = 128.68°

Operator: R[¢ 0 ] =
R[80° 33.69° l28,68“]

O=180° ©=240° ©=300°

| 260° —-67.4° 280°)

(d) o= 180° (e) ® = 240° (f) ® = 300°

Operator: R[¢ 6 0] = Operator: R[¢ 6 ©] = Operator: R[¢ 6 ] =

R[80° 33.69° 180°] R[80° 33.69° 240°] R[80° 33.69° 300°] \

4

Position State: Position State: _ Position State:
jeBy) = R[$ 6 w]|1) = lefy) = Rl¢ 8 w]|1) = lefy) = R[$ 6 w]|1) =
| 80° 67.4° 100°) | 114.8° 57.4° 134.8%) | 144.3° 32.2° 164.3°)

(i) @ = 540° (k) ® = 600° (1) = 660°

Operator: R[$ 6 0] = Operator: R[¢ 6 @] = Operator: R[0 6 @] =

R[80° 33.69° 540°] R[80° 33.69° 600°] R[80° 33.69° 660°]

.

Position State: Position State:
jafy) = R[$ 6 wll1) = loefy) = R[9 6 w]|1) = |ofy) = R(® 6 w]i1) = - “

| 294.8° -57.4° 314.8°) | 324.3° =32.2° 344.3%)

O=488.7° ©=540"  ©=0600° ©O=660°
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R(3)-U(2) slide rule for converting R(opy) <+ R[@HO]
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Figure 5.3.7 Setting the rotational slide rule. (a) Darboux or axis angles. (b) Euler Rotation vector ©

angles. ® A" Rotation angle = ©

Product
[©']

1st Mirror Hamilton Turn

plane Nl—)NZ
2nd Mirror (©/2 Arc)
plane
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